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Chmmgl .
TAP HOP VA Q.UAN HE

1.1. TAP HOP VA CAC PHEP TOAN TAP HOP

- 1.1.1. Tap hgp, tap hgp con

Trong ddi s6ng hang ngly ciing nhu trong khoa hoc, ta thudng gap
nhu'ng tap hop clia cdc d6i twong khéc nhau. Chéng han, tap hgp sinh
vién clia mot trudng dai hoc, tap hop cdc cd thé trong mot quan thé sinh
vat cia mét ving, tap hop céc s6 nguyén, tap hop cic diém trén mot
doan thang, tap hgp cic nghiém clia mot ‘phuong trinh, v.v... Tap hopila
mot khdi niém ban didu cta toian hoc, duoc hléu mOt cach truc gidc
khOng dinh nghla

Dé chi x 12 mot phén tix cia tap hop X ta vidt x e X (docla:x thuOc X)

Con dé chi x khOng phél 12 phén tir cha tap hop X ta vit x ¢ X hay -

X € X (doc 1a : x khong thudce X). D€ mo td mot tap hop thuo'ng ding
hai phuo’ng phép sau : A
Phu’omg phap 1. Liét ké cdc phan tu' ciia tdp hop dé. Chang han
- Tap ho‘p c4c s6 tur nhlen '
- {0 1,2,..).
- Tap h(jp cac sO nguyeén ;-
| =(0,£1,42,..}.

— Tap hop céc s6 hitu ty :

Q-_-{r;ﬂ: m, n € Z, n¢0}.



Phuong phap 2. Chi ra dac trung ciia tdp dang xét. D6 13 nhl"mg tinh
chit ma moi phan ir clia tap dang xét déu cé va ch1 nhitng phan hi thuOc ’
tap dé méi c6 tinh chét nay.

Néu tap hop E gOm nhitng phén tir cé tmh cht dic trung T(x) thi
ta vi€t :

={x: T(X)}
Vi du:Elatap hop c4c s6 chin.

Ta biét x 12 mot s6 chédn khi va chi khi x 2k, k 1a mot s6 nguyén
. Vaytacd:

E={x:x=2k, ke Z}.

Sau day danh tix "tap hop" s€ goi mét cich vén tat 1a "tap" Pé chi .
cing mQt khdi nlem ngoai danh tir "tap” ta cdn ding cic tix “ho", "he",

"16p"”, V.v..

~ Tdp con : Tap A goi l1a 1dp con cia X nfux € A th1 x € X, ky hleu
Ac:XhayXDA NéuAchacéphantuy € X nhu‘ngy € Athlta -
viét A c X.

Vidu: NcZ c Q.

Tép réng : Tdp réng 12 tap khong chita phin tit no, kg hieu 1a @.
Viy x € @ d6i v6i moi d6i tugng x. Quy udc 2cX d61 v61 moi
tap X.

Hai tdép trang nhau : Hai tap A va B goi l1a: trt)ng nhau ne'u AcB va‘ _l
Bc A,khidétaviet A=B.

1.1.2. Céc ky hiéu légic =

Trong todn hoc ngu‘éfi ta quy dinh ring, méi ménh dé toén hoc 1a
mot didu khing dinh todn hoc chi c6 thé diing hoac sai. D€ dién ta ngin
gon ééc ménh dé to4dn hoc ngudi ta thudng dung cdc ky hi¢u sau day :
- Ky hleu "S=T", cb nghla 12 tir menh des dung suy ra ménh dé

r

T diing. ‘
~ Ky hiéu "S <> T", c6 nghia 13 tir ménh d€ S diing suy ra ménhdé T
ding v nguge lai tr ménh dé T ding suy ra ménh d€ S ding. .

6



" Trudng hop S <> T, ta néi hai menh dé S va T twong duong, hodc T
1a diéu kién cin va da dé c6'S. Poi khi con phat biéu duéi dang : C6 S
kh1 va chi khi c6 T, hay c6 S néu va chi neu c6 T, vv..

— Ky hiéu "Vx € X : s", c6 nghia lé v6i moi phan tu’ xeXdéucd
ménh dés. : ; _ .

— Ky hiéu "Ix e X: 8" A e X: - S), ¢6 nghla 1a tén tai phan tr
x € X (t6n ta1 duy nhat phan tir x € X) sao cho ménh d€ S ding.

1.1.3. Cac phép toan tgp hgp
Gid sir A, B 1a céic tap cho trudc, dinh nghifa :
— Hop ctia hai tap A, Bla tap : |
.AUB={x:xeAhoacx‘e B}.
" _Giao ciia haitaphop A, Bla tap ; |
: ANnB={x: xeAvaxeB}
‘—Hzeu cliahaitap A,Blatap: |
A\B={x: xeAvaxe B}.

Néu A N B= @ ta néi cic tap A, B roi nhau. Néu Ac X ky hleu
CiA=X \A va g01 a phdn bu clia tap A trong tap X. '

Cac tap A U B, AN B, A\ B c6 thé minh hoa bang cac hinh vé
trong hmh 1.1. :

AUB | ANB AB
Hinh 1.1 '
Céc phep todn hop va giao ¢6 thé m& rong cho mot ho bat ky céc

 tap. Gia st I 12 mot tap cho trudc. Ung v6i méi phan twie : I, cd mot
tap A;. Khi d6 tap I dugc goi 1a tdp cdc chz S0.



~—Hopchahotap {Aj},ieIlatap:

VA, ={x: EheIxeA}

el
- Giaoctaho tap {A;},i e Ilétap:
' {x xeA,,VleI}

|el
Cdc tinh chdt ctia phép todn tdp hop :
a) Tinh chat giao hodn :
AUB=BUA;
ANB=BNA.
b) Tinh chit ket hop:
(AuB)UC= Au(BuC)
(AmB)mC AN (BNCO).
' ¢) Tinh chat phan ph6i :
AUBNC)=(AUB) N AUC);
, ANnBul)= (AmB)u(AnC)
d) COng thidc De Morgan :
X\(uA)— m(X\A)

Phén chiing minh c4c hé thifc trén dugc xem nhu bai tap.

'1.2. QUAN HE

1.2.1. Tich Pé-cac clia cac tap
Gia st X, Y 1a cdc tap cho trnubc. Tich Pé-cdc (hay tich truc tiép)
cta cdc tap X, Y la tap tdt ca cdc cap cé thu tr (x y), trong d6 X € X,
y € Yvakyhléu laXxY.
: XxY={x,y):xeX, ye Y}. o
Theo dinh nghiata c6 : (x, y) = (x', y') khi vachi khix =x', y ="



Moét cach téng quat, gia sfr‘X,, X3, «y X 18 céc tap'/ch"o truge. Tich -
“Dé-cdc cliatap X, Xy, ..., X, 12 t4p : ,

Xy % Xy % ol % X, = {X= (X}, Xgy ors Xp) xiv"e X,i=1,2,..n}
NéuX, =X, =..=X'= X, ‘f‘ta viet X x X ... x X=X". = |
Tap X" goi 1a lity thita Pé-cdc bdc n 'éﬁa tp X.
| ,1 2.2, Quan he
Dinh nghia : Gia st X 1a tap cho trudce. M01 tap con S < X x X goi la

mot quan hé trén tap X.

’ Néu cap (x, y) € S thi ta néi rang, phan tlr X ndm trong quan hé¢ Sv6i
phén tr y, va vi€t xSy.

~Gia str S1a mot quan he trén tap X, khi do
— Quan h¢ S goi 1a c6 tinh chét phdn xa n€u xSx, VX € X
- Quan hé S goi 14 c6 tinh chat dw xitng néu xSy thi ySx ;
— Quan h¢ S goi la ¢6 tinh cha't bdc cdu néu xSy va ySz thi xSz ;
- Quan heé S goi 12 ¢6 tinh chat phdn doz xung . néu xSy va ny thi
X = y ‘

1. Quan h¢ tuong duong

- Dinh nghia : Quan hé tuong du'o'ng la mOt quan hé c6 tinh chét phan
~ xa, doi xing va bac cau

Gia sit S ¢ X x X 1a mot quan hé twong duong trén tap X. Khi d6,
neu xSy ta thuong viét x ~y. Theo dinh nghla ta cé ‘

‘*)x X, Véimoix € X;
)X~y =Dy ~X}
)X~yvay~z=>x~2Z
Néu x ~ y ta néi ring, phan tir X twong duo’ng véi phan tu’y
‘ VO‘I mdi phan thx e X, dat :
X ={x'e X:x'~x}. "'
- Tap con X goi 1a Idp tuwong duong c6 dai biéu I phén tir x.

xeX

Theotmhchatphanxataco X € X. Vayx;t@va Ux=X.



Meénh dé 1.1 : Céc 16p tuong duo’ng ro‘l nhau hodc trhng nhau.

C hitng minh : ’

Giad st X N § # &, khi d6 t6n tai phdn tir z € X N §. Theo dinh
nghia 16p twong duong ta c6 : z ~ X, Z ~ -y. Do tinh ch4t d6i xiing ta c6

X~ Z

Véimoi x' € X »tai c6x'~x,dod6x'~z. Viz~ynénx'~y, vay
X'ey.Dodbtacé: X y.
Ching mmhtuo‘ngtutacé ycx.Vayx=y.11

Su chia lérp Ho céc tap con {A;}; ¢ | chia tap X dugc goi 1a mot suw
chzaloptaaneuA;t@v(nVleI ANA=0vaii#jva VA =X

iel

Theo Ménh dé 1.1 ta ¢6 : Céc 16p tuo‘ng duong 1a mot su chia 16p
- tap X.
- Tép thuong : Xét quan hé twong duong (~) trén tap X. Dat :
X/~={X :x € X}.
Tap X/~ goi 1a tcip thuong cia tap X theo quan hé twong duong.
Vidy : Gid sitn 13 mot s6 nguyén duong cho trudc. Xét mot quan
‘hé ~ trén t4p cdc s6 nguyén Z x4c dinh nhusau:
X~ y<:>x y chia hét cho n.

Dé dang kiém tra lai rang, quan h¢ dang xét 1a mOt quan he cé tmh B
- chat phan xa, d6i xing va bac céu. ' S
That vay, quan hé ~ cé tinh ch4t phin xa vi x — x = 0, 0 chia hé&t
cho n nén x ~ x. : B
Quan h¢ ~ c6 tinh ch4t déi xing : Gia st x ~ y, ta 6 x — y ch1a hét
cho n, do dé y X=—(X— y) cling chia hét cho n. Vay y ~ x.

Quan h¢ ~ c6 tinh chat béc cdu : Gia sit x ~ y vay~z. Vix-yva
y — z chia hét chon,nénx-z=(x- y) +(y—-12) cung chia hét cho n, do ,
~déx~z '

Vay quan hé dang xét 12 mot quan hé tvong duong trén btap cic s6
nguyén Z. ' |
10 '



Néu x ~ y ta vi€t x =y mod (n) (doc 12 : x bdng y ddng du n). D&
thdy réng, v6i mdi s6 nguyen x néu X = kn+r (0 <r<n) thi x =rmod (n),
dod6 X =T. :

Vay, tap thuong cua tap cic s nguyén VA theo quan hé tuong duong
dang xét 14 :

Z/~,-{0 I -1},
‘trongdé: T ={x,=‘kn+r:keZ},r= 0,..n-1

2. Quan hé thi tu

})mh nghia : Quan hé thit 174 tren mot tap 1a mt quan he phan Xa, bac
c4u va phén d6i xing.

Quan hé tht ty thudng duge ky hiéu 1a <. Vay quan hé thi tu < trén’
- tap X 1a mot quan hé c6 tinh chét : ' ‘

*) x < X, v6i moi X € X (Tinh chat phan xa) ;

*)x <y VAy £z => x <z (Tinh chat bic cdu) ;

' *)xSyvény:x=y(T1’nhch3’tphéhd6ixﬁ:ng). |

Néu x <y thi ta néi phén tir x ding truc phin tir y, hay phén tlr
y ding sau phan tir x. Neu x <y vax #y thi ta néi phén tir x ding trudc
thuc su phén tir y va viét X <y (d6i khi con viét y2xy> x)

Tap X ¢6 'mot quan hé thit ty < duoc goi 1a tap dugc sap thit ne va ky

. hieu 1a (X, <). Néu d6i v6i moi cap phdn tr x, y € X ta Iuon luon c6

x <.y hoac y < x thi quan hé thit tu d6 goi 12 quan hé thit ty toan phan.

Vidu : |

a) Quan hé thit ty thong thub‘ng trén cdc tap N, Z, Q R (x <ykhiva
“chi khi y — x 1a mot. so khoéng am) 1a mot quan he thit ty toan phan

 b)GiastX1a mOt tap cho trude. Ky hi¢u P(X) 1a tap hop tat cé cdc
tap con cua tap X. Quan hé thu' ty bao ham trén tap P(X) dugc dinh
nghia nhu' sau : »
A<Bkh1vach1kh1AcB A, B e P(X)."

D& ’th‘ay ring, néu tap X c¢6 hon mot phén tir thi quén hé thit tu .bao‘

ham trén P(X) khong phai 12 quan he thit tr toan phan. '

11



1.3. ANH XA.
 1.31.BDjnh nghfavavidy

.Dinh nghia : Mot dnh xa f tix tap’X vao tap Y, ky hiéu la f : : X->Y

(hay X — Y) 1a mot quy tic twong dng méi phin trx e X v6‘1 mot
phén ti duy nhét f(x) € Y. :

‘Phén tir 1(x) goi la dnh clia phan tr x qua 4nh xa f.

Tich dnh xa : Gid sltc6 hai dnh xaf: X - Yvag: Y = Z, tich (hay
hop thanh) cha 4nh xa f v6i d4nh xa g 1a 4nh xa gof : X — Z duge xdc
dinh nhusau: = ° | » o
gf(x) = g(f(x)), vx e X. . (L1

Anh cha tap con A < X qua anh xaf : X—>Ylawp
f(A)={f(x):x e A}. -~ . - (1.2)

Ky hieéu Imf = f(X). Tap con Imf goi 12 dnh cha 4nh xa f.
Nghich dnh cia tap con D c Y 1a tap _ v
(D)= {x € X: f(x) € D}. )
Anh xa f : X—>Yg01ladonanhneuv6‘1m01x,x € X, x;tx th1
f(x) # f(x' ) ( _ “
‘Anh xa  f goi 14 toan dnh néu Imf‘- Y.

Anhxaf: X > Y duo‘c goi la song dnh néu f vira 1a don 4nh vira 12
toan 4nh.

Viduy : . .

a) Gid st A c X, xét 4nh xa iy : A — X xdc dinh bdi i,(x) = x v6i
moi X € A. Anh xa i, 12 mot don 4nh, goi 1 dnh xa nhiing tdp A vao
tdp X. Dac biét, n€u A = X thi ix 12 mot song 4nh, iy goi 12 4nh xa déng
nhdt ciia tap X (doi khi con ding ky hieu idy).

Gid stt f: X — Y, v6i méi tap con A ¢ X, xét 4nh xa fIA tA->Y

x4c dinh boi :

fIA(x)'=f(x) véi moi X € A.

12



Anhxa f | A g0i 12 han ché’cia énh xa f trén tap con A.
Tacé : f.)1A—f|A

b) Gia st X,, X, 1a cdc tap cho trude. Xet dnh xa p; X] x X, = X,
i=1, 2; xdc dinh bdi p{X,, X,) = X; V6i m01 (X1, Xp) € X, x X,.
Anh xa p; 12 mot toan 4nh, g01 la phep chiéu 1én thanh phén thit i.

c) Gia sir quan hé ~ 12 m6t quan hé tuong duong trén tap X. Xét 4nh
xap:X — X/~ x4c dinh bdi p(x)= X v6imoix € X.

Anh xa p 12 mot toan 4nh, goi 1a dnh xa chmh tdc tir tap X 1én tap
thuong X/~. ~

- Dé& théy rang, tlch c4c don 4nh (toan anh) 1a mét don énh (toén énh)
Do d6 ta c6 : Tich c4c song 4nh 12 mot song dnh.

Anh xg nguge : Gid st f: X > Y Ia mot song 4nh. Khi d6 véi méi
yeYy, tOntmduynhatx € Xsaochof(x) y. Vaytacéé.nhxag Y—)X
" xéc dinh nhu sau : ' :

Véi mbiy e Y dat g(y) = x, trong a6 phén th X € X va f(x) =
Tacé:

gof— iy, fog=1iy. . (1.4)
C6 thé ching t6 g 12 mot song énh duy nhét tir Y len X th6a mén
(1. 4) Song 4nh g goi 1a dnh xa nguoc chia song 4nh f v ky hieu 1a f~ !

- Méi song 4nhf: X—>Y cdn goi 1a mot phep tuong ung 1 — 1 gitta
ha1 tipXvayY:

Vidy : Ky hieu R* [ tap céc s6 thuc duorng Anhxaf: R —> R*
" cho bdi f(x) = e* 1a mot song 4nh. Anh xa nguge f' : R* - R duge
cho bdi () = Iny. ' ‘ k '

-1.3.2. Tap cung luc lugng

‘Hai tap X va Y duoc goi 12 cang luc lugng (hay tong duong), ky
hiéu 12 X ~ Y néu t6n tai mot song 4nh f: X > Y. B

13



Vidu : .
a)Véin=1,2,..dat:E = {1,2,_ ...,h}. )
Xéttap c6 n phén tir A = {a,, a,, ..., a,}. ,
Anh xa f: E, = A, x4c dinh bdi f(k) = ak, =1, 2, ..., n. R6 rang | )
f 12 mot song 4nh. Vay tacé : E ~A. “ -
b) Xétcactap:
= {0,1, 2, .}
N ={0,2,4,..};
= {Xy, Xy, X3, ...}, trong d6 x, ¢x vé‘u;tj
Dé déng chimg t6 riing, cdc 4nh xa sau day 1a c4c song énh
“a: N —>2N xécdmhb(noc(k) 2k ;

. B: N - X, xédc dinh bdi B(k) = x,,,
, k=0,1,2,. .
Vay tap céc s6 chin khong am 2N va tap X c6, cing luc lugng vd1
tap c4c s6 tw nhien N,
po hitu han : Tap c6 cung luc luong véi tap E, goi 1a tdp hitu han.
Ching han, cdc tap A = {a, b,c} vatap B = {x € Z:1xI<10% 12
tap hitu han. '

Tdp vo han dém duoc : Tap cé cung lyc lugng véi tap N céc s6 tu
nhién goi 12 tdp vé han dém dugc.

Theo vf du b) cdc tap 2N, X 13 v6 han d&m dugc. Ta cé thé
ching minh tdp Z céc s6 nguyén va tap Q cdc s6 hitu ty 12 céc tap vo
han dém duogc.

Tap khong dém duoc : Tap vo han khong ciing lu’c lugng véi tap céc _’
s6 ty nhien N dugc goi 12 tdp khéng dém duoc.

Ngudi ta chiing minh duogc ring, tap cic s6 thuc R 12 khong dém dugc.
Chii y : Gi sit X 12 mot tap v6 han d€m dugc. Khi d6 tén tai mot

songédnhf: N - X, Ky hi¢u f(i) =x,,i=0, 1, 2, ... Vi {12 mot toan 4nh
néntaco:

14



- X= f(N) = {x,, Xy Xgo oo}

Vay, nhd song 5nh f c6 thé liét ke (hay dénh s6) t4t cd céc phén tir |

cua tap X. T do ta suy ra ring : Mot tdp vé han la dém duoc khi va chi
- khi cdc phdn it cia tap dé ddnh s6 duoc. ’

1.3.3. Ménh dé quy nap |

Phuong phép quy nap 12 mot phuong phap chitng minh hay st dung
Tinh ding dén cia phuong phdp d6 duge thé hién & ménh d€ san :
~ Meénh dé 1.2 : Gid st T = T(n), n € N, 12 mot diéu khéng dinh nao
d6. Néu T ding d6i v6i n = 0, va néu T diing d6i v6in =k — 1 thi T ding .
~ d6i v6in =k. Khi déTdunngwdﬂ moin € N. ' '
Chitng minh : G01 A 12 tap céc s6 t nhlen n>0maT khOng dﬁng ‘
Giaslt A # &. Goi k 12 s6 tu nhién nhd nh4t thuoc A. Khi d6 diéu khing -
dinh T khong diing d6i véi k. Vik — 1 € A nén T déng d6i véik - 1.
Khi d6 theo gia thi€t T ding d61 v6i n = k. Mau thudn nay chu‘ng 0o
A= @vaTdﬁngdmvé'lmmn e N.H

1.4. GIAI TicH 16 HOP VA NH| THUC NIUTON

1.4.1. Chinh hdp o )

Pinh nghia : Gid st E 1a mot t4p ¢ n phan tir. M61 tap con p phﬁn tr
(phan b}ét) cuatap E dugc sap x€p theo mot thit tr ndo d6 duogc goi 1a

- mot chinh hop chdp p cha tap E ¢6 n phén tit, n > 1.
Vidy: |
~ a)GiastE={a, b,c,d, e,g} Véi thu‘tutﬁ‘trél sang phé.l thi ta c6 :
{a; b, d}, {d, a,b} {d, b, a}, {c,d, g},vv 1a cac chmhho‘pchap3cua
tap E c6 6-phédn tir. Con (b, a, e, g}, {a, b, g, e}, {a, c,d g} v.v... la céc
chinh hop chap4 ciatapE.
- b)XétapX={1,2,3, 4 5,6,7,8,9, 10}.

Tacé: (1,2, 3,45}, (2, 1,4,3,5}, {56178} {15678]
.. 1a cdc chinh hdp chap5 cla taché 10 phan tu
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'S& chinh hop : Ky hiéu AP 1a s6 chinh hop chap p clia tip ¢6 n
- phén tir. |
‘Ménh dé 1.3: ) _
AP =nn-1)..(n-p+1). (1.5)
Chitng minh : Cong thuc (1.5) dugc ching minh bang phuong phédp
quy nap theo p. .
bé6i vé6i p =1, theo (1.5)ta c6 A =n. Vay cong thlic diing d6i véi
=1 _ _
Gia sur cOng thifc ding d6i v6ip—-1,p > 1 Ta chu‘ng t0 cong thitc
" (1.5) cling ding d6i véi P
Xét twong Ung :
_ (ay, 8y, oo @) > (2, B, wvnp By ). R ) I
Ung v6i méi chinh hop chap p clia tap E c6 n phdn ti (a,, ay, ..., a,)
ta ¢6 mot chinh hop chap p — 1 ciia tap E dang (a;, ay, ..., 3, ). Vi phédn
tif a, c6 thé 14y trong n — (p — 1) phdn tir cdn lai clia tap E khdc véi céc
phdn tir a, ay, ..., a,_ ;. Do d6 Ung v6i n ~ p + 1 chinh hop chap p khédc
nhau ciia tap E c6é n phdn tlr tuong L’rng (*) cho ta mot chinh hgp chap
p - 1 ctia tap E. Do d6 s6 chinh hop chap pchatapEbingn—p+ 1 14n
s6 chinh hgp chap p — 1 cia tap E. '
‘Vaytacé:
AP =AT@-pi D).
Theo gia thi€t quy nap :- ‘
Al =n(n-1)..(@m-p).

" Dodé: A? =n(n-1)..(n=p+1). W

Vi du : Hoi c6 bao nhiéu cédch b6 tri chd ngéi cho 4 ngudi trén mot
day gh€ c6 6 ché ngbi ?-

~ Ta nhan thdy ring, méi c4ch b6 trf chd ngéi 12 m6t chinh hop chap
4 ctia tap c6 6 phdn tir. Vay s6 cdch b6 tri c6 thé c6 1a :

Al =6x(6-1)x(6-2)x(6-3)=6543=360.
16 | '



1.4.2. Hoan vi
a) Pinh nghia : M6t chinh hop chap n cla tap E c6 n phan tir goi 1a
mot hodn vi (hay phep the) ctia tap E.

Ky hi¢u P, 1a s6 hoan vi cia tap cé n phén tit. Theo céng thire (1. 5) ‘
tacd:

P=n : e
‘(nt=n(n - 1) 2.‘1' (doclan giai’thl‘ra)i).” -
Taquyuoc or=1. S o 4
b) Ddu ciia hodn - i M6i ’horér‘i Vi clia tap‘E Y-"’{ll 2,. n} c6 thé\
xem la mot song dnh tir tﬁp E, vao chinh né. Ky hiéu S, 1a tﬁp cic hoan

. vi cla tap E,. Tap S, c6 n! phan tir. Mbi hodn vi ¢ €S, thudng duoc
trinh bay du01 dang bang. nhu sau : ~

[l 2 e M ) :
Sw %@ = Swm

Xét hodn vi o, néu i < jva 0(1) > 00) thi ta n6i trong hoan vi ) cap s6

(o}

~l

oy VAo, lap thanh mot nghich thé’

S6 nghich the ctia hodn'vi ¢ ducrc ky hiéu 1a N(c). Dé tinh s6' nghlch
 the N(o) ta c6 thé ti€n hanh nhu sau:

Goi: Kk, las6 phintr o < o)) trong day oy, ..., Oy

k; 1a s6 phdn tlf 6;) < o) trong day Gy, s O(ny 3
| k, 1a s6 phdn tlf 6;) < o, trong ddy o, ..., Oy, b

" Tacé: N(o)=k, +ky+..+k.
bat: sgno = (DN (Ky hiéu sgno doc 1a xfch-nufn cﬁa o).
Gié tri sgno go1 12 ddu clia hoan vi 0. Néu sgnc =1 th1 c goi la

hoan vi chan néu sgnc =-1thic g0t la hoan vi lé.
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Vidu:HoﬁnviceSschobc’ﬁ:

1 2.3 435
c= .
4 513 .2

‘Tacé:  N(o)= 3+3+0+1+0=7sgno=-1.
b6 1a mOt hoéan v1 1é.

1.4.3. Chinh hqp Iap

Pinh nghia : Gid stEId mot tap c6n phén tir. Mdi ddy p phdn tir (c6
thé 1ap lai, khong c4n phén biét) clia tap E dugc sdp xé&p theo mot thit tr
nao d6 goi 1a mot chinh hop ldp chdp p cha tap E c6 n phdn tir. -

Vidu : Gid st E = {a, b, c, d} v6i thtt ty tir tréi sang phdi ta c6 :

{a, b, c}, {a,a,b} {a,b b}, {d, b, a}, {a, b, d}, v.v.. lécécchmhho‘p o

lap chap 3 cha tap E c6 4 phan tir. ‘

86 chmh hop ldp : Theo dmh nghia, méi chinh hop lap chap p clia tap
Ecén phdn tit ¢ thé xem 12 mot phdn tir cia Iy thira Dé-cdc EP, va

nguoc lai méi phén tir cia EP x4c dinh mot chinh hop lap Vay s6 chinh -~

hop lap chap p cia tap E c6 n phén tr 1a n®.

1.4.4, Tahqp

Ma4i tap con p phén ti (phan blet) cta tap E c6 n phﬁn tir goi Ia mOt v o

18 hgp chdp p ciia tap E. .
Ngudi ta thudmg ky hi¢u-s6 t6 hop chap p cia t4p c6 n phdn tir la-

C;: hay (p)

Ménh dé1.4:
cr n! .
" p!(n -p

Ta quy uéc C, = l

I

(1.7)

Chitng minh : Gia st E 1a tap c6 n phdn tir. Ung véi m61 t6 hop
- {ay, ay, ..., a;} chap p cia E bing cdch hodn vj cdc phin tir clia t6thp

18 L ~ 2.PSTT&HH GIAI TICH-B



- nay ta dugc p! chinh hop chap p khéc nhau clia vtap E. Do d6 s6 chinh
hop chap pcla E bing p! 14n s6 18 hgp chap p cua E. Vay ta c6:

A P'Cp .
o =A_ﬁ;n(n—l)_...(n—p+1)__¥ n! ,
opt p! - pln-pt

Cong thiic (1.7) duge chiing minh. M
; Ménhdé‘l;S:Véilsp,Sntacéz _ | L
a) C) = Cp ™" [ ¢ K B

b =Cr; P+CP | ()
Chitng minh : \‘ | '
Theocong thitc (1.7) tac6 : |

oot : !
a) C7P = = =L __—ck.

(n - p)l(n—(n-p)! (n-p)lp!
“(n -1 ‘+‘ (n - D!

b) c*’-l +CP, =-
‘ . (p-D!in-p) pln-1-p) |
:P‘n-l>!+‘<n—p)(n—1)!= ol

p!(n - p)! pln—p)!

1.4.5. Nh| thire Niuton
" Trong To4n hoc so ba'p dd c6 c4c hing déng thic :
(a+bP=a’+2ab+b?;
(a+b)’ =a’ + 3a% + 3ab? + b’..
Céc cOng thitc nay cé thé viét du6i dang :

(a +b)’ = ZC'ZaZ“'b‘ cga + Czab +Civ?;
@+ by’ = Zc *"'b‘ = c‘;a3 + Cia’b + Clab? + C3b°.
- i=0 ) : ] ’

Mot céch téng quat, véin > 1tacé:

@+br=3c “‘b' Cla® + Cla™b 4.+ C? b" ~(1.10)

i=0
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COng thie (1. 10) goi la nhi thic Nzuton

- Dé chu’ng mmh cong thic (1. 10) xét biéu thuc (x+ D"
ba: X, =X,=..=X,=x+1,tacéd:

| x+1)"=X,X, ... X,

R3S rang féng : |

1

Cx+ D) =Xk x4 +k,x+1

; Nhén thay hé s6 k,, cla xP bang s() céch chon p 14n x trong n thua so
X5 X5 s Xy Vay ki 12 s6 t6 hop chap p cla tap cén phan tir.

Tacé: ks = =Cri=C.
Va)" tacé:

(x + D" =x" + C:;x“*' + ot CL‘"x‘_+ - "
‘ Vi c‘,: =C:= l,v6‘i X =% tacév:
| “(a+b) = Cla" + C‘:,a“"b + ot C:fiab"" +C"b". W
'Tfr cong thitc (1. '9)‘ vaiCl=C"=1¢c6 ihé tinh c4c hé s6 clia nhi thl’rcbf

(a + b)" mot cach do’n glan khi bi€t hé s6 cia nhi thiic (a + b)“ '
. Céc phén tir & hang thit n cla bang (1.11) sau day 1a he so cua nh1 thuc

(a+b)"".

1
1 1
1 2 1
1 3 3 1
1 4 4. 1
1. eter, | L @
1 cr 1
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- Chang han, cdc phan ter & hang tha 5 cua bang (1. 11) la cac hé s6
ctia nhi thic bac 4. Ta cod: ’

(a+ by*=a‘+ 4a3b + 6a2b2 + 4ab3 + b4

Tu hang thi 5 clia bang (1. 11) c6 thé tinh mot c4ch dé dang cac hé
s6 cua nhi thiic bac 5. S ,

Theo cong thitc: C° = CP~] + CP_ ,ta co

n-]°
(a+ b)’ = a’+5a’b + 102’ + 10a2b3 + 5ab* + b5
Bang (1. 11) thu’éng g01 1a tam gtac Paxcan. ' ‘

'BAl'rAP[

| Pé bai
1.1. Hay chu‘ng minh céc he thu'c sau day
D) Auwmo mummmuo
2) Am(BuC) (AmB)u(AmC)
'3) Am(B\C)—(AmB)\(AmC),.
4)  A\(A\B)=ANB; |
5) AcBeo AUB= B<:>AmB A<:>A\B @
1.2.. Chitng mlnh céng thitc De Morgan

) X\UA, m(X\A),

|~l
2) X\ mA. =u(X\A-_).

1.3. Hay bléu dién hinh hoc trén mat phang toa do tap A x B v61

’ _l)' {ae]R O<a<3}
 B={beR:Ibl<l};
2) ‘A:{ae R :lal<5),
| =(be Z:Ibs5};

m@duca eHmXBa“f( y) € ZxZ: x>y}

THU VIEN i,



1.4.

Z 1a tap céc sd nguyen, N* 12 tap céc s6 nguyen duo‘ng Quan

hé ~ trén tap Z x N” duge x4c dinh nhu sau :
' (a, b) ~ (¢, d) <> ad = bc.

- Chimg minh ring d6 12 mot quan h¢ twong duong tréentap Z x N™.

- 1.5,

N 1a tap céc s6 tw nhien. Trén tap N n xét quan he < < xdc dinh
nhu sau : '

: ) (a]9' ’an)<(a],- san). (a]" ’an)<(b]’ cess bn) )
kh1véch1kh1t0nta11<nsaocho a = bkvéik I,.,i—-1vaa<b,
Chéng minh réng d6 1a mot quan h¢ thit tur toan phén trén'tap N™ :

* Quan he thi ty ndty goi 1a quan h¢ thir 1 n dién.

1.6.

1.7.

1.8.

22

N Ia tap cic s6 tu nhlen Trén tap N x N xét quan he < xéc dinh
nhusau: - '

G4,j) =< (k, m)©1+_|<k+m ne’u1+] k+mth11<k
Chimng minh ring d6é 12 mét quan hé¢ thi tr toan phén trén tap .
N x N. Viet theo thit tiy d6 c4c phdn tir di truéc phén tir (3,0). |
Cho dnh xa f: X — Y. Gid sit A, B 12 céc tap con cla tap X ; C ‘D
13 c4c tap con cua tap Y. Chitng minh cédc h¢ thue sau:

1)  fAuB)=f(A)Uf(B); '
2) . f(A N B) ¢ f(A) N (B) _
(Cho mot vi du chiing td néi chiung f(A N B) = f(A) N f(B)) ;

- 3) f(A\B) 2 f(A)\ f(B) ;

5 lecuD=rOuf'm; . a

55 fiCcAD)=f'©) A\D); o

6) f"(C\ D)=f ‘(C)\f“(D) o

Cho 4nh xa f:X— Y Quan he ~ tren tap X duoc xdc dinh nhu sau
- x~xefX)s= f(x"). '

1) Hay ching td d6 12 mot quan hé twrong duong trén tap X

2). X4c dinh céc 16p tvong duong clia quan he dé doi véi trufmg
hopf: IR - R chob("nf(x) cosx, Vx € R SRR O ::T;

i .
R L o §-
L é . )
IR v
N .
y



1.9. Ky hieu R*I1atap ‘céc s6 thuc duong. B&ng cdch xét cdc 4nh xa :

g:(a, b) > R¥, x4c dinh bdi g(x) = b-x .(a,be,lR);'
4 , ‘ X-a ,

f: R* > R, xdc dinh bdi f(x) = logx.
' Hiay ching to tap céc s6 thuc thuOc khoé.ng md& (a, b) cﬁng ue
luong véi tap R tat ca céc s6 thuc.
1.10. 1) Cho A, B1a c4c tap vo han de'm dugc roi nhau :

| '_{ao,al,. }iB={bg, by, ..} | |
Xét tap X=Au B. Bing cdch xét énh xaf: X —> N xéc dinh box
f(a) = 2i, f(b) 21+1 i=0,1,. :
Hay chimg t6 X 12 mot tap vo han de'm dugc. ;
2) Ching minh ring tap cc s6 nguyén Z 12 tap v6 han dém dugc.
1.11. Cho tru6c n di€ém trong mit phing, sao cho khOng c6 ba dlém néo
" théng hang.
1) Tinh s6 doan thing n6i cic cap dlém dé. -
2) Tinh s6 tam gi4c c6 dinh 12 c4c diém d6. '
3) Ap dung d6i véi trudng hop: n=2,n=6,n=12.
1.12. Chung minh cédc déng thic sau : ’

1) ‘Zc:=2'~';
k=0 -

2) Z( 1) c“_o

k=0
1 13. Gia sirring p, n 1a cdc s6 nguyen théa man n 2 p >0.
1) Tinh s@ song 4nh ciia tap c6 n phén tir vao chinh né.
2) Tinh s6 don 4nh tir tap B c6 p phén tlr vao tap X cé n phan tir.
3) Xét cac hoan vi :

1 2 3 4 1 2 3 4
o= ‘ s B=1 : .
(2143 32 4 1
a) Tim doB;Bua;a" vaps -
b) Xét tinh chdn 18 ciia a, B va B2
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1.14,

Gia s A 1a mot tap hiru han €6 n phéan t, B la tap hu:u han.cé6m -

'phan tu p 12 s6 ty nhien.

1) Tmh s phan tir cha céc tap A x B, AP ,
2) Tinh s6 phan tr cua tap P(A) 1a c4c tap con cua tap A.

‘ 3) Tinh s6 cdc quan h¢ trén tap A.

4) Tinh s6 dnh xa tr tap A vao tap B . |

Dapsovahu:mgdan. ’ o R

- 1.3.

1.6.

1.7.
1.8.

1.11.

'1) Hinh chﬁ nhat c6 cac cﬁnh M(Q, 1), N(3 1), .P(3 '—1) va Q(O -b.

2) Cac doan thang M,N,, trong d6 M, (-5, k), Nk(5 k), k=0,%1, ..., £5.

3) Nhitng diém c6 toa do nguyén nim phla ducn duo‘ng phan gidc

thit nhat. -

(0, O)<(0 l)<(1 0)<(0 2)<(1 1)<(2 0)<(0 3)<(1 2)<(2 1)

<((3,0).
2)a={ta+2kn:ke Z} ae[O n].

1) Hay ching t6 g, fla cac song 4nh, do do tich: f.,g la mOt song dnh
tir (a, b)len R :
2) Xét 4&nh xa chang hanh: Z —> N xéc dinh- bdi :

2n néu n>0

2inl+1 néu nv<0,

h(n) = {

‘va chimg t6 h 12 mot song 4nh.

1) S6 doan thing lak = C2.

2) S6 tami gidc I /= C).

3)Véi-n=2: k=1,  1=0;

1.12.

24

Véi n=6: k=15  [1=20;
Véi n=12: k=66, - 1=220.

1) =4l =Y Ck

k=0

2) 0= <1+(—1)) = Ychnt.

k=0 ~



- 1.13. 1) n!.

2) AP,
' 23 4
3(10 = :
) 0B [4 1 3 2)
(1 23 4Y
oot = T T
2 31 4
ou_»:‘a“

gl 23 4\
421 3) ¢

sgna =1, sgno = 1', sgnp?=1.
1.14. 1) nm ; P, |
| 2) S6 tap concdk phan tir cuia tap A 1a Ck

Vay sO phan tlr cha P(A) la ZC" =2".
k=0

3) Vi méi quan hé trén tap A'la' mot tap con cua A x A, do do
s6 quan hé trén tap A bang s phén tlr cua tap P(A x A) va

bang 2 v _
4) m" (Chéng han co thé lap luan nhur sau : Vi m(‘)l anh xa f: A - B
hoan toan xic dinh néu biét cdc anh f(a;), a e A,i=1,..,n,

~do d6-méi 4nh xa f : A—>B twong ng duy nhat v01 mot phan tir
(f(a)), ..., f(a,)) cta liy thira Dé-céc B" va nguoc 1a1) C

-
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86 PI-IU’C DA THOC vA |

2.1. KHAI NIEM NHOM, VANH, TRUGNG

- 2.1.1. Phép toan hai ngdi

- Chiing ta nhan thdy” ring, phép cong cic s6 nguyén 1a mOt &nh’ xa
tng mdicap (a,b) € Z x Z véis6c=a+b e Z. Tuong ty phép nhan
c4c s6 nguyén 1a mot 4nh xa ting méi cap (a, b) € Z x Z véi s6 nguyén
d = a.b. Mot c4ch téng quit ta c6 dinh nghia sau : :

Dinh nghia : Gié sir X 12 mot tap. M6i dnh xa 0 : X x X — X goi 1a
mot phép todn hai ngéz (hay ludr hop thanh hay phep todn dai s6) trén
tap X. : ,

Phén tir 9(x, y) g0i 12 hop thanh cla cédc phén tir x, Y- 'Cé6 ha1 céch kS'
‘hiéu phan tu‘ hop thanh : ,

- Ky hleu theo 16 cong : O(x, y) = x + Y, goi 1a td’ng cliax véiy. ,

= Ky hi¢u theo 16i nhan : 0(x, y) = x.y (hodc xy, x*y, v.v...), goila
tich clia X Vi y. '

Xét phép todn hai ngoi  tren tap X, ky hi¢u theo 16i nhan : 9(x, y) X.y.
Phép todn hai ng6i 0 goila:

= C6 tinh chét két hop néu (x. ¥).z = x.(y.z) v6i moi phdn tir x, y, z
thuoc X.

_ = C6 tinh chat giao hodn néu x.y = y.X v6i moi phﬁn trx, y thuOc X.

— C6.phén tit trung hoa (hay don vi) néu t6n tai phdn tire € X sao
‘cho e.x = x.e = X v6i moi phin tirx e X. ‘



Vi dy : Phép. cong cic s6 nguyén la mot phép todn két hop, giao
- hodn va c6 phdn tir trung hoa 12 s6 0. Phép nhan céc s6 nguyén 1a mot
phép todn ket hop, giao hoén va cé phdn tir trung hoa l1a s6 1. . :

_ - Tinh chﬁt 1 : N€u phép todn hai ngoi 6 c¢6 phan tir trung hoa e th1 e lé ‘
§ phan tir trung hba duy nhat.

- That vay, n€ue vae' 12 hai phén tir trung hoa clia phép todn 6, khi d6
heo dinh nghxa tacé: '

, . e'=ce=c. N _
Phdn tit khd nghich : Phin t& x € X goi 12 khd nghich néu tén tai
phantry € X sao cho Xy=yXx=¢e. -
- Phan tlry goi 12 ngh_ich da’o clia phén tir x.
Viduy : |
— Ddi v6i phép todn nhan cdc s6 nguyén ch1 cé ha1 phan tu' kha
nghlch d61a1va-1.
— D6i v6i phép toan cong c4c s6 nguyén thl moi s6 nguyen deu kha'
" nghich, nghich dao cta a la —a. _
* Tinh chét 2 : N€u phép ton hai ng01 0 ¢ tinh chat ket hdp thi m61, -
phdn tir kha nghich X c6 duy nh#t mot phdn tir nghich ddo, ky hieulax™"..
~That vay, gid sit y, y' 12 cdc nghich dao cua x.Khidétacé:
' X. y y.x=e. ‘
Dodé: -
y=ye=y.xy=@¢xy=ey=y. N |
_ Trong trudng hop phép todn hai ngéi ky hiéu theo 16i cong, thi phén -

o tir trung hoa thuong goi 12 phdn tt khong va ky hi¢u 1a 0 ; phdn tir nghlch

déo clia phén tir a thudng ky hiéu 12 ~a, goi 1a phdn ti déi cha a. ’
Ky hieu (X, .) chi tap X ctmg véi phép toén hai ng01 ky hleu theo 161

nhén, 9(x y)= X.y-
2.1.2. Nhém

Pinh nghia : Nhom 1a mot tap duge trang bi mot phép to4n hai ngoi
két hop, c6 phdn tir trung hoa va moi phin tir déu kha nghich.

27
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-Vay (G, .) 1a mot nhém néu thdéa mén céc diéu kién sau day :
*)(xy)z-x(yz)vm Vx,y,2€ G;
o *)SeeG.x.e—e.x—xvol‘v’x eG

*)‘Vbxe'G WK 'eG: TXX l=x'x=e.

Néu phép todn hai ngéi giao hodn : x. y y.X v6'1 moi x y thuOc G
_thl (G, .) goila nhom giao hoan hay nhom Aben.

Vidu : : c
a) b6i véi phép cOng, phép nhan céc s6 thOng thuong tacod:

*)(Z, +),(Q,+), (R, +)lacacnhomAben , ’

*) Con (Q, .), (R, .)khong pha1 1a nhém (v1 s6 0 khOng kha nghlch
dei v6i phép todn nhan).

b) Gia sir X 1a mot tap khac réng.

PatSX) = {f: X > X, flé song énh}

Trong tap S(X), xét phep todn tich clia cic 4nh xa f vé g € S(X) nhu'

sau o, g) =fg, trong d6 4nh xa f.g : X — X xdc dinh bdi :
fog(x) = f(g(x)), Vx € X.
- D6i v6i moi f, g, h thuge S(X) va moi x thuéc X ta c6 :
| (f:g)h(x) = fog(h(x)) = f(g(h(x)))
, = f(gh(x)) = fu(goh)(x). -

Do dé (f.,g)oh fo(goh). Vay 0 1a mOt phép toan két hop. Phep toan 9
co phdn tlr trung hoa e = iy. Véi m01 fe S(X) ¢6 nghich dao la 4nh xa.
ngu‘oc . Vay (8(X), .) 1a mot nhém. Nh(’)m (8(X), ») goi lé nhom cdc

- phép thétréentap X. - :
Néu tap X = E,={1,2, .., n} thi (S(Ey), +) g0i 12 nhdm doi samg bdc n,
duge ky hiéu 1a S,. D& dang ching t6 ring, véi n > 3 nhém d6i xﬁ'ng S,
khong giao hodn. Theo muc 1.4.2, méi phén tt cua S, 1a mOt hoén Vl cha -
tapcéd n phan tr. Do'dé nh6ém S, ¢6 n! phan tir.
¢)Gidslrn Ia mot s6 nguyén duong cho truéc,

D6i véi s6 nguyen x, néu x = kn +r, trong dé k, r la céc sO nguyén' ,
‘ va0<r<nth1tav1et x—rmod(n) '
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Vidy:6=0mod (2); ~7=2 m’od 3).
Trorig tap n s6 tr nhién Z {0 1,. = 1}, xét hai phép todn sau :
- Phep cong dong dun : - | a
' 1+J—rmod(n) ‘v’1 J € Z,.
- Phep nhdn dong dun:
1J—smod(n) Vi, j € Z

© Xem nhu bai tap, ban doc ¢6 thé chu‘ng mlnh du'oc phép cong dong
dun cé phan tlr trung hda 12 0 ; phép nhan déng du n cé phan tir trung :
hoa la 1. D6 1a cic phep todn két hop, g1ao hoéan.

(Z,, +) 1a mét nhém Aben Phén tu d01 ciaie Z lan-i Con
' (Zn, 2D khong pha1 la nhom Phdn tri e Z kha nghlch khi va ch1 khi
i nguyen t6 cung nhau VO‘l n.

Nhém (Z ,, +) goi 1a nhém cong cdc 56’ nguyén dong du n.

Nhém con : Gia stt (G, .) 1a mét nhém véi phén tu trung hoa e. Ta‘p

- con khéc rong X < G goi la nhom con cua nhom (G, ) néu céc diéu klen
_sau day duoc théa mién : '

I)Vx yeXﬁxyeX
DVxeX=x! eX. ,
- Gia sir A 1a mot nhém c@n bat ky cia nhém G. Vi A = @ nén t6n tai
a € A. Theo diéu kien 2 thia ' € A. Theo diéukién 1 tacéé =a.a ' € A.
'Vay moi nhém con déu chita phén tir trung hoa e cua nhém (G .). Do do
mdi nhém con ciing la mot. nhém déi v6i phép toan dang Xét.

Vl du:
a) Mbi nhom (G, .) déu c6 hai nhém con hién nhlén délaGva {e}

b) Tap céc s6 chén : 27 = {2k: k e 7} la mot nhom con cla nhom
cOng cdc s6 nguyén (Z, +). ' : :

c) Tap cic s6 [hu’c duorng R™ la mot nhom con cla nhom nhan E
(R",.) cdc s6 thuc khéc 0. ‘
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Déng cdu nhém G1a st (G, .) va (G, o) 12 cdc nh6m. M61 déng céfu .7 '
u?r nhém (G, .) véo nhém (G', o) ]a mot 4nh xa f : G — G thoa mén
diéu kién :
f(x.y) = f(x)e£(y).
Néu dong cdu f 1a mot song 4nh thi ta nél f la mot ding cau. Khl dé
ta vi€t (G, .) = (G, .). :
. Vidy: Xét cdc nhém nhan (R ¥, .) céc s6 thyc duong va nhém cong
(R, +) céic s6 thyc. Anh xa f: R* — R xAc dinh b : |
f(x)= logx
' .Theo/ tfnh chat ham s6 logarit ta c6 :
f(x.y) = log(x.y) = lgx + log y = f(x) + f(y).
- Vay f 12 mot déng c4u nhém. Theo tinh ch4t ctia ham s6 logant dé
dang thdy ring, 4nh xa f 12 mot song dnh. Do d6 f 1a moét dang cfuvata

c6(R*,.) = (R, +)

2.1.3. Vanh, trudng _ | |
" Dinh nghia : Vanh 12 mot tap K duoc trang bj hai phép todn hai ngoi,
mot phép todn ky hi¢u theo 16i cOng "+" goi 12 phép cong ; phép todn kia "~
ky hi¢u theo 16i nhan "." goi la phép nhan sao cho céc dléu k1¢n sau
dugc théa mén :

DK, H1a mot nhém Aben.
2) Phép nhan c6 tinh chaft két hop :
X(y.z) = (xy)z Vx,y,ze K.
3) Phép nhan plian ph6i d6i v6i phép cong :
Xx(y+z)=Xxy+Xxz;
(Y+i)x y.X+2X;Vx,y,ze K.

