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Gioi thiéu mon hoc

GIO1 THIEU MON HOC

I. GIOI THIEU CHUNG

Phuong phap so la mot linh vuc cua toan hoc chuyén nghién cu'u cac phucmg phap giai cac
bai toan (chu yéu 1a gan dung) bang cach dua trén nhitng di¥ liéu sé cu thé va cho két qud ciing
dwéi dang sé. N6i gon hon, phuong phap s6 nhu ban than tén goi ciia né, co nghia la phuong
phap gidi cdc bai todn bang nhitng con s6 cu thé.

Ngay nay phan 16n cac cong viée tinh toan déu dwoc thuc hién trén may tinh. Tuy vay thuc
té ching to rang, viéc ap dung cac thudt toan va phuong phap tinh toan khac nhau cé thé cho tbc
dd tinh toan va do chinh xac rat khac nhau. Lay vi du don gian nhu tinh dinh thirc ctia ma tran
ché‘ing han, néu tinh truc tiép theo dinh nghia thi viéc tinh dinh thirc cua mot ma tran vudng cép 25
cling mat hang triéu nam (ngay ca véi may tinh hién dai nhat hién nay); trong khi d6 néu sir dung
phuong phap khir Gauss thi két qua nhan dwoc gan nhu tirc thoi.

Nhu vay, phuong phéap sb 1a cong cu khong thé thiéu trong cac cong viéc can thuc hién
nhiéu tinh toan véi tdc d6 tinh toan nhanh va do chinh xac cao nhu vat ly, dién tu vién thong, ...
va di nhién 1a tt ca cac nganh va mot linh vyc déu can dén 1a cong nghé thong tin.

Phuong phap sé duoc nghién ctru tir rit lau va cho dén nay nhiing thanh tyu dat duoc 1a mot
khdi luong kién thirc dd sd duoc in trong nhiéu tai liéu sach, bdo... Tuy nhién, mon hoc "Phuong
phap s6" chi nham cung cap nhiing kién thirc cin ban nhat vé phuwong phép sb. Voi lu(mg kién
thirc nay sinh vién co thé ap dung vao giai quyét nhirng bai toan thong thucrng trong thuc té va co
kha nang tu tim hiéu dé nang cao kién thirc cho minh khi gip cac van dé phirc tap hon.

II. MUC PiCH

Mon hoc phuong phap s6 cung cap cho sinh vién kién thirc cin ban nhat vé mot sé phuong
phap giai gan ding trén dir li€u soO .

Tao co s& dé hoc tét va nghién ciru cac nghanh khoa hoc ky thuat néi chung va Cong nghé
thong tin noi riéng.

Gop phan rén luyén phuong phap suy luan khoa hoc, tu duy logic, phuong phap nghién ctru
thuc nghi¢m

Gop phan xay dung thé gidi quan khoa hoc va tac phong khoa hoc can thiét cho ngudi k¥ su
tuong lai.

III. PHAM VI NGHIEN CU'U

Nghién ctru mot s6 phuong phap co ban nhét ctua phuong phap sd, duge tng dung nhiéu
trong thuc té nhu cac phuong phap sb trong dai sé tuyén tinh, bai toan ndi suy, tim nghiém gin
dung cac phuong trinh phi tuyén, tinh gan dung dao ham va tich phan, giai gan ding mot s6 dang
cua phuong trinh vi phan...

Tim hiéu céc linh vuc ung dung ctia cac phuong phap trong thuc té.

Nghién ctru cach cai dat cac thuat toan trén may tinh.
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IV. PHUONG PHAP NGHIEN CUU:

Dé hoc tot mon hoc ndy, sinh vién can luu ¥ nhitng van dé sau:
1. Kién thirc can truée:

- Sinh vién phai ¢6 kién thirc co ban vé toan hoc cao cip.

- Thanh thaﬁo it nhat mot ngdn ngir 1ap trinh. Pic bié:c trong cudn sach nay da str dung ngon
ngit 1ap trinh C dé mo ta thudt toan, vi vay sinh vién phai nam dugc ngoén ngtr 1ap trinh C.

2. Thu thap day di cac tai liéu:
Giéo trinh Phuong phap s6. Phan Pang Cau, Phan Thi Ha, Hoc vién Cong nghé BCVT, 2002.
Néu can sinh vién nén tham khao thém:
- Giai tich s6. Pham Ky Anh, nha xuat ban dai hoc Qudc Gia Ha Noi, 1966.
- Phuong phép tinh. Ta Vian Dinh, Nha xuét ban Giao duc - 1995.
- Phuong Phép tinh. Duong Thuy V¥, Nha xuit ban Khoa hoc va K¥ thuat, 2001.
3. bat ra muc tiéu, thoi han cho ban than:
Dit ra cac muc tiéu tam thoi va thoi han cho ban than va cb géng thyc hién ching
Xay dung muyc ti€u trong chuong trinh nghién ctru.
4 Nghién ctru va nim nhirng Kién thirc cot 16i:

Sinh vién nén doc qua sach huéng dan hoc tap truéc khi nghién ciru bai giang mon hoc va
cac tai li¢u tham khao khac.

5. Tham gia diy di cac budi hwéng din hoc tap:

7 T7h6ng qua cac budi hudng d?m hgc tap, giang vién s€ gilp sinh Viﬁn ném’ duogc ndi dung
tong theé cua mon hoc V:'%l giai dap thac mac, dong thoi sinh vién cling c6 thé trao doi, thao luan véi
nhiing sinh vién khac vé€ ndi dung bai hoc.

6. Chu dong lién hé véi ban hoc va giang vién:

” Céc}} don gi:éln qhét la than} du cac dién dan hoc tap trén mang Internet, qua d6 c6 thé trao
doi tryc tiep cac van de¢ vudng mac voi giang vién hodc cac ban hoc khac dang online.
7. Tu ghi chép lai nhirng y chinh:

Viéc ghi chép lai nhing y chinh 12 mt hoat dong tai hién kién thirc, kinh nghiém cho thay
n6 gitp ich rat nhiéu cho viéc hinh thanh thoéi quen ty hoc va tu duy nghién ctru.
8. Hoc di doi voi hanh

Hoc Iy thuyét dén dau thuc hanh 1am bai tap ngay dén do de hiéu va nam chic 1y thuyét.
Noi chung cudi moi chuong, sinh vién 705.1’1 tu tra 101 cac cau hoi, bai tap. Hay co gang vach ra
nhitng ¥ trd 161 chinh, tirng budc phat trién thanh cau tra 161 hoan thién.

Lién hé voi cac mon hoc khac va cac van dé thuc té ¢6 lién quan dé hiéu sau hon y nghia
cua cac phuong phap.

Cai dgt céc thuat toan bang nhiéu céch khac nhau, c6 st dung d6 hoa dé lam noi bt cac dic
trung va ket qua cua cac thuat toan. Dung d(? thi S0 sanh cac phuong phap khac nhau cung giai
quyét rp@t bai toan, phéq tich nhitng diém yég diém manh cua cac :[huét toan. Khi cai dat thuat
toan néu cd gi vudng mac tl}i si‘nh vién c6 thé tham khao thém phan code cua toan bd 9hu?0ng
trinh twong Ung da duoc viét bang ngdn ngir 13p trinh C trong tai li¢u: “Phwong phap s6. Phan
Pang Cau, Phan Thi Ha, Hoc vién Cong nghé¢ BCVT, 2002”.
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CHUONG 1
SO XAP Xi VA SAI SO

MUC PICH, YEU CAU
Sau khi nghién ctru chuong 1, yéu ciu sinh vién:
1. Hiéu dwoc Phuong Phéap S6 13 gi, vai trd va tam quan trong ctia Phuong phap sd.
2. Hiéu duoc sai sb tuyét ddi va sai sé trong dbi.
3. Nam dugc cach viét sé xap xi.
4. Nam duoc cac qui tic tinh sai sb.

5. Hiéu va biét cach danh gia sai s6 tinh toan va sai s6 phuong phap .

1.1. TONG QUAN VE PHUONG PHAP SO
1.1.1. Phuong phap s 1a gi?

Phuong phép sd (numerical method) hay déi khi con dugc goi 1a Phwong phép tinh
(Computational method), Toan hoc tinh todn (Computational mathematics) hoic Giai tich sb
(Numerical analysis) 1a mot linh vuc ciia toan hoc chuyén nghién ctru cac phuong phap giai gan
dung cac bai toan bang cach dua trén nhitng di liéu sé cu thé va cho két qud ciing dwéi dang sé.
N6i gon hon, phuong phap s6 nhu ban than tén goi ctia nd, co nghia la phuong phap giai cac bai
toan bang nhitng con s6 cu thé.

Trong phuong phép s6 chiing ta thuong quan tim dén hai van dé:

. Phuong phap dé giai bai toan.

e Mabilién hé giira 1oi giai s6 gan dung va 10 giai dang, hay van dé sai sé cua 15 giai.
1.1.2. Nhirng dang sai s6 thuong gip

Khi thuc hién mot bai toan bang phuong phap sb ta thuong gip nhing loai sai s6 sau ddy:

e Sai s6 trong viéc mé hinh héa bai toan

e Sai s6 phwong phdp

o Saisé cuia s6 liéu

o Saisé tinh todn

Nhirng sai sé trén ddy tong hop lai nhiéu khi dan dén nhing 16i giai qua cach xa so véi 10
giai dung va vi vay khong thé dung dugc. Chinh vi vy viéc tim ra nhimg thuét toan hitu hiéu dé
giai cac bai toan thyc té 13 diéu rat can thiét.
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1.2. SAI SO TUYET POI VA SAI SO TUONG POI
1.2.1. Sai s6 tuyét doi

Trong tinh gin ding ta 1am viéc véi cac gia tri gin ding cua cac dai lugng. Cho nén véan dé
dau tién can nghién ctru la van d¢ sai s0.X¢ét dai lugng dung A va dai lugng gan ding cia nd 1a
a. Tandi a xapxi Avaviét a = A.

Tri tuyét ddi A,=|a-A | (1.1)

duoc goi 1a sai s6 tuyét dbi cua a (khi dung a dé xap xi A).

Trong thyc té ta khong biét dugc §6 ding ,A, do do yéi cl}ung sai s6 tuyét ddi khong tinh
dugc. Vi vay ta tim cach udc lugng sai so tuyét doi cua a bang so0 E,>0 sao cho

la-A|<E, (1.2)

S6 duong E, duoc goi 1a sai s6 tuyét doi gidi han cia a. Rorang néu E, 1a sai s6 tuyét
doi gioi han cua a thi moi ,E > E, qéu la sai s6 tuyét doi gidi han cﬁg a. Néu sai s0 tuy,ét doi
gidi han qua lc'rr} so vOi sai sc”3 tuyét doi tl}i n’(') khong con co }'/’nghia veé phuopg diénv sai sO nira.
Trong nhiing ’diéu kién cu ‘Ehé ngu:(‘)”i ta cO gang chon E, }fl s0 duong bé nhat co t}lé duogc thoa
man (1.1). Néu E, la sai s0 tuyét doi gidi han cia a khi xap xi A thi ta quy udc viét:

A=a t E, (1.3)
voiy nghia cua (1.1), tic 1a
a-E,< A <a+E, (1.4)

1.2.2. Sai s6 twong do6i

Goi A, lasaisd tuyétddicua a khidinga déxip xi A, khi d6 dai luong

8= —- (1.5)

dugc goi 1a sai s6 twong déi cua a. Tuy nhién mot 1an nita ta thdy ring A thuong khong
biét, vi vay nguoi ta dinh nghia dai luong

ga= —° (1.6)

la sai s0 twong doi gidi han cua a. Tu day ta co

E. = |a &, (1.7)
Tir day nguoi ta thuong viét
A= a(l £ g) (1.8)

Vi trong thuc té chiing ta chi c¢6 thé thao tac véi cac sai s6 gidi han, do d6 ngudi ta thuong
goi mot cach don gian E, 1a sai sd tuyét dbi, &, 1a sai s6 twong ddi. Doi khi nguoi ta biéu dién
sai s trong d6i dudi dang %. Vidu voi a =10, E, = 0.05, khi d6 ta c6 &,=0.05/10=0.5 %.

1.2.3. Chu thich:

Sai s0 tuyét doi khong ndi lén day du "chat lugng" cia mdt so xap xi, “chat lugng” ay con
duoc phan anh qua sai so tuong doi.
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1.3. CACH VIET SO XAP XI
1.3.1. Chir s6 ¢6 nghia

Mot s6 viét dudi dang thap phan co thé gdm nhiéu chir s6, nhung ta chi ké cac chir s tir
chir s6 khac khong dau tién tinh tir trai dén chit s6 cudi cting khac khong phia bén phai 1a cac chir
s6 ¢6 nghia. Chang han s 2.740 c6 3 chit s6 c6 nghia, s 0.02078 ¢ 4 chit s6 c¢6 nghia.
1.3.2. Chir s6 dang tin

Moi sb thap phan déu co6 dang

a =taq,  ..q0,0,0,.0, =t% ol
Trong d6 o 14 nhitng s6 nguyén tir 0 dén 9. Gia sir a 1a xap xi ctia sd A voi sai sb tuyét doi
13 A,. Néu A, < 0.5%10° thi ta noi rang chit s6 o, 13 ddng tin (va nhu vy cac chit s6 c6 nghia bén
trai o, déu la dang tin). Néu A, > 0.5*10° thi ta noi rang chit sé oy 13 ddng nghi (va nhu vay cac
chit s6 bén phai o, déu 1a dang nghi).
Vidu. S6xdp xi a=4.67329
véi A, =0.004726. Tacd | A,| < 0.5*107 do d6 céc chir s6 dang tin 1a: 4,6,7; cac chir
s0 dang ngo 1a 3,2, 9.
véi A, =0.005726. Taco |A.| < 0.5*10" (nhung |A.| > 0.5 *1072) do d6 cac chit sb
dang tin la: 4,6; cac chir so dang ngo'la 7, 3, 2, 9.
1.3.3. Cach viét s6 xap xi
a. Kém theo sai sé
Céch thi nhét 12 viét kém theo sai s6 nhu cong thirc (1.3) A=a * E,
b. Moi chir s6 cé nghia déu ddng tin
Céch tht hai 1a viét theo quy udc: moi chir s6 b nghia déu dang tin; c6 nghia la sai s6
tuy¢t doi gidi han khong 16n hon mét nira don vi & hang cudi cung.
1.3.4. Sai s6 quy tron
Trong tinh toan v&i cac con sb ta thudng 1am tron cac sb theo quy woc sau: néu chir sé bo
di dAu tién > 5 thi thém vao chir s6 gitr lai cudi cung mot don vi, con néu chit s6 bo di dau tién < 5
thi dé nguyén chir s6 gitr lai cudi cung.
Gia sir a 1a xap xi ctia A voi sai s6 tuyét dbi gigi han 1a E . Gia sir ta quy tron a thanh a'
v6i sai sb quy tron tuyét doi gidi han la 0, tic la:
|a'-a] < 6.

Ta co

|a'-A|=|a'-a+a-A|< |a'-a|+|a-A|< O0+E

Vay c6 thé lay 0 +E lam sai sé tuyét ddi giéi han ciia a'. Nhu vay viéc quy tron lam ting
sai sO tuyét ddi gidi han.
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1.4. CAC QUY TAC TINH SAI SO
1.4.1. Mé dau

Ta xét bai toan tong quat hon nhu sau:
Xétham sd ucta 2 biénsé x va y:
u=f(xy)

Gia str x 1 xap xi cua gia tri dung X, y 1a xp xi cua gia tri ding Y va ta coi u 1a xdp xi
cua gid tri dang U = (X,Y).

Cho biét sai s6 vé x va y, hiy lap cong thirc tinh sai s6 vé u.

Cho bién x ta s& ky hiéu Ax =x - X 1a s6 gia ciia x, con dx 1a vi phan cia x.

Theo dinh nghia vé sai s6 tuyét dbi, tacd |Ax|< A,

Theo cong thurc vi phan cua ham nhiéu bién ta co:

du= a—udx + a—udy
ox oy
Tu day
Au =~ 8—MAX + a—MAy
ox oy
Suy ra
ou ou
Ay = |—]| Ax +|—] Ay (1.9)
Ox oy

1.4.2. Sai sb ciia tong

Cho u= x+y
Taco
ou oOu _
ox oy
Tu (1.9) suyra
Ay = A+ Ay (1.10)

Ta c6 quy tic sau:
Sai sb tuyét ddi gioi han ciia mot tong bang tong céac sai sb tuyét ddi gioi han ciia cac s hang.
Ghi chii. Xét trudng hop u=x - y va x, y cing dau. Luc d6 ta co
du = Auu[=(Ax+ Ay [x-yl
Ta thiy rang néu | x -y | rat bé thi sai s twong ddi giéi han rit 16n. Do d6 trong tinh toan
nguoi ta tim cach tranh trir nhitng sO gan nhau.

1.4.3. Sai sb ctia tich

Cho u= xy
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Ta co
ou

ox 7 oy

Tu (1.9) suyra
Ay = ylAxt[x[Ay
Do dd &, = Ay/ul= AJX|+ Ay/ly|= &« + 0y
Vay
Su = & t+39y (1.11)
Ta co quy tic sau:
Sai s6 tuong ddi gidi han cia mot tich bang tong céac sai s6 twong d6i gidi han cua cac s6
hang cua tich.

Xét truong hop déc biét u = x" taco

o1 = nod, (1.12)
1.4.4. Sai s6 ciia thwong
Cho u= x/y
Ta co

Tu (1.9) suyra
1 X
Ay = |_|Ax+|_2|Ay
y 8
Ta co

1 X 1 1
Au/ful= Ay Z =1 Z 1= 1A+ 1A = |—|A+]|—|A, =
%] X y y X y

Suy ra:
Oxy = Ox 0y (1.13)
Ta co6 quy tac sau:
Sai s6 twong ddi gidi han ciia mot thuong bang tong cac sai sd twong ddi gidi han cua cac
s0 hang cua thuong.
1.4.5. Sai s6 ciia ham bt ky
Cho u= f(x1, X2,..., Xn)

Theo cong thure vi phan ciia ham nhiéu bién ta co:

dum Mg+ Mg+ O g

X, ox, Ox

n
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Tur day ta co
Au ~ a—qul +a—qu2 +..+ a—qun
ox, ox, ox,
Suy ra
Ay = |24 A 194 A ot 1 A (1.14)
Ox, ' Ox, - ox, "

Vi du. Tinh sai s6 tuyét d6i giéi han va sai s6 twong ddi giéi han cua thé tich hinh cau:
V = (1/6)nd?
néu cho dudng kinh d=3.7£0.05cm va 7 =3.14+0.0016.
Gidi.
Xem n va d 1ad6is6coaham V,ap dung (1.12) va (1.13) tacod
Sy = 8; +384 (Hésd 1/6 khong anh huong dén sai sb twong dbi)
8x =0.0016/3.14 = 0.0005
84 =0.05/3.7=0.0135
Suy ra 8y =0.0005+ 3 * 0.0135 =0.04
Mit khac V = (1/6)nd® = 26.5 cm®
Tacd Ay =|[V[*&y =26.5%0.04=1.06 ~ 1.1 cm’
V=265%+1.1cm’

1.5. SAI SO TINH TOAN VA SAI SO PHUONG PHAP

Nhu chiing t6i da nhic dén & trén, khi giai mot bai toan phirc tap ta phai thay bai toan dé
bang bai toan don gian hon dé co thé tinh toan bang tay hodc bang may. Phuong phap thay bai
toan phirc tap bang mot phuong phap don gian tinh duoc nhu vay goi 13 phwong phdp gan ding.
Sai s6 do phuwong phap gin dung tao ra goi la sai s6 phuong phap. Mic dau bai toan da ¢ dang
don gian, c6 thé tinh toan dwoc bang tay hodc trén may tinh, nhung trong qua trinh tinh toan ta
thudng xuyén phai lam tron céc két qua trung gian. Sai sb tao ra boi tit ca nhing 1an quy tron nhu
vay dugc goi la sai sé tinh todn. Trong thuc té viéc danh gia cac loai sai sb, nhét 1a sai s6 tinh
toan nhiéu khi 12 bai toan rat kho thyc hién. Dé hiéu rd hon ban chit cia sai sé phuong phap va
sai s0 tinh toan ta xét vi du sau:

Ta biét ring véi s6 x batky taco

2 n
X X X
=1+ = + = +..+

)| n!

Cong thirc nay co thé dung dé tinh gia tri e*. Tuy nhién day 13 tong v han, nén trong thuc

2 n

J v r 2 X X X

té ta chi tinh dugc tong S, =1+ — + — + ... + ,

2! n!
dung. Khi tinh tong S, ta lai thudng xuyén phai lam tron, do d6 ta lai gip sai s6 khi tinh toan S, .

Viéc dua ra mot danh gia vé sai s6 tong hop ciia ca hai loai sai s6 trén 1a bai toan rat phtc tap.
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1.6. SU ON PINH CUA MOT QUA TRINH TiNH TOAN

Xét mot qué trinh tinh toan vé 1y thuyét ¢ vo han budc dé tinh ra mot dai luong nao d6. Ta
no6i rang qua trinh tinh 13 én dinh néu sai sé tinh todn tirc la sai s6 quy tron tich liiy lai khong ting
vé han. Néu sai s6 d6 ting v6 han thi ta néi qué trinh tinh 1a khong 6n dinh.

R& rang néu qua trinh tinh khéng on dinh thi khong c6 hy vong tinh dugc dai lugng can
tinh véi sai s6 nho hon sai s6 cho phép.

Pé kiém tra tinh 6n dinh ctia mot qué trinh tinh todn thudng ngudi ta gia sir sai sd chi xay
ra tai mot budc, cac budce sau d6 coi nhu khong co sai sb khac phat sinh. Néu cudi cling sai s tinh
toan khong ting v6 han thi coi nhu qua trinh tinh 12 6n dinh.

1.7. MQT VAI PIEU VE MOI QUAN HE GIUA THUC TE VA MO HINH

Theo nhimng diéu vira néi trén day thi chung ta ludn hiéu thyc té 1a tuyét ddi dung, sai s6 chi
xay ra khi ta mudn mé hinh héa thyc t& va tién hanh tinh toan mé hinh d6. Thuc véy, ching ta c6
cam giac rang gidi tw nhién dang hoat dong mot cach chinh xac: hé mit troi di co khoang 5 ty
nam tuéi, nhung sy van hanh cua no6 c6 vé van hoan hao: hang ngay mat tro1 moc, mat troi lan déu
theo quy luat. Ctr sau 365 ngdy + 1/4 ngay thi qua dit quay da mot vong quanh mat trdi va hiu
hét cac vung trén trai dat déu trai qua bon mua. Chiing ta ¢ thé hinh dung rang chi cin mdi nam
su van hanh cia cc hanh tinh sai 1éch di chit it thi trong hang ty nam sai sé tich lily c6 thé s& gay
nén nhing bién c6 khén luong! Tuy nhién theo cac nha thién vin thi sy van hanh cia cic hanh
tinh khong tuyét ddi hoan hao nhu ta tuong. Xét vi tri ciia mat troi va trai dat chiang han, theo 1y
thuyét thi néu ngay hom nay mit troi dimg & vi tri giita bau troi tinh tir dong sang tiy thi sau 24
gid nita né ciling ¢ vi tri gitta bau troi (tit nhién 13 c6 thé chéch vé phia nam néu ta dang & Viét
nam). Nhung trong thuc té khong phai nhu vdy. Cac nha thién van da khong thé xay dung dugc
mui gio mot cach chinh xéac va nhét quan néu dya vao vi tri cia mat troi. Noi cu thé hon, néu dua
vao vi tri mat troi ciia ndm nay lam mui gio cho cac ving trén trai dat thi nim sau thoi gian d6
khong con thich hop cho quy dao ciia mét troi nita, ma c6 khac di chat it. Chinh vi sy "dong danh"
cua mat troi nhu vay nén cac nha thién van da dua ra khai niém mat troi trung binh va thoi gian
trung binh. So v&1 mat tro1 trung binh va thoi gian trung binh thi hang ndm mat troi that di 1éch
trong khoang thoi gian tir -14,3 dén +16,3 phit. Tuy nhién s di cc sai s6 nay khong tich liy tir
nim ndy sang nam khac 12 vi cac sai s6 giao dong quanh vi tri trung binh va triét tiéu 13n nhau
theo thoi gian.

Nghia 13, khong chi mo hinh cuiia chung ta, ma ngay ca gidi tu nhién ciing c6 nhitng sai s6. Tuy
nhién cac sai s6 trong gioi tu nhién déu c6 quy luat va thuong triét tiéu 1an nhau, do d6 khong lam
anh huong dén su van hanh cta cac vat thé.

BAI TAP
Bai 1. Khido 1 s g6c ta dugc cac gia tri sau:
a=21°37°3”; b=1°10"

Hay xac dinh sai s6 tuong doi cua cac so xap xi do biét rang sai so tuyét doi trong phép do
la1”.
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Chuwong 1: So xap xi va sai so

Bai 2. Hay xac dinh sai so tuyét doi cua cac so xap xi sau day cho biét sai s0 twong doi cua

chung:

a) a= 13267 ; 0,=0,1%
b) b=2,32; ,=0,7%

Bai 3. Hiy xac dinh sd cac chit s6 dang tin trong cac sd a,b v6i sai sé nhu sau:
a) a= 0,3941; A ,=0,25.10
b) b=38,2543; A.=0,27.10"

Bai 4. Hiy xac dinh sé nhimg chit s6 dang tin trong cac s6 a v6i sai s6 twong dbi nhu sau:
a) a=1,8921; 5,=0,1.102
b) a=22,351; 8,=0,1

Bai 5. Hiy qui tron cac sd dudi day( xem 1a ding) v6i 3 chit s6 c6 nghia dang tin va xac dinh sai
sO tuyét ddi A va sai s twong d6i & clia chung:
a)a=2,514; b)0,16152
c) 0,01204; d)-0,0015281
Bai 6. Hiy xéc dinh gia trj ciia cac ham sé dudi ddy cung véi sai s tuyét di va sai sé twong ddi
ung voi nhitng gia tri ciia cac doi s6 cho véi moi chit s6 cd nghia déu dang tin.
a) u=In(x+y?); x=0,97; y=1,132
b) u=(x+y)’z; x=3,28; y=0,932; z=1,132
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Chirong 2: Cdc phong phdp sé trong dai sé tuyén tinh

CHUONG 2
CAC PHUONG PHAP SO TRONG DAI SO TUYEN TiNH

MUC PiCH, YEU CAU:

Sau khi nghién ctru chwong 1, yéu ciu sinh vién:

1. Hiéu va nim duoc cac phuong phap tim nghiém dung, nghiém xap xi cta hé phuong
trinh tuyén tinh.

2. Biét cach ung dung cac phuong phap trén vao viéc tinh dinh thirc ctia ma tran, tim ma
tran nghich dao, giai quyét cac bai toan thuec te.

3. Biét cach danh gia sai s ctia timg phuong phap
2.1. MA TRAN VA PINH THUC

2.1.1. Ma tran

Cho ma tran chit nhat A cdp mx n:

a a2 ain

a1 ax Ao
A=

am1 Am2 Amn

¢ day ajlacéac s6 thye. Ma tran nay c6 m hang va n cot. Khi m =n ta ¢4 ma tran cap nxn
va duwoc goi tdt la ma trdn vuong cap n.

Ma trin vudng ciAp n ma moi phan tir nim ngoai dudng chéo chinh bang 0, tic 1a a;=a; =0
V6 1# ], duoc goi 1a ma trgn dwong chéo. Néu ma tran dudng chéo ¢ a; = 1 thi ta goi A 13 ma tran
don vi va ta thuong ky hiéu la E hoac 1.

Ma tran vuong A duogc goi la ma trdn tam gidc trén, néu A c6 dang

_all an aln_
0 an .. A
A=
_0 0 am |
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Chirong 2: Cdc phirong phdp so trong dai sé tuyén tinh

Tuong ty, ma trdn vudéng A duoc goi 1a ma trdn tam gide dwdi, néu A c6 dang:

_a“ 0 0 ]
arg a 0
A=
_anl an2 ann_

Ma tran chit nhat AT cdp nxm duoc goi 1a ma trdgn chuyén vi ciamatran A cap m x n néu:

ar A Aml
an ax aAm2
Al =
_a1n Aon amn_

2.1.2. Pinh thirc ciia ma tran

Trudce khi dua ra dinh nghia dinh thirc ciia ma trén, chung t6i gidi thiéu khai niém hoan vi
chén, hoan vi 1& ctia mot tap hop n sé nguyén {1, 2, ..., n}.

Cho a = (ij, i2,..., 1) 1a mQt hoan vi cua tap {1,2,...,n}. Ta xét tat ca cac cap (i, 1), trong do
k <h. Néu i > iy thi ta goi cap (ik, in) 1a cdp nguoc, tirc 1a cac gia tri iy, i, dugc sap xép nguoc voi
k,h. Néu trong o ) cip nguogc 1a chin thi ta goi o 14 hodn vi chan, nguoc lai thi ta goi o 1a hodn
vi lé.

V61 moi ma tran vuong A cap n:

al aln ain

Arl b)) don
A=

_anl an2 ann ]

ton tai mot sb thuc duoc goi 1a dinh thirc ciia ma tran A, ky hi¢u 1a det A, duogc xac dinh
bdi cong thue:

det A= D s(iy, ia,..., In) @, @y, .4, (2.0)

n

voi o = (i, ip,..., In) chay trong tap tat ca cac hoan vi cia tép {1,2,...,n}, va

. S 1 néu o 1a hoan vi chan
s(iy, 12,..., 1n) = i ‘
-1 néu o la hoan vi 1é
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Chirong 2: Cdc phong phdp sé trong dai sé tuyén tinh

Dinh thirc cua ma tran con duoc ky hicu la

an an ain

a axn a2n
A=

anl an2 dnn

V6i moi ma tran chir nhat A cép m x n bét ky ta co thé tinh dinh thirc cta tat ca cac ma
tran con vudng cép k, véi k < min (m, n). Néu tdn tai mot sb r sao cho c6 mot ma tran con cép r
c6 dinh thure khac 0, con moi ma tran con vuong cap 16n hon r déu bang 0 thi ta ndi rang r 1a hang
ciia ma trgn A.
Céc phép bién ddi so cip sau day khong 1am bién d6i hang cua ma tran:
e Ddichd 2 hang hoic 2 cot bat ky.
e Nhan mot hang hay mét cot bt ky vi mot sb khac khong.
e  Cong céac thanh phan twong img ciia 2 hang hodc hai cot bat ky.
Céc phép bién dbi so cip s& duge sir dung dé tinh dinh thirc clia ma tran va tim nghiém cua
hé phuong trinh tuyén tinh.