Trong nhém Aben (K, +) phdn tir trung hda thudng ky hleu Ia 0, goi
12 phén tir khdng cla vanh ; phén tir nghich ddo cia phén tir x k§ hieu

la —X, goi lé phén tir doi cia phdn tir x.
T6ng X + (=y), thudng viét x — y, goi 12 hiéu cha phén tlr x v6i phﬁn
tiry. :
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Néu phép nhan giao hodn (xy = yx v6i moi X, y thuOc K thi
(K, +, ) goila vanh giao hodn.

Néu phép nhan ¢ phén tir trung hoa, thi phén tir trung hoa dé goila
don vi cua vanh, thuong ky hleu la 1. Khi d6 vanh (K, +, ) g01 1a vanh

cé6donvi.Tacé:x1=1x= xvo‘1m01xeK .
Dinh nghia : Truong 1a mot vanh (K, +,".) giao hodn ¢6 don vi 1 =0,
trong d6 moi phén tlr x # 0 déu kha nghlch d6i véi phép toan nhén, téc 1
tOntaxx e Ksaochoxx =1.
Vi du , ,
a) b6i v6‘1 phep todn cOng, nhén cic s6 thOng thu'bng thi :
~(N,+.) khOng phai 1a vanh vi (N, +) khong phai 12 nhém Aben

- (Z, +, .) 1a mot vanh. glao hodn c6 don vi, nhu’ng khOng pha1 o

tru'cmg va goi 1a vanh cdc s6 nguyén.
-(Q, +, .) 1a mot trudng, goi 12 truong hitu ty.
- (R, +,.) 12 mot trudng, goi 12 trucng sé'thyc. g
'b) Véi phép cong, phép nhan déng du p, thi (Z , +, .) 1a mot vanh
giao hodn. c6 don vi, duoc goi la vanh cdc s6 nguyén dong du mod (p).
Vanh (Z, +, .) 1a mot trudng khi va chi khi p 12 mot s6 ‘nguyen t6. Viec.
chiing mmh dugc xem nhur bai tap. '
Vanh con : Gia st (K, +, .) a mot vanh. Nhém con A cua nhém

- cong (K, +) g01 1a vanh con cia vanh (K +, ) néu dléu klén sau duoc
thda man : : ' C

Vx yeA=>xyeA

'Dé& thdy ring, d6i v6i cdc phép todn dang xét thi (A, +, .) cling 1a
mOt vénh Ta né6i ring, vanh K 13 md roug cia vanh A. '

| Vidu : Tap cdc s6 chdn 2Z 1a mot vanh con cuia vénh cic 'sd nguyén
(Z +, o). o -

Truong con : Gia st (K, +, .) la mOt truong. Trwdng con cila tru:o‘ng
(K, +, .) Iamot vanh con P = {O} thoa man diéu kién:

VxeP,neux¢O:x eP.



Vi dy : Tap céc s6 hitu ty Q 1a mot trudng con clia trudng cc s6
thue (R, +, .). Tap \céc s6 nguyén Z 13 mot vanh con clia trudng céc s§
thue (R, +, .). Nhung Z khong: pha1 12 trudng con clia trudng (R +, )
Vivéixe Z,x#0,x=+lthix' ¢ Z. _ ‘ ’

Dé thdy rang, n€u P la mot trudng con clia trub}lg (K +, .) V6i céé’
phép todn dang xét-thi (P, +, .) ciing 12 mot trudng. Va ta néi rang,
truong K 1a trieomg md rong ciia truomg P. : .

Déng cdu vanh : Gia stt (K, +, .) v (K' +, .) 12 cdc vanh cho truéc. Mot
déng cau tu’ vanh (K, +, .) vac vanh (K' +, .) 1a mot anh xaf: K - K'

'] ~

thda man céc diéu kién sau :
DX +y)=fx) +£(y) ;

- ) ¥x.y) = f(x).f(y), Vx,y € K. |
‘ Ta nhan thdy, méi déng cdu vanh 12 mot 4nh xa bdo toan cdc -

phép todn. : T
Néu déng cau f 12 mot song anh thi f duge goi 1a dang cdu vanh Khi
 d6 ta néi c4c vanh K,+ ovaK,+.) dang cau v01 nhau va viét :
K+ 2K+ ).

Gid st K' 1a mOt vanh con clia vanh (E +Jovaf: K- K' la mOtv
~ dang cau vénh Bing cdch déng nhét mbi phan tr x € K véi phan o
f(x) € K' c E thi ¢6 thé xem K 1a mot vanh con ctia vanh (E, +, .),

‘2.2. TRUGNG 'sc‘S'PHt'Jc

Ta bit ring trong trudng s6 thuc R, phuong trinh bac hai
ax? + bx + ¢ = 0 néu c6 biét thitc A = b? - 4ac < 0 thi khong c6 nghiem.
Chiing han, phuong trinh : X2 + 1 = 0 khong c6 nghiém thuc. Do d6 cdn
phai m& rong trudng 6 thyc R dé cdc phuong trinh d6 c6 nghiem.

2.21. Tru'dng s phirc C

_ MGi cap s6 thuc (a, b) goi 1a mot s6 " phirc. S phue z=(a, b) bang
56 phitc z' = (a', b') khi va chi khi a=a' va'b = b'. Ky hi¢u C 1a tap tdt ca
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cac s6 phirc. Phep toan cOng, phep todn nhan céc s6 phitc du‘orc dinh
nghia nhu sau : :

— Phép cong sé ' phiic : IR
(a, b) + (c, d) = (a+c b+d) e
~ Phép nhdn sé phiic : R _
(@ b)(c, d) = (ac - bd, ad + bo). . (22)
Pinh 1y 2. 1: -

1) Tap cac so phic C véi phep cOng 56 phuc va phep nhan s6 phuc
la mOt trudng, dugce goi la rruong sé phu’c :

2) Tap cic s6 phic c6 dang (a, 0), ac R la mOt truong con clia
~ truong s6 phu'c C va déng cdu v6i trudng s6 thuc R. :

Chitng minh : D& thay (C, +) 1a mot nhém Aben c6 phan tr trung
hoa 1a (0, 0) ; phén tir d6i clia s6 phtc (a, b) 1a (-a, —b). Bang céch sir

dung cdc cong thiic (2.1) va (2.2) chiing ta cé thé ching to phep nhan

céc s8 phiic c6 céc tinh chét giao hoén, ket hop, phan ph6i d6i véi phép
cong s6 phiic va c6 phén tir don vi 1a (1, 0), s6 phitc (a, b) = (0 0) c6

o R a -b
nghich dao la (az " b2 eI sz
Vay (C,+ )] mot trudng.
De chu‘ng minh phan 2) clia dmh ly, xét tap con :
' ’ {z-(aO)aeR}c(C ,
Dé thdy rang, néu 2,2 € R‘ th1 z+7 € R, zz € R' va néul-

‘z=(a,0)¢0th1z ,= £] )eR Vay R'lamOttru'o‘ngconcua
a

truong sé phirc C.
Xétdnhxaf: R — R', x4c dmh b(’n f(a) (a, 0), Va e R.

'R5 rang f 12 mot song 4nh, song anh f 1 mot déng cau vanh That
vay, voi m01 a,be Rtacé: - '

f(a+b)=(a+b, O) (a O) + (b 0)= f(a) + f(b)
- f(a.b)=(a.b,0) = (_a,_()_,)-(,b\ 0) = f(a).f(b).-
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Vay f 12 mot ding c4u tir tru’b‘ng s6 thuc R. 1én tru'b‘ng con:R' clia
trudng s6 phitc C. Pinh 1y dugc ching minh.H ‘

, Theo Dinh 1y 2.1, néu déng nh4t méi s6 thuc a véi s6 phic (a, 0) ta
c6 thé xem R < C va trudng s6 thuc R 12 mot trudng con ciia trudng
s6 phitc C. Ta s& viét (a, 0) 1a a. vay 1=(1,0);0=(0,0).
2 2.2. Dang dal sd cla sé phu'c
Dat i= (0 1) s phiic i duoc goi 1a don vi do. Theo (2. 2) thl
i2= (0, 1).(0, 1) (—-1 0)=-1. | _
Tacé - i=-L . . (23)"

Tir déng thu'c (2.3) ta c6 i +1=0.Do dé i 1a mot nghlem phuc cia

phuong trinh x2 + 1=0.

Véimbib e ]R tac6
‘ b1—(b 0)(0 = (0 b).
. Véi mbi s6 phu'c z=(a,b)tacé:
| z=(a, b)=(a, 0) + (0, b)=a + bi.
- Vaytacé: 7 | _
z=(a, b)=a+bi. : : | (2.4)
Cong thiic (2 4) goi l1a dang dai s6'cha s6 phuc

Néu z = a + bi thi a.goi 1a ph&n thuc cua z, ky hiéu Ba= = Rez ;
b goila p_han do clia zva ky h1¢u b =Imz. :

S6 phiic c6 dang z = a + 0i 1a mot s6 thuc. -
S¢ phitc c6 dang z = 0 + bi goi 1a s thudn do.
Chuy Vi i2=-1 nentac6
(a+b1)+(c+d1) (a+c)+(b+d)1
(a + bi).(c + di) = (ac - bd) +(ad + bc)1

Do d6, dé thuc hién céc phép tinh d6i véi cic s6 phu‘c ta c6 thé thue o

hién cédc phép tinh cho céc biéu thic cha i véi he s6 thyc va luu ¥ i2 =-1.
Truomg s6 : M6i trudng con clia trudng s6 phic C duge £0i 12 truomg so.
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. toa do Oxy (hmh 2.1). Dé thay ring, yf

Vay, trub‘ngs()' hituty Q, trubrhg s6 thuc R 12 cdc trudng s6. Xem -
nhu mot bai tap, ban doc c6 thé ching mlnh M01 trudng s6 P déu chifa
tru'(’mg s6hiruty Q:

2.2.3. Dang lugng gic clia s& phurc

* Cho twong \ing mbi s& phiic z = a + bi
v6i mot diém M(a, b) thuoc mat phing

" wrong tng d6 12 mot song 4nh. Khi d6
‘mat phing Oxy goi 12 mdt phdng phiic,
truc hoanh Ox goi 1A truc thic, truc
- wng Oy goi 1a truc do cha mat phdng -~ it i
phitc. Diém M(a, b) hoan toan xdc dinh .~ coL ,
khi biét vecto OM. Vecto OM xic -0 1 a. X

dinh néu biét do dai |OM‘ =rva géc“« . Hinh 2.1 )

(Ox OM) (p+2knv0'10$(p<2n.
Tacé:
r= a’ +b2‘

{ cosQ =

- (2.5)

| .sin'(p =
\

=1 K-S )

bo dai vecto OM £0i 1a moédun clha so phuc z, ky hiéu 1a Izl.

. lzl-r—\/a +b%. Q6
Goc ¢ +2km, k € Z goi H argumen cua s6 phu'c z, ky hleu 1a Argz.

Goéc o goi la gid tri chinh ctia argumen clia z, ky hiéu 1a argz.
Theo cic cong thitc 2.4) vé 25)waco: ‘

= r(cosg + ising): | NeX))

Taco:

'COng thire (2.7) goi 121 dang luong gtac cua s6 phl’ré z.
£



Vi du Tim dang lugng gidc cha so phicz = 1 + 1\/_

Ta co : ,/1+3 -2 coscp—; Vidlém M(l \/—) némogéc
phén tu thit nhéit ci’la mat phing Oxy néntacé ¢ = -g-._ S6-phiic 4 cho c6
i ‘ A |
dang luong gidc laz = 2(cos-§ + 1sm§). ,
Sau day chﬁng ta xét mot vai ing dung dang lugng gidc clia s6 phic.

'2.2.4. Tich, thuong céc s& phirc viét duél dang lugng gldc
" Tich hai s6 phirc : Gia sir : -z, =ry(cosQ, + ising,) ; ’
| Z, = 1,(cOSQ, + ising,).
Tacé: "
Z,Zy = 111(CosQ + ising,)(cosQ, + isimp‘é)
| = ryr;[(cosp,cosp, - sing,sing,) + i(sincp,co@z +._COS(p]‘sin(p2) o
= 1i15[(cos(@; + ¢,) + lsm(<P| + @)l \‘ |
Ta c6 cong thifc : v o

21z =0nl(cos(@; + ¢y) + isin(e, + 0. - (2.8)
Vay, tich hai s6 phitc la mét s6" phitc ¢é6 médun bdng tich cdc médun,
cé argumen bdng téng cdc argumen.
Thuong hai s6 phiic : Gia sit 2, #0,tacé:

z, r(cosg, +ising,)

z, IL(cos@, +ising,)

_ f(cosg, + ising,)(cos@, — ising,) '
I, (cosq)2 + 1smq>2)(costp2 - isin (p2)

rl (cosq>, cosq)2 + sm(p, sin q)z) + 1(sm<pl CosSP, — coscpl sin (pz)
I, cos? (p2 + sm ¢,

= —(cos((pl (pz) + 1sm((pI ®))..
I, _ o
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Ta c6 cong thifc :

=i(cos(<p, —-<p25+isin(<p,—<p2)). o (2.9)

{

2z
Vay, thuong hai sé6 phu‘c la m¢t s6 phite ¢6 moédun bang thu‘ang cdc
~médun, cé argumen bang hiéu cdc argumen '

2.2, 5 Luy thira ciia sé pht.rc, cong thu'c Moavdrd

Gla st z =r(cosQ + ising).
Theo cong thitc (2.8) tacé :
| 22 = zz= rz(cos2(pf +isin2¢); ..

P=z=r (cos3(p +isin3¢). B
Bang quy nap, ta cé cOng thite (2.10) goi 1a cOng thirc Moavo‘ror

"=r (cosn(p + 1smn(p) o o (2.10)
Vidy : Tinh (1 - )%, -
DPé 4p dung cOng thu‘c (2.10), phai tim dang luong gléc cia s¢ phue

oz = 1 - i Ta ¢6 : = Jl+ —\)/-2_ cos<p——-'=\—£_% diém

M(l ~1) ndm 6 goc phan tu. thu tu cia mat phang Oxy, nén ta lay

0="L.
T4

Vay: - Z=‘\/5,(cos;7£+ isin—7—15).
| 4 4
Theo cong thic (2.10) tacé : . ‘
n n
1= = J_ T isin™]| .
( 1) [ (cos.4 Hisin 4)} |
1= i) = 16(cos14ﬁ +isinl4m) = 16..

Sir dung cong thirc Moavoro co. thé ching minh mOt s6 dOng nhat
 thie luo’ng gidc. Chang han vir=1,n=3tacé:

~ (coso + 1sm(p) = o8s30 + 1s1n3(p



Mat khic, ép dung cOng thic khai trién nhi thic ta c6:
(cosp + 1sm<p) = cos ¢ - 3cos<psm K0 + 1(3cos (psm(p - sin’ vq))
Vay '
S éosS(p + isin3¢ = cos ¢ - | 3cos@ sin’e + i (30082(|) sin(p - sin3q>)

~ So sanh phdn thyc v6i phan thue, phdn 30 véi phﬁn a0 & hal v€ ta
nhan dugc céc dOng nhat thuc lugng gidc sau :

cos3o =_ co_s,(p 3cos<psm ?;

sin3<p = 3c6s2<psin<p - sin3gp.

2.2.6. Khai can so phtrc.

Pinh nghia : Gia sir n 12 mot s6 nguyén duo‘ng Goi can bac ncaaso -
phuc z1a's6 phtic v sao cho V'=z '

Khi z= 0,rdrangv=0.
Gia st z = r(cos@ + ising), z#0,0< cp'< 2m.
pat - v = p(cosd + isifnG)‘, 0<0<2mn. |

~ Theo cong thitc Moavo‘rd tacé:

vVi=p (cosne +isin@) = r(coscp + 1sm(p)
, Vay tacé: p \/— ; |
o+ 2k1t

cosne cos<p =0=

Vi0 <6 <27 nén k chi 14y céc gid tri 0, 1, ..., n— L.
Tac6dinhly:

Dinh Iy 2.2: Véin > 0 cin bac n ciia s6 phifc z # 0 06 n glé tri khac'
nhau. S8 phitc z = r(coscp + isin@) c6 cdc can bac n 1a:

\ ={‘/;(.cos kn +isinq>+2kn), (21D
.n n | -
k= 01 ,n—1.

Vi du: Tim cén bac 5 cia s6 phic z = -2 + 2i.
Truéc hét biéu dién s6 phic da cho duéi dang luong gidc ta cé :
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-2 +2i=22(cos135° + isin135°). |
Theo cong thitc (2.11) s6 phitc ~2 + 2i ¢6 can bac 5 1a :

,'—j,( 135° + k360° . . 135"+k360°)”
vy =219 cos—— ‘K+1s1‘n : 5 ;

s ,
=.210 [cos(27° + k72°) + 1sm(27° + k72°)]
- k=0,1,2,3,4.

Cdn bdc n ciia dom vi : Ta c6 : 1 = cos0 + isin0. Theo cong thirc (2.11)

can bac n ciia 1 cé n gia tri khac nhau béla:
ek—cos-zﬁt-+1i 2K 01 n— .
n. n \,
Vidy: Céc can bac 6cualla:

g, =1;
T ..n
€] = COS— + isin— ;
3 3

2n .. 2n

€)= COS— +isin— ;
33
€3 =COS Tt + isinm = -1 ;

4n- . . 4n
' €4 =COS— + isin— ;
- 3 3

€s' COSS— + 151115_7r .
€s 3 3 v |
" Nhan thdy ring, cdc diém biéu e

dién céc s6 phic ¢, ..., €5 trong mat

- phing phitc 12 céc dinh ciia hinh luc.

- gidc déu noi tiép trong du‘éfng tron don :
vi ¢6 dinh g;1a (1, 0) (hinh 2.2). N

| Téng quét : Cdc diém biéu dién '

cdc cdn bdc n cia don vi g, ...,

. ~
B
I——- -\\
, ~
\
’I
/
-
o
=)

=] Hinh 2.2



trong mdt phang phu’c la cdc dinh ciia hinh n gidc déu néi tiép trong

- du'o'ng tron don vi cé dinh s la (1, 0)

2.2.7. S8 phtre Iien th

Lién hop cia s6 phuoz=a+b1 léso phic Z =a - bi.
Vidy:2=3 - 51,2-31-51

- Céc tinh cht sau day cha phép lafy Ilen ho’p duge suy truc tlep tir B

dinh nghia : :
- Dzlamot so thuc khi vachikhiz= 7 ;
2)z+ Z =2Rez;

3)z27 =1z
T3)suyra,néuz=0thi 2~ ' = I—ZTZ—, .v
' z
Hzrtz'=Zt2z2 ;
S)z2' =72
Theo 5)tacé:
a) 2" = (2)°
b) Néu z' # 0-thi (i) ==
. z z
That vay, vi (i);= }7.1' = Z.Do dé (1') ‘=',—£;. _
')z o o\z') z

Chu y: Céc diém biéu dién trong mat phang phxi'c cug sd phic z va o
s6 phuc lién hop Z d6i xﬁ'ng nhau qua truc thuc ‘

2.2.8. C4c tinh chat cia médun s& phirc
“Tir céc cong thiic (2.8), (2.9) va (2.10) ta c6 ;
1) 12z =2l 121 ; | -
Izl

T ea—
=

z'l

lz

Z

’

o |



i =1z";
41z + 21 <12l + 12, |
That vay, truéc hét xét trudng ho‘p z = 1, ta ching minh
' 1+2Z1<1+1Z1. \
Glasuz =X+ Vi, khldO

1= {4y 21x1; |
n+zP= (1+z)(1+z)—(1+z)(1+z)
=1+7Z+2 -I_-Z'z' =1+2x+ 1z
<1+2Z1+ 2P = (1 +1z1)>.
~ Vay ta cé:
nN+z1<1+1Izh

Né&u z = 0 thi hién nhién, gid stz # 0.

o(1+2)
<le{1 4[] =t b1

Vay tinh chat 4) dugc ching minh.l

Tacd:
) ]

1+%

1 — =
fo+ 2l o+ 2

' 23.DATHUC

2.3.1. Vanh da thuc K[x] _
Gia sir K 1a mot truorng s6. V6i m01 ho hiru han cac phan tu thuéc K

ay, |, - al, a,ta lap biéu thuc hlnh thic :

‘ fx)= anx +a, X" Ly +aXx +a, ' _
Biéu thuc f(x) goi la mOt da thirc ctia 4n x (hay bién x) voi he SO trén

truong K. Néu a,'# 0thi‘a, goi 1a h¢ sQ cao nhdt va s6 n goi 1a bdc cha
da thic f(x). Khi a, = 1 thi f(x) goi 12 da thitc dang chudhn. '
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Theo dinh nghia, méi phdn tir a € K, a # 0 1a mot da thic bac 0. Ta
xem phén tir O cua trudng K 12 mot da thitc c6 t4t ca céc he s6 bang 0, vA«
g0i 12 da thirc khong. Quy uéc bic clia da thitc 0 bing —oo.

Ky hiéu K[x] 1a tap tdt ca céc da thirc 4n x, véi he s6 trén K. Trong :
‘K[x] dinh nghla hai phép todn sau day

— Phép cong da thic :
~ Giastr: - fx)= a;,x“ +..+ax+a,;

g(x) = b x™ + ... + b,x +b,vam<n.

 Khidé: f(x) +g(X) =X X"+ ...+ C;X +C,,
v a+bl,1—0...,m | ’
trong d6 : c, = . - (2.12)
, ‘ a, Lsi=m+1..,n ' :
— Phép nhdn da thitc - | »

f(x).g(x) = d,H,m M. +d, X + d,, ' - (2.13)

trong d6 : d, = Za,bj,k 0,1,..,m+n.

E _ i+j=k

Cé thé chu'ng to tap K[x] v6i phép todn cong. (2 12) va phép toén '
~nhan (2.13) 1a mat vanh giao hodn c6 don vi, chita K nhu mOt trlrbng con,

Vanh K[x] goi 12 vanh da thizc mot dn trén truong K. -

Tir dinh nghia bac cia da thitc va phép c0ng, phép nhan da thitc suy

“ra ménh dé sau :

 Meénhdé2al:

a) Bac (f(x) + g(x)) < max{bac f(x), bac-g(x)}.

b) Bac f(x).g(x) = bac f(x) + bac g(x).

‘Tur diéu khang dinh b) ta c6

Hé qua Néu f(x) = Ovag(x)#0 thi f(x) g(x) # 0

2.3.2, Phép chia cé du

Gia sir f(x) 1a da thiic bac n, g(x) la da thic bac m, gx)=0vam<n."
- Né€u chia da thitc f(x) cho da thic g(x) s€ du'oc mot da thifc q(x) c6 bac
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n —m va phén dir 1a mot da thiic r(x) ¢6 bac nhd hon m. Khi d6, da thic.
© f(x) c6 thé biéu dién duy nh4t duéi dang : : |

| f(x) = gOQ() +1x), @19
trong d6 bac r(x) < bac g(x). . ‘ ‘ :
Chéng' han: \f(x)\: 2x + 53— x? 4+ 2x + 1,
' ‘ . g(x) =‘2x:'2<\'— 3x+ 1.
s o Xkl 23 -3x+1
2x* - 3x> '+\x,2 (= _xz.g(x)) o X+ 4x+S (=qx))

8x>— 2x*+2x+1
8x% — 12x% + 4x (= 4x 5(X))
10x% - 2x + 1
10x% - - 15x + 5 (=5. g(x))
13x -4 (=1(x))

Tac6: , .
2x '+5x —x*+ 2x+1 —(2x2—3x+ 1)(x2+4x+5)+ 13x - 4.
Trong bléu dién (2.14) cla da thic f(x), da thic r(x) g01 12 phan dw
ctiia phép chia da thu’c f(x) cho da thic g(x). Néu r(x) = 0, khi d6
f(x) = g(x).q(x), ta néi rang da thic f(x) chia hét cho da thitc g(x), hay ‘
g(x) la mot woc cua f(x). '

Ky hiéu f(x) : g(x) ch1 da thue f(x) chia hét cho da thitc g(x).

2.3.3. Uéc chung 16n nhat , ,

Pa thic d(x) goi la wéc chung . ciia céc da thitc f(x) va g(x) néu -
f(x) d(x) va g(x) d(x). | ‘

* Pa thitc d(x) goi 12 wdc chung lon nhdt (UCLN) ctia c4c da thue f(x)
va g(x) néu d(x) 12 moét uSc chung cua f(x) va g(x) ; va néu d (x) 1a mOt
udc chung cia f(x) va g(x) thi d(x) d'(x).

Cadc tinh chdt

1) Néu f(x) d(x) va g(x) d(x) thi

f(x). g(X) d(x) va (f(x) + g(X)) d(X)
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2) Néu d(x) 1a mot- UCLN cua f(x) va g(x) thi v6’1 aek, a ¢ 0,
a.d(x) ciing 1a UCLN clia f(x) va g(x)

Tir dinh nghia UCLN va tinh chat 2) suy ra: Néu f(x) # 0, g(x) = [
c6 UCLN thi UCLN dang chuén 13 duy nhat. Ky hiéu (f(x) g(x)) chi
UCLN dang chudn cta f(x) va g(x). :

- Pinh Iy 2.3 : Moi cap da thirc f(x) = O g(x) #0 deu cé UCLN
Chiing minh (Thuat toén Euclid tim UCLN) :

Gia st bac ctia f(x)J6n hon hoac béng bac ciia g(x). Lién vtié’p thuc
hién phép chia c6 du, theo cong thic (2.14) tac6 :

f(x) = g(x)q,(x) + r,(x), bacr,(x) <bacg(x) . 1)
g(x) = r;(x)q,(x) + 1,(x), béc r,(x) < bac r;(x) @)
1 (X) = ry(X)qs(X) + r5(x), bac r5(x) < bac ry(x) "G

Ti2(X) = -y (X) g (x) + 1 (X) ~ bac 1 (x) < bac fe(x) LK

T-1(X) = 5(X) Qe (X). ‘

Diing thifc cusi ciing ching 6 r,_(x) { r,(x). Theo tinh chat 1) tir
déng“"thl’rc k suy . ra r(x) 1a uéc. chung cia r,_(x) va r,_,(x) ; ding thic
thit k = 1 ching t& rk(x) 12 u6c chung clia rk_z(x) va 1, 3(X), .. ’rk(x) lé‘
udc chung cua f(x) va g(x). . :

' Néu p(x) 1a mot u6c chung cha f(x) va g(x), theo tinh chat 1) tir
ding thitc thit nhat suy ra r(x) : p(x), réi tr ding thirc thit 2 suy ra
(%) £ p(x). Vay () 1a UCLN cita f(x) va g(x). |

 Chi y Ta biét ring, néu d(x) 1a UCLN ciia f(x) va g(x) thi véi

a € K, a # 0, ad(x) cling 124 UCLN ciia f(x) va g(x). Do dé, khi 4p dung' -
- thuat todn Euclid tim UCLN & trén, dé trdnh tinh todn phic tap, c6 thé

thay da thitc ry(x) bdi da thitc I; (x) ary(x), ae K, a ¢ 0.
Vidi : Tim UCLN ctia da thitc thuoc Q[x] :

f(k) =2x* + 353 + 4x% + 2x + 1,
g(x) =33 +4x? +4x + 1.
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Thue hlén phép chla céd.duda thuc f(x) cho da thuc g(x) taco:
2x* +3x + 4x? +2x+1_,_ _
=(3x> +4x +4x+1) l)+.§x2+—8—x + 2
9 9 9 9

Tacé:r(x)= —g—ﬁ(z +—§-x + g . ﬁuc hién phép chia cé du da thitc

- g(x) cho da thl’Ic rl*(x)‘= grl (x) tadugce :

3x + 4x? +4x+1—(x +x+1)(3x+1)
Tacé: ry(X) = O Vay UCLN cua f(x) va g(x) lar, (x) x2 +x+1

Da thitc nguyén t6é" cang nhau : Hai da thic f(x) va g(x) thudc K(x],
- f(x) # 0, g(x) # 0 goi 1a nguyén 16" ciang nhau néu (f(x) ; g(x)) = 1.

Dinh 1y 2.4 : Hai da thic f(x) = 0, ‘g(x) # 0 nguyén t6 cing nhau khi
va chi khi ¢é ¢4c da thirc u(x) va v(x) thuoc K[x] sao cho.: ;
GO + gV = 1. R g2.15)
Chu’ng minh :

Piéu kién du : Gia st cac da thuc f(x), g(x) thoa mén he¢ thuc (2.15).
Khi dé6, néu d(x) 1a mot uéc chung cua f(x) va g(x), theo tlnh‘ chat 1) cia .
udc chung thi d(x) 12 uéc ciia 1. Vay 1 1a UCLN ciia f(x) va g(x).

Diéu kién cdn : Gia st (f(x) g(x)) = 1. Khi d6 UCLN clia f(x) va
(x) la c4c da. thu’c bac 0. Theo thuat toan Euchd taco:

f(x) = g(x)q,(x) +1,(x);
g(x) = 1 (X)qy(X) + ry(X) ;

r)(X) = rp(x)q3(x) + 13(x) ;

Fies(X) = a0 1K) + Ty (05
- Tea(X) = T (X)qi(x) + €5

I (X) = c.qy (), ¢ € K, c 2 0.
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Ding thic thit k ching td ¢ biéu dién dugc qua céc da thic - (x) va
r,»(x). Do d6, tir déng thu'c thu k — 1 suy ra c'bi€u dién dugc qua cdcda
- thic r,_x(X) va r,_5(x), V.v.. ‘

Tiép tuc dén ding thue thit nhdt, ta c6 c biéu dlén dugc qua f(x) va
g(x). Vay tacé:
»c= f(X)p(x) + g(x)q(x).
Nhan hai v€ ding thic trén véi ¢’ va _ dat u(x) = ¢ 'p(x),
’v(x)=c_'q(x) tacé: . / | -
| (K + gOOV(K) = 1N

2.3.4. Nghiém ctia da thie

Pinh nghla Phin tra € K goi 14 nghiém cha da thic bac n >0,
- fx)=ax"+...+ a,x +a, thuOc K[x] néu thay X bdi o ta c6:
f(o) =a 0" +... + 2,0 + 2, =0. _
Menh dé 2.2 : Phén tr « € K 12 nghiém cila da thitc f(x) thuoc K[x],
c6 bac n > 0 khi va chi khi f(x) | (x - a)
Chitng minh :
 Theo (2.14) tacé': . | ,
, | f(X) x-a)gx)+r, re K.
Thay x bdi o tacéd: f(a) =r. Vay f(a) = 0 khi va chikhir= 0 tic 1a
fx) ! (x-—a).l ' _
Nghiém bgi : Phdn tir o € K goi A ’nghiém boi k ciia da thic
f(x) e K[x], c6 bac > 0, n€u f(x) chia hét cho (x )k va khong chia hét

cho (x — a)**!.

Vay, néu o € K 1a nghlem boi k cla f(x) thi f(x) = (x - a) q(x),
trong d6 da thic q(x) khOng chia hét cho (x - a)

Ménh dé 2. 3: MBai da thic f(x) bac n > 0 c6 kh0ng qué n nghiém ké
ca nghiém b01 A '

- Chimg mmh - Gia sir o la nghiém boi k cua f(x) i=1, ..., m. Theo.
dinh nghia ta c6 : '
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fX) = (x ~ o) .. (x = 0) ™ s(x)
s(o)#0,i=1,.., m. |
'Theo Ménh dé 2.1, ta c6:
" n=k, +..+k_ + bic cha s(x).
Dodé: = n<k +..+k, M
Da thu'c bdt khd quy : Da thu'c f(x) € K[x] c6 bac n > 0 goi 1a bdt khd -
quy trén tru'dng K n€u khi cé phan tich f(x) = p(x)q(x) Vi p(x), ‘
q(x) € K[x] thi bac p(x) = 0 hoac bac q(x) = 0. Tic 1a da thic f(x) khong

thé phan tich thanh tich hai da thic thuge K[x] c6 bac nho hon n. Tir
dmh nghia truc tlep suy ra:

1) Céac da thitc bac nh4t bat kha quy ;

~ 2) Theo Ménh dé 2.2, ta c6 : M8i da thic c6 bac 2 2 bat kha quy
~ trén truong K thi khong c6 nghiém thugc K.

Chu ¥ ring, tinh bAt khé quy cta da thitc phu thuéc vao truong dang
xét. Chéng han, da thitc x> = 2 bat kha quy trén truong hiru- ty Q, nhu‘ng
khOng bat kha quy trén trudng s6 thyc R, vi trong R [X] ta c¢6 phan tlch

X2 (x+f)(x_f).~~

- 2.3.5. ba thire trén tru'dng s8 phuc C

Ta thira nhan dmh ly sau day, thucmg goi 1a dinh ly co ban clia Dai
s6 hoc. ' ,

‘Dinh Iy 2.5 : Mbi da thic bac n > 0 tren tru'o‘ng sO phic déu cé
nghiém phitc. : :

‘Xét g(x) 1a da thirc he s6 phic, g(x) cé bac n >0. Theo Dinh 1y 2.5, g
g(x) c6 nghlém phitc a;. Theo Ménh dé 2.2 tacé:

g =(x- on,)q,(X)

trong dé: q ,(x) 1a mot da thitc he s6 phiic.

| Gid st o, 12 mot nghiém phic clia q,(x). Ta c6 phan tich :
o qi(X) = (X — 2)qy(X). |
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Vaytacod:
g(x) = (x —o)(x - o3)gy(X).
Tiép tuc mot cach twong tu ta c6 phan tich : o
gx)=b(x —a,)" .. (x -, )™, | | (2 16)
“trong d6 o Ia nghiém phic boi r; ciag(x),i=1,..m;a;# a v6ii# _1

.DE&thdy:r,+ ...+, =nvablah¢socao nhaft cia g(x).

Tir phan tich (2. 16) ta suy ra rang : Mdi da. thitc he so phitc bac
n > 0 c¢6 n nghiém phifc ké ca boi. Do d6, cdc da thitc bdc nhdt la 1dt cd .
cdc da thitc bdt khd quy trén truong sé phiic C.

' 2.3.6. Da thic trén trudng s& thuc R

- MAi da thiic he s6 thuc f(x) co thé xem 1a da thu'c hé s6 phu'c Thed
Pinh 1y 2.5, néu bac f(x) >0 thl f(x) cé nghlem phitc.

"Ménh dé 2.4 : Néu s6 phiic o = a + bi 1a mét nghiém clia da thu'c he
- s6 thuc g(x) thi s6 phuc lien hop @ = a - bi ciing 12 nghiém clia g(x).
- Chitng minh : G1a st o 12 mot nghiém phic cia da thitc he 56 thuc :
g(x)=b, X"+ ...+ bx + b, Theo tinh chat clia s6 phuc litcnhgptacé:

(a) b(a) +..+ba+b,

— m h o —‘
o =byat + et ba + p‘,,-

= b, o™ +..+boa+b,=g@)=0.
Vay & 1a mot nghiém cia da thic g(x).l |
Gia sirg(x) e R[x] c6 bac > 0. Trong phan tich (2 316) néu oy =y + iby,
| by # 0 12 mot nghiém phiic cua g(x), thi theo Meénh dé 2.4, @, = - 2y — ib,

ciing 12 nghiém ctia g(x).
Tacéd:

(X = o) (x= &) = x> = (o — Ty ) X+ oy Ty
=x2 —2akx+ak+b2
- =x>+Ax +B,

'véi A, =-2a, B, = ai + bi 1a céc s6 thuc.
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Tam thic x* + Ayx + B, khong c6 nghlem thuc. Theo (2. 16) da thitc
g(x) c6 thé viét dusi dang : :

g(x) = b(x — )" (x—0 )Y (x> +A;x+B)" .. (x> + A x +B))? (2.17)
| trong d6 oy, k =1, ...,Vq>121 nghiém tfluc boi 1y clia g(x) ; X2 + Ax + B,
_‘ k=1, ..., pla cdc tam thic bac hai he s6 thuc 6 biét thiic A= A2 - 4B, <0;
oy # 0y VA (A, B) # (A, B) khik = /. i B
,‘ Phan tich (2. 17) cua da thic g(x) 1a duy nhat, ch1 sai khdc tht tu cic
nhan tir.
- Tir phan tl’ch (2.17) ta suy ra rﬁng Da thitc bdc nhdt, da thirc bdc
hai co biét thu’c A<0la tat ca cdc da thu’c bdt khd quy trén tru’o‘ng
50 thyc. '

" Tix hé thu'c 2.17)ta cé
baC g(X) =n+..+ l' + 2(51 +..+ Sp) .
Do d6, néu g(x) 1a mot da thu'c hé s6 thuc bac 1€ thi trong phan t1ch
(2.17) c6 it nhat mot nhan tir 1y thira cha mot nhi thifc bac nhat. Vay ta
- ¢cé ménh dé : : ‘ ;
Ménh dé 2.5 : MSi da thitc he s6 thuc bac 1& c6 ft nhdt mot
nghiém thure. - ‘

2.4. PHAN THUC HUU TY THYC

2.4.1. Trudng phén thirc hitu ty

~ Gid st K 1a mot trudng s6. Ta ky hieu Q I tap t4t ¢ céc cap da thic

(f, g) voif, g € K[x] va g # 0. Trén tap Q x€t quan hé ~ xic dinh nhu sau :
(f, g) (f,g)khivachikhif.g'=f.g. . (2.18)

Dé dang chirng minh quan hé ~ c6 tinh chat phan xa, d6i xu‘ng va
bac cdu. Do d6 né 1a mot quan h¢ twong duong trén tap 2.
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 Lép tu‘dng duomg éh&a cédp (f,‘ g) ky hiéu 1a f va dugc goi 1a mot

o
=

phadn thitc hitu ty dn x trén truomg K. Theo (2.18) ta c6 iy khi va
' q

oo |

chi khi f.q =p.g.

Ky hiéu K(x) 1a tap c4c phan thifc hitu ty 4n x trén trub'ng K Trong :
tap K(x) ta dinh nghla hai phép toan sau : ‘

— Phép céng cdc phdn thitc hitu 1y :

f,p_fa+pg 1 (2.19)

g 4 gq

— Phép nhdn cdc phdn thicc hitu 1y
frp_fp (2.20)
g9 84

C6 thé chimg té ring, cdc phép todn x4dc dinh bdi cic cong thic
(2.19) va (2.20) 1a diing d4n, tic 1a khong phu thudc vio dai biéu cic 16p
trong duong, va (K(x), +, .) 1a mot trudng, dugc goi 12 trieong cdc phdn
thikc hitu 1y dn x trén ‘truong K.

C6 thé xem méi da thiic f e K[x] 12 mot phan thic hu'u ty dang { '
Do dé6 ta c6 cic bao hém thuc Kc K[x] c K(x)

Phdn ;h;’tc thuc su :: Phan thuc hitu ty i g01 1a thuc su. néu |
bac £ < bac g R |

G1a sur f e K[x], néu bac f > bac g, khi dé thuc hlen phép chia ¢6 |
g8 .

du da thﬁ'c f cho da thli'c gtacé:
f= gq+r bacr<bacg.
Do dé theo (2 19)tacé:

f '
—=q+,—,
& - g

trong dé I lamot phan thitc thuce su,
g s
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Vay, méi phéan thitc hitu 1y cé thé bidu dién duci dang t16ng mét da

thitc va mot phdn thiic thuc su. _
'Phén: thic don gidn : Phan thitc don gian trén trudng K lé‘phan :
900 |
X

N
thuc co dang , trong d6 p(x) 1a da thic bat kha quy trén K va

bac q(x) < bac p(x).

2.4.2. Cac phan thuae hu’u ty thuc

" Ta biét rang, da thirc bat kh quy trén truo’ng s6 thue R chi cé thé Ia ‘
da thic bac nht, hoac da thitc bac hai c6 biét thuc A < 0. Do d6 phan
thic don gian tréen R chi c6 hai 1031 sau day

— Céc phan thiic don gian loai 1 :

— . m=1,2,..
(x=a)” 2
- Céc phén thic don gién'loai 2:
ax +b
(x* +px + ™’ |
Su dung phan uch 2. 17) cua da thu:c he s6 thuc, c6 thé ching td m61

trongdop —4q<0 m=1, 2

phan thirc thu’c su £ e R [x] déu c6 thé biéu di&n du01 dang téng cic
g . , ‘

phan thirc don gian. »
Cu thé, néu da thitc g(x) cé phan tich (2 17) thi phén thu’c hia ty -

thuc sy I cé thé biéu dién duéi dang

g
n C- Iy (o

L d—A Y
g jl,=|(X—0ﬁ‘|)Jl ‘jq,=1(x—0c(‘|)4‘l

Sy ak+b Ty a; x+b, |
+ ) — D : E—  (221)

={ey +Ax+B) i +AX+B))T

x4 +2

Vidu: Xét phén thl’xcp thyc su :. ——.
_ X =1
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- Tacd:
x* +2 = x* +2

x(x2 =1)%  x(x - 1) (x+1)

Ap dung cong thic (2.21), tac6 :
——— = + + + .
x(x* -1 X x—l x-1% x+1 (x+1)
Phuong phédp thong thudng dé xéc dinh céc he s6 A, B, C D,El

quy déng mau s6 va nhém céc s6 hang, réi so sénh he s6 ciia x* & ha1 V&
Quy déng miu s6 r6i nhém cdc s6 hang ta cé

xY+2= (A+B+D)x +(B+C D+E)x
+(2C-2A -B-D-2E)x* +(C- B+E+D)x+A
So sdnh heé s@ clia xkfrh_ai_ve' ta c6 hé phuong trinh : -

x*+2 A+'B C D E

(A+B+D=1 | 1)
B+C-D+E=0 2)
 {2C-2A-B-D-2E=0 = (3)
| C-B+D+E= o 4) | -
, \A=2 ‘ (5)
Giai hé phuong trinh ta c6:
A=2,B=D=-+,Cc=23, E=—2
2 4 4
Vay phan thie da cho c6 biéu dién :
x*+2 2 1 3 1 3

x(x2 =17 x 2(’x—1)+4(x—1)2_2(x+1)_4(x + 1%

 BAITAP
P& bai

2.1. Xét xem céc tap sau day d01 v6i phép todn di cho c6 pha1 la mot
nhém hay khong ?
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2.2.

2.3.

2.4.

2.5.
26

1) Tap cic s6 tu nhién d6i v6i phép todn cong.
2) Tap céc s6 nguyén d6i véi phép todn cong.
3) Tap céc s6 ty nhién d6i v6i phép todn nhan.
" 4) Tap céc s6 thuc khac 0 d6i v6i phép todn nhan.
5) Tap céc s6 hitu ty d6i véi phépktoén nhan.

~ 6) Tap c4c s6 hiru ty duong d6i véi phép toén nhan.

~7) Tap M = {1, —1} d6i vé4i phép todn nhén.

Gia sit G, ..e)la mOt nhém. Chu‘ng minh rang, véi moi phan tir

a,beGtacé:
" Da"am=a"tm;

2)(@b) ' =bla';

@)=

4) Néu ab = ba thi (ab)" = a"b" }
Chting minh ring, 4nh xa f : Z — Q% xdc dinh» bai f(n) = 2"
véimoin e Z, 1a mOt‘ddng cdu cua nhém vc()ng cdc s6 ngliyén
(Z, +, 0) vao nhém nhan cédc s@ hitu ty duo‘ng (QY, ., ).
Gid st f: G — G' 1a mot déng ciu cta nhém (G, ., €) vao nhém

(G, ..e). Chitng minh :

1 f(e) =e'

2) f(a™") = f(a)™! |

3) Anh Imf ciia déng c4u f 1a mot nhém con. |
Chitng minh ring tich cdc déng c4u nhém 1a mot d6ng cdu nhém.

Xéttap Z,={0,1,...p~1}. Chting minh ring :

1) Véi phép cong, phép nhan déng dupthi(Z, +.) 1a mot vénh‘ :
giao hoan c6 don vi.

2)Phantiri € Z kha nghich Khi va Chl khi (i, p) =1 (i, p nguyén
t6 cling nhau).

3) Vanh Z , 1a trudng khi va chi khi p 1a mot s6 nguyen t6.
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2.8.

2.9.

2.7. Ching minh ring :

1) Tap céc s6 thu‘c c6 dang a + b\/i véia, b e Z 1a mot vanh con
cla truong s6 thuc R. ‘ ' '

2) Tap céac s6 thuc c6 dang a+ b\/§ véi a, b € Q la mOt tru'o*ng
con clia trudng s6 thuc R .

3) Tap céc s6 phic ¢6 dang a + ib v6‘1 a, b € Z 1a mOt vénh con
cha trudng s6 phiic c.

4) Tap céc s6 phic c6 dang a + 1b véia,be Q@ lé mot trudng s6.

* Ching minh ring :

1) Tap S' c4c¢ s6 phitc c6 moédun bang 1 12 mot nhém con cha nhém
(C",.)céc s6 phic khéc 0 d6i véi phép nhan s@ phic.

2) Tap c4c can bac n ciia 1 12 mot nhém con ctia nhém S'.

3) Anhxaf: R 5 s! x4c dinh bdi f(x) = cosx + isinx vo‘l rhoi

x € R 1a mot déng ciu g nhom cOng céc s thuc R vao nhém,'
nhan S'.

Chiing o ring phép 14y lién hcxp la mot dang cu tl‘r tru'o’ng s6 phic

- C vao-chinh né.

2.10. Chiing minh rang tich hai déng c4u vanh 12 mOt dOng cau vénh
2.11. Hay thuc hién céc phép tinh sau day : ‘

54

D +2)(2 =312+ 1)(3 2i);
2)i", v6i n 12 s6 nguyén 16n hon 0 ; ;
5+46i 4+2i

3) -+ =
3+.2i i

4 (1 + i)_2 :
a-n"
1+ 21) -1+ i)-‘
(3+21) —(2+1)
6). 1+ ,Ttga .
"1 -itga




" 2.12.Tim c4c s6 thuc x, y thoa mén hé thic :
1)(1+2i)x + (3 - Sy =1-3i;
2) (x +yiY =3 - 4i; .
3) (x — yi)® = 15 + 8i.
v 213. Tim céc can bac hai clia c4c s6 phl’rc :
| 243 S5+4isic -l
2.14. Biéu dién cdc s6 phitc sau day dudi dang»lu.q/ng "giéc :
Clicigol4i -1+ i3 VB - isB
| 2i;1—is1+i;1+iV3.
2. 15 Ap dung cong thitc Moavoro tinh cdc biéu thic sau day :
DA+ 1)

20
1+iV3
2) - ;
1-1 )

u
1+\/3_i' -
3) 5 .

. 15 \15
(-1+i3)" (-1-i3)
4) 20 t - ) 20 :
1-1) 1+ DT
2.16. Hay tim:
1) Cac can bac nclia m01 s6 phiic sau :

—1,1,1+1,1—1,\/_—1 1+N/_

2) Can bic 6 cia ;l_l ;can'bafc 8 cla 1+,l. ; can bac 6 cia
! : B i N TSI R |

o1
‘1 +iV3 '
2.17. Chiing minh ring, tng 14t ¢4 céc can bc n ciia mot s6 phc bang 0.
2.18. 1) Tim diéu kién dé tich hai s6 phic 12 mot s thudn &o.
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2) Tim s6 phic u thda man u=uv’; u=u';lul—u=1+2i;
ul+u=2+1i. '
2.19. 1) Hay tinh cosna vé sinna theo cosa vé sina.,
2) Tinh cic t6ng : ,
S = cosX + COs2X + ... + COSNX ;
T = sinx + sin2x + ... + sinnx.