Ma tran E dugc goi 1a ma tran don vi cap n néu E 1a ma tran vudng cap n va E c6 dang

10 0 |

0 1 0
E:

(0 0 &Y

2.1.3. Cac phuwong phap tinh dinh thirc
a. Tinh dinh thirc dwa truc tiép vao dinh nghia

Ta c6 thé dung (2.0) dé tinh dinh thic cia mot ma tran trén mdy tinh. Tuy nhién cach tinh
nay doi héi khoang c*n! phép tinh. Day la con s6 khong 16 vdi n khong 16n 1am. Vi du véi may
tinh hién dai nhat hién nay cling can hang tri¢u nam dé tinh dinh thirc cia ma tran cap n = 25.
b. Tinh dinh thirc dwa vao cong thirc khai trién theo hang

Cho A 13 ma tran vubng cap n va a;j 1a mot phan tir bit ky cua né. Pinh thirc ctia ma tran
con cap n-1 sau khi “x6a” hang thir i va cot thu j di va khong thay doéi vi tri cac thanh phan con
lai, dugc goi la minor cua phan tir ajj , va duge ky hi¢u la M1J Gia tri Aj; = (-1)"™ M;; dugc g01 la

phan bu dai sb cua phan tir a;. Ta co cac cong thuc sau dé tinh dinh thirc ma tran vudng cap n
thong qua viéc tinh dinh thirc ciia cac ma trdn con cp bé hon:

Khai trién dinh thtc theo hang thtr i:

det A= i ajj Aij

G
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Chirong 2: Cdc phirong phdp so trong dai sé tuyén tinh

Khai trién dinh thtc theo cot thi j:

det A= Z ajj Aij
i=l
Ap dung céc cong thirc trén ddy ta c6 thé dung thuat toan dé quy sau day dé tinh dinh thirc
clia ma trn vudng cip n :
Néu n=1: A11:1; detA=a11 A]]

n>1: detA= zalj Ajj
A
Tuy nhién, ciing nhu cach tinh truc tiép, cach tinh nay can khoang c*n! phép tinh, va nhu
vay khong thé thuc hién dugc trén may tinh hién dai nhat hién nay du chi v6i n khong 16n 1im. R
rang viéc phan tinh thuat toan gitp ching ta danh gia dugc thoi gian tinh toan trén may tinh va
néu thoi gian d6 1a qua 16n thi chung ta khoi phai tén cong v ich viét chuong trinh va chay thir.
c. Tinh dinh thuc bting cdach chuyén ma trin vé dang tam gidc trén

Ta s€ bién d61 dé dua ma tran A v€ dang ma tran tam giac trén

by by .. b |
0 by .. B
B =
0 0 .. bm

Véy det A=det B = b11 bzz...bnn

2.1.4. Ma tran nghich dao

Ma tran nghich ddo cua mot ma tran vuong A cép n la ma tran dugc ky hiéu la A, thoa
man diéu kién

ATA=AA'=E

Trong d6 E 13 ma tran don vi. C6 thé chimg minh rang dé thoa man diéu kién trén thi bat
budc A" phaila ma trin vuéng, va matran ddo néu ton tai 1a duy nhét.

Diéu ki¢gn ton tai cua ma tran nghich dao: Ma trdn vudng A cip n c¢6 ma tran nghich dao
khi va chi khi det A #0.

Céch tinh ma tran nghich dao:

Goi Aj la phan bu dai s6 cua phan tir ajj , khi do ta co:

A Ay . An
Ap Axn .. A
a_ 1
det 4
Am Aw . Am
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Chirong 2: Cdc phong phdp sé trong dai sé tuyén tinh

Tuy nhién cong thirc nay chi co ¥ nghia ly thuyét, khong thé ap dung dé tinh truc tiép ma
tran dao trén may tinh duogc vi s6 phép tinh doi hoi qua 16n.
Trong phan sau ta s& ap dung phuong phap khir Gauss-Jordan dé tinh ma tran nghich dao
v6i s6 phép tinh nho hon nhiéu (khoang n®)

2.2. HE PHUONG TRINH PAI SO TUYEN TiNH

Xét mot hé phuong trinh gdm n  phuong trinh tuyén tinh véi n 4n s6 X1, X,,...,x, nhu sau:

QX tapxXy ...t apX, = bl
anX] +apXy +...+anX,=bs

................ @2.1)

a,, a, .. a, X, b,

Ay, dy ... dy, X, b,
A= ,X = ,b=

anl anZ ann ‘xn bn

Néu det A =0 thi nghiém ctia hé (2.1) c6 thé tinh theo cong thirc x = A™'b. Ap dung cong thic
tinh ma trin dao ta c6 thé bién doi va dan dén 10i giai duoc dién ta bang dinh Iy Cramer nhu sau:

Dinh ly Cramer. Goi A; 1a ma tran nhan duoc tr ma tran A bang cach thay cot thir j bang
cot b, khi d6 hé (2.1) c6 nghiém duy nhét va xj dugc tinh boi cong thirc
det 4,

det 4

Tuy nhién trong thuc hanh ngudi ta khong ding cong thirc ndy dé tinh nghiém vi sé phép

tinh qué 16n. Nguoi ta dung nhitng phuong phéap hitu hi¢u hon ma chung t61 s€ gidi thi¢u sau day.

X

2.2.1. Phuwong phap truec tiép giai hé phwong trinh tuyén tinh
Gia st ta giai hé phuong trinh(2.1)
a. Phwong phap khir Gauss
Phuong phap ‘khfl’ Gauss dung cach khir dan cac an dé dua hé phuong trinh da cho vé mot
dang tam gidc trén roi giai hé tam gidc nay tr gi6i 1én trén, khong phai tinh mgt dinh thirc nao
Phuong phéap nay dugc thuc hién qua cac budc sau:
Qua trinh xubi:
- Budc 0: Dung phuong trinh dau tién dé khir x, trong n-1 phuong trinh con lai. Gia sir a; ;0.
(bé cho cong thirc don gian , trude khi khir ta c6 thé chia phuong trinh thir nhat cho ay; ).
Cu thé dé khir x; & hang th k( k=2.3,...n) ta phai tinh lai cac hé sb ay & hang thu k
(=L2,.n+1) nhu sau: ag=ay-a;;*axi/a
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Chirong 2: Cdc phirong phdp so trong dai sé tuyén tinh

- Buée 1: Dung phuong trinh thir 2 dé khir x, trong n-2 phuong trinh con lai phia sau. Gia
sir a,,#0. (Dé cho cong thire don gian, trudce khi khir ta ¢ thé chia phuong trinh thir hai
cho ap).

Cu thé dé khir x, & hang thit k (k=3,4,...n) ta phai tinh lai cac h¢ s6 ay; & hang tha k
(J=2,..n+1) nhu sau: ay=ay-ar;*ar/as

- Bwéc i: Dung phuong trinh i @& khir x; trong cac phuong trinh th i+1,i+2, ..., n. Gia
sir a;#0. P& cho cong thire don gian, trude khi khir ta c6 thé chia phuong trinh tht i cho
aii)-

Cu thé dé khir x; ¢ hang thir k (k=i+1,...n) ta phai tinh lai cic hé s6 a;; & hang thir k
(J=1,..n+1) nhu sau: ayj=ayj-a;;*aw/a;;

- Bwéc n-1: Dung phuong trinh thir n-1 dé khir x,4 trong phuong trinh thtr n.Gia st a, | ,.1#0.
(Dé cho cong thirc don gian, trude khi khir ta co thé chia phuong trinh th n-1 cho a,. 1)
Cu thé dé khir x,., & hang tht n ta phai tinh lai cdc hé s6 a,j & hang tht n (j=n-1,n,n+1)

nhu sau: a,=an-an-1;™an-1i/an-1n-1

Két thiic qud trinh khit.

Trong qua trinh giai xudi ta gia thiét a; 120, a#0,a33%#0,...,a,.1 n.1%0. Néu 1 trong cac hé sd
d6 bang khong thi qua trinh khong tiép tuc duoc. Luc d6 ta phai thay doi cach tinh.
Gia st khi khtr x; ta gdp a;;=0 thi ta nhin cac hé sb a1, 831 ..., clia X; O Cac phuong trinh
phia duéi, néu c6 hé s6 nao khac khong ta c6 thé ldy n6 thay cho vai trd ciia a;; bang cach hoan vi
hai phuong trinh. Néu tat ca cac h¢ sO so aj, az1, a3; ...,ay déu bang khong thi hé da cho suy bién.
Vay tot nhat 1a trude khi khir x; ta chon trong céac h¢ sb aj1, as1, 831 ..ol hé $6 o gia tri tuyét doi
16n nhét 1am tru tht nhat( goi 1a tru t6i dai thir nhat) réi hoan vi hang thir nht cho hang c6 gia
tri tuyét doi 16n nhat). Ttrc 1a ta chon hang r sao cho:
|an | = max {|ag | /k=1,2,... n} Sau d6 ta d6i hang r cho hang 1.
Tuong tu trong cac budc khir x,,... X,.1 , trude khi khir ta cling tim tru toi dai:
|ai| = max {|ag| /k=i,it+1, ... ,n} (v61i1=2,3,...,n-1)
Sau d6 ta d6i hang r cho hang i.
Sau khi thyc hién xong qua trinh gidi xudi h¢ phuong trinh (2.1) c6 dang:
Dangl: Tai cc budc (budc i) ta khong chia cho hé s6 aj;
anx;tapxst+...tamX,=b;

AnXo T ... T aX, = b2
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Chirong 2: Cdc phong phdp sé trong dai sé tuyén tinh

hodc: Dang 2: Tai cac budc (budc i) ta chia cho hé s6 a;i:
X1+ apXy+. ..+ anX,=b;

X2+...+aann:b2

Xuét phét tir phuong trinh thir n ta 1an luot tinh duoc cac gia tri x; bang cac cong thic cua
qud trinh gidi nguoc sau:
Qua trinh gidi ngwge

Xn = by/ay, hodc ( x,=b,)

xi = (bi -( ) ayX;) Vai) hodc (bi -( Y ayxy)), i=n-1,n-2, .., 1

J=i+ J=i+l

Pé viéc viét chuong trinh dugc don gian, khi cai dit trén may tinh ta ding mot mang a
thay cho cdma tran a vavecto b. Tacla

ay Ay o 4y Ay a, a, .. a, b
Ay Ay - Gy, Ay a, Ay .. a,, b,
anl an2 ann an,(n+1) anl anz ann bn

Ta ap dung cac phép bién ddi so cap nhu vira trinh bay dé bién d6i ma tran chit nhat cp
nx(n+1) trén day vé dang

1 1 1

1 a4, .. d, a 1,(n+1)
1 ]

0 1 .. d, d,.,
1

0 0 . ¢y LAFGNS

Vi du:Giai hé phwong trinh sau biang phuwong phap khir Gauss:
2x1+ 3%, +x3 =11
X1 +2x, -x3=0
3x; +2x3 =9

Budcl: HE phuong trinh trén twong duong voi:

3X1 + 2X3 =9 h1=h3
-X; + 2X2 -X3 = 0 h2=h2
2% + 3%, x5 = 11 h3=hl
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Chirong 2: Cdc phirong phdp so trong dai sé tuyén tinh

~

3x; +0+2x3 =9 h1=hl
+“—p _
< 2% -x3/3 =3 h2=h2+h1/3
= h3=h3-2*h1/3
Buéc 2: 3x,-x3/3 =5
]C
3, +0+2x3 =9 h1=hl
) > < 3x; - x3/3 =5 h2=h3
2x; - x3/3 =3 h3=h2
N~
/
3, +0+2x3 =9 h1=h1l
4+ —> i
< Xy-X3/3 =5 h2=h2
-X3/9 =-1/3 h3=h3-2*h2/3
V@y g X3:3
> < X2—2
- X]ZI

Chwong trinh minh hea.

Sau ddy 14 doan chuong trinh chinh thé hién (mé ta) thuét toan khir Gauss.
/*Giai he phuong trinh tuyen tinh dung khu Gauss, ma tran vuong n,

cac phan tu cot thu n+1 la vecto b*/
/*Dua ma tran a ve dang tam giac tren Giai he phuong trinh tuyen tinh.

Tra ve gia tri true neu co nghiem */

int khugauss(kmatran a,double *x,int n)
{
int i,j,k,h;double tmp,p;kmatran aa;
int nl=n+1;
Sfor(i=1;i<=n;i++)
Jor(=Lij<=nl;j++) aafil[j]=afi][j];
for(i=1;i<=n;i++t) //Vong lap cac buoc khu
{//Tim hang co phan tu dau lon nhat
h=i;
SJor(k=i+1;k<=n;k++)
if(fabs(a[k][i])>fabs(a[h][i]) {h=k;}
if(alh][i])==0) {cout<<""Ma tran suy bien'';delay(1000);return false;}
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if(h!=i) //Doi hang i va hang h vi a[h][i] > a[i][i]
{int j;double tmp;
Jor(j=izj<=nl;j++)
{tmp=alif[j];a[i][j/=a[h][j];alh][j|=tmp;}
/
//chuyen he so a[i][i] = 1
tmp=afif[i];
Jor(5=izj<=nl;j++) afil[j] = a[i][j]/tmp;
//Bat tinh lai cac hang
Sfor(k=i+1;k<=n;k++)
{p=alkl[if;
/*V1i ta biet a[k][i] =0 sau bien doi,
chi tinh tu a[k][i+1]*/
Jor(j=i+lj<=nl;j++) a[k][j]=a[k][j] - p*a[i][j];
/
/
x[n]=a[n][n+1];
Sfor(i=n-1;i>=1;i--)
{double xx=0;
Jor(=it1;j<=n;j++) xx=xx-+afi[[j] *x[j];
x[i[=afif[n+1]-xx;//b[i]-xx

/
//Dat cac gia tri phi duoi duong cheo chinh bang O(phan nay khong can)

Jor(i=2;i<=n;i++)
Jor(=Lij<izj++) afif[j]=0;

//Thu lai

kvecto bb;

for(i=1;i<=n;i++)
{bbfi|=aa[i[[1]*x[I];
Jor(5=2;j<=n;j++t) bb[i]+=aa[i][j]*x[j];
/
//Dua ket qua vao tep ketqua

return true;

/
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b. Phuwong phap khiwr Gauss-Jordan

Phuong phap khir Gauss-Jordan dung cach khir dan cic 4n dé dua hé phwong trinh da cho

vé mt dang ma tran duong chéo roi giai hé phuong trinh nay, khong phai tinh mét dinh thire nao

Phuong phéap nay dugc thuc hi¢n qua cac budc sau:

- Bwéc 1: Dung phuong trinh dau tién dé khu x, trong n-1 phwong trinh con lai, cach lam
tuong tu nhu phuong phap khu dé tinh dinh thac... (D€ cho cong thie don gian, trudc khi
khur ta c6 the chia phuong trinh thtr nhat cho ay).

Cu thé d&é khir x; ¢ hang thir k( k=2.3,...n) ta phai tinh lai cac hé sb ay ¢ hang thu k
(=L2,.n+1) nhu sau: ag=a-ai;*axi/a

- Bwéc i: Dung phuong trinh i @& khtr x; trong cac phwong trinh thir 1,2, i-1,i+1,i+2,....n..
(Dé cho cong thirc don gian , trudc khi khir ta c6 thé chia phwrong trinh thir i cho aj)
Cu thé @& khur x; & hang tht k (k=1,2, i-1,i+1,i+2,...,n.) ta phai tinh lai cac hé s6 a;; & hang
thir k (j=1,..n+1) nhu sau: a=a-a;;*aw/a;;

- Bwéc n: Dung phuong trinh thir n dé khir x, trong phwong trinh thir 1,2, ..., n-1.. (Dé cho
cong thirc don gian, trude khi khir ta ¢6 thé chia phuwong trinh thir n cho ay,)
Cu thé dé khir x, & hang thi k( k=1,2, ..,n-1.) ta phai tinh lai cac hé s6 ay; & hang thu k
(J=n,n+1) nhu sau: a=ay-an;™akn/an
Tuong tu phép khir Gauss tai mdi bude, trude khi khir ta phai chon tru t6i dai. Cu thé tai
budc i ta ludn chon hang c6 phén tir a; ¢ gia tri tuyét dbi 1on nhat rdi d6i cho hang thir i cho hang
thir r.
H¢ phuong trinh sau khi khir c6 dang:

a X =b
al'll’l Xn T bl'l
Hodc (Néu tai cac budc (budc i) ta chia cho hé so aji):

p
X =b

Tic 13 ta da c6 cac nghiém ma khong can phai tinh toan thém.
Ciing nhu trong phuong phép khur Gauss, khi cai dat trén may tinh ta dung mdt mang a
thay cho ca ma tran A va vec to b. Tuc la
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ay Ay e Gy Gy a, a, .. a, b
Gy Ay o Gy Aoy | |Gy Ay e Ay, b,
anl anZ ann an,(n+l) anl anZ ann bn

Ta 4p dung cac phép bién ddi so cAp nhu vira trinh bay dé bién d6i ma tran chit nhat cdp n
X (n+1) trén day vé dang
1 0 .. 0 &,
01 .. 0 a5,

'
00 . 1 da)um

Vﬁ.y ta co Xi = a'i,(nﬂ)

Vi du:Giai hé phuwong trinh sau bing phwong phap khir Gauss-Jordan:
2%+ 3%, +x3=11
-X; t2Xx, -=x3=0
3x; +2x3 =9

Budcl: HE phuong trinh trén tuong duong véi:

3X1 + 2X3:9 h1=h3
-X; + 2X2 -X3 = 0 h2=h2
2X; +3x, +x3=11 h3=h1
Buwoc 1:
3X1 +0 +2X3 =9 h1=hl1
< > 2% -X3/3 -3 h2=h2-+h1/3
3X, -Xx3/3=15 h3=h3-2*h1/3
Buworc 2:
3x; + 0 +2x; =9 h1=h1
3X2 - X3/3 =5 h2=h3
2X2 - X3/3 = 3 h3:h2
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~

3, +0 +2x5 =9 hi=hl
< =< 3X2 - X3/3 =5 h2=h2
x39 =-1/3 h3=h3-2*h2/3
Budce 3: =
/
3x; + 0 40 -3 h1=h1-2*h3/(-1/9)
< > J 3x, -0 -6 h2=h2-(1/3)*h3/(-1/9)
-x3/9 =-1/3 h3=h3/(-1/9)
.
Vay
Xlzl
> X2=2
X3=3

Chuong trinh minh hoa.

Sau day 1a doan chuong trinh chinh thé hién (mé ta) thuat toan khir Gauss-Jordan.

int gjordan(kmatran a,double *x,int n)
fint i,j,k,h;double tmp,p;kmatran aa;
int nl=n+I1;
for(i=1;i<=n;i++)
for(i=1ij<=n13j++) aafi] jl=afil j];
for(i=1;i<=n;i++) //Vong lap cac buoc khu
{//Tim hang co phan tu dau lon nhat
h=i;
for(k=i+1;k<=n;k++)
if(fabs(a[k][i])>fabs(a[h][i]) {h=k;}
if(alh][i[==0) {cout<<""Ma tran suy bien";delay(1000);return false;}
if(th!=i) //Doi hang 1 va hang h vi a[h][1] > a[1][1]
{int j;double tmp;
Jor(=izj<=n1;j++)
{imp=alij jl;afil j]=a[h][jl;alh] [j]=tmp;}
/
//chuyen he so a[i][i] = 1
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tmp=afif[i];
Jor(5=izj<=nl;j++) afil[j] = a[i][j]/tmp;
//Bat tinh lai cac hang
for(k=1;k<=n;k++)
{if(k==i) continue;
p=alk][i];
/*V1i ta biet a[k][i] =0 sau bien doi,
chi tinh tu a[k][i+1]*/
Jor(j=i+1;j<=nl;j++) a[k][j|=a[k][j] - p*ali][j];
/

/
Jor(i=1;i<=n;i++) x[i|=a[il[n+1];

/*Dat cac gia tri khong o tren duong cheo chinh bang 0
(phan nay khong can)*/
for(i=1;i<=n;i++)

Jor(=Lij<=n;j++) {if(i!=j) a[i][j]=0;}

//Thu lai

kvecto bb;

Sfor(i=1;i<=n;i++)
fbbfij=aafil[1]*[1];
Jor(5=2;j<=n;j++) bb[i|+=aafi][j]*x[j];
/

//Dua ket qua vao tep ketqua

return true;

2.2.2. Ap dung phwong phap khir Gauss-Jordan dé tinh ma tran nghich dio
Pé giai hé n phuong trinh n 4n Ax = b, trong phuong phap khir Gauss-Jordan ta di ding
cac phép bién ddi so cip dé dua phuong trinh nay vé dang

Ex=1b'
Ex = x, do d6 ta c6 x=b'. Néu B 1a mot ma tran chir nhat cip n x k tiy ¥, ta co thé ap

Vi
dung phuong phéap khir Gauss-Jordan dé giai dong thoi k hé n phuong trinh n 4n:
AX =B (2.2)
trong do
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b, .. b,
by, .. by,
b, .. b,

X X, e Xy
b X .
21 2 2k
X =
_xnl an xnk
bl] b12 blk
b b b
21 U2 2k
B=
_bn1 b, .. b,
Ta viét ma tran B bén phai ma tran A nhu sau:
all a12 aln bll
Ay Ay o Gy, by
anl anZ ann bnl

Néu ma tran A khong suy bién, ta c6 thé ap dung cac phép bién doi so cip dé dua ma tran

nay vé dang:

0 .. 0 b,
01 .. 0,
00 . 1 0,
Khi d6 ta co
X1 X1
X = X X
Xar o X2
b'H
Pit B’ = b
b'nl

b'12
b'22

'
bn2

'
an

1 ' '
by, b, .. b,
' ' |
b, b, .. by

1 1
b, ..b,

'
bnk

Xét truong hop dac bict B = E, ta c6 ma tran B' chinh 1a ma tran nghich dédo ctia ma trén A.
That vay, néu X la nghiém cua (2.2) thi

X=A"B

Néu B=E thi X =A". Do d6 viéc tim ma trin nghich ddo ctia ma trdn A tuong duong

véi viée giai phuong trinh
AX=E
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Ta c6 thé tom tat cac budc can thuc hién dé tinh ma tran dao nhu sau:

e Viétthém ma trin donvi E bén canh ma trdn A

a, a, .. a, 1 0 .. 0
a, A, . d 01 .. 0
21 21 2n (23)
a, a, .. a, 0 0 .. 1
e Ap dung phép bién ddi so cp 1én cac hang ciia ma tran (2.3) cho dén khi ma tran c6 dang
I 0 .. 0 ¢, ¢, .. ¢,
01 ... 0 ¢y ¢y .o 0y,
00 ..1¢, ¢, ... C,
Khi do6 ta co
€ Cnp Cin
Al = €y Cn Can
Cnl CnZ Cnn

Chu y. Trong qué trinh bién ddi ta ¢é thé doi cdc hang cia ma tran. Piéu nay khong anh
huong dén két qua thu duoc: Ma tran C van 13 ma tran nghich dao ctia ma trdn A ban dau. Ly do
1a vi dé tim ma tran nghich ddo ta chi can xac dinh ma trin nghiém. Ma tran nghiém khong bi thay
d6i néu ta d6i chd cac hang.

Chuong trinh minh hoa.

Sau day 1 doan chuong trinh chinh thé hién ( mo ta) thuat toan tim ma tran nghich dao

int daomtran(kmatran a,kmatran &ad,int n)
{int i,j,k,h;double tmp,p;
int n2=n*2;
kmatran aa;
for(i=1;i<=n;i++)
Jor(=1;j<=n;j++) aalil[j|=alil[j];
//Them phan sau cua ma tran a de co dang ma tran don vi
Sfor(i=1;i<=n;i++)
Jor(j=1;j<=n;j++) afi][n+j]=0;//Cho phan ma tran vuong phia sau bang 0
Sfor(i=1;i<=n;i++) afi][n+i]=1; //Duong cheo chinh phan phia sau bang 1
//Vong lap cac buoc khu
for(i=1;i<=n;i++)
{//Tim hang co phan tu dau lon nhat
h=i;
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Sfor(k=i+1;k<=n;k++)
if(fabs(a[k][i])> fabs(a[h][i])) h=k;
if(alh][i])==0) {cout<<""Ma tran suy bien'';delay(1000);return false;}
if(h!=i) //Doi hang i va hang h vi a[h][1] > a[i][1]
{int j;double tmp;
for(=izj<=n2;j++)
{imp=alfif jJ;afil jl=afh][jl;afh][j]=tmp;}
/
//chuyen he so a[i][i] =1
tmp=afi[[i];
Jor(j=izj<=n2;j++) afil[j] = a[i][j]/tmp;
//Bat tinh lai cac hang
for(k=1;k<=n;k++)
{if(k==i) continue;
p=a[k][i];
/*Vi ta biet a[k][i] =0 sau bien doi,
chi tinh tu a[k][i+1]*/
Jor(=i+1;j<=n2;j++) a[k][j]=a[k][j] - p*ali][j];
/
/

/*Dat cac gia tri khong o tren duong cheo chinh bang 0
(phan nay khong can)*/
Jor(i=1;i<=n;i++)

Jor(j=Lij<=n;j+%) {if(i!=)) afi][j]=0;}

//Ma tran dao la phan phia sau cua mang a
Sfor(i=1;i<=n;i++)
Jor(j=L;j<=n;j++) ad[i[j|=a[i][n+j];

//Thulai Ax AD=C
kmatran c;
Sfor(i=1;i<=n;i++)
Jor(j=L;j<=n;j++)
{cliffj|=aali][1]*ad[1][j];
for(k=2;k<=n;k++) c[i][j]+=aali][k] *ad[k][j];
/

return true;

}
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2.2.3. Su khong 6n dinh ciia hé phwong trinh dai s6 tuyén tinh

a. Chudn cvia ma trdn va vec to

Chuin cua ma tran chit nhat cép mxn A =(a;)lamot sb thuc khong am duoc ky hi¢u

13 ||A]| thoa man céc diéu kién sau
(1) [|A=20 (véi [|A][=0 < A=0)
2) o All=|o]||All, o 14 s thuc bét ky.
(3)  [[A+B[ <Al +B]|
@ AB]| = [A[.[B]]

Nguoi ta thuong ding ba chuén sau:
, m
Chuan cot: Al = max )| ay]
I3
m n

Chuan Oclit: Al =)D a;)"”

=l =

Chuan hang:  ||All., = max Z| ajj |

A

Vi du. Cho
5 -2 1
A=|1 4 3
2 -1 7

Ta tinh dugc cac chudn cia A theo dinh nghia trén nhu sau:
Al = max(5+1+2, 2+4+1, 143+7) = max(8, 7, 11) =11
AL = (5% + 2%+ 1+ 1+ 4%+ 3% 2%+ 1+ 7)1 = 1102 = 10.5
[|Allw = max(5+2+1, 1+4+3, 2+1+7) = max (8, 8, 10) = 10

Vec to 1a ma tran chi c6 mot ¢ot, do do doi voi vec to

ta c6 3 chuan sau

n
Xl = D I xil
i=l

n
Il = xi%)"
i=l

[1X[lo = max | x;|
l
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Vidu. Cho
2
-3
x=| 4
1
4
Ta co

IIX[i=2+3+4+1 +4 =14
x| = (22+ 32442+ ] Jr42)1/2 — \/E
%]l = max(2,3,4,1,4) =4
Trong céc phan tiép theo chung ta s& ky hiéu don gian 1a [|A|| hodc ||x|| dé chi chuan
cua ma tran va vec to. Néu khong c6 gi giai thich thém thi cach ky hi€u nay dugc hiéu la mdot
trong ba chuan trén day.
b. Sw khéng én dinh ciia hé phwong trinh dai sé tuyén tinh
Trén ddy ta da tim hiéu cac phuong phéap giai hé phuong trinh dai s6 tuyén tinh mét cach truc
tiép. Néu nhu moi tinh toan cua ta la chinh xac thi cac phuong phap trén cho két qua hoan toan
chinh xac. Tuy nhién trong thyc té khi tinh toan ta phai thuong xuyén lam tron cac so, nghia la ta
thuong chi tinh todn trén cac sO gan dung ma thdi. Li€u cach lam tron trong tinh todn c6 lam anh
hudng nhiéu dén két qua cudi cung khong? Vi du sau day cho thay rang cé nhiing h¢ phuong trinh
dai sO tuyén tinh rat "nhay cam" vai sai sO, nghia la sai s nho khi tinh todn c6 thé anh hudng
nghiém trong dén két qua cudi cung. N6i mot cach hinh tuong thi ta gdp tinh huong "sai mot li di
mdt dam". Nhitng h¢ thong phuong trinh ki€u nay dugc goi 1a hé phuong trinh khong 6n dinh.
Vi du . Ta xét h¢ phuong trinh sau:
2X1+x,=2
2x; + 1.01x, =2.01
H¢ nay c6 nghiém x; =0.5, x, = 1.
Tuy nhién hé phuong trinh sau day nhan duoc véi chut it thay d6i hé sb trong hé trén
2X1tx0=2
2.01x; + 1x,=2.05
lai c6 nghiém x; =5, x, = -8, khéc xa so voi nghi¢m trén day.
2.2.4. Phwong phap lip giai hé phwong trinh tuyén tinh
Céc phuong phap truc tiép giai hé phwong trinh tuyén tinh néi chung can khoang cn® phép
tinh, trong d6 ¢ 1a mot hang so va ngudi ta ude luong ¢ = 2/3. Phuong phap khir Gauss nhu ching
ta vira tim hi€u chdng han, 1a mdt phuong phap ding, nghia 1a néu cac phép tinh so cap dugc thuc
hién dung hoan toan thi cudi cung ta dugc nghiém dung cua hé. Tuy nhién trong thuc t€ ta phai
ludn luon lam tron khi thyc hién cac phép tinh, va nhu ta da thay o trén, sai so tong hop doi khi co
the s€ kha 16n. Va ching ta gdp mdt nghich ly: ve 1y thuyét phuong phap cho két qua chinh xac
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100%, nhung khi thuc hién dé ap dung thuc té thi doi khi két qua lai khac xa so véi két qua 1y
thuyét. Vi nhitng 1y do trén ddy, nguoi ta di tim kiém nhitng phuong phap gan ding dé giai cac
bai toan, tirc 1a ngay tir ddu ngudi ta chip nhan két qua xap xi, hay su x4p xi ¢ nam ngay trong
mé hinh. Khi thuc hién tinh toan cu thé chung ta lai gdp sai s6 mot 1an nita. Nhu vay trong cac
phuong phap gin dung thi sai s6 s& 1a tong hop cua sai sé mo hinh va sai s6 tinh toan. Mot diéu
dang ngac nhién 1a trong nhiéu trudng hop phuong phap gan ding lai cho két qua t6t hon phuong
phap dung. Thuc ra didu nay ciing khong c6 gi kho hiéu, vi trong thyuc té chung ta ciing rat hay
gdp nhitng truong hgp mot 1an sai con ning né tram trong hon 2 1an hay tham chi mot s lan sai
cong lai.

a. Cac budc chung trong phwong phdp lap

Gia sir ta can giai phuong trinh F(x) = 0, trong d6 F(x) 1a mot ham trén khong gian dinh
chuén nao dé va 0 duoc hiéu 1a phan tir 0 cua khong gian nay. Vi du néu khong gian dinh chuan
1a R™ thi 0 1 vecto (0,0,...,0)". Ta bién d6i phuwong trinh ndy vé dang tuong duong x = G(x). Ta c6
thé phat biéu dinh 1y sau:

Pinh Iy. Gia st y = G(x) 1a mot ham lién tuc trén khong gian dinh chuin nao d6 va phép
1ap x,=G(Xn1) n=1,2,... hoi tu tdi X~ voi xudt phat ban dau xo. Khi d¢6 x” 1a nghiém ciia phuong
trinh x = G(x), tic 1a ta c6 x* = G(x").