2.20. Chitng minh céc hé thirc sau day :

n
D1-C2+Ct-C +.,.=22cos1‘f;

2)C -+ -l +.. =22 smlf-
2.21. Ching minh :

1) (1 + cosa + isina)" = 2" cos” %(cos% + isingzg) :

2) 1+ itga‘ " _ 1 +itgna
I -itga 1 - itgna
3) Néu s6 phitc z thdéa mdn z + 1. 2cosH thi z" + in = 2cosn9
z z
2.22, Thuc hlen phép cOng f(x) + g(x) va phép nhan f(x)g(x) véx f(x), .

g(x) 12 cdc da thitc sau day : -

DIx)=x*-x3+3x-1, g =x1+x+1;
DX =x+ix—1, gx)=x>= (1 +Dx—i;
N =x>+1, g =xi-i.

2.23. Thuc hién phép chia c¢6 du da thic f(x) cho da thic g(x) v6i -

- f(x), g(x) 1a c4c da thirc sau day

D)= x>, L g(x)=x2—x+i;
2) f(x)=x>-3x*-x -1, , 'g(x)—-3x2—2x-i-1
2

3)f(x)=x4+ix3-;ix +x+1, g(X) x> -1x+l
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2.24.

2.25.

2.27.

2.28.

2.29.

Tim UCLN ciia céc da thic hé s6 thuc sau day :

DX =3x+ 1 | va x+l;

2)x5+1 : o va 7 X2-x+1;

PSS R S O 1
HC+R+2x+2 va C+x+1;

5)x2—4x+3 ' va - x-—6x—5x+10véx—1
Tim nghiém cta cic da thiic sau day '
-l)x_—1x+1,‘ ' 2) x? +21x+2‘; |

P+ (1 —iDX+is 4y x* +6x> + 9x* + 100 ;

5) 3+ x*+ 1.

K 12 mot trudng s6. Dao ham cla da thitc f(x) = ax" + ... + a;x + a,
thuoc K[x] 1a da thitc fi(x) = nanx"'1 + ...+ 2aXx +a,.
1) Ching minh rang : |

a) [f(x) + gx)}' =1(x) + g'(x) ;

b) [f()g(0]' = f(x)g(x) + f(X)g'(X).
2) Hay ching to ring, nghiém o cta da thic f(x) 1a mot nghlém
boik>1 khi va chi khi o 13 nghiém boi k- 1 cua dao hém f'(x).

S6 1 c6 phai la nghlém ctia cdc da thifc sau day hay khong ? Néu
nd6 1a nghiém hay tinh s6 boi. ‘

Dx*-7x+6; 2’)x5y+k3+2x2—6x+2‘;

3) x8 — 4x% + 6x* - 4x2 + 1.
Chimg minh. | ‘
Dxx"' ~na" Y+ (n- 1)a chia hét cho (x — a)’ ;

2)[(1 - x) (x +1)- 2nx (1 -x)—n*x"(1 = x)] -chia hét cho (1 - x) »
Gia st phép chia da thitc f(x) cho x — a;c6 phdndular,i=1, 2.

- Hay tim phdn du clia phép chia da thic f(x) cho (x ~ a;) (x — éé)

2.30.

Hay phan tich cdc da thic sau day thanh tich cdc da thirc bat kha

quy trén trudng s thuc :
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l)x4—2xcos<p+1;‘ o xt+4;

3)x’ - 6x*+ 11x - 6; Hxt-102+1.
2 31. Hiy phan tich-cic phan thitc hu’u ty thuc sau day thanh téng cac
“phan thitc don gian :
1  x
1) =3 2) 47—
(K +)(xP+2) U xt+3x2+2
. 2 2
y2E D, Y
x° =D - (d=x)
2
x“ +1 . 6) 8

K -DEP+x+1) x* -4’

Pap so va hudng dan , o
2.1. 1)Khong. 2) C6. 3) Khong. ‘ 4) C6.
5) Khéng. 6) Cé. 7 C6.

.2.6. 2) Vi (i, p) = 1 khi va chi khi t6n tai cdc s6 nguyén x, y sao cho
ix+py=1. Giasltx = =kp+jv6i0<j<p.Dodétacéij=1mod (p).

3) Ap dung 2).
2.11.1) 65. N
"2)1nfun=4k;infun=4k+1;-1néun=4k+2;—inéu
n= 4k +3. . ’ 1 o
' 3) 57 - 52i .
13
42!
(Hudng ddn : Nhan tir s6 va miu s6 véi i)
5) 44 - 5i .
318
6) cos2a + isin2a..
' 4 5 -
212 ) x=—-—,y=—. 2)x=+2,y=F1.
) TR ) y=*%

3) x ='il,‘y = 34.
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2.13. %(\/4+2\/_§ +1\/-4+2f)
_%(\/10 + 2\/—1 +1\/—10 + 2\/_—)
1
_5(\/—2_ + l\/—)
+i.
) L . .. 3xm
2.14. -1 = cosm + isinm ; ' —-1= cos—2—'+ 1sm7;
14i= 2 cos T +isin2t ) 1413 =2(cos3”-+i,sinzﬁ);
: 4 4 ‘ 3 -3
, 1ln LR o n N Ty
\/—?;—-'=2 co——+'n—-— : \/—?;+'=2 cos—+isin—);
i S < si c / 1 6 p
] T L. 11:. : . 77\: 4
2i=2| cos— +isin— | ;. 1—1=\/§ cos——+1sm—);
2 2 ‘ : 4 4
1+'i=\/_2_ cds£+ isinE ;  14+ '\/§=2(cos£+isin.£j.
| ( 4 4) B R
215. )24 2)2%(1 - iW3).
3) L f - 4)-64.
$2.16. 1) cos T2 L iin BE 2K o o1
: n » n v
cos7T + dkn + isin7T al 4kn,k=0; won=—1:
21) 2n :
' ,Zﬁ(cosn+8kn+isinn+8kn) k=0,..,n-1;
' 4n . ~4n
2\/—( 77c+8k1t ‘ 7n+8kn)k 0, ,n—fi;
n . 4n
Q/E(Coslln+12kn+isi lln+12k1r) K=0,..n—1:
o 6n ' 6n o
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e/i(cos" *+OkR | isin ™t Gk"}, k=1,..n-1.
3n 3n .

os 24K + 197 + isian, k=0,1,2.3.4.5:

Q4 + 5 . i“@)’ k=0,1,..7;

-

(24k-+ 17n iSmM),k:o, 1.5,

1
) (cos
2.17. Huémg dadn : Goi S 1a téng cic can bac n clia z = r(coso + 1sm(p)
Tacé

S= J_Z[cos T +i w]

k=0 n

S e 2n .. 2=
Nhan hai v& v6i cos— + isin—, ta dugc :
: n n '

n-1 ; ) \
(cos2 + isinzﬁ] S= {'/1_' Z:(cosz—Tt + ising’-t-) X

n n k=0 n n

X [COSL'Z_th + isin e +‘ Zkﬂ:). .
: n - .n

- Vay: (cos—2£+1sm2—)s S, dodoS 0.
n n

2.18. Gid stru = x + iy, u' = x' + iy".
1) Reuwu' = 0 < xx' = yy'.

I_
2

2)u=u? Q(x y=0; hodicx = Ly= Ohoacx_—2 y=t

(= I

=u’ <=>(x y=0; hoacx—l y=0; hoacx 0,y=1);
u=§—ﬁj

5

3 . : _
v_u=—+l. SN

4 ' .
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2.19. 1) Huéng ddn : Tinh (cosa + isino)" theo hai cdch khai trién nhi
thitc Niuton va cong thitc Moavoro réi so sinh phan thuc véi phan
thuc, phin 4o vé6i phin 4o clia cc két qua.

cosna. = C cos" o — Cf, cos" 2 asin® o + C2 cos"* asin® ...

sinnai=C} cos"'1 asina + C> cos" asin® o + C cos" S asin*a + ...
2) Hu‘dng dan : Tmh bléu thitc S +iT. Tacé : _
| - S+i1T =cosx + ... + COSNX + i(sinX + ... + sinnx)
= (cosx + 1s1nx) +..+ (cosx + isinx)". |

Tinh téng cép s6 nhan & v€ phai r6i so sanh phan thuc, phan ao &

hai v€ ta c6 ;
L (2n+1) 7‘
sin 2' 1 )
S= —~ " s
2sin§ 2
2 _

. ) (2n+’1). nx
~ sin|. 5 sm—2—
T= .

2sin >
2

2.20. Hudng ddn : Xét biéu thic (1 + i)
2.21. Huéng ddn : 1) va 2) : Ap dung cong thiic Moavoro.
3) Chting t6 rang z = cos 9 + ivsihG , 161 dp dung cong thiic Moavoro.
2.22. 1) f(x) + g(x) = x* + 4x, | -
fx)gx) =x" —x%+ x> +3x* - 2x3 +3x%+2x-1.
2)f(x)+g(x) x +X2-X -~ (1+1) |
| f(x)g(x) = x> — 1+ 1‘)x 1+ 1)x - 13x +(2+ 1)x + i.
X)) +gx)=x>+x2+1 -1, ‘
f(x)g(x) X —ix>+x2-i

2.23. l)x —(x 1)(x +x-—1) x+1
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2)x3-3x2-x-1 =>(3x2>—\ 2x +',1)(%x - %) -26x + 2.

Hx i - x+ I=C - ix+ DO+ 2ix+ D+ 2 -ix+ 1.
2.24.1) 1. 2 x+1. 3Hx2-x+1.
1. " S)x-1.

225, 1) %H,’l +2‘/§ + (1 - '2"/32" l]iJ].

- 2) (-1£3)i.

1+J')+1( J_)
> .

4)1+2i,-4+2i.

—1+1\/— | —\/g—f

5)x
)X = 2 Xy = )

5L

3 X3 ==X 5 Xy =Xy

Va X, X5, X3, X4.
2.26. Hucng ddn - .
1) Xét: f(x) =ax" +... 4;a,x +a, a,#0;
g(x) = b X" + ... + bx + by, b, # 0.
Gid stm <n. L
a) Dé thay rang [f(x) + g(x)] fx)+g'x).
D) 0800 = dyyyX™™ + . + diX +dy Vi dy = Y b,

i+j=k
Tacé: _ |
[f(x)g(x)]' =M+ My x™™ L+ 2dx +d). (D)
Hé s@ cua x* trong bléu thitc vé€ trdi (1) 1a (k + 1)dyyp. |
~Mat khéc : _
f'(x)g(x) =d' ey X o dyx +d,
trong dé dy = Z (i+Da;,b; + (a;b,,). o

i+j=k
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fX)Z'(X) = A"y X L+ dY x + 4,

trong d6 d", = Z ((j + Daby,, + Jamb )

i+j=k _

He s6 cia x* trong f(x)g(x) + f(X)g'(x) 1 d, +d", = (k + 1)d,,,.
Vaytaco:  (fx)g(x) = Fxgx) + fx)g(x). |
2) Gig sl o 12 nghiém boi k > 1 cuaf(x). Tacé:

f(x) = (x - a)q(x), q(o) = 0 ;

£ = k(x = ) 'q(x) + (x - 'q'x).
Vi q(a) # 0 nén f(x) Chla hét cho (x - o)X !va f(x) khéng chia hét
cho (x - a) Vay a lé nghlem b01 k — 1 ctia f'(x).

G1a st o 12 nghiém boi k — 1 cta f(x) va 1a nghiém b01 S > 1 clra
f(x) Ta cdn chu'ng minh ring k =S. :

Taco: f(x)=(x~ 0)q(x), Q=0 @
fO=x-a'"'px,  p)=0 (b)

Tir(a)tacé: , ‘
(%) = s(x — ' 'q(x) + (x = )'q'X). C©

So sdnh (b) va (c)tacod: ‘ o .
s(x - o) 'q(x) + (x ~ o)'q'(®) = (x — ) 'p(x). (d)
Néu k > s thi tir he thitc (d) ta c6 : | -
sq(x)+ (x — @) q'(x) = (x — W *p(x).
Vi x = o ta ¢6 sq(ar) = 0, tréi v6i gié thiét q(o) = 0.
Vay ta c6 k < s, khi d6 s > 1. Theo ching minh trén thi o 12
nghiém bdi s — 1 cﬁa f(x).Dodétacé:s=k. f
2.27. Hudng ddn : Sit dung ket qua bai 2.26, tinh £(1), £(1), ...
Dips6:1) 1 1a nghiém don.
2) 1 1a nghiém don.
~ 3) 1 langhiém v6i 56 b01 bang 4
2.28. Ap dung ket qua bai 2.26. _
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1) Pat f(x) = x(x™ ' — na"") + (n - 1)a", xét f(a) va f'(a).
2) Pat g(x) = [(1 - x(x + 1) - 2nx"(1 - x) — n’x"(1 = X)I", xét .
g(1), g'(1) va g"(1). - . ‘
2.29. Goi phin du c4n tim la ax + b, khi d6 a, b la nghiém: -~

aai+b=_l'i,i= 1,2.
2.30. 1) x* — 2x%cosp +1 = (x—cos$+isin2)(x”—cos9-—isingjx
22 2. 2

X i+cos2+ising] x+cos-(£—isin'-(9- '
: 2 2 2 2

- = (xz —2xc0s%+ lj(xz +‘2xcos%+,l).

2)x4+4=(x—1+i)(x;l—i)(x+1+i)(x+l—i)'
= (x%-2x+2) (X2 +2x +2).
3) x> - 6x2+11x - 6= (x - 1) (x—2) (x - 3). -
4)x4—10x2+‘1‘=(x—~/§+\/§)(x—\/§4ﬁ)(x+s/§+~/5)"x
S (x+3 -2).
1 1

2.31.1 - .
)x2_+l X2 +2

X ‘X
2 - .
)x2+1 x2+2

1 1 1 1
-t + .
x+1 (x+1D* x-1. (x-17
1 2 1
4 - _ + .
) (l_x)‘l()() (1 __/x.)99‘ (l_x)98

1 1 .2x+1
- + + )
x4+1 - 3(x+1D 3x*P+x+1)

6L 1 1

\/E(X—\/E) \/i(x+\/2_) x> +2
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| | Chur'orng I
| KHONG GIAN VECTO

3.1 DINH NGHIA KHONG GIAN VECTO VA Vi DU

3.1.1. Binh nghla vé tinh chat

Dmh nghla Gid sit K 1a mot trub‘ng so Tap V goi 1a mét K - khong
gian vecto (hay khong glan vecto trén K, hay khong gian tuyén tinh trén K)
- va cdc phén tir cia V 'goi lé vecto néu tap V dugc trang bi hai phép toén :

- — Phép cong céc ‘vecto, ky hieu x +y,d6i véix,y € V;

- Phép nhén cic phan tr € K vc’n céc vecto X € V, ky hleu X,
- sao cho c4c di€u kién sau day duoc théa min :

1) (V, +) 12 m6t nhém Aben ; :
L 2)ax+y) = ax+ayvéimoia e Kvax,y e V;

3)(oc+[3.)x;ax+[3xvéri~moioc BeKvaxe V;

4) a(Bx) = (aB)x véimoia, B e Kvax eV;

5)Ix=xvéimoix € V.

* Phdn tir trung hda cia nhém Aben v, +) goi 1a vecto khéng, ky hi¢u
12 6. Phén tir d6i clia phdn tir x trong nhém Aben (V +) goi 12 vecto doi

clia vecto X, ky hiéu 1a —x.

- Theo tfnh chat clia phép todn hai ngoi trong nhém (V, +), vecto
khOng (0) va vecto d6i (—x) clia vecto X lé duy nhat

That vay
X+0=x; ‘
X+(-X)=0v6imoix € V.

- Tasgvi€tx+(-y)lax~yva g0i 12 hié¢u clia vecto x véi vecto y.
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Cdc tinh chdt suy t dinh nghia :
1) 0x =0 v6i moix € V.
2) a0 =0 v6i moi o € K.

- 3)ax = @ khi va chi khi a =0 hoac x = 8.

D a(-x)= —(ax) (—a) X, v61 moia eK,x e V.

7 Chimg mmh
DTac6:  Ox= ©+0x=0x+0x.
Do dé : ' (0x+0x)+(—0x) 0x+(—0x)
0%+ (0x + (~0x)) =0 |

| 0x+0=0.

Vay: . 0x=6.

2)Tac6: . ob= a(9+9)=a9+a6

_Do dé6:  af+ad + (~a0) = a6 + (—ab)"

6B + (B + (~8)) = ©
a0 =0.
3) Theo cé.c tinh chat 1) va2)tacé: Néu o = 0 hoac X = 0 thi

ox = BNgu'oclal,glésuax GNéua;tO khldécéa eK.

Tacd: o ox)=a 1o
| @ 'o)x=6
: 1x=0.
Do dé: x=0. , o ,
4)Ta c6: o(—X) + ax = o((~x) +x) = a0 = 0.
Vay :  o(-x) =~(0x).

Tuong tu ta cé (-a) x= —(ax) [ |

3.1.2. C4c viduy vé khéng glan vecto

1) Gia sir K 12 mot trudng s6, n 1a mot s6 nguyén duong. Xét tap

K" 12 liiy thita Dé-cdc bacnchatapK: .
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K" IAmotK - khOng gian vecto d6i vé6i hai phep toan sau day
— Phép cOng vecto : G1a stt: Xx= (xl, ey x,,) ; -
. Y = (Y15 wes Yo)-

Ta dmh nghia : X +y = (X; + Yy o X, + ¥p)-

- _Phép hhan céc pha‘n’tl’r cla trufmg K vé6i cic vecto :

‘ ' ax = (0X;, ..., 0X,), v6i moi o € K. ’
D& dang kiém tra lai c4c diéu kién clia dinh nghia khong gian vecto
dugc théa man. Vay K" 1a mot K — khong gian vectd. Khong gian K" ¢6

‘vecto khong 13 6 = (0, ..., 0) ; vecto d6i clia vecto X = (X, .., X;) 12
| -X = (—x,, s =Xp)- | ‘ ' ’ |
‘Chéng han, v6i K= R,n=4,tacé:
0 = (0, 0,0, 0).

Véi'x=(0,—1,3,_1),y=(1, V2,-5,2)thi:
' x+y=(1,v2 -1,-2,3);
x=(0,1,-3,-1);
2x = (0, -2, 6, 2).
| Véin=1ta co K'=K, vay mbi trubrng K 1a mot khOng glan vecto

tren chinh né:

2) Gia st K 1a mOt truo‘ng s6. Khi dé tap K[x] céc da thic 4n x, he |

s6 tren K 12 mot K — khong gian vecto d6i v6i phép cong cdc da thitc va
- phép nhan céc da thic véi cic phan tlr clia trudng K. Vecto khOng 1a da

thitc 0, vecto d6i ctia f(x) 1a —f(x)

3) Gia sit P 1a mot trudng s6. K 12 mot trudng con clia tru'b‘ng P.Khi . |

dé dé tha’y ring P 1a mot K - -khong gian vecto d6i véi phep cdng céc
~ phdn tlr trong P va phép nhan céc phan tir ctia K d6i v6’1 cac phﬁn tu

~ thuoc P.

Vay tacé: Tap céc 86 thuc R 12 mot Q khOng glan vecto. Tap s6
phitc C lamot R — khOng glan vecto...
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~ 4) Ky hiéu C(a, b) 1a tap cdc ham s6 xdc dinh lién tuc trén khoang
md& (a, b). Trong tap C(a, b) ta xdc dinh phép todn cong. cdc ham s6 va
phép nhan céc s6 thuc v6i cdc ham s6 nhu sau :

V6imoif,g e C(a,b),a e R :
(f + g)(x) = f(x) + g(x)
(af)(x) = af(x), v6i moi x € (a, b).

Dé thdy ring, d6i véi ‘hai phep todn trén, C(a, b) lé mot R — khOng\
glan vecto.

3.2, KHONG GIAN CON

-3.2.1. Dinh nghta khdéng gian con

‘Pinh nghia : Gia st V 1a mot K — khOng gian vecto. Tap con khéc

iéng FcV goi 12 khéng gian con ctia K — khong glan vecto V néu cic
diéu kién sau dugc théa mén :

1) V6imoix,ye F=>x+yeF;

2)V6imoix e F>ax €F, d61v61m01ae K.

Vi F # & nén t6n tai x € F. Theo diéu klen 2)tac6:0=0x € F.
Vay moi khong gian con déu chita vecto 6.

Néux e F, theo diéukien 2)tacoé: ~x=(-1)x F

Vay, méi khéng gian con cua K — khéng gian vecto V cung la mot-. .
K —khong gian vecto. . L

 Meénh dé 3.1 : Tap con khéc r6ng FcVia khOng glan con clia
K — khong gian vecto V khi va chi khi diéu klen sau day duoc théa min :

V6‘1m01x,ye F=>ocx+[3y € F, d01v61m91a,[3 € K

Chitng minh : _ . .

Diéu. kién cdn : Gia sit X,y € F, theo dléu klen 2) cla dinh nghia
khong gian con, ta c6 ax, By € F, véi moi o, B € K: Theo diéu kién 1)
cua dinh nghia ta c6 ax + By € F.

Dzeu kién du : Néu 1y a = [3 =1 ta c6 diéu klen 1) dugc thoa man.

Néu ldy B = 0, ta c6 dléu kién 2) dugc thda man. Vay F 1a mot khOng .
gian con.
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Vidu:

a) M6i K — khOng gian vecto V déu c6 hai khOng gian con, do lav
va khong gian tam thufang {6}. :

b) Véi mdi s6 nguyén n20.Ta dat
K [x] {fe K[x] bac f <n}.

Dé thay K, [x] 12 mot khOng gian con cia khOng gian céc da thirc
in x trén trudng K.

o)bat: F={x=(0,0,x,,x,) e K*.
Fla mot khong gian con clia K — khéng glan vecto K*.
d) Ky hieu C(a by 12 tap chc ham s6 x4c dinh va c6 dao hhm hén tuc -

trén khoang (a, b).‘Dé thay C(a‘b) 12 mot khOng gian con cia R - khéng
- gian vecto C(a, b) cdc hém xéc dinh lién tuc trén (a, b).

3.2.2. Bao tuyén tinh, tap sinh cla mot khéng glan vectd
1. Biéu dién tuyen tinh

Gié sir A 12 mot tap con cia K - khong gian vecto V. Ta néi vecto
X € V biéu dién tuyén tlnh qua tap A né€u tén tai cic vecto u; € A, va cic
; phantua eK,i=1, .., msaocho: '

x--Zoc,uI - ouy + tou_.

- Khi d6 ta néi vecto x 12 mot t6 hop tuyén tinh coa u,, , U,

Dé thdy réng, néu vecto x biéu dién tuyén tinh qua tap A, va méi
vecto cla tap A lai bidu dién tuy€n tinh qua tap B cV thl vecto x cling
biéu dién tuyén tinh qua tap B.

2. Bao tuyén tinh | .
‘Gié st S 12 tap con clia K — khong gian vecto V. Bao tuyéh tinh cia
tdp S, ky hiéu J’(S) 1a tap tat cd cdc phén tu' cia V bléu dién tuyen tinh
qua S tie 1a
AS) = {x => o €8, 0 € K}
i=l )
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Ménh dé 3.2 : Néu S 12 mot tap con khéc réng cﬁa K - kh'dhg gian
. vecto V thi bao tuyén tinh 9’(S) 12 mot khong' glan con va la khOng glan‘ |
con nhd nhit chitatap S. ,

. Chitng minh : V6imdiy € Stacéu=1u € A5). Dod6 SC AS) va -
AS) # . DE théy ring, néu x, y € HS) thi ox + By € HS) d6i v6i moi -
a, B e K Vay‘ﬁ.’(S) 12 mét khong gian con chia tap S. Gié. Sl’rvrﬁn‘g-,’F la
mot khOng gian con chita tap S. Khi d6 v6i moi x € AS), x = Za,u,

i=1
ViuieSgF\,i=1 nvéFlakhOngglanconnenau eF. Dodé
x € Fva #4S) c F. Vay /S) 1a khong gian con nhd nh4t chita tap S.1
Bao tuyén tinh #S) goi 14 khong gian con sinh bdi tdp-S. Néu -
HAS) = V thi tap S goi 12 tdp ‘cdc phcfn tr sinh (hay tdp smh) ciia
K - khong gian vecto V. TheoMénh dé3.2tacé -

Tdp con S la tdp cdc phdn tik sinh cia K —khong gian vecto'V khi va
chi khi méi vecto cia V biéu dién :tuyen tinh dugc qua S.

Vidy : _
a) Trong K — khong gian Vect& K*, xét he vecto :
€;=(1,0,0,0);
€,=(0,1,0,0);
e5=(0,0,1,0);
 &,=(0,0,0, 1).
Khi d6 d6i v6i mi x = (x,, X, X3, Xg) € K* ta c6 :
%= (X,,0,0,0) + (0, X3, 0, 0) + (0, 0, X3, 0) +(0, 0,0, x,).
=x,(1,0,0,0) +x,(0, 1,0,0) + x5(0, 0, 1, 0) + x,(0, 0,0, 1)
x -x,e,+x2e2+x3e3+x4e4 B o
Vay ta c6 K =HAle,, e, €3, €4}). HE {e,, e, e3, ey} 1a tap sinh cia -
khéng gian vecto K4
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Mot céch tdng quat ta c6 he vecto ;-
| e;=(1,0,0,..0);
e,=(0,1.0,..,0);

e,=(0,0,0,.., 1).
I tap sinh clia K — khong gian vecto K".

" b) D& thay ring, trong khOng gian cdc da thue dn x trén trudng K,
tacod:

K—[x] =’S{’({ 1, vx, X2, ..'.})\; :
Ko[x] = Z((1, %, oy X" ')).

3.2.3. Téng truc tiép cla cac kh6’ng'gién con

G1a str X,, i= 1 , m 12 céc tap con clia K - khong giar_l véct_o IV.
Ky hiéu : : '

Zx =X, +. ‘ { ZuueX}

Menh dé 3.3 : Néu F, 1, ..., n 13 cdc khong gian con cha
K - khong gian vecto V thi F = F, + ... + F, ciing la khong gian con.
"Khbng gian con F goi 12 téng cha céc khOng gian con F,, F2, v B
| Chu'ng minh : Theo Menh dé 3. 2 dé-dang thay ring :
| Fy+..+F, g/(F,u .UF). W
Pinh nghi’a t6ng truc tiép - KhOng gian con F g01 1a t0ng truc tzep cla

céc khong gian con F, vA F,, ky hitu laAF =F; © F2, néu céc diéu kién |
sau day dugc théa man : - v . :

DF=F+F;

2)F,nF,={6}.

Khi d6 khéng gian con F; g01 12 bi tuyén tmh (hay ba tryc tzép) clia
khong gian con F; trong khOng glan F ‘
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Vidy : Trong R - khoéng gian vecto R 3 xét cdc khong gian con :
Fl=‘{x=(x,,‘x2,0):x]'eR,‘xze R}; |
F,={y=(0,0,y):ye R}. |

R& rang : R*=F, +F,vaF, NF,={6}.

Vaytacé: R3=F|€BF2. :

Ménh dé 3.4 : Gia st F,, F, 1a c4c khong gian con ctia K — khong

gian vecto F. Khi @6 F = F; @ F, khi v chi khi m01 vecto u € F c6 thé

- biéu dién duy nhat duéi dang : :

u=u,+uy,u €F,u,eF,. ' (3.1) :
Chitng minh : o '
Diéu kién cdn : Gid st F=F, ® F2 Theo dinh nghia téng tryc ti€p ta
c6 F=F; + F,. Do d6 vé6i moi u € F c6 biéu dién (3.1).
Gié sir ring . |
‘ | _ u=u';+u,u, eF,u, eF,
Khidétacé: ©=(u,—u'))+(u,—u,).
Dodétacé u,—u, u, - uzeF,sz—{O}

Vay thl u, = u'; vd u, = u',. Bi€u dién (3.1) ciia vecto u € F Ia
duy nhat. : :

 Dibu kién dii : Gia st moi vecto u e F c6 thé biéu dién duy nhat_'v
dusi dang (3.1). Khi d6 16 rang F = F, + F,. Néu c6veF) AF,v=0

khi d6 vecto 8 e F c6 hai biéu dién (3.1) khéc nhau,d61206-=0+6 va

~ ©@=v+(-v).Mau thuln ndy ching t6 F, "F, = {8}. Tac6F=F, ® F,.H

| Té’rig qudt ' Khong gian con F goi 1a tng truc ti€p chia cdc khong '

m . .
giancon F), .., F,ky hitu F=F, ® ... ® F,, = ® F,, néu c4c diéu kién
i=1 o

sau dugc thdéa man :

l)F=iFi;

"2)F, nZF ©Lj=1,..

|==_|
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- Béang quy nap ta cé : Gia str F i=1,.., m 12 cdc khong gian con cla

-~ K - khéng gian vecto F. Kh1 d6 F = @ F, néu va chi néu véi moi vecto
' l"l

uekFco thé bidu dién duy nhat duéi dang :

£ .
u=u +..+u,,ueFi=1,..,m

" 3.3. HE VECTO DOC LAP TUYEN TiNH, PHU THUOC TUYEN TiNH
3.3.1. Hé vecto doc 1ap tuyén tinh

Pinh nghia : |

- He vectd {uy, ..., u } thude K- khong gian vecto V g01 la doc lap
tuyen tinh né€u kh1 c6 t6 hop tuyén tinh
B0 20 I e 1 I -6

‘thlsuyra' oy =a=0,=0.

—Tap con S ciia K — khong gian vecto V g01 la déc lap tuyen tinh
néu moi tap con hu’u han {u, e up} €S 0 # khii # j 12 hé doc lap

* tuyén tinh.
- Vidu:

a) Trong khong gian K3, xét heé vecto : e; = (1, 0, 0), e2 = (0, 1, 0),
e; = (0, 0, 1). He vecto {e;, e, e;} 1a mot he doc 12p tuyén tinh. That
vay, gid st c6 t8 hop tuyén tinh : o€, + o,e, + 033 =0. Tacé :

(1,0, 0) + a0, 1, 0)+a3(0 0, 1) (0, 0, 0).
(ocl,az, o) = (0 0,0.

Vay: oy =a,=03=0.

Mot céch ‘tuo‘ng trtacé:

Trong khong gian K" he vecto :

e, =(1,0,..,0)
e, =(0,1,...,0)
e, =(0,0,.., ~1)

‘12 moPhe doc 1ap tuyén tinh.
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b) Trong khong gian cdc da thic K[x] tap con B = {1, x, x*, ...}
la mOt tap doc 1ap tuyén tinh.

3.3.2. Hé vecto phu thuéc_ tuyén tinh

Dinh nghia : )

— Néu h¢ vecto {u, ..., uy} thugc K ~ khong gian vecto V khong
doc 13p tuyén tinh thi goi 14 phy thudc tuyén tinh. : :

Vay, he vecto {u,;, ..., u,} phu thuoc tuyén tmh khi va ch1 khi t6n tal

c4c phdn tir o, ... , O, thudc trudng K, trong dé c6 it nhat moét a # 0'
sao cho:

Uy + .+ amu = 9 v ,
- Tap con S ciia K — khong gian vecto V g0i 12 phu thuéc tuyén tmh .

n€u S 1a tap khOng doc lap tuyén tinh, tirc 12 S chifa it nhat mot tap con
hitu han phu thuoc tuyén tmh

Vi dy : Trong khong glan R* he cac vecto sau day 1a phu thudc .
tuyén tinh.
u,=(,-1,-1, 3) ;U =(-2,2,2, —6) su3=(-5,2,7,0).

'Vinéu chon o, =2, d2= 1,a;=0thitacé 2u; +u, +0u; = 0.

3.3.3. Tinh chat
Cdc tinh chat suy uz dinh nghia
1) Tap moét vecto {u} phu thuoc tuyén tinh khi va Chl khl u=0.

‘That vay, theo tinh chat 3) & muc 3 1. 1 ta c6é o = 0 khi va chi khi
hoacu=0 hodca = 0. ' i

Gia sit A, B la céc tap con cua K khong glan vectd V vé A g B.
Khi dé tacé:

- Neu tap B doc lap tuye'n tinh thi tap A doc 1ap tuyén tinh. ‘
~— Néu tap A phy thudc tuyén tinh thi tap B phu thudc tuyén tmh

T c4c tfnh chat tren, suy ra : M61 tap con chfra vecto O 1a tap phu
~ thuoc tuyén tinh, : ¢
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2) Diéu kién cdn va di dé mot h¢ vecto doc lap tuyen tmh phu
: thuOc tuyén tlnh

'Ménh dé 3.5 : He vecto {uy, ..., uy}, m = 2 thugc K - khOn’g gi-an'
~ vecto V 1a doc lap tuyén tinh (hodc phu thuoc tuyén tinh) khi va chi khi
khong cé vecto’ nao (hoéc cé mot Vecto) bléu dién tuyén tmh qua céc
~ vecto con lai.

‘Chitng minh : |

Diéu kién can : Gia su hé vecto {u], ey U}, m > 2 doc lép tuye’n
tmh Néu c6 mot vecto, chﬁng han u, | bléu dién tuyén tinh qua céc vecto
conlai: U, =0y + ..+ O U

Tacé Uy — Ol = oo a,u, =6,

trongdé:oy =1=0.

Tréi v6i gid thiét he doc 1ap tuyén tinh.

Diéu kzen di : Gia sit he vecto {u,, ..., u,} théa man, dléu klén
khong cé vecto ndo biéu dién tuyen tinh qua c4c vecto con lai. Kh1 46
- néu c6 t6 hop tuyén tinh ou, + ... + o u, =0 thia, =...=a,;=0. '

Vi néu c6 a; ndo d6 khic 0, chéng han o, # 0, té c6:
u, = —(oc,"ocz)u2 = (a," m)um.

Vay vecto u, biu dién tuyén tinh qua céc vectd con 1a1 tréi v61 gid -
. 'thiét. Do d6 heé da cho doc 1ap tuyén tinh. ' : '

Diéu khing dinh thi hai suy tir diéu khéng dinh thit nhat, vi m61 he
vecto khong doc 1ap tuyén tinh thi phu thuoc tuyén tinh va nguoc lai. 1

3.4.CO SO, s<‘5 CHIEU CUA KHONG GIAN VECTO

3.4.1. Cd sd cla khong gian vecto

Dmh nghia : Tap con S goi 1a mot co sécliaK — khOng glan vecto V
néu céc diéu kién sau day dugc théa mén :

1) S'1a tap doc 1ap tuyén tinh ;

2) S 1a tap céc phén tir sinh cla K — khOng gian vecto V e lé
7=V |



* Dinh Iy 3.1 : H¢ vecto S = {u, ..., u,} 12 mot co s& clia K — khéng -
gian vecto V khi va chi khi méi vecto x € V ¢6 thé biéu dién tuyén tinh
duy nhdt qua h¢ S, tic la : -

x=Yhu - I (3.2)
i=1 : |

Ho {A,, ..., A, } dugc goi 12 toa dg ciia vecta x d6i véi co s& S.

Chitng minh : | | . _ ‘

Diéu kién cdn : Gid st S = {u,, ..., u,) 1a mot co s& cita K — khong
gian vecto V. Vi ¢ (S) = V, nén mdi vecto x € V déu cé thé bléu dién
tuy€n tinh qua S. Gid si c6 hai biéu dién :

X = zxiuj
. : i=l
va ' X = i?ﬁi u;.
o i=l

Khidétac: |
X-x=0=Y (A = A"y,
=l
Vihe S doc 1ap tuyén tinh néntacé : A, — A, =0,i=1, .., n Do dé
A=A i =1, .., n. Vay biu dién (3.2) 12 duy nhat. '
Dzeu kién di : Gia sir he vecto S = {u), ooy 1y }".t'héa' man c-éc‘ diéu
’ k1¢n clia dinh 1y. R& rang ring, Z(S) = V. Gid st c6 té hop wyén tinh :

Mat khéc, ta luén luén c6 : ZOu = 0. Theo gid thiét vecto 6 ch1 cé

mot biéu dién tuyén t'inh duy nhét qua tap S néntacéd;=..= )‘,,, 0 ’

Do d6 S la tap doc. lap tuyen tinh. Vay S 1a mét co s& clia khOng
gian V.l ’
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Chu y. Dmh ly 3. 1 vin dung dOl véi trufmg hop co s& S cé VO
han vecto.

_thu.

- a) Trong K — khong gian vecto K" xét he véctor :

e, =(1,0, ..., 0)
e,=(0,1,...,0)
e,=(0,0, ..., 1)

Ta biét ring, hé vectd {e,, ..., e,} doc 1ap tuyén tinh va 1a tap sinh
cuia khong gian K" Vay heé vecto {e,, ..., €;} 12 mot co s& va duge goi 1a
co sé chinh tdc cha khong gian K". ' '

V6i méi vecto x = (x, ... » Xp) € K“ déu c6 bléu dlén X= ZX

eS|
dé ho {x,, ..., x,} 12 toa dO cha vecto x d6i véi co s& chinh téc. ,
b) He {1, X, ..., X"} 1a mot co s& clia khong gian K, [x] cdc da thic

c6 bac <n. : :

c)TapS={ 1,x, x? ...} 12 mot co s¢ cﬁa khong gian cdc da thic K[x].

v

3.4. 2 86 chléu cla khéng gian vectd | ' ,
Ménh dé 3.6 : Trong K - khong gian vecto V cho trude hai hé vecto
C{uug, e ug) ) | |
(Vi Vo a V) D

Néu he (I) doc 1ap tuyén tinh va mbi vecto clia he (1) bléu dién tuyen
tinhquahe QD) thim<s. ‘

Chirng minh : Vi méi vecto clia he (I) biéu dién tuye’n tinh qua he |
(II) nén ta c6: .

Up =0Vt + OV ' : - (a)
Vi he (I) doc 1ap tuy€n tinh nén u, = 6. Do dé phéi ¢c6 mot o, ndo do
khdc khong, chéng han o, # 0. Tir ddng thitc (a) ta c6 :
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Vv =——=v, .=y +—u. o (b)

Trong he (II) thay vecto \Z b6‘i vecto u,. Tacéhe:

{u]9 V29 ey V, } ’ (H 1)
Tir (b) suy ra ring, mdi vectd clia heé (1) biéu dién tuye’n tinh qua he
di1, 1). Do d6 m61 vecto ciia hé (I) biéu dién tuyén tinh qua he (IJ, 1) '
‘Tacé: :
'uz = B,u; + Bovy + .o+ BV, : - (©)
Vi he (I) doc lap tuyén tinh nén trong cic h¢ s6 B,, ..., B, phé’i; c6 he
s6 B, # 0, gia st B, = 0. Tir ddng thic (c) tac6 : |
v2=—Pl —...—&v —-E'-u,+—u2 o @

Bz B, ,s 2 B,
Trong he (II D) thay vecto v2 b6'1 vecto u,. Ta c6he:
{u,, Uy, V3, .oy Vg} (I, 2) -
C6 thé ti€p tuc Jam nhu vay, sau m bué’c céc vecto cla he @ déu
duoc vao he (TT). Tac6 he : '
~{uy, Ugy eeey Uy, Vi -5 Y}, (11, m) |
Tudésuyra m<sl !

Heé qua 3.1 : Néu cic he vecta (I) va (I) doc 18p tuyé'n tinh va méi
-vecto cha he nry »bléu dién tuyén tinh qua he kia thim =s.

Pinh 1y.3.2 : Néu K- khOng gian vecto V ¢6 mot co s& hitu han gdm
n vecto thi cic co s& khéc ciia V ciing c6 n vecto.

‘ | 56 ngoila 56 chteu c;ua K- khOng gian vecto V ky hieun = dLmV

J"

C hwng minh :

A

- Gia st K - -khong gian vecto Y c6 mot co SO g6m n vecto

IS AT @
Gia stt S 12 mot co s bat ky cia khong gian V. Chon ty 5' k vecto
thude S: :

{u',,.uz, ..f,,uk}_.- . (b)
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~ViSlacosdnén he (B) dOc lap tuyén tinh. Vi h¢ (a) la moi cosd
ciia khong gian V nén méi vecto cilia hé (b) biéu dién tuyén tinh qua hé (a).
Theo Ménh dé 3.6 ta c6 k<n. Do d6 s8 vecto clia tap S khOng thé 16n

hon n. G1a str rang : ‘ o
| S={u,u,, ..., um}. B | ’ ()

" Tacé m<n Vihe (c) 1a mot co s8, nén cdc vecto chia h¢ doc 1ap
tuyén ‘tinh (a) bléu dién tuyen tinh qua hé (c), do dotacédn<m

Vaym=n.H '

T Dinh Iy 3. 2 suy ra : Néu K khOng gian vecto V cé mot €O @
c6 vo han vecto thi s6 vecto clia cdc co s& khdc ciing vo han. Khi d6
ta néi rang s6 chi€u cha K - khOng gian vectg V 1a v6 han, ky hiéu
~ d1mV 00,
Ta quy udc : dim{0} =

Vi du : K — khong gian vecto K" ¢6 co s& chinh tic g6m n vecto :
{ej ..., e } Do d6 ta c6 dimK" = n. '

- Hé 4 vecto : {1, x, x%, X’} 1 mOt co s& clia khOng glan K4{x] cac da
“thire c6 bac < 4. Vay dimK,[x] =

TapS= {1, x, X2, } la mOt co s& cla kh(‘)ng glan céc da thiic K[x]
Vay ta cé dlmK[x] oo ‘

Pinh 1y 3.3 : Gia sit K - - khong gian vecto V ¢ dimV = n < 0,
khi d6 trong khong gian V d6i v&i moi hé k vecto doc 1ap tuyén tinh
{u}, ..., ), k < n déu c6 thé b6 sung thém n — K Vecto Uy, ..., U, dé
duge he {u, ..., W, U}, ..., U} 1A MOt co s& clia K ~ khong gian vecto V.

 Chimg minh : Vi k < n, theo Dinh 1y 3.2 thi h¢ {u,, ..., u,} khong
phéi 12 co s& cla khong gian V Do d6 né khOng phai 12 tap c4c phdn tir
sinh cia khong gian V. Ta c6 F=¢ ({uy, ..., w}) # V. Chon vecto
 u,, € V\F. He vecto {u,, ooy Ugy Upyq ) doc lap tuyén tinh. That vay, gia
- strcé t6 hop tuyén tinh : - - '
aul + I akuk + ak+1uk+'| =9. :

Néu o, = 0 thi ta c6 :
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1 ul‘—---_ kukeF-
O © Oy

Uy =

. Mau thuin néy ch&ng 6 oy ,; =0. Vaytacé:
| ouy + ... +ogu =6, _
Theo gi4 thiét, he {u,, .., u,} doc 18p tuyén tinh, nén ta c6 -
a; =...= oy = 0. Vay h¢ vecto {u,, ..., uy, Uy, } doc la.‘p‘tuye'r_l tinh.
Mot cich tuong tu, néu k + 1 < n thi ta-c6 thé bd sung them vecto
Ugso dé duge he vecto {u,, s Ugy Upg, Ugyp} dOC 18p tuy€n tinh. |
Tlep tuc nhu vay, sau n — k budc, ta duoc hé n vecto doc lap tuyen
tinh: {u,, ..., U, ..., u,}. B6 lécosocantlml : -
» Ménh aé3.7: dlm(F, ® F,) =dimF; + dimF,, ,
trong d6 F 1»F, 12 cdc khong gian con hitu han chi€u ctia K - khOng gian |
- vecto V. : _ :
Chu'ng minh : Gia s ring, {u,, ..., lip} 12 mot co s& clia khOng gian
“vecto F, va {v,, s Vgl 12 mOt co s& clia khong gian vecto F,. Ta s&
ching 0 h¢ S = {uy, .., Uy, Vi, - V) 12 mOt cO s& cia khong gian vecto |
F=F @F, : '
He vecto S doc 1ap tuyén tinh. That vay, néu c6 té horp tuyén tmh
oy o +Blv,+ BV =0 - (a)“
-thx tr déng thic (a) suy ra : - | |
oy o= =By - = Bevq € FLNF,={06}..
Dodé6tacé:

Cagu; + +apup—6 | )

' Bivy+ ... +Bvy=6 , S - - (c)
Vi céc he¢ vecto {uy, ..., u,} va {v,, ..., v,} doc 14p tuyén tinh nen tir
(b)va(c)tacod: o o '
o =..=a,=p;=..=B,=
He S 1a tap cic phan tlr sinh cua khOng gian vecto F. That vay, v6i
moix € Ftacé:
X=u+yv,
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- dlmF p+q= dlmFI + d1mF2

trong d6.u e F‘, ésﬂ({u‘], uk})cgf(S) ve Fz-S(’({vl,...,v })cf[’(S)
Do do ta co X=u+ve & (S), vay th1 F = SI’(S) Ttr dé suy raréng

Chu y.:NéudimV,=n<oothitacé: T

- — S6 vecto clia mdi he dOC lap tuyén tinh trong khOng glan t6i da’ 1a n.
- Méi he n+1 vgcto’ ctia khong gian V 12 phu thudc tuyén tinh.
~ MGi hé n vecto doc lap tuyén tinh 12 mot co s& clia khong glan V.

~Néu F Ia mot khong gian con cua khOng gian V thi dlmF <n;
dimF =nkhivachikhi F=V.

3.5. co so HANG cUA MOT HE VECTO

3. 5 1 Dinh ly va tinh chat
~ Dinh nghia: Trong K- khOng gian vecto V xét he vecto:
A= {uy, . ug) -
He con S= (u, , .., uik} < A duge goi 14 mét co s cila hé vecto A
néu céc diéu kién sali déy dugc thda min: . |
| 1) S'1a hé vecto. d6c 1ap tuyén tinh; :
~ 2) Méi vecto ciia h¢ A biéu dién tuyen tinh dugc qua he S:
‘Ménh dé 3.8 : Néu hé con S 12 m¢t co's& ciia he vecto A thi S1a.cosé
cﬁa khOng glan con f/’(A) sinh’ bOl A, do dé dlmfl’ (A) = k '

Chu'ng mink’ - Vi méi vecto clia khOng gian con /(A) bléu dién
tuyén tinh qua A vé 'méi vecto clia A bi€u dién tuyén tinh qua S, nén méi -
vecto clia Z (A) biéu dién tuyén tfnh qua’S. Vay-S'1a mot.he sinh doc. lap

tuyén tinh ctua khOng glan con Q(A) nen né 1a co so cua khOng glan '
con d6. l ' :

Tu' Menh dé 3.8 suy ra rang Néu he vecto A {u,, oy U } c6 mot
co s& k vecto thi s6 vecto cua céc co s khic cung bang k SO k chung dé
du‘0c goi 12 hang cila hé vecto A, ky hiéu 1a r(A).
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Céc tinh chét sau day du'oc truc tle'p suy ra tit Ménh dé 3 8 va phép
chu‘ng minh ciia ménh aé d6:

'~ Moi he con doc 1ap tuye'n tfnh clia he A 6 s6 vecto’ nhb hon hoac
bédng r(A)

— Néu m61 vecto clia he vectd A biéu dién tuye'n tinh dugc qua he
vectd B thi r(A) <r(B) ;. : i .

. —Hai heé hitu han vecto, ne'u mbi vecto ciia he nay bidu dién tuyén
tinh dugc qua he kia thi c6 hang bing nhau. :

3.5.2. Phép bién ddi so c&p
f)!nh nghia : Cho truéc he vecto :
={uy, o, Upl.

Céc phép bién d61 sau day du'o’c goi 1a céc phep bten do’z s0 cd’p d61 i |
v6i he vecto A : ' '

1) Thay d8i thi tu cdc vectg cﬁahe A;

2) Loai vecto (n€uB € A)rakhdihe A ;

3) Trong he A thay vecto u; bdi vecto an;, o € K, a0 20 ;
| 4) Trong he A thay vecto u; bdi vectd u;+ Uy, 4 € A

Meénh dé 3.9 : Cic phép blén d6i-so cﬁp khOng lam thay déi hang clia
mot he vecto. .