Chung minh. T x,=G(X,.1), voi luuy 1a ham G(x) lién tuc, ta cod

lim x,= lim G(xy) =G( lim x,.1) =X =G(x)

b. Phuwong phap lap don
Tr6 lai bai toan giai hé phuong trinh tuyén tinh
Ax =b (2.4)
Tadua (2.4) vé dang
x=Cx+d (2.5)
Trong d6 ma tran C vavecto d duoc xay dungtr A va b.
Pé thuc hién phép lap ta chon mot vec to ban dau x, sau d6 tinh cac x?, i =1,2.... theo
cong thirc 1ap sau:
xM=cx® +d
x@=CcxV+d
ce (2.6)
x® =Cx®D + ¢

Véc to x¥ duoc goi 1a vec to lap thir k.
Ta c6 dinh ly sau:
Dinh ly. (Su hdi tu cua phuong phép)

a. Néu phép lap (2.6) hoity, tirc 13 ton tai x* saocho x = lim x®

k—>+0
thi khi d6 x* 1a nghiém cua (2.5) (va nhu vay ciing 1 nghiém cua (2.4))
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b. Néu ICl| <1 voi mot chuan nao do, thi (2.6) hoi tu va Sal sO gilta nghiém gan dung x*
(nghiém gan ding tai budc lip thir k) va nghiém dung x* c6 thé danh gia bang cac cong

thae sau:
5 - x) < AEIL 0oy @7
Y]
hoic
k
o - lcl
- x < Loy 28)
|IC]

Noi chung theo phuong phap lap don, diéu kién dé phép lap duoc hoi tu thi ||C|| < 1. Tuy
nhién trong thyc té thi ta chi co ma trdn A. Mot ciu hoi dit ra 13 ma trdn A phai thoa man diéu
kién gi dé ta c6 thé dua (2.4) vé dang (2.5) va ap dung phwong phap lip don?

bé phuong phap 1ap hoi ty thi thuong ma tran A phai théa man tinh chéo trdi ctia ma tran vuong.

Pinh nghia: (Tinh chéo troi ciia mot ma tran vudng): Ma tran A véi cac thanh phan a;j duoc
goi 1a co tinh chéo trgi, néu gia tri tuyét doi cua cac phan tir nam trén dudng chéo chinh 16n hon
tong cac gia tri tuy¢t doi ciia cac phan con lai nam cung hang, tic la

n

|aii|>z |aij|>i:1727"'7n' (29)

oL
Sau day sé gidi thiéu 2 phuong phap 1ap don Jacobi va Gaus-Seidel
¢. Phuwong phap lap Jacobi
7 Vi gia thiét ma tran A c6 tinh chéo trdi, khi d6 cac hé sb a; # 0, i = 1,2,....,n do do ta co
thé chia phuong trinh thir i cua hé (2.1) cho a; va nhan dugc hé tuong tuong
a a A b

13
Xi+ —Ext —2x3+ L+
a, a; ay; a,

Am T _ b,

a a

2
iX]"I‘Xz‘f'—3X3+...+ n
Ay ay a,, Ay

a. a, a; a b,
—11X1+;2X2+---+ Xiat X+ i Xit+1. . . T o an_’
aii a[[ aii ai[ aii aii
a
1
- Xn—1+ Xn -
al’ll’l ann ann ann

Tur day ta co

a a a b
x1=-(0.xl+ixz+ix3+...+ 1"xn)—I——1
a ai a ap

a a a b
Xo=- (-2 X +0x+ 2 Xt .+ 22X, )+ —=
a a a,, a,
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a. a. a. . a., . a. b.
1 2 Li—1 i+l
Xi=-(—x+ = xp ot X 0 F— XL Xy )+
a; i i a; i i
a a » b
Xp=- (2 x; + 2%+t X+ 0., )+ —2
al’lﬂ nn nn ai’li‘l
Khi @6 ma tran C, vecto d la:
0 a12 aln bl
a ap, ay
a21 0 a2n b2
C=. S P P
ay ay |’ ay
anl an2 0 bn
_ann ann B ann

(Dén day ta di dwa hé (2.4) vé dang (2.5) va dé thay rang ma tran C thoa man diéu kién lap
don, tic 12 ||C|l. <1.).
Vay dén day ta tiép tuc ap dung phuong phéap 1ap (2.6) dé tinh nghiém ¢ cac budc 1ap nhu sau:

Véi vec to x© cho trude bat ky, vi du x¥ = 0 (vec to 0) ta c6 thé tinh cac vec to x® tai
bude lap k bang cong thirc x* =C x*V +d,k=1,2, ...

Cu thé hon, néu x® = (Xl(k), 9., xn(k)) thi ta co

a a
N 0 12 In > 1
X, ay, Qi [ X ay
) G g a XD b,
= +

ay Ay ay

(k) ) j (k=1)
xn anl anZ O xn bn
_ann ann B ann

V6i timg thanh phan x® ta co

n ai‘ , bi 1 n §
Xi(k) =- z —]Xj(k B —(bl - Z Qi Xj(k 1)) (210)
j-Ljzi 4 i Ay JLj#i

=2, 8 8 K=1.2,..
Piéu kién hoi tu, danh gii sai so6 ciia phwong phap lip Jacobi ciing giéng véi phuong
phap 1ap don.
Vi du. Dung phuong phép lap Jacobi tim nghiém gan diing ctia hé phuong trinh:
4x, +0.24%, - 0.08x3 =8
0.09x; + 3%, - 0.15x3=9
0.04x; - 0.08x; + 4x3 =20
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Gidi. (1).C6 thé thdy ring ma trdn cac hé s cua hé phuong trinh trén day théa mén tinh
chéo trdi, do do ta c6 thé bién doi h¢ nay dé ap dung phuong phap lap Jacobi. Chia hai vé phuong
trinh dau tién cho 4, hai vé phuong trinh thir hai cho 3 va hai v€ cta phuong trinh tht ba cho 4
r01 bién doi thich hop ta nhan dugc:

x1 =2 -0.06x; +0.02x3
Xo =3 -0.03x; + 0.05x;3
x3=5-0.01x; + 0.02x,

hay
X, 0 -0.06 0.02]|(x, 2
x, | =1-0.03 0 0.05||x,|+|3|=Cx+d
X5 -0.01 0.02 0 X5 5

IClle =max(0+0.06+0.02,0.03+0+0.05,0.01 +0.02+0) =
=max(0.08,0.08,0.03) = 0.08 <1

(2) Chon x©=(2,3,5)", rdi tinh xV, x?,... theo cong thirc (2.10) véiluu y a; =1 ta duoc
bang két qua sau:

k| x® %, x,®

0 2 3 5

1 1.92 3.19 5.04

2 1.9094 3.1944 5.0446

3 1.909228 3.194948 5.044794

(3) Xem x® 1a nghiém gan ding can tim, ta c6 thé danh gia sai x® voi nghiém dung x*

theo (2.10) nhu sau: ||x® - x'|| < % X2~ x@)|

x? - x| = max [x{*) - x%| = max(0.000172, 0.000548, 0.000194) = 0.000548

Nhu vay

2 0.000548 = 0.0000476 ~ 0.00005

d. Phuwong phap lap Gauss - Seidel

Véi gia thiét ma tran A c6 tinh chéo troi. Tir cong thirc (2.10) ta thdy rang phén tir thir i
cua vec to nghiém tai buéc k duoc tinh qua cac phf?ln th O cac vi tri khac i trong budc k-1.
Phuong phap Gauss-Seidel cai tién phuong phap Jacobi bang cach dung ngay nhimng két qua vira
tinh dugc cho cac thanh ph?m cua nghiém tai budc k dé tinh cac thanh phﬁn khac cua budc k, chi
c¢6 nhirng thanh phan nao chwa duge tinh thi méi 14y ¢ budc k-1. Cu thé hon ta co tai cac bude:

(D Giatri x,'" dugce tinh qua cac gia tri %, x50, ... x,©
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1 . 0

Gia tri x,"" dugc tinh qua cac gia tri x,'V, x5, ... x,

Giatri x3'V dugce tinh qua cac gia tri 1P %0 x,@ L x,©

(h) Gia tri x; duoc tinh qua cac gia tri x,D %, (D x (0D
Gia tri x,™ dugce tinh qua cac gia tri x W, %30 x, 0D

h h h-1 h-1
0,0 Dy D)

Gia tri xs™ dugc tinh qua cac gia tri X;", X»

Véi vec to x© cho trude bat ky, vidu x” =0 (vec to 0) ta ¢ thé tinh cac vec to x® tai
bude lap k bang cong thic

1 i-1 L ;
xi® = — (- ap®@ + Yax ) (2.11)
- i—1 J

i=1,2,..,nk=1.2,.

Trong cong thic (2.11) chung ta (36 th?: khong dung chi sb trén dé chi ra rang chung ta chi
dung mot mang la vec to cd n thanh phan dé luu trtr nghiém. Gié tri nao vira dugce tinh toan thi
duogc luu trit ngay vao vi tri cli va dugc dung ngay trong cong thirc tinh céc gia tri khac.

X =L(bi - z ajj Xj)
aj JLj#i
i=1,2,...,nk=1.2,..

Su hoi tu cuia phwong phap Gause-Seidel

Piéu 1’<ién hdi tu cua phuong‘ phap 13p Gause- Seidel ciing giéng voi phuong phap lap don.
Nhu ta s€ thay trong vi du trong phan sau, phuong phdp Gause- Seidel ndi chung hoi tu nhanh hon
phuong phép lap don.

Ta c6 thé sir dung cac cong thic sau dé danh gia sai s6 ciia phuong phap lip Gause-Seidel:

Goi x* 1a nghiém dung cia hé phuong trinh va goi

i -
= o - q;
Pi = Z|Cij|a qi = z il , u = max
J= j= 4 1

i

Khi do6 ta co
x® - x| < linx““ - xOD) (2.12)
hoiac
ﬂk
I < 2 [ - <) 2.13)

Vi du. Dung phuong phap lip Gause-Seidel tim nghiém gan dung cua hé phuong trinh:
4x;+0.24%, - 0.08x3 =8
0.09x; + 3%, - 0.15x3=9
0.04x; - 0.08x; + 4x3 =20
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Gidi. (1).C6 thé thdy ring ma trdn cac hé s cua hé phuong trinh trén day théa mén tinh
chéo trdi, do do ta c6 thé bién doi h¢ nay dé ap dung phuong phap lap Jacobi. Chia hai vé phuong
trinh dau tién cho 4, hai vé phuong trinh thir hai cho 3 va hai v€ cta phuong trinh tht ba cho 4
r01 bién doi thich hop ta nhan dugc:

x1 =2 -0.06x; +0.02x3
Xo =3 -0.03x; + 0.05x;3
x3=5-0.01x; + 0.02x,

hay
X, 0 -0.06 0.02]|(x, 2
x, | =1-0.03 0 0.05||x,|+|3|=Cx+d
X5 -0.01 0.02 0 X5 5

IClle  =max(0+0.06+0.02,0.03+0+0.05,0.01 +0.02+0)=
=max(0.08,0.08,0.03) = 0.08 <1

(2) Chon x©=(2,3,5)", rdi tinh xV, x?,... theo cong thirc (2.11) véiluu y a; =1 ta duoc
bang két qua sau:

%, %, x,®
2 3 5
1.92 3.1924 5.044648

1.9093489 3.194952 5.0448056
1.909199 3.1949643 5.0448073

W o= O &

Xem x® 1a nghiém gan ding can tim, ta c6 thé danh gia sai sé pham phai cuia x©

theo(2.12): |x® - x| < 1LHX(k) - x&D|

Trong do:
IxX® - x| = maxx® - x%| = max(0.0001499,0.000123,0.0000017) =
0.0001499

1= max —2 — = max(0.08,0.0515463,0) = 0.08

i

Nhu vay

Ix® - x7 < A x® - x D) < 0-98 1 00001499 ~ 0.000013
1 1-0.08

Thuét toan Jacobi ciing twong ty nhu thuat toan Gauss-Seidel, nhung thuét toan Gauss -
Seidel c6 toc do hoi tu nhanh hon.
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Chuong trinh minh hoa.

Sau day 1 doan chuong trinh chinh thé hién (mé ta) thuét toan Idp Gauss - Seidel

/*Giai he phuong trinh tuyen tinh dung lap Gauss-Seidel, ma tran vuong n,
cac phan tu cot thu n+1 la vecto b*/
//
double kcach(double *x,double *y,int n)
{double tmp=0;
for(int i=1;i<=n;i++) tmp=tmp-+fabs(x[i]-y[i]);
return tmp;

b
I}

int cheotroi(kmatran a, int n)

{double tmp;int i,j;
Sfor(i=1;i<=n;i++)
{tmp=0;
Jor(=Lij<=n;j++) {if(j!=i) tmp=tmp-+fabs(a[i][j]);}
if(fabs(afi][i])<=tmp) return false;
/
return true;
b
/]
/*Giai he phuong trinh tuyen tinh bang phep lap Gauss-Seidel.

Tra ve true neu co nghiem */
int gseidel(kmatran aa,double *x,int n)
{int h,i,j,k;double tmp;kvecto z;kmatran a;
int nl=n+I;
SJor(i=1;i<=n;i++)
Jor(j=1;j<=nl;j++) afif[j]=aali][j];
if(!cheotroi(a,n))
{cout<<endI<<'"Khong phai cheo troi';delay(1000);return false;}
for(i=1;i<=n;i++) //chuyen ve dang he so afif[i] ==
{tmp=alil[i];
Jor(j=L;j<=nl;j++) afil[j] = a[i[[j]/tmp;
/
//Vong lap cac buoc khu
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Jor(i=Lii<=n;i++) {x[i]=0;z[i]=0;}

k=I;

while(true)

{for(i=1;i<=n;i++)
{tmp=0;
Jor(=Lij<=n;j++) if(j!=i) tmp+=afi][j]*x[j];
x[i] = afi][n+1]-tmp;

/

k++;

’

if(kcach(x,z,n)<epsi) break;
if(k>kmax)

{cout<<endI<<'"Phep lap chua hoi tu'";delay(1000);return(false);}
//Gan 7 =x va chuan bi sang vong lap tinh x
Sor(i=l;i<=n;i++) z[i]=x[i];
/
//Thu lai
kvecto bb;
for(i=1;i<=n;i++)
{bbli|=aali][1]*x[1];
Jor(j=2;j<=n;j++) bb[i[+t=aa[i] [j]*x[j;
h

//Dua ket qua vao tep ketqua

return true;

)

2.3. BAITAP

Bai 1. Tinh va kiém tra bang chuong trinh dinh thirc ctia ma trn

I 3 1
A=12 4 6
NRaw'! 1

Bai 2. Tim va kiém tra bang chuong trinh nghich déo ctia ma tran

2 3 1
A=|-1 2 -1
3 0 2
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Bai 3. Tim nghiém hé phuong trinh
2%+ 3%, +x3=11
X1t 2X-x3=0
3x;t2x3=9

Bing phuong phéap khir Gauss va Jordan. Kiém tra bang chuong trinh.

Bai 4. Giai bang cac phuong phap khir Gauss, khir Gauss-Jordan, phuong lap Jacobi va lap
Gauss-Seidel (néu thoa man diéu kién) h¢ phuong trinh sau:
17 65 —-13 50 |[x 84
A 12 16 37 28 || x, _ 25
56 23 11 —=19.{| x, 36

3 -5 47 10 |lx,) 18

Kiém tra trén may tinh va thong bao vé kha ning giai dugc hay khong cac phuong
phép trén.

Bai 5. Giai bang cac phuong phap lip hé phuong trinh sau:
10x; + 2x, + X3 =9
2x1 +20x, - 2x3 = -44
-2x1 + 3x, + 10x3 =22
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TOM TAT NQI DUNG CHUONG 2

Trong chwong nay sinh vién cin nim virng it nhit 1 cac vin dé sau:
1. Phwong phap true tiép giai hé phwong trinh tuyén tinh
a.Phwong phadp khir Gauss

Phuong phap }(h& Gauss dung cach khir dan cac an dé dua hé phuong trinh di cho vé mot
dang tam gidc trén roi giai hé tam giac nay tr gigi 1€n trén, khong phai tinh mot dinh thirc nao.
b. Phuwong phap khir Gauss-Jordan

‘ Phuong phép khur Gauss-J or‘dan dung cach khir dan cac an dé dua hé phuong trinh di cho

veé mot dang ma tran duong chéo roi giai hé phuong trinh nay, khong phai tinh mot dinh thire nao.
2. Phwong phap lip gidi hé phwong trinh tuyén tinh
a. Phwong phap lap don

- Gia str phai tim nghiém gan dung ctia hé phuong trinh tuy\én tinh (2.1) c6 dang Ax=b. Di
v6i1 phuong phép 18p don, néi chung chung ta phai dua hé (2.1) Vé‘dang x=Cx+d.Trong d6 ma tran
C va vec to d dugc xay dung tir A va b. Ma tran phai thoa man dicu kién ||C||<I.

Pé thyuc hién phép 1ap ta chon mot vec to ban dau x9, sau d6 tinh cac x?, i =1,2,... theo
cong thirc 1ap sau: x®=Cx%Y+d cho téi khi ndo thao man diéu kién dimg.

- Sai s cua phuong phap:

I - < el ey
I=[|C]|
hodc
||X(k) _ X*H < IC ||k ||X(1) A X(O)”
I=||C]|

b. Phuwong phap lap Jacobi

- Gia thiét ma trdn A c6 tinh chéo troi. Phuong phap 1ap Jacobi s& c6 cac bude lap nhu :

Véi vee to x cho trude bat ky, vi du x© =0 (vec to 0) ta co thé tinh cac vec to x® tai
bude lip k bang cong thirc x® =Cx*" +d,k=1,2, ...

Cu thé hon, néu x® = (Xl(k), o A xn(k)) thi ta co

\ 0 a, a, . 1
X, ay, Ay | X ay

a a - b

xé") _ 21 0 2n xék 1) . 2
ay ay ) ay

(k) ) ’ ) (k-1)

xn anl anZ O xn bn

_ann ann _ ann
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Véi timg thanh phan x® ta co

n

a; b. 1 2
X0 = z xS+ T = (b, - Z a; x )

j-Ljzi Qi i JLj#i
i=1,2,..,nk=12,..
- Piéu kién hoi ty, ddnh gai sai s6 ciia phuong phap lap Jacobi ciing giéng v6i phuong phap
lap don.
c.Phwong phap ldp Gauss — Seidel
- Gia thiét ma tran A c6 tinh chéo troi. Phuong phép lip Gauss - Seidel s& c6 cac budc 1ap
nhu sau:

Véi vee to x© cho trude bt ky, vi du x© =0 (vec to 0) ta c6 thé tinh cac vec to x tai
bude lip k bang cong thirc

l i1 n i
x® = — (b _(Z ainj(k) + Zaijxj(k 1)))
a; -1 il

1
i=1,2,..,nk=12,.
- Panh gia sai so:
i1 n
pi= Z|Cij|a qi= Z|Cij| » L= max
A i Pl

Khi 36 ta co:

q;

i

XS - k[ < —E|x® - xED)|
1 _
hoiac

k
I - 5 < < -
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CHUONG 3
PHEP NOI SUY VA HOI QUY

MUC PiCH, YEU CAU

Sau khi hoc xong chwong 3, yéu cau sinh vién:
1. Hiéu duoc thé nao 1a bai toan noi suy va hdi quy.
2. Ndm dugc cic phuong phap noi suy da thuc, biét cach tim cac da thic nodi suy theo cac
phuong phép do.
3. Biét dugc khép dudng cong - Noi suy Spline 1a gi?
4. Nim va giai dugc cac bai toan bang phuong phap binh phuong tdi thiéu

5. Biét cach danh gia sai s6 cua tung phuong phap.

3.1. MO DAU

Thong thudng trong mot s6 linh vuc nhu kinh té chang han, cac dai luong khao sat thuong
khong dugc cho dudi dang ham lién tuc, ma la bang cac gia tri ro1 rac. Cac phuong phap giai tich
toan hoc thuong tinh toan véi cac ham cho bai cac cong thire, do d6 khong thé ap dung truc tiép
dé nghién ctru cac ham cho dudi dang roi rac nhu thé nay. Ciing c6 khi ta biét rang dai luong y 1a
mot ham cua dai lwong x, tirc 1a y = f(x), nhung ta khong biét biéu thire ham f(x) ma chi biét mot
sO gia tri y; twong Ung véi cac gia tri ciia x tai cic diém x; nhu trong bang sau:

X X X X . X X
0 1 2 n-1 n
y y y y y y
0 1 2 . n-1 n
Thong thuong thi xo <x; <x; <... <X, va céac diém nay co thé phan bo cach déu hodc

khong. Mic dau ta chi biét cac gid tri ctia y tai cac diém mdc x;, nhung trong nhiéu trudng hop ta
cAn tinh toan véi céc gia tri y tai cac vi tri khac cta x. Mt cau hoéi dat ra l1a: cho mot diém x
khong thudc cac diém x; cho & trén, 1am thé niao chung ta c6 thé tinh dugc gia tri y twong tng voi
no, sao cho ching ta co6 thé tan dung tbi da cac thong tin da c6?

Bai toan nodi suy 13 bai toan tim gia tri gan ding ca y tai cac diém nam giira cac gia tri x
khong c6 trong bang trén. Néu can tim céc gia tri gin dung cia y tai cac diém x ndm ngoai khoang
[x0,X5] thi bai toan dugc goi 1a bai todn ngoai suy. Mot by n+1 cdp cac gia tri da biét cua x va y:
(X0,¥0), (X1,Y1), - - - »(Xn,yn) duroc goi 1a mot mau quan sat, con X, X1, ... , Xo dugc goi la cac diém
quan sat va o, yi, ... , ya 1a cac két qua quan sat.
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Vi bai toan cua chung ta khong chi giai quyét véi mot gid tri x cu thé, ma 1a ca mot miém
gi4 tri ndo d6 cia x. Do d6 cau hoi trén ciing tuong dwong véi van dé sau: hay tim mot ham g(x)
sao cho mién gia tri ctia nd chira cac diém (X, X1, ..., X,) va ham nay xap xi t6t nhat tap s6 liéu da
¢6 1a cac cap (X0,y0), (X1,¥1), ..., (Xn,¥n) theo mot nghia nao d6. Chung ta thay ngay Ia tap s6 liéu 1a
hiru han, con tap cac gia tri can udc lugng 1a vo han, nén s€ c6 vo $6 ham g(x) néu chung ta khong
dua ra mot s6 rang budc nao d6 vé g(x). Piéu dau tién ching ta quan tdm 13 nén chon dang ham
g(x) nhu thé nao.

Mot cach tu nhién, ta c6 thé dat didu kién vé ham g(x) nhu sau:
e g(x) i=0,1,2,...n gan cac diém y; nhét theo mot nghia nao do.
e g(x) la duy nhat theo mot sé diéu kién nao dé.
e Ham g(x) lién tuc, khong co diém gip khuc va it thay d6i trong tirng doan [x;,Xi+].

Céc dinh 1y vé xap xi sau ddy ctia Weierstrass s& cho chung ta goi ¥ vé dang ham cua g(x).

Pinh Iy Weierstrass 1 vé xap xi ham.

Cho f (x) 1a mot ham thyc lién tuc xac dinh trén khoang [a,b]. Khi d6 v4i moi >0 ton tai
mot da thirc p(x) bac m véi cac hé sb thuc sao cho véi moi gia tri xe[a,b] tacod |f(x) - p(x)|<e.

Pinh ly Weierstrass 2 vé xdp xi ham.

Cho f (x) 1a mét ham thyc lién tuc xac dinh trén khoang [-mt,m] va f(-n) = f(m). Khi d6 voi
moi >0 tdn tai mot da thirc lugng giac

qn(X) = %0 + i[aj cos(jx) + by sin(jx)]

v6i cac hé sb thuc sao cho voi moi gia tri xe[-m,n] ta 6 [f(x) - q(x)|<e.

Tir cac dinh 1y trén déy ta thay rang chon da thikc 13 thich hop cho dang ham g(x). Pa thic
la ham quen thudc va ta da biét nhiéu tinh chat cua no.

Nguoi ta thuong dung cac phuong phap xap xi sau dé xac dinh da thic p(x):

1. Néu ta biét rang cac cap gid tri (Xo,¥0)s (X1,¥1)s -, (Xnsyn) 14 thé hién ctia mot ham f(x) nao
do, ttrc 1a ta biet rang y=f(x) va nhu vay tai cac diém x;, i=0,1,...,n y; = f(x;). Trong truong
hop nay ta doi hoi da thirc p(x) phai di qua cac diem (x.,y;), i=0,1,...,n.

Bai toan noi suy bay gio ¢6 thé phat biéu cy thé hon nhu sau:

Cho mot mau quan sat gdm n+1 cip céac gia tri da biétcua x va y : (Xo.y0), (X1,y1), -
.. ,(Xn,¥n) - Hay xay dung mot da thurc bac m <n
pm(X) =ay + ax! +. . an x™! + a,x™ 3.1

sao cho pm(x) =y ,1i=0,1,..,n (3.2)

Nguoi ta goi bai toan trén day la bai toan ndi suy da thirc, va da thic pn(x) dugce goi
1a da thirc ngi suy.

Trong mot sd ing dung vat Iy ta gip cac hién twong co tinh chat tuan hoan. Khi d6 da
thirc lugng giac to ra thich hop hon trong bai todn ndi suy. Va trong bai toan trén da thirc
pm(X) dugc thay bang da thurc luong gidc
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qm(x) = %) + mz [aj cos(jx) + bjsin(jx)]

2. Noi suy trong trudng hop sé do khong hoan toan chinh xac:

Trong thuc té cac gia tri y; tai cic diém quan sat lai thuong chi 13 cac gia tri gin ding
cua céc gia tri that. Noi cach khac thuc ra ta chi c6 y; = f(x;) ma thoi. Trong truong hop nay
néu ta 4p dit didu kién vé da thirc ndi suy phai théa mén pu(x;) =y; thi khong hop ly. Thay
vi tim mot da thirc thoa man diéu kién nay, ta tim da thiric pu(x) =ap + ax! + .. ax™!
+ a,,x™, tire 12 xac dinh cac hé s ao, aj, . . ,am sao cho téng binh phuong sai s6 14 bé nhét,
tuc la

e= > (yi-) axi )
i=0 j=0

1a bé nhat. Phuong phép ndi suy theo tiéu chuan nay dugc goi 1a phirong phdp binh
phiong bé nhat hay 14 phirong phdp binh phwong cue tiéu.
Ngoai hai phuong phap thong dung trén, ngudi ta con ding phuong phap xap xi Csebisev
dua trén tiéu chuén:

max lyi - p(xi)|

cuc tiéu.

3.2.NOI SUY PA THUC
3.2.1. Sy duy nhit ciia da thirc ndi suy

Ta c6 dinh ly sau day:

Pinh ly. C6 duy nhat mét da thirc ¢6 bac khong qua n va di qua n+1 diém cho trude (xo,y0),
X1,Y1)5 « -« 5(XnsYn) -

Chung minh. Ta xét da thirc c6 dang (3.1) trén day va théa man (3.2). Két hop (3.1) va
(3.2)taco

2 n
Yo 1 xA-x 8 .. %X, |{ 4,
2 n
Vi 1 3% & ~.~ x' || a
= 3.3)
2 2 n
V, I x, x; x, x, |\a,

Hay c6 thé biéu dién gon hon dudi dang ma tran

Y=Va
Trong do

2 n
1 x, x5 ... X,
1 x, x> .. x"
V= 1 1 1
2 n
1 xl’l ‘xn 'xn x”l
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chinh 1a ma trdn Vandermon, ta c6

detV= H (xj - Xi)

0<i<j<n

Vi ta di gia thiét cac diém x; va x; khac nhau, do d6 ma trén nay khac 0 nén hé phuong trinh
(3.3) ¢6 nghiém duy nhét cho céc a;, va nhu vy da thirc py(x) dugc xac dinh duy nhat. (Néu khi
giai phuong trinh (3.3) ma ta nhan dugc a, # 0 thi da thirc nay c6 bac 1a n).
3.2.2. Tinh gia tri da thirc bing phwong phap Horner

Trong bai toan ndi suy da thirc ta s€ phai thuong xuyén tinh gia tri cua da thirc pm(x)=ao +
ax' ... ap x™' +a,x™ tai diém x. Néu tinh truc tiép ta phai thuc hién kha nhiéu phép tinh, va
khi tinh cac gia tri mii ciia x c6 thé ta gip cac gia tri 16n, cho du trong thuc té cac thanh phan cia
da thuc triét tiéu 1an nhau va gia tri cua da thirc khong 16n. Horner dua ra cach tinh sau loai trir
duoc cac nhuge diém trén.

Ta viét lai da thirc pm(x) dudi mot dang khac:

Pn(X) = amX™ + A x™ + ..+ aix'+ ap = (..((@mX + 8me1)X + amo)X+...4a;)x+ag
Tur day ta c6 cach tinh  py(X) trén may tinh nhu sau:
bat Pm = an

Pm-l = PmX—'—am-l

Pi=Pix+g
Khi tinh toan ta khong can luu trit tat ¢ cac gia tri ciia Pi, ma chi can luu trit cac gia tri cla
Pi trong mdt vi tri bd nhé. Thuat toan trén tr¢ thanh:

bat P=a,
Cho i chay tr m-1 dén 0, trc 1a i=m-1,m-2,...,0
bat P=Px+ g

P cubi cung tinh dugc chinh 1a gia tri ciia da thirc tai x.
3.2.3. Sai 56 clia da thirc ndi suy

Pinh Iy Rolle: Cho f(x) 12 ham sb thyc lién tuc trén khoang dong [a,b] va kha vi trén
khoang md (a,b) va f(a) = f(b). Khi d6 ton tai diém &e (a,b) sao cho f(&)=0.