Chitng minh : D& dhng thdy ring, néu hé vecto B nhan: duqc tl‘r he

vectd A bdi mot phép bién d6i so cdp thi mdi vecto ciia he B biéu dién

~ tuyén tinh dugc qua h¢ A va nguoc lai mdi vecto clia he A bléu dlén |
tuyen tfnh duogc qua h¢ B. Do d6 ta c6: r(A) = r(B) -

3.6. KHONG GIAN VECTO EUCLlD

'3 6 1. Blnh nghTa va céc tinh ch&t co ban

~Dinh nghla

: a) Khdng gian vecto' Euclid : KhOng glan vectO' Euchd 1a mQt khOng
gian vecto E trén truémg 56 thye, ]R trong d6 véi m61 cip vectox,y € E
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dugc tuong tng véi mot s6 thuc, ky hiéu m (x.y), goila tlch 124 hu’O'ng
cua hai vecto x, y, sao cho céc dléu klen sau dugc thoa man :

Dx.y)=(y.x), ;  vx, yeE
2)(x+x.y)=(x.y)+(‘x'.'y)v,', Vx,x,y € E;
3)(dx.y)ia(x.y), " Vx,yeE, aeR;
4)(x x)>0, . SR Vx € E, x # 0.

Dléu kién 1) goi lé tinh chdt déi ximg ; céc diéu kién 2) vi 3) g01 1a
tmh chdt tuyén tinh d6i v6i bi€n thit nhat ; con diéu kién 4) g0i- 1a tinh
chdt xdc dinh duong cta tich vo huéng.

Dé dang thdy ring, tir tinh ch4t d6i xing va tinh chét tuyén tinh cua |
bi€n thit nh4t, suy ra tinh ch4t tuyén tinh d6i v6i bién thit hai. Ta c6:

2)(X.y+y)=(x.P+x.y);

& .ay)=ax.y).
Két hop cdc dleu kién 2) va 3) ta cé

(ax +Bx'.y) = a(x. y) + B(x y)-
Béng quy nap ta c6 :

(Zai“i -YJ = Zai(ll,i,-Y)- | (@
Két hO’p cdc di€u kien 2') va 3') tacé : | | |

, (x. OLY+l3y) ax. y)+B(x y).
ABang quy nap tacé: ' :

(X-ZBsV;]=’ZBj(x;v;).. L ®
. = - ) = , | : < ,
 Keét hop céc h¢ thitc (a) va (b)tacé: S

(iaiui" . iﬁjvj] = iiaiﬁj(ui AHE
= el i

i=1 j=I

b) Khéng gian vecto Unita : Khdng gian vecto Unita Ia mot khong |
gian vecto U trén trudng s6 phic C, trong d6 v6i méi cap vecto X,y € U
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dugc tuong tmg v6i mot s6 phic, ky hieu 1a (x . y), goi 1a tich vé hudng
cua hai vecto x, y sao cho cic diéu kién sau day dugc thda mén :

1) (X.y)= (yX), vx,y e U.
D) x+xY) =Y+ Y, VX, X,y eU.
Nex.y)=ax.y), VX,y € U'Voc e C.
4)(x.x)>0, ' vVxeU,x#0.

" ¢) Pé dai vecto : Nhds diéu kién xdc dinh duong 4) c6 thé dinh nghia
do dai .vecto trong- céc khong gian vecto Euclid va khong gian vecto
Unita nhur sau : : -

D¢ dai cia vecto X, ky hi¢u la IIxII 1a s6 thuc khong am xéc dinh bdi :

il = ,/(x,x). ' ' ‘ - (3.3)
RG rang rang : lixll = O khi va chi khi x =6. |

Duéi day chiing ta chi xét cic khong glan vecto Euclid, tuy nhlen
nhiéu tinh chét vén ding dé6i v6i khong glan vecto Unita. - .

Vidu :

a) Trong R —khong gian vecto R " cé the dinh nghla mot tich vo
hué‘ng nhu sau :

- P6i véi x = (X, . X)) € RO, y=(y), ..., ¥,) € R, dat:

(xy)—Zx,y,. : CRS ,-_(3_4)

|=l

Dé thay rang, cac dleu kién tr 1) dén 4) cha dmh nghla khOng gian

. vecto Euclid dugc théa man. Vay khong gian vecto R" 1a mot khOng'
gian vecto Euclid d6i vé6i tich vo huéng dugc xéc dinh bdi cong thic

(3.4), dugc goi 12 khong gian Euclid R".

Theo cdc cong thic (3.3) va (3. 4), d¢ dai clia vecto X = (X, ., xn) e R"
dugc tinh theo cOng thie :

| IIXI|=‘,'/ZX-2 o X (3.5)' |

b) Trong C khOng gxan vecto C“ cé thé dmh nghla mot tlch vo
huéng nhu sau :
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D6i véi x = Xps X)) € CLy =(y), .o y,) € C, dat
®.9=Yxy. . (3.6)
' i=1

Dé thay ring, cdc diéu kieén 1*) va tir 2) dén 4) cia dinh nghia
khong gian vecto Unita dugc théa mén. ‘VAy khéng gian vecto C" |
véi tich vo huéng Xac dinh boi cOng thifc (3.6) 12 mot khong. gian
vecto Unita.

Theo céc cong thifc (3.3) va (3.6), do diu clia vecto X = x5 - xn)" € c"
' duorc t1nh theo cong thic : : '

WogRf e

c) Trong R - khong gian vecto C[a, b} cdc ham s@ xdc dinh va lién
tuc trén doan [a, b] c6 thé dinh nghia mot tich vé hué’ng nhur sau :

Vo’1f g e Cla, b] dat:

b ‘ ‘ - -
(f.9)= [fgmyde. - (3.8)

Theo tinh cht ciia tich p;han Xéc dmh d& dang ching b c4c diéu
klen tir 1) dén 4) cta dinh nghia khong gian vecto Euclid dugc thda man.

- Vay khOng gian C[a, b] cdc ham s6 x4c dinh lién' tuc trén doan

[a, b] 124 mot khong gian vecto Euclid d6i véi tich vo hu'éfng xdc dinh boi
cong thite (3.8). :

Theo céc cong thu’c (3.3) va (3. 8) d6 dai-cha ham s& f € C[a, b] duorc

tinh theo cong thu‘c , _
||f” / Ifz(t)dt | 69

Tinh chdt khong gian vecto Euclid
Tinh chat 1 (B4t déng thitc Cosi-Bunhiacopxki) :
Dol v6i hai vecto bat ky x, y thudc khong glan vecto Euchd E taco:

(X y)I<|Ix|| lyll. o ' (3 10)



Chu‘ng minh-: 'I‘heo dléu kien x4c dinh duong ta c6
(tx+y tx+y)>0 d6ivéimoite R ;
BxCx)+2x.y) + (y . y) 20, ’
hay = IxIPZ+2(x.ye+lyl>>0.

ve tri cha bat déng théc trén 12 mot tam thuc bac 2 d6i vdi bien t,
luén ludn.cé glé. tri khOng am. Vaytaco: :

= (x. y)* - i iyl < 0.
Tir d6 suy ra ring : I(x y)I < Ixlt iyl .
Vidu dp dung :
a) Trong khong glan Euclid R", theo céc cOng thie (3. 4) 3.5) vh

(3.10)tacod:
leyl "ZX "Zyn
i=l =]

b) Trong khong gian C[a, b] cdc ham s6 x4dc dinh lién e trén doan
[a, b], theo c4c cong thitc (3.8), (3. 9) va(3.10)tacé:

< \/Ifz(t)dt \/Ig?(t)dt .

Tinh chét 2 (B4t déng thiyc tam. gléc)
. bé6i vén hai vecto b5t ky x, y thuéc khong glan vecto Euchd E ta cé
Ix + y "< Ixl + lyll. A € B B ) 1
» Chu'ng mink: . Theo bt diing thic (3.10) ta ¢6 : .
lx +yIf=(x.X)+2(X. V) +(y.y)
s < UxI? + 2lixillyl! + Tyl = (il + yl)>.

Vaytacéd: lIx + yll < lIxH + IIyII |

Gdc giita hai vecto :

Nho bat ding thic Cosi — BunhiacOpxki ta c6 thé dinh. nghia géc
giita hai vecto trong kh6ng gian vecto Euclid.

jf(t)g(t)d_t

- Trong khOng gian vectd Euclid E, géc . gilfa hai vecto x # 0, y * 6
duoc x4c dinh bdi :
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_& _x.y) ,0<a<m. o (3;12)‘
IIxIIIIyII - o :
Néuwo = g thi ta néi céc vecto x va y truc gi'qo_'vé’i nhg{q, ky hiéu 1a
'xJ_y

Theo(3 12)tacé v61x¢6 y¢9th1xJ.ykh1vach1kh1(x y)= 0.

Vi(x. 0) = 0 nén ta quy uéc 6 L x v6i moi x eF.
Tinh chét 3 (Dinh Iy Pitago): '

Gia stt {uy, ..., uk} 12 h¢ céc vecto trong- khOng gian vecto Euchd
ting cap truc giao ycn nhau : (v;. u) =0,i#j Khid6tacé: ‘
Iy + ...+ uli? = 1 12 + L Tl
~ Chiing minh : Theo tmh chat tuyen tmh theo tﬁ'ng blén cla t1ch vo
hu’éng tacd: x : - X o

g+ P = [Zui.Zuj] = ZZ(u, u)

Tinh chét 4 : Néu he vecta {uy, ..., u,} khong chita vecto 6 va timg
cap tryc giao v6’1 nhau, (y;. u, ) 0,i#j, th1 dOC lap tuyén tfnh
' C hu‘ng minh : '

Gid s c6 t6 hop tuyén tinh : Y oqu; = 6. Khi d6 véik = 1, .. m
‘ sl B S
tacd: :

[iaiui ‘.ukJ =(0.u,)=0
i=] ) o .
iai(ui.uk):o;

i=1 :

- Vi (u;. ) =0d6i v6i i = k. Ta ¢6 04 (uy . uy) = 0. Vi (u, .u) >0nén ,
oy = 0.1 -
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Glé sit L 1a khOng gian con cla khOng glan vecto Euchd E Vecto
x € E duge goi 12 truc giao véi khong gian con L, ky hiéu x L L néu
xly, Vy e L. : . |
.. Tinh chat 5 : Trong khong gian vecto ‘Buclid E ne'u vectd x truc
giao vdi céc vecto u, ..., u,, thi vecto x truc giao v6i khong gian: con
‘L=2(1y, ... u,}). o . o
Chimg minh_: Vi mbi vecto y € L c6 biéu difn tuyén.tinh

ivie

y= Zau dodétacé

Tos R m. m . A
(x-}’)=_ (X-Zaiui) = ‘Zdi(x.ui) =0.1

i=1 A o
3.6.2. Phuong phap tryc glao héa Schmidt

Phuong phép trirc giao héa Schmidt 12 mét phuong phép chuyén mot
he¢ p vecto doc 1ap tuyén tinh cha khong gian vecto Euclid sang he

p-vecto khong chita vecto 0, truc giao v6i nhau timg d6i mot vai mbi .

vecto ciia hé nay, bleu dién tuyén tinh qua h¢ di cho.

Gié st trong khong gian vecto Euclid. E cho trudc he p vecto doc lap
tuyén tinh : ‘

i ‘gl" ’gp} C . (I_) .
Dung hé pvecto t&ng d6i moét truc giao : . -
{(fi, e 1. f;%0,i=1,...p @

va méi f; biéu dién tuyén tfnh qua he (D). |
—Véik=1:Chon f, =g, tifc 1a dwa vecto g, vao he (I). =
- Véik 21 : Gia st 43 dung dugc k vec(o khac @: f,, ..., f, triuc giao
~ v6i nhau timg do6i mot : (f, f) =0,1+ j; rongdévecto fj,i=1,.. k1
t6 hop tuyén tinh clia c4c vecto g, ..., g;. : .
ba: R
Cf =bfi e tbftgar o o ¢ o (313)
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Vif,i= 1, ..., k 12 t hop tuyén tinh cha g,, ..., g; nén fm 1a t8 hop
tuyén tinh cdc vecto g, ..., 8x+1- Vihe {g;, ng } doc lap tuyén tinh va
trong 18 hop tuyén tinh & v€ phai he s6 ciia g, 1a 1 = 0, do d6 vectg
f, #0d6ivéimoigidtrib e R,i=1,.,k |

Ta cén phdi chon b;,i=1, ..., k sao cho f,;+‘1 tryc giao véi £, ..., fk.

Véii=1, .., kdat:

Ee—

j=1
ok
)b f) + (g f) =0
- =l ;

| DCEE) + (ger ) =0,
Vay gid tri b, cdn chon 1a :
o B ) | R AT
(f..f) o
Tié'p.tuc ti€n hanh nhir vay, sau p budc ta c6 he (1D).
Vi du : Trong khong gian Euclid R* xét he vecto :
g,=(1,1,0,0),g,=(1,0,1,0), g, = (-1,0,0,1).
Dé dang chu‘ng 16 he vecto {g,, g, 83} doc lap tuyén tinh.
Hay tryc giao héa hé da cho :
Chon f; =g, =(1,1,0,0).
Theo cong thitc (3. 13) dt :
crLoo : Qf@ﬂ*&-
. Theq cong thl’rc (3.14) ta cé:

_(ng) 11+01+10+00 1
b (ff) 11+11+00+oo 2’

Do dé:
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. 1 N
f, =—-f +
T TE

= _-;-(_1, ,0,0)+(1,0,1,0)

= (1; Y o) :
2 2
Theo cong thitc (3.13), dat :
, f3=bf; + b,f; + g;.
Theo cong thitc (3.14)tacé :

(gs-f) (=1).1 + 0.1 + 0.0+ 1.0 L,
(f,.f) _ 1.1+11+0.0+00 27

1.~ + 0(—%) £01+10

) = - T e

65 1_1+(-.1](_1)+ 11+00 3
_2 2 2 2 - :

Tir h¢ vecto doc’1ap tuyén tinh di cho {g,, g,, g5} bing phuong phép
‘tryc giao héa Schmidt ta dung dugc hé vecto truc giao :

» | 1 1 5 1.1 )
f,= 1) 1’ 0’0 ;f =Ty T 1, 0 f =| m———— ——,-1 .
1= )i h (2 2 ) ? (3 373 )

-~

3.6.3. Co sd tryc chudn

Vecto don vi : Trong khong glan vecto Euchd m61 vecto c6 do dal '
bang 1 goi 1a vecto don vi.

D6i véi méi vecto x = 9 thudc khong gian vecto Euclid E, thi vecto

u= —l-x 12 mét vecto don vi, goi la chudin héa cia vecto x. That vay, - -

i
' [ T 1 1 |
lull = \/(q.u) =17 x-"x." - X = T J@.x) = 1.

tacod:
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"Co s6 truc giao : Co s& S = {Uy}qe; cla khong gian vecto Euclid E .
duoc goi 1a co sd truc giao néu S 1a mot hé vectd timg doi mot tryc giao. h

v6'1 nhau, tic 1a (ua up) =0, v6i o = .

- Co sd truc chuan Co so truc chudn 1a mOt co s& truc giao ma céc
vecto clia co sd 1a vecto don vi. -

. Theo tinh chit 4) ta ¢6 : He vecto. {u,, .., u,} l1a mof co 's@ truc
| chudn cia khong gian vecto Euclid n chiéu E kh1 va chi khi diéu kién
sau dugc théa mén : .

1 khi i=j

=5, =1 (3.15)
(u . ) ‘ {0 kh1 i# _] (_ )
(;; goi 1a ky hi¢u Cronecker). |

Ménh dé 3.10 : Mbi khéng gian vecto Euclid hitu han chiéu déu cé co
s& truc chuan /

" Chitng minh : Gid st E I mot khOng gian vecto Euchd n Chléu Kh1
d6 khong glan E ¢6 mot co s :
{gly' ’gn} . » v (a)
Tu co s& (a), bing phuong phép truc giao héa Schmidt ta dung duge
hé n vecto khéc 0 truc giao véi nhau : ‘ ‘

{f,, AR | | (b

%" ol

Chuan héa hé (b) Dat u, ”; "f i=1,...n

Ta c6 co s& truc chuén : _
{uy, . u, ) ; (9

Ménh dé 3.11: Co s& {uy, ..., u,} ctia khong gian vecto Euclid E 1a
mot co s& truc chudn khi va chi khi tich vo huéng cia hai vector bt ky
bing téng c4c tich cla toa do tuo’ng tng d6i véi co s& dé.

C hwng minh :

Diéu kién cdn : Gid sit {u,, ..., u;} 1a mot co s& tryc chudn coa -

khéng gian E. V6ix = le U, y= Z:yJ J,theo (3.15)tacod:

i=l ) )=l
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(x.y)‘ [Z:x,ul ZyJ J} nyj(u u)

i=l i,j=1

i, j=1

ny.l ij - nyl

Dteu kzen du : Gia st co s {u,, ..., u,} théa man diéu klen dmh ly
Khi d6 r6 rang (u;, u;) = §;;. Vay d6 1a mot co s& tryc chuin.l

Vi du : Trong khong gian Euclid R ", theo cong thiic (3. 15) thi co'sd
chinh tac {e, ..., e,} 12 mot co s& truc chudn. ' '

Me_:nh dé 3.12 : Gia sir L 1a khong gian con k chiéu cua khong gian
vecto Euclid n chiéu E. Khi dé6 tap L' céc vecto truc giao véi khong gian -
Lla mot khOng gian con (n — k) chléu va E L& L .

KhOng gian con Lt g01 la khong gian con ba truc giao cla khOng
gian con L. _ S -

Chimg minh : Néu L = {0}, khi d6 ta c6 L = E, va diéu khﬁng dinh -
ding. Gia st L # {0}. Theo Ménh dé 3.10, khOng gian L c6 mot co s&
truc chudn {u,, .--» U }. Theo Dinh 1§ 3.3 va dp dung phuong ph_ap truc
- giao héa Schmidt ta c6 thé bd sung thém n - k vecto uy,, ..., u, dé dugc
he {uy, ..., u, Uy, ooy 0y} 12 MOt co s truc chudn clia khong gian vecto
‘Euclid E. D& thdy ring : L = ¢ ({u,,, ..., u,}). Tir 6 suy ra didu phai
chitng minh. ’ : ’

BAI TAP
P& bai

3.1. Xét K- khOng glan vecto V.

Chimg minh rang, déi vél moi vecto X, y € V, moi phan tir a, B € K”
taluonluonecé:

Doax-y)=ax—-ay;
2) (a - B)x = ax - Bx.
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32,

3.3.

© 34,

3.5,

Ky hiéu R* 12 tap cc s6 thyc duong.
Chimg t6 tap (R™)" 12 mot R — khong gian vecto d6i véi céc
phép todn xdc dinh nhu sau : V&i x = (X, .., X)) € (RO,
V=¥ € (RN, e R thi: ' ‘ ’
X+ Y= (XY o XpYn) 5
X = (xT, s X3
GiastV,V'lacicK - khOng glan vectd.

Ching minh rang tap tich Dé cdc V x V' cung vdi cac phep todn
sau 1a mot K - khOng gian vecto: :
X)L Y) =AY X FY);
a(x x") = (ax, ax'). |

Trong tap E cac day vo6 han céc s6 thuc ta dinh nghia, phep cOng'

-céc day va phep nhan mot s8 thuc véi mot day nhu sau :

(U} + (v,) = {u, + v} ;
afy,) = {ou}.

1) Ching m1nh ring E 1a mot R - khOng gian vecto d6i véi cac
phép todn dang xét. : SN

2) Chitng t ring tap F cdc day bi chan, tap M cic day chi c6 mOt

s6 hiru han s6 hang khic khong 13 cdc khong gian con. Hay xéc
dinh mét co sd cla R - — khong gian vecto M. ‘ |

‘Xét he m phu‘o‘ng trinh, n 4n s6 X, ... x trén tru'b‘ng s6 K.

21Xy + Xy + ... + By =b;i=1,..,m

Hay viét hé phuo‘ng trinh d6 du'dl dang mot. hé thic vecto trong‘

- khong gian vecto K™,
3.6.

Xét xem cdc tap con sau day cua khdng gian vecto R* tapnao 12
khong gian con. Néu 1 khOng gian con hay xdc dinh mot co SO va
bu tuyén tinh cha né : R

{x—(xl,xz, X3, X4) € R*:x,+x, +vx3+x_4'=0} ;
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37

={x=(x],x2,x3;x4).e']R PXy+ X=X+ X, =0} ;
= {X = (X}, X9, X3, X4) € R4 :x,€ Q,i=1,2}.

Xét R - khOng gian vecto C(~o0, +oo) céc ham s& x4c dmh lién tuc
trén toan truc s6 R. :

- 1)Ky hieu : 1_-{feC(-oo,_+oo):~flahams61é}';

= {f € C(—c0, +) : f 12 ham s6 chén]}.
Ching minh ring cdc tap I, P 1 cdc khong gian con va
‘ C(~o0, +oo)‘_= I®P. '
2)Kyhieu: A= (fe (o, +0) : f(0) =0} ;
' = {f € C(—o0, +0) : f(x) = const}.

Chimg minh céc tap A, B 1a cdc khong gian con va

3.8.

‘C(—o0, +0) = A @ B. _
Trong khOng gian vecto R? xét- hé vecto u] = (1, 2 ~1) 3

uy=(1,1, ) ;u,= (0, 1 1).

Chitng minh ring he {u,, U,, U3} 12 mot co s& clia khOng gian vecto

RS Hﬁy tim toa do ciia vecto u = (x, Y, ) d6i véi co sé {uy, uy, us).

3.9.

3.10.

311

94

Xét R - khoéng gian vecto C(*0, +0) cdc ham s6 lién tyc. Chimng
minh ring cédc he vecto sau doc 1ap tuyén tinh :

1) {sihx, sin2x, ..., sinnx} ; |

2) {1, cosx, cos2x, ..., cosnx} ; B

3) {1, u(t), u(), ..., u™(t)}, trong d6 u = const.

Xét K — khong gian vecto K[x] céc da thic :
1) Gié sir P,(x) Ia da thiic c6 bac bing k, v6ik = 1,2, ...,n

Chitng minh h¢ {P,(x)}, k = 1,2, ..., n doc 14p tuyén tinh.

2) Gia sit f(x) 1a da thic c6 bac n > 1. o ,

Chimg minh h¢ {£(x), f(x), ..., £(x)} doc lap tuye'n tinh.
Ching minh ring he vecto u; = (1, 10, 10), u, = (10, 1, 10),
Uz = (10, 10, 1) 1 mot co s& cia R - khong gian vecto (R *)*
(& bai tap 3.2). ,



3.12. Ching minh he {(x = 2)"}, k= 0, ..., n — 112 mot co s& clia khOng
gian K, [x] cédc da thitc 4n x trén trub’ng K c6 bac < n. X4c dinh toa
‘ d6 cta da thitc f(x) € K [x] d6i v6i co s& d6.
© 3.13. Gia st {f), ..., f,} 12 mot h¢ vecto doc lap tuyen tinh trong ‘
K — khong gian vecta V..
1)Xéth¢ve.\cto:u'=f-+f+1,1— I,...,n—-1;

) u,= f + fl
Chimng 6 ring he {u,, ..., u,} doc lap tuyen tinh néu n 1&, phu thudc -
tuyén tinh n€u.n chén.

2) Vélkcho truéc 1 <k<n,xéthe vecto
vi=f, 1—1 '

+f.’ voii=k+1,.

'.. Mx

Chitng minh rang he (v, ..., v,} doc lap tuyén tinh.

3.14. Chiing minh ring, m01 khong glan con clia khOng glan vecto httu '

han chiéu déu c6 bl tuyén tinh.
‘3.15. Hay chu'ng t ring :

1) Tap R céc s6 thyc 1a mét Q — khOng glan vecto d61 v6i phép
* cong céc s6 thuc va phép nhan s6 hitu ty v6i s6 thuc. '

2) Trong Q - khOng gian vecto IR he vecto' {1, \/_ \/_ 3}doclap
tuyén tinh. ; ,
~3.16. Chu'ng minh rang trong khong gian vecto 3 chiéu kh0ng t6n tai |
* céc khong gian con 2 chiéu M, N thoa man M~ N = {6}. '
-3.17. Gia st F 12 khong gian con m chléu cua K - khOng gian vecto -
n chiéu V, m < n. Chiing mlnh ring: ‘ -

1) C6 mot co sé caa V. khOng chira vecto néo ciaF.

2) C6 mot co s& cla V chita diing k vecto’ doc lap tuyen tmh cho
truée claF,0<k<m.
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- 3.a8".

- 1) Ching minh ring, quan hé ~ 12 mot quan he tu’ong du'ong va |

3.19.

320

- 96

Gia st L 1a mot khbng gian con cha K - khong glan vecto‘ 'V,
Trén tdp V xét'mot quan hé¢ ~ x4c dinh nhu sau :

X~ y<:>x yelL.

mbix e Vtacd:

X=x+L={y=x+u:uel}

ox' € ax Va € K. ( : :
3) Tap thuong cha tap V theo quan hé tuvong duo’ng du:(Sc ky hléu
1a V/. '

: Chung mlnh ring, tap V/; 1a mot K — khong glan vecto d6i vé6i cic
-phép todn xdc dinh nhu sau

x+y—x+y;

(X.X—O,X

K - khOng glan vecto \Z/ % du‘oc goi 1a khéng gian thua'ng cua.

khong gian vecto V theo khong glan conL.

4) Gia sir ring, he vecto {uy, ..., u,} 12 mot co s cua khOng gian V,
vaL=2({u;, ..., u}).

Chiing minh ring, {ug,,... 0.} 2 mot cotsc’x,cﬁa-khong'gian

thuong V/,..

AN

-2) Chitng t0 ring, néu x' € X, y' eythix +y ex+y va

5) Chiéu cua khong glan thu’cmg V/L duoc - goi Ia déz chiéu cua. ‘

khong gian L, ky hi¢u la codimL. Gid sit V 12 K — _khong g;a.n' '

vecto hiru han chiéu, khOng gian con M 1a bu tuye'n tmh cua khong

-gian con L. Chu'ng minh ring : codimL = dimM. _
Hay ching t& R — khong gian vecto (R Y™ (& béu tap‘ 3. 2) 1a mot -

khong gian vecto Euclid véi tich vo hu’é’ng x4c dinh hhur sau :
e y) = Inx,Iny, + ... + Inx Iny,,. '

1) Chitng té ring, khong gian C[a, b] cdc ham lién tuc trén doan
[a, b] 12 mot khong gian vecto Euclid d6i vé6i tich v6 huéng x4c ‘

dinh nhu sau :



3.21.

3.22.

3.23.

3.24.

(f.g)= jf(t)g(t)dt

2) Hay tmh tich v6 huo’ng cua vecto sau day trong khOng gian
C[-1,1]:

a)f(t) =1 -1+ +50, g(t);t;3t2;

b) f(t) = 3t - 1, - g(t)=3t-5t% |
Trong khong gian Euclid R* hdy . xdc dinh goc gifta céc vecto
x—(4122)vay 3,3, 3,-9). ' :
1) Xét khong gian Euclid R®. Hay thir 1ai dinh 1y Pitago d6i vérl
céc vecto tryc giaox =(1,0, 2,0, 2, O_)vay (O 6,0,3,0,2).
2) Trong khbng gian vecto Euclid C[0, 1] (Bai tap 3.20) xét céc
vecto X = t? +1vay= At + 1. Hay x4c dinh gid tri A dé céc vecto
X va y tryc giao vé‘l nhau va thir lai dinh 1y Pltago d6i v6‘1 cic -
vecto nay.

Trong khong gian Euchd R3 hay xéc dmh gla tri cia k dé€ cac
vecto sau day tryc giao v4i nhau:

Du=(2,1,3), v=(1,7,k);

Qu=(kk 1),  v=(,56)

Trong khong gian vecto Euclid C[0, =] (Bai t4p 3.20). Hay ching
td rdng c4c hé vecto sau. day 1a he tryc glao (do d6 do6c 1ap tuyén 7

' tlnh)

3.25.

'1) sinx, sin2x, ..., sinnx ;

2) COSX, COS2X, ..., COSnX.

Xét khong gian Euclid R". 3 Hay ap dung phu'o‘ng phép truc giao

~ héa Schmidt dé bién dbi co sd {uy, u,, u3} sau day. thanh co s&

truc chuén :

Dy =, 1, 1),u2=(—1 LL0)us=(1,2,1);
2)u;=(1,0,0),u,=(3,7,-2),u3= (0, 4, 1).

3.26.

Trong khong gian R 3[X] c4c da thiic 4n x he s6 thyuc c6 bac < 3 xét

" tich v6 hudéng :
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f.9)= j f(x)g(x)dx .

l N
~ Hay ap dung phuomg phdp tryc giao héa Schmldt dé bién ddl cosg
{1, x, X } vé mot corsotruc chuén.
'3 27. Xét {e, €,, €3} 12 co s& chinh tic cla khong gian Euclid R”. 3 Véi
gid tri nao cla a, B thi co s& 1ap bdi cic vecto sau day 1a mot co sG

trucchuan ,
‘ o 1-
u, _Eel + e, + PBe;;
1-
v 1- |
u,—Bel.+—e2+——3——¢3. ) o

3.28. Gid sir he {ul, ves U } 1a mot co s& truc chuédn clia khong gian vecto

o Euchd E vVa'X € E X = ZK . Chitng minh ring A; = (x.u}),
|-l ’ -' »
i=1,..n o N
3.29. Gid sir e 1a mt vecto don vi ciia khong gian vectd Euclid E.

- 1) Chitng minh ring méi vecto x € E c6 thé bi€u dién duy nht

. duéi dang x = ae + v, trong d6 (v. e) =0 ; s6 thuc o duge goi lé '
hmh chiéu cha vecto x theo huéng vectd e, ky hiéu a = prx.
2) Chitng minh :
a) prx = (x.€);

D) PR(x+Y) =PrX+pry; -
¢) pr,(Ax) = ApEX. '

'3.30. Gia st x, y 1a cdc vecto khic 6 ctia khOng gian vecto Euclid E.
Chitng minh rang : -

1)x=ay,a > 0 kh1 va chi kh1 goc giita hai vecto X vaybing 0;
' 2) X = ay, o. < 0 khi va chi khi géc giita hai vecto X va y bang .

e
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Pap s8 va huéng dan

31
3.2.

34.

3.5.

3.6.

3.7.

Hwéng dan : St dung tinh chat suy tr dinh nghia.
Hudng ddn : Hay ching té tap (R™)" véi céc phép todn di cho

- théa man cdc didu kién clia dinh nghia khong gian vecto, véi ,

0=(1,1,., 1) ; —(X, ooy X) = [i,, i).
: o Xy Xn |

2) Mot co s R ~ khong gian vecto M: »
Ch?mg han hé vecto e* = {aﬁ} ,k=1,2,.., tfong- do:

x _JL néu n=k
" 10, nfu n=zk

Dé thdy rang, m61 u= {u } eMco duy nhat biéu dlén tuyén tinh

u= Zukc . Do d6 hé vecto (e }, k=1, 2, .. 1a mQt 'cq SO cu"‘a’

' khéng gian con M.

XUy + .+ xnlin: v, trong dé :

v=(by,...by); - )

(alj’ ARl am_]) .] - 1

A, C la cdc khong gian con. Mt co s& cua khOng gian con A,
ching han {1,-1,0,0);(1,0,-1,0); (1,0, 0, -1)}. Ba tuyén tinh
ctia A, ching han A' = #({(1, 0, 0, 0)}). M6t co s& ciia khong. gian
con C, chrfmg han {1, -1, 0 0) (0,0, 1, -1)}. Bl tuyén tinh cda C,
chéng han khong gian con C' = £{,1,0,0);(0,0,0, H}. .

- Huong dan; ’

1) Vi(x) € C(=o0, +0) tacé :

f(x) - f(-x) el
2

£(x) + f(=x)
2

i(x) =
p(x) = e Pva f(x) = i(X) + p(x).
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3.8.

3.9.

2) VI(x) € C(—o0, +0), tacd :
gx)=f(x)-f(0) € A;
k(x) =(0) € B va f(x) = g(x) +k(x).

He {u,, u,, us} doc lap tuyén tinh, vi dimR =3 nenhe dé 1a mot
co sd. ' '

- u=au, +bu, +cu;,

y—z;b=3x—y+z;c= —3x+2y+z.
, 3 3
Huodng dén : D6ivéip,qe N tacé:

trongdé: a=

x O, nfu p=#=q
Isin pxsingxdx = { ¢ '

0 > nfu p=q=#0
Gia sirrang :

'n
Zkk.sinkx =0.

b6ivéim=1,2, ..., n, nhan hai v€ vé6i sinmx ta c6 :
' Zkk sinmxsinkx = 0.
k=l o

Lay tich phan hai v€tacé :

. x
DA Isinmxsinkxdx =0;
o k=l 0 .

Al =0
2

- VayA,=0,vé6im=1,..,n.
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2) Bing phuong phdp tuong t, sir dung he thic : '
" [0 néu pP#q '
‘ Icospxcosqxilx= g néu p=q=#0
0 - : '

n nfu p=gq=0. -



3) St dung tinh chét méi da thitc bac n + 1 ¢6 khOng qué n + 1
nghiém.

3.10. 1) C6 thé ching mmh bang quy nap theo n, véi luu y da thitc bac
| k > 0 ¢6 he tir cha x¥ khacO
2) Ap dung cau 1.
3.12. Huong dén : Str dung két qua cau 1 bai 3.10 (hoac chu’ng mmh

truc ti€p).
| '@, . fO0Q) e
fx)=f2) + —= 0 (x ~2)+...+(n_l)!(x—2) .
3.13. Hudng ddn : |

1) Gié sir ¢6 t6 hop tuyén tinh :

- Taco:
(o +ay )f,+(a2+oc,)f2+ -+ (ay +ocn_1)f

" Vihé {f}, ..., f,} doc lap tuyén tinh nén suy ra 8 ho‘p tuyén t1nh

) Au; =6 tuong duong véi diéu kign :

. OLn = —(1,] ;
‘_ - 1 2 - - 1 n—1
Otn - _qn_l - ("' ) an_z — ees ™ ("‘ ) (1].
Néunlétac6o,=-o,vaa,=0,,dodéa; =0, =..=0a,=0.

. Vay he {u;, ..., u,} doc 14p tuyén tinh. . |
Néu n chén ta c6'thé chon o, = (Ql)k,‘do a6 he {uy, ..., u,} phy
- thugc tuyén tinh. : -
; 2) Bing phuong phép tuong ty véi 191 gidi cliacau 1.

3.14. Huéng ddn : Gia st L 12 khong con gian cia K — khong gian vectd
n chiéu V. D& thdy ring phdn bl tuye’n tinh ctia {0} (cla V) 1avV
(1a {0}). Gia sit k = dimL, 0 < k<n, va (u .., u} 12 mot co s&
‘cha L.
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' BS sung thém céc vecto Uy, ..., u, dé he {ul, «iey Uy} 12 mot co so

ciaV. Hay chu'ng t6 bao tuyén tinh & ({u,,, ..., u,) 12 mét phdn b
tuyén tinh cia L. ‘ a :

3.15. Huomg dén :

1) Hay ching t6 cdc diéu kién cla dinh nghla khong gian. vecto
dugc théa min.

2) G1a str c6 t6 hgp tuyén tmh
o, +oc2\/§ + a3«/_‘= 0,
trongdéa e Q, 1—1 2,3.

- Sir dung tinh chat vo ty cia cdc s6 \/-2_ va \3 dé chung o
a;=a,=03=0. '

3.16. Huong ddn : Dung phuong phiap phan ching. Xét F = M@ N.

Khi d6 ta ¢6 dimF = 4, vo 1y.

3.17. Huédng ddn :
1) Theo két qua bﬁi 3.14tac6 V=F ® L. Gia st {u,, n_m} la
o s& chia L, {f;, ..., f,} lacosbchaF. Xét hé vecto: {v,, es Vi s
trong d6 |
8 Véii=1.o0-m
v, = {nom

Zuk+f v6‘11-n—m+1
k=1

_ Ta'cév €Fi=1,..,n Theoketquacﬁacau 2) bai 3.13, he
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{Vis s ¥ } doc 1ap tuyén tinh. D6 1a co s& can tim.

2) Gia sit {f}, ..., f;} 12 h¢ vecto doc 1ap tuyén tinh cho truée ciaF. |

B6 sung théem dé he {f,, ... , £.} 12 co s& clha F. bat
My =2({fy e i, Nk=2({fk+1, £ D). TacéV-Mk@Nk@L.

Theo két qué cau 1), trong khong gian con N, & L c6 co 8
{W), ... Wp4} khong chita vecto niao cha N,. Ta c6 he

{£1s vos Ty Ws ooy Wy} 12 €O 5O cn tim.



3.18.

Hu’o’ng ddn :

1) S&r dung tinh chat ctia khéng gian con dé ching té do la quan hé .
c6 tinh chét phan Xa, dOl xing va bic ciu.

x'eX <:>x—x ueL@x ex+L

,2)Tacé:

X +y) -+ ==X+ (y-y) el
Do dé : I

x'-Fy'~x+yv51x'+y"e‘x+y

V‘10Lx —oXx = oux’ —x)eL Dodoocx ~0vaAocx € cxx.

'3) Hiy ching to tap V/, vdi cac phép todn dang xét thoa mén cic

diéu kién cia dinh nghla khong g1an vecto. Véi vecto khOng

L0 = L, vecto d01 —X=-X.

4) Theo két quéi cua cau 1) 'ta cé u= 6 kh1 vﬁ chi khx uel. Déi

v6i mbi X & V/L, ta c6 duy nhat biéu dién tuyén. t1nh X= Za.“.
i=l

n _ : . :
Do dé X = z ou; . D6 1a biéu dién tuyén tinh duy nhét clia vecto
' ‘ i=k+1 ' :

B qua ‘h¢ {0 , ul. Va‘ hé nay 1a co s& cla khOng gian
K+l -+ Un y o so cua |

‘. thuong V/.

- 3.19.

320

321

322

5) St dung két qua ctia cau 4). ,
Huéng ddn : Hiy sl dung tinh chét cla hém s§ logant aé chlfrng to

céc diéu kién ctia tich vo hué'ng dugc théa man.

28
2)a )——5 b) 0.
_xy) S5 ‘ -5 v
cosa = —— =-0,1, a = arccos(-0,1) = 174°15".
Wl ~ 50 ~ O T ereeosCOl = 1T

) Taco: x| =3yl = 7: e + y] = V58
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Dodé: [x + y|* =[x + |y
8\ + 20
15

Tacs: = (2 Jy ||-\f I+ 51

Dods: [ + yff =[xl + -

2) (x.y) = 0> x-—f

ﬁ

O

'- 3.23. Dk=-3; 2)k=-2,k=-3.

[ T
2)(100)( T ;),(o M’J:TOS»SEJ'

3.26. {% \/gx,' Jzi; _ 3\/2_?8;8} |

3.27.Ta dugc hai co s& truc chudn. Co s& thit nhat g véi o) = ~1

B, = —% ; €0 s¢ thit hai ting v6i o, =2, B, = %

’

3.28. Hudng ddn : Nhan v6 huéng hai vé ciia ding thic x = ixiui v6i
. . i=1
uk,_k =1,un
- 3.29. Hudng ddn : |
1) Xét phan tich t6ng truc giao 5’({x eh)= Sl’(e) & Q ({e}) Ta co:
_ X=ae+v, (ev)=0.
-2) a) Nhan vo hué’ng ha1 ve' clax=oe+vviietaco:
pr.(x) = o= (x e). -
Tir két qué cau a) va tinh chit cta tlch vO huéng suy ra b) va c).
3.30. Huomg ddn : Gid st x = oty. Ta c6 :
(xy) o {1, néua>0
Lnfua <0
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- Xétvectodonvi e =

Nguoc lai, gia sir : |
(x y)

COS(x,y)
- Khid6tacé:

(x y)
I =
II I

Iy ||

X= (x e)e +V,
trong d6 (e.v) =0. Tacd :

I = x.o? + I

,I

= —( y)° +
vl |
=[x + IF°
Vayv=6.
| Do d6: X= (xe)e———(XY)y |
"Y“

bat : a—l———(xy) tacé: x=ay.
' y ,

Néu cos(x;y )=1thi (x.y) > O, dodéa>0.

Néu cos( ;,;' ) =-1 thi (x.y) <0, do dé a <O0.

y. Theo két qua bai 3. 29 tacé:
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Chu’o‘ng IV |
MA TRAN DINH TIIUC VA HE
PHU'ONG TRINH TUYEN TINH |

4.1.CAC PHEP TOAN MA TRAN

4.1.1. Cac djnh nghia
Matﬁ_incé‘m xn: ‘ :
Gia sir X 12 mot t4p, m va n 1a céc s6 nguyen duong. |
Ma trdn A ¢8 m x n véi céc phén tir thuoc tdp X 1A mo6t ho m x n
phin tir a;; € X, trong d6 i = 1, ..., m goi 1 chi s&'ha‘ng_; j=1,..ngoila
chi 56 cot, thudng ky hiéu :

4, ap ),
A= 2y apn 2,
aml am2 amn

- Hay mot cich ngén gon A = (3)pxp-

Vidu:
-1 2 0 11
A=| 0. -3 6
1 2 -1 3

12 ma tran ¢ 3 x 4 v6i cdc phdn tir thudc tap cic s6 nguyén.
Ma trgn hang : Ma trdn cG 1 x n goi 1a ma trgn hang :
(al an) '
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- Matrdn cét : Ma tran cd m x 1 goi 1a ma trdn cot :
X2

X

m

Ma trdn vuéng : Ma trin c¥ n x n goi 1a ma trdn vuéng cap n (hay
ma tran cdp n). ' : - '

Trong ma trin vuoéng A = (@ppxp> day c4c phéin tit cé chi s6 hang
bang chi s6 cOt a11» gy --e» Any 801 12 duong chéo chinh.ciia ma trdn A.

Hai ma tfdn bing nhau : Hai ma tr4n cing c¥ A = (a1-j)m><n va
B = (byj)mx, 801 12 bang nhau néu a;; = by; d6i v6i mei (i, ). .

Chii y : Mbi phén tirx € X c6 thé xem 12 mot ma tran c& 1 x 1, aé
don gian ta vdn ky hiéula x. > ‘
4.1.2. Cac phép todn ma tran

Gia sir K 14 mot tru'orng s6 ky hiéu men[K] 1a tap céc ma tran c3
m x n véi cac phan tir thudc K.

Trong tap M, «,[K] ta dinh nghla céc. phep todn sau day

1. Phép cong hai ma tran

Téng chia hai ma tran A = (;))x, V2 B = (D) x,y 12 ma trén :

A +B= @+ b : @D
2. Phép nhan cic phan tir cia truong K vm ma trﬁn

~ Tich cia phén tr A € K v61 ma tran A= (a,J),,,,<n e men[K] 1a
- matrn :

- A= A2y o '(4.2)
Vidu:XétK =R, trong tap M,;[R]tacé:

(\/5 —.1' 3]_“_(1 1 2)_[J§+1 i) 5J
1. 2 -4) 3 -l 4)° 4 . 1 0)
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(21

‘1(\/5 -1 3J= 5 3
1
2

201
I 20 .

o N|w

Dé dang chimg minh rdng: .

a) (Mypo[K], +) 12 mot nh6m Aben véi phén tir trung hoa I3 ma.tran
O c6 céac phan tir déu bing 0, goi 1a ma trdn khéng Phan tir d46i cua
A= = (8)mxn 12 —A = (= au)m,<n '

~ b)a(A+B)=0A +0B.

c) (a + B)A = aA + BA.

d) a(BA) = (OLB)A

e) 1.A = A, d6i v6i mai a, BeK A Be men[K]

Vay, tap M x,[K] vo‘l cac phép toan (4.1) va (4.2) la mot K khOng
gian vecto. : .

Ky hiéu E;; 12 ma tran cd m x n c6 phén ti & hé.ng i cot j bang. 1,
céc phdn tir con lai bing 0. D& dang ching td ring, d6i véi m&i ma tran
A = (a)x, €6 duy nhét biéu dién :

ia,E

1 j=1

A=

Ma

 Vay, hé vecto {E ti=1l,..,m;j= 1, ..., n} 12 mot co s& (goi 1a co |
$6 chinh tdc) cia K — - khOng gian vecto me,,[K] Do détacéhd:
dlmmen[K] mn.
3. Phep nhan ma tran

Pinh nghia : Tich ma tran A = (8j)mxp v6i ma tran B = (b, 12
ma tran : '

‘ C=AB= (cu)mxn
trong dé6 :

k=1 ‘
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Theo cong thic (4.3), phén tir c;; cia ma tran C la téng céc tich cua
‘c4c phén tir hang i cia ma tran A v61 céc phan tur tu'cmg ing & cot j clia

" 'matran B.

Tich A.B xic dlnh khi va chi khi s6 cOt ciia ma tran A bang s6 héng
clia ma tran B. * .

Vidu:
a2 s 57 4
13 1 =3 of="".

1 0 3 | . 375 2 10

1 2 0
Ma trdn don vi : Ma tran E cép n c6 cdc phin tir trén dudng chéo

chinh bing 1, cdc phén tir ngodi dudng chéo chinh déu bang 0 goi la ma
trdn don vi : : :

E=0" 1 .. .0 , _ , - (‘4.4)
0 0 ... 1

Tur dmh nghia phép cong hai ma tran cling c& va phép nhan ma tran’
cOdmxpvédimatrancd p xn ta tryc tiép suy ra c4c tinh chat sau day :
~ D6i véi c4c ma tran c6 ¢& thich hgp ta 6 : |

a) (A.B)C = A(B.C) (Tinh két hop)

b) AB+C)=AB+A.C (Tinh phan ph6i tréi)

¢)(B+C)A=B.A+CA (Tinh phan ph6i phai)

dEA=A;AE=A. .

Ta nh4n thdy ring, tich hai ma tran vuéng ciing cép luén luén xic
‘dinh. Tir cdc tinh chat trén, ta'cé : :

Tap M, [K] céc ma trén cip n véi cac phan tr thudc trm’mg K d6i v(n

phép cong va phép nhan ma tran 12 mot vanh cé don vi E, va duge goi 1a
vanh cdc ma trdn vuéng cap n trén truong K. '

V6in 22, vanh ma tran M K] khOng giao hodn. Chéng han, vm

e o == o)
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. Taco:

“A.‘B= (O l); BA= (O 0)
0 0) 1 0)
 VayAB=BA. o
Ma trdn khd nghich : Ma tran A € M, [K] g01 1a khd nghtch né'u ton.
tai ma tran Be M, [K] sao cho: '
: AB=BA=E."

Ma tran Bgoila nghich ddo clia ma tran A.

Theo tinh chét cia phép toédn hai ngoi, vi phép nhan ma tran c6 tinh
két hop, mbi ma tran A kha nghich c6 duy nhat mot nghlch déo ‘duoc k{/

hleuléA .Taco:
AA” l—A“A E.

Vecto hang, vecto cét : Xét ma tran ¢ m x n v6i cac phan tr thuOc '
truong K :

a, a, .. a,
A=l B - 'f‘zn
ag g, .. ag

Trong ma tran A, méi c¢t c6 thé xem 1a mot vectd clia khong gian.
vecto K™, goi 1a vecto cot. MGi hhng c6 thé xem la mOt vectd ciia khong
~ gian vecto K", goi 12 vecto hang. :

4.1.3. Ma tran 'chuyé'n vi

 Chuyén vi cha ma tran A = (au)an 12 ma tran At = (a u)nxm’ trong dé

ay=a;véimoii=1,..mvaj=1,.