Pinh ly: Gia st ham f(x) c6 dao ham lién tuc dén cép n+1 trén doan [a,b] va pn(x) 1a da thuc
ndi suy, tuc la:pn(xi) =f(x) =y; ,1=0, 1,...,n. Vi cac mbe ndisuy la a=x¢<x; <..<x,=b.

Pat op(x) = [ [(x—x;) va R(x) = f(x) - pm(x)

i=0
Khi d6 v6i V x € [a,b] ton tai ne [a,b] (phu thudc vao x) sao cho

_ S

RO~

On+1(X) 3.4
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Hé qua. Goi M= SUP [f™D (x)| khido tacod

as<x<b

M
RE)| <[ (%) - pu(X¥)] £ ——=] Op1(X) | (3.5)
(n+1)!
day 1a cong thirc danh gia sai sé cia da thirc noi suy.
Ta c6 thé ap dung hé qua (3.5) dé danh gia sai s6 da thirc noi suy.

Vi du. Cho bang gi4 tri cia ham s y = sinx

X 0 T T
4 2

y |0 |o0707 |1

~ , I © o1 , s 2 s 2 , ~ TG
Hay danh gid sai s0 khi dung da thirc ngi suy dé tinh gan dung sin 5/

o Tya: N w. A aX ., Ao o T T . X
Giai. Bai ra khong dat van dé tinh xap xi sin ? ma chi yéu cau tinh sai so.

Tacé n=2 vanhuvay M= SUP [sin™" (x)| =1, do d6

a<x<b
|R2(§)| < T2 0024

Sau day ta s& xét mot s6 phuwong phéap tim da thic ndi suy dua vao cac diém mdc cach déu
va khéng cach déu.

3.2.4. Phwong phap ndi suy Lagrange

Gia str ta ¢6 cac diém quan sat Xo, Xj, ... X, vOi khodng chia déu hodc khong déu va mot
day cac gia tri quan sat yo, y1, ... Y -

Y tuong don gian dau tién 1a tim mot da thic ndi suy co bac n (chinh xac hon 1a co bac
khong qué n) sao cho trong d6 cic cap (xiy)) i= 0,1, ..., n c¢6 vai tro binh déng. Thi du ta tim
pn(X) ¢6 dang:

pa(x) = Ho(x) + Hi(x) + . . . + Hy(x)

Cac ham Hi(x) déu co bac khong qua n va Hi(x;) = yi, Hii(x;) = 0 khi j#i. Dé Hi(x)) = 0 khi
j#i thi Hi(x) c6 dang:

Hi(x) = K(X)(X-X¢) (X-X1)... (X-Xi.1) (X-Xj+1)... (X-Xp)

Tu diéu kién Hi(x;) =y; taco

KX)(x-Xo) (X-X1)... (X-Xi.1) (X-Xjt1)-.. (X-Xp) = Vi

Suy ra

(x-%) (X - X)) (X=X )X - X ) (X - X))

(X5 =X ) (X =X ) (X - X (X =Xy ) (X - X )

K(x) =yi
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Néu ta ky hidu Li(x) = (X-X) (X-%,) (X=X ))(X =Xy ) (X - X))
(X = X) (X = X5 )e (X = X)X =X ) (X - X))
Ta nhan thiy da thirc Li(x) c6 tinh chat
1 j=i
Li(x)) = {

0 j#i

va da thirc pn(x) c6 dang
Pn(x) = yoLo(x) + yili(x) +. . . + yaLn(X) (3.6)
Nhu vay ta co
Lo(x) = (x-x,)(x-Xx,)...(x-X,)
(Xo - X)) (X -X5).. (X - X))

(x-Xp) (XX, (X-X,)

(X =Xg) (X =X,) (X - X,)

Li(x) =

Li(x) = (x-x)(x-%,). (X - %, )(X-X,) (X-X,)

(X = %) (X =X, ) (X = X)X =Xy ) (X - X))

(x-X,) (X=X (X - X,,)

(X, -Xo) (X, -X5). (X, =X, )

Da thure n6i suy duge xay dung theo cach trén day dugc goi la da thirc ndi suy Lagrange.
Vi dul :Vi ham s y=sin(x/2) tai cac nat gia tri sau:

La(x) =

I Xj Vi

0 0 0.000
1 1.5 0.682
2 2 0.841

Hay xac dinh da thitc ndi suy Lagrange di qua cac diém trén? Hay tinh gia tri gin ding cua
ham sb tai diém x=1? Hay dénh gié sai s6 1y thuyét tai x=1

Theo phén 1y thuyét trén da thirc ndi suy Lagrange di qua cac diém (x.y;) dugc xac dinh
nhu sau

n

P(x)=) yiLi

Vi L[] ([T (s
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Ta co:
LO(x)=(x-1.5)(x-2)/3
L1(x)=-4/3x(x-2)
L2(x)=x(x-1.5)
Vay P(x)= yoLoxtyiLigty2Laox=0- 0.682%4/3x(x-2) + 0.841*x(x-1.5)
Vay P(1)=0- 0.682*4/3(1-2) + 0.841(1-1.5)
P(1)=0.4888
* Panh gi sai s6 1y thuyét:
Rx)=(f(3)(m)/3!)*x(x-1.5)(x-2).
f(x)=sin(x/2). vEy f(x)=(-1/2)cos(x/2)
Taco [fPx)<1/8

Vay R(D<(fP(x)/31)*(1-1.5)(1-2)~0.01042.

Vi du 2.V6i ham s6 y=sin(x/3) tai cac nit gia tri sau:

I Xj i

0 0 0.000
1 ) 0.479
2 . 0.618

Hay xac dinh da thirc ndi suy Lagrange di qua cac diém trén? Hay tinh gia tri gin ding cua
ham sb tai diém x=1? Hay d4nh gia sai s6 1y thuyét tai x=1

Theo phén Iy thuyét trén da thirc ndi suy Lagrange di qua cac diém (x;y;) dugc xac dinh
nhu sau

n

Px)=) vl

i=0

Vi Li=( ﬁ (x-x))/( ﬁ (xi-x;))

i J#i
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Ta co:
Lo(x)=(x-1.5)(x-2)/3
L1(x)=-4/3x(x-2)
L2(x)=x(x-1.5)
Vay P(x)= YoLow+Y1L16oty2Low=0- 0.479%4/3x(x-2) + 0.618*x(x-1.5)
Vay P(1)=0- 0.479%4/3(1-2) + 0.618(1-1.5)
P(1)~0.3297
* Panh gi sai s6 1y thuyét:
R(X)=(f(3)(M)/3!)*x(x-1.5)(x-2).
f(x)=sin(x/3). vay f*(x)=(-1/3)cos(x/3)
Taco |fP(x)<1/27
Vay R(D<( [fx)|/31)*(1-1.5)(1-2)~((1/27)/6)*0.5=0.00386

3.2.5. Sai phan

Céch xay dung da thuc ndi suy Lagrange kha don gian vé mit y tuong. Tuy nhién nhugc
diém ctia n6 1a mdi 1an bd sung thém mot s6 diém quan sat mdi ta lai phai tinh lai tir dau. Nguoi ta
tim cach xdy dung mot da thirc ndi suy sao cho khi bd sung céc diém quan sat thi ta khong phai
tinh lai phén da thac da co. Thi du tir cac diém quan sat (Xo,Y¥o0), (X1,¥1),---» (Xk,¥x) ta tinh dugc da
thirc pi(x). Khi bd sung thém cac diém (Xi:1,Yi1)s-., (Xn,¥n) thi da thirc noi suy twong ing véi mau
quan sat (X0,y0)---, (Xn,yn) S€ c0 dang pn(X) = px(x) + u(x).

Pé thyc hién va trinh bay diéu nay mot cach rd rang, sang sua, trudc hét ta can dén khai
niém sai phan nhu sau:

a. Dinh nghia:

Cho f(x) 1a ham cta x va h = Ax 1a mot hing s6 khong ddi biéu thi cho khoang thay dbi trén
bién x va dugc goi 1a s6 gia cna x. Khi d6 s gia twong tng trén f(x):

Af(x) = f(x+AX) - f(x) 3.7
duoc goi 13 sai phén tién cip mot tai diém x cua f(x) twong tmg vé6i h. Gia s duoc tinh boi
V1i(x) = f(x) - f(x-Ax) (3.8)

dugc goi 13 sai phén lii cip mot tai diém x cua f(x) twong tng véi h.

Vi sai phan tién g(x) cua mdt ham lai 1a mgt ham cua x do do ta lai co thé dinh nghia sai
phan tién cua g(x). Khi d6 ta goi sai phan tién cip mot ciia g(x) 1a sai phan tién cap 2 cua f(x), va
ctr nhu vy ta c6 thé dinh nghia sai phan tién cdp k cia mot ham f(x).
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Vi sai phan lui ta cling c6 1ap luan va dinh nghia tuong tu.

b. Sai phén tién

Gia sur cac diém Xo, X1, ... X, thoa man di€u kién

Xi+1 -Xi:h

yi=1(xj), 1=0,

Ta c6 thé thay rang sai phan tién

I, ...

(3.9)

A% yi = MAY:) = Ayt - AYi = Vi - Yiet - (Viel = i) = Yis2 = 2yie1 Hyi
Téng quat ta c6 thé chig minh ring

k
A yi= " (1Y O yiegep
Jj=0

Béng cac sai phan tién

X Y Ay |Ay Ay | Ay

X0 Yo AyO AzyO A3y0 A4}’0

X| Y Ay, A%y, ANy, Ay,

X2 Y2 AYz AZ}Q A3y2 A4}’2

X3 3 Ays Ays Nys Alys

X4 V4 AY4 AZY4 ASY4 A4Y4

A4Yn—S
A3 Yn-4 A4Yr1—4
A2YH—3 A3YH—3
AYn-Z A2Yn-2
Xn-1 Yn-1 Ayn_ 1
Xn Yn

c. Sai phan lui

50

Vi sai phan lui ta co

V2 yi=V (Vy) = Vyi - Vyii = ¥i - yit - (¥it = ¥i2) =i - 2yi1 Tyi2
Téng quat ta c6 thé chirng minh ring

k
VEyi= D (1) Cd iy

Jj=0

Béng céc sai phan lui:

(3.11)

(3.10)
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X y Vy Vy Vy Vy

X0 Yo

X1 M Vyi

VY2 VZYQ

Vys Vs

Viy, Vi,

Xn-4 Yn4 VYn—4 VzYn—4 V3Yn—4 V4Yn—4

Xn-3 Yn-3 VYn—3 vzYIl—3 V3Yn-3 V4yn.3

Xn-2 Yn2 VYH—Z VZYH—Z V3YH—2 V4YH—2

Xn-1 Yn-1 VYn- 1 V2Yn- 1 V?)Yn-l V4Yn- 1

Xn Yn Vyn VZYH V3YH V4yn

3.2.6. Phuong phap sai phan Newton
a. Y twéng ciia phwong phdp
Ta s€ tim mot da thirc ndi suy cé bac n (chinh xac hon la c6 bac khong qua n) sao cho trong
d6 céac cap (xiy;) i=0,1, ..., n, sao cho mdi lan bd sung thém sd liu (thi du vé cudi ciia mau quan
sat) thi ta van tan dung dugc da thirc ndi suy da tinh trude d6. Chinh xac hon, ta s€ tim da thuc ndi
suy pa(X) c6 dang
Pa(X) = Do(x) + Di(X) +. . . + Dy(x)
sao cho da thirc pi(x) = Dy(x) + Di(x) + . . . + Dy(x) la da thirc ndi suy ctia mau:
(X0,¥0), (X1,y1), -+ -, (Xi.Yi)- (3.12)
Tir nhitng diéu kién trén ddy ta thiy Di(x) 1a da thirc bac cao nhat I3 i, va cac hé sb ciia nd
chi phu thudc vao mau con (Xo,yo), (X1,¥1), - - -» (Xi.Yi)-
Vi Dy(x) 1a da thirc ndi suy di qua mot diém duy nhat (xo,yo), do d6 ddy la da thirc bac 0,
Dy(x)=ao, trong d6 ao 13 hang sé va ta c6 thé suy rala ao = ys.
Véi ikhong am, do pi(x) 1a da thirc ndi suy cia mau (Xo,yo), (X1,¥1), - - -» (Xi,yi), ta co:
pi(Xj) = Do(Xj) + Dl(Xj) +...+ Di(Xj) = yJ' J = 0,1, ,1
Nhung pa(x) 1a da thic ndi suy cia mau (Xo,yo), (X1,¥1), - - -, (Xn,¥n) Nén ta cling co
pn(Xj) = Do(Xj) + D](Xj) +...+ Di(Xj) + Di+1(Xj) +...+ Dn(Xj) =Y _] = 0,1, ,1
Két hop hai dang thirc trén ta suy ra:
Du(xj) =0, voi k=i+1,1+2,..,n;j=0,1,2,...,1
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Hay Xo, Xi,..., X; 1a nghi€ém cua céac da thuc Dy(x), k = i+1, i+2,..., n. Nghia la cac da thirc
D(x) c6 dang
Di(x) = R(X)(x-X0)(X-X1)...(X-Xj), k = i+1,i+2,....n
V6i k=i+1 thida thiic Di(x) c6 bac khong cao hon i+1, do dé6 no c6 dang
Din(x) = ajn(x-x0)(x-X1)...(X-X;)
trong do6 a4 1a héng sb phu thude vao mau (xo,¥0), (X1,Y1), - - - (Xis1,¥it1)-
Nhu vay da thire ndi suy dugce xay dung thoa man (3.12) c6 dang
Pa(X) = ap + a1(X-Xg) + ax(X-X0)(X-x1) + . . . + &i(X-X0)(X-X1)... (X-Xi-1)+. ..
+ an(x-Xo) (X-X1)... (X-Xn.1) (3.13)
Trong do a; la héng ) phu thude vao mau quan sat (X0,y0), (X1,¥1), + - - (XisYi)-
b. Phwong phdp sai phén tién Newton véi khodng chia déu
Gia st cac diém Xo, X4, ... X, thoa man diéu kién
xitl -xi=h
yi =f(xi), 1=0, 1, ...
Ta gia thiét rang:
Akyi #0,k=1,2,...m;m<n
Akyi =0,k>m
Khi d6 ta c6 thé chon da thirc ndi suy c6 bic m pu(x) theo phwong phap Newton tién nhu sau:
Pm(X) = ap + a1(X-Xp) + ax(X-Xo)(x-X;1) + . . . + ai(X-X0)(X-X1)... (X-Xi.))* . ..
+ am(X-Xo) (X-X1)... (X-Xm-1) (3.14)
Va ta c6 thé dung da thirc nay dé noi suy céc gid tri trong khoang [Xo,Xm].
Xdc dinh cac hé s6 a;
Thay lan luot cac gia tri x =x;,1=0,1,2,...,m vao (3.14) ta dugc
Pm(X0) = Yo = a0

Vay ay=yo
pm(X1) =y1 =ap + ai(X; - Xo) =yo T ah
— A
Vay alz)’l YO_ &0

h h
Pm(X2) = y2 = a0+ ai(Xz - Xo) + a2(X2 - Xo)(X2 - X1) =yo +ah=
=Yo &= 2(y1 - yO) +a 2h2
Do d6 a, 2h’ = Y2 -2y1+yo= AZYO

o )%
Viy a,= =08
Ve
Tuong tu v6i truong hop téng quat ta co
Ai
a;= i ,1<m
ih'
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Thay cac a; vao (3.14)taco

A A A
Pm(X) =yo + %(x-xo) + 2hyz° (x-x0)(x-x1) +.. .+ P });.0 (x-x¢) (X-x1)...
b))+ =2 (xexg) (KX)o (X=Xmt) (3.15)
m!h"

Ta c6 thé biéu dién (3.15) dudi mot dang khac bang phép bién doi

X=X,
t= >x =%+ th

A
Yo (x-x¢) + A (X-X)(X-X1) *+ . ..

m(X) =vyo +
Pm(X) = Yo p e

A A"
+ 22 (x-X0) (X-X1)... (X-Xi) +.. .+ Yo
ih' m!h™

(x-x0) (X-x1)... (X-Xm.1)

AZJ’O

Pm(X) = pm(X0 + th) = yo + (Ayo)t + t(t-1) +. . .

A A"
+ 220 ey (i) + L+ 220
! m!

t (t-1)... (t-m+1) (3.15b)

Vi du. Cho bang sai phan sau:

X y Ay A’y Ay
2 23 70 96 48
4 93 166 144 48
6 259 310 192 48
8 569 502 240 48

10 1071 742 288
12 1813 1030
14 2843

Ta thiy cac sai phan bac nho hon 4 khac khong nhung sai phan bac bon déu bing khong, do
d6 chung ta chi xay dung dugc da thirc bac cao nhat 1a 3. Chon x¢=4, x;=6, X, = 8, ta dugc da thirc
bac ba la

p3(x) =93 + 83(x-4) + 18(x-4)(x-6) + (x-4)(x-6)(x-8)

Mubn tinh gia tri cua ham f(x) tai céc diém x thudc khoang [4,8] ta chi cin thay gia tri x
vao da thac vua 1ap dugc va tinh gia tri cua da thue. Chéng han vé1 x =4.2 ta co:

P3(4.2) = 93 + 83(4.2-4) + 18(4.2-4)(4.2-6) + (4.2-4)(4.2-6)(4.2-8) = 104.48
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Nhdn xét vé phirong phdp sai phén tién Newton:

(;6ng thure {1(3i suy Newton tién thu:c‘)‘ng dugc ding dé ndi suy cac gia tri cua ham f(x) &
vung dau bang. D€ noi suy cac gia tri ¢ cudi bang nguoi ta thuong dung phuong phap sai phan lui.
c. Phwong phdp Newton véi khoding chia khéng déu

Trong thuc tfé cac ,diém X0, X1, .. Xn CO thé khong cach déu. Luc nay khoang cach X - x; =
h; khong phai 1a hang s6. Trong truong ho’p nay ta cling xay dung duogc da tl}l’IC ndi suy Newton
c6 dang nhu (3.14) nhyf truong hop ?éch déu, nhung cach tinh troén cac hé so co khac. Ta dua ra
cac ky hi€u sau, c6 thé xem la dang tong quat hda cuia sai phan tién.

Véi s6 s6 nguyén p > 0 bt ky ta dinh nghia #y sai phén cdp 1 1a dai luong
Y[Xpi1.Xp] = Vo1 7y

Xp =X

Vidu:  y[xi,x0] = Y17V
X1 =X
Ty sai phan cép 2
y[xp+2’xp+l]_y[‘xp+l7‘xp]

Xp2 =X

y [Xp+2axp+l aXp] =

y[XZJxl]_y[xlaxo]
Xy = X

Vidu: y[X2,X1,X0] =

Ty sai phan cap k:
VX spseees X pan s Xyt 1= VX ptgoeees X s X, ]

Xpsk =Xp

Y[Xptioeeor Xptis Xp] =

X genes Xy Xy ] = VX 50ees X5 X0 ]

X — X

Vidu: y[x,..., X1, Xo] =

Bay gio ta xét da thirc noi suy
Pm(X) = ag + ai(X-Xo) + ax(X-Xo)(X-X1) * . . . + ai(X-X0)(X-X1)-.. (X-Xi-)T . ..
+ am(X-Xo) (X-X1)... (X-Xm-1) (3.16)
Thay 1an luot cacgia tri x =x;,1=0,1,...,n vao (3.16)
Ta co:
a0 = Yo
Y17 Vo

X —Xg

yi-Yo=ai(Xi -Xo) = a; = = y[X1,Xo].
Y=Y

X — X

¥2 - Yo = a1(X2-Xo) T ax(X2-Xo)(X2-X1) = (X2 - Xo) T ax(X2-X0)(X2-X1)
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Yi =)o

X —Xo

ax(X2-X0)(X2-X1) = (¥2 - Yo) - (X2 - Xo)

Y2 = Vo

(x; = x0)(x, — X))

Yi =)o

) (x; = x0)(x, —x,) B

A =

:(yz_yl+y1_.Vo)(xl_xo)_(yl_yO)(xz_xo) (3:17)

(2, = x0)(x; = xp)(x; —x,)

Xét tir s6 ta co
(y2-y1 ty1-Yo)(X1 - X0) - (Y1 - Yo)( X2- X1 T X1 -Xo) =
(y2 - y1) (X1 = X0) + (¥1 = Yo) (X1 - Xo) - (¥1 - Yo)( X2= X1) (Y1 - Yo)( X1 - Xo) =
= (y2-y1) (X1 - Xo) - (¥1 - Yo)( X2- X1)
Thay vao (3.17) va gian udc ta co
2= YIxyx 1= yx,x,] R
(x, = x;)

Tong quat ta c6 thé ching minh rang

ax = Y[Xie-.., X1, Xo]
Twong ty nhu phuong phéap sai phan chia déu, ta c6 bang tinh ty sai phan (t.s.p) Newton
tong quat nhu sau:

X |y t.s.p bac 1 t.s.p bac 2 t.s.p bac 3 t.s.p bac 4
Xo | Yo |Y[xi,Xo] y[X2,X1,Xo0] y[X3,%X2,X1,X0] y[X4,X3,X2,X1,X0]
Xi | y1 | y[xexi] y[X3,X2,X1] y[X4,X3,X2,%1 ]
XZ Y2 Y[X3,X2] y[X4,X3,X2]
X5 |y | y[xaxs]
X4 V4
Vi du.Cho bang gia tri (x;,y;) (1=0,2...,4)twong ting nhu sau
X -4 -1 0 2 5
y 1245133 |5 9 1335
Hay thiét lap da thirc noi suy Newton qua cac diém trén?
Vay ta c6 bang ty sai phan nhu sau:
X y t.s.p bac 1 t.s.p bac 2 t.s.p bac 3 t.s.p bac 4
-4 1245 -404 94 -14 3
-1 33 -28 10 13
0 5 2 88
2 9 442
5 1335
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Chon xo=-4 ta dugc da thirc ndi suy
pa(x) = 1245 -404(x+4) + 94(x+4)(x+1) - 14(x+4)(x+1)x + 3(x+4)x(x-2) =
=5 -14x +6x* -5x° + 3x*
d. Cai diit phwong phdp sai phdn Newton tong qudt
Ta c6 thé thiy rang thuat toan trong truong hop khoang chia khong cach déu hoan toan ¢
thé 4p dung cho truong hop cach déu. Do vay ta chi cai dat cho truong hop tong quat.
Ta sé& luu trir cic diém quan sat va cac két qua quan sat trong cac vecto X,y; cac hé s a;
trong vecto a.

Pé tinh todn va luu tri cac ty sai phan ta s& viét lai bang ty sai phan dudi dang sau

X y s.p bac 1 s.p bac 2 s.p bac 3 s.p bac 4

Xo | Yo | Y[X1,Xo] y[X2,X1,X0] y[X3,X2,X1,Xo0] y[X4,X3,X2,X1,X0]
Xp | y1 | y[xexi] y[x3,%2,X1] y[X4,X3,%X2,X1]

X2 |y2 | y[xs.x2] y[X4,X3,X:]

X3 | ys | Y[XaX3]

X4 Ya

Céc ty sai phan bac k dugc tinh bdi cong thue sau:

_ VXt Xt oo X i ] = VXX 00X ]

(xi+k - xi)

(3.18)

y[Xi+k,Xi+k— 1seee ,Xi]

Ta co nhan xét sau:

Ta danh sb cac sai phan bac k can cr vao vi tri xuit phat i ciia n6 va luu trit trong vecto
sp[i], i =0,1,2,...,n-1. Ty sai phan béc k c6 vi tri xuét phat 1a i s& duoc luu trit trong phan tir sp[i]
nhu bang sau:

X y spli] s.p bac 1 s.p bac 3 s.p bac 4
Xo | Yo |sp[0] y[X1,Xo] yI[X3,X2,X1,X0] y[X4,X3,X2,X1,X0]
xi |yr |sp[l] y[x2,x1] y[X4,X3,X2,X1]

X2 | y2 |sp[2] y[X3,X2]

X3 |y3 |sp[3] y[X4,X3]

X4 Ya

Khi k thay d6i thi ta ¢ cam gidc nhu can mot mang 2 chiu dé luu trix cac ty sai phan vi &
day ta co 2 chisé 1a i va k. Tuy nhién muc dich chiing ta khong phai 14 tinh céc ty sai phan ma
1a tinh cac hé sé a;, do d6 ta s& thdy rang chi can luu trit sai phan trong mot mang vecto 1a du. Cac
bude duge tién hanh nhu sau:

- Bwée 0: Bat a[0] =y[0]
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- Bwdc 1: Ta tinh cac sai phan bac nhit va luu vao vecto sp, y[xi+1,xi] dugc Iuu trit vao
sp[i],1=10,1,2, ..., n-1
bat a[1] = sp[0]
- Buée 2: Ta tinh cac sai phan bac hai y[xj,x] bat dau tir i=0,1,...,n-2 va luu trir vao
sp[i], 1=0,1,2,..., n-2. B¢ tinh y[X¢+2,X0] chang han, ta dat
ylxg,x, 1= ylx, X, ] _spl1]-sp[0]
Xy =X Xy =X

sp[0] =

Tuong tu ta co

Ylxy,x, 1= ylx, x, ] _spl2] —spll]
X3 =X X3 =X

sp[1]=

Nhu véy ta thay khi tinh lai sp[0] ta can dén sp[0] va sp[1], khi tinh sp[1] ta cAn dén sp[1]
va sp[2], ... nhu vAy qua trinh tinh todn sp[i] chi can dén cac phan tir tir vi tri i trd v& sau
ma khong can dén céc vi tri trude i. Nhu vdy sau khi tinh ty sai phdn bac 2 thir i ta co thé
ding ngay vi tri i dé luu trit khong so rang vi tri nay bi nhiing tinh toan tiép theo lam thay
d6i, vi khi tinh ty sai phan thi i+1 ta chi can gia tri sp[i+1] va sp[i+2].

Dat a[2] =sp[0].

- Buwéc k: Ta tinh céac ty sai phan bac k y[X,Xi] bat dau tir i=0,1,...,n-k va luu trit vao
sp[i], i=0,1,2, ..., n -k. Dé tinh y[X¢:1,Xo] chdng han, ta dat
YExx, 1= yIx 5%, ] _spll]=sp[0]
X, — X, Xy — X,

sp[0] =

Thyc hién tuong tu voi i =1,2,.., n-k.
bat a[k] = sp[0]

- Buée n: O budce cudi cling ta tinh
sp[1] - sp[0]
sp[0]= Fn Mo
bat a[n] =sp[0]
(Poan chwong trinh mé ti phwong phdp dwoc thé hi¢n ¢ phin sau)
3.2.7. Phép ngi suy ngugc
Trong céc phan trudc ta xét bai toan cho gia tri ham y = f(x) tai cac diém quan sat x, Xy, ...
Xn va can xac dinh gia tri y = f(x) tai nhitng diém x khéng co trong cac diém quan sat. Bay gio ta
xét bai toan nguoc lai: van 1a cac gia thiét trén, tirc 1a cho bang cac gid tri y; cua ham y = f(x) tai
cac diém x;, i=0,1,...,n. Cho biét gia tri y', ta hdy tinh x' twong tng. Bai toan nay dugc goi la bai
toan ndi suy nguoc. Mot trong nhitng tng dung cia ndi suy nguoc 1a tim nghiém xap xi cua
phuong trinh {(x)=0.
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Cdch gidi quyét bang da thirc ngi suy Lagrange.
Ta xem x = ¢(y) 12 ham nguoc ctia ham y = f(x) va xem céc gid tri yo, Yi,..., ya 1a cic mbc
nodi suy (n6i chung cac moc y; khong déu). Tir d6 tir d6 biét y' ta s& tinh duge x'= ¢(y").
Chuwong trinh cai dait cac da thirc ndi suy
Sau day la doan chuong trinh chinh thé hién (mé td) phwong phap Newton va phuong
phép Lagrange:
/*Tra ve gia tri da thuc noi suy tai x; anew][i] la cac he so da thuc noi suy Newton, xqs[i] la

cac diem quan sat*/
double polinew(double x)
{int i;double mx,s;
s=anew/[0];
mx=I1;
for(i=0;i<ngs;i++)
fmx*=(x-xqsi]);
st=anewl(i+1]*mx;
/

return s;

/
//
/*Tra ve gia tri da thuc noi suy tai x; alag[i] la cac he so cua

da thuc noi suy Lagrange , xqs[i] la cac diem quan sat*/
double polilag(double x)
fint i,j;double mx,s;
s=0;
for(i=0;i<=ngs;i++)
{mx=1I;
Jor(j=0;j<=nqs;j+)
if(j!=i) mx*=(x-xqs[jf);
st+=alag[i] *mx;
/

return s;

/
//
/*Noi suy Newton voi khoang chia khong can deu */

void nsnewton(double *a)
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{ int h,i,j,k;double tmp;kvecto sp;
a[0]=yqs[0];
for(i=0;i<=ngs-1;i++) //Tinh sai phan bac 1;
spli|=(vqs[i+1]-yqs[i])/(xqs[i+1]-xqs[i]);
a[I]=sp[0];
Jor(k=2;k<=ngs;k++)//Tinh cac sai phan bac k va cac he so a[i]
{ for(i=0;i<=ngqs-k;i++)
spli|=(spli+1]-sp[i])/(xqs[i+k]-xqs[i]);
alk[=sp[0];
/

/
//

/*Noi suy Lagrange voi khoang chia khong can deu

Tinh cac he so*/
afi] = 1/(x[i]-x[0]) (x[i]-x[1])... (x[i]-x[i-1])(x[i]-x[i+1])...x[m])*/
void nslagrange(double *a)
{int h,i,j,k;double tmp;
for(i=0;i<=ngqs;i++) //Tinh cac he so afil;
{ tmp=1I;
Jor(j=0;j<=ngqs;j++) if(j!=i) tmp=tmp*(xqs[i]-xqs[j]);
afi|=yqs[i]/tmp;
/
/

3.3. KHOP PUONG CONG - NOI SUY SPLINE

Trong phan trudc ta da xét bai toan noi suy dung da thirc va nhu ta di thiy, cac da thirc noi
suy thudng co bac 1a n, trong d6 n+1 1a sb diém quan sat. Ta co thé ndi suy bang da thirc bic m
nho hon n, nhung nhu vay thi ta ciing chi dung dén miu quan sat dya trén m+1 diém 1a (xo,yo),
(X1,Y1)s - - - (XmyYm) va nhur thé chi noi suy dugc gia tri ciia ham tai cac diém x € [X,Xm] . Piéu
nay to ra khong dugc phi hop véi thuc té cho 1am. That vy, gia sit trong thuc t& ham f(x) la
mot da thirc bac 3 nhung vi ta khong biét diéu nay nén phai dung da thirc ndi suy. Theo mot cach
tu nhién, ta nghi rang néu ¢ cang nhiéu thong tin thi ta cang giai quyét bai toan tot hon. Nghia la
néu co cang nhiéu diém quan sat thi két qua cta ching ta cang gan véi thuc té hon. Tuy nhién néu
dung da thirc ndi suy nhu kiéu chiing ta vira khao sat thi khong cé dwoc nhu didu ching ta mong
doi. Mic dau dang that cua da thuc 1a bac 3, nhung néu dung 5 diém quan sat thi ta phai tinh cac
hé s6 da thic bac 4, 10 diém thi ta phai tinh toan véi da thirc bac 9,...nghia I cang dung nhiéu
diém thi ta cang di xa thyc té hon. Phép noi suy da thirc con c6 mot nhuwoe diém nira 1a sé luong
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phép tinh can thyc hién phu thudc rat nhidu vao c& ciia mau quan sat. Trong k¥ thudt truyén thong
chang han, viéc chuyén d6i mot tin hiéu sé c6 hang ngan diém quan sat sang dang twong tu 13 van
dé thuong gap. Thé nhung chi can ndi suy da thirc cho 101 diém quan sat ta d3 phai dung dén da
thirc bac 100, va viéc ding da thie bac 100 dé tinh toan cho cac diém con lai 1a mot viée tiéu tén
tai nguyén may mot cach qua lang phi. Vi vy c6 thé néi rang phép ndi suy da thirc chi c6 ¥ nghia
1y thuyét ma thoi, trong thuc té hau nhu ngudi ta khong ding dén.