Vay, ma trdn chuyen vi A" la ma trgn nhan 1Y ma trdn A b&ng cdch
trong ma trgn A chuyén cét thdnh hang va chuyen hang thanh cot. -

Vidu :

| 2 -1 0 o 2.4
VéiA=[4 _2 3],tac6:A‘= -1 2
' 0 3
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DE dang chitng minh dugc céc tinh chét sau day :
R (AY=A; |

b) (A +B)'=A'+B';
- ¢)(AB)'=BA",

Ma tran doi ximg : Ma tran A= (au)

goi 12 doi xitng néu A'= A,
tc 1a ay; —a d01vo‘1m011]—1- -

nxn

4.2, DlNH THUC

Trong phén nay, gia thi€t cic phan tlr cia cac ma tran thudc trub‘ng
s6 K. o o T ‘
‘4.2.1. Pinh thire cap 2, dlnh thirc cap 3

1. Pinh nghia
.a) D_mh thirc cép 2
Dinh thitc ctia ma tran cap 2 :

a,, a
_ ’Az[ 1 12J _
: dy Ay

thudng ky hieu 12 1Al, hay detA, hay | "' 12| dugc x4c dinh nhu sau :
' 1321 3
IAI -— allazz alza2] » ) (4.5)

Dmh thic clia ma tran cdp 2 goi 1a dinh thitc cdp 2
b) Dinh thitc cdp 3
Dinh thic ctia ma tran cap 3 :

an cay ag
A=|ay. a, ay
\a3; axp an
thu:orng ky hiéu 1a |Al, hay detA, hay mot cdch ddy du hon la :
a” Ay 33
Ay Ay Ayl

(831 A3 Ag3)
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dugc xdc dinh nhu sau :

Ay Ay

Al = a,, ‘ (4.6)

a3 Ay

Pinh thitc cia ma tran cap 3 goi 12 dinh thirc cap 3. Cac héng, cic
cOt clia ma tran s& g01 13 cdc hang, cdc cét cua dinh thic.

a3 dag a3, ag;

-Theo céc cong thitc (4.5) va (4.6), dinh thitc cha ma tran A = (3j)3x3
c6 thé vi€t dudi dang : ‘

1Al = a)j(agas; — a23a32) — a12(8y1233 — 2323)) + 213(8z,23 — 855231)
=ajjanaz + 33131232_3 "‘_321332313 31822813 — 21123383~ 2122833 4. 7)
Nhan thdy réng, dinh thitc cdp 3 12 mot téng clia sdu s6 hang, c¢6 ba

s6 hang c6 d4u +, ba s6 hang c6 ddu —, va méi s6 hang 1a tich ca ba
" phén tir ndm trén c4c hang céc cot khéc nhau.

Quy tdc Xarus :

D¢ tinh dinh thitc cdp 3 ta c6 thé thuc hi¢n theo quy tic Xarus
sau day :

Vi€t them cOt 1, cOt 2 vao ma tran A ta dugc bang cé 3 hang, 5 cot:

Ta c6 : Ba s6 hang la tich cic phan tlr ndm trén mdi tén di xuéng c6
ddu cong, ba s6 hang 12 tich cta céc phan tlr ndm trén mii tén di 1én ¢6
ddu trir.

2. Cong thitc khai trién theo hang, theo cot
Trong dinh thitc cp 3 : '
, 2 a3
a3 2p an

a3, a3 A
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sau khi bd hang i, cot j ta duge dinh thic cp 2, ky hiéu [a M. Dinh thic
cap hai M;; g01 14 dinh thitc con bz) ciia phdn 1t a;. '

bat o -
" Aj= DM @8
Gid tri A;; g01 12 phdn ba dai s& cua phdn tit a;;. '
Chéng han, d01 véi phan tira;,tacé:

‘ a a
M 22 23
} 11 '

132 a3
A =(7"1)1'+]M11,,=, M.
D6i véi phan tir aj, ta 6

: a a
_|921 423
M,, = ‘

a3 As|
A= (*,1)]+2M12 =-Mj,.
Dé6i véi phdntirajztacd:

a Ay |- -
{3y apn
M13 " '

a3; Ap|

Apz= ("1)1+3M13 =M.

Neu sit dung ky hiéu phdn b dai s6 cia cic phén tir & hang I, ta cé

thé vié€t cong thic (4.6) dudi dang sau day ‘

Cong thic (4.9) goi 12 cong thic khai trién dinh thu'c IAl theo
hang 1.

Trong biéu thu’c & v€ phai cha dang thuc (4. 7) bing cach nhém céc
s6 hang, réi dat cic phan tlr hang 2, hodc héng 3 ra thira s6 va ap dung'
c0ng thitc (4.5) ta ¢6 cic déng thic sau :

a a3

a, a;;| a,, a
12 a3 1 an
|Al=—a + a,y -a
21 2 23
o |8 233 a3 dxy a3 Ay
‘ a, a a, a a, a,
2 3 13 RSP
|A| = a3] ! . - a32 n + 333
Ay Ay ay; x| 4, 4

R
Lo
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Tir céc dﬁng thic nay néu sit duhg ky hiéu phan bd dai s6 cia cdc
phén tir & hang 2 va hang 3 ta c6 cdc cong thirc khai tnén dinh thic IAI ‘,
theo hang 2 va hang 3 : :

Al = azlAzl +.322A22 + aé3A23 , (4.10)
Al = a3]A31 + a32A32 + .a33A33 (4 11)
~ C4c cong thu'c (4 9), (4.10) va (4. 11) cé thé Vi€t chung duéi dang :

|Al= ZaikAik, i=1,2,3. @.12)
- k=l ' : v

| MOt-‘céch tuong ty, trong biéu thitc & v€ phéi (4.7) bang céch nhém
céc s hang thich ho‘p réi dat cdc phdn tlt & cot j ra thira s ta s& nhan
dugc cong thitc kha1 trién theo cot j : | '

Al = Zaijkj, i=1,2,3." | (4.13)
k=1 : . » \

Tir ofic cong thitc (4.12) va (4.13) ta ¢6 dinh 1Y sau day :

, Pinh ly41 : Dinh thifc clia ma trdn A = (a;)3x; bing t8ng céc tich-
cua cdc phén tir cha mot hang (hodc cot) v6i phdn bt dai s6 cha né.

~3. Céc tinh chat ciia dinh thitc

Tinh chdt 1 : 1Al = 1AY.

. *Tinh chdt 2 : Néu d6i chd hai hang (hoac hai cOt) thi dinh thic
d61 d4u.
i+ Tinh chdt 3 : Ne’u nhan cédc phin tir cia mot hang (hodc mot cot) véi
cung mot s6 k thi dinh thidc dugc nhan véi k. |
Tinh chat 4 : Néu dinh thitc cé moét hang (hoac mOt c6t) cic phﬁn tir
déu bing O thi dinh thitc bing 0.

Tinh chat 5 Ne’u dinh thitc ¢6 hai hang (hoac hai cOt) gldng nhau th1 '
bang 0. _

Tinh chat6: Tacéd: |
a +a'y ap ap| |a, ap ap| |a), a, aj
4y taly Ap Ay|=|ay ay ay +la'y ay ay
a3 '*’-',?'51 a3 Ay ?3; ap ayn| |2y a'y -ay
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Ta ciing c6 d3ng thic tuong tu d6i véi cic cot, céc hang khiéc.

Tinh chat 7 : Gid tri cha dinh thic khong thay déi khi ta thém vao
céc phén tir cia mot hang (hodc mot cot) cic phdn tir twong tng clia mot
hang khéc (hoac cot khic) nhan ciing v6i mot s6 k. Chéng han : |

a;, " ap ag| |a; ap a3 + ka, o
8y Ay Ay|=|ay ap Ay +kay
, a3 Ay ay| |ay ayp a; +kag| ,

Chiing minh : Sit dung cong thic (4.5), d& dang chiing t cdc dinh
thitc c4p 2 thda mén céc tinh chét tir 1 d€n 6. Péi v6i dinh thitc cip 3 cdc
tinh chdt d6 suy tir dinh thifc cdp 2 va cac cOng thitc khai trlén 4. 12)
' va(4.13).

Tinh chat 7 dugc suy truc t1ep tlr cdc tinh chat 3,5va6.m
Gi sit dinh thic Al c6 hai hang giéng nhau a;, = a,, ; k= 1,2,3;
i # m. Theo tinh chat 5 thi IAl = 0. Ap dung cong thtc khai trién (4.12)
tacéd: - 7 ‘ | ‘ |
; o
IAI=)a,A; =0..
; =

Trong déng thifc trén, thay a;, ‘béi ay taco:

ZamkA =0, m#i. (4.14)
k=1 | ' ~ .

" Tuong tu trong cong thic ‘(4.13), néu thay a; bdi ay, M j tacé:
’iakmAkj =0; m=j. o (4.15)
~ k=1 » - ‘
Tir c4c hé thic (4.14) va (4.15) ta c6 dinh 1y sau day :
‘Pinh Iy 4.2 : Tdng céc tich clia cdc phdn tir cia mot hang (hoéc cot)
cta dinh thic véi phan bu dai s6 clia cdc phan it twong u'ng clhia mot
hang (hoac cot) khéc thi bang 0.

Néu sir dung ky hiéu Cronecker :

e

1 d u=. ' N ) |
Sij={ néui=j | - 4.16)

Onéui#j
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ta c6 thé viét gop lai cong thitc (4.12) v6i cong thitc (414), va cong thitc
(4.13) v6i cong thitc (4.15) nhu sau : -

3 . ’ s
Yan Ay =8,1Al; . (4.17)
k=1 ’ _ .
o, |
D agmAy =8, 1AL - (4.18)
k=1 ' / ) :

-4.2.2, Djnh thitc cdp n
1. Pinh nghia : Dinh thitc IAl chama trancap 4 :*
a, ap a3 ay
Ay 8y Ay Ay
3 A3 A3 Ay
. Ay 3 Ay Ay
duoc x4c dinh nhu sau
A 23 Ay © (321 A3 Ay
TAl=a) |a; a3 ay|—aj|as a3 a,|+

Ctaplay ayp ay|-aglay ayp ay 4.19)
A, a4 ay, an 3 Ay

Tuong ty tir dinh thifc clia ma tran éa'p 4, ta dinh nghia dinh thic cia
- ma trdn clp 5, v.v... ; tir dinh thitc ma tran cdpn — 1 ta dinh nghia dinh
thiic cia ma tran cdp n. ‘

Dinh thic cia ma tran cdpn, A = ('aij)nx,, thudng ky hiéu la:

a8 . Ay
a5  dy a,,

, , \
anl an2 sea ann

hay mot cich ngén gon 12 |Al hoac detA.
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Dmh thic clia ma tran Actpn g01 12 dinh thirc cd'p n. Céc héng, cic
cOt clia ma tran A ciing goi 1a cdc hang, cdc cot clia dinh thitc AL

2. Cong thitc khai trién theo hang, theo cot

~ Trong dinh thitc cdp n
a” a|2 . . 'Y aln
a3 8y .. Ay,
anl ) " ann

sau khi bo héng i, cot j ta duoc dinh thitc cap n- 1, ky hleu la MIJ
Dinh thitc M duoc goi 12 dinh thu‘c con bu cia phan tik ay;.

- bat:
1_| = (—I)H-JM

ije o
gid tri A;; duge g01 1a phcfn ba dai s& cia phdn tu’a

@20

Trong cong thic (4.19), néu sit dung ky hiéu phin b da1 so clia c4c
phén tir & hang lciamatran A = (au)4><4 ta cé :

Al = Za,k-A,k .
’ k=1

D6 1a cong thiic khai trién theo hang 1cha dinh thitc cép 4.

Thyc hi¢én mot cdch twong ty nhu trong trub‘rig hop dinh‘ thitc cp 3,

s& nhan dugc cdc cong thitc khai trién theo hang, theo cot cta dinh thu'c
cap4 cép 5,... , cdp n. '

D6i v6i dinh thitc cép n ta van c6 cOng thitc khai tnén theo hé.ng i, o

theo cot J nhu sau :

. . ' o
A= a,Ay,i=1,.,n; 42D
k=l ‘ o

IAI—ZaijkJ,J-l - (4.22)
Do d6 Dinh 1y 4. 1 vén c6 hiéu lyc d6i véi dinh thu’c cap n bat ky.
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3. Tinh chit cia dinh thic

Nho cic cOng thitc khai trién (4. 21) va (4. 22) bang phuong phdp quy -

nap theo n, d& dang ching minh dugc c4c tinh chét cia dinh thic cip 2,

<ip 3 van ding d6i v6i dinh thirc cdp n bat ky. Tir d6 suy ra ring, Dinh
1y 4.2 vin ddng d6i v6i dinh thic cdp n va c4c cong thirc 4.17) va (4.18) -
c6 thé viét dudi dang téng quat sau day :

Za@k'Aik =8, 1Al o _(4.23) v
ZakmAkj = 6mj AL _ : I (424)
P . .

Ta thita nhan ménh dé sau khing dinh réng, dinh thic clia ma-tran
tich bang tich cdc dinh thic clia ma tran nhan tir.
Ménh dé4.1: Gia sit A. Blacdcmatrancidpn,khidétacéd:
- 1ABI=IALIB, T @2
4 Biéu thiic ciia dinh thirc cap n

| Ta biét ring, dinh thitc cop 3 12 mot téng c6 6 = 3! s6 hang, m61 s6
hang 1a tich cha 3 phén t nim trén c4c hang, cdc cot khéc nhau. Bing
phuong phdp quy nap va sit dung cong thic khai trién (4.21).hoac‘
(4.22) d& dang ching minh dugc ring, dinh thitc c4p n 1a mot téng n!
6 hang, m&i s6 hang 12 tich clia n ph4n tir ndm trén cdc hang va céc
cot khdc nhau. Trong mdi. s6 hang ciia téng, néu viét tich cdc phén tir
theo thit ty ting d4n cilia chi s6 cot, thi thit tr chi s6 hang 12 mot hodn
' vi ctia tap {1, 2, ..., n}. Ngudi ta ching minh duoc ring, ddu cia s@

hang agy); ... 8(n), tring véi défu cta phép thé o. Vay tacé:

al] a12 sen aln )
a a a :
21 22 2n| _ .
| : = Z SgN0A gy o Bgnyn - (4.26)
e see cee . geS, .
. anl ap we Apn.

'T'rong cong thdc trén, néu thay n =2 hay n = 3 ta ¢6 cong thitc (4.5) .
hay (4.7) cla dinh thitc cép 2 hay ca’p 3. -
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14.2.3. Céc vi dy vé tinh dinh thic

1. Ngudi ta thudng st dung éap tinh chat cia dinh thic d€ bién d6i
- dinh thic d3 cho vé dinh thitc ¢6 mot hang (hodc mot cot) c6 nhi€u phan
tlr bing 0, r6i khai trién dinh thitc theo hang (cot) d6.

Vidu: : :

a) Tinh dinh thitc:

D=

00 N =
— W
Y

Lén Iuot nhan hang 1 v6i —2, —8 16i cong vao hang 2, hang 3 tacé :

1 4 5| s ol
D=[0 -5 -9 =1.(—1)‘+{ 3l 39\
0 -31 -39 |

| D=(-5)(=39) - (-9)(-31) = -84.
~ b) Tinh dinh thic ci}a_ ma trin : '

3 2 1 -4
-1 : :
Ao 12 3
2 3 =2 0
5 4 7 -1
L4n luot nhan cot 1 véi 1, 2, 3 réi cong vao céc cot 2, 3,4tacéd ;-
'3 1 7 5|
A=t 000
T2 -1 2 6
5 9 17 14

Khai trién dinh thic viva nhan dugc theo hang tht 2tacé :
| 17 5| |1 1715 |
JAl=-LEDM-1 2 6f=(-1 2 6
' 9 17 14 9 _ 17 14
Trong dinh thitc sau ciing, thyc hién c4c phép bién d6i cong hang 1 -
vao hang 2 ; nhan c4c phén tir hang 1 v6i -9 réi cong vao hang 3 tacd :
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1. 7 5

IAl={0 -9 11|=1-D" :6 ;’
0 —46 -31
Al =227.

2. Pinh thl'rc cila ma tran tam gidc

Ma tran A = (au)nxn dugc goi 12 ma trdn tam gidc trén (du'o't) néu tat
ca céc phdn tir nAm du6i (trén) dudng chéo chinh bing 0. C4c ma tran
tam gidc trén, ma tran tam gidc duéi goi chung 14 ma trdn tam gidc.

Ma tran vuodng c6 t4t cd cdc phdn tir ndm ngodi dudng chéo chinh

déu bing 0 goi 12 ma trdn duwong chéo. :

a,; -, .. a4, - lay, 0O .. O
0 ay .. ay | 8, a, .. O
0O 0 .. a,f a8, . Ay
Ma trin tam gléc trén ' Ma trén tam gléc dusi

a, 0 .. 0 |

0 ay, .. O

0 0 .. a,

Ma trgn dudng chéo

Ma tran dudng chéo 12 dang déc biét clia ma tran tam gidc.

‘ Ta c6 Dinh thic cia ma trdn tam gidc bdng tich cdc phdn ti trén
dudmg chéo chinh. :

“That vay, chéng han dé6i vé6i dinh thitc clia ma tran tam gléc trén,
lien ti€p khai trién theo cot 1 tacé :

8 8, . Ay | B 8y e 8y,
Ale 0 a, ... ay, .‘=~a,, 0 ay v g, - m

0 o0 a, 0 o0 a,,

=258 . 8y |



‘Do viéc tinh dinh thic clia ma tran tam gidc don gién, nén ngudi ta
thudng sir dung céc tinh chét cla dinh thic dé€ bién déi ma tran da cho

vé dang tam giéc.

Vidy:
- a) Tinh dinh thitc :
o ' 1 2 3 n
1 a+1 3 n
D=1 2 ~a+l.. n
1 2 3 . a+l

Nhan hang 1 v6i -1 réi lan lugt cOng Va0 céc héng 2, hang 3,
hang ntacé:

1 2 3 . n
_ 0 a-1 3 n
D=0 0 a-2.. =n
0 0 0 . a-=(n-D
‘ =(@a-1)@-=-2)..(a=(n-1)).
" b) Tinh dinh thdc : .
2 4, a a; 3
-X X 0 0o 0
D=| 0 -X 0 0
0 0 -x x O
/ 0 0 0 -X X
Céng chc cdt vao cft 1 tacé:
: 4
da g a, a2, a,
i=0
D= 0 | 0o O0f
0 -X 0
0 0 -x 0
0 0 0 -x. x
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Khai trién dinh thifc v€ phdi theo cot 1 tacé :
‘ x 0 0 0

', |x X )
D: a. .

Z(; N0 -x x 0

0 0 -x «x

.. : 4 )
= (Z ai) X4 .
- \i=0
3. Pinh thirc Vandermonde
. Pinh thitc Vandermonde cdp n c6 dang :
R § S R
a, a, .. a;

a2 2 2
D, =]aj a; .. a

éf" ay”! .. al
-Véin=2,tacéd:
D, = | Ty

' '—Vvé‘in=v3,tacéz
1 1 1]

D; =|a, a, a,
2 .2 .2
a; a, ‘a3

L4n lugt nhan hang 2 véi —a; cong vao hang 3, nhan hang 1 véi —a,
cong vaohang 2tacé : ' : o

1 '1 1
2 2
aj —a,a, a; —a,a, 0

Khai trién dinh thitc v& phéi theo cot thtt 3 ta ¢6 :
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-a;—a, S ayay

?l(al '?‘3)' | a,(a, —az)

D, =

Theo tinh chdt 3 ciia dinh thic, c6 thé dua thira s6 éhung clia cdc cot
ra ngoai d4u dinh thifc : 4

| 1
D;=(a; - =
D3 =(a; —a3)(a; — a;) a, a,

= (a5 — a)(as — a,)D,

= H(aj "' ai)'.

i

(Trong d6 ky hiéu H(a i — ;) latich clia c4c hieu c6 j>1i).

= .

Biing ‘phuong phép bién d6i hoan toan twong ty nhu trudng hop. dinh
thitc Vandermonde cp 3 ta cé hé thitc truy héi :

D, = (& = 8y) - (8 = y-1)Dy-1 5
Dn-l_ =(ay-; — ay) ... () — 4, 9)Dp2 3

D; = (a; - a;)(a3 - %)Dz 3
v - Dz = (3.2 - a])f.
Dod6tac6é:

M%H@—M-,' @2

j>i
Vidy:Tinhdinh thtc:
1 -1 1 -1

1 —_— s
A= | 1 1 i
1 2 4 8
1 3 9 27

~ Ta nhén théy r&ng,}di‘nh thitc ciia ma tran chuyén vi c6 dang dinh
thitc Vandermonde : ‘ '
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1 1 1 1 11

-1 i 2 3 -1 i 2 3
A=l 1 4 oty 2 o2

-1 =i 8 27| |-1)? i 2 3P

~ Theo cong thitc (4.27), ta c6 :
L A=+ 12+ 1B+ 12 -DG ~i)3-2)
| | =12(1 +i)2 - i)(3 - ). |

4.3. MA TRAN NGH|CH PAO

Theo dinh nghla, ma trn vuong A goi 12 khd nghzch ne’u c6 ma tran -
" nghich déo A™! sao cho : , )
AA'=ATA=E. @428
Trong bai ndy, ching ta s& xét mot diéu kién cédn va dii clia ma trgn
kha nghich, d6ng thdi chi ra phuong phép tim ma tran ngh;ch ddo.
1. Diéu kién kha nghich _ o . _
Dlnh 1¥4.3: Matran A = (8j)nxn kKha nghlch khi va chi khi Al # 0.
- Chitng minh :
Diéu ki¢n ccin Gia sir ma tran A kha nghich. Theo (4 28) ta cé

AAT'=E.

- Theo Ménh dé 4.1,tacé :
IAA™=IEl;
1ALIA™ =1.

Ding thifc sau, chimg t4 dinh thic IAl = 0.

Diéu ki¢n di : Gid slt ma tran A = (a;),x, €6 dinh thite IAl = 0. Xét
matran : oo

[An Ay An
« |A A v AL
Aln ' A2n Ann

trong d6 Aj; 12 phn bd dai s6 ciia phén tir a;;.
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‘Ma tran A" g0i 12 ma tran phit hop clia ma tran A. Xét tich :

Aq Azl o Ag T
L A A A a Ay o A,
12 22 n2 v21 22 2n

A A= (CIJ)an ‘ .
Aln A2\n . Ann '\ 2n1 van2 ann

Theo cOng thntc (4.24), ta c6:

© k=1

Do d6 ta' co: _
1Al 0 .. 0
x ' TAl .. 0
A A= 0 IA, o |=lAIE.
| 0 0 .. 1Al
Theo gia thi€t IAl = 0, éhia hai v€ cho IAl ta c6 :
' Z(LA*)A -E.
Al |
Mot c4ch twong tu, xét tich A.A” va sir dung cong thitc (4.23)tacé:
Al A"|=E.
A\IAI | ’
'Vay diéu kién (4.28) duoc théa man, ma tran A kha nghich vatacé:
' ' ) 1 ‘
ATl = —A"| ~ 4.30
’ ] (I Al J ! )

Dinh 1y dugc chimg minh. W
2. Tinh ma tran nghich dao

C6 nhiéu céch tinh ma tran nghich dao, du6i day chiing ta s& lam
quen véi hai phuong phap quan trong.

_ “Phuong phdp 1 : Theo cong thic (4.30) dé tinh ma tran nghich dao
'A™' ta cén tinh dinh thie Al va ma tran phfl hop A", Khi thiét 1ap ma -

tran A" cén luu ¥ rang, cac phan tr cOt j cita ma tran A 1a phan bl dal s6

_ clia cdc phén tir tuong ng & hang j clia ma tran A.
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Vidy : Cho matran :

1. 2 O
- A=|0 "3 1
| 0 1 2
 Hay tim ma tran nghich ddo A™ néu c6.
Tacé:
1 2 0
IAl={0 3 l'=l? ;l=5¢0.
0o 1 2

Vay ma tran da cho kha nghlch Theo céc cong thitc (4 29) va (4.30)
tacé:
: 1 1 Ay A21 Ay
A =mA_* =35|Ar Az An|.
A Ay Ay
‘Tinh céc phdn phu dai s6 clia cdc phén tir cia ma tran da cho theo
cong thifc (4 20) ta co: _ . , -
A“ = 5, A]z = 0, Al3 = 0, AZI = —4, A22 = 2,
Ap=-1,A3=2,Ap=-1,Ay;=3. ‘

Vay :
1 (5 -+ 2 ; 3
Al=glo 2 -1=lo 2 -%
0 -1 3 1 : 3
o -= =
\ 5 5)

Phu'ong phﬁp 2: Cho ma tran A ="(@)nxn- Xét hai 'h¢ tham bién
1> s Xp VA Y, o ,y,,théamanhethuc

X Yi - ;
Al [=E|: |, - (@)
Xn Ya
trong d6 E 1a ma tran don vi.
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Gia sir ma tran A kha nghlch nhan bén trél hai v&€ ctia (a) véi A7t
ta cc’) ‘ :

El: |=A"": - (b)
L ¢ ‘ '

Ta nhén thay ring, c6 thé nhan dugc he thitc (b) bing cach lien ti€p °
thuc hién déng thoi c4c bi€n déi so cap he vecto hang clia cdc ma tran &

he thitc (a). Do d6, dé tim ma tran A7'ta xét ma tran :

~ [an ap, ... ay|l 0. .. 7 0)
'(AIE)\= ay  ap w80 1 . 0
’an, a, .. a0 0 .. 1

Ching ta sé& sit dung céac phép blén déi so clp d61 véi he vecto hang
dé dua ma tran (AIE) vé dang (EIA )

Buoc 1. Thuc hién cac phép blen d01 sau day aé dua vecto cot 1 vé
~dange; =(1,0, .., 0). , |

Gid sir ag; # 0 (n€u a;, = 0 thi déi chd céc hang cia ma tran (AIE)),
chia hang 1 cho a;;. Sau d6 14n lugt nhan hang méi nhan duge v6i —a,,
r6i cong vao hang k, k = 1. Sau budc 1 ta dua ma tran (AIE) vé dang :

©

1 a)y .. ay|by,, 0 .. 0
0 a', .. a'|b, 1 0
0 a'y .. a' b, 0 .. 1

 Budc 2. Thuc hién twong tw nhu bude 1 d€ dua vecto cot 2 chia ma
tran (c) vé dang e, = (0, 1, ..., 0); V.V...
Sau n buée ta dugc ma tran:

| 1 0 .. 0]b, b, .. b

(E]B); 0 1_ w O0|by by .. by,
0 0.. 1|b, b, ...b,
Tacé: AT =B= (O Daxn- |
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Chuy:

a) Trong qu4 trinh bién d61 néu gap cot j, v6i j J <n, Ia vectd c6 dang .
*, ..., *% 0, .., 0), trong dé co kh0ng qud j — 1 thanh phén
khéc O thi dimg ldl Vi trong trub‘ng hop nay, hang r(A) < n nén ma tran
A khOng kha nghich. ‘ _

b) & buse thit i, néu cﬁ.n phai déi chd hal héng thi déi ch6 hang i véi
hang k (k >i).

Vidy:Tim nghich d4o ctia ma tran

2 7 3
A=13 9 4
1 5 3
Tacé:
(2 7 3|1 0 O
(AlE)=|3 9 40 1 %0
1 5 310 O 1
Sau buéc 1,tacé : .
, . ) | .
L 3L g o
2 21 2
0 2343 1 0
2 2] 2
o 2> 31 4
Sau budc 2, tacéd : : '
[ \
'1 0 l—3. Z 01
3 3
o 1 i1 2 9
-3 3
0 0 11-2 1 1
\ y,

128



Sau budc 3, tacé :

1 "0 o1 7 5 1
3 . 3
0 1 O 2 -1 —l
3 3
-2 1 1
0 0" 1 2
Vay,tacé: :
T ) _1
3 3
At = 3 -1 _1
3 3
-2 1 1}

L
" 4.4. HANG CUA MA TRAN

4.4.1. Pinh ly vé hang ctia ma tran
Dinh thitc con cdp k :
Xét ma tran c& m x n, véi cac phan tir trén tru‘ong sO K:

a;, a) a,
A = a3 an Ap
aml a'ri12 amn

Gia st k 12 mot s6 nguyén duong thda mén di€u kién k < min{m, n}.
Trong ma tran A, chon k hang : iy, ..., iy theo thi fr i} <... < ik vachonk
cot : jy, ..., jy theo thif tr j; <... < Ji.

Khi d6 cidc phdn tir nim trén giao ciia k hang, k cot da chon 1ap
thanh dinh thirc cdp k : ‘ :

Ay Ay o Qi
a. . a; . a. .
[} 1 1 . R
‘211 - 212 ‘ 2k ’ (431)
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Dinh thitc (4.31) dugc goi H dinh thitc con cdp k ciia ma trén A.
Vidy : Xétmatran cd 3 x 4 sau : ' |

1 0 2 -4
A=|0 3 2 2
9 7 -10 12

M@i phén tif clia ma tran A 13 mot dinh thitc con c4p 1.

- Néu chon c4c hang 1 va 3, chon céc cOt 2 va 4 ta c6 dinh thic con”
cap 2: : : -

0 -4
7 12

~Quan he giita hang clia h¢ vecto hang, hang ciia he vecto cOt va dinh
thitc con ciia ma tran A dugc thé hién & dinh 1y quan trong sau, thubng
goi la dinh ly vé Izang cia ma trdn.

~ Pinh ly 4.4 : Trong ma tran A = (au)mxn, hang chia he vecto cOt bang
hang clia hé vecto héng va bang cédp cao nhét ciia cdc dinh thu'c con
- khéac 0. -
- S6 chung d6 duoc goi'la hang ciia ma trén A, ky hiéu 12 r(A).

Chimg minh : Gia st cdp cao nhét clia dinh thitc con khéic O ciia ma
tran A 12 p. Khi d6 moi dinh thitc con c&ip p + 1 déu bing 0. Ta s& ching
t6 hang cla hé vecto cot clla ma tran A bang p. Biét rang, phép déi ché
“hai hang (c6t) chi 1am d8i dau ctia dinh thic. Do @6, cip cao nh4t cta
dinh thitc con khdc O clia ma tran A s& khong thay déi d6i v6i phép déi -
‘chd cédc hang, cdc cot cha ‘ma tran A. Bdi vay c6 thé gia thle’t dinh thuc
con cdp p ndm & g6c Tay — Bic clia ma tran khac 0.

a” aes alp aln
| A= App e Bpp e Ay | : (a)
A amp qn
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M=|.. .. .. |=#0. R ()

Ta ky hieu {A', A2, ..., A"} 1a he vecto cot ciia ma trdn A, s& ching
td p vecto cot ddu {A', ..., AP} 1a mot co s& clia he vecto cft cia ma
tran A. ‘ ' ‘

He vecto {A', ..., AP} doc 1ap tuyén tinh. That vay, gié,sfr-c\é t6 hop
tuyén tinh : ' "

o My v Bp1s s ag) + ...+ A (a]p, by Bpps ey amp) =0, |
o {p P » , o
hay = (Zxkalk,_..., ZAkamk'j‘ =©,..0. ©

So sanh thanh phédn ca vecto & hai v€& dang thitc (c) ta c6 m ding
thic sau :

ilka %=0,j=Lnposm (d)
= , | o
p déng thic du tien cia (d) c6 thé vié’t duéi dang ding thuc ma tran :
. a; - ay (X)) (0 :
‘ : =|: ' (e)
Ay e ap (A 0 '

Vi dinh thic clla ma trn vuong cdp p trong biéu thic & v€& trdi clia
hé thic (e) khdc 0, do d6 ma tran c4p p d6 kha nghich. Nhan bén trai hai
vé& clia (e) v6i ma tran nghich ddo cha ma tran cdp p dé, taco:

-1 . : -1

a“ ...alp a” ene alp )“l a‘l ...alp 0

Qi - Ay ay . ap A A By 0
S Ay 0
hay : e
A, 0
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Vaytacd: A, =..= A, =0. Do d6 he vecto cot {A, ..., AP}-doc lap
tuyén tinh. ,
Bay gio s€ chimng t6 ring, méi cot clia ma tran A bi€u dién tuyén -

tinh qua {A', ..., AP}, ' :
- Xét dinh thitc concpp + 1 :

CITIRETINE T PR
Dj = a ' a a o - (8)
: opl 0 “pp pp+k

aJ] v aJp aJp+k

- véik=1,..,n-p.
Néu j < p thi dinh thic D; c6 hai hang gi6ng nhau, do d6 ta cé

D;=0. Néu j > p thi D; 1a dinh thiic con cap p + 1 cla ma tran A, theo .

’gxathlettacéD OvayD 0V6‘1_]—1 _ .
Ky hiéu M, 1a phén bi da1 s6 cla ay,, s = L .. ps trong dihh thic D,
" D& thdy ring, M 12 phén bd dai 6 cia phan tlf 3. RO réng M, ..M
M khong phu thudc chi s6 j.. ‘
Khai trién dinh thitc D; theo hang cu6i ciing, ta cé .
V D_l_ lel + . +apMp+ajp+kM=0. .
Theo (b) thiM#0,néntacé: ‘

M M . .
B = _Vla'j' - "'—Vpa”” j=1..m - (h)

Th‘ céc dang thic (h), suy ra vecto COt AP k=1,..,n- p 1a mot 18 ,

hop tuyén tinh cla cic vecto cot { Al .. AP}, Vay he {A] . AP} 1a mét
co sd cna he vecto cot cta ma tran A. Do d6 hé vecto cot cua ma tran A
co hang bing p.

p’

Xét ma tran chuyén vi A' cia ma tran A. Vi phep 18y chuyén vi
khong 1am thay d6i gid tri dinh thitc ctia ma tran, do dé dé thdy ring cap
cao nhat clia dmh thitc con khéc O cia ma tran A' ciing bang p. Theo
chimg minh tren hang clia h¢ vecto cot clia ma tran A' bing p. Nhung h¢e
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vecto cOt clia ma tran A' 1a hé vecto hang clia ma tran A. Dmh ly hoan
toan dugc chitng minh. Il

Menh dé sau day 1a hé qua truc ti€p cha cic Dmh ly 4.3 vad.4.

Ménh dé 4.2 : D6i vél ma tran vuéng A, cdc diéu khing dmh sau day
12 twong duong :

'1) He vecto hang (hay cot) ciia ma tran A doc 14p tuyén tinh ;
: _2)~Dinh thitc Al =0 ;
3) Ma tran A kha nghich.

Ma tran thod man mot trong cdc diéu kién tuong du’cmg trén g01 la
ma trgn khéng suy bién.

4.4.2. Ap dung tinh hang clia ma tran hé vecto

- Néu cdc ma tran A, B c6 hang bing nhau (r(A) = r(B)) thi ta viét -
A ~B.

Vi phép bién ddi so cap khong lam thay d6i hang cﬁax hé vecto
* (xem Meénh dé 3.9), do d6 d€ tinh hang cllia'ma tran A ta thu&ng ding
céc phép bign d6i so cdp d6i véi he vecto hang (hay cot) dé dua ma tran

A vé ma tran c6 dang bac thang B, d6i v6i ma tran ndy, dé dang nhan

bi€t cdp cao nhat clia dinh thic con khdc 0. D6 12 ma tran c6 dang :
bll blz e \blr (XX b

B = 0 by . by .. by

In

vib;#0,i=1,. '

Tacér(A) = r(B) =r.

Vi du : Hay tinh hang va x4c dinh mot co s& cia he¢ vecto sau :
u,=(1,-3,0,4); uz-(2 -7,3,5); u3-(4 531); u4—(7 —5 6, 10)
trong khong gian R*. ‘

Xét'ma tran A c6 he vectd hang la u;, u,, u; va u,. Khi dé hang clia
ma tran A 12 hang cla he vecto da cho:
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1 =30
12 =7 3 5

A=

14 5 3 ,
7°-5 6 10) '

Dé tim hang cla ma trin A, thuc hién c4c phép ble'n d6i so cdp d6i
véi he vecto hang nhu sau :

— Lén lugt nhan hang 1 véi -2, -4, -7 r61 cOng vao héng 2 3,4
taco:

1 -3 0 4
10 -1 3 =3
“lo 17 3 -15

0 16 6 -18

" —Lan luot nhan hang 2 véi 17, 16 16i cong vio hang 3, 4 ta c6 :

(L -3 0 4

lo -1 3 -3

“lo 0 54 -66|
0 0 54 66

— Nhan hang 3 v61 1 r01 cOng vao hang 4,ta c6 :

A~ | o l~]lo -1 3 -3{=B
0 034 661 |y o 54 —66)
0 00 O

Dé& thdy ring, ma tran B c6 dinh thitc con cfp 3 (cdp cao nhat)

- khéc 0, do 46 1(B) = 3. Ta c6 r(A) =r(B) = 3. Vay h¢ vecto {uy, uy, uy, u,}
c6 hang bing 3. | S

Ta nhan‘ thdy réng, he vecto héng clia ma tran B nhan dugc tir h¢ o

- vectd {uy, u,, u;} bing céc phép bién déi so cdp. Do d6 h¢ {uj, u,, uz}

-c6 hang béng 3, va hé nay 1a mot co s& clia h¢ vecto di cho.
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4.5. HE PHUONG TRINH TUYEN TiNH
4.5.1. Cac khal nlém coban
1. Hé phuong trinh tuyén tinh tdng quat
He m phuong trinh tuyén tinh n 4n }il, ... X, 1ahe c6 dang :

a; X, +a;X, +..+a,Xx, =b

ay X, +ayX, +..+a, X =b X
2141 2242 2n“*n 2 (4.32)

Qm Xy + 80Xy +tag X, = b,

Hay c6 thé viét gon hon :
n
Z:aikxk =b,,i=1,..m

trong do a, b 1a céc phﬁn tir thuOc truong s6 K 2k goi 13 hé s6'clia in

X :bjgoilahésdtwdo,i=1,..,m;k=1,.

| - Hé phuong trinh (4.32) goi la hé phu’o’ng trinh tuyé'n tinh téng qudt.
Dic biét, néu b, = ... = b, = 0 th h¢ (4.32) c6 dang :

Zakxk =0,i=1,. '. ' (4.33)

H¢ phuong trinh (4.33) du’o‘c g01 1a he phu’o‘ng trmh tuyén tinh
thudn nhat.

2 Nghiém ciia hé phuo’ng trinh tuyén tinh

Méi nghiém ctia he (4.32) 1a mot vecto o = (o, ..., &,) clia khong
- gian vecto K", sao cho khi thay 4n x, bdi thanh phdn o k=1, .o T VRO
- hé (4.32) ta dugc m déng thic. S

— Néu he (4.32) c6 mot nghiém duy nhét thi goi 14 hé xdc dinh.
= Néu he (4.32) c6 nhiéu nghiém thi goi 12 h¢ khéng xdc dinh.
~ Néu he (4.32) khong c6 nghiém thi goi 1 hé vé nghiém.

Dé thdy ring, vect‘ol9'= o, ..., 0) luon luon 1a mot nghiém ciia he
thuén nh4t (4.33), nghiém nay goi 12 nghiém tdm thuong. |

1
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3. Cac hé phuong trinh tuong duong
Hai hé phuong trinh tuyén tinh :

n . '
Y ayx, =b,,i=1l,..,m
k=l ,

v dayx, =b,j=1,..p
k=1 .

~ duoc goiyl_é tuong dwong n€u médi nghiém cla hé nay 12 nghiém cta he
kia va nguoc lai. Tic 1a tap cdc nghiém ciia hai hé d6 tring nhau. -

Cdc phép bién dbi twong duong : Mot phép bién déi khong 1am thay -
ddi tap nghiém ciia céc he phuong trinh goi 12 phép biéh ddi neong duong. - .

D& dang ching minh dugc cdc phép bién ddi sau day 1a cdc phép .
bién déi twong duong :

a) Thay déi thit tr cdc phuong trinh clia h¢ (4.32).

~ b) Loai khoi he (4.32) céc phuong trinh 6 hé s6 cla céc an va he s6 _
tr do déu bing 0. : '

c) Nhan hai v€ clia mot phuong trinh véi mot s6 k = 0.

. d) Cong hai v€ cha mot phu'ong trinh vao céc v€ cia mot phuong
trinh khéc.

4. Dang ma tran, dang vectd ctia hé phuong trinh tuyén tinh
Tuong ting vé6i he phuong trinh (4.32), ta c6 céc ma tran sau :

a“ alz vee aln - a” » alz oo a|n b,
' ay 8y .. 8| — |83 ay .. a,|b
8mi 8my w0 3y, An) Apa o nn bm :

Ma tran A goi 12 ma tran cila h¢ (4.32), hang clia ma tran A goi I
hang clia hé (4.32). Ma trari A nhan dugc tir ma tran A béng cdch b8
sung thém cot thit n + 1 12 cdc hé s6 tr do cia he phuong trinh (4.32).
Ma tran A goi 12 ma tran md rong clia h¢ (4.32).

Néu str dung ky hiéu ma tran thi he phuong trinh (4.32) cé thé v1et
du6i dang mot phuorng trinh ma tran nhu sau : '

136



N S o i N % 73

He thic (4.34) goi 1a dang ma tran cua hé¢ phuong trinh tuyén
tinh (4.32).

Ky hiéu céc vecto c6t clia ma tran mé rong Ala:Al A% A",' B.
"Khidé m dang thitc ciia hé (4.32) tuong du‘ong véi dang thifc vecto :

X Al + X,AZ + L+ X, A" : - © (4.35)
Hé thitc (4.35) goi 1a dang vecto cia h¢ phuo’ng trinh (4.32).

Chii y : Ta nhan thdy ring, c4c phép bién ddi twong duong tir a) den
d) & trén thuc chat 1a céc phép blen déi so cap trén hé vecto hang clia ma

trén ma rong. A.

4.5.2. Didu kién cé nghiém clia hé phuong trinh tuyéh tinh

Dinh‘ly‘ 4.5 (Dinh 1y Cronecke - Capelli) Hé phuong trinh tuyén tinh
(4.32) c6 nghlem Khi va chi khi hang ctia ma tran A bang hang cia ma
tran ma& rOng A.

Chu’ng minh :

Diéu kién cdn : Gia st he (4.32) c6 nghiem a = (a, , o). Khi d6
theo dang vecto (4 35) chahétacé: -
B= oAl +a,A+.. L+ o AT,

Vay tacé:B e Et(AI, A% .., AM. Do d6, hang clia h¢ vecto
{A', A% .., A", B} bing hang clia he {A', A%, ..., A"}, hay 1(A) =1(A).

Diéu kién di : Gid sttr(A) = r(A). o "

Khid6tacé: . _ :

dim# (A, A, ..., A", B)) = 1(A) =1(A) = dim# ({A!, A2, .., A"}).
T désuyra: | | ‘
LA, A% L AN B =2((A, A% .., A")).
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3 ‘Khidétacod:

Tac6 B e Z({A', A% ..., A"}). Theo Ménh dé 3.3 s& tén tai céc s6
% €eK,i=1,..nsaocho:
B=)AA".
k=1

Vecto o = (A, Ay, ..., Ay) 12 mOt nghiém ciia hé (4.32). Dinh 1y dugc
- ching minh. B .-

4.5.3. C4u tric tap nghiém ctia hé phuong trinh tuyén tinh
1. Hé phuong trinh tuyén tinh thudn nhat -
Pinh Iy 4.6 : Gi4 sit h¢ phuong trinh tuyén tinh thudn nhat :

n . , o
O Dagx =0,i=1,..m 7 (4.36)
. k=l ’

- ¢cb ha’ng'b&ng k. Khi d6 tap N, céc nghiém ctia he (4. 36)vl§ mot khong
gian con n — k chiéu clia khOng gian vecto K". Tap N, duoc g01 12 khéong
gzan nghiém cia hé thuin nha't (4.36). '

Chimg minh : Ky hiéu he vecto hang ciia ma trin A lh {v,, Vs wes Vi

dnmf({v,,vz,. v Vin }) hangcua{v,,vz,. o Vnl =1(A) =k.
Dédonglén gidstK=R.

Theo (4.36) thi vecto o = (x, Mg e Ag) 12 nghiem' clia he khj va chi
khi c4c he thic sau dugc théa man : : :

(v;.a) = Zaiklk =0,i=1,2, N

Vay trong khOng gian Euclid R" vecto o tryc glao v6i he vecto_
{Vis Vay eeoy Vi }.

Theo tinh chat 5 cha khong gian vecto Euclid (xem myc 3.6.1) thi
" vecto o truc giao véi khong gian con & ({v}, v, ..., V,}). Do d6 tap N,
" c4c nghiém- clia he (4.36) trﬁng v6i khéng gian con bl tryc giao cla
khong gian con k chiéu Z ({v,, V3, ..., Viy}). Theo Ménh dé 3.12, N, 1a
mot khong gian con (n - k) chiéu.l | | |
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- Hé nghi_ém co bdn : Mbi co s {ug, u,, ..., u} chia khOng'gian con -
nghiém N, goi 1a mot hé nghiém co bdn clia hé phuong trinh tuyén tinh
- thudn nhat (4.36). Khi d6, méi nghiém o = (o ,; Oy, ..., Oy) Clia he déu cé
thé bléu dlén tuyén tinh duy nhat quan he nghlem co ban

‘ o= a,u, + ap—Up—-
2. He phuo’ng trinh tuyén tinh téng quét
Xét hé phuong trinh tuyén tinh :

Sambiizloam @37

Tuong tng v6i hé phuong trinh tuyén tinh tOng quat (4. 37) ta c6 he -
phuong trinh tuyén tinh thudn nh4t :

Zakxk=0'i=1 (4.38)
k=l |

" He thudn nhat (4.38) goi 12 he thudn nhdt lién két v6i he 4.37).

Pinh Iy 4.7 : Gié slt N 12 khong gian con nghiém ciia h¢ thun nha‘t

. lién ket (4.38), va o = (o] ,oaz, , ap) 1a mét nghiém nao dé cla h¢

(4.37). Khid6 tap N c4c nghiém clia he (4.37) c6 dang : _ '
N=a®+N,={a=a’+B:B e Ny} (439)

Chitng minh Theo (4. 35) hé phu'orng trinh (4 37) va hé thuin nhat :
lien két c6 thé viét duéi dang vecto :

ZxkA = B . _ o (a)
k=1 , o
va

> x Ak =0 : S - (b)-

_ k='1' B ‘ .

Gid sir o = a° + B, trong d6 B = (B,, ... Bn) €N,.Ta c6
| 0= (@ vy O) = (O + By OO +B).

Trong hé thitc (a) thay x, béi o taco:
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Vay o = o° + B 1a ‘mot nghlem cua he phuo’ng trinh (4.37). Ta c6
a’+ N, N.

Ngugc lai, gid sit o = (.a,, vs (x,,) e N. Dat B=oa-0a’Tacé:
B=B - Bp) = (a, a,,.._ a, -an).
" Trong h¢ thic (b), thay x, bdi B, ta c6 : .
n n n » » n B
Y BA* =Y (o, -0y ) A* =Y a,A* - Y apAk
k=1 i k=1 .- k=] k=1
| =B-B=6. | | o
Vay vecto B'1a mot nghiem ciia h¢ thudn nhat lien ket (4.38). Ta c6 -
a=0’+Bea’+N,.Dod6:Nca’+N,
VayN=a°+N, Dinh 1§ duoc ching minh. M

4.5.4. Phuong phép gial hé phu'dng trinh tuyen tinh

1. Quy téc Cramer

" Hé Cramer : MOt he phuong trinh tuyén tinh c6 s6 phuong trinh bing
$6 4n v ma tran A ciia hé c6 dinh thic |A1 0 goi 12 h¢ Cramer.

Pinh ly 4.8 : He Cramer
a,X; +a,,X, +..+8,X, =b,
ayX; +apX; +..+a,X, =b, (4/40)

anlxl + 42X, + .t Xy = b-n
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12 mot hé x4c dinh. Nghiém duy nhat clia he“duqc tinh bdi cong thic :

A , | . o
xj—X ,J—.vl,...,n : o (441)
trong d6 A = |Al va
_ ' ;
ap b, n |
. b : ' -
A= 21 2 42n , L (4.42)
anl bn' ann

- Cong thiec (4.41) goi 1a cong thitc Cramer. o

Chu y : PBinh thﬁc A, la dinh thic cha ma tran nhan dugc tir mé tran
A ctia hé (4.40) bang cach thay cot thit j (hé s6 cla 4n x; ) boi cdc phdn tu“
‘ by, ..., b, (cdc h¢ s6 tu do).

Chung mmh Theo (4.42), néu kha1 trién dinh thic A theo cot
thit jtacd:

A=XbA, T @
i ‘

trong d6 A, 1a phdn bl dai s6 ciia phén tir a; trong dinh thic AL
Viét lai he (4.40) du6i dang ma tran : '

Xy b

X b : ‘ \
A:2 =:2 “ ‘ ,-(b)v,

xn bn

Vi'dinh thirc IAl = 0, nén ¢6 ma tran nghich dao .‘A-'. Nhan bén tréi
hai ‘vé' ctia dang thitc (b) v6i ma tran A7, theo cong thirc (4.30) va hé
thitc (a) ta c6 : : : - '

X, (b,
‘xz =A;]' ‘bz
xl‘l bn

A4



X --(An Ay Ay (b
X, =(l) A, Ay A, |ib
» ‘x.n KAln A2n . Ann bn
fn
ZbkAkl
k=1
X, -
X3 =(_!_) 2 biAy
: Al
x ) ' .n
-ZbkAkn
\k=1 y,
(4,
X, A
Xy | 'A—2 '
N A (¢)
X
on A,
\ A/
Tir déng thic ma tran (c) ta c6 :
4 . S
X; = A 3i=1..n

Cong thitc Cramer dugc ching minh.