Pé tim kiém mot cach nodi suy gan véi thuc té hon, ching ta hiy bat dau bang mot thao tac
don gian ma chiing ta hay thuc hién hdi con hoc phé thong. Khi vé mot dd thi ham sb nao do, dau
tién ta v& cac diém roi rac, va vé dugc cang nhiéu diém cang tdt. Sau do ta dung but ndi cac diém
d6 v6i nhau, nhung ta khong nbi bang thudc ké, ma ndi bang bat va sy quan sat bang mat sao cho
cac doan ndi cac diém thanh mot duong min, khong bi gay khuc.

Nhitng ngudi chuyén vé so do thiét k& dung mot thiét bi co hoc goi 1a spline dé vé cac
dudng cong dep, co thim my: ngudi v& xac dinh tdp hop cac diém (nut) roi bé cong mot gidi
plastic hay thanh gd linh hoat (spline) quanh chung va lay vét chiung dé tao thanh mot duong
cong. Noi suy spline vé& mit toan hoc twong dwong véi tién trinh nay va cho ra cing mot két qua.

3.4. PHUONG PHAP BINH PHUONG CUC TIEU
Trong phuong phap ndi suy da thirc di xét, ta doi hoi da thirc phai di qua cac diém quan sét.
bieu nay doi khi 1a diéu kién qua chat trong thyc té. Sau day ta sé xac dinh tham s6 cia mdt ham
f(x) c6 dang da biet, sao cho céc gia tri f(x;) xap xi tot nhat cac gia tri y; theo mot ti€u chuan goi
la binh phuong cuc tiéu. Trong bai todn wdc lugng binh phuong cuc tiéu ta phai gia thict la dang
ham f(x) da biet va ta chi can udc lugng cac tham so. Noi chung doi voi dang bai toan nay thi ta
khong thé dat ra yéu cau la do thi ham s6 y = f(x) phai di qua cac di€m quan sat, ma chi co6 thé
dat ra yéu cau la d6 thi gan cac diem quan sat nhat trong tap hop cac dang ham da cho.
3.4.1. Truomg hop ham ndi suy la da thirc hay y phu thudc cic tham s6 mdt cach tuyén tinh
Bay gio ta xét mot truong hop hay duge ap dung nhét 1a ham f(x) ¢6 dang da thirc bac m,
tue la:
fx)= ap +ax' +...ap X" +anx™
Vi gia tri f(x;) n6i chung khac gia tri y;, gia st sai s6 13 e;, ta ¢6
Vi =a taXi t...am X" tanxi"+e
i=0,1,2,....,n

Nhu vay ta co:
Ci=Yi - Z aj Xij
0
Va tong binh phuong cac sai s6 bang
n 2 n m . 2
S=Zei = Z(yl - ZaniJ)
i=0 i=0 j=0

Pé S dat gia tri nho nhat thi diéu kién sau phai thoa man
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0 S /0a, =0, véi k=0,1,....m
Thuc hién phép lay dao ham riéng ting thanh phan cua tong theo ay ta co

0 (Yi - Z g Xij)2 /6611( = 2(}’1 - Zaj Xij)(- Xik) = 2('Yi Xik + Z a Xijﬂ()
J=0 J=0 J=0
Nhu vay

08 /0a =2 (yix* + D ax™) =0, k=0,1,2,...m

i=0 Jj=0
Tu day

m n n

itk _ k —
Zaj ZXiJ = Zyi Xi k= 0,1,2,...,m
J=0 i=0 -

i=0

Véi k=0,1,2,..,m

n n n
(n+l)a0+alzxi+a22xi2+, . ,+amZXim = Zyl
i=0 i=0 i=0
n n n n n
a02xi+alzxi2+a22xi3+...+am2ximﬂ =Zyixi
i=0 i=0 i=0 i=0 i=0
n n n n n
aOZXiz+alzxi3+a22Xi4+...+am2xim+2 ZZyixiz
i=0 i=0 i=0 i=0 i=0

n n n n n
+ + +
aOExim+a12ximl+a22xim2+...+amgximm= Einim
i=0 i=0 i=0 i=0 i=0

bat
B n n n n n ]
2 2 X O 2"
i=0 i=0 i=0 i=0 e i=0
n n n n n
+
2xa o 2x x x X
i=0 i=0 i=0 i=0 <o i=0
C =

n n n n n

+
2x - px xt O 25"
i=0 i=0 i=0 i=0 e i=0

n n n n

+ + +
2 Xim E :Xim 1 § Xim 2 2 Xim 3 E :Xi2m
i=0 i=0 i=0 i=0 e
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n n n
— 0 1 m
d= Qyix®, Dlyix' L ) yix™
i=0 i=0 i=0

Tacod hé phuong trinh
Ca=d
Tuy nhién, dé tién cho viéc tinh toan, ta c6 nhan xét sau day:

bit y = (yo, Y1, yn)T, e = (e, €1,..., en)T , a=(ap, aj,..., an)T

1 X0 X02 X()m ]
1 X1 X12 . le

F =
1 Xy Xp X"

Hé phuong trinh Ca=d c6 thé viét dudi dang sau:
F'Fa=F'y
Ta c6 thé ap dung phuong phap Gauss-Jordan dé giai hé phuong trinh nay.
Ta c6 thé thdy rang néu m < n thi dinh thirc ctia ma tran C khac khong va vi vay da thirc noi
suy binh phuong cuc tiéu dugce xac dinh duy nhat.

That vay, viét chi tiét ma tran C ta co

I+1+...+1 Xo+X +..+x, U A i P S
2 2 2 m+l1 m+l1 m+l1

c_| Fotxm Ay, Xo +X] +o+x T e A S e o
m + m + + m m+l1 n m+l T + m+1 2m + 2m + + 2m

XO xl xn XO Xl Xn XO xl Xn

Béng cach tach ra cac cot ta thu duoc (n+1)m+1 ma tran con Cj, Cs,... , mdi cdt ctia ma tran
con chi phu thudc céac $6 1, Xo, X1,..., Xn. Sau khi d3 tach dugc nhu vay, béng cach dit thira sb
chung ra ngoai ta lai thu dugc cac ma trin ma mdi ma tran c6 m+1 cot, cac cot nay dugc léy tir to
hop cta (n+1) cac cot co6 dang

1 1 1
xO ‘xl xn
2 2 2
Xo AN | | X
m m m
xO xl xn
D¢ thay rang:

- Néu m>n thi cic ma tran con ludn c6 2 cdt nao do trung nhau nén dinh thure béng 0va
do dddetC =2 det C;=0.

- Néu n>m: matrin C dugc tich thanh hai loai ma tran:
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Loai 1: Cac ma tran c6 2 ¢t nao do6 cung phu thudc mot thanh phéin trong Xo,Xi,...,Xn

nén c6 dinh thtrc bang 0.
Loai 2: Cac ma trdn c6 m+1 ¢t khac nhau lay tir (n+1) cot c6 dang trén. Cac ma tran

nay c6 dang Vandermond nén khac khong. Do do6 det C # 0.
3.4.2. Truomg hop y phu thudc cic tham s6 mdt cach phi tuyén

a.y=ae™, a>0 (3.19)
Lay logarit hai vé, ta co
Iny = Ina + bx
bat Y =Iny, A=1na, B=B, X=x (3.18) tr¢ thanh
Y =A+BX (3.20)

Nhu véy bang cach 1dy logarit hai vé, ta dd dwa quan hé phi tuyén (3.19) thanh dang tuyén
tinh (3.20). Ta tinh dugc A va B, tir day tinh dugc a, b.

b.y=ax’, a>0 (3.21)
Ly logarit hai vé, ta ¢6
Iny = Ina + blnx
bat Y=Iny, A=InA,B=Db, X=Inx (3.21) tr6 thanh
(3.22)

Y =A+BX
Tur day ta tinh dugc A va B, vasuyra a, b.
Chuwong trinh cai dit cac da thirc ndi suy
Sau day 14 doan chuong trinh chinh thé hién (mé ta) thuat toan hdi qui bang binh phuong

cuc tiéu
/*Hoi quy dung da thuc uoc luong theo phuong phap binh phuong cuc tieu*/
/*Cho truoc bac m, xac dinh cac he so da thuc thuc nghiem , tra ve tong binh phuong cac sai so*/

double regresspoli(double *a,int m)
fint i,j,k;

kmatran aa;

double **f,**ft;

f=new double* [ngs+1];

for(I=0;i<=ngs;i++) fli] = new double [m+1];

ft =new double* [m+1];

for(I=0;i<=m;i++) ft[i] = new double [ngs+1];

/*Tinh ma tran
f la ma tran co kieu nhu Vandermon nhung co n hang m cot,
ft la ma tran chuyen vi cua f. Nhu vay ft x f se la ma tran aa cua
he phuong trinh tuyen tinh

*/
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for(i=0;i<=ngs;i++)
Hlill0]=1;
Jor(=1j<=m;j++)
ST -1] *xqs[i];
/
//Tinh ma tran chuyen vi
for(i=0;i<=m;i++)
Jor(5=0;j<=nqs;j++) felil[jI=fljllil;
/*Tinh ma tran vuong aa cap m, chi can tinh tinh nua tren roi gan cho
nua duoi, vi ma tran aa la doi xung
*/
for(i=0;i<=m;i++)
Jor(j=i;j<=m;j++)
{faalil[jI=ft[i][0]*f10][il;
Jor(k=1;k<=ngqs;k++) aa[i][jl+=ft[i][k] *fIk][j];
/
//Gan nua duoi
for(i=0;i<=m;i++)
Jor(5=0;j<i;j++) aafi][j]=aalj][i];
//Tinh ve phai cua he phuong trinh
for(i=0;i<=m;i++)
{aafi][m+1]=ft[i][0]*yqs[0];
Jor(k=L;k<=ngqs;k++) aa[i][m+1[+=fi[i][k]“yqs[k];
/
for(i=0;i<=ngs;i++) delete [] f[i];
for(i=0;i<=m;i++) delete [] ft[i];
gjordan(aa,a,m);
//Tinh tong binh phuong cac sai so
double ss,fa,xx;
ss=0;
for(i=0;i<=ngs;i++)
{fa=1;xx=1;
for(=Tj<=mgj++)
Dex=xx*xqsfif;fat=a[j] *xx;}
ss+=(vqs(i]-fa) “(vqs[il-fa);
/

return ss;

/
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3.,5. BAITAP
Bai 1. Cho ham sé y = 2% véi cac gia tri tai x; = 3,50 +0,051, i=0,1,2,3,4 tuan tu 1a 33,115;34,813;
36,598; 38,475; 40,477. Hay lap da thirc ndi suy Newton tién xuét phat tir nut 3,50.

Bai 2. Tich phan xac sut
$(x) = (2/sqrt(m)) [ exp(-£) dit
0

Khong tinh dugc bang nguyén ham. Nguoi ta tinh gan ding né tai x; =1 +0,1i, i=0,1,2,..,10
duogc cac gia tri xAp xi tuan tu 1a 0,8427; 0,8802; 0,9103; 0,9523; 0,9661; 0,9763; 0,9838;
0,9891; 0,9928; 0,9953. Hay tinh ¢(1,43)

Bai 3. Choham sby=¢* tai x=0,65+0,1i i=0,1,....,5 tuan tula 1,91554; 2,11700; 2,33965;
2,58571; 2,85765; 3,15819. Hay tinh In2.

Bai 4. Biét réng dai lugng y 1a mot tam thure bac hai cia x va tai x =0,78; 1,56; 2,34; 3,12;
3,81 cacgiatriciay tudn tu 1a 2,5; 1,20; 1,12; 4,28. Hay lap cong thic y biéu din qua X.

Bai 5. Hiy danh gia sai s6 nhan duoc khi xap xi ham s y = sinx bang da thirc ndi suy Lagrange
bac 5 Ls(x), biét réng da thuc nay trung véi ham s6 da cho tai cac gia tri x béng: 0°,5° 10°,
15°,20°, 25°.

Xac dinh gia tri cua sai sd khi x = 12°30'".
Bai 6. Cho bang cac gia tri:

2 4 6 8 10 12

7 8 R 10 11 12
32 24 .20 J9 .01 .05

Hiy ap dung phuong phap binh phuong cyc tiéu xac dinh cic da thirc xap xi ¢6 cac dang:
y=a+bx, y=atbx +cx’, y=ax’
va so sanh céc sai s6 dé két luan dang nao thich hop nhét.
Bai 7. Thu lai hodc viét méi cac chuong trinh cai dat cac thuat toan roi chay thu dé kiém tra cac
ket qua trén day.
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TOM TAT NOI DUNG CHUONG 3

Trong chwong nay chiing ta cin chii y nhit 1 cic van dé sau:

1. Sai so cua da thire nfi suy

Véi M= SUP "D (x)| khi d6 ta co: R(X)| < | f(X) - pm(X)| < | ©n+1(X) |
a<x<b (n+1)'
day 1a cong thirc danh gié sai sé ctia da thirc noi suy.
2. Phwong phap ngi suy Lagrange
Pa thurc p,(x) c6 dang nhu sau, dugc goi 1a da thirc ndi suy Lagrange:
Pa(X) = yoLo(X) + yiL1(X) + . . . + yaLa(X) (3.6)
Voi:
Lo(x) = (x-x,)(x-X,)...(x-X,)
(Xo-%X,) (Xg-X,)... (X -X,,)
L) = (x-Xp)(x-%X,)...(x-X,)
(X, -Xo) (X -%,)... (X, - X))
Li(x) = (x-Xx) (X -%5) (X=X (X - X)) (X - X))
(X - X)) (X5 =%, ) (X =X )X - X)) (X - X))
Lo(x) = (X-X)(X-X))ee (XX, )

(Xn - XO) (Xn i XZ)"'(Xn - Xn—l)
3. Phwong phap sai phan Newton
Phwong phdp sai phin tién Newton vii khoang chia déu

Theo phuong phap Newton tién thi da thirc ndi suy c6 bdc m 1a pn(x) v6i khoang chia
déu nhu sau:
2 i

Ay, Ay, Ay,
n(X) = yo + Xo) + Xo)(x-X1) ...+ —=
Pm(X) = Yo P (x-Xo) e (X-X0)(X-X1) Prx

(X-X0) (X-X1)... (X-Xj.1) + ...+

" Vo

mh"

(X-X0) (X-X1)... (X-Xmn-1)

X9

Hoic c6 thé biéu dién cong thirc trén dudi mot dang khac bang phép bién doi t =

> x=X, + th:
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Azyo
Pm(X) = pm(Xo + th) = yo + (Ayo)t + — tt-1)+. ..
n Ay, A"y,

((t-1)... (t-i+1) + . ..+ =20 ¢ (t-1)... (t-m+1)
m!

i!
Phwong phdp sai phén tién Newton véi khodng chia khéng déu

Theo phuong phap Newton tién thi da thirc ndi suy c6 bac m Ia pu(x) v6i khoang chia
khong déu nhu sau:

Pm(X) = ap + a1(X-Xp) + ax(X-X0)(x-X1) +. . . + ai(X-X)(X-X1)... (X=X 1)+ . ..

+ am(x-x0) (X-X1)... (X-Xm.1) (3.16)
Trong do:
a0 = Yo
a = 2K y[X1,Xo]-
1~ %0
Xy,x = ylx,x
4= VIx, ., ] = v ,x, ] = y[Xs, X1, 5]
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CHUONG 4

TiNH GAN DUNG NGHIEM CUA
PHUONG TRINH PHI TUYEN

MUC PiCH, YEU CAU
Sau khi hoc xong chwong 4, yéu cau sinh vién:
1. Hiéu dugc thé nao 1a nghiém va khoang phan ly nghiém
2. Nam duoc mét sd phuong phép lip dé tim nghiém gin dung ciia phuong trinh phi tuyén.

3. Biét van dung cac phuong phép trén vao cac bai toan thuc té.

4.1. NGHIEM VA KHOANG PHAN LY NGHIEM
4.1.1. Nghiém ciia phwong trinh mét an
Xét phuong trinh mot an
f(x)=0 (4.1
trong d6 f(x) 1a mot ham sé cho trude cua ddi sd x.
Gia tri xo dugc goi 1a nghiém cua (4.1) néu
f(x9) =0
Nghiém cta phwong trinh (4.1) ¢6 thé 1a sé thuc hodc sé phiic, nhung & ddy ta chi khao sat
cac nghié¢m thuyc.
4.1.2. Su ton tai nghiém cua phuwong trinh
Pinh ly. Néu ham s6 f(x) lién tuc trén doan [a,b] va f(a) va f(b) trai dau, tuc la
f(a)f(b)<0 (4.2)
Thi phwong trinh (4.1) ¢6 it nhat mot nghiém trong khoang [a,b].
4.1.3. Khoang phan ly nghiém
Pinh nghia. Khoang [a,b] dugc goi 1a khoang phan ly nghiém cta phuong trinh (4.1) néu
n6 chlra mgt va chi mét nghiém cua phuong trinh do.
Pinh ly. Néu ham s6 f(x) lién tuc, don digu trén doan [a,b] va f(a)f(b)<0 thi doan [a,b] 12
mot khoang phan ly nghiém cua phuong trinh (4.1).
Vi du. Xét phuong trinh
flx) =x*-2=0
Ta thiy ham s6 f(x) lién tuc, va f(x) = 2x.
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Ta xét doan [1,2]. Ta ¢ f(1) = -1; f(2) = 2. Vay f(1)f(2)<0. Ham s f(x) lién tuc va don diéu
vi fi(x) =2x >0 trén doan [1,2]. Vay doan [1,2] la khodng phan ly nghi¢ém cua phuong trinh trén.

Tuy nhién vi du sau ddy chimg t6 rang diéu kién lién tuc, don diéu chi la diéu kién du. Ham
s6 khong don diéu trong mot khoang nao d6 van c6 thé chi c6 mot nghiém duy nhat.

Vi du. Xét phuong trinh
fx)=x>-x-1=0 (4.3)
Ta s& ching t6 rang phuong trinh nay ¢6 nghiém thuc va xac dinh khoang phéan ly nghiém.

. . 1
Ta thay ham so f(x) lién tuc, va f(x) =3x*-1=0tai x=+—

B

Ta c6 bang bién thién sau:

X - 00 - L L +0o0
3 V3
f(x) + 0 _ 0 +
f(x) P M\> /
- 00 m
1 1 2

trong d6 f(M) = f(- -1 <0

NN ¥
Vay dd thi chi cit truc hoanh tai mot diém duy nhét va do d6 phuong trinh (4.3) chi c6 mét
h [
V3
Ngoai ra theo bang bién thién ta c6: ham s f(x) lién tuc,don diéu trén doan [1;2] va
f(1)=1°-1-1=-1<0
f2)=2-2-1=5>0
Ttc 1a f(1)*£(2)<0
Vay khoang [1,2] chinh 1a khoang phan ly nghiém.

nghiém duy nhat (Mic du trén doan [ - :2] ham s6 khong don diéu)

4.1.4. Vé van dé danh gia sai s6 nghiém xap xi
Ciing nhu cac phuong phap gan dang ndi chung, khi tim nghiém gin dung ciia phuong trinh
siéu viét, ta thuong thiét 1ap ca mot day xo, Xi,...,Xp,... $20 cho X, -> o khi n-> oo, trong d6 o Ia
nghiém dting ctia phwong trinh (4.1). Do gia thiét lién tyc ctia ham f(x) ta c6
lim f(x,) =f(a)=0
Piéu nay co6 nghia la khi x, kha gﬁn o thi f(x,) kha gﬁn f(a) va co thé xem f(xn) = 0, hay x,
thuc su ¢ thé xem la x:?ip xi cia nghi¢m.
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Nguoi ta thuong cho trude sé £>0 di nhod va néu
[xp-a < € 4.4
thi chon x, 1am nghiém xAp xi va dimg qua trinh tinh toan. Mot cau hoi dit ra 13 véi cach
chon nhu vay thi f(x,) dd c6 thé thuc su xem 1a x4p xi ctia f(o) khong, co bao dam rang |f(x,)-
f(o)| = |f(x,)| 12 kha gin 0 khong? Ciing c6 luc ta chi quan tdm 13 x, xdp xi o tot nhu thé nao
thoi, nhu trong vi du 4p dung tinh V2 ma ta s& xét dén chang han, khi d6 ta khong can quan
tam dén cau hoi nay lim. Nhung ciing ¢ nhitng truong hop ta lai quan tam 1a f(x,) c6 thé coi 1a
gan 0 khong, (Vi du dé co thé bo qua trong qua trinh tinh toan) thi lic nay su x4p xi cua x, so
v6i o chua du, ma ta con phai xét ca gia tri |f(X,)| nta. Chinh vi Iy do nay ma trong cac chuong
trinh tinh todn chung toi dwa thém diéu kién dimg vé f(x,). Qua trinh tinh toan s& dimg néu diéu
kién (4.4) va
|f(xn)| < & (4.5)
thda man.
Dé ban doc hiéu rd hon nhitng diéu chung t6i vira trinh bay, ching ta xét vi du sau day:
Vi du.
Ta xét 2 ham sau day:

f(x) = (3363 - 2378+/2) - (x-1)"°
g(x) = (3363 - 2378x) - (V2 -1)""

va xét 2 phuong trinh

f(x)=0 (4.6)
gx)=0 4.7
Ta c6 thé thiy rang

f(/2)=g(~2) =0

Vi khong tinh dugc o = V2 nén chung ta s& dung két qua do chinh xac gap d6i do may tinh
thuc hién bang ham sqrt(2). Gia tri nay vao khoang 1.41421356237309551454746218. Ta dinh
nghia ddy x, nhu sau

X =1 | X0 -0 | <0.5e+01
x;=1.4 | x; -0 | <0.5e-01
x; =1.41 | X2 -a | <0.5e-02
x3=1.414 | x5 - | <0.5e-03
x4 =1.4142 | X4 -a | < 0.5e-04

RO rang day x, hoitudén a.
Ta c6 bang sau day bi¢u dién mdi lién hé gitra day x, , sai sO trén day x, la &,, ham f(x,) va

ham g(x,).
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no | Xa €n f(xa) g(xn)
0 1 0.5 0.0001486768 985

1 1.4 0.5e-01 0.0000438191 34

2 1.41 0.5e-02 0.0000144501 10

3 1.414 0.5¢-03 0.0000007647 0.5

4 1.4142 0.5e-04 0.0000000488 0.03

5 1.41421 0.5e-05 0.0000000128 0.008
6 1.414213 0.5e-06 0.0000000002 0.001
7 1.4142135 0.5e-07 0.0000000002 0.0001

R rang néu chi dya vao do 1éch | x, -a. |, hay trong thue té 13 | X, - o1 | dé chon nghiém x4p
xi, ta s& co nhing két qua rat khac biét giita 2 phuong trinh (4.6) va (4.7). V&i phuong trinh (4.6)
thi tat ca cac gia tri X, trong bang trén déu c6 thé xem 1a nghiém gan dung, va nhu vy & = 0.5
cling 1a du. Nguoc lai néu ta noi rang gia tri x, = 1.41 1a nghiém x4p xi cua phuong trinh (4.7)
v6i d6 chinh xac 0.5% thi rd rang khong on, vi gid tri g(1.41) =10 con 1a gia tri qua 16n so véi 0.
Tham chi khi & dat d6 chinh xac 0.0005 thi g(1.4142) = 0.03 van con 1én so véi 0, nén néu ta noi
rang 1.4142 1a nghiém x4p xi cta (4.7) thi ciing khong on.

Néu bay gio ta thay diéu kién (4.4) bang diéu kién (4.5) thi ta khong con gip diéu phién toai
trén day nita. Vi phuong trinh (4.6) ta chi can chon n rat bé 1a du, con véi phuong trinh (4.7) thi
ta phai chon n 16n hon néu muén dat duge do chinh xac nhu mong mudn. Trong thyc hanh viéc
thir didu khién (4.5) duoc thyc hién rat d& dang. Vi vay ching t6i nghi rang trong nhiing bai toan
tim nghiém x4p xi ta nén thém mot cot f(x,), chung ta s& thiy dugc toc d6 hoi tu dén 0 cua f(xy,)
va vi vay s& ding budc tinh toan & thoi diém thich hop hon.

4.2. MOT SO PHUONG PHAP LAP GIAI PHUONG TRINH
4.2.1. Mé diu

Y tuwéng chung ctia phuwong phap lap tim nghiém ctia phuong trinh (4.1) 1a xay dung mot
day cac $6 Xg, X1ye; Xnyeoo VOI Xo 12 gia tri Xuat phat sao cho

lim x,=a

n—>+00
Nhu vay voi n khé lon, ta c6 thé xem x, la xap xi cua nghiém a.
Ta c6 thé dua ra mot danh gia ve sai so tong quat cho hau hét cac phép 1ap nhu sau:

DPinh ly. V61 ham f(x) lién tuc va kha vi trén doan [a,b], ngoai ra

3 m; sao cho 0 <m,; < |f(x)| vé1 V xe [a,b] (4.8)
khi d6 ta c6 danh gia
x
[Xn - o < —| Sx,)| 4.9)
m,
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4.2.2. Phuwong phap chia doi (bisection)

a. Mé ta phwong phap

Gia st f(x) lién tuc trén [a,b] va f(a), f(b) trai déu (doan [a,b] khong can phai 1a khoang
phan ly). Nhu vay trong khoang nay phai c6 mot nghiém o. Ta s& tim nghiém nay bang cach chia
d6i khoang [a,b], chon khoang con chita nghiém, rdi chia d6i tiép khoang con chira nghiém nay
cho dén khi tim thiy nghiém hodc khoang con dd di nho dé bao dam rang moi gia tri trong
khoang do déu c6 thé xem 1a xép xi nghi¢m. Cu thé trude hét ta dit ap = a, by =b va cho trudc mot
gia tri € > 0 di nho dé dung 1am diéu kién xap xi nghiém va dimg qua trinh tinh toan. Sau d6 ta
thuc hién cac budce sau:

a, +b,

- Buwoc 0: bat xo=

Vi f(ap)f(by)<0, do d6 mot trong 2 trudng hop sau xady ra:
a. f(x))=0. Tacbdxo la nghiém va két thiic.
b. f(xo) #0. Néu f(a)f(x0)<0 thi nghiém sé& & trong khoang [a, x0] do d6 ta dat
a;=ag, by =X
Néu f(xo)f(b)<0 thi nghiém s& & trong khoang [xo,b] do 6 ta dat
aj=Xo,b=b
b—a

Vinghiém o €[a;,b;], tacod | xo- a| < | bj-ay| =

Chuyén sang budc 1.

a, +b,

- Buwoec 1: batx, =

Vi f(a;)f(b;)<0, do d6 mot trong 2 trudong hop sau xay ra:

a. f(x))=0. Tacénghiém 1a x, va két thiic.

b. f(x;) #0.

Néu f(a))f(x;)<0 thi nghiém s& & trong khoang [a;, x,] do d6 ta dat
a=a;,by=x;

Néu f(x,)f(b; )<0 thi nghiém s& & trong khoang [x;,b;] do d6 ta dat

a=X1,by=b

. n , b—a
Vinghiém a €[a,,by], tacod | x;- o < | by-ay| = 52
Chuyén sang budc 2.

i . a,+b,
- Buéde n: bat x, =
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Vi f(a,)f(b,)<0, do d6 mot trong 2 trudong hop sau xay ra:

a. f(x,)=0. Taconghiém 1a x, va két thiic.

b. f(x,) #0.

Néu f(an)f(x,)<0 thi nghiém s€ ¢ trong khoang [a,, x,] do d6 ta dat
Ant1 = an , bnt1 = X

Néu f(x,)f(b, )<0 thi nghiém s& & trong khoang [x,,b,] do do ta dat
An+1 = Xn » Dpv1 = by

b—a

2n+1

Vinghiém o €[aps,bat1], tacd | X, - o < | byri-an| =

b—a

2rl+]

Ta kiém tra xem néu < ¢ thi két thiic, néu khong thi

Chuyén sang budc n+1.
b. Sw hoi tu ciia phwong phdp va sai 56
Day ay,ay,...,a, don di¢u tang va bi chan bdi b, bay by,b;,...,b, don di¢u giam va bi chan boi
a mat khac day b,-a, duong va gidm dan dén 0, nhu vay khin -> o ta co

lim a,= lim b,= lim x,=a

Do tinh lién tuc ciia ham f va f(a,)f(b,)<0 ta c6
lim f(ay)f(b,) = |f(oL)|2 <0

Suy ra f(a) = 0, hay a chinh la nghiém cta phuong trinh (4.1).
Tém lai xudt phat ttrap=avaby=Db,chon=0,1,2,... néu ta léy nghiém gﬁn ding 1a x,, = a,
hoic x, = b, thi sai sb 1a

b—
o - 0t <22 (4.10)
27‘1
Con néu ta léy nghiém g?m dung la —- thi sai sb 1a
b-a
[Xq - o < Y (4.11)

(4.9) chinh 1a danh gia sai s6 ctia nghiém xap xi tinh bang thuat toan d trinh bay ¢ trén day.
c Vidu

Ta xét phuong trinh f(x) = sin(x) - x*cos(x) =0.

Phuong trinh nay ¢6 nghi¢m ding 1a x=0.