Theo Ménh dé 4.2, vi dmh thic 1Al # O nén hé vecto cot
{A', A2, .., A"} chia ma trin A 12 mot co s& ctia khong gian K". Bi vay,
mdi vecto B = (by, by, ..., ) € K" chi c6 mot biéu dién duy nhat qua co
s& {A', A2, ..., A"}. Vay he Cramer (4.40) c6 duy nhét nghiém cho bdi
cong thiic (4.41). 0" | |

Dinh 1y sau déy d6i v6i h¢ phuong trinh tuy€n tinh thudn nh4t cé
mot vai trd quan trong trong 4p dung.

142



Pinh Iy 4.9 : He n phuong trinh tuyén tinh thudn nhét n 4n s6
. n ’ :
Z'aikxk =0;i=1,..,n . ‘ (4.43)

“chi ¢6 nghiém tdm thudng 6 = (O 0, ..., 0) khi va chi khi dmh thiic
1Al # 0. . :

C hu‘ng minh :

‘Diéu kién cdn . - Néu hé thuan nhat (4.43) chi c6 nghiém tdm thudng -

= (0, 0, ..., 0) thi hé vecto cot chia ma tran A dOC lap tuyén tinh. Theo
Ménh dé 4. 2 tacé IAl = 0.

Diéu kién dii : Néu ma tran A cua hé thuan nhat (4. 43) ¢ dinh thuc
IAl 0, khi d6 he phu'o’ng trinh (4.43) 12 mot hé Cramer, do d6 hé ch1 céd
nghiém duy nhét, d6 la nghi¢ém tim thudng 6 = (0, ..., 0).H

Viduy : Giai hé phuong trinh :
| Xp+ X, + X3 =1
2X; + X5 + 2%, =1
X; + Xy +3x5 =2 \
Ta nhan thay rang, hé dang x€t ¢4 sO phuong trmh cha hé bang s6 in
va bang 3. Dinh thic clia ma tran clla he 1a :
| 11 1) 1.1 1 |
A=|2 1 2|=]2 1 2 =2\1 | ‘1‘ =-2#0.
I 1 3 o o 2 21
- Vay hé phuong trinh di cho 12 mo6t hé¢ Cramer. Theo cOng thirc
4. 41) tacd:

1 1 1
‘ 1 1
A 213 1
xl.—_-—z = -,
A -2 2
o
2.1
‘ 1 2 3
x2——A—2—= =1;
A -2
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21 1
A, |11 2| 1
X3=—'=———-—=—‘.
A -2 2

He phuong trinh c6 mot hghiem duy nhét 1a :

o= (—l, l,l).
22

. 2. Phuong phap Gauss -
D6i v6i céc heé phuong trinh tuyén tinh c6 ‘nhiéu phucmg trinh, nhiéu
4n ta thudng ding phuong phip Gauss dé gidi. D6 1a phuong phép khir
~ dén céc 4n. : ' _
Cho heé phuong trinh :
a X, +a,X, +.. +axXo=b
a,X; +apX, +..+a,X, =b,.
A%, n%2 2n 2 (H,)
am,x, +2ppXy + o+ BgeX, = by,
—Bu’o’c Il: |

‘a) G1a sita; =0 (néu a;; = O thi thay déi thit w céc phuo’ng trmh) :
chia hai v€ clia phuo'ng trinh 1 cho a. :
" b) Nhan hai v&€ ciia phuong trinh mé6i nhan dugc 14n luot véi -
~ay, -a3|, oy —a; TOI CONE V2O hai v€ twong tng ciia céc phuong trinh
2,3,. ' : '
Sau budc 1, duoc he (Hz) tu‘o‘ng duong véi he (H )::
X, +a',x, +..+a' x,=b |

a'y, X, +..+a'yx, =b)
, } - (Hy)

' [ !
' Xy +..o+al, X, =b

He (H,) ¢6 s6 phuong trinh 12 p, vi c6 thé€ c6 mot vai phuong trinh
- giong nhau, hoac c6 phuong frinh c6 4t ca céc he s6 déu bang 0 dugc -
loai ra khoi hé, nénp<m. - '
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— Bude 2 : Trong he (H,), giit nguyén phuong trinh 1 va ti€p tuc bién
d8i nhu budc 1 d6i v6i p — 1 phuong trinh con lai, v.v... (Chd y: Néu
trong hé (H,) c6 a'yy = ... = = a'y, = 0 (he s6 ctia 4n x,) thi ta d6i chd
xzchoanx cohésﬁaZJ:éO) o ' “

Cuéi cung ta dugc mot hé r phuong trinh ¢6 dang bac thang tu‘crng
duong véi hé (H, ) sau ‘

" M
(x +a' 12x +..+a' lrx +.t+a’ x =b"
! " P T L o
‘ ) . XZ + +a ZI'X +...+ a 2n Xln —b 2 ) -
J LI M
. I : ‘. " BT ‘ »
| X tee¥alox =bY

trong d6 x; , ..., X; 1a mot hoan vi ndo d6 clia cdc 4n X, ..., X,

Céc trudng hop sau c6 the xay ra:

~Truong hop 1 : Néu trong qua trinh gap phu‘o’ng trmh vo nghlém .

~dang Ox; + 0x, + ... + 0x, = b, b = 0, thi bi€n déi du‘ng lai va két luan hé
da cho vo nghlém :

- Trzmng hop 2 : Néu r = n, khi dé phL_rong trinh cué’ictmg ciia hé
(H ) c6 dang : ' ‘

He (H) 1a mot hé Cramer, do d6 he da cho (H) c6 duy nhat o

nghiém. C6 thé tim nghiém d6 bang cich gidi timg phu'o‘ng trinh ca- he« :
(H,) tir dudi 1én, va thay th¢ déan gid tri clia c4c 4n tim dugc & phu'o‘ng
trmh dudi vao cic phyuong trmh trén.

—Truong hop 3 :Néur < n thi he¢ phu‘orng trmh da cho vo s6 nghiém.
Pé gidi he (H,) ta c6 thé xem.cac 4n xim, er X 1a cdc tham s6 (lay gid
tri thly ¥) va chuyén cdc s6 hang chia cdc én d6 sang vé& phéi ; réi ding
phuong phép & trudng hop 2 dé gidi d6i v6i céc dn x; , ..., X; .
3. Vi du ap dung e o | :
Trong thuc hanh, dé bién déi he phuong tvr‘mh>(H ) vé he bac thang ,
~ (H,), thay cho viéc bién ddi cdc phuong trinh ta bi€n ddi céc hang va ddi -
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ché cdc cot cha ma tran md réng cha he (H,) vé€ ma tran mé& rong cha

~ he(H:
[ a;, .o oa,ib ) N 1 a%, .. a" .. a", |b"
a, ay e Ay b, N 01 .. a" . a"2!1 b", [
a,, a5 - 2, |bs N | 0 0 .. 1 .. a"j b"
Cacvidu : | 4 | , |
1) Gidi h¢ phuong trinh :-
3% + X, + Xy =1
X, +3x, + x3=3

X;+ X, +3x;=9

Ma tran m& rong ciia he phuong trinh (a) Ia :

3.1 1)1
A=[1 3 .1[3
‘ 11 39
- Sau budc 1tacod: o .
| oy Loy
3 33
| o & 28
. 3 .33
| 1o 2 82|
o » 3. 3 3)
Sau buéc 2 ta ¢é : |
(1 11l )
3 33
0 1 oy
4
. 5 ) ¢
0o 0 .
LN

(a)v“ ‘
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Sau budc 3tacéd:

3 33,
0 1 % 1
o o 1]
5

Vay hé phuong trinh (a) twong duohg véi hé bac thang :

X+ ix, +ix =1
13Xt g =g
: 1 N ,
< x2+zx3=1' o : (b)
| x =18
1 s

Ta cér=n = 3, hé phuong trmh (a) cod duy nhat nghiém (truo‘ng hop 2)
Ta giai hé bac thang (b) nhu sau :

) .

“Tu phudng trinh thit 3, ta qé : 'x3 = %6-; thay gid tri clia x; vélo’phuofng
trinh 2 ta tinh dugc : x‘zi = —;— ; thay céc gid tri clia X5, X3 VA0 phtiongf

trinh 1tacod: x; = —

[N

- He phu’o‘ng trinh da cho c6 nghiém o = (-— 5 %, 15—)

2) Hay tim mot hé nghlem co ban cia h¢ phuo‘ng trmh tuyén tinh
thudn nhat : '
2x) + Txy +3%3 + x4 =0
X, + 3X, +5%x, -2x, =0 ‘
1 : 2T 4 . ©
X, + 5%, - 9%, +8x, =0
5x, + 18x, + 4x; + 5%, =0

’147' '



Ma:tran m& 10ng ciia hé phuong trinh (c)la:
‘ 2 7 3 140
1 3 5 =20
- 1 5 -9 8o
STt o {518 4 500

A=

Dé tinh todn don gian, ta déi chd héng 1 va hang 2 cita ma tran A
(tudng ducmg véi wec thay déi thit ty cdc phuong trinh ctia he ©):
1 3 5 =200
~_ 127 3 1o
1 5 -9 8o
5 18 4 5|0
Saubudc 1tacé: |

1 3 5 =2]0
01 -7 5slo
0 2 -14 10]0
R 0 3 -21 15/0)
‘Sau buéc 2 ta'cé : L
L (13 5 =2|0)
101 =7 5]0)

He phu’(mg trinh (¢) twong duong v4i he bac thang
' o xl+2x2+5x3—2x4-—0
‘ ~7Xy + 5%, =0

(<) B

He bac thang (d) cc’) r =2 <n =4 (trudng hgp 3) Giai he (d) d46i véi
céc fin x,, X, V2 xem x3, X4 12 céc tham s6. Tirhe (d) ta c6 :
_ - xl~+2x2=—5x3+2x4
%, =-26x, +17x,
{xi = Tx, - 5%,
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Vay nghiem ctia hé phuong trinh di cho (c) 1a nﬁﬁ‘ng vecto ¢6 dang :
B =(-26x; + 17%g 7R3 = SXp X3y Xg), ~ (©)
trong do X3, X4 lay tr glé tri ttly y. .
Hé da cho c6 hang bﬁng 2. Vay s6 chiéu cua khOng gian nghiém cha
hé lé k=4-2=2. ‘ : / :
- Véi X3 = 1 X4 = O theo (e) cé nghlem
B, =(-26,7, 1,0).
— V6i x3 =0, x4= L theo (e) ta c6 nghiém :
B, ='(17, -5, O 1.

Dé thdy ring, hé vectd By, [32} doc 1ap tuyén tinh. D6 la mOt he
nghlém co ban clia h¢ phuo‘ng trinh ().
" 4. Phuong phap chung giai hé phuang trinh tuyén tinh

Dé giai phuong trinh tuy€n tmh t6ng quat
-Zaikxk_ =b;i=1,2, , m

tacod thé tlen hanh nhu sau : ‘ S

| X4c dinh hang clia ma tran Ava hang ctia ma tran md rOng A.Cic
trudng hop sau day c6 thé xay ra: ~

© —Né&u r(A) >1(A), he da cho vo nghiém.

.~ Néu r(A) = r(A) =r, hé di cho c6 nghiém.

a) Néu r = n, h¢ da cho 12 mo6t hé x4c dinh, né tuong du’o‘ng vé’r
mot hé Cramer. Ta cé. thé giai h¢ do theo quy tic Cramer hoac phuong
: phap khac. :

- b) Néur <n, h¢ da cho 12 mot he¢ c6 vo s6 nghlem Pé tim nghiém
trong hé da cho, ta chon ra r phuong trinh, r 4n s6 sao cho trong r
phuong trinh d3 chon hé s6 clia r 4n nay 1ap thanh dinh thitc con cép t
khdc 0. C4c phuong trinh dugc chon goi 1a he cdc phu’o’ng trinh déc lap,
r 4n dugc chon goi la cac dn chinh.

Hér phuorng trinh doc lap tuong duo‘ng v6i he da cho Ta g1a1 h¢ nay |
dei v01 céc 4n chmh va xem n—r 4n con lai 1 tham s0,goilan—r dn ty do.
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- Vidu : Gidi va bién luan theo tham s6 A he phu‘o’hg trinh sau day :
| AX, + X, + X3 =1 | '
X| +AX, + Xy =1 ‘ N ¢§)
x,+ Xy +Ax, =1 |
Dinh thic cia ma tran cla he phuong trinh (f) la:
A1 A+2 A+2 A+2]
A={1 A 1]|=| 1 A 1
11l 1 1
St o
A=(A+2)|1 A 1|=A+2[0 A-1 0
11 oa 0 0 A-l

| A= +2)A - 1) |
Ta nhéan thdy rdng : A+ 0 khi vA chikhi A # -2 va A # 1.
a) Néu A % -2 va A # 1 he phuong trinh da cho 12 mot he Cramer. Ta -
c6 thé gidi theo quy téc Cramer. ~
11 1
1A 1|
L S

B _
X, =—=

A A+2(A-1?  A+2)(A=1PF A+2

Ta nhan tha'y rang, va,1 trd céc dn x, X, VA X4 trong he (f) 1a d6i
xung, do d6ta cé :

o1
A+2°

| L1
H¢ a3 cho c6 nghie
% €ho 0 nghi¢m a = (X+2 A+2° k+2)

b) Néu A = 1 hé¢ phuong trinh di cho tuong duong véi he phuo’ng o
- trinh: '

X|+ Xy + X3 = 1. " (8)
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He c6 nghiém a = (I - X; — X3, X3 X3), trong dé Xy, X3 lay glé. tri
twyy.

) Néu A2, he phuong trinh da cho ¢ dang :

e

X, = 2%, + x3—1 o I‘(h)‘

Xp + X, =2X; =1

© Xét ma tran md rong cha hé (h) :

-2 1 1]1
A=[1 -2 11
11 =21

" Pé tim hang clia ma tran, ta thyc hién c4c phép bién déi so cap
nhu sau :

(1 =2 11y (1 =2 11)
CA~[-2 1 11{~]0 =3 3|3
(11 =2)1) {0 3-30J

T =2 11)
A~[0 -3 33
0 0 03

Tir ma tran cudi cing, suy rar(A) = 2, r(K) =3,hé dd c.ho vo nghiem‘.""‘

~ BAITAP
D8 b
: 4.l

r

1) Gid sir A 12 ma trén ¢ m x p. Hay xéc dinh c& cla céc ma tran
B, Csao cho céc biéu thifc sau cé nghia :

' (A +B)C; C(A + B) (A.B)C.
~ 2) Ching minh céc hé thic :
a) (A +B)C=AC+BC;
b)C(A+B)=C.A+CB;
¢) (A.B)C=A(B.C).
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4.2.

4.3.
' Chl’i'ng mmh ring :

4.4.

3) Chfmg’ td tap M,[K] céc ma tran cdp n véi cic phén tlr thudc
truéfng K 1a mét vanh c¢6 don vi d6i v6i phép cong ma tran va phép
nhan ma tran.

4) Lién ho’p cla ma tran phic A = (8;))yx, 12 ma tran K=(5ij)m'xn.
Chitng minh rang :
~a)A+B=A+B;
D) aA=0A ;
| c) AB=A.B.

GidsttA e M, [K]. V&t ctia ma tran A ky hieu 1a Tr(A), 12 t6ng cﬁa

céc phdn tir trén dudng chéo chinh. Ching minh ring :

1) Tr(A +B) = Tr(A) + Tr(B) ;

2) Tr(A.B) =Tr(B.A);

3) Khong tOn tai cdc ma tran vuOng A,Bsaocho: AB-BA = E
GiastA,B e M K] glao hoéan duogc (A. B BA).

(A+B)"= ZC' A™ 'B'

=0

Tinh:

(1 =2} (4 1Y
D - 2 o 2) | )
3 -4) 5 -2
. (2 -1} ' - (cosa.  —sina )"
- 3) . 4| .
. 3 -2 - \sina cosa
N C U A 1)’
%) 0 7»]’ ' 6) 1]
-\ ' .
, _(1 10 0 '. 0 o)
M o0 0110 . 00|
D ‘ 8)0011_.‘00
' 0 A, B
0000 .. 01
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4.5 TmhM".n>0, véi:

-4.6.

4.7.

- 4.8.

1 4 2 1
DM=[0 -3 -2 2M=|1 1
o 4 3) 1 1
1 1 0 (-1 a  a
"3)M=(0 1 1 HM=| 1 -1 0
0 .0 1 | 0 -1

Cho ma trah cép 2 trén trudng s6 phic C :
a b B} ‘
A= ( ),trongdo b=0.

' c d :

1) Ching minh ring ma tran B € M,[C]:

B [x y]
z t
glao hodn dugc véi A (titc 1a A.B = B. A) khi va ch1 khi t6n taj mot
s6 phitc k sao cho :
y =kb, z=Kke, x-—t—k(a d).

2) Chu‘ng minh réng, tap 14t ca cdc ma tran phirc giao hodn dugc
v6i ma trén A 1a mot khOng g1an con 2 chi€u cila C - khong glan
vecto M,[C ] :
Chiing t6 ring, mbi ma tran trén trutémg K:

L)

l1a nghiém cua phuong trinh ma tran cip 2 :

X* - (a+d)X + (ad — bc)E = 0.
Mot ma tran vuéng A g01 12 ma tran lily ding néu A=A,
1) Chiing té rang -

(L oo L
) 2
A={0 0 o
1 45 1
2 2

12 ma tran Iy déng.
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2) Chiing minh : Néu ma tran A Iy déng thi ma tran B =2A — E_
c6 binh phuong bing ma tran don vi E. Do d6 B kha nghlch va
"Bl=B o |
49, -‘Ma tran A € M,[K] g01 12 1y linh bac p néu p 1a mOt s nguyén
~ duong sao cho AP™' = 0 va AP =0. - _ |
| 1) Ching minh rang: Néu A 1a ma tran lily linh bac p thi E -Ala
'ma tran khd nghich vA(E-A) ' =E+A +...+ AP,

2) Ap dung cau 1), tim ma tran nghich déo ciia ma trdn ;-

1 0 0Y
B=la | 0
\¢ b 1

4.10. Tich A.B cﬁé cac ma tran A va B s& thay déi nhu thé n2o néu :
1) Ddi chd hang i vahang jciamatran A ;

2) Nhan hang j cia ma tran A véu sO k réi- cOng vao hang i clia ma -
tran A ;

3) b6i ché cot i va cot j clia ma tran B
4) Nhan c6t j ciia ma tran B véi s6 k, réi cong vao ‘.éot i cia B.
4.11. Chimg minh ring :
" Isina cosa cos(a+d)
| 1) |sinb cosb cos(b+d)|=0
|sinc cosc cos(c+d) '

(a,+b))  aj+b} ab,

2) (@, +by)”  aj+b} ab,|=0
(a3+b3)2 _ a§+b§ a;b,

X X ax,+bxb'

3|y y' ay+by'|=0
z z az+bz'
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4)

5)

a+b ¢

b+c a
fc+a b

a, +bx
a, +byx
a; +bsx

a,x+b,
a,X+b,
a;Xx+b,

4.12. Giai cdc phuong trinh sau :

1 x
1 1‘ a,
1 a

11
o 1-
2) X

11

x2 xn-l
2 n-|
aj a,
2 n-
an—l an—

1 1
1 .. 1
| n-1-x

4.13. Tinh c4c dinh thic sau day :

1)

2)

il

1 2
X+1

12

-2
3 2
2 3
2 2
2 2

3
3
x+1 ..
3
2 2
2 2
3 2
2 3

[= -]

x+1
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4)

5) [

6)

8)

3)

7)

X a f

Xy X2 ay,

X X X,

a 0 .. 0 b

0 a b 0

' cip 2n

0 b . a ol €MD
b 0 0  a
1. 0 a

0 2 0

0 a 2n-1 0

a 0 0 - 2n

a+b ab 0 .. 0

1 a+b ab .0
0 1 a+b .. 0
0 0 0 a+b
a, X X

X a, X

X X a

'au al a2 'an
-y, X, 0 0

0 =Y, X, -0

0 -0 0 X,




X a,
a, a, X,
0O 1 1 1

1)1 x 0 .4 X

2 2 2 2
1) |ay a; a3 2y
' 3. .3 3 3

12) )
“j-¢ -d - a b
-d c -b a
RS U DRI S
1 ¢ ¢ .o
13yt ¢ ¢ .o,
| o i SR ¢/
c%os"'l ¢, .. cosq, 1
. n-1 i .
14) cos” @, .. cosp, 1
n—~l- v :
cos" @, .. cosq, 1
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4.14. Giai cac phudng trinh ma trin sau day :
(1 35
1) 2 X=|_.
- {3 4 59 ‘
X 3 -—2v _ -1 2
5 -4 -5 6).
(3 -1\ (5 6) (14 16\
0 3) X| . = :
\5 2 7 8 9 10 .
(3 -1 2 | (3 9 7)

4|4 3 3[x=[1117
1 30 7 5 7

{1 . 12 3. )
1 ) 0 1 2 n-1
5) X=(0 O 1 =2

0 o 0...1')

4.15. Ma tran nghich dio A™' thay d8i nihu the ndo néu trong ma tran A
ta thuc hi¢n c4c phép bi€n dbi sau day :

1) Déi ché hang i véi hang j ;
~ 2) Nhan cdc phdn tir hang i vé6i s6 k khdc khong ;
3) Cong vao hang i cdc phén tir hang j nhan véi s6 k ;
4) C4c phép bi¢n déi tuong tf d6i véi cot. '
4.16. Gia su A, Bl cdc ma tran kha nghlch Hay chung minh ring :
1)(AB'=BAT';
2) A'kha nghich va (A‘)‘l =AY
3)NéuAB=BAthiA'B=BA'vaB ' /A=AB™';
4) Néu A. X =0hoac X.A=0thi X=0.
4.17. Tim chiéu va mét co s& clia khong gian con sinh bdi hé vecto ;
» l) u|=(190,0’—'1); ) uzi(29 19 1,0);
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uy=(1,1,1,1); Couy=(1,2,3,4);
| us=(0, 1,2, 3). o
2 V=L LLLO:  w=(LL-1-1-1);
V3=(2,2,0,0,-1); vy=(1,1,5,52);
vs = (1,-1,-1,0, 0). " | |
4.18. Hay xic djnh hang cta cﬁc ma tran sau day d6i véi cédc glé tri A |

khdc nhau : .
S P N (R
'\‘1).A=1‘ ; '17' 3;2)1’3: 2 -1 A 5
- 1 10 -6
2 2 4 3

4.19. Gidi c4c hé phuong trinh :
X, — 2X, + 3x, — 4x, = 4
Xy = X3+ X, =-3

BY) . ,
X, +3x, - =3x,=1
—~7Xy + 3x3+ x,=-3
3Kt Xy —2X3t Xy - Xg=1
2) 2%; = X, +7X; ~ 3%, + 5xy=2

X+ 3%, = 2%, + 5%, =7, =3
3%, — 2%, + TX; - 5x, + 8%, = 3
- 4.20. Giai va bién luan céc hé phuong trinh. -

AX+y+z+t=1
X+Ay+z+t=%

X+y+Az+tr=22
fo+'y;‘+ z+ At =2°
x+y+z=1

2) ax + by +cz=d

a’x + b’y + ¢’z = d?
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| x+y.+"(a+l)z=a2+3a
3) x+(@+Dy+z=a"+3a’
| ‘(a+1)x+y+‘z=a4+3a3

© 4.21. 1) Tim tam thic bac hai f(x) biét :
fy=—1; "~ f(-1)=9; fQ2)=-3.
2) Tim da thic bac ba g(x) biét : - , ]
g(-1)=0; gl)=4; g@=3; g@B)=16.
3.22. Tim nghiém t8ng quét va mot hé nghiém co ban clia cac he phuong
trinh tuyén tinh thudn nh4t sau :

(6%, — 2%, + 2X; + 5K, + 7x5 =0

‘y Ox, — 3%, + 4X, + 8%, +9x; =0
, 9 :
6x, — 2X, +6X3 + 7x4 + X5 =0
3%, — X, +4x; +4X, - X5 =0
(x, =%, =0
X, =X, =0
o —X, + X, — Xg =0
2) $ 2

~X, + X4 +X¢ =0

L—x4 +X5 =0 ,
'4.23. Tim gi4 tri cda A d€ vecto u biéu dién tuyén tinh duo‘c qua cic N

vecto Uy, ..., Uy,

u =(235) | 'm=%4$
y  |n=GT gy |n=0G2D
u, =(1, -6, 1) : uy =(4,1,6)
u =(7,-2,0) lu =(5,9,2)
u =123 b =329
u, =(2,4,7)
3) u2 = (—17 39 )") 4)
— 1 : U, = (5,6, 4)
u =(2,31) - -
lu =135
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4.24. Xét mat phing toa do Oxy.
1) Tim diéu kién cin va dua dé 3 diém M (xl, Y Mz(xz, ¥a)s
M;(X3, ¥3) cing ndm trén duﬁmg thang

2) Tim diéu ki¢én cn v dii dé ba dudng thang :
aXx+by+c =0 - .
a,Xx +b,y+c,=0 ‘
a;x + by + ¢, =0

© cét nhau tai mot diém.

3) Vit phuong trinh dudng tron di qua ba dlém 1, 2), (1 -2),
(0, —1). Tim tam va b4n kinh ciia no. |

4) Ching minh rang, dudng tron di qua ba diém véi tc_)a do hiru ty
thi tam cla né ciling ¢6 toa d6 hiru ty.
Pap s6 va Huéng din
4.3. Huodng ddn : Quy nap theo n.
(13 -14 304 61}
44. 1) | - 2)
21 -22). 305 -62

1 0) . (2 -1 |
- 3) vé6i n chan ; vdinlé;
01 - \3 ,

~2)
4 Cf)snoc -rsinnq) 5 A an_l] \
7 \sinna.  cosna L0 A"
- (2K 0
6‘) 1 n o 7 )»'; :
0 1 o v e

8) Hu’dng dan : B1éu dlén ma tran da cho dum dang E + A, r6i 4p
dung bai 4.3. ' : "

11-DSTT&HH GIAI TICH-A , S : 461



- 4.5.

) .
n-1- Cn—-l

nl
0O 0 0 e 1
1)M?=E,dodé6:
M = {E néu n chin

' M néu n 1&
2)M"=3""'M; |
3)PatM=E+A,tac6A>=0;
~ Ap dung bai 4.3. |
(1 n(n-1)
. b, 2
—(E+A) -E+nA+ 5 Q 1 n
00 n

4.6.
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HYM=M+E-E, tacé (M +E)*=0; 4p dung b2i 4.3. Ta c6 :

—((M+E)—E) —ZC"(M+E)( 1)""=

k=0

0. 0 0

1 00 0 a a)
=-D"{|o 1 o|-n| 1 0 O +“(“2'1) 0 0
- 00 1 -1 00 0 -a -aj

2) Theo cau 1) thi A.B = B.A khi va chi khi y = kb z = Kc,
X —t=k(a~- d). Do d6 ma tran B c6 biéu dién duy nhat

1 0 a-d b
B=t +k )
{0 1 c 0y

Vibz0 nén tap cic ma tran B giao hoan dugc véi A la mot khOng

gian con 2 chiéu cua khong gian MZ[C]

11-DSTT&HH GIAI TICH-B



4.9.

4.10.

4.12.

4.13.

Dépso’:Dn:x(al—-x)...(an—x)(l+, 1 + .t L J

: 0 0O ,
2)DatB=E - A,trongd6 A=|-a 0 O/ 1a ma tran liy linh
: ’ \=c -b.0 |

bac 3. ‘Ap dung 1)tacé:

‘ 1 00
B'={ -a 10
ab-c -b 1

1) Hémg i va hang j cha tich d6i chd.

2) Cong vao hang i cha tich hang j nhan véi k.
3) Cot i va cot j ciia tich déi chd. |
4) Cong vao cot i cla tich-cot j nhan véik.
Dx=a,i=1,.5n-1;
Nx=i-1li=1,.,n-1.

D&-Dx=-2).. x-(@m-1);

2)2n+1;

3) x,(x3 ~ ap)(X3 - 323) e (X = 8ppn) 3

4) (> - bH)";

SHTI(en+1-0-a7);
o=l - ' .

n+l _ pn+l
6) a , b
. a-b

7) Huéng ddn : Phan tich hang cu6i ciing thanh t6ng :

(X, X, ..or 3) = (X, X, ..., X) + (0, 0, s 87— X)

tas€ c6: D, =x(a, - x) ... (a;,_] - x) + (a, — X)D- |
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8) Khai trién theo cot cu6i cling ta c6 :

Dy = XuDp—; + 2,¥1Y2 - ¥n |
Péps6: D = a5y} o Yn + 8ye1Y) o Ynm1Xp + oor + 8K o X
9) H(x - a; )+Za1n(x

=i

10) Nhan hang dﬁu v6i —x, 16i 14n lugt cOng vao céc hang khac,
sau d6 khai tnén theo cot cu6i ta dugc cong thic truy héi.

Paps6: D, —(—1)n In-1)x"2
11) Xét dmh thic Va.ndermpnde capS:-
| | 1 1 1 1 1

~ Néu khai tri€n dinh thic nay theo cot cu6i cing thi heé s6 cia X
1a =D, D 12 dinh thic cin tinh. Mat’khéc tinh dinh thiic trén theo.
cong thifc ciia dinh thic Vandermonde ; 50 sdnh he s6 cha x> ta c6 :

D=(a, +a,+a3+a)[[(a - ak)

ik
12) Huéng ddn : Ap dung cong thirc (detA)? = detA2,

Pdps6: (a’+ b+ + di)“; | | |
13) Hutong ddn : Sit dung cong thic C* = CK! + c" . bién d6i céc
phén tir cia ma tran. Ta c6 : *

D,=D,_,=..=D,=1.

14) Huong ddn : D8i chd cotk véicotn—k + 1, k=1, 2, ... dua
- dinh thitc vé dang Vandermonde. :

. Dap 56 : [T(coso; - cosq>k)

i<k
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4.14. Huong ddn: A
a) Néu cdc ma-tran A, C kha nghich ta ¢4 :
— Nghiém clia phuong trinh AX=B1aX =A"'B.
~ Nghiém ciia phuong trinh XA=BlaXs= BA™ o

~ Nghiém ciia phuong trinh AXC =B BnX= A"'BC!,
b) TOng quét : De tim nghiém cua phuong trinh ma tran _

(au)mXp (xu)an (blj)an

ta giai n heé phuong trinh tuyén tinh :

; i:aikxkj =b;,i=1.,m;j=1,..,n

k=1 o o
Dap s6: ‘ ; |
1) -1 -1} 2 3 -2
2 3 | 5 4 | |
Ly - (7-3c, 5-3c, T7-3c,
- 3) [3 4) o O T c;

1 1 .1
0 -1 1
5)
0 0 .1

4.15. 1) D8i ché cot i va cot j.
2) Nhan cotivéik™".

3) Trl‘r cbt i‘cho ¢t j nhan v6i k.

4) Phép bién d61 céc cot ¢6 két qué twong ty (thay tir cot bcn -
hang).

4.17. 1) S6 chiéu béng 3, mot cd s chéng han {u;, uy, Uy}
2) S6 chiéu biing 3, mot co s& chéng han {v,, V5, Vs}. |
- ‘ | | 165



4.18

4.19.

4.20.

1) r(A)=2n6uh=0;r(A) =3 véi A #0.

2)r(B)=2n€uA=3;r(B)=3néul=3.

1) 0= (=8, 3 + Xg0 6 + 2X4, X,).

2) V6 nghiém. |

1)/Ch§.ng han dung phuong phép tfnh dinh thic :
D =detA = (a- 1)’ (A + 3).

—Néu A #1 va A # 3, he c6 duy nh4t nghiém o = (o, 0y, Oy, a4),'v

trong d6 :

A2 +20 +2 o x2+x—.-1
o= —; oy = ———— ;
T A+3 A+3
24 +1 o A3+ +1
o3 = , Ay = - .
A+3 0 A+3

-Néu A = 1 tacé: r(A) = r(A) =1, h¢ c6 nghi¢ém :
. a=(1-y- z—ty,tz),vé‘ly,tzba'tky
-NéuA=1tacé:r(A) =3, r(A) =4, he vo nghlem.

-2) Néu a, b, c ting d6i mt khéc nhau, h¢ c6 duy nhét nghiém :

_(b=d)c-d) @-d)(c=d) (a-d)(b-d)
~\(b-a)c-a)’ (a-b)(c=b)’ (a-c)(b-c)

-Ne‘ua=bf—-c=d,he'cénghiema#(l—y—z',y,z)vdiy,»‘z

 bétky.

166

‘—Ne'ua=b¢C'

+Né&ud#avad=cthi h¢ vonghiem ; : a

+Neud-a¢0hec6nghlemoc-(x 1 -x, 0)c6nd-a—0he‘
vO nghiém ;

+ Néud =c he ¢ nghie_m a = (X, 1-x, 1) véi a = 0‘; h¢ vo -
nghiém véi a =0. .

3) Ne'ua¢0v5a¢-3 hé c6 duy nh4t nghiém :
o= (a+2a -a-1,2a-1,2- a)



4.21.

4.22.

~ Néu a = 0, hé thudn nh4t twong mg cé he nghlém co ban
{- 110)(—101)}

— Néu a = -3, hé thudn nhat tudng tmg cé he nghi¢m co bén
{1, 1, H}. ’

1) f(x) = x* = 5x + 3.

2) g0 =2x>-Tx2+ 7.

1) Hé c6 nghiém t6ng quat :

‘ - - 3X, +X, +4
o= (xly X5, X3, 9x +31x12 lox? ’ XI );21 X‘*J

Mot he nghiém co ban ciia h¢, chéng han :

1,0,0, — 2 3 10,1,0,— 3 1],(0,0,1, 10 4)
11 11 1111 1111

2) He chi cé mot nghlem tém thubng 0,0,0,0, 0 0)

4.23.

- 4.24,

1)A=15: Dryy;
SPHA=22; . HA=l2

Dfx, y, 1|=0.

%3 ys 1

Huéng ddn : Ba diém M(x;, y;), i = 1, 2, 3 ndm trén mot dudng
thing ax + by + ¢ = O khi va chi khi h¢ phuong trinh tuyén tinh
thuin nhat ax; + byl +¢=0,i=1,2,3¢6 nghlem khOng tdm
thudng.

a; by) a, b,4 c
2)rla, b,|=r{a, b, ¢, |=2.

a3 bz ay b3 €3

Hudng ddn : M6t ho duérng théng céit nhau tai mot diém khi va chi

,  khi hé phuong trinh clia c4c dudng théng d6 c6 duy nhat nghiém.
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3)x2+y2—ax-1=0;002,0);r= 5.

4) Hu'o"hg ddn:,

Xét ba diém cé toa d¢ hitu ty Mi(x;, yp), 1= 1,2, 3. Hay chu‘ng o
céc dub’ng trung truc ctia cdc doan thing M{M,, i = 1, 2 c6 phuong

trinh ax + by +¢;=0,i=1,2v6ia;, b, c; hu'u ty. Dodétoaddcua
tam dudng tron 12 nghiém ciia h¢ phuong trinh tuye'n tinh c6 hé s6

'huru ty. Tl d6 suy ra di€u phai chu'ng minh.



Chu’ong V
PHEP BIEN DOI TUYEN TINH

S.1. D|NH NGHIA ANH XA TUYEN TINH

5.1.1. Bmh nghla

~ GiastV,V'la céc K khong gian vecto, 4nh xaf: V. > V' du'oc
goi 1a dnh xa tuyén tinh (hay K — ddng cdu) clia khong gian vecto V vao
~ khong gian vecto V' néu cdc diéu kién sau day dugc thdéa man d6i véi
moi vecto x, y thuéc V va moi s§ aeK:

a) f(x +y) = f(x) + f(y); ~ . (5?1).. |
'b) f(ax) = af(x) ‘ : :
Tir dléu kién'b) tacé:

£(0) = £(00) = 0f(8) = 6. | .
Vay, c4c 4nh xa tuyén tinh chuyén vecto khong thanh vecto khong.

Két hop céc diéu kién a) va b) ta co : Anh xaf:V —> V'latuyén
tinh khiva chi kh1

- flax 4 By) = of(x) + BE(Y) véi Vx,y € V;Va, p e K.
Mot cach t6ng qudt bang quy nap ta ¢4 :

f(zaim]iaif(x» | N Y
i=1 i=1

véimoix;e V,a; e K,i=1, .., m. .
 Néu 4nh xa tuyén tinh f 12 mot don 4nh thi goi 13 don cdu.

~ Néu 4nh xa tuyén tinh f 12 mot toan 4nh thi goi latoan cdu.

Mot énh Xa tuyén tinh ‘vira Ia dorn cdu vira 1a toan cdu thi goi la
ddng cdu.
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Khl cé mOt ddngcfuf: V> V'thita n61 hai khOng gian-vecto V va ,
V' ding c4u v6i nhau vaky hieula V = V'

He thic (5.2) chling t0 4nh xa tuye'n tfnh chuyén mot he vecto phu
- thudc tuyén tinh thanh h¢ vecto phu thugc tuyén tinh.

Ménh dé 5.1 Tich c4c 4nh xa tuyén tmh 12 mot 4nh xa tuyén tinh.
' Chitng minh : Gia sit V, E va F Ia cic K - khong gian vecto; f: V - E, -
g : E —-F I mot 4nh xa tuyén tinh. Theo dinh nghia 4nh xa tich thi
gf(x) = g(f(x)), v6i moi x € V. Do d6, d6i v6i moi X,y € V, moia € K
tacé: ’ ‘
| gf(x +y) = g(f(x + y)) = g(f(x) + f(y))
- = g(f(x)) + g(f(y)) = g.f(x) + gf(y) ;
gf(ax) = g(f(ax)) = g(af(x)) = ag(f(x))
, = ocguf(x) o ,
‘Vay céc diéu _kién (5.1 duoc théa man, gof 12 mot 4nh xa'
tuyén tinh. |

Vi tich c4c song dnh 12 moét song 4nh, do d6 tich céc déng ciu a
mot ddng cfu. Vaytac6:NeuVz V'vaV' =z V'thiV = V",

Dinh 1y sau day chi ra ring, mot 4nh xa tuyén tinh hoan toan xéc
dinh néu biét gi4 tri cia né tai cdc vecto thudc mot co sé.

Pinh 1y 51 : Gid sir V, V' 1a cic K - khong gian vecto, he '

{u;, oo up} 12 mOt co sd cha khong gian V va h¢ {v,, s Vy} 12 n vecto
bét ky ctia khong gian V'. Khi d6 tén tai duy nh4t mot 4nh xa tuyen tinh
f: V — V'sao cho f(u) = v,,1-1 . ~

Chimg minh : Xét dnh xaf: V — V' xdc dmh nhu sau : Vi méi vecto.
X € V c6 biéu dién tuyén tinh duy nhat X =0y + .. + o, dat

f(X) = 0V + oo + OV (5.3)

Anh xa f 12 mot 4nh xa tuyén tinh. That vay, gidsttx,y € V oK.
Khi d6 céc vecto x, y c6 céc biéu di€n duy nhét :

X= iaiui’ ’y = zn:ﬁi“i-
i=1 i=1
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Tacé:’

ox = 'i(aai)ui ; |
i=1 ,

X+y= zn:(oci + By, .
Theo (316
f(x +y) = i(ai’ + BV = iocivi + iﬁivi '
- =11:(:()+f(y5 ; : —
f(ox) = i(aa;)v_i = aiaivi
L -

= af(x).
Ciéc dléu kién (5.1) dugc théa man.

/ Vay, 4nh xa f 12 moét 4nh xa tuyen tinh t& khOng g1an V vao khOng
gian V',

Gié sir g 12 mot 4nh xa tuyén tinh tir V vao V' thda mén diéu kién :

gu)=v,i=1,..,n Kh1d6d61v6‘1m01vectder x-Zau tacéd:
=1

g(x) = 8[2%‘%] = iaig(ﬁi) = ;iaivi = f(x) -‘
R B i

Vay g =f. Dinh ly duoc ching minh. B
Bing phuong phép ching minh tuong tu, ta thdy Dinh 1y 5.1 vin
. diing d6i véi trudng hop V 12 K - khong gian vectd vo han chiéu, ‘

Hé¢ qua 5.1 ; Hai khong gian vecto hitu han chiéu c6 ciing s6 chiéu
thi déng céu. Vay, méi khong gian n chiéu trén trudng K déng céu véi

khong gian K".
Chitng minh : Gid st dimV = dimV' = n. Chon h¢ {ul, s Up} 12 MO

‘co s& cia khong gian vecto V, he {v,, ..., v,} 12 mft co s& ctia khong
gian vecto V'. Khi d6 dé dang chitng minh dugc réng, 4nh xa tuyén tinh
@ tir V vo V' xdc dinh bdi : o(u) =V, i=1,..,n1a mot ddng cfu.l

o L 171



5.1.2. Cac vi dy vé &nh xa tuyén tinh N
1.GiasirV, V'lacdc K — khong glan vecto. D& déng ching t6 dugc
rang : ' :
— Anhxa O: V — V', x4c dinh b :
O(x) = 0', d6i v6i moi vecto‘ xeV

1a mot énh xa tuyen tinh chia khong gian V vao khOng gian V'. Anh xa
tuyén tinh d6 goi 1 dnh xa khéng hay dnh xq tdm thu'ong.

- Anh xa dng nhat i, .:‘ V - V x4c dinh b : i,(x) =x, ddi_véi moi
X € V, 1amot ding cdu. o o
| . = Gié sir F 12 mot khong gian con ciia khong gian vecto V. Khi d6
4nh xa nhiing i : F — V xéc dinh bdi ig(x) = x, d6i v6i moi vecto x € F,
la m()t. don c4u clia khong gian vecto F vao khong gian vecto V. ‘
2. Xét anh xa 0 tir khong gian R, [x] cdc da thic he s6 thuc c6 bac <n

vao khong gian Rn_l[x] céc da thirc h¢ s6 thyc ¢6 bac <n - 1 xdc dlnh
nhur sau : :

Vé6i moi f(x) € Rn[x]k':
| - Af(x)) = (). ‘
Theo tinh chat cuia daohamtacé : -

- O(f(x) + g(x)) = (f(x) + g(x))' = f(X) + g'(x)
= &(f(x)) + H(g(x) ;
va ' d(af(x)) = (af(x)) = af'(x) -~
= ad(f(x))

déi véi m01 da thic f(x), g(x) e R [x]vavéimoia € K v
Vay 4nh xa 0 théa min céc diéu klen (5.1). Do d6 6 lé mot 4nh xa
tuyén tinh tir khoéng gian R, [x] vao khong gian R _, [x]

3. V1a mot K - khong gian vecto. Gid st ring : V = L1 ® L,. Khi
~ d6 méi vecto x € V ¢6 biéu dién duy nhat :

x—x1‘+x2,xieL_i,1—1,_2.v
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Xét 4nh xa chi€up,: V> L, ;i = 1,2, p(x) = x,. D& thdy ring, p, 12
mot toan ciu tir khong gian vecto V vao khéng gian vecto L.. Toan cdu
p; 891 14 phép chiéu lén khong gian L; theo phuong song song véi L,

4. Ta biét ring, trudng s6 phic C 12 mot khong gian vecto trén,
trudng s6 thuc R . Xétdnh xa @ : C — C xdc dinh bdi :

©o(z)=Z,v6imoiz e (C
‘Theo tinh chét clia lién hop s6 phue tacé:
‘ (p(z+z)—z+z—z+z -(p(Z)+<P(Z)
(p(ocz) =0z=0Z= o@(z), véimoi o € R.

Vay, ¢ 12 mét dnh xa tuyén tinh. D& thdy rang ¢ 1a mot song 4nh, do
d6 ¢ 1a mot déng cdu cha R — khong gian vecto C vao chinh né.

5.1.3. Anh, nhan cGa 4nh xa tuyén tinh
Gia st f : V.—> V'1a mot 4nh xa tuyén tinh.

Anh clia 4nh xa tuyén tinh £ 13 tap : } -
Imf={f(x):xe V}. G4

‘Nhdn ctia nh xa tuyén tinh f1a tap : B
Kerf= {x € V:{f(x)=6'}. (5.5)

Ménh dé 5.2 : - Anh, nhan cia moét 4nh xa tuyén tinh la céc khOng ‘
gian con.

Chitng minh : Gié!sfr f: V> V'1amotdnh -xé tuyén tinh.
a) RS rang Imf # @ . Gia st X, y' e Imf. Khi d6 t6n tai cic vecto X,y €

V sao cho f(x) X, f(y)=y.D6imoia,p € Ktacd:

ox' + By’ = af(x) + Bf(y) = f(ocx + By) € Imf.

Theo Meénh dé 3.1, Imf 1a mot khong g1an con cia K - khOng gian .
~ vecto V. ' -

b) Vi f(6) = ©' nén Kerf # . V61 moi vecto X, y € Kerf, moi
o, BeKtacé: ‘
flox + By) = af(x) + Bf(y) =0'+0'=0"
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: Theo (5.5) thi ax + By e Kerf.
Vay, Kerf 12 mOt khong gian con cia khong glan v.a

Ménh dé 53:Giasuf: V- V' 12 mot 4nh xa tuyén tinh. Diéu kien
cin va di dé 4nh xa f 13, mot don cau va Kerf {6}.

Ching mmh :Giasufla m()t don céu. Ta c6 f(0) =0', do d6 véctd 0
1a ph‘ﬁn tlr duy nhét c6 anh 12 0'. Vay Kerf = {0}.

Nguoc lai, gia sir ring Kerf = {9} Véi hai vecto. X,y € V né'u -
f(x)=f(y)thitacé:

f(x - y) = f(x) - f(y) = 6.

Vayx—y € Kerf = {0}. Dodéx -y = 9 hayx—y VayflétmOt'
don 4nh. 1 ' ' S ,
- Hé qua 5.2 : Méi don cdu chuyén mot hé vecto doc 1ap tuyén tinh

thanh mot hé vecto doc 1ap tuyén tinh. v

Chimg minh : Gid st f : V > V' [a mot don cfu va {u,, .., u_} I

mot hé vecto doc 14p tuyén tinh cua khong gian V. Gia sir ¢6 t6 hop

tuyén tinh ) o;f(w;)=6". Vi f 12 4nh xa tuyén tinh, nén ta c6 :
| = ,,

f[iaiﬁi) 0'. Vay Zau € Kerf.
i=1 ) i=1 .

Vi f 1a don c4u, theo Ménh dé 5.3 ta c6 Kerf = {0}. Do d6
Zaiui = 0. Vihe vecto {u,, s Uy} dOC 18p tuyén tinh nén oy = = Oy = 0.

| Do dé hé vecto {f(u,;), .. f(u )} cling doc 1ap tuyén tmh

Pinhly52:Gidstf: Vo>V la mot d4nh xa tuyén tinh va dlmV n.

‘Khl détacéd: . ‘

| 1 = dimImf +dimKerf. (5:6)
Chitng minh : Gia st dimKerf = k > 0 va {u,, ..., u,} 13 mot co s&

clia khong gian Kerf. Dat : s =n — k. Néu s > 0, theo Dinh 1y 3.3 cé thé‘_

bd sung thém s vecto V|, .. V, a0 cho hé vecto :
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| {uy, oy U, vy, 0y V) | (a)
1a mét co's& cia khong gian vecto V.
Ta s& chitng td hé vecto : S , .
(v, fvb 0 )
1a mét co s& clia khong gian con Imf.

That vay, v6i méi vecto x' e Imf s& cé vecto x € V sao cho f(x) = x'
Vi (a)1a co sé cha V nén vecto x c6 biéu dién tuyén tinh :

| X=0U) + .+ oyl + BV + .+ BV,
Tacé: | ‘
X' =(x) = o, f(u) + ... + oy f(uy) + B,(v)) + o+ BECV)
= B,f(v)) + ... + BV, e
- Vay, he vecto (b) 1a mét hé sinh clia khong gian con Imf.
Gia st c6 t6 hop tuyén tinh tdm thudng : |
| | Klf(v,) *o A f(v) =0

Tacéd:
f(k,vl AV = 9'
Vay, AMvi+ .+ AV, € Kerf Vecto nay co thé biéu dlén tuyén tlnh
qua co sd {uy, ... uk} ctia khong gian Kerf : '
klv,‘ SR AAALS T PSS TR
Taco: o ‘
—HyUy = o = Uy AV LAY, =6,
Vi hé (a) doc lap tuyé'n tinh nén ta cé ;
M= = y=A = =4 =0.

J Vﬁy, heé (b) 1A mot hé doc 1ap tuyén tinh va la mét co s& cia khong -
gian Imf.

Ta c6 : o -
n =s + k = dimImf + dim Kerf. _
Néu dimKerf = 0 thi dimImf = s = n.. Déng thic (5.6) vin ding. W
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5.2. PHEP BIEN Dél—TuYI‘s’N TINH VA MA TRAN

M&éi 4nh xa tuyén tinh tir K — khong gian vecto V vao chinh n6 goi
12 phép bién ddi tuyén tinh (hay todn tit tuyén tinh, hay K — tw dong cdu)
cta khong gian V. Méi phép bién déi tuyén tinh clia khiong gian vecto V-
ma déng c4u thi goi 1a mot tw ddng cdu clia khong gian V. |

~ Hang, 56 khuyét ciia phép bién ddi tuyén tinh :

Gi4 sir ¢ 12 mot phép bién déi tuyén tinh clia K — khong glan vecto
" n chiéu V. Khi d6 dimIme goi 13 hang cha phép bi€n déi o, ky hieu 1a
(o) ; dlmKer(p goi 12 56 khuyet ctia ¢. Theo Dinh 1y 5.2.Tac6:

= 1(¢) + s6 khuyet ¢. _ S (5.7)~ ‘

5.2.1. Ma trén cta phép bién déi tuyen tinh

Xét phép bién déi tuyén tinh ¢ cua K - khong gian vecto n chiéu V.-
- Trong khong gian V ta chon co sd : ‘ :

{up, eyt (D _
Khi do d6i v6i méi vecto o(u;) c6 duy nhat bléu dlén

(P(uj) = Zaijui ,j=1,..,n 7 : : (5.8) .
i=1 . . :

Pinh nghia : Ma trdn A = (au)nx,‘, duge goi 1a ma trén clia phép bién
déi tuyén tinh ¢ d6i véi co sa (I).

Theo Dinh 1y 5.1 thi phép bién déi tuyén tinh ¢ hoan toan xéc dinh
né€u bi€t ma tran cia nd d6i v6i mot co s& nao dé. Vay, 4nh xa tuong ing
mdi phép bién déi tuyén tinh trong khong gian vecto V v61 ma tran cua
n6 d6i véi co sd (1) 12 mot song énh :

Str dung ky hiéu ma tran ta c6 :
(e, ... (p(un))=[Za“ui . Zam ) = UA.

Do dé n dng thic (5.8) c6 thé viét du6i dang mot déng thirc ma tran ©
(@) .. QMU))=(u .. u DA. (5.9) -
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* Néu biét ma tran A clia phép bién déi tuyén tinh ¢ d6i véi co s (D),
khi d6 véi mbi vecto x € V.cho trude ta ludn tinh dugc toa do cla vecto -
@(x) d6i véi co s& (I). That vay, gid sitréng :

- S
X= Zocjuj ; - (a)
: P - | .
)= D By | '(b)
. i= v '
He thitc (b) c6 thé viét dubi dang ma tran :
By D
P(x)=(u; ... uy) . ()
Bn -
Mat khe’ic, vi ¢ 12 mot 4nh xa tuyén tinh nén theo (a) ta ¢6 :
‘ S a,
. n ] . '.
O(x) = Do 0u;) = (@) ... ouy))fi
. o o,
| Theo 'cOng thite (59)ta c6:
B Ox)= U .. uA | o @
! : la, ‘
Tir(c)va(d)tacéd: ; N
k _ B, . = a ,
W . u)li =@ . uAll ( )
Bn ) : - d'n .
Vihé vectd {u,, , u,} doc lap tuyén ‘tinlll, tir he thic (¢) taco : \

- Bi) o ”
| | =Al R A 1)
‘ Bn ! ®q \ ‘ o
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Tir déng thitc ma tran (5.10) ta c6 :
’ n
Bl = Zakaik N i= 1, ey I

Vidu : Phép bi&€n d6i tuyén tinh ¢ : R3> ]R 3 cho béi :
ole)) = (1,0,-2);
o) =(2,1,0;
el =(0,~1, 1).
Véix = (2, -1, 1), im vecto o(x).
Ma tran ciia ¢ d6i co s chinh tic 12 :

| 12 0
A=| 0 1 -1
2 0 1
Gia sir p(x) = (B}, B,, B3), theo cong thirc (5.10) ta c6:
By (1 2 0)(2) (o0

B,|=| O 1 -1{|-1([=]|-2
\B;) (=2 0 1)L 1 -3
Vaytacé: o(x) = '(0, -2,-3).
Tir Ménh d€ 5.1 suy ra ring, tich hai phép bién déi tuyén tinh trong

K - khong gian vecto 12 mot phép bién déi tuyén tinh. Dinh 1y sau day' o

' khang dinh ring, ma trin cla phép bién déi tich d6 bing tich cic ma
tran cia c4c 4nh xa nhan tir.

. Pinh Iy 5.3 : Gid ¢, y 1a céc phép blen d61 tuye’n tfnh trong K - khOng -
gian vecto Vvéicosé:
{ug, ..., u} @ |
Néu A = (a)pxq 12 ma trin clia ¢ d6i v6i co s& (1), B = (b, 12 ma
trén cia y d6i véi co s (I) thi A.Bla ma tran cla @.\y d6i véi co sd (I)
Chimg minh :
Theo cOng thirc (5.8) tacé :

\u(u) Zbuul, _]—1
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n '
(P(ui) = ~Zakiuk , i= 19 T ¢ BN
k=1

i=l

Qoy(uy) = (P(W(uj)) = (P(z bijuiJ

__ Zbucp(u ),— ij(iakiﬁk] ‘

i=l k=1

=i(iakibﬁ)uk. S @

k=t\i=l

Gia st C = (C|_|)n><n 12 ma tran ciia phép bi€n d6i thh (Pu\.]} d01 v61 co
sd (D). Theo cOng thic (5.8) ta cé

(po(p(uj)=chjuk. B (b)
k=1 , _ o

Tir cdc he thitc (a), (b) tac6 :
2 Gl = Z(Zakn u}
k=1 k=1\i=l

. Vihe {ul', .,'g’ un} doc lap tuyen tinh néntacd:
Ckj = Zakibij ,veik,j=1,..,n
Ci=l

Theo cong thirc tinh céc phén ‘tir cia ma tran tich (4.3) ta c6
.C =A.B. binh 1y dugc chu‘ng minh.l ~
Pinh 1y 5.4 : Gid st ¢ 1a mot phép bién ddi tuyén tinh cla K khOng .

gian vecto n chiéu V. Khi d6 hang cia phép bién ddi tuyén tinh ¢ béng
hang ciia ma trgn cia né d6i véi mot co s& nao do. '
- Chimg minh : Trong khong gian V ta chon co s& bat ky :

Aoy, uy) @D _
Gidst A = (au)an la ma tran cla phép bién d6i tuyén tinh ¢ d6i v6i

co sO (I). Ta sé chu‘ng to r((p) =r1(A). V6i mbi vecto x € V, x = Zoclul '
=t

tacé: ‘
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Px) = D o).
i=l

Vaythi Imo=Z(¢(u)), ..., o).
' Theo M¢nh dé 3.8 thi dimIme bing hang ctia h vecto':
{o(uy), ..., o(uy)}. |
Theo chu‘ng minh clia He qua 5.1 ta c6 ding cfu f : V — K" x4c
- dinh bdi f(u)) = e¢;,i=1, .., n; trong d6 {e,, ..., e,} laco so’chinh tic cua
khong gian vecto K". Theo heé thitc (5.8) ta cé
‘ o) =al + .+ apu,.
Vay thi f(o(up) =a;f(u)) +... + ayf(u,)
' =aye +... taye,
v =@ e ay). : »
~ Vecto Al = (@;; .. &) 1avecto cot thi j clia ma trgn A. Vi ding
cfu f: V — K" khong 1am thay d6i hang clia hé vecto nén ta c6 :
_1(@) =hang {@(u)), .., 9(u,)} = hang {A', ..., A"} =1(A).
Dinh 1y dugc ching minh. M
Vi dy : Tim hang va s6 khuyét cia phép bién ddi tuye'n tinh
0 : Ry[x] — R4[x] duoc cho bdi o(f(x)) = f'(x). : :
XétcosdS={l, x,x X } Tac6d(1)=0; 6(x)-1 6(x)—2x ;o
a(x3 ) =3x% Ma trin ctta 8 d6i véicosd Sla:
0100
0020
0 003
0000

Tacé:1(0) =r(A)=3;s6 khuyftciad =4 — 3=1.
5.2.2. Cac diéu kién tuong duong
Pinh1y 5.5 : Gia sirring : - . N
{up, s uy) | O
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12 mot co s& clia K khong ‘gian vecto V, @ 12 mot phép bién déi tuyé&n
tinh clia khong gian V c6 ma tran d6i véi co's& (I) 1a A. Khi d6 c4c didu
khéng dinh sau 12 twong duong :

1) Kerp = {6} ;
2)plamotdoncdu; _
'3) H¢ vecto {(p(u,), v <p(u,,)} dOC lap tuyén tinh
~ 4) ¢ 1a mot toan céu ;
5) Hang clia ¢=n;
6) ¢ 12 mot ty ddng cdu ;
7) Ma tran A kha nghich. :
Phép bi€n d6i tuyén tinh ¢ thda mén mot trong céc didu kién tuong
duong trén dugc goi 12 phép bién ddi khOng suy bi¢n.

Chimg minh :
1) = 2): Theo Ménh dé 5.3.
2) = 3) : Theo He qua 5.2. o |
3) = 4) : V1he n vecto ddc 1ap tuyén tinh {@(u;), ..., ou,)} 1 mot
co s& cua khong gian V, do d6; _ :
Imo = & ({o(,), ..., o)) = V.
- 4)=5): Vihang ¢ =dimImo =dim V=n.
5)=6): Vi dlmIm(p n = dimV nén Imcp V, ¢ 1a mot todn cfu.
Theo cong thitc (5.6) ta c6 : dimKero = 0. Vay Kerop = {9} Theo Ménh
- d€ 5.3, @ 1a m¢t don c#u. Do d6 ¢ 1a mot ty ddng cfu. |
6)=7): ¢ c6 dnh ka’ ngugc <p";cting 12 m¢t phép bién ddi_tuyé’n' 1 -
tinh. Ta ¢6 : ¢« = ¢™ ' = iy. Phép bi¢n d8i déng nhdt iy c6 ma tran
d6i v6i co sé (I) 12 ma tran don vj E. Gid sit B 12 ma tran clia phép bién
déi ¢! d6i vdl co s& (I) Theo Pinh 1y 5.3tacé : \ |
AB=E=B. A

Vay, ma trén A kha ngh;ch va B AL
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7)=> 1): Gid sitring : X = oy + .. + 0y € Kero. Khi d6 ta cs :
| o(x)=0 =0u +... +Ou, -

Theo cong th\i'c. (5.10) ta cé:
0 o,
P =Al:
0) (o

Nhén bén tréi hai v€ ding thic tren véi ma tran A™' ta c6 :
~ (0) o) - (0) (o
A= ATALE =] =)
0 - ‘ a . N .
‘Suyra:a;=..=0a,=0. |
‘Vayx.=9‘vaKér<p=(9}.l

5.3. PHEP CHUYEN CO &

5.3.1. Ma trdn chuyén
Gia st ring :
(et} @
(Vi e Vgl (D)

12 hai co s& clia K - khong gian vecto V. Theo Dmh 1§ 5.5 thi phép bién |
d6i tuyén tinh ¢ x4c dmh béi :

ow)=v, j=1,.

1a mot ty déng cfu, cd ma tran T = (t,J)nxn d6i véi co s& (I) 12 mot ma tran
kha nghich.

" Theo hé thic (5.9) tacé : o

| _ (V) o V=@ .. u)T. : é.11 -
T (5.11)tacé: o '

n
vj = ;tkjuk .
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Ma tran T duoc goi 12 ma trén chuyé’n tr co sé (I) sang co sa' (Il )
Nhan bén phéu hai v€& clia h¢ thﬁc (5.11) v6i T™! tach: ;
o @ U= T (512)

T he thic (5.12) suy ra réng : Néi ma trdn T 1a ma trdn chuyén nr

co so (1) sang co sd (1) thz ma trén nghich ddo T~ ld ma trdn chuyé'n w

co sd (Il) sang co so (I).
5.3.2. Céng thirc bléndél toa dd

~ Gia slr vecto x € V c6 toa d6-déi véi co so (I 1a xi,v w0 Xy 5 VA CO tOR
46 d6i v6i cosd (D 1a X'y, ..., X', Khid6 tacé : |

O
X=XUp+o + XU, = o Uy | ()
, Xn
‘Mt khic, theo he thitc (5.11) tac6 : |
(%
X=XV + o+ XV = (V) . V) |
R e
'x'l - |
x=(; .. u)T|: - o (b)
. 'x| f i

n

So sénh v€ phai cla (a) va (b), vi h¢ vecto {ul, ey U} d0C lap tﬁyén
tinh nén ta c6 : ‘ : :

=T|: | = ,' (5.13)

) Cong thic (5. 13) chira m61 quan h¢ gifta toa d¢ cia vecto x d6i v6i
" hai co s& khdc nhau va dugc goi 12 cong thic bién déi toa do &ng véi
| phép chuyén co sé (I) sang co s&. (II) cho bdi (5. 11)
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Nguoc lai, twong tng v6i phép bién dbi toa do (ddi bien) cho bdi
(5.13) v6i ma tran T khong suy bién thi ta c¢6 phép chuyén cosé (5.11).

5.3.3. Ma tran déng dang

Dinh ngha': Hai ma tran A = (&), V& B = (by)pxy trén trudmg s6 K
~ 80i 12 ddng dang néu tén tai mot ma tran kha nghijch S sao cho : o
| A=S"BS. | (5.14)

Blnh 1y 5.6 : Hai ma trin clia cﬁng mot phép ble'n adi tuyén tinh
trong khong gian vecto hitu han chiéu d6i véi hai co s& khéc nhau thi .
ddng dang :

Chitng minh : Glé sir ring :
up iyl @
AT A ey
' 1a hai co sd cﬁa K- khOng gian vecto V. |
Phép bi¢n ddi tuyén tfnh ¢ c6 ma tran d6i v6i co s& () I
- A = (8)yx, ; €6 ma trin d6i véi co s& (II) 1a B = (b, Goi T = (tij)nxn Ia
ma trn chuyén tir co s& (I) sang co s& (II). Theo (5.11) thi :
= Zt”uk V=1,
© kml
Suyra:
) Ztqu’(“k) ’ J = 1
: kal .
‘Dodé tacéd&ngthﬂ'cmatran

@) . 0(Vy))=(0(y) ... ou,))T. (@)
Theo cong thitc (5.9) ta c6 : ‘ v
' (o(uy) ... o)) =(; ... u)A; - ()
O - QWD =V, o VB ©)
Ttr(a) (®)va (5.12)ta c6: o " .
@) . V) = (V) . VT LA, @
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- So sdnh v& phé1 ciia (c) va (d), Vi he vecto {vl, .y Vo } d0c 14p tuyén
tinh nén ta c6 : )
| B=T AT (515

 Dinh Iy dirge ching minh.l | | |

5.4. GIA TR| RIENG VA VECTO RIENG. MA TRAN CHEO HOA BUGC

5.4.1. Gl4 tr] riéng va vectd ridng

Dinh nghia : Phén ti A ciia trudng K dugc goi 12 gid ] riéng ciia
| phép bign ddi tuyén tinh ¢ trong K - khong gian vecto V néu trong
khéng gian V ¢ vecto u # 6 sao cho-h¢ thirc sau dugc théa mén : "
| | o=Au ' (5.16)

Kh1 do, vecto u duge goi 13 vecto rténg cla phép bién d6i tuy&n tinh
¢ Ung véi gid tri neng A. , :

Vidu: Xét R - kh0ng gian vecto C (a, b) cédc ham s6 xéc dinh trén |
, khoéng (a, b) va c6 dao ham vo6 han l4n ; va phép bién dbi tuyén
tnh 8:C%a, b) » C “(a, b) xéc dinh bdi : 8(f(x)) = f(x). Khi d6
ham s6 f(x) = e* I mot vecto neng cta o ‘Ung vdi gid trj riéng 2 i : '
- B(f(x)) =2¢% = 2f(x). o o

Pinh 1y 5.7 : Céc vecto neng‘ cla ciing mét phép blé'n ddi tuyén tinh
ng véi cée gié trj riéng khéc nhau thi doc’ lap tuyén tinh. ‘

Chimg minh : Gié sit u), ..., u 12 cdc vecto riéng cla phép bi&n d61
tuyén tinh ¢ trong K - khong glan vecto V ng v6i céc gid trj rieng khdc
nhau A,, ..., A. Ta cén chiing t6 h¢ {u,, ..., u,} doc 1ap tuyén tinh. Dinh |
1y duge ching minh bing quy nap theo k.

-DbGivéik=1,vi u; #6 nén he {u;} doc lap tuyén tfnh

- D6i v6i k > 1, gia sit dinh 1y ddng d6i v6i k - 1, ta chdng minh

dinh 1y diing d6i véi k. Gid sir c6 t6 hop tuyén tfnh tdm thudng :

au; +..+au =0, " (a)
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Nhan hai v& déng thic (a) v6i A, tacé: |
Ml + o + A, =0, . (b)

" Téc dong ¢ vao hai vé& clia (a) ta ¢6 :
Aagug + ..+ Ma, =6, ) o (c)

, Tx_'u timg v€ ciia (b) cho (c) tacé :
8O = AUy + oo + 8y (g = Ay ey = 0.
Theo gia thle't quy nap h¢ vecto {u,, v Uy} dOc 1ap tuye'n tinh nén .
taco:

- 810 = ) = o = By (hy = =0,
Vi)vk#?\,,,l—l .k—-1,dod6:a,=..=a,_,;=0.
Theo (a) ta c6 : au =6, viu, #0 nén a, = O Vay, h¢ vecto riéng

{ug, ..., u } doc 14p tuyén tinh.M : .
dvfdutren.trong R —khong gian vecto C (a, b) h¢ ham {e*, e, ...e™}

12 mot he vecto dgc 1ap tuyén tinh. Vi d6 12 cdc vecto rieng tng véi céc -
gi4 tri rieng khdc nhau clia phép bién déi tuyén tinh & xédc dinh b6‘1
- a(f(X)) fi(x).

) - Heé qua sau day duac suy truc ti€p tit Dinh 1y 5. 7.

Hé qua 5.2 : Néu. phép bi€n déi tuyén tinh ¢ trong khong glan vecto
- nchiéu V c6 n gid tr rieng khéc nhau thi-trong khOng glan vecto V ¢6
mot co s& gém céc vecto riéng ca ¢. .
- Phwong phdp tim 1 gid tri riéng va vecto rieng

Gia sir ¢ 12 mét phép bién déi tuyén tinh trong K — kh0ng gian vecto
nchiéqu§A=(aij),,xn lAmatrancia o dfivéicosd: ‘

{up st} | o (M
. . -n . .
Gid thiét vecto u = )_x;u; 12 mt vecto riéng clia phép bi¢n déi @
' i1 - Coe e

ing '\lé'i"gié tri rieng A. Theo dinh nghiatacé : u = 6 va
ou)=Au. o ' (a)
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Theo hé thitc (5.10) thi ti (a) ta c6 déng thic ma trén :

Xy X Xy
Al |=Al!" [=AE
Xn | x, X,
Do détacod:
, X (0 ‘ o
(A=-ABE)|: |=]: (5.17)
ix 0 A

n

Vi vecto riéng u # O nén tén tai toa 40 x; = 0, do d6 vecto

O = (Xyy - Xy) # (0, .., 0). Theo Dinh 1y 4.9 thi he phuong trinh tuyén

tinh thudn nh4t (5.17) cé nghlem khong tdm thudng khi va chi khi djnh .
thic clia ma tran cha h¢ d6 béng 0.Dod6tactd: ‘

ay—A 8, . oa, ;
o = 1
|A-AE|= az' B2 120 (5.18)
‘ ap ‘ An2 ' 8p -\
Da thiee ddc trung :
Xét da thiic bi€n A x4c dinh bdi ; : v
‘ P(A) =1A - AEl. ’ (5.19)

| Ta nhan thdy ring, da thitc P(A) chi phu thugc vao phép bi€n déi
tuyén tinh @, khong phu thugc vao viéc chon co sd clia khong gian V.

That vay, gid st B 1a ma tran cﬁa phép bién d6i (0] d46i v6i co 53 :
, (Vi e Vol ' a
' - Goi ma tran T 12 ma tran chuyen tlr co s& (I) sang co s& (H). theo
~ cong thitc (5.15)thi B=T . A.T. Vay ta c6 : “
[B—-AE!=IT" 'A.T-AEl = IT (A - AE)TI |
‘_ = ITIA = xEI ITl=1A - AEI=P(A).
~ Dathic PQ\) = IA — AE} goi 12 da thitc ddc trung ciia phép bién déi
tuyén tinh o. - ' - '
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Két luan:

1) Phén tir A € K 12 gid tri neng clia phép ble'n déi tuyén tinh ¢ khi
va chi khi A 1a mOt nghi¢ém cia da thic dic trung cua <p xéc dinh
béi (5.19). '

2) Vecto u € V 1a vecto neng cﬁa phép bién déi ¢ tfrng v6i gif tri
rieng A khi va chi khi cdc toa d0 ciia vecto u d6i véi co s& @ 1a mot
- nghiém khOng tdm thudng clia he .phu'ong trinh tuyén tfnh thuédn
nhat (5.17).

Pa thic P(A) = |IA — AEI cﬁng goi 1 da thic ddc trung cua ma trdn |
A, céc nghi¢m clia da thitc ndy cling goi 14 gid trj riéng cila ma trdn A.

Céc nghi¢m khong tdm thudng clia h¢ phuong trinh tuy&n tinh thudn
nhdt (5.17) goi 12 céc vecto riéng ciia ma trdn A iing vd&i gid tri riéng A.
~ Theo chiing minh trén, hai ma trgn déng dang c6 cing mot da thitc

déc trung, do d6 c6 cing gié trf riéng, vecto riéng.

Vi du Tim céc gid tri riéng va vecto riéng clia phépi bien déi tuyén

tinh ¢ : : R?— R?xdc djnh bdi:
(X, y) = (5x + 4y, 8x + 8y).
Chon co's& chinh thc : ¢, = (1, 0), &, = (0, 1).
Theo giad thle’ttacé - o
~9(e)) = (5, 8), 0(e)) = (4, 9).
Vay d6i véi co s chinh thc {e}, ezl.fphep bi€n d6i @ c6 ma tran :

(5 4
A= .
{1
- Da thifc déc trung cila phép bi€n dbi ¢ 1a :
5-2 4
8 9-A
Pa thic A2 - 14A + 13 c6 hai nghlem A =1vaa, =13, Vay phép_, '
bien déi @ ¢6 hai gi4 trj riéng kl =1vak, =13, \

Vecto rieng u = (X, y) ciia phép bién ddi ¢ tng véi gid trj rieng A |
theo (5.17) 12 nghiém ciia h¢ phuong trinh tuyén tfnh thudn nht :

- P(\) =

):7&- 142+ 13,
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(5-n 4'x]_ 0y
8 9-a)ly) o)
hay {(5'— Mx +4y =0

8x + (9-A)y=0
~-V6éiA=A,=1tacédhe:

j4x +4y =0

8x +8y =0

He c6 nghiému=(s; ~s),s € R.
. Vay, céc vecto riéng cla ¢ tng v6i gid tri néng AM=1la:u= (s —s) ;
se R,s#0. ;
Véis=1tacé vecto’ riéng u] = (1 —1) tng véi gid tri riéng 7\., =1.
—Tuong tu véiA =2, =13tacé he : ‘
{—8)( +4y=0
8x -4y=0
He c6 nghiém u = (s, 2s), s € R. |
Do d6 céc vecto riéng cﬁa ¢ Ung vdi gid tri riéng A, = 13 15. :
u=(s,2s),s e R, s‘¢0 -
Véi s = 1 ta 6 vecto u2 = (1 2) 1a vecto riéng tng vo‘1 gia tri riéng
A, =13. ,
. Dé dang thir lai : (u,) =u,, ¢(u,) = 13u,. Cic-vecto rieng u,, u, ing
* V6i céc gi4 tri riéng khédc nhau nén hé {u,, u,} 12 mot co s& cia R2 D6i
Véi co s& d6, ma tran clia ¢ c6 dang dudng chéo :

1 0
0 13
- 5.4.2. Ma tran chéo hoa dugc

Pinh nghia : M61 ma tran déng dang v6i ma tran duodng chéo goi lé
ma trdn chéo hoa duoc. :
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Vay, ma trdn A = (aij)n;n 12 chéo héa duoc néu t6n tai ma tran kha
nghich T = (t;))x, sao cho

A 0 .0
T;'.A6T= A, .. O
0 0. .. A

Ménh dé 5. 4: Ma tran cap ncén glé tri riéng khéc nhau thi chéo héa
dugc.

Chitng minh : Xét ma trén A = (@g)gnq 6 1 gid tri rieng khéc nhau
Ayy - Ay Gi sit @ 12 mot phép bién ddi tuyén tinh trong K — khong gian
~ vecto V va A 12 ma tran cia @ d6i v6i cosd : - ‘
{u, e u ) @D
Céc gi4 tri rieng cia @ 1a A, ..., A,,. Khi d6, theo H¢ qua 5.2 trong
“khong gian V6 mét co s& gbm cé4c vecto 1a vectairiéng ctia @ :
(Vi Vabo (D)
Vip(v)=Av,i=1,..,n; nen d6i vé6i co s& (II) ma tran B cha phép

bién d6i @ c6 dang duémg chéo :
A 0 .0
B 0 A, .. 0]
0O 0 .. A

Goi T 15. ma tran chuyén tlr co so D sang co SO (H) theo cOng thic -
(5.15) ta cé :

A 0 .. 0
P T
0 0 .. A

' Vay A 12 ma tran chéo héa dugc. Wl -
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Nhdn xét : T chiing minh Ménh dé 5.4 suy ra ring : Ma trdn cdp n
‘chéo héa duoc khi va ch;’ khi c6 n vecto riéng doc lap tuyén tinh.

"G muc 5.6 s& chung t6 cdc ma tran d6i xdng thuc 12 chéo héa dugc.

5.5. PHEP BIEN BOI TRYC GIAO VA MA TRAN TRUC GIAO

5.5.1. Phép bien dai truc giao

Pinh nghla : Gid st E 1a khOng gian vecto Euclld Phép bién. déi
tuyén tinh ¢ trong khOng gian E dugc goi la phép bién déi truc gzao néu -
di€u kién sau dugc thda man d6i véi moi vecto X,y € V : ‘ ‘

ex)0(y) =xy) o , (5 20)
Vay, phép bién déi truc glao la phép bién d61 tuyén tinh bao toan
- tich v6 huéng. . :

Ménh dé 5.5 : Phép bién d6i tuyén tinh ¢ trong khOng‘b gian vecto
Euclid E 1a phép bién déi tryc giao khi va chi khi ¢ 1a phép bién déi .
bio toan do dai vecto. Tic 12 ¢ théa man diéu kién sau d6i v6i moi
vectox € E: , ‘ , _

lecol =] | A

Chu'ng minh : Gid ¢ 1a mot phép blén déi truc glao Kh1 do theo he

thirc (5 20), véix=ytacé:

(p(x). <p(X)) (x.X).
- Dodé:

- Jol = ietret = J(x X) =|x|.
Vay diéu klén (5 21) dugce théa man.

Nguorc 1a1 gla sir phép bién ddi tuyén tinh ¢ thdéa min dléu klén _
- (5.21), khi d6 déi v6i moi vecto x, y thuoc E ta ¢6 :

(@ +y)-0(x +y)) = ((x +y). (x +y)).’ , (@ -
Kha1 tri€n vé& tréi (a) ta c6 : ' |

- (X + ¥).0(x + y)) = (0(X).0(x)) + 2(<p(X) <p(y)) +(e(y)-0(y))
= (X.X) + 2(9(X).9(Y)) + (v.y). - (b
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" Khai tri_én v€ phdi (a) tacé : , . ;
R+ PR AP = RX) + 2K + G- ©
So sdnh v€ phai cia (b) va (c) tacé: C '
@) = xy).
Vay diéu kién (5.20) dugc théa man, ¢ 12 phép ble’n déi truc giao.ll

Hé qua 5.3 : M&i phép bi€n ddl truc- giao trong khong gian vecto
Euclid hitu han chiéu 12 ny déng c4u.

_ Chimg minh : Gia st ¢ 1a phép bi€n-déi truc glao trong khOng gian
" vecto Euclid E hitu han chiéu. Khi d6 theo diéu kién (5.21) ta c6 -
o(x) =0 khi va’ chi khi x =0, do d6 Kerp = {0}. Theo Dinh: ly 5.5thip -
12 mot ty ding cAu.l : |

Ménh dé 5.6.: Phép bién d6i tuye'n tinh ¢ trong khong gian vectcr .

Euclid n chiéu 12 phép bién ddi truc glao khi va chi kh1 (p chuyén co s&
trye chuén thanh co s& tryc chudn.

Chiing minh : Gia sit h¢ vecto {uy, ..., u,} 12 mot co s& truc giao cha -
khong gian vecto Euclid E. Tir diéu kién (5.20) ta cé |

(@(uy).0(u))) = (u;.u;) = ;. o
~ Theo (3.15) heé vecto {o(uy, ..., @(uy)} 12 moOt co s& tryc chuﬁn
Nguoc lai, gid sit phép bign ddi tuyén tinh ¢ chuyén co s& truc -
chuan {u,, ..., u,} thanh co s& truc chudn {@(u,), ..., ¢(u,)}. Khi d6 d6i

véi moi vectox,y € E X= Zx,u,, y= ZyjuJ tach:
i=l . =1

o(x)= lex o), o) = Zy,w(u ).
"Theo Menh dé 3.11 th d6i voi co s tryc chudn {uy, .‘ ,»u,,} ta c6 .
(xy) = ﬁxiy; : @
D6 v 0 88 true chudn [@Q), 9(u,)} taco:

(@9 = | ley. L (®)
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So sénh c4c déng thic (a) va (b) ta ¢6 :
(©().0(y)) = (x.y).
Dxéu klén (5.20) dugc thdéa man, ¢ 1a phép bién déi tru’c giao.
Tu Ménh dé 5.6, truc uép suy ra hé qua sau day :
Hé qua 54:
a) Tich cdc phep bi¢n déi tryc giao 1a mot phép blén déi truc giao.

b) Phép bien ddi ngugc cia mot, phep bién déi truc giao 12 mot phép.
bi&n déi truc glao

- 8.5. 2 Ma trén truc giao

Pinh nghxa ‘Ma tran thuc A =(a;),x, g0i la ma trgn tryc giao néu hé
vecto cot {Al, ..., A"} la mOt hé truc chudn trong khong glan Euclid R".
Tic 12 diéu kié¢n sau duorc thoa man :
WA= Sasgss. 62
C kAl . ~ .
Vidy : Cic ma tran sau day 1a ma tran truc giao :
1 )

2

-&l“ﬁll—,

cosa —sina) -
) o ; —= 0
sinoe. cosa -

[\®)

o
QO
(S

\

Menh dé 5.7 : Ma tran A = (a;)px, 1a ma tran truc glao khi va ch1 khi
A", A E. . ;

Chitng minh : Gia st A = (au)n,(n, ta 06 At ‘(la'ijw)’,',xn(, trong dé
a';=a;. Do dé: S

" n n ’
L, [ - 2 X _ R
k=1 k=1
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Theo diéu kién (5. 22) thi A 1a ma tran truc glao khi va chi khi |
AlA=ENR , | "
He qua 55 : Néu A 12 ma tran tryc giao thi ma tran chuyén Vi At
ciing tryc giao va A ATl
Hé qua 5.6 : Dinh thiic clia ma tran tru'c glao béng +1.

~ Chimg minh : Gia st A 1a ma tran tree glao “Theo Menh dé 5.7
tacé:

. g -

| TIAAl=IEl=1.
VilA'Y ='I'AI neén : .
1AL AI IAY 1Al = IAI2-1 Vay Al = =+1.1

~Quan he giita cic kh4i niém ma tran trc giao va phép bién d61 truc
giao dugc thé hién & ménh dé sau day :

" Meénh dé 5.8 : Phép bi€n déi tuyén tinh trong khOng gian vecto Euchd |
n chiéu 12 mét phép bién déi triec giao khi va chi khi ma tran cua né d61 '
v6i mot co s& truc chudn nao d6 1a ma tran tryc giao.

Chu'ng minh : Gid sit A = (au)rlxn 12 ma tran clia phep bién ddi tuye’n
tinh @ d6i vé6i co s& truc chudn {u,, ..., u, }. Kh1 d6:

(P(ul) = Zakiuk ,i=1, .., n
k=1

Theo Ménh dé 5.6 thi ¢ 1a phép b'ie'n déi truc giao khi va chi'khi he
vecto {o(u,), ..., (u,)} 12 mot co s& truc chudn, tic1a

(@()-0(u)) = Zak.ak, =3

‘Vay, phép bién déi ¢ 12 mot phép blé'n déi truc giao khi va chi khi
ma tran A 12 ma tran truc glao

Heé qua 5.7 : Ma tran Q 1A ma tran chuyén mOt co sd truc chuan thénh
co s& trirc chuén khi va chi khi Q 12 ma tran true giao.

Chimg minh : Diéu khing dinh dugc suy truc ti€p tix céc Menh dé
56vas5.8.8
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5.6. PHEP BIEN Dél DOI XUNG VA MA TRAN Dél XUNG

5.6.1. Binh nghla

- Phép bién ddi tuyén tinh (0} trong khong gian vecto Euchd E goi lé
- phép bién ddi doi ximg néu didu kién sau day duoc thda min :

(@(x).y) = (x.9(y)), Vx,y<E. , (5.23)
- Vi du : Phép bién ddl déng dang v6i h¢ s6 dOng dang k:
‘ Gk(x) kx, Vx eE.
Anh Xxa 0, la mOt phep bién d61 tuyé’n tlnh vi vé‘l moi x, y € E -
o,BeRtacé:
o Bax+ By) = k(ax + By) = o) + B(ky) |
=B, (x) + PO (y). |
Phép bién d61 tuyén tmh (-)k Ia phep bién déi dei xung Vi v6i moi
x,yeE ta co: : .
(O (x). Y) (kx. Y) (xky) = (x. ek(y))
—Véik= 0tacé phép bién déi khong :
© 0=6, VxeE
~ V6i k = 1 ta c6 phép bién ddi déng rihat :
iE(x) X, Vx €E.

Ménh dé sau day chi ra m6i quan he glua céc phép blen déi d61
Xung va ma tran d6i xing.

Ménh dé 5.9 : Mot phép blén déi tuyén tmh trong khOng gian vecto
Euclid hitu han chiéu 1a phép bién déi dsi xtng khi va chi khi ma tran
cla né d6i véi mot co s& tryc chudn nao d6 1a ma tran d6i xing.

Chitng minh :

" Diéu kién cdn : Gia sit A = (au)nxn 12 ma tran clia phép bien d61 asi

xung ¢ d6i véi co s& truc chuan {ul, - Uy}, Ta chimg t6 A 13 mOt ma
tran d6i xing. Ta c6 = ‘ : : :

n
: (p(ui) = Zakiuk.
N k=l
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‘Do dé: T SR o T
((p(ui).uj) = (Zak,uk J) Z:am(uk AL ) Zah Kj = Aj;
k=l
MQf c4ch tuong w, ta c6: ' | :
(u;, @(uy)) = 2y
Vi ¢ 1a phép bi€n déi d6i xing nén ((p(ui) u) = (u|.(p(u )). Dodéta .

- c6:a; = ay; VayAlématrandCﬁxung

" .
Diéu kién du Gi4 sir phép blen aéi tuyen tinh @ d61 véi co sO truc

chuén {u,, ..., u,} c6 ma tran A= (a;)xn 461 xﬂng Khi d6 d01 v6‘1 moi
vecto X, y cua khOng glan Etaco: :

X = ZX. Y= _Zy,-uj ;

j=l i j.k=l

(‘P(x) Y) (Zx o(u;). Zyj ,) Z XY (U ;)
Z x. aklakj nyj e

i.jk=1 i,j=1
Tuong tutaco:
(x (P(Y)) - Z X; YJ ij *
i,j=1
Via;=a;néntaco: ‘
(@(X).y) = (X.0())-
Vay @ 1a mot phép bién d6i d6i xing. Wl

5. 6 2. Chéo héama tran thyc ddi ximg

Dudi day ta s& ching t6 ring, d6i véi mbi phép blén déi d61 xing @
trong khong gian vectd Euclid E hitu han chiéu thi trong khong gian E

c6 mot co s& truc chuin gém céic vecto riéng cua (p Tu d6 suy ra ring,
c4c ma tran thuc d6i xing chéo héa duoc.
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B8 dé 5.1 : Cic nghiém cla da thirc dac tru‘ng clia ma tran thuc d01
xitng 1a cdc s6 thuc. :

Chitng minh : Glé sir rang A 1a mOt nghlem phtc clia da thitc dac
tru'ng clia ma tran thuc d6i xing A = (au)an Theo (5. 19) tacé:
IA — AEI =0. - (a
Khi d6 hé phuong trinh tuyén tinh thuin nhat trén trutmg s6 phtc
sau day s€ cé nghiém khong tdm thudng :
o [(x) (O
(A-AE) |:
X 0

n

(b)

Goi lién hop cita ma tran phttc X = (X;xn 12 Ma traN X = (Xii)peq -
Gid it 0. = (by, ..., by) # © 12 mOt nghiém clia h¢ phuong trinh (b).
) . bly ™ | |
Ky hieu B=|: |[,tac6 B=|:
Thay B vao phu’cmg trinh (b) ta ¢6 6 (A~ AE)B = 0 hay AB= 1B, Pat
z= B (A.B).
Tacé:

z= B AB=AB' B= xzbkbk = kZlka :

k=1 ’
Vio=(by, ... b)=0nen anlbk‘lg £0.
- S k=l -

Dodétacd:

A
Zlbkl

Theo tmh chat cia lién hop phuo va phép lay chuyén vi clia ma tran
tacéd:

©
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———

t

z=B.AB=

t

=]

AB=B'AB.
Mat khdc: | |
“z=2 =(B'AB) =B'ALBY';
z=B'AB=z. |
-Do d6 z 1a mot s6 thuc. Theo (c) thi A cﬁng 1a mOt s6 thu'c
Khong gian con bdt bién : " :
- Gidsttola mot phép bi€n ddi tuyén tinh trong K - khOng gian vecto -
V. Khéng gian con L c V goi 14 khéng gtan con bdt bzen déi v61 phép
'bi€n ddi ¢ néu v6i moi x € L thi p(x) e L.
B dé 5.2 : Néu L1a khOng gian con b4t bién ciia phép bién déi d6i
~ xing ¢ trong khOng gian vecto Euclid hitu han chiéu E thi khong gian

bi tryc giao LiciaL cung 1a kh0ng glan bét bién ciia phép ble'n déi o.
Ta phai ching 5, ne'u x € L thi o(x) Lt
That vay, vix € L' nen x _L L.Suyravéimoiy e Lta cét; |
((P(X) Y)=xe()=0,v <P(Y) € L.
Do d6 o(x) LL, vay Po(x) € Lt

Dinh ly 5.6 : Néu ¢.1a mot phép bién d8i d6i xing trong khong glaxi '
vecto Euclid hitu han chiéu E, thi trong khOng gian E c6 mot co sé tnrc
chudn g6m céc vecto neng cla Q.

Chitng minh : Theo Menh dé 5.9 va B dé 5.1 thi phép bién d61 Qpcod
" gid tri riéng A . :

Chon vecto do’n vi u, 1a vecto neng clia ¢ tng vé6i glé tn néng Ay

o)) = k,u, Dat :
=%W)={x= au, ,oce R},
L, la khéng gian con bat bién 1 chiéu ciia 0.

| That vay, néux el thi:
’ Cx=omyy
» o(x) = o(au) = ap(u,) = (aAu, € L,.
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"~ Theo Ménh dé 3.12,tacé : o ,
. EB=L e Lt | @)
Theo B6 dé 5.2 thi L* 13 khong gian con b4t bi€n ciia phép bién déi
0. Tavcé thé xem ¢ lz‘{mo-t phép bién déi d6i xing trong i(hOng gian Lf .
Khi d6, trong L1 phép bién d6i ¢ c6 vecto rieng u, (||u2" =1) ung véi
giad tr1 riéng A, DatL, = % (uz), I_Q 12 khong gian con bat bi€n 1 chi€u
cta ¢. Talaicé:

L' =L,® Lt o
Tir (a) va (b) tacé : - | ,,

E<L ® L,® Li ‘ o ©
Tlép tuc tlén hanh nhu vay saun buérc (n=dimE), tacé phan tich :

E=L,®L,6.0L, | © @)

trong d6 cdc vecto u; € L, "u | = 1, 12 vecto rieng cia ® Ung véi gid tri
rléng A.i=1,..,n

Tir phan tich (d) ta c6 h¢ vecto {u;, ..., u,} 13 co s& truc chudn
cln tim. .

Hé qua 5.8: M61 ma tran A déi xiing thyc t6n tai ma tran truc giao Q |
saocho: B=Q'A.Qla ma tran du’émg chéo. Do d6 cdc ma tran d6i xung
thyc chéo héa dugc.

‘ Chu'ng minh : Trong khOng gian Euclid R" xet phép bién ddi tuyén
tinh ¢ ¢6 ma tran d6i V6i co'sd chinh tic {e,, ... e }1a A. Vi Alama
tran d6i xtng, tir Ménh aé 5.9 suy ra ¢ 1a mot phép bi€n ddi d6i ximg.
Theo Dinh 1y 5.6, trong khong gian Euclid R™ cé mot co s& truc chudn -
{u;, ..., u,} 1a céc-vecto neng clia Q; (p(u) = kiui, i=1, , n. Ma tran B

~ chia ¢ d6i v6i co s& nay c6 dang dudmg chéo : S

M 0 . 0
I L 0
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Goi Q 12 ma tran chuyén tir co s& truc chudn (e, ..., =én } sang ¢co s&
truc chudn (u,, ..., u,}. Theo Hé qua 5.7 Q 12 ma tran tryc giao, Q' = Q.
Ap dung cOng thitc (5.15) tac6 : B = Q A. Q Diéu khﬁng dinh dugc
‘chu'ng minh. :

Nhdn xét : Theo ching minh trén thi A, i = 1, ... n 1a céc gi
riéng cha ma tran A, cdn céc cOt clia ma trin chuyén Q 12 c4c vecto
rieng clia A. - :

4

BAI TAP

Pé bai
5.1. Ky hieu Homy(V, V") 1a tap céc 4nh xa tuyén tinh tit K — khong
gian vecto V vao K khong gian vecto V'. Trén tap Homk(V \'4)
xét cdc phép todn sau : ‘
- Phép cOng cic 4nh xa tuyén tinh :
- Vé6if, g € Homk(V V'),4nhxaf+g: V—>V'Xacd1nhb6‘1
(f + g)(x) = £(x) + g(x).
- — Phép nhan c4c phén tir cua trudng K véi anh Xa tuye'n tinh :
Véi o € K,fe Homk(V V"), 4nh xaaf VoV xécdmhbérl
~ (af) (x) = af(x). - |
D) Hay chitng o f+ g vaaflacic 4nh Xa tuye'n tmh
| i2) Ching minh tap Homk(V V) v61 hai phep todn rén’ lé mOt:
K — khong gian vecto. K - khong gian vecto Homy(V, V') dugc goi
- lakhong gian cdc dnh xg tuyén tinh tt V. vao V.
5,.2{ Giasuf e Homk(V V"), chitng minh :
1) Néu tap'con A c V la mot tap vecta phu thudc tuyé'n tmh thi
- f(A) cting 12 mot tap phu thudc tuyén tinh. ~
2) f 12 mot don c&u khi va chi khi 4nh ctia mot tap doc lap tuye'n
tinh qua dnh xa f 1a mot tap doc 1ap tuyén tinh. :
~ 3) Néu f 1a mot déng ciu thi dnh xa nguoc {~ ! ciing 14 mot ding cfu.
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- 5.3.

5.4.

5.5.

V6i mdi s6 thuc a >0, a# 1, xét 4nh xa f : R"™ > (R™" xdc dinh

b3 1 V6 X = (X, ey x)thif(x):( X a)

‘Chu‘ng minh ring, f 12 mot dang cdu tix khéng gian vecto ]R " vao
R — khong gian vecto (R *)" (Bai tap 3. 2).

Xét 4nh xa 0 : R[x] = R[x] x4c dinh béi : O(p(x)) pP'X).

Chimg minh 0 12 mét phép bien d6i tuyén tinh trong khOng glan\

céc da thitc R [x]. Hay x4c dinh Ker, Im©.
Xét tap V cdc ham s6 x(t) x4c dinh trén R cho bo‘1 cong thure :

x(t) =a,+ Zak coskt + b, sinkt
C k=l :

~ trong d6 n 1a mot s6 ty nhién cho trudc; a,, b, 1a cdc s6 thuc t1‘1y y.

5.6.

1) Hay ching 6 V 1a mot khong gian con cua khOng gian C(—oo
+00) cdc ham s6 hén tuc. Tim dimV.

2) Xét 4nh xa ¢ : V — V xdc dinh bdi : Véfi m6i X eV, ookx)la
mot ham s6 x4c dinh nhu sau :

. T .
ox)(t) = x(t + Z) |

Chiing minh ¢ 1a mOt phep bién déi tuyé€n tmh va (p = iy.
3) Xac dinh dimIme, dlmKer(p

Gia su' f: R3—> R ’1a phep bién d01 tuyén t1nh d61 vo‘1 co sd chinh
tic ¢c6 ma tran : »

1 2 -1
A=|2 -3 2|
1 -5 3

- Tim mot co s& chia khong gian con Kerf va Imf.

5.7.

~Xét 4nh xa (p R> - R3 xdc dinh béi : V6i X = (xl, xz, x3)

O(xX) = (X; + X, + X3, Xy = Xgy 2X; + Xo).

1) Chiing minh (p 12 mot. phép bién déi tuyén tinh.

- 2) Tinh dimIm¢ va dimKere.
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58.

5.9..

5.10.

Chomatran A = (a,J)n)<n eM K] Xétanh xa f : M,xn[K] - Mlxn[K]
xac dinh bdi : : ]

f((xl e X)) =X .. XA
Ching tofla mot phep bién dbi tuyén tinh. Tim ma tran cua f d61
v6i co sO chinh tc ciia khong gian M, [K].- ’
Gia st V 1a K — khong gian vecto va V = Ll @ in; {u, ..., g} la |
mot co s& cia L. ; {ug,, ..., u,} 12 mot co s& cha L,. Xét 4nh xa
p,: V= V,i=1,2 xdc dinh nhrsau : V6ix € V néux = x, + x,,
xeL,,1—12th1p,(x) X;. :

1) Chung minh rang pI i=12) la cic phép bién déi tuyén tinh va :
Pi =P | -
PiP2=poP1 =0, p +p,=iy. |

2) X4c dinh ma trin ctia p,, p, d6i v6i co sd {u,, ..., u,}.

Tim ma tran chuyén tix co s& {1, X, ..., X" '} sang co s {1, X + 2, ...,

- (x +2)"'} trong khOng gian R [x].

5.11.

Gia st E 1a mOtﬂQ khOng gian vecto hai chiéu. B = {e,, e2} I
mot co s& cua E. -

1) Ching minh B' = {e', €'}, trong d6 €', = ¢, + ¢, ; e2—e,—e2,la‘
mot co s& cua E.