Ta thiy néu a=-0.5, b =2 thi f(a) = -0.6988, f(b) = 2.5739, tirc 1 trai diu. Vay ta c6 thé ap
dung phuong phap chia doi. Bat € = 1.0e-03 ta c6 sau 8 budc ldp ta nhan dugc nghiém 1a 0.0005.
d. Nhin xét vé thudt todan chia doi

Uu diém cua ph}Iong phap c’hia doi la don gi’én. Nhuoc diém 1a tdc d6 hoi tu cham, khong
tan dung dugc tinh chat cia ham so6 f(x). Du ham s6 c¢6 dang gi thi chiing ta ciing chi chia doi, xét
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gia trj ctia ham tai cac diém chia roi quyét dinh chon doan nao dé chia tiép. Néu khoang [a,b] ban
dau 16n thi phai kha nhiéu budc méi dat duoc do chinh xac can thiét.

e. Cai dat chwong trinh cho thuéat toan chia doi

Phuong phap chia d6i doi hoi phai biét ham f(x) va 2 gia tri ava b 1a 2 diém can dudi va
can trén cua khoang quan sat. Trong chuong trinh chung t61 dung chuong trinh con chiadoi
(double (*f)(double),double &x) dé thuc hién thuat toan chia d6i. O ddy chung t6i dung con trd téi
ham la f, nhu vdy ching ta khong phu thudc vao mot dang ham cu thé. Sau nay ta co thé goi thu
tuc chia d6i cho mot ham do ta dinh nghia hodc c6 san, vi du chiadoi(sin,xx), chiadoi(g,x),... Thu
tuc chiadoi dugc viét dudi dang ham. Khi chay thu tuc ndy ta s& phai nhap gia tri a,b. Chuong
trinh sé& kiém tra diéu kién f(a)f(b)<0; néu khong thoa mén hodc sé budc lap di vuot qua sd bude
lap t6i da thi ham tra vé gid tri false. Trong trudng hop thanh cong thi ham tra vé gia trj true va gia
tri x la nghiém xép Xi.

Sau day 1 doan chuong trinh chinh thé hién thuat toan:

/*Phuong phap tim nghiem bang cach chia doi lien tiep khoang [a,b]*/

int chiadoi(double (*f)(double),double a,double b,double &x,

double &errx,double &erry,int &buoclap)

/*Phuong phap chia doi de tim nghiem f(x)=0 trong khoang trai dau [a,b].
Neu co nghiem thi tra ve gia tri true, neu khong thi tra ve gia tri false.

x la nghiem, errx, erry sai so tren x va tren y, buoclap la so buoc lap
da thuc hien*/

{clrscr();
if(fla)==0) {x=a;errx=erry=0;buoclap=0;return true;}
if(f(b)==0) {x=b;errx=erry=0;buoclap=0;return true;}
if(f(@) *f(6)>0)
{cout<<endI<<'f(a) va f(b) khong trai dau';delay(1000);return false;}
int k=1;double c,aa,bb;aa=a;bb=b;
kvecto xc;
xc[0]=a;xc[1]=b;
while(true)
{c = (atb)/2;
if(f(a) *f(c)<0) b=c;else a=c;
xc[++k]=c;
if(b-a<epsix & & fabs(f(c))<epsiy) break;//f(c) = 0
if(k>kmax)
{cout<<endI<<'"Lap chua hoi tu sau ""<<kmax<<'" buoc'’;
delay(1000);return false;
/
/
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x=c;
errx=b-a;erry=fabs(f(c));buoclap=Fk;
return true;

/

4.2.3. Phwong phap day cung

a. Mé ta phwong phap

Diéu kién dé thyc hién phuong phap diy cung ciing gidng nhu phuong phap chia doi, 1a
f(x) lién tuc trén [a,b] va f(a), f(b) trai déu.

Vé nguyén tic phuong phap ddy cung ciing gidng nhu phuong phap chia doi, nghia 1a dya
vao hai diém ap = a, by = b ban dau ta s& chon tiép cac diém x, nim trong khoang [a,,b,], sao cho
khoang chon ludn luén chira nghiém dang cta phuong trinh. O phuong phép chia doi, x, dugc
chon 1a diém gitra ctia khoang [a, ,b, ] va khoang [a,:1 ,bns1] tiép theo s& 1a khoang chira nghiém
trong 2 khoang con [a, ,X, | hodc [X,,b,]. Nhu vay khoang [a,,b,] s€ nho dan t6i 0, cho dén luc ta
6 thé xem tit ca cac diém nam trong khoang 13 x4p xi ctia nghiém.

Con & phuong phéap diy cung gi tri x, dugc chon tiép theo lai 1a giao diém cua diy cung
ndi 2 diém biéu dién do thi tai 2 dau khoang con véi truc hoanh.

Ta luu ¥ 13 trong phuong phap chia doi do dai khoang con [an,by] tién t6i 0, nhung trong
phuong phap day cung néi chung diéu nay khong dang. C6 thé mot trong 2 gia tri a hodc b s& giir
nguyén. Gia tri nay s& luén dong vai tro 13 a, hodc b, . Vi du néu b giit nguyén va ludn ludn déng
vai trd b, thi a, sé thay ddi va chinh 1a x,., n=1,2,..Day Xo,X1,...,Xp,... 1& ddy don di€u ting hodc
giam va hoi tu &én nghiém dung. Khong nhu & phuong phép chia déi, diéu kién ding & day khong
con la do dai khoang [a,,b,], ma la do dai khoang [x,, x,.1]. Ta s& dung thudt toan va xem x, la
nghiém xap xi néu [X, - X,.1| < € hodc (va) |f(x,)| < 8.

Ta biét ring phuwong trinh dudng thing di qua 2 diém (a,f(a)) va (b,f(b) 1a

x—a _ y-/f(a)
b—a  f(b)-f(a)
Diém cit truc hoang c6 toa do (c,0) do do tacod
c—a _ -~ f(a)
b—a f(b)- f(a)

Tu day
_,. J@lb-a]l _ af(b)-bf(a) 4.12)
f@)=f@  f(b)-f(a)

Trude hét ta dat a, = a, by =b va cho trudc mot gia tri ¢ > 0 va 0>0 du nho dé dung lam
diéu kién x4p xi nghiém va dimg qua trinh tinh toan. Ta ciing cho trudc mot sé kmax dé lam sb
budc lap téi da. Sau kmax budc ma thuat toan chua két thuc thi ta thong bao s6 budc da qua 16n,
chua nhan dugc két qua va két thuc.

Sau d6 ta thuc hién cac budc sau:
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a,f(by) —b,f(a,)
S (by) = f(a,)
Vi f(ap)f(by)<0, do d6 mot trong 2 trudng hop sau xay ra:

- Bwoec 0: biat xg =

a. [f(xo)] <8. Tacoxo 1anghiém xap xi va két thiic.

b. f(xo) #0.

Néu f(a)f(x0)<0 thi nghiém s& & trong khoang [a, xo] do d6 ta dat
a;=ag, b1 =X

Néu f(xo)f(b)<0 thi nghiém s& & trong khoang [xo,b] do d6 ta dat
aj=Xp,b=b

Chuyén sang budc 1.

a f(b)-bf(a)

f®b) - f(a)
Vi f(a;)f(b;)<0, do d6 mot trong 2 trudong hop sau xay ra:

- Buwoec 1: batx, =

a. Néu|x;-xo|<e va [f(x))|<8.  Tacénghiém la x, xap xi va két thiic.

b. f(x;) #0.

Néu f(a))f(x;)<0 thi nghiém sé& & trong khoang [a;, x,] do d6 ta dat
a=a,b=x;

Néu f(x;)f(b; )<0 thi nghiém sé& & trong khoang [x,,b;] do d6 ta dit

a=X;,by=b
Chuyén sang budc 2.
a f(b)=b f(a
- Bu’(’)’cn: Dét X, = nf( n) nf( ,,,)

f®,) - f(a,)
Vi f(a,)f(b,)<0, do d6 mot trong 2 trrdong hop sau xay ra:
a. Néu |x, - X1 | <& va |f(xy)] €8 Ta c nghiém xép xi 14 x,, va két thiic.
b. f(x,) #0.
Néu f(a,)f(x,)<0 thi nghiém s€ ¢ trong khoang [a,, x,] do do ta dat
Ant1 = an, byl = X
Néu f(x,)f(by )<0 thi nghiém sé& & trong khoang [x,,b,] do d6 ta dat
@n+1 = Xn 5 Dt = by
Néu n > kmax thi thong bao va két thic.
Chuyén sang buéc n+1.
b. Sw héi tu ciia phwong phdp va danh gid sai sé
Vé y tuong thi phuong phap day cung rat don gian yé dé hiéu. Tuy nhién dé khao sé} mat
cach chat ché thi ta phai phan ra mot §6 diéu kién ham 16i hoac 16m trong khoang [a,b]. O day
chung ta s€ khong di qué vao cac chi ti€t nay.
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Ta viét lai cong thirc (4.10)

. J@b-al_ f@la=b]
J(b)-f(a) f(a)= f(b)
vi khi tinh ¢ thiava b déu binh dang nén
. S®Ib-a]
fb)-f(a)

Bay gid dé don gian ta chi xét trudng hop ham f(x) 16i (f'(x)<0) hodc 16m (f'(x)>0) trén
doan [a,b]. Trong truong hop nay mat trong 2 diém a hodc b s€ dugc co dinh. Néu ta goi gia tri co
dinh nay la d va gia tri con lai 1a x, (torc 1a néu d = a thi xo = b, néu d = b thi x, = a) thi céac gia tri
x, dugc tinh theo cong thirc:

G, —d]
f(x,) = f(d)
n=0,1,2,...
d va xo dugc chon cuy thé trong cac truong hop nhu sau:
(1) Néu f(x) 1a ham 15i trén [a,b], tic 12 f'(x) < 0, ta chon d cung dau véi '(x). Trong
truong hop (a) thi d =a, xo =b. Trong truong hop (b) thi d=b va x,=a.

n n-1

(4.13)

(2) Néu f(x) 1a ham 16m trén [a,b], tic 13 f'(x) > 0, ta ciing chon d cung dau véi '(x).
Trong truong hop (c) thi d =a, xo =b. Trong truong hop (d) thi d =b va x,=a.
Vay ta luén lubén chon d cing ddu véi f'(x).
C6 thé chung minh rﬁng day x, don diu tang hoac giam va bi chan, do d6 hoi tu dén gia tri a.
Tu (4.11) ta co:
f) = f(d)

Tur day suy ra f(a) =0 hay a chinh la nghiém ctua phuong trinh (4.1).

(4.14)

Ngoai cong thirc danh gia sai s6 chung cho phuong phap lap (4.9), néu thém diéu kién vé
fi(x) ta co the danh gié sai sO ciia nghi€ém gan ding x, thong qua 2 gan ding lién tiep x, va x,.;.
Dinh ly.
Gia st f(x) lién tuc va khong d6i du trén [a,b] va théa man:
3 my, M; sao cho 0 <m; < |f(x)] < M; <o véi V xe [ab] (4.15)
khido taco:
T _allOW (4.16)
m,
c. Vidu
Ta xét phuong trinh f(x) = sin(x) - x*cos(x) =0.

Phuong trinh nay c6 nghiém dung la x=0.
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Ta thiy néu a=-0.5, b =2 thi f(a) =-0.6988, f(b) = 2.5739, tirc 1a trai ddu. Vy ta co thé ap
dung phuong phap day cung. Bat € = 1.0e-03 ta c6 sau 3 budc 1dp ta nhan dugc nghiém 1a 0.0008.

Viy trong truong hop nay ta thiy phuong phap day cung hoi tu nhanh hon phuong phap chia
d6i. Piéu nay ciing d& hiéu, vi trong phuong phap chia doi ta khong hé tan dung tinh dic thu cia
ham f(x). Nghia Ia cho du ham f(x) kiéu gi thi ta ciing chi chia d6i khoang [a,b]. Con phuong phap
day cung thi chung ta da tan dung thong tin vé gia tri cia ham tai 2 dau ciia doan chira nghiém.
d. Nhidn xét thudt todan ddy cung

Thuat todn day cung la mét trong nhitng phuong phap dugc sit dung rong rai dé tinh gan
dung nghiém thuc ctia phuong trinh siéu viét. Uu diém cta no 1a thuat toan don gian. Nhuoc diém
13 tuy c6 nhanh hon thuat todn chia d6i nhung van con hoi tu cham, chi hoi ty tuyén tinh.
e. Cai dat chwong trinh cho thudt todn ddy cung

Sau day 1a doan chuong trinh chinh thé hién (mé ta) thuat toan day cung

/*Phuong phap tim nghiem bang phuong phap day cung tren khoang [a,b]*/
/*Phuong phap day cung de tim nghiem f(x)=0 trong khoang trai dau [a,b].

Neu co nghiem thi tra ve gia tri true, neu khong thi tra ve gia tri false.

x la nghiem, errx, erry sai so tren x va tren y, buoclap la so buoc lap

da thuc hien*/
int daycung(double (*f)(double),double a,double b,double &,

double &errx,double &erry,int &buoclap)
{clrscr();

if(fla)==0) {x=a;errx=erry=0;buoclap=0;return true;}

if(f(b)==0) {x=b;errx=erry=0;buoclap==0;return true;}

if(f(@) f(6)>0)

{cout<<endI<<'f(a) va f(b) khong trai dau';delay(1000);return false;}
int k=I1;double c,cp,aa,bb;aa=a;bb=b;//cp=c previouse

kvecto xa,xb;
xa[0]=a;xb[0]=b;

¢ = (a*f(0)-b*f(@)/f(b)-f(a);

if(f(a) *f(c)<0) b=c;else a=c;
xafl]=a;xb[1]=b;

while(true)

{ep=c;

¢ = (@*f(b)-b*fa)/(f(b)-f(@);

if(f(a) *f(c)<0) b=c;else a=c;

k++;

xafk]=a;xb[k]=b;
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if(fabs(c-cp)<epsix && fabs(f(c))<epsiy) break;
if(k>kmax)
{cout<<endI<<'Lap chua hoi tu sau ""<<kmax<<'" buoc'';
delay(1000);return false;
/
/
x=c;
errx=fabs(c-cp);erry=fabs(f(c));buoclap=k;
/

4.2.4. Phuong phap lap don
a. Mé ta phwong phdp
Gia sir phuong trinh (4.1) c¢6 nghiém trong khoang [a,b] va ta bién d6i dugc vé dang tuong duong
X = Q(X) (4.17)
, Tiép theo ta cl}on mot gia tri xo € [a,b] 1am gia tri xAp xi ban dau rdi tinh dan cac nghiém
xap xi X, theo quy tac
Xn = O(Xp1), n=1,2,... (4.18)
Phuong phéap nay goi 1a phuong phap lap va ham ¢ goi 1a ham 1ap.
b. Diéu ki¢n hji tu ciia phwong phdp va dinh gid sai sé
Diéu kién héi tu ciia phwong phdp lip:
Pinh ly. Gia sir phwong phap lip (4.17) va (4.18) théa mén cac dicu kién sau:
(1) [a,b] 1a khoang phan ly nghiém o cua phuong trinh (4.17)
(2) Moi x, tinhtheo (4.18) déu e [a,b].
(3) Ham o(x) c6 dao ham ¢'(x) vathoa man: | ¢'(x) | < q<1, xe (a,b)
Khi d6 phuong phap lap (4.18) hoi ty, tic la: x, > a khi n— o
Chirng minh.
Chung ta s& dung dén cong thirc Lagrange nhu sau:
Cho ham s6 g(x) lién tuc trén [a,b] va c6 dao ham trong (a,b). Khi d6 ton tai ¢ € (a,b) sao
cho g(b)-g(a) = g'(c)(b-a).
Bay gio ta chirng minh dinh Iy trén.
Vi a langhiém cua (4.4) ta co: o= ¢@(a)
theo cong thurc 1ap thi x, = @(X4.1)
Trir 2 dang thirc nay vé vai vé ta c6
o -Xp = Q) - Q(Xn-1) (4.19)
Ap dung cong thirc Lagrange vao vé phai cia (4.19) tacod
o -Xa = @'(c)(0 - Xn1)
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Tur day suy ra
| o -xn | = [ @'(c) | [t - Xn1| < q o~ Xn.if (4.20)
Vi bat dang thirc nay dung véi moi n, dodé cho n gidmdandén 1 tacod
ot -Xp | = | @'(c) | |0t - Xn1| £ q"|ot-%Xo] >0 khi n—> oo, (4.21)
Vaytacd | o -x,| — 0 khi n— oo, 14 diéu can ching minh.
Ddnh gid sai s6 phwong phdp lip:
Ta c6 thé dung cong thirc (4.21) dé danh gia sai sb ciia phuong phéap lap don. Tuy nhién
trong thuc t€ gia tri o lai chua biét nén ta phai thay khoang [a.,x(] bang khodng [a,b], va nhu vay
la-x,| < q"|b-a] (4.22)
Tuy nhién cong thirc ndy phu thudc vao a, b va khong sat voi thuc té, nhat 1a khi khoang
[a,b] I6n.
Sau ddy chiing ta s& dua ra mot cach danh gia khac, sat v6i thuc té hon.
Tu (4.20) ta co

o Xy | € qlot-Xna| =q| 0 -Xp+Xp-Xng| £q| 0 -Xn |+ q | Xn - Xno1

Vay

(1-q) | o -Xn | < q | Xn - X1
Hay

| A -Xp | < | Xn = Xp-1 (423)
Mat khac vi

l9'(x) [ < g<1,xe (ab)
Do do6

| Xn Xn-1 | = | @(Xn1) - 0Xn2)] =] 9'(C) | [ Xno1 - Xn2| < q | Xno1 - Xn2
Tur day suy ra

| Xn Xo1 | < g | X - Xo
Tac1a | Xy -Xn1 | hoi tu dén 0.
Két hop v6i (4.22) ta cod

| Xq - Xn1| <q" [ X1 - Xo| (4.24)

| o -X, | £

Ap dung (4.24) ta ¢ thé danh gia sai s6 | x, - o | qua cac gia tri l3p vira tinh. V& sau nay
khi xét dieu ki¢n dé dung qua trinh 1dp nguoi ta thuong danh gid qua [X,-X,.1|- Néu sai s6 cho
phép 12 & thi qua trinh 13p s& dimng néu [x,-X,.| < €.

Vi du.

Ta xét phuong trinh:

fx)=x> -x -1=0 (4.25)
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Theo vi dy & phan (4.1.3) ham s nay ludn don diéu, lién tuc trén [1;2] va f(1) = -1, f(2) =5.
Vay khodng [1,2] chinh la khoang phan ly nghiém. Ta sé dung phuong phap ldp dé tinh gan ding
nghiém o ctia nd. Ta s€ bién doi (4.25) vé dang (4.17). Vi du ta co thé viét
e(x) =x -1
Nhung luc d6
9'(x) =3x* >3 taimoi x € [1,2]
Véi cach chon nhu vay phuong phap lap khong cé hy vong hoi tu. Diéu nay co thé thay rd
trong bang sau:

n Xo =1
Xn = Q(%n-1)
0 1
1 0
2 -1
3 -2
4 -9
5 -730
Bay gio ta viét (4.25) dudi dang sau
x> =x+1
x=(x+1)"

e(x) = (x+1)"”
Luc d6
9'(x) = (13)(x+1) 22 = (1/3)(1/3/(x+1) 2) < 1/3 tai moi x e [1,2]

Ngodi ra @'(x) > 0, nhu vy ham @(x) théa man dinh 1y trén ddy do do ta c6 thé thyuc hién
qué trinh 13p véi gia tri bat ddu 1a X, =1 chang han.Ta c6 bang gia tri nhu sau:

n Xo =1
Xn = Q(Xn-1)

0 1

1 1.2599

2 1.3122

3 1.3223

4 1.3242

5 1.3246
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Ta c6 thé ldy nghiém xap xi 1a 1.3246
4.2.5. Phwong phap Newton-Rapson hay con goi 1a phwong phap tiép tuyén

a. Mé td phwong phap

Diéu kién dé thuc hién phuong phap Newton c6 phan chit hon 2 phuong phap ta vira khao
sat trén day. Ta gia thiét ring ham f(x) trai d4u tai 2 vi tri a va b, dong thoi ton tai dao ham cap
mot f(x) # 0 trong khoang [a,b], va dao ham cdp 2 tai xe (a,b).

Y chu dao cia phuong phap Newton 1a thay phuwong trinh (4.1) phi tuyén déi voi x bang
phuong trinh gan dang, tuyén tinh d6i véi x.

Trudce hét ta nhéic lai dinh Iy vé khai trién Taylo cia mgt ham nhu sau:

Pinh ly. Cho ham sb f(x) xéac dinh va c6 dao ham dén cdp n+l1 tai xo va lan cén cua x.
Gia su h 1a mot gia tri sao cho x¢ + h cling thudc lan can nay. Ta c6 cong thirc sau day dugc goi la
khai trién Taylor bac n cua f(x) tai xo:

h n+l

(n+1)!

h’ h

f(xo +h) = f(x0) + u f(xo) + —f'(x0) +.. .+ n £ (xo) + £ D(c)
1! 2! n!

Trong do ce (Xo,Xoth)
Dura vao khai trién Taylo, ta s& x4c dinh mot ham @(x) va tim nghiém cua (4.1) bang phép lap:

Xnt1 = Q(Xn)
Gia str x 1a nghiém dung cua (4.1), con X, 1a nghiém xép xi tai budc lap thi n. Ta dit

x=X,+Ax,. Theo khai trién Taylo ta co
2

f(x) = f(xn + AXp) = f(Xq) + AX,f'(X,) + A);‘ f'(c)=0

Néu Ax, du nho thi ta c6 cong thirc gan dung:
f(xn) + Axaf'(xn) = f(x)= 0

Tu day
N (C5)
f(x,)
Vi AX,=x-X,
Do do
F¥
f'(x,)
Va ta suy ra cong thuc 1ap cho phép lap Newton:
Xn+1 = Xn — w 4.25)
f'(x,)

Vé ¥ nghia hinh hoc X, chinh 14 giao diém cua tiép tuyén duong cong y = f(x) tai diém
(Xn,f(Xn)) V6i truc hoanh. Do d6 phuwong phép nay con duoc goi 1a phuong phap tiép tuyén.
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T diém (x,f(xy)) ta v& tiép tuyén ctia dd thi y = f(x). Phuong trinh db thi nay 1a
y = f(Xn) + f(Xn)(X-Xp).
Gia st duong tiép tuyén nay cat truc hoanh tai x,., ta co
0 = f(xs) + f'(Xn)(Xn+1-Xn)
Tur day suy ra
ACH
f'(x,)

Cong thue nay cling chinh 1a cong thirc (4.25) & trén.

Xn+1 = Xn

b. Diéu kién héi tu ciia phwong phdp Newton va dinh gid sai so

Pinh ly. Diéu kién du dé phuong phap tiép tuyén hoi tu:

Gia sir nhitng diéu kién sau day thoa man:

f(a)f(b) < 0, tic 1a gia tri ham f(x) trai ddu tai hai dau doan [a,b].

Ham f(x) c6 dao ham bac nhit va bac 2 f\(x) va f'(x), v6i f(x) va f(x) lién tuc trén [a,b], £’
va f'' khong doi dau trong (a,b) (tirc 1a ham f(x) don di¢u, 161 hodc 16m trong doan [a,b]).

Xép xi ddu x, duoc chon € [a,b], sao cho f(xy) cang diu véi f'(x), tic 1a f(xo)f'(x) > 0
(ham 161 thi chon phia gia tri ham am, ham I0m thi chon phia gia tri duong).

Khi d6 day x, dugc dinh nghia boi (4.25) s€ hoi tu toi o

Pdnh gid sai s6 ciia nghiém gan ding.

Ngoai cong thirc danh gia sai s6 (4.9), néu thém diéu kién vé f'(x) ta c6 thé danh gi sai sd
cua nghiém gan dung x, thong qua 2 gan ding lién tiép X, va X,..

Dinh ly.

Gia sir fI(x) lién tuc va khong doi dau trén [a,b] va thoa mén:

3 m;, M, duong sao cho m; < |f(x)|; f'(x) <M, voi V xe [a,b] (4.28)

khi do taco
M
Xn - 0] € —2|Xq - Xp1] 2 (4.29)
®h
Churng minh.
Dung cong thire khai trién Taylor cho f(x,) tai x,.; ta cé
_# _ 2
o = flsp) + 2 10+ e lpg @s0)

trong d6 ¢ € (Xp.1,Xn)
Theo (4.25)

S,
£1G,0)

Xn = Xp-1
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Tu day
f(Xn-1) + (Xn - Xn ) (Xn1) =0
Thay vao (4.30) ta co

f(Xn) _ (-xn _2)'611—1) f‘(C)

Nhu vay theo (4.27) va (4.28)

2

— M

(1| < | f(‘xn)l — (xn xn—l) f'(C) < 2 |Xn - X 2 (431)
m, 2m, 2m,

|Xn

La diéu can chtirng minh.
c. Vidu vé phwong phdp Newton
Tinh 2 bang cach giai phuong trinh sau:
f(x) =x*-2=0 (4.32)
Giai:
Ta thiy (1) = -1, f(2) = 2, nhu vay diéu kién 1) thoa man.
f(x)=2x>2 véimoi x € [1,2]
f'(x)=2>1 véimoi x € [1,2], vay diéu kién 2) thoéa man
Vi f(2) = 2, nén ta chon xo =2, nhu vay thi f(2)f’(x) = 2.2 = 4 >0 va diéu kién 3) thoa man.

Vay ta c6 thé ap dung phuong phap lip Newton dé tinh nghiém xap xi ciia phuong trinh
(4.32). Ta c6 bang sau

n Xo=2
Xn+1 = X - T(X)/F°(Xn)
0 2
1 1.5
2 1.417
3 1.41421

Ta c6 thé l4y nghiém x&p xi 1a 1.41421. Ta biétring ~/2 = 1.414213562, nhu vay phuong
phép lap Newton hdi ty rat nhanh.

d. Nhin xét vé phwong phdp Newton

Nho viée sir dung dao ham cua ham sd f(x) nén néi chung phuong phap Newton hoi tu
nhanh hon phwong phéap chia d6i va phuong phap dy cung. Tuy nhién viéc kiém tra diéu kién dé
ap dung phuong phap Newton phirc tap hon. Nhing diéu kién dé phuong phap Newton hoi tu 1a
quan trong va can thiét phai kiém tra khi 4p dung phwong phéap nay. Vi du twong Gmg véi hinh v&
sau ddy chi ra rang co truong hop néu ap dung cic phuong phéap chia doi hodc day cung thi qua
trinh 13p s& hoi tu, con néu ta ap dung phuong phap Newton nhung chon diém xut phat khong
thich hop thi khong dat duoc két qua nhu mong mudn.
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e. Chuong trinh minh hga phuwong phap Newton (tiép tuyén)

Sau day 1a doan chinh ctia chuong trinh thé hién (moé ta) phuong phap newton :

/*Phuong phap tim nghiem bang phuong Newton tren khoang [a,b]*/
/*Phuong phap Newton de tim nghiem f(x)=0 trong khoang trai dau [a,b].
Neu co nghiem thi tra ve gia tri true, neu khong thi tra ve gia tri false.
x la nghiem, errx, erry sai so tren x va tren y, buoclap la so buoc lap
da thuc hien*/
int ttuyen(double (*f)(double),double (*f1)(double),double a,double b,
double &x,double &errx,double &erry,int &buoclap)
{clrscr();
if(f(a)==0) {x=a;errx=erry=0;buoclap=0;return true;}
if(f(b)==0) {x=b;errx=erry=0;buoclap=0;return true;}
if(f(a)"f(b)>0)
{cout<<endl<<'f(a) va f(b) khong trai dau';delay(1000);return false;}
int k=0;
kvecto xb;double xp,xn;//previouse x;
xb[0]=b;
xn=b;
while(true)
{if(f1(xn)<epsiyl)
{cout<<endl<<"Dao ham qua be';delay(1000);return false;}
Xp=xn;
xn = xn-f(xn)/f1(xn);
k++;
xb[k[=xn;
if(fabs(xn-xp)<epsix & & fabs(f(xn))<epsiy) break;
if(k>kmax)
{cout<<endI<<'"Lap chua hoi tu sau "<<kmax<<" buoc'';
delay(1000);return false;

/
/
errx=fabs(xn-xp);erry=fabs(f(xn));buoclap=k;

X=xn;
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4.3. BAITAP
Bai 1. Hiy mé ta phuong phap chia doi dé tim nghiém gan dung ctia phwong trinh phi tuyén.
Bai 2. Hiy mo tap huong phap ddy cung dé tim nghiém gan dung ciia phuong trinh phi tuyén.
Bai 3. Hiy mo ta phuong phap tiép tuyén dé tim nghiém gan dung ctia phuong trinh phi tuyén.
Bai 4. Hay mo ta phuong phap lip don dé tim nghiém gan dung ciia phuong trinh phi tuyén.
Bai 5. Giai gan dung phuong trinh:
x-1/2sinx = 0,25
bang phuong phap lip v6i 4 1an lap.
Bai 6. Dung phuong phép chia dol tinh nghiém gan ding cua phuong trinh: x*-x-1 qua 4 budc
1ap. Danh gié sai sO |x 4-0 |
Bai 7. Dung phuong phap diy cung tinh nghiém gan dung clia phuong trinh: x3-x-1 qua 4 budc
lap. Panh gia sai s0 [x4-a |
Bai 8. Dung phuong phép chia d6i tinh gan dung J5 qua 4 budc lap. Panh gia sai sb [x4- J5 |
Bai 9. Dung phuong phép lip hay tinh gan dung nghiém dwong 16n nhit cua phwong trinh:
X’ - x - 1000 =0
v6i sai sb tuyét d6i khong 16n hon 107,
Bai 10. Thir lai hodc viét méi cac chuong trinh cai ddt cac thuat toan rdi chay thir dé kiém tra cac
ket qua trén day.
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TOM TAT NOI DUNG CHUONG 4

Trong chwong nay chiing ta cin chii y nhit 1 cic van dé sau:
1. Khoang phén ly nghiém
Pinh nghia. Khoang [a,b] dugc goi 1a khodng phéan ly nghi¢ém cua phuong trinh (4.1) néu
n6 chtra mgt va chi mgt nghiém cua phuong trinh do.
Pinh ly. Néu ham s6 f(x) lién tuc, don digu trén doan [a,b] va f(a)f(h)<0 thi doan [a,b] 12
mot khoang phan ly nghiém ctia phuong trinh (4.1)
2.Phwong phap chia déi (bisection):
- Phuong phap:
+ Xéc dinh khoang phan ly nghiém [a,b]
+Tinh gia tri cua nghiém gz‘in ding & budc lap thh i trén khoang phan ly nghiém [a;,b; ]
(1=0,1,2...) theo cong thirc x;= (aj+b; )/2 vdi ag=a;be=b. Sau d6 la xac dinh khoang phan ly méi
cho nghiém ¢ budc méi thtr i+1 14 [ai1,bi; ]. Cir tiép tuc phép 1ap nhu thé cho dén khi nao
thoa mén diéu kién dimg ctia phuong phap.
- Panh gia sai s6:
Gia st & budce lap cudi cung 13 bude thirc n (i=n) ta di xac dinh duoc nghiém gan dung

la—b]

n+l °

Xq. Khi d6 sai s6 duge danh gia nhu sau:|x, - a|< (Trong do6 o la nghi¢m ding cua

phuong trinh (4.1)
3.Phuong phap day cung
- Phuong phap:

+ Xéc dinh khoang phan ly nghiém [a,b]

+Tinh gia tri ciia nghiém gan ding ¢ budc 1ap th i trén khoang phan ly nghiém [a;,b; ]
aif(bi) _bif(ai)

S = f(a,)

phan ly méi cho nghiém ¢ budc méi thir i+1 14 [aj.1,bisy ]. Cir ti€p tuc phép ldp nhu the cho
dén khi nao thoa man dic€u kién dirng cua phuong phap.

(i=0,1,2...) theo cong thirc x;i= voi ag=a;b=b. Sau d6 la xac dinh khoang

- Panh gia sai s6:

Gia st & budce lap cudi cung 1a bude thirc n (i=n) ta di xac dinh duoc nghiém gan dung
| f(x,)|
m
phuong trinh (4.1), va 0 <m, < |f(x)] v6i V xe [a,b]). Hodc ta c6 danh gid sai sé thirc 2

xn. Khi d6 sai s6 dugc danh gia nhu sau: |x, - a| < . (Trong d6 a la nghiém dung cua

M, —m
la:|x, - af < —1 1 [Xn = Xn.1-
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4 Phwong phap lap don
- Phuong phap:
+Xéc dinh khoang phan ly nghiém [a,b] cua (4.1), phuong trinh (4.1) chuyén vé
dang x = @(x), voi diéu kién :|¢’(x)| <q<1 trén (a,b).Tiép theo ta chon mot gia tri xo € [a,b]
lam gia tri xap xi ban dau r6i tinh dan cac nghiém xap xi x; theo quy tac:
Xi = @(Xi.1), i=1,2,.. cho t6i khi nao thao méan diéu kién dimg ctia phuong phap.
- Panh gia sai s6:

Gia sir & bude 1ap cudi ciing 1a bude thire n (i=n) ta di xac dinh dugc nghiém gan dung x,.

Khi d6 sai s6 dugce danh gia nhu sau: [x, - o < ¢" | b-a | hodc [x,- o <q" | X1 - Xo| -

I-¢q
5 Phwong phap tiép tuyén
- Phuong phap:

+ Xac dinh khoang phan ly nghiém [a,b] ciia phuong trinh (4.1).

+Tinh gié tri ciia nghiém gan duing & budc lap thir i theo cong thirc
S (x;)
JAEAN
Xép xi dau xo duge chon € [a,b], sao cho f{xy) ciing diu véi f''(x), tirc 1a f(xo)f'(x) > 0
(ham 161 thi chon phia gia tri ham am, ham 16m thi chon phia gia tri duwong).

Xitl = Xi—

- Pénh gia sai s6 :
Gia st ¢ budc lap cudi cung la budc thic n (i=n) ta da xac dinh dugc nghiém gén
X
G e

m,

dang x,. Khi do sai so dugc danh gia nhu sau: [x, - o <

M
|Xn B O('| < 2 |Xn - Xn—ll 2
2m,
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Chirong 5: Tinh gan ding dao ham va tich phan xdac dinh

CHUONG 5
TiNH GAN DUNG DAO HAM VA TiCH PHAN XAC BINH

MUC PiCH, YEU CAU

Sau khi hoc xong chwong 5, yéu ciu sinh vién:

1. Hiéu va nim dugc thé nao 1a bai toan tinh gan dang dao ham va tich phan xéac dinh

2. Nim duoc cac phuwong phap tinh gan dung dao ham, qua d6 biét cach tinh gi4 tri gan
ding dao ham cho mot ham bat ky.

3. Nam duoc cac phuong phap tinh gin dang tich phan xac dinh, qua d6 biét cach tinh gia
tri gan dung tich phan xéc dinh cua mot ham bat ky

4. Biét cach ap dung cac phuong phéap tinh gin ding trén vao viéc giai cac bai toan ngoai
thuc te.

5. Biét cach danh gié sai s6 ctia timg phuong phap.

5.1 TINH PAO HAM
Nguoi ta thuong ding mét sb phuong phap dé tinh gan ding dao ham cia ham f(x) tai x
trong d6 hai phuong phap sau day thuong dugc dung nhat:
5.1.1. Ap dung da thirc ndi suy
Gia stir nguoi ta phai tinh xép xi dao ham ctia ham s& f(x) trén doan (a,b). Trudc hét nguoi ta
thay ham f(x) bang da thirc noi suy p(x), sau do lay dao ham p'(x) va coi 1a xap xi cua dao ham f\(x).
Vi du.
Gia su ta xac dinh dugc da thirc ndi suy la:
p3(x) =8x° -29x +5
Khi d6 dao ham:
ps'(x) = 24x* -29 dugc xem 1a x4p xi cia f(x).
5.1.2. Ap dung cong thirc Taylor
Theo cong thure Taylor ta co

h h?
flx-+h) = 09 + 069 + —-F'(0)

c=x+6h, 0<0 <I
Khi | h | kha bé thi c6 thé bo qua sé hang h?
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f(x+h) - f(x) = hf(x)

Viy ta co: £(x) ~ f(“hz_f(x)

Pay ciing chinh 1a dinh nghia ctia dao ham. Vay cach ding khai trién Taylor ciing chinh 1a
cach dung dinh nghia dao ham.

Chuong trinh minh hoa
Sau day la doan chicong trinh chinh thé hién (mé ta) phicong phdp tinh gan ding dao ham
bang phirong phdp ngi suy
/*Noi suy dung da thuc Vandermon roi tinh dao ham*/

/*Tra ve gia tri da thuc noi suy tai x; avan[i] la cac he so cua da

thuc giai truc tiep tu ma tran Vandermon, xqs[I] la

cac diem quan sat*/
double poli(double x) //Tinh da thuc bang phuong phap Horner
{int i;double s;
s=avan[nqs];
for(i=ngs-1;i>=0;i--) s=s*x+avanfi];
return s;
/

///
/*Tra ve dao ham gia tri da thuc noi suy tai x; avanfi] la cac he so cua da

thuc giai truc tiep tu ma tran Vandermon, xqs[i] la

cac diem quan sat*/
double polil(double x) //Tinh da thuc bang phuong phap Horner
fint i;double s;
s=nqs*avan[ngqs|;
for(i=ngs-1;i>0;i--) s= s*x+i*avanfil;
return s;

/

//
/*Noi suy bang cach giai truc tiep he phuong trinh tuyen tinh voi

ma tran Vandermon */

void nsvandermon(double *a)
fint i,j k,nl;kmatran aa;kvecto b;
//Tinh ma tran Vandermon

for(i=0;i<=ngs;i++)
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{aali][0]=1;
Jor(j=1;j<=nqs;j++)
aafil[j|=aali][j-1]*xqs[i];
/
Jor(i=0;i<=nqs;i++) aafil[nqs+1]=yqs[i];
gjordan(aa,a,nqs);

/

5.2. TINH GAN PUNG TiCH PHAN XAC PINH
5.2.1. Mb ta bai toan

Xét tich phan xac dinh ciia mot ham sé f(x) trong khoang [a,b]
b
= j f(x)dx (5.1)

Néu ham f(x) lién tuc trén [a,b] va c¢6 nguyén ham F(x), thi I ¢ thé tinh mot cach don gian

thong qua cong thirc Newton-Leibniz:
b
= j f(x)dx = F(b) - F(a) (5.2)

Tuy nhién trong thuc té thi chiing ta thudng gip trudng hop ham f(x) khong c6 nguyén ham
hodc nguyén ham qua phirc tap khong thé xac dinh dugc. Trong nhitng trudng hop nay ngudi ta
phai tinh gan dtng (5.1). C6 nhiéu cach dé tinh gan ding tich phan, vi du c6 thé dung ngay dinh
nghia cua tich phan

n—>+w0

1= lim $ fxo)ax; (5.3)
i=0

Tuy nhién téng Darboux hdi tu rat cham, do d6 dé dat dugce do chinh xac cao doi hoi mot
khéi lugng tinh toan rat 16n. Do d6 trong thuc té nguoi ta hau nhu khong dung (5.3) dé tinh x4p xi
tich phan.

Sau day 1a mot s& phuong phép tinh gan dang tich phan hay dugc dung. Y tuéng co ban cua
phuong phap nay 13 chia nho khoang [a,b] can l4y tich phan, sau d6 trén mdi khoang nhé niy ta
xap xi ham s bang mot da thirc. Vi cac da thic ta c6 thé dung nguyén ham cua ching dé tinh
tich phan, sau d6 ta cong cac tich phan thanh phan dé dugc xap xi cia tich phéan toan thé.

5.2.2. Cong thirc hinh thang

a. Mo ta phwong phap
Ta chia doan [a,b] thanh n doan con bang nhau:
a=%x0<x;<..<x,=Db
b—a

n

X;=a+ih, h =

i=0,1,2,... n
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Thay dién tich hinh thang cong bang dién tich hinh thang thiang ta duoc

t n+y
jf(x)dx ~ hol 22
) 2

Thuc chét ciia (5.4) 13 ta dd thay ham f(x) bang ham ndi suy

X—X

Ay,
p(x)=yo + S (X-X0) = yo t Ayo

X—X
Pat t= ho,hay X =X+ th tacd dx=hdt

2 1 2

I =],
[p0odx = [ (yo+ thyohdt=h (tyo +—Ayo) |, =
A 0

1 +
:h(Y0+§AY0):h %

Nhu vay

b
IZIf(x)dsz*z Z)Z;a(y()+2y1+,,,+2yn_1+yn)=
n

a

+
:h(% +Y1+---+Yn-1)

b. Pdnh gid sai sé
Dinh ly.
Gia sir ham s6 y = f(x) c6 dao ham cép 2 lién tuc va
[ f'(x) | £M;, x € [a,b]
khi d6 ta c6 danh gia
|T-T# < %h2(b-a)

c. Vidu
Hay tinh gén dung tich phan

I = j (1/(1+x2))dx

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

Ta da biét gia tri ding cua tich phan nay 1a 7/4. Nhu vay I ~ 0.78539816

Ta s& tinh gan dting I bang cong thirc hinh thang rdi so sanh két qua.
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Chia doan [0,1] thanh n= 10, doan con bﬁng nhau, tirc la h=0.1; ta tinh ra bang sau:

n X y

0 0.0 1.0000000
1 0.1 0.9900990
2 0.2 0.9615385
3 0.3 0.9174312
4 0.4 0.8620690
5 0.5 0.8000000
6 0.6 0.7352941
7 0.7 0.6711409
8 0.8 0.6097561
9 0.9 0.5524862
10 1.0 0.5000000

Ap dung cong thirc hinh thang ta dugc:
Vo +y10
2

Thay gia tri tr bang trén vao ta co:
I ~0.7849815 vdi sai s6 tuong ddi 1a 0.054%.
d. Chwong trinh minh hoa

I:h( +yl+...+Y9)

Thuat toan dugc thyc hién trong chuong trinh c6 khéc chut it so véi thuét toan da trinh bay ¢
trén. Xuét phat tir n=1, h=b-a, ta s& ting n 1én gap d6i tai mdi budc tinh toan. Qua trinh tinh toan s&
dung lai néu su khéc biét cua tich phan xép xi & bude hién tai so v6i bude trude d6 nhé hon mot sb
epsilon cho true. Ta s& phan tong tich phan thanh 3 tong s0,s1 va s2. Tong s0 = (f(a)+f(b))/2; mdi
lan tang n 1én gép doi thi ta chi can tinh lai tong s2 & cac vi tri 1,3,5,...,n-1. Tong s1 1a tong cua cac
gid tri ham tai cac diém khong phai 1a dau mut. Sau khi tinh lai s2, ta tinh lai s1 bang phép gan
sl=sl+s2
Va tong xap xi cia tich phén 1a
I, =h(s0+s1)

Sau day 14 doan chinh ctia chuong trinh thé hién ( m6 ta) thuat toan

/*Phuong phap tinh xap xi tich phan bang phuong phap hinh thang
tren khoang [a,b]*/
/*Phuong phap hinh thang tinh tich phan xac dinh trong khoang [a,b].
Bien gttp la gia tri xap xi cua tich phan tinh duoc.
Tra ve gia tri true neu da dat duoc do chinh xac*/
int hinhthang(double (*f)(double),double a,double b,double &gttp,
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double &err,int &khoangchia)
{clrscr();
double s0,s1,s2,h,tp,tp1;int k,nkc,i;
kvecto x;
nkc=1;
h=b-a;
SO=(f(a)H(b)/2;
s1=0;
tp=(s0+s1)*h;
do
{tpI=tp;
nkc=nkc*2;
h=h/2;
$2=0;//Bat dau tinh tong tai cac diem moi
Sfor(i=1;i<nkc;i+=2) s2+=f(a+i*h);
sI=sl+s2;
tp=h*(s0+s1);
if(nkc>nmax)
{cout<<endl<<'"Tich phan chua hoi tu voi "<<nmax<<'" khoang chia'’;
delay(1000);return false;
/
/
while(fabs(tp-tp1)>epsi);
err=fabs(tp-tp1);khoangchia=nkc;gttp=tp;
return(true);

/

5.2.3. Cong thirc parabol (Simpson)
a. Mé ta phwong phdp
Ta chia doan [a,b] thanh 2n doan con bfmg nhau

Aa=%X0<X;<..<Xy=Db

x—a+ihh=2"¢
2n

yi = f(x)

1=0,1,2,....,2n
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Pé tinh tich phan (5.1) coi khoang ndi 3 diém lién tiép nhau 1 1 doan (nhu vy qua 2n+1
diém ta c6 n doan), doan thur i(i =0,1,...,n) gdm cac diém Xy;, Xi+1, Xai+2, Va trong moi doan con ta
dung da thtrc ndi suy bac 2 px(x).

Gia str cac diém cua mot doan con 1a xo,x;,X, va cac gid tri f(x) twong tng 13 yo, y1, y2 ,
ta co:

2 2
j f(x)dx ~ j pa(x)dx (5.9)
20 X0
trong do
A A
Pax) Yot (e R (e o)
X—X X—X,)(x—x
:y0+Ay() 0 +A2y0( 0)(2 l) (5‘10)
2h
= X=X .
bat t= , hay x =% +th tacd dx =hdt,
néu x =x, thi t=0, x=x, thi t=2.
Nhu vay
2 2 2
t(r—1
j f(x)dx ~ j p(x)dx  =h j (yottayo + L= p2g i =
20 0 0 2
— h(tyot L CAye+ — (€3 - /2)A%0) | =
=h(tyot— CAyo+ — (V3 - /2)80) | =
1 5 h
=h(2yo+2Ay, + 5 (8/3-4/2)A%y0) = S (Yot 4yt y2)
Tinh tich phan x4p xi cho ting doan [x¢,X2], [X2,X4], ... ;[X2n2,X2n] V& cOng lai ta cO

b
h
J‘ f(X)dX ~ I* = E [(yO +Y2n) B 4(}’1 +Y3 +...+ Y2n_1) + Z(Y2 +Y4 +...+ Y2n-2)]

a

(5.11)
L (b-a)
2n
Cong thuce (5.11) dugc goi 1a cong thure Simpson.
b.Ddnh gid sai sé

Dinh ly.
Gia str ham s y = f(x) c6 dao ham cép 4 lién tuc va

| f9%) | <My, x € [a,b] (5.12)
khi d6 ta c6 danh gia

|T-1* | < ﬂh“(b-a) (5.13)

180
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c Vidu
Hay tinh gan dung tich phan

I = j (1/(1+x3))dx

Ta da biét gia tri diing cta tich phan nay 1 n/4. Nhu vy I ~ 0.78539816
Ta sé& tinh gan diing I bang cong thirc Simson rdi so sanh két qua.

Chia doan [0,1] thanh 2n =4 doan con béng nhau, véi h=0.25, ta tinh ra bang sau:

i Xi yi:f(Xi)
0 0 1

1 0.25 |0.941176

2 0.5 0.8
3 0.75 | 0.64
4 1 0.5

Theo cong thurc Simpson ta cé
I = (h/3)*(yo + ys+ 4y; +4ys +2y,). Thay cac gia tri & bang trén vao ta co
= (0.25/3)*(1 +3.76471 + 1.6 +2.56000 + 0.5) = 0.785399
d. Chwong trinh minh hoa

Sau day la doan chwong trinh chinh thé hién (mé ta) thuét toan:

//SIMSON.CPP
/*Phuong phap tinh xap xi tich phan bang phuong phap Simson
(pp cau phuong) tren khoang [a,b]

Bien gttp la gia tri xap xi cua tich phan tinh duoc.

Tra ve gia tri true neu da dat duoc do chinh xac*/
int simson(double (*f)(double),double a,double b,double &gttp,
double &err,int &khoangchia)
{clrscr();

double s0,s1,s2,h,tp,tp1;int k,nkc,i;

kvecto x;

nkc=1;

h=b-a;

h=b-a;

SO=f(@)+(b);

s1=0;

§2=0;
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tp=(s0+2*s1+4*s2)*h/3;
do
{tpI=tp;
sI=sl+s2;
nkc=nkc*2;
h=h/2;
§2=0;//Bat dau tinh tong tai cac diem moi
for(i=1;i<nkc;i+=2) s2=s2+f(a+i*h);
tp=(s0+2*s1+4%*s2)*h/3;
if(nkc>nmax)
{cout<<endl<<'"Tich phan chua hoi tu voi ""<<nmax<<'" khoang chia'"’;
delay(1000);return false;
/
/
while(fabs(tp-tp1)>epsi);
err=fabs(tp-tp1);khoangchia=nkc; gttp=tp;
return true;

/
53. BAITAP
Bai 1. Cho ham s6 y = logx véi sb cac gia tri tai x = 50; 55; 60; 65 tuan ty 1a 1,6990; 1,7404;
1,7782; 1,8129. Hay tinh dao ham cta y tai x = 50 va so sanh vai két qua truc tiep.
Bai 2. Cho tich phan
1
= J' dx
o 1+x
Hay chia doan [0,1] thanh n = 10 doan con bang nhau rdi tinh gan ding I va cho danh gia
sai s bang:
a) Cong thirc hinh thang
b) Cong thirc Simson
Bai 3. Cho tich phan
1 .
= J- sinx |
5 X
a) Hoi phai chia doan [0,1] thanh miy (n=?) doan con bang nhau dé khi tinh gan dung I
bang cong thic hinh thang bao dam duoc sai s6 tuyét doi < 3.10™

b) Vi n dy khi tinh theo cong thirc Simson  thi sai s6 1a bao nhiéu?
c) Hay tinh I voi n d4 chon & trén bang cong thirc hinh thang va cong thirc Simson dén 6
chir sO 1¢ thap phan.
Bai 4. ,Thfr lai hodc viét méi cac chuong trinh cai dat cac thudt toan roi chay thu dé kiém tra cac
két qua trén day.
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TOM TAT NQI DUNG CHUONG 5

Trong chuwong nay chiing ta cin chii y nhit 1 cic van dé sau:
1. Tinh gin diing dao ham

Nguoi ta thuong diung mot sé phuong phap dé tinh gan ding dao ham cia ham f(x) tai x
trong d6 hai phuong phap sau day thuong dugc dung nhat: Ap dung da thirc ndi suy va ap dung
cong thirc Taylor.

2. Tinh gin dung tich phan

- Cong thtrc hinh thang:
+ Cong thuec:
” Yo+
1= jf(x)dle*:h(% +yi+ .ot V)
véi b= =9
n

+ Panh gia sai s6
Gia st ham s y =1(x) c6 dao ham cép 2 lién tuc va
[ f'(x) | <M2, x € [a,b]
khi d6 ta c6 danh gia

|T-T* < &hz(b-a)
12
- Cong thue parabol (Simpson)
+ Cong thuc:
f h
=] £00dx = T =10 ty20) AT #Y3 - Yon) F 20243y

(b-a)
2n

voi h=

+ Panh gié sai s6
Gia sir ham s6 y = f(x) c6 dao ham cip 4 lién tyc va
| f9%) | <My, x € [a,b]
khi d6 ta c6 danh gia

M
|T-T* | < @h“(b-a)
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CHUONG 6
GIAI GAN DUNG PHUONG TRINH VI PHAN

MUC PICH, YEU CAU
Sau khi hoc xong chwong 3, yéu cau sinh vién:
1. Hiéu duoc vai tro va tim quan trong cuia bai toan giai gan ding phuong trinh vi phan.
2. Nam duoc cac phuong phap tim nghiém gan dung ctia phwong trinh vi phan.
3. Biét cach ap dung cac phuong phép trén vao viéc giai quyét cac bai toan thuc té.

4. Biét cach danh gia sai s6 cua timg phuong phép.

6.1. MO PAU
Nhiéu bai toan khoa hoc k¥ thuat dan vé viéc tim nghiém phuong trinh vi phan thoa méan
mot s6 diéu kién nao d6. Nhiing phuwong trinh vi phan mé ta nhimg hé co hoc, 1y hoc, hoa hoc,
sinh hoc n6i chung rat phurc tap, khong hy vong tim 10i giai dung.
Trong chuong nay ta nghién ctru bai toan don gian nhit cua phuong trinh vi phéan 1a bai
todn Cauchy doi véi phwong trinh vi phén cdp 1 nhu sau:
Hay tim ham y=y(x) théa man:
y'(x) =f(x,y) xe€ [a,b], xo=a (6.1)
¥(X0) =Yo (6.1b)
Diéu kién (6.1b) dugc goi 1a diéu kién ban dau hay diéu kién Cauchy.
Tuong ty, bai toan Cauchy di v6i phwong trinh vi phan cap n duge mé ta nhu sau:

Hay tim ham y=y(x) théa man:

vy = fxy.yy?,..y" ) (6.2)
y(Xo) =0to, Y'(X0) =01, Y(%0) = 2, ..y Y (X0)= 001
trong d6 f() 1a mot ham da biét cia n+1 d6i s6 x,y,y,y?,...y""; x0, b, atg, 0y ..., Otpy 12

nhing s6 cho trude.
(6.1) con duge mé rong cho hé théng cac phuong trinh vi phan cdp mot véi bai toan Cauchy
chu sau:
yi'= fi(X,y1, Y25+, Yn)
y2'= H(X,Y1, Y2500 Yn)
(6.3)
Yo' = fa(X,¥15 Y2505 Yn)
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v1(Xo) =01, Y2(X0) = o, . - ., Yn(X0)=0ln
x €[a,b],xp=a
Néu dit
4= [a, a,..., ocn]T
Y= [Y1 Yareos Yol
=y Yo Yl
F=[f, B,..., £,
Bai toan (6.3) c6 thé viét gon hon dudi dang vecto nhu sau:
? =?(x, §), xe [a,b], Xo=a
§ (xo) =4
‘ Ghi Ch’l'l. thlmng trinh vi phan cip n c6 thé dua vé hé cac phuong trinh vi phan cip mot
bang phép bién doi
V=Y V2 =Y s iy =y
Noi chung c6 hai nhom phuong phap dé giai cac phuong trinh vi phan thuong:
Phuong phap tim nghiém chinh x4c: bang cach dwa vao cach tinh tich phén truc tiép, xac dinh
duogc dang tong quat cia nghiém roi dya vao di€u kién ban dau dé xac dinh nghiém riéng can tim.
Phuong phép tim nghiém gan dung xut phat tir diéu kién ban dau. Phuong phap nay co thé
ap dung cho mot 16p phuong trinh vi phan rong hon rat nhiéu so voi phuong phap truc tiep, do do
duoc dung nhiéu trong thyc te.

Trong phan tiép theo ta s& tip trung vao nhom phuong phap thir hai.

6.2. PHUONG PHAP EULER
Tro lai bai toan
y'(x) =1f(x,y) xe [ab], xo=a (6.4)
¥(X0) =Yo
Céch giai gan dung (6.4) l1a tim céc gia tri gan ding y; cua gia tri ding y(x;) tai cac diém
xi, 1=0,1,2,... n, trong do6
a=%x0<x1<...<x,=b
Xi = X +1h, 1i=0,1,...,n-1
_b-a

n

h

Ta d3 biét Yo =0l, ta s€ lan luot x4c dinh y; tai x, roi y, tai Xp, va ndéi chung tur gia tri g'?ln
ding y; tai x; tas€tinh yjy tai Xj.

Phuong phép Euler ciing nhu mot vai phuong phép s& duogc trinh bay s& dua vao gia thiét
sau ddy (cho du gia thiét nay néi chung khong thé kiém tra duogc)

Gia thiét rang bai toan (6.4) c6 nghiém duy nhat y = y(x), xe [a,b], a = X,, va nghiém y(x)
du tron, nghia 1a né c6 dao ham dén cip du cao. (6.5)
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Ta khai trién Taylo nghiém y(x) cta (6.4) tai x;
X=X, (x—x,)° .
T y'(xi) + Y (ci), ci € (xi,X) (6.5)

Thay x = xj+1 = X; + h, y'(xj) = f(x;,y(xi)) vao déng thtre trén ta co

y(x) =y(xi) +

2

h
y(Xir1) = y(xi) + h f(x,y(x))) + 7}’"(00: Ci € (Xi,Xi+1) (6.6)

Bo qua s6 hang cudi cing bén phai, dong thoi thay cac gi tri dung y(xi1), y(xi),
f(x,y(xi)) bang cac gia tri xap xi yi1, yi, f(X,yi) vao (6.6) taco
yir1 = yi T h {(x;,y1) (6.7)
Vi gia tri yo = y(Xo) = oo ban dau (nhu vy y, la gia tri dung ctia y(x)), ta ¢ thé tinh tiép
cacgiatri yi,1=1,2,...,n.
Cong thirc (6.7) dugc goi 1a cong thirc Euler. Cong thirc nay cho ta cach tinh yi., khi da biét
yi ma khong phai giai mot phuong trinh nao. Vi vay phuong phap Euler 1a mdt phuong phap hién.

Sai s6 dia phwong ciia phwong phap Euler la

h 2
Ri(h) =y(xj)-yi = 5Y"(Ci—1) = O(h?) (6.8)
Nguoi ta chitng minh dugc rang: sai s6 ctia phuwong phap Euler tai diém x; 1a
| yi- y(xi) | < Mh (6.9)

trong d6 M la hing s6 khong phy thudc h.

Diéu nay ching to rang khi h — 0 thi y; — y(x;) tai moi diém x; c¢6 dinh. Tuy nhién viéc
xéac dinh gid tri M rat phtic tap. Vi vdy trong thuc hanh nguoi ta thudng 1am nhu sau: Qua trinh
tinh duogc chia lam nhiéu buéc, khoang cach gitra cac diém x; va x4, O budc sau sé 1a mot nira

—a

khoang céch cua budc trude, tic 1a hy; =h/2 . Néu goi lan dAu tién v6i h= ta goi la lan

n
tht 0 v6i n+1 diém chia thi tai 1an thi k+1 s& c6 n.2"" +1 diém chia. Trong s6 diém chia nay thi
c6 n.2%+1 diém chia trung voi lan thi k. Cac diém trung do 1a 0,2,4,..., n.2¥!. Tai cac diém chia
nay ta c6 & 1an thir k gia tri xdp xi ciia y; 13 y;¥, con & 1an ther k+1 thi gid tri xap xi gia tri y tai
vi tri nay lai 1a y5®"". Ta xét dai luong sau

maxdiff = max |y * -y, ¥ ,i=0,1,2,...,n.2"

Va s& dimg qua trinh tinh todn néu maxdiff nhé hon gia tri & kha nho cho truéc.
Ta c6 thé mé ta thuat toan Euler dé cai dit trén may tinh theo cac budc sau:
a. Thudt todn cho mot lan chia khodng duy nhit.
Nhép a,b,yo va n.
b-a
n
Véi 1=1,2,..., n tinh

Dit h=

, Xp = 4.
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¥i = Yiet T hi(Xi1,yi1)
Xi=Xi1 T h
b.Thudt todn cho nhiéu lan chia khodng.

- Buwéce 0: Nhép a, b, yo, kmax va 0.

(

. b—a
bat hy = ,x =a, " =yo

n

; 0 _ _.(0 0 0 0 _ ,.(0) -
Tinh y@ = @ +hf(x*, @), x” = x” +he,i=12,..n

i— i—-1

- Bwoec 1:
3 — hO (C) a0 —
bat h, = 5 , Xy =a, Yy =Yo

’ 1) _ 1 1 1 1) _ 1 e¥_
Tinh " =3O +hf(x", yD),x" = xO +hy,i=1,2,...,n2

i—

di=max |yx"-y;®i=0,1,2,..n

Néu d; <e thi dimg thuat toan va 1ay mau (xo,y0), (X1,¥1)s ..., (X2n,y2s) 1am nghiém
xép xi.

Néu 2 diéu trén day khong xay ra thi chuyén qua budc (3).

- Buéce k:
= hk—l (k) (k)
Dat hk:Taxo =a, Yo = Yo

, B _ L (k k k K _ o (k . k
Tinh yl.( ) = y( ) +hf(x.( f,yi(fl)),xi( Y= xffl) +h,1=1,2,...,n.2

i-1 i=

dk = maX | Yai ® Yi ] |9 i2071)27“'7n~2k_1

Néu dy <e thi dimg thuat toan va ldy mau (xo,y0), (X1,¥1), -.., (Xx,yn), trong d6 N = n.2"
lam nghiém xap xi.

Néu k > kmax thi théng bao phép lap chuwa hoi tu va ciing dimg thuét toan.

Néu 2 diéu trén day khong xay ra thi chuyén qua budc (k+1).

c.Chwong trinh cai dat thuat toan Euler:

//EULER.CPP

/*Phuong phap Euler giai gan dung phuong trinh vi phan y'=f(x,y)*/
#include "'zheader.cpp"

#define kmax 17

const double epsi=1.0E-02;

double g(double,double);//a=0,b=1

double yg(double);//La nghiem dung y=y(x) cua phuong trinh y'=g(x,y)
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int euler(double (*f)(double,double),double (*yf)(double));
/*Phuong phap Euler giai phuong trinh vi phan tren [a,b].
Y'(®)=f(x,y), y(x0)=y0.
Neu buoc lap vuot qua kmax thi tra ve false

Ham yf la nghiem dung de so sanh*/

//I
double g(double x,double y)
{return x*y/2;

/

///

double yg(double x)
{return exp(x*x/4);

/

y
//Ham de tim y(x).
int euler(double (*f)(double,double),double (*yf)(double))
{clrscr();
double a,b,h,maxdiff,x[kmax],y[kmax],yl[kmax];int n,m,i;
cout<<endl<<'Can duoi: ";cin>>a;
cout<<"Can tren: ";cin>>b;
cout<<"'"Dieu kien ban dau: y(a) = ";cin>>y[0];
n=I;
h=b-a;
x[0]=a;
Y ]=y[0]+h>f(x[0],y[0]);
do
for(i=0;i<=n;i++) y1[i]=y[i];//Gan y1=y de bat dau tinh y moi
m=n;
n=n*2;
h=h/2;
for(i=0;i<n;i++)
{x[i+1]=x[i]+h;
YIi+1]=y[i[+h*f(x[i],y[i]);
/
maxdiff=0;
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for(i=0;i<=m;i++)

maxdiff=maxdiff<fabs(y[2*i]-y1[i]) ?>fabs(y[2 *i]-y1][i]): maxdiff;
if(maxdiff>epsi& &2 *n>kmax-1)

{cout<<endl<<''Chua hoi tu voi "'<<n<<"" khoang chia'';

delay(1000);break;

/

}
while(maxdiff>epsi);

cout<<endl<<" i x[i] yli] yfip'";
for(i=0;i<=n;i++)

{cout<<endl<<setw(4)<<i;
cout<<setw(10)<<setprecision(2)<<x[if;
cout<<setw(10)<<setprecision(4)<<ylil;
cout<<setw(10)<<setprecision(4)<<yf(x[i]);

/

cout<<endl<<endl<<''So khoang chia :'’;

cout<<setw(10)<<n;

cout<<endl<<'"Sai so |y[i]-y(x[i])| cuc dai:";

cout<<setw(10)<<setprecision(4)<<maxdiff;

Ve Ghi vao tep EULER.DAT

FILE *fp;

fp=fopen("EULER.DAT","wt");
Sorintf(fp,” © xfil  ylil - yeliD");
for(i=0;i<=n;i++)

Uprintf(fp,"\n%4d",i);

Sorintf(fp," %10.2f" x[i]);
Jorintf(fp," %10.4f",y[i]);
Jorintf(fp," %10.4f",yf(x[i]));

/

fprintf(fp,"\n\nSo khoang chia : %4d",n);

Sprintf(fp,"\nSai so |y[i]-y(x[i])| cuc dai: %10.4f"",maxdiff);

fclose(fp);

getch();
clrscr();
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if(n>kmax) return false;
else return true;

/
///

void main()

{char mchon;
while(true)
{clrscr();
gotoxy(20,2);cout<<"PHUONG PHAP EULER";
gotoxy(2,2);
cout<<endI<<" 1. Giai phuong trinh vi phan "';
cout<<endI<<'" z. Ket thuc'’;
cout<<endIl<<'" Nhan phim 1 ->z de chon'’;
mchon=toupper(getch());
if(mchon=="'2") break;
switch(mchon)
{case '1':clrscr();

euler(g,yg);
break;

/
gotoxy(2,22);
cout<<"Nhan phim bat ky de tiep tuc'’;
getch();
/
/

Nhén xét.
Uu diém ctia phuong phap Euler 14 tinh toan don gian, nhung nhuoc diém 1a d6 chinh xac thap.
Khi ta gidm budc h thi do chinh x4c tang 1én va sai s tich llly cling tang 1én. D€ giam sai so tich luy,
trong chuong trinh tinh toan trén may tinh ta nén dung céac dai lugng c6 do chinh xac gap doi.
Phuong phap Eurler ¢é thé ap dung cho hé thong phwong trinh vi phan cap mot (6.3).
Str dung céc ky hiéu nhu trong (6.3) ta c6 cong thire Euler giai bai todn Cauchy c6 dang sau:
Vo= Y(x0) = o
S =3+ h fxigi ), i=0,1,2,...0-1 (6.10)

Dbi voi hé théng hai phuong trinh vi phan cdp mot:
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Vi du.

y' = fl(X,y,Z)
7' = 1H(x,y,z)
voi diéu kién ban dau:

¥(Xo) =ai1 , Z(Xo) =012

Cong thuc (6.8) cé dang sau:

Yo = Y(Xo) =011 , Zo = z(Xo) =0tz
yi+1 =yi T hfi(xi, yi, zi)
Ziv1 = Zi T hfz(Xi, Yi, Zi) 1=0,1,...,n-1

Cho hé thong phwong trinh vi phan cap mét:

y'=(z-y)x
Z' = (z+y)x

Véi diéu kién ban dau: y(0)=z(0)=1.
Hiy tim nghiém gan dang bang phuong phéap Euler trén khoang [0,0.6] v&i bude h=0.1.

Giai:

Tacod x;=0.11,1=0,1,2,...,6.

Xuit phat tir y(0)=2(0)=1, ap dung (6.11) ta nhan duogc két qua tinh toan sau:

6.11)

i Xi Yi fi(xi, yi, z) | hfi(Xi, yi, 1) | zi H(xi, yi, Zi) hfy(xi, yi, Zi)
0 0 1.0000 0 0 1.0000 0 0

1 0.1 1.0000 0 0 1.0000 0.2000 0.0200

2 0.2 1.0000 0.0040 0.0004 1.0200 0.4040 0.0404

3 0.3 1.0004 0.0180 0.0018 1.0604 0.6182 0.0618

4 0.4 1.0022 0.0480 0.0048 1.1222 0.8498 0.0850

5 0.5 1.0070 0.1001 0.0100 1.2072 1.1071 0.1107

6 0.6 1.0170 1.3179

6.3.PHUONG PHAP EULER CAI TIEN
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Pé tang do chinh xac cuia phuong phap Euler nguoi ta 1am nhu sau:

Theo cong thuc Newton-Lepnitz, ta cd

y(x2) - y(x1) = [y(x)dx
pi|

Tinh gan dung tich phan xac dinh ¢ vé phai bang céng thic hinh thang ta cé:

]‘y’(x)dx ~ g [Y(xD)+y'(x2)] = g [f(x1,y(x1)) + f(x2,y(x2)], trong d6 h=x2-x1
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Thay x1 b@ing X, X2 béng Xi+1, ta cO

h .
Yier =Yyi t 5 [f(x,y1) + f(Xi+1,yi+1)] 5 120,1,...,n-1 (6.12)
Vol yo=a .
Nguoi ta da chirmg minh dugc ring sai s6 ciia (6.12) tai diém x; 1a:
| yi - y(xi) | < MR

trong 6 M la hiang s6 khong phu thudc h.

Vay cong thic (6.12) chinh xac hon cong thirc Euler. Tuy nhién n6 ¢6 nhugc diém 13 yiy,
xuat hién ca ¢ veé phai. Nhu vay khi da biet y; ta van con phai gidi mot phuong trinh dai so phi
tuyén doi voi yiy (néu f(x,y) phi tuyén doi véi y). Vi vay day 1a mot phuong phap an. Nguoi ta da
cai tién phuong phap (6.12) bang cach phdi hop (6.12) vdi phuong phép Euler nhu sau:

Yo =y(xo) da biét

Véi i=1,2,...n tatinh

z =it + hi(Xi1yin)

h
Vi =Via ) [f(xi-1,yi1) + f(x1,2)] (6.13)

i=0,1,....,n-1, m=1,2,...
Cong thire (6.13) duge goi 1a cong thirc Euler cai tién. Nhur vy trong (6.13) dau tién ngudi
ta dung cong thirc Euler dé uwdc luong gia tri cta y; (duwoc ky hiéu 13 z) va dung z dé tinh

h
Yi= Vi1t 5 [{(Xi-1,yi1) + 1(x3,2)]

Ta c6 thé mo ta thuat toan Euler cdi tién dé cai dit trén may tinh theo cac budc sau:
a.Thudt todn cho mét lan chia khoang duy nhit.
Nhép a,b,yo va n.
b-a
n
Véi i=1,2,..., n tinh
z=yi1 + hi(Xi1,yi1)

bat h=

, X0 = a.

h
Yi = Vi1 T 5 [{(Xi-1,yi-1) * f(x5,2)]

X;=X;.;+h
b.Thudt todn cho nhiéu lan chia khodng.

- Bwéc 0: Nhap a, b, yo, kmax va &>0.

(

. a
bat hy= , xoo) =a, yéo) =Y

Vé6i 1=1, 2,... tinh
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0 _ (O
xl.( ) = x;_, tho

— 4,0 (0) (0)
z= y. thof(x; 7,y )

h
y = p G ) 2]

i—

h

o () —
2

- Bwée 1: bat h, = , x(()l) =a, ¥, =Yo
Véi i=1,2,... tinh
W=l

— ., Q)] 1)
z=y; thuf(x; ),y

h
PO = 2 G )+ )
d; = max | y21(1) - yi(o) |, 1=0,1,2,...,n
Néu d, <e thi dimg thuat toan va ldy mau (xo,y0), (X1,51), -.., (X2n,Y2n) 1am nghiém xép xi.

Néu 2 diéu trén day khong xay ra thi chuyén qua bugc (3).

h
- Budrce k: bit hy = k2*1 ,x0 =a, y=y,

Véi 1=1,2,... tinh
K =5

— .,k (k) (k)
z=y5 +hd(x5, yi))

i—

7

h
PO =y 4 PG ) + 0 2]
d = max |y ) _ yi(k'l) l, i=0,1,2,...,n.2%!
Néu di <e thi ding thuat toan va ldy mau (xX0,¥0), (X1,y1), ..., (Xn,yn), trong do
N = n.2* 1am nghiém xép xi.

Néu k > kmax thi thong bao phép lip chua hoi tu va ciing dirng thut toan.
Néu 2 diéu trén day khong x4y ra thi chuyén qua budc (k+1).

6.4. PHUONG PHAP EULER-CAUCHY

Thuc chat phuong phap Euler-Cauchy ciing 13 phuong phép Euler cai tién. Tuy nhién su
khac biét 12 khi tinh y; ta dung cong thire (6.13) nhiéu lan dé dat dugc do chinh xac cao hon. Cu

O b-a ; .
thetrth= ,Xo=a tatinh cac x;=x;;+h.

n
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Tur diéu kién ban dau Yo =y(Xo) , cho trudc 6>0, voi i=1, 2, ... ta thuc hi¢n thuat toan sau:
- Buwée 1:
(a) u=yp + hf(x0,y0)

(b) v =yo+ g [fxo0) + fxa,0)] (6.14)

Néu [v-ul< d thi ta chon y; = v, ngugc lai ta dat u= v vatinh lai (b).

Nguoi ta chirg minh dugc rang v6i h di bé thi qua trinh lip (6.14) hoi tu. Vi vay
néu sau ba bdn 1an 1ip ma van khong dat dugc su tring nhau dén murc doi hoi cua cac gan
dung lién tiép thi can giam budc h va lam lai tir dau.

- Budci:
(@) u=yi +hf(xi1,yi1)

(b) v=yia t+ g [f(Xi-1,yi-1) + f(x3,0)] (6.15)

Néu [v-ul< d thi ta chon y; = v, nguoc lai ta ddt u= v vatinh lai (b).

Nguoi ta chimg minh dugc rang voi h di bé thi qua trinh lp (6.15) hoi tu. Vi vay néu
sau ba bon lan ldp ma van khong dat dugc su trung nhau dén murc doi hoi cua cac gan ding
lién ti€p thi can gidm budc h va lam lai tir dau.

Ta c6 thé mé ta thuat toan Euler - Cauchy dé cai dit trén may tinh theo cic budc sau:
a. Thudt todn cho mgt lin chia khodng duy nhit.
Nhap a, b,y d va n.
b—a
n

Tir diéu kién ban dau yo =y(xo), v6i i= 1, 2, ... ta thuc hién thudt toan nhu (6.14) va (6.15).

bat h=

,Xo=a tatinh cac x;=x;;+h.

b.Thudt todn cho nhiéu lin chia khodng.

- Buéec 0: Nhap a, b, yo, 0, n, kmax va .

= b-a 0 0
Dat h0: 5x(()):a7 y((,)ZYO
n

Véi i=1,2,.. tinh cac y'” theo (6.14) va (6.15).

h
- Bwoec 1: bit h, = ?0 : x(()l) —a, y(()l):yo

Véi i=1,2,..tinh cic y!"” theo (6.14) va (6.15).

Tinh d; = max |y -y;?,i=0,1,2,...,n
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Néu d; <e thi dung thuat toan va léy mau (X0,¥0)> (X1,¥1)5 ---» (X2n,¥2n) 1am nghiém xép Xi.

Néu 2 diéu trén day khong xay ra thi chuyén qua budc (3).

h
- Budc k: bit h = ? ,x®P =a, p=y,

Véi i=1,2,..tinh cac y* theo (6.14) va (6.15).

Tinh dy = max |y»® -y;*"|,i=0,1,2,...,n.2%"

Néu di<e thi dimg thuat todn va iy mau (Xo,y0), (X1,¥1), ..., (Xx,¥n), trong d6 N = n.2"
lam nghi€ém xap xi.

Néu k > kmax thi théng bao phép lap chwa hoi tu va ciing dimg thuét toan.
Néu 2 diéu trén day khong xay ra thi chuyén qua budc (k+1).

6.5. PHUONG PHAP RUNGE - KUTTA

Phuong phép Runge - Kutta 1a phuong phép rat hiéu qua: né vira c6 d6 chinh xac cao lai
vira 12 phuong phap hién. Dé thanh 1ap nhiing cong thirc Runge-Kutta ¢6 do chinh xac cao hon
cong thirc Euler, nguoi ta dung khai trién Taylo nghiém y(x) tai x; voi nhiéu s6 hang hon. Xay
dung cong thirc Runge-Kutta trong truong hop tong quat kha phirc tap, & day ta chi xét trudng
hop don gian nhat.

Tré lai xét bai toan (6.1), ta xét khai trién Taylor ciia nghiém ding y(x) :

X—X, B x—x,)’
y(x) =y(xi) + - y'(x) + Sy 20 y"(xi) + QY"'(CO » Ci € (Xi,X)
1! 2! 3!
Thay x=xi;; =X;+h, taco
h’ n’
y(Xi+1) = y(xi) + hy'(x;) + TY"(Xi) + ?Y"'(Ci), ce(xx) (6.10)
Trong do

y'(xi) = f(xi,y(xi))

0 of d
o)=L 4L D ey

Ox JB OyNdx

= f'(x,yi) Hy'(Xi,y(x0)y'(xi)
Thay vao (6.13) ta co
h2

yit1 =Yyi + hy'i + 7[ £ (xiyi) +'(Xiyi)y'i] + O(h?) (6.17)

Pé tranh tinh truc tiép f'(xi,yi) va 1£,'(xi,yi), Runge va Kutta da lam nhu sau:
bat
yirr =i ik + ko (6.18)
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Trong do
ki = hf(x;, yi)
k" = hf(x; +ah, y; +B k") (6.19)
va chon o, P, 11, > sao cho khai trién theo lily thira cia h ciia yi:; xac dinh boi (6.18) tring
nhau dén 3 s6 hang dau cua vé phai cong thirc (6.17).
Dung cong thuac Taylor cia ham hai bién, ta co:
f(x; +oth, yi B ki) = f(xi,y1) + ahf'(xiyi) + B ki £'(xiyi) + O(h%) =
=yi' + ahfy(xsy) + B ki £'(x5,y1) + O(h?)
Tur day ta co
ki = hf(x;, yi) = hy;'
k" = hf(x; +ah, y; +B k") =
=hy'+ ah® f'(xpyi) + B Wy £'(xi,y:) + O(h’)
Do d6 (6.18) c6 thé viét dudi dang
Vir =yi T nihy! + [ hy! + ah?® £'(x,y1) + B b’y £,'(x;,y:)] + O(h’) =
=yi +rihyi' + phy! + o ph? £(X,yi) + B r2 by £'(xiyi) + O(h?) =
=yi+ (1) hyi' + h* (anaf (xiyi) + B 12 £/ (xi,ys) yi'1 + O(h?) (6.20)
So sanh cac hé s Iy thira ciia h trong (6.17) va (6.20) ta co
rntrn=1
an=PFrn=1/72
Day 1a mdt hé théng 3 phuong trinh, 4 4n sb6 nén 12 mot hé vo dinh. Ta xét mot vai ho
nghiém don gian
(1) r=0,rn=1,a=p =1/2. Khid6 (6.18) va (6.19) c6 dang
Vo =y(xo) da biét
k= hf(x;, yi)
k" = hf(x; +h/2, y;i + ki7/2)
yir1 = vi tko® i=0,1,....n-1 (6.21)
2) n=n=12,a=p =1.Khidé (6.18) va (6.19) c6 dang
Vo =y(xo) da biét
kY = hf(x;, yi)
ko =hi(x; +h, yi + ki)
yirr =vi H(12)(k Y +k,P)  i=0,1,...n-1 (6.22)
Khi thanh 1ap céc cong thuc (6.18) va (6.19) trén day ta bo qua s6 hang O(h?) trong khai
trién Taylor. Ta c6 thé chiing minh dugc rang sai so tai diem x; thoa man:
lyi -y(xi)| < Mh?, trong @6 M 1a hiang s6 dwong khong phu thudc h.
Viy cac phuong phap Runge-Kutta trén ddy c6 do chinh xac cip hai.
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Hoan toan tuong tu, néu trong khai trién Taylor ctia y(xi+;) tai x; ta bo qua sé hang o(h*)
thi s€ nhan dugc cong thirc Runge-Kutta c6 do chinh xac cap ba, nghia la

lyi -y(xi)| < Mh?, trong 6 M 14 hiang sé duong khong phu thudc h.

Vo =y(xo) da biét

I = hf(x;, yi)

k" = hf(x; +h/2, yi + k/2)

ko = hif(x; +h, yi ¥+ 2k,%)

yier = yi H(1/6)( kD + 4k,? + k) i=0,1,...,n-1 (6.23)
Néu bo qua s hang O(h®) thi ta nhan duoc cong thitc Runge-Kutta ¢6 d6 chinh xéac cap 4:

Vo =y(xo) di biét

ki = hf(x;, yi)

k" = hf(x; +h/2, yi + ki V/2)

k" = hf(x; +h/2, yi + k"/2)

k" = hf(x; +h/2, yi + k;)

yirr = vi H(1/6)( kP + 2k, + 2k; P + kD) i=0,1,...,n-1 (6.24)

Trong céac cong thirc Runge-Kutta néu trén nguoi ta thuong dung cong thuc (6.24) vi nd cod
d6 chinh xac cao ma lai khong qua phuc tap. Trong thyuc té viéc xac dinh hang s6 M trong danh
gia sai sO cua phuong phdp Runge-Kutta kha phuc tap, do dé nguoi ta thuong xéc dinh sai so
bang cach "tinh 2 1an" nhu sau:

Lan dau tinh bang cong thic (6.24) voi bude h, nhan duge  y" 1a gia tri gin ding cua

h
y(b) . Sau do ta lai tinh v&i budce h/2 nhan dugc yzg 1a gi4 tri gan dung ctia y(b) va sai sé dugc
xac dinh boi:
& &
| o y®) |2 (AA5) |y -y, | (6.25)
Vi du.
Cho bai todn Cauchy nhu sau:
y'=x+y,y(0)=l

Hay tim nghiém gan dung bang phuong phidp Runge-Kutta (6.24) trén [0,0.5] v&i budce
h=0.1

Giai: Tacox;=0.11;1=0,1,2,3,4,5

yo=1

ki ¥=0.1(0+1)=0.1

k¥ = 0.1(0+0.05) +(1+0.05)]=0.11

k3 = 0.1(0+0.05) + (1 + 0.055)] = 0.1105
ks® =0.1(0+0.1) + (1 + 0.1105)] = 0.12105
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Tur do
y1 =1+ %(0.1+2*0.11 +2*0.1105+0.12105) = 1.1103

Tuong tu ta ¢ thé tinh y,, y3,y4 va vs.
Ta c6 thé thay rang y(0.5) = ys =1.7974
Nghiém diang cua bai toan Cauchy da cho la y=2¢" - x -1
tur do:
y(0.5)=2¢"-0.5-1=1.79744
Nhu vay két qua nhan duoc ding dén 4 s6 1¢ thap phan.
’ Céc phuong phap Runge - Kutta néu trén déu cé thé ap dung cho hé phuong trinh vi phan
cap mot.

Ban doc c6 thé ty viét chuong trinh theo cong thic (6.24) va thir in ra cac két qua trén déy.

6.5. BAITAP
Bai 1. Giai phuong trinh sau bang phuong phap Euler
y'= %; xe [0,1], y(0) =1; h=0,1
Bai 2. Giai phuong trinh sau bang phuong phap Euler
y'=x"+y*; xe [0,1], y(0) =1; h=0,2
Bai 3. Giai phuong trinh sau bang phuong phap Runge-Kutta:
y' =y-2x/y ; xe [0,1], y(0) =1; h=0,2
Bai 4. Giai bai toan sau bang phuong phap Euler cai tién va so sanh két qua voi nghiém dung:
y'=x*y% xe [0,1], y(0) =1; h=0,2
Bai 5. Thu la’i hodc viét méi cac chuong trinh cai dat cac thuat toan Euler roi chay thu dé kiém
tra cac két qua trén day.
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TOM TAT NOI DUNG CHUONG 6

Trong chwong nay ching ta cin chi y nhit I cac vin dé sau:
1. Bai toan Cauchy
Tim ham y=y(x) thoa man:
y'(x) =f(x,y) xe€ [a,b], xo=a (6.1)
y(X0) =Yo (6.1b)
Diéu kién (6.1b) duoc goi 1a diéu kién ban dau hay diéu kién Cauchy.
2. Mt s6 phwong phap tim nghiém gin ding ciia bai toan Cauchy
a.Phuong phap EULER
b.Phuong phap EULER cii tién
c. Phuong phap EULER-CAUCHY
d.Phuong phap RUNGE-KUTTA
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HUONG DAN TRA LOI

CHUONG 1
1. Khi do 1 sé goc ta duoc cac gia tri sau:
a=21°37"3” ; b=1°10’
Sai s6 tuong ddi cta cac s6 xap xi d6 1a
§.=0,13.107" ; 5, =0,28.10"
2. Sai sd tuyét ddi ctia cac sb xap 1a :
A,=0,13.10 ; Ap=0,16.10"
3. Sb céc chir s6 dang tin trong cac sb a,b 1a:
a) 2 ; b) 4
4. S4 nhitng chir s6 dang tin trong cac s a la:
a)3 ; b) 1

Céc s6 qui tron vo1 3 chit s6 c6 nghia dang tin, sai sO tuyét doi A va sai sO tuong doi o
cua chung la:

a) 2,15 R W 4107 : 5=0,65.10"

b) 0,162 A=0,48.10" ; 5=0,3.10"

¢) 0,0120 A=04.10"* : 5=0,33.102

d) —0,00153 A=0,19.10"° : 5=125.10%6.
5. Gia tri cta cac ham s, sai s6 tuyét dbi va sai sb tuong :

a)u=0,281 Ay =0,27.107 : 5.=0,33.10"

b) u=3,665 A, =0,7.10" : 8. =0,20.107

CHUONG 2

1. Tinh va kiém tra béng chuong trinh dinh thirc cua ma trén

+ Dya vao thuat toan Gauss da dugc mo ta bang ngon ngir lap trinh C dé hoan thién
chuong trinh dé tinh dinh thirc.

+Det A=52
2. Tim va kiém tra bang chuong trinh nghich dao ctia ma tran

+ Ma trén nghich dao la:
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3.

-4 6 5
Al=l1 -1 -1
6 -9 -7

+ Dya vao thuat toan khir Gauss-Jordan di dugc mé ta bang ngon ngit 1ap trinh C dé

hoan thi¢n chuong trinh tim ma tran nghich dao.

Nghiém ctia h¢ phuong trinh la:
x1=1;x,=2;x3=3

Giai bang cac phuong phap khir Gauss, khir Gauss-Jordan, phuong lip Jacobi va lap
Gauss-Seidel (n€éu thoa man diéu kién) :

+ Phuong phap Gauss  x=(-2,09;3,977;1,451;-2,401)

+ Phuong phap Gauss-Jordan x=(-2,057;3,976;1,451;-2,401)

+Hé phuong trinh da cho khong thoa mén tinh chit dudng chéo troi

+ Phan viét chuong trinh: Xem phan doan chuong trinh chinh thé hién thuét toan
Gauss - Seidel dé hoan thién chuong trinh véi dit liéu cu thé trong bai toan.
Giai bang cac phuong phap lap hé phuong trinh sau:

+Phuong phap 13p jacobi qua 3 budc 1ap; xP~(1,01;-2,008;3,045)

+Phuong phap 13 Gauss Seidel qua 3 budc 13; x¥~(1;-2;3)

CHUONG 3

1.

116

Pa thtrc ndi suy Newton tién xudt phat tir nat 3,50 la:
p3®|y = 3,50 + 0,05t

= 33,115+ 1,698 t+0,0435t (t—1)+0,00083 t (t- 1)(t-2)
Tich phan xac xut

® (1,43)~0,95686

Cho ham séy=¢* tai x=0,65+0,1i i=0,1,..,5 tuan tw 1a 1,91554;2,11700; 2,33965;
2,58571; 2,85765; 3,15819. Tinh In2.

Ln2 =0,693148
Cong thirc y biéu dién qua x la:

y =5,045 - 4,043x + 1,009 x *
Xac dinh gia tri ctia sai s6 khi x = 12°30".

R(12°30%) 9,094.107"°
Céc da thire x4p xi c6 dang twong tng la:
Y=6,373+0,471x

Y=6,36+0,468x+0,0001786x>

Y=2,15x"3!
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CHUONG 4
(Goiy)
5. Tim 1 khoang phén ly nghiém bat by thoa man phwong trinh. Vi du[0,I1/2]
- Tim ham ¥Y(x)=1/2sinx+0,25
- Xét dao ham ¥’(x). Néu ¥’(x)<I thi thyc hién qua trinh lp theo thuat toan x,=(X,.
1), Vi x0=0 qua 4 lan 1dp ta s€ tim dugc X;,X2,X3,X4. ..
6. Tim 1 khoang phan ly nghiém bat by thoa mén phuong trinh. Vi du[1,2]

Ap dung phuong phap chia doi ta c6 bang gia tri x,=(a,+b, )/2 va cac khoang phan ly méi
[an,bn] twong tng qua cac budc lap sau:

N an ba Xo=(antbn)/2 f(xy)
0 1 2 15 0.875
1 1 1.5 1.25 -0.29
2 1.25 1.5 1.375 0.22
3 1.25 1.375 1.3125 -0.05
4 1.3125 1.375 1.34375 0.08

= x4~ 1.34375

sai s6: | xe-a| < | (boao) | /2°=1/2°=0.03125.

7. Tim 1 khoang phan ly nghiém bat ky thoa man phuong trinh. Vi du[1,2]
P(x)=3x>-1 = | P(x)] €[2,11] = [m,M]
ap dung phuong phap day cung ta c6 bang gia tri

Xn=(anf(by)+baf(a,)/(f(bn)-f(as)) va cac khoang phan ly méi [a,,b,] tuong trng qua céc
budc lap sau:

n o |a bo | Xe=anf(bn)-baf(an)/f(b,)-f(ay) f(xn)

0 |1 2 1.1667 -0.57

1| 1.1667 2 1.25313 -0.285

2 125313 |2 1.29345 -0.1295

301129395 |2 1.31129 -0.06

4 131129 |2 1.31889 -0.02
= x4~ 1.31899
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sai sO

| X4-0L | < ((M-m)/m)* | X4-X3 |

| xa-0t| < ((11-2)/2)* ] 1.31899-1.31129 | =0.03465.

8. Pé tinh /5 bang phuong phap chia d6i thi ta phai dua vé giai gin dang phuong trinh

f(x)=x*-5=0 (1) trén khoang [2,3]

ap dung phuong phép chia doi ta c6 bang gia tri x,=(a,+b, )/2 va cac khoang phan ly

mai [ay,b,] twong ng qua cac budc 1ap sau

an

2.25
2.25
2.25

A WO~ o Z
[\

= x~x4=2.28125

| x4-4/5 | < (bo-a0)/2°=1/32=0.03125

CHUONG 5

by

3

2.5

2.5
2.375
2.3125

Xn=(antbn)/2
2.5

2.25

2.375
2.3125
2.28125

f(xa)
1.25
0.06
0.64
0.34
0.204

1. Cho ham sb y =logx véi sb cac gia tri tai x = 50; 55; 60; 65 tuan tw 1a 1,6990;
1,7404;1,7782; 1,8129. Hay tinh dao ham cua y tai x = 50 va so sanh voi két qua

tryc tiép:

Dung ndisuy : 'y (50) = 0,0087

Tinh tryc tiép : vy (50) =0,43429/ x |x—s o= 0,0087

2. Cho tich phan

1
dx
= ~(!.l+x

a)
b) I =0,69315 £0,00002
3. Cho tich phan

1 .
sin x
I= dx
I
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a)n>=10

b)V&in =10 thi sai s6 < 1,2.107

¢)Theo cong thirc hinh thang : I = 0,9458
Theo cong thure Simson ta c6 : [ = 0,94608

CHUONG 6
1. Giai phuong trinh sau bang phuong phap Euler

y'= %; xe [0,1], y(0) =1; h=0,1

Ap dung cong thirc Euler (6.7) ta c6 bang gia tri sau:

I Xj Yi

0 0 1

1 0,1 1

2 0,2 1,005

3 0,3 1,0105

4 0,4 1,030275
5 0,5 1,05088
6 0,6 1,07715
7 0,7 1,109468
8 0,8 1,148299
9 0,9 1,194231
10 1 1,2479715

2. Giai phuong trinh sau bang phuong phap Euler
y =x’+y’; xe [0,1], y(0) =1; h=0,2

Ap dung cong thirc Euler (6.7) ta c6 bang gia trj sau:

1 Xi Vi

0 0 1

1 0,2 1,2

2 0,4 1,496
3 0,6 1,9756
4 0,8 2,8282
5 1 4,5559
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3. Giai phuong trinh sau bﬁng phuong phap Runge-Kutta:
y' =y-2xly ; xe [0,1], y(0) =1; h=0,2

+ Str dung cong thirc Runge-Kutta c¢6 ¢ chinh xéac cp 4 ta c6 bang gid tri:

i Xi yi

0 0,0 1

1 0,2 1,1832292
2 0,4 1,3416668
3 0,6 1,4832847
4 0,8 1,6124665
5 1 1,7320713

4. Giai bai toan sau bang phuong phap Euler cai tién va so sanh két qua v6i nghiém ding:

y=y- &; xe [0,1], y(0) =1; h=0,2.
Yy

Goi y: Ap dung cong thirc Euler cai tién (6.13) dé tim nghiém x;=x;.,+h v&i x¢=0,
sau d6 méi so sanh v6i nghiém ding tai cac diém y(0,2), y(0,4), y(0,6), y(0.8), y(1)
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