Tim ma tran chuyén P tir co s& B sang co s& B' v ma tran chuyén
P' tir co s B' sang co s B.

) 1 2 . o
3)Giast M = [3 IJ la ma tran ciia phép bi€n ddi tuyén tinh f

~ d6i v6i co s& B. Hiy tim ma trin cia f d6i v6i co s B'.

5.12.

Chimg minh rang vét clia cdc ma tran clia cing mot phép bi€n ddi -

tuyén tinh d6i v6i céc co s& khic nhau cua khong gian vecto 13

bing nhau. Gid tri chung d6 dugc goi 1a vér chia phép blé’n a6i -

- tuyén tinh.
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5.13.

Ching minh rang, tap End, (V) cdc phép bién ddi tnyé’n tinh cha
K — khong gian vecto V véi phép cong (Bai tap 5.1) va tich phép

“bi€n déi tuyén tinh 12 mot vanh dang céu véi vanh ma tran M, [K].
5.14.

Tim céc gid tri riéng va cdc vecto riéng ctia-cic ma tran :
4 -5 2) (1 -3 4

D5 -7 3| 2|4 -7 8|
6 -9 4 6 -7 7/

5.15.

- S.16.

Gia str ¢ 1a mot phép blén dél tuyén t1nh trong K- khOng gian
vecto V. :

1) Chu‘ng minh rang, néu 7» la gia tri riéng coa (p thi kk 1a mot g1a '

tri riéng clia o~.

2y V6i méi da thic f(t) = a t™ + ... + a;t + a, € K]t], ta ky hiéu
f(9) = ay0™ + ... + 2, + a,iy. |

Ching minh rang, néu u € V la vecto néng cla ¢ u'ng voi giatri A
thi u ciing 1a vecto riéng cuia f(@) tng v6i gid tri riéng f(1). Gia st
A la ma tran cia ¢ d6i vé6i co s& {u, ..., u,}, hdy xdc dinh ma tran
ctia f(¢) d6i véi co s& do.

Gia str phép bién d6i tuyén tinh ¢ trong khong gian R 3 d6i vdl co
s& chinh tac cOmatranla:

(8 -1 5
A=|-2 3 1
4 -1 -1

1) Tim c4c gia tri riéng va vecto riéng ca ¢.

' 2) Tim mot co s& cia R 3 ma déi véi co s& d6 ma tran B clia ¢ cb

dang tam gidc. Vi€t ma tran B.

3) Chung t6 rang, trong tat ca cédc co so ctia R> théa man diéu
kién 2) thi c6 it nhat mot CO s& ma d6i véi né ma tran B ngoai
duo’ng chéo chinh chi c6 mot phan tir khiac O bang 1. Viét ma tran
B cho trudng hop dé.
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5.17. Tim céc gi4 tri riéng va vecto riéng clia phép bi€n-déi tuyén tinh ¢

5.18.

- 5.19.

5.20.

521

c6 ma tran d6i v6i co s& {uy, uy, uz, u,} 1a:

1 0 2 -1
0 1 4 -2
A=|_ 5
2 -1 0 1
2 -1 -1 2

‘Chimg té ring cdc khong gian con sinh bdi vecto u; + 2u, va

u, + u3 + 2u, bt bi€n doi vdi . ‘ :
Cho ma tran thyc A, tim ma tran kha nghich T $ao cho ma tran -
B =T L. A.T 1a ma trin dudng chéo. Cho bi€t ma tran B :

(BK L
DA=|3 2 1} ‘2)A=1 L1l
0-1 -1 ' N

1 -1 -1 1)

Cho tru6c ma tran d6i xting thuc A, hay tim ma tran truc- glao Q

sao cho B = Q".A.Q 12 ma tran dudng chéo :

3 2 0 | 2 2 =2
DA=[2 4 2| . 2)A=| 2 5 -4)
0 -2 5 24 s

Chimg minh ring, cdc vecto riéng clia mot phép bién d6i d61 Xiung
ting v6i cac gid tri riéng khéc nhau thi truc glao véi nhau

Ma tran phuc A goi la tw lién hop néu A =A. Ching mmh rang, :
cdc gi4 tri rieng clia ma tran ty lién hop 1a cic s6 thyc.

Pap sé va huéng dan

54.
5.5.

Ker0 = R ;ImO = R[x].
1)dimV =2n + 1.

DTacé: 'O = x(tgr k%)
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- 5.6.

5.7.
5.8.

5.9,

5.10.

"T=|0 0 1 . C2""

‘Do d6 :

%) = x(t + 2m) = x(1), ta c6 ¢° = iy.
3) Theo két qua & 2) thi ¢ la mot do‘n céu, do dé dlmKercp 0,
dimIme =2n+1. ; o
Huong ddn:

‘a) Kerf 12 khong gian nghlém cla he phu'o’ng trmh tuyén unh

thuédn nht :

A, X, x'=(@0 O 0)‘.
Dapsé Kerfcé cosdu, = {(-1,4, 7} '
b) C6 thé st dung phuong phép chimg minh Dinh 1y 5.2 d€ xdc
dinh co s& cta Imf. Chang han trong R > chon co s& {e,, ez, u}.
Khi d6: {f(e;)=(1, 2, 1), ‘f(ez)_ =(2,-3,-5)} lacosdcila Imf. -
2) dimImg = 3 ; dimKerg =0. \‘

Ma tran A' 12 ma tran ciia f d6i vé6i co s chinh téc.

W (B O A [0 0)
molo oo "m0 B,

trohg dé E, 1a ma tran don vi cdp k ; E, 12 ma tran don vi c8pn — k.

2 4 .. 2™t |
lo 1 c2. c2"?

0o o0 o0 .. 1

5112)1 o 5 (512 302
o -1y T2 -3/2)

5.14.

1), = 1, A, = A, = 0. Chc vecto riéng tng véi gid tri rieng 1 12
(1, 1, 1), Ve = 0. Con d6i véi gid tri rieng O c6 dang t(1, 2, 3), Vi # 0.,

~
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5.15
5.16.

5.17.

- 5.18.

206

2) A =3, X,_ = A; = —1. Céc vecto riéng ing véi gid tri riéng 3 ¢6
dang t(l1,2, 2), con d6i véi gid tri rieng —1 c6 dang (1,2, 1), Vi#0.

2)f(A)=a A" +..+a,A+a, E

DX=k=421=2. Cic vecto riéng Ung véi gid tri rieng 4 1a -

vt(l -1, 1), con ting véi gid tririeng 2 1a 1(1, 1, 1), Vt¢0

2) Chon mot co s& gém hai vecto riéng , = (1 -1, D),a,=(1,1,1)

va' o; khong bléu dién tuyén tinh qua o, va o, ching han

a3 =(0, 0, 1). D6i v6i co s& nay ma tran.c'ﬁa ¢ c6 dang :

40 -3
" B={0 2 -2
oo 4

3) Ldy co s& {ai;, 0y, o3}, &3 = aar, + bar, + cous, trong d6 ¢ = 0.
| 1

Dé {o,, 0y, o3} doc 14p tuyén tinh c6 thé chon a = 0, b = =

c= —%. D6i v6i co s& d6 ma tran clia ¢ c6 dang :

4 0
0 2

1
B= 0

00 4
C6 duy nh4t gié tri rieng A = 1. Cédc vecto riéng c6 dang :

t(u; + 2u,) + s(u, + uz + 2u,),

trong d6 : 1, s 14 cdc tham s6 khong d6ng thoi bang 0.
Hu‘ang ddn : Sit dung phuong phip & nhan xét cla chiing mmh Hé
qua 5. 8 '

(1 3 3

0 14 35 100
1D T=10 f% %; "B=|0 3 0

111 00 )

\ 3 5

14 35



111 1)
4 4 4. 3
3.1 1 1 2,
4 4 a 2 2 o)
2 44 4 4l g |
13 11 O 2
4 4 4 4 -2/
11 3 1 |
4 4 4 4 |
2.2 1
o 1 00 ; 3 ;
5.19. 1) B=[0 4 0|; Q=|-3 % =
| o ‘0 7 12 2
| 3 3 3
25 25 1
10 0 3 \1/55 ?
2) B=|01 0|; Q= o"’—--3_ 3
) 0 0 10 |
V5 45 2
5 15 3

5.20. Xét cic vecto riéng u,, u, chia phép bién dO’i_AdGi xing ¢ li'hg vé6i
' cdc gid tri rieng A, X5 A # A, Vi (0(u)).u,) = (u,.9(u5)), do dé
A(upuy) = Ay(upu,) ; |
(A = A)Uu) =0= (u,.u,) =0. o
5.21. Hudng dan : Chitng minh hoan toan twong tw nhu B8 dé 5.1.
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Chmmg VI
DANG SONG TUYEN TINH VA

DANG TOAN PHU'ONG

~ 6.1. DANG SONG TUYEN TiNH

6. 1 1. Dang tuyen tlnh _

Gia.sir K 12 mot trudng s6. M6i 4nh xa tuyén tinh tr K — khéng gian
vecto V vao K dugc goi 1a mor dang tuyén tinh trén V. Vay, mdi dang
tuyén tinh trén V 12 mot 4nh xa f : V — K théa min c4c diéu kién |

| i +y) =f(x) +£(y);
fox) = af(x) P (6.
d6i v6i moi x, ervéaeK ' ‘

Ky hiéu V* 14 tap t4t ci cdc dang tuyén tlnh trén V. Trén tap V* xét -
hai phép todn sau day :

— Phép cong cdc dang (uyéh tinh : :
V6if, g thuoéc V¥, dnh xaf+ g : V — K xdc dinh bdi : _
C (+pM=f0 g, VxeV.  (62)
- — Phép nhin cdc phdn tik ciia truong K véi dgng tuyén tinh : -
Véia € K, f € V*, 4nh xa af : V - K xéc'dinh bdi :
| | @HX) = af(x), Vx'e V. (6.3)
Dé dang chimg t6 ring, céc 4nh xa f + g, of 14 cdc dang tuyén tinh _
.trén V, va tap V* v6i hai phép toén trén 12 mot K — khong gian vecto, véi
vecto khong 12 4nh xa tdm thuong O : V — K. Xéc dinh bdi O(x) = 0,
Vx € V. Vecto d6i cia vecto f1a (-1)f =
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K - khong gian vecto V* dugc goi 1a khong gian doi ngau cla
K- khOng glan vecto V. '

Dol v6i méi capf e V¥ x € Vtaky hi¢u:

f(x) = <x | >, P

Pinh Iy 6.1 : N€u he {uy, ..., u,} 1a mot co s& cia K — khong gian
vecto V thi hé cdc dang tuyén tmh {u ,u"} trén V x4c dinh bdi :
wi(y) = <u; | > = § B - (65)

1a mot co s& clia khong gian d6i nglu V*.
Cosd {u', ..., u"} goi 12 co sé d6i ngdu clia co s& {uy, ..., u,}.

- Chitng minh : Vi m0i 4nh xa tuyén tinh hoan toan dugc x4c dinh bai
gia tri clla no tai cic vecto thudc mot co sd, do dé cac hé thac (6 5) X4c
dinh n dang tuyén tinh trén V.

— He {u', ..., u"} 12 he doc lap tuyén tmh That vay, gla sir cé 6 hdp
tuyén tinh :

Au' 4L+ Au"=0.
Theo(62)va(63) v011=1 ,ntacé'
(klu +. +?\.u)(u) 0(u) ;
Aju (ui) + ..+ AU = 0;
AiBiy + o +AB + o # A8, =0
=0, |
‘—? He vecto {ul, ..., u"} la mot hé sinh cua khc‘mg gian vecto V*, That

vay, d6i vcn méi x = Zxkuk thuéc Viacé:
k=1

- [ a - . n |
u'(x)=u' [ZxkukJ = Zxku'(uk) = Zkaki =X,
k=1 k=1 k=t

Do d6 d6i v6i moi f thugc V*¥tacé:
ksl k=1 : |
= Zf(uk)bu"(x)kz- [Zf(uk)ukj (x), Vx € V.
k=1 ; k=1 / '
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Do détacé:

f= Zn:f(uk)'uk

k=1 .
Vay, mdi vecto clia khOng gian V* biéu dién tuye'n tinh du’oc qua he

. _{ u}l

6.1.2._ Dang song tuyén tinh

Pinh nghia : Gid sit V 12 mot K — khong gian vecto. Anh xa
@ : V x V — K dugc goi 12 dang song tuyén tinh trén khong gian vecto .
V néu céc diéu kién sau day dugc théa man d61 moi vecto X, X, ¥, ¥ |
thudc V va moi phdn tir o thuoc K.

{<P(X +x',3) = 9%, y) + 9(x',¥) 6
plax,y) =ae(xy) N
{«’(x, y+¥) =0, )+ ¢(x,y") -
ox,ay) =aeX,y).

Diéu kién (6.6) ching t6 v6i mdi y ¢6 dinh thi ¢(x, y) 12 mot dang
tuyén tinh trén V d6i v6i bi€n x. Diéu kién (6.7) chimg td v6i méi x c8
dinh thi o(x, y) 12 mot dang tuyén tinh trén V d6i véi ble'n y.

‘ Dang song tuye'n tinh @ g01 la déz ximg néu thda mén diéu kién : 7
o(X, y) = o(y, X), VX, yeV. 6.8)

Vi du : Méi tich v6 huéng chia khong gian vecto Euclid 12 mot dang
song tuyén tinh d6i xing tréen R — khong gian vecto. '

1. Ma tran caa dang song tuyén tinh

Trong K — khong gian vecto Vxétcosd:

(ulv weey u } | (I) : «
~ Gidsttrq 12 mot dang song tuye'n tinh trén khOng gian vecto V Kh1
6 d6i véi chc vecto x = leu,, y= Zy_'uJ Ap dung tinh chit tuye'n
i=l _|-l
tinh theo timg bién ciia p tacd :
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<p(x, y) = (P(anun _Zy, i

i=1

=3 q{ i Zy, i

: n n l ’ . :
;Zinyjcp(ui, u;). E o (6.9) .
=t =t - R
Pata; = o(u, u);i,j=1,..,n
' Mé tran A = (aﬁ)nxn duoc goi 14 ma trén cila dang song tuyén tinh ¢
doi véi co so (1).
Tir biéu thire (6 9) suy ra dang song tuyén tinh ¢ hoan toﬁn xéc dinh
néu bi€t ma tran ctia né d6i véi co s& ndo dé.
 Biéu thitc (6.9) c6 thé v1é't la1 du(n dang :
o(x, 9= ZZau X;y | - (6.10)
i=l j=1 ‘ . /
Biéu thitc (6.10) dugc goi 12 biéu thitc 10a dé cha dang song tuyén
tinh ¢ d6i véi co sd (1). ; '
Tir biéu thitc (6.10) ta ¢6 :

- ' “b o n BRI
. (P(x,‘ Y) = (Za“xi R ZainxiJ :
' i=1 i=1
an 2 1 Y1
O(X, ¥) =(x; ... X,) a2 3?2
a, ahi .yn\,. .

Do d6 bléu thuc toa do clia dang song tuyen tinh J cé thé viét dudi
dang ma tran :
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: M :
e, Y)=(X; - X)A[! (61D
. yn' - N
_ Ménh dé 6.1 : Dang song tuyén tinh @ trén K- khOng glan vecto hu'u :

_ han chiéu V 1a d6i xing khi va chi khi ma tran ctia n6 d6i véi co so nio
d6 1a ma tran d6i xung.

Chimg minh : Gia st ¢ la dang song tuyén tinh déi xung va
A = (8)x, 12 ma tran cha ¢ d61 vo‘1 cosd {uy, ..., u,}. Theo (6.9)tacé: - -
| (up l.l) (P( u) jl’ l J = 1, ey N
Vay A lé ma tran dé6i xung.

Nguoc lai, gla sif ring A 12 ma tran d6i ximg, theo he thitc (6 10) @
tacé:

P(x,y) = Zl,za., y; = lela,.y, =0y, %),
=1 j=1 =

Vay, ¢ 1a mot dé_mg song tuyén tinh d6i xing. Ménh d€ dugc chiing

minh. B o

2. Tich Tenxo - _

K¢ hieu (V)" = V™ 12 khong gian d6i nglu clia K — khong gian
vecto V*. Ngudi ta ching té duge ring, néu V1A K - khong gian vecto
hitu han chiéu thi c6 thé déng nhat khong gian V v6i khong gian V" )
Tic 1a, (V)" = V. Méi phﬁn tlr X € V 1a mot dang tuyén tinh trén v

—V61m61fe_V x| > = f(x), Vx eV.

“Véimbix eV :<xIf>=x(f), Vie V.
Xét K- k/hOng gian vecto hitu han chiéu V. .
Dinh nghia : v Tich Tenxd clia vecto X véi vecto y, ky hieu x @ y, 1a

mot: dang song tuyén tinh trén K — khOng gian vecto \'a dugc xdc
dinh bai : ’ :

x ® y((f, g)) = <x| f><y lg>, Vi,ge V" (6,12)
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Tich Tenxo clia dang tuyé'n tinh f v6i dang tuyén tinh g, ky hiéu
f ® g, 12 mot dang song tuyén tinh trén K — khong gian vecto V duoc
x4c dinh bdi :

f® g((x,y))=<x|f><y | g>, le, yeV. - (6.13)

6.2. DANG TOAN PHUONG

6.2.1. Binh nghia

Gia str ¢ 12 mot dang song tuyén tinh d6i xung trén K — khOng glan _
vecto V, kh1 d6 4nh xa ® : V — K xéc dinh béi : ‘

©(xX) = 9(X, X), VX € V . 1'4)
dugc goi 12 dang roan phuong trén khong gtan vecto V sinh bdi dang‘
song tuyén tinh do6i xiing @. ‘
o Trong k_hOng gian vecto V, xét co s :
N {u,..ou} @ ,

Gié sir A = (a;),x, |2 ma tran ciia dang song tuyén tinh d6i xing o.

Theo Ménh dé€ 6.1, A 1a ma tran d6i xing. Theo cdc cong thifc (6‘.10) va

n
- (6.11), v6i x = ) x;u;tacé:
Cohe

co(x)—Z(Z axx,  (615)

o K . X, . o 7
ox)=(x; .. x A} | - (6.16)

Xq

Céc he thic (6.15), (6 16) dugc goi la bteu thu'c toa doé cﬁa dang
toén phuong o d6i véi co sa (). '
Xét mot co s& khac cia khong gian V :
| (Vi Vol (D)
Gid sir B 12 ma tran ctia dang toan phuorng o doi v6i co SO (II) Khi
dé theo cOng thiee (6. 16) tacd: -
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Vé’lx—Zx vi thico(x) x| .. x)B[} | ) @

i=1 . '
X))

(301 T 12 ma tran chuyén tir co s& ¢)) sang co s (II). Theo cOng thuc
bién déi toa do (5.13)tacé:

X, X'y . _ ,
Pol=T)t ()
) xl‘l' x'I‘l . | ’ |
Thue hién phép chuyén vi ma tran & hai v€ cia ding thitc (b) tac6: -
(X) X = (X' o XPT o (c)}
TU céc cOng thiic (6.16), (b) va (c) tacd: o
b , :
o(x) =] ... XPT.AT|: _ d
X', ' "
So sénh v& pha1 (a) va (d) ta cé _ ‘,
B=TAT. IR )

He thic (6. 17) thé€ hién quan he gilra ha1 ma trin cia ctlng mOt dang
‘ toan phuong d6i véi mot co s& khac nhau.

ViTlama tran khong suy bién, nén ta c6 r(B) = r(A). Vay, hang cla

| - ma tran dang toan phuong o khéng phu thugc vao co s& va dugc goi 1a

- hang cua dang o. Néu r(A) = n thi ® goi 1A dang khong suy bién.

6.2.2. Dang chinh téc cGa dang toan phuong
1. Co sé chinh tc |
- Co s& {vy, ..., vy} ctia K — khong gian vecto V dugc goi la co sd -

chinh tdc cia dang toan phuong ® néu ma tran B cla dang ®-d6i véi co
s& d6 c6 dang dudng chéo. :

(b 0 .. 0
B0 B0
0.0 .. b
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Khi d6 biét thifc toa do ciia @ c6 dang : o |
Ox) + byt? + ... + b1 618

‘trong d6 : = t,Vl +ot Vo " |
Biéu thic (6.18) goi 1 dang chinh tdc ctia dang toan phu’o’ng .

RO réng rdng, s6 hé s6 khac 0 trong dang chlnh tic bang hang cha
dang toan phuong. o

2. Pua dang toan phuo’ng vé dang chinh tic,

' a) Phuong phdp Lagrdng :
Xét dang toan phu'ong khac khOng (cé hang khac khOng)
m(x) = Z au i

i, j=1
Neumoihe s6a;=0;ix=1,..,n, khids phai c6 he s6 a;; = 0.Gi = j).
Chéng han a,, thuc hién phép bién d6i toa d6 : :

=1~ Y2
LEYLHY, ' (6.19)
xk-yk, k=3, ..,n

ta dugc biéu thitc toa d¢ méi cia w(x) c6 heé s6 ciia y2 1a2a, %0,

Do d6 khong mat tinh t6ng quét ¢6 thé gid thiét c6 he s6 a“ =0,
ching hana,; #0. Tacé: '

co(x) =a,; x> + 2a12x X, + .+ 2a1nx X, + Z alJ i
. i,j=2

= o(x) = —(a, X, + ... +a,,x, )2 - —(a,2x2 + o ayX, ) + Z a;X;X
) a“ . al v ij=2"

- Thuc hién phép bi€n d6i toa dc} sau day :

Yy =agX +o.tagXx, ‘ | 620)
Yk=xk ,"k,='2, veey 11 : o .
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Dang toan phuong o c6 dangtoado méila:
o(x) = —l-y,2 + i a',yiy;-
a Sk
Giit nguyén bién y,, ti€p tuc thuc hién c4c phép bien déi tren d6i voi
c4c bién y,, ..., ¥,- Sau mot s6 budc ta s€ khir hét cdc s6 hang cua tich hai '
toa d6 va nhan dugc dang chinh tc clia dang toan phuong o. :
Vidu : Xét'dang toan phudng’co trohg khong gian R>cho bai:
o(x) = xl - 2x 1%p ¥ X2+ 4x,X, + 45 + 2x2x1 .
véi X = (xl, Xy, X3) € R3 |
Tacéa; =1=0,skr dung phep bién d61 (6.20):
o(x) = (xl X, + 2x3) ~ (X, + 2x3) + x2 + 43 + 2XpX3
=X =X+ 2x3) + 6X,X3.
Thuc hién phép bién déi toa do :
Y =% - X, + 2%,
y2 = xz |
. Y3 = X3
_ Dang toa dé méi clia © lil :
o(x) = = y1 + 6Y2Y1
Giit nguyén y,, blén déiy,, v
Ta c6 a; = 0,i=2,3. Sir dung phép bi¢n ddl (6.19)

Y|=t|
Y=t +t,
y3 =1, —t3

Biéu thitc toa d6 méi cliaoR:
ox) =t} + 62 - 6t2.

D6 1a dang chinh tic c4n tim.
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b) Phuong phap gid tri riéng :
Ménh dé sau day la mot’ ap dung ctia Dinh 1y 5 6 vao viéc khao sat
cdc dang toan phuong trén khong gian vecto Euclid. '

Ménh de 6:2 : Mbi dang toan phu'ong ® trén khong gian vectd Euclid
hitu han chiéu E déu c¢6 mot co s& chlnh tic 1a co & tryc chuén cia
khoéng glan E. _ _

. Cic vecto’ clia co s& chinh tic dé g01 la cac phu‘o’ng chznh cua dang
- ‘toan phuong . ‘

Chu'ng minh : Trong khOng gian vecto Euclld E xét mot co sd truc
chudn :

{ug, ..., uy} O ‘ |
G01 A 13 ma tran cla dang toan phuong © déi v6i co sd truc chudn

M. ViA 14 ma tran d6i xing thuc theo He qué 5.8 ton tai ma tran tryc.
glao Qsaocho:

(A, O ... O
| 0 A ... O
B QAQ—

0 0 .. A

n

-Ma tran truc giao Q chuyén co sor tryc chuan (@) vé co so’ truc chuan
{f,, ... £} (AI) xdc dlnh boi :

(F, . £)=@ .. Q.

Theokcéng thitc (6.17), ma tran dudng chéo B 1a ma tr4n clia dang -
toan phuong o d6i véi co s& true chudn (IT). Vay, co s& truc chudn (1) 1a
- mot co s& chinh tic clia dang toan phuong o. -

Chiy: - |
1) Trong co s& céc phu’o’ng chinh (]I) biéu thitc toa d cla dang toan
-phuong w 1a :

o) =AtP L+ A2 - (6.21)
- V6 x = Zt trong dé Ay, ..., A, 12 cdc gid tri riéng clla ma trn A.
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2) Céc cOt -ciia ma tran chuyén Q 1a céc vecto neng cua ma tran A.
Vidu : Dang toan phuong o trén khong gian R dirgc cho bdi :

o(x) = 11x} +2x} + 5x3‘+ 4x,X, — 16x1x3 + 20x2x3
VGi X= (Xl, X2, X3). |

Ma trin ciia dang toan phuong @ d6i véi co s& chinh tic {eq. eé, N }'

1a:
11 2 -8
A= 2 2 10
-8 10 5

‘Pa thic dac trung clama tran A 1a ; | ,
- P()=1A-AEI=-A"+ 1817 + 814 - 1458
=(A- 9)(7L +9)(\ - 18). .
VaymalranAcéglétnnénglé AM=9,%=18, A;=-9. Theohe
thic (6.21) de_u}g toan phuong da cho ¢6 dang chinh tic :
| . {w(X) = 9y; +18y; - 93 |
|x =y,f; +¥,6 +¥,6

' Céc vecto rieng clia ma trin A ing véi glé tri neng ?» la nghlém.
khong tdm thudng clia h¢ phuong trinh: '

| t,) \0

M=9,he conghi¢mu=1(2,2,1),t € R. Véit=1tacsw =(2,2 1).
7»2‘— 18, h¢ c6 nghiém u= t(2, -1, —2) te R. Vdi t l.ta- cé
=02, - 2) ' ; _

?\.3=—9héconghlemu—t(—l22),teRth-ltacé -.
uy=(-1,2,2).

Viu;, u,, us 1a cédc vecto riéng cla ma tran d6i xung thuc ng v61
céc gi4 tri neng khéc nhau nén truc giao véi nhau (Bai tap 5. 20).
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Chuén héa :

| ;,lzLul:(z,z,z)
o 333 ‘
vy =l (3, L _z)
Ju | * 37 37 3)
[ (1 2 )
 uaf 3733

Dodétacéd:

~

W= W WN
e

.k(fl f, f3)=( e e3)

W W= W

Wi W Wl

Ve
-~

Co s& cdc phuong chinh clia o 1a:

'6.3. DANG TOAN PHUONG THYC

6.3.1. Dang toan phudng xac dinh duong .

Pinh nghia : Dang toan phuong o trén R - khong gian vecto V goi
1a xdc dinh dwong néu o(x) > 0, d6i v6i moi vecto x = 6. Va néu .
o(x) <0 d61 véi moi x # 0 thi dang ® goi 1a xdc dinh am.

Ménh. dé 63 : Dang toan phuo‘ng tren R - khong glan vecto’
n chiu V xdc dinh duong khi va chi khi t4t ca céc h¢ s6 trong - dang

 chinh tic ciia né déu duong. Titc 13, n€u © c6 dang chinh téc :
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®(X) = bt} + ..+ bt

th1 b,>0,i=1,. ,
Chimg minh : Gia st chc h¢ s6 b;>0,i=1, ..., n. Khi d6 néu vecto x
€ V, x # 0 thi c6 it nhat mot toa d6 tio:#O.Dodétacé-:‘ .
o(X)2 b, t} >0.
Vay dang toan phuong o(x) xidc dmﬁ duong.

" Ngugc lai, gia st o 12 mot dang toan phuong x4c dinh duong. Ne'u
c6 b; <0, ta chon vecto x € V c6 toa do déi véi co s& chinh téc dang xét

lat, = t,_,—O t=1¢t,=0,. tn 0. Khi d6 vecto _x¢9,nh1mg :
w(X) = bi <0.Voly. Vaycich¢ s6 chinhtic b, >0,i=1, ..., n
Ngubi ta chimg minh dugc ring :

Dang toan phuong o c6 biéu thﬁ'c toa do:
w(x) = ZZau XiX;
izl j=1
x4c dinh duong khi va chi khi c4c dinh thigc con chinh :
Can ap as| . ‘
1> A3 =|ay a, ayl, e A, = 1Al

a3, a3 Ay

: ‘ a a
11 12
Al =ap, Az = :

a4 aAp
- déu _duong‘.

6.3.2. Luat quén tinh

Mot dang toan phuong c6 thé c6 nhiéu co s& chinh téc khéc nhau,
dinh ly sau day thudng goi 14 ludt qudn tinh cho ta thdy mot .tfnh,chaitr bat
bi€n v€ d4u ciia cdc he s6 trong cic dang chinh téc. .

Dinh 1y 6.2 (Luat quén tinh) : S6 h¢ s6 duong va 56 h¢ s6 am trong
dang chinh tic ctia mot dang toan phu‘ong ® khong phu thuéc vho viec
chon co s& chinh tic.

S6 he s6 dvong dugc goi chi s6’ dwong qudn tinh. S6 hé s6 am g01 lé
 chi s6 dm qudn tinh.
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~ Chimg minh : Gid su o la dang toan phuong trén R — khOng gian .
vecto c6 hang r> 0 c6 c4c co sd chinh tic :

(g, -y Uy} @
. va  {vp, .., v} B¢
Ta cé the gia thlét rang, doi véi céc co sO chmh tac (I) va (II) dang
- toan phuong o 14n luot c6 bleu thirc toa do : S
®x) = bx? + .. + bpxg bpiXoy = —bX2 (@)

SN2 o2 20 g2 i
va O(X) = ¢,y + ... + € ¥q — CqiiXgar — e = G X} (b)

trongdé:b,>0,¢,>0,i=1,...,r
Ta cdn ching té p=q. Xét céic khong gian con :.
| CL=Z({uy, e 4D VAM =2 ({Vgups v Vob)-
Gié’lSl’il"X e MNL, x¢9 Vix e Lnentheo(a)vtacéo)(x)>0'

Vi X € M nén theo (b) ta ¢6 : ®(x) < 0. Mau thuin nay chu‘ng to rang
MANL={6}. TheoMénhdé3.7tacé: ‘

dim(L ® M) = dimL + dimM < dimV.
Do d6 ta c6: | o | |
o ‘p+(n—q)‘sn.
Vayp-q<0,hayp<q.
Tuorng tu bing céch xét cdc khong gian con :
£[’({uP+1, rers U N, M' 9({v,, . Vg)tacé:q S*pi'
Vayp=gq. | .

BAI TAP
 Pé bai

6.1. Trong K - khong gian vectd V xét co s& {up, o uy ). Gidsufla -
mot dang tuyén tinh trén V. Hay ching t6 ring, d6i véi moi vecto

ll’

ber x-Zx

i=l

f(x) c6 thé viét duéi dang :
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6.2.

6.3.

6.4.

. X;
f(x)=(, .. a,)

X

Ma tran hang (a, ah) goi 12 ma tran cia dang f d6i véi co sG 7

dang xét

X¢ét céc dang tuyén tinh f,, f, tréen K — khOng gian vecto n chiéu V.

1) Ching minh ring, 4nh xa ¢ : V x V = K xé4c dinh bdi
@(x, y) = fi(x)f,(y) 1a mot dang song tuyén tinh trén V. ‘ |
2) Gid st A = (51 .. a), B=(b; ... b)) 1a ma tran ciia cic dang
f, va f, d6i v6i co sd ndo d6 cita khong gian vecto V. Hiy x4c dinh .
ma trin cdia dang song tuyén tinh ¢ d6i v6i co s& d6. Tim diéu kien
cin va du dé ¢ 1a dang song tuyén tinh d6i .xfm'g.‘ K
Tim ma tran cha dang song tuyén tinh ¢ trén khong gian R,,H[x]’
céc da thiic c6 bac nh hon n + 1 xéc dinh bdi : |

o, o= jf(t)g(t)dt

‘ddlvé‘lccrso{l t, ... ") vhcoso{l,t— 1, .., (-2} -

1)»Trong khong gian vécto K" xét cdc vecto x = (a;, ..., -x) ‘
= (y,, «» ¥p). Xdc dinh céc tich tenxo x @ y, y & x. Tim diéu
klen dxRy=y®x. ~ :

,2) Gia st f, g 1a cic dang tuye'n tinh, trén khOng glan vecto K"

cho béi : .
f(x)=a;x, + .;. +‘anxn ; g(x) = bix; + ...+ b.x,
VO X = (Xq, ooy Xp)- ‘

- Hay xdc dinh tich tenxo f ® g

6.5.
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'dmh duong :

o) = A +6x2 + (A — 2)x2 + 4x x2 -

Véi X = (a4, Xy, X3)- o ¢



6. 6 Hay dung phuo‘ng phap Lagrang dua céc dang toan phu'orng trén
khong gian vecto K" sau day vé dang chinh tic :

Do) =x} +5x2 - 4x3 + 2X,X, — 4X,X5 ;
2)ox)= xlxz + XX3 + XpX3, vOi X = (x5 xz, X3) ;

3) m(x) X Xy + XpX3 + X3X,4 + x4x1, véi X = (X, xz, X3» X4)s
- V6i X = (X, Xp, X3) ‘

.6.7. Dung phuong phép gla tri riéng dua ciac dang toan phu'omg trong
* khong gian Euclid R 3 sau day vé dang chinh tic :

’
- Doe)= X2 + XXy + XXy}
2) ®(x) = X} + X5 + 5%3 — 6X,x2 = 2X;X3 + 2X,X;5 5
3) Co(x) = x>+ x% + %3+ 4xlx2l + 4% Xy + 4X2x3,
trong d6:x = (Xy5 X5, X3).

6.8. Trong khong gian Euclid R3 dang toan phu?ofng o d6i véi co sd
~ chinh téc cé b[éu thitc toa d6 : \

co(x) = 6xl +5x2 + 7x1 = 4xX, + 4X;X;.
Hay tim mot co s& tryc chudn cia R? 1a co s& chlnh tic cla .
Viét dang chinh tac clia © ng vdu cO 5§ chmh tic d6.
Pap s6 va huong dan |
6.1. Huongddn : Dita;=f(u;),i=1,..,n,tacé: ,
f) =ax; + .. +ax, =0 .. a)x o X
- 6. 2 2) At = (ab))pxn- Dang song tuyén tinh ¢ dOl xu’ng khi va chi khi
alb =8 b;, Vi, j.

‘ o _ ayiti-l _ i+jk i+j-1 Y\
- ( ! J | ; ((1 )"+ 1) J }
l.+-l_1 ntlxn+1 ‘ , l+-]—1 n+ixn+l

6.4. Huong ddn :

1) Theo dlnh nghla x ® y 12 mo6t dang song tuyen tinh trén (K“)
xdc dinh boi :
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{e,

 x®y(f g =<xIf><lylg>.
Do d6 x ® y dugc xdc dinh néu ‘bie't ma tran C clia n6 d6i véi mot
co s nao d6 ctia khong gian (K“) Chéng han, co s¥ d6i nglu

.. e cua co s& chinh tic { e,, . €, } cla K" Ap dung két

| qua Bai 6.2 ta c6:C= (XIYJ)nxn | _ ;
. Tuong twx ma tran D cta dang song tuyen tmh y ® Xla D (yl J)nxn

x® y=y ® x khi va chi khi XY = X¥i Vl, j- Do dé tich tenxo néi

| chung khong glao hodn.

6.5.

' 6.6.

6.7.

2) Vi f ® g 1a mot dang song tuyén tinh trén khOng gian K", Theo

~dinh nghia ta cé :

i=1 J=1

f® g((x V)=<xlf><ylg>= (Za,xl )[ZbeJJ
=(X; ... Xp) (a; .. an) (b; ... b)) (y; ... )

Vay ma tran clia f ® g d6i v6i co s& chinh tic clia K" 1a M = (b)),

Sir dung két qué dang toan phu’ong thuec xdc dinh du'cmg khi va chi -
khi cdc dinh thic con chinh déu du‘o‘ng

Daps6 A>2.
1) y? +y? -3 v6‘i phép bié'n-déi toa do :
| 1.5 1
1=y ‘5)’2 "'33’3 P X =32
2 .2 2 e g Y S ]
2) yi - ¥3 — Y3, v6i phép bién d6i toa do :

IR IR

X1=Y1=¥27V¥s35 X=Y1+Y¥2-Y3; X3=Y;.

- 3) y? — y2, v6i phép bién déi toa do :

‘ X =YY 7Y X2=Y1+Y2=Yas X3=Y35 X4=Ys
1+43 2+1;\/§y2;
3 T T

2) 3y; +6y; - 2y3;

1)

ISy -y -y
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6.8. Chc gié tri riéng VA c4c vecto riéng tuong ing o :

7\,1=3 , ul=(%’ 2’ —-1_)

33 3)
(1 2 2
mes,  w(3 33

Heé {uy, u,, us} 12 co s& truc chudn cdn tim. D6i. v6i co sd d6 @ c6
biéu thitc toa do : '

o(x) = 3y? + 6y3 + 9y3.
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Chwong VI
I-IINH HOC GIAI TICH'

~7.1. KHONG GIAN CAC VECTO Ty DO
7.1.1. Vecto tu do o
Ta s€ goi cac dlibng thdng, cdc mat phing va khong gian hinh hoc 1a
cdc khong gian di€m mot chiéu, khong gian diém hai chiéu va khong
gian diém ba chiéu, ky hiéu trong tng 1a D', P? va b’ Thuat ngit s6
chiéu ciia D*, n = 1, 2, 3 chi 1 sy hinh dung tryc gidc dudng thing c6

mot chi€u dai ; mat phing c6 chi€u dai, chiéu rong va khOng gian cé :
chiéu dai, chiéu réng va chiéu cao.

1. Vecto budc

Ung v6i méi cap diém (A, B) ciia khOng
~gian diém D" ta xdc dinh mét vecto budc .
(hay doan thang c6 dinh huéng), ky hi¢u 1a

AB. Piém A duoc goi la diém géc, diém B

dugc goi 13 diém ngon ciia vecto budc AB.

— Huodng ctia vecto AB di tir diém g6c

A dén diém ngon B (hinh 7.1). Néu A = B ~ Hinh71
~ thi AA goi'la vecto buoc "khéng", 1a vecto
- budc hué‘ng khong xéc dinh. :

- Dé dai ctia vecto budc AB k¥ hieu 1a AB 1a khoang céch giira
g g

hai diém A va B. ‘
' Vecto budc c6 do dai bing 1 goi 12 vecto budc don vi.
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Vecto c_éng tuyén : )

Vecto bugc AB goi 12 song song v6i dudng thing A n€u duong
théng AB triing hoac song song v6i dudng thing A, ta viét AB // A,

- . — ' " ' "I .

Hai vecto buoc AB va CD cing’
song song v6i mot dudng thing dugc -
g0i 1a hai vecto cong ruyén (hay cing
phuong), ta viét AB // CD (hinh 7.2).

Hai vecto bu6c AB va CD duogc
goi 1a cung huong (hoac nguoc hudng)
" néu AB // CD va hai diém B, D & cing
ph1a (hodc khic phia) d6i v6i dudng

‘thang AC. . Hinh72
Vecto dong pha"ng :
Vecto buoc AB goi 1a song song B
v6i mat phing P néu dudng thing /
AB song song v6i mat phing P hoac A ,

AB C P. ta viét AB // P (hinh 7.3).
Trong khong gian P? cdc vecto
budc ciing song song véi mot mat P
phing goi 1a déng phdng. | o |
" Vecto bude bdng nhau : B Hinh1.3
Binli nghia : |

— Céc vecto bugc "khOng" thi bing -
nhau AA = CC

- Déi v6i cdc Vec-to budc khic
Vector bu@c‘"khOng"\ thi AB=CD néu
‘va chi néu cdc diéu kien sau day duoc
théa mén :

o,

Hinh 7.4

b) AB//CD. va cling - huong
(hinh 7.4). ‘ '
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- 2. Vecto tudo o o o
' Ta nhan thdy ring, quan hé "bing nhau" clia cdc vecto budc 13 mot
quan h¢ twong duong trén tap cic vectd budc chia khong gian diém D"
| Pinh nghia : M6i 16p vecto budc bing nhau dugc goi 1a vecto ty do.
~ Taky hieu E" 12 tap céc vecto ty do trong ", n=1, 2, 3.
Ci4c vecto tl_rdb duéc ky hi¢u boi a,b,X,¥, ...
Néu X—.B c a thi ta vi€t AB —5 "va néi ring bubc vecto tu doV; V]
~ diém A. b0 dai, phuomg, huéng clia vecto bugc AB 1a d¢ dai, phuong, ,
‘huéng clia vecto tu do a.
Lép vecto budc khong goi 1a vecto tu do "khong", ky hi€u 1a 0.
Géc ciia hai vecto ty do : ‘
., Gia sir a, b 12 cdc vecto tr do kh{ic
vectg O. Ta budc hai vecto tr do a, b &
diém O». : .()75=5, OB =b. Cic vecto
budc 6:&, OB tao nén hai géc ¢ va 27 — )
(hinh 7.5). Géc @ (0 < ¢ < m) duge goi 2

géc clia hai vecto tr do avab.

4 - , ’
Néu ¢ = > thi ta néi cdc vecto tu do , . Hinh7.5

a, b vuéng géc v6i nhau, ky hiéu 1a alb.
. Céc vecto tu do goi 12 cong tuyén hoac dong phdng n€u cic vecto
budc twong ing véi méi vecto tr do d6 1a cong tuyén hodc déng phing.

7.1.2. C4c phép toan trén tap cac vecto ty do
1. Phép cong hai vecto ti_r do ‘
Téng ciia hai vecto tw do a, b thuoc E" 12 vecto ty do c=a+ l;

dige xéc dinh nhu sau : Ta buoc vecto iy do a 3 diém A : AB = a ; 16i
bugc vecto tr do b & diém B : BC=b. Khi d6 AC = c=a+b
(hinh 7.6).
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" Hinh 7.6

2. Phép nhan s6 thu’c vé’i vecto tw do

“Tich cua s6 thuc a véi vecto tr do ala mot vecto tu do, ky hleu la

' o a, dugc x4c dinh nhu sau :

—Dédal'laal=locl lal.

- Phuorng aa//a aa cung hu'cmg véi a néua >0 va aa ngu‘dc \

huéng véi a néu o <O

Vecto tr do (-Da goila vecto doz clia vecto tur- do a, ky hie¢u la a

o] chuong trinh Trung hoc da chimg minh ring, cdc hé thitc sau day

1uén luén théa man d6i véi céc vecto tu do thudc E" va cdc s6 thure

ae R. ,
1) Phép cong vecto ti; do c6 céc tinh chat sau day :
a)a + b = b + a (tfnh chdt giao hoan).
b)(a+b)+c=a+(b+ o) (tinh chatkét hop).
- c) a+0=a (6 12 phan t&’tmng hoa). |
d)a+(-a)=0.
Vay (E", +) 12 mot nhém Aben.
@ +b)=aa +ab. |
3)(a+3)5 =oa +pa.
R a(Ba)= (OLB)&

5) 1. a = a. ,
Ta nhéan thédy rang, céc dléu kién clia dinh nghia khong glan vecto

déu dugc thdéa man.
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" Vay, tdp cdc vecto ty do E" véi phép cong vecto tu do va phép nhdn
50 thuc vai vecto tu do la mot khong gian vecto trén truong sé' thuc R .
- D& dang chiing minh dugc c4c diéu khéng dinh sau day :

- = He hai vecto tr do {61 ﬁz} phu thudc tuyén tinh khi \;51 chi khi |
u, // u, , téc 12 u;, u, 12 hai vecto tir do cong tyén. Vay ta c6 dimE! = 1.
- He ba veCto tr do { ui, uz, 1—13} phu thuOc tuyén tinh khi va ch1 khi _‘

cac vecto tw do ul , u2 va u, déng phing. Vay ta cé dimE? = 2.

— Trong R — khong gian vecto E? hé b6n vecto tur do lu6n luén phu
thuoc tuyén tmh Vay ta c6 d1m E3 =3.

7.1.3. Co 58 dinh huéng
1) Gia stir he¢ {ﬁl, ﬁz} 12 mot co s& cﬁva R - khong gian izecto'Ez. Ta :
budc cic vecto trdo u,, u, & diém O bt ky cda khong gian diém p?:
| OEl = ul, OE2 = u2 |
Co sd {u:, uz} duo’c goi 12 dinh hu’o’ng duong né€u phép quay ngan

nhét 6 OE dén trhng v6i huéng cha OE2 nguoc chleu kim déng hé :
(hinh 7. 7)

. .El

Hinh7.7 | Hinh 7.8
Trong trudng hgp ngugc lai, co 58 '{1-11, ﬁz} g0i 1a co sd dinh huéng
dm (hinh 7.8). -
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2)“Gié sir he {fu, u, ;h} lé mot cosdcuaR - kh6ng gian vecto E>.

Ta bu@é céic vecto tr do cha co s& d6 & diém O bat ky cia khong gian D ;
OE, =u, OF, = u,, OE; =u;.

© Co s& {ﬁx uz, 53} duge goi la dznh huong duong néu kh1 quay cai |

_van nit cha1 theo chi€u quay ngén nhat tlr OE dé’n OE2 thi cai van nut
chai tién theo huo’ng OE (hinh 7 9)

Hinh7.9 | ' Hinh 7.10
‘Trong trudng hgp nguqc‘ ‘lai, co s& {l_il, u2, ﬁa} du¢c goi 1a dinh
huéng ém (hinh 7.10), | | |
744.Tichvohueng
Dmh nghla Tich v6 huéng ctia hai vecto tr do a, b thuéc E'la mOI .
s6 thu’c ky hiéu 1a (a . b), dugc xéc dlnh nhur sau : ' ' |
*)(a . 0) (0.2)=0; , / o ‘
*)Neu_a;eo,b;eoml(a.'B)=|£|‘|B|cos<p, o an.
'~ trong d6 ¢ 1a géc giita hai vecto tw do a, b. S

o] chuong: trinh Todn trung hoc da chimg minh dugc ring, tich vo
huéng ciia hai vecto xac dinh bdi (7.1) c6 céc tinh chét sau day :

D(a.b)=(b.a);
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2)((a+b).c)=(a.c)+(b.c);
3)(0a . b)=a(a. b);
4)(a.a)=lal=0;
5)(a . b)=0khivachikhihoéic a = O,hosc b=O hodca L b.
Ta nhan thdy rang, tich vo6 huéng cla cic vecto tr do thdéa min
cac diéu kién cia dinh nghia khong gian vecto Euclid & muc 3.6.1. Vay
‘R - khong gian vecto E" 12 mot khong gian vecto Euclid d6i véi tich vo
“huéng x4c dinh bdi (7.1). Ta s& goi 1a khong gian Euclid E".
 Gidsirhe ‘{f, J, E} 12 mot co s truc chudn ciia khong gian Euclid E.
Véi céc vecto tu do: ' | - |
5=xﬁ+y,]+z,f< :
Theo Menh‘dé 3.11,tac6: .
Tix (7.1) va (7.2) ta c6 cdc cOng thifc sau day :
| al=yx+y?+2 ; | (1.3)
XiXo ¥ ViYy v 247
lallbl

- CosQ = (7.4)

- 7.1.5. Tich vectd

Dj’nh nghia : Tich vecto (hay tich cé huong) cia vecto tu do a véi
: vecto tr do b 1a mot vecto tr do, ky hiéu 12 d=anab, dugc xéc dlnh |
nhu sau : '
*)aA0=0nra=0.
 *)Néua=O0,b=Othidcé:
~-Dodai: tdl=1lallblsing.
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~ Phuong dilavadlb. D,
— Huéng : Néu d # O thi d c6 hudng
sao cho he {5 B a} 12 mot co s& dinh

huéng duong (hinh 7. 11)
Tinh chat : D6i véi moi vecto tu do

ctia khong gian vecto E> va moi s6 thuc o
cac hé thic sau day lu6n luon thda min :

)anb=—(baa): | o Hinh 7.11

,2) anb= o) khlvhchlkhlhoac a=0 hoic b=0 hoac a//b

3)aa/\b—a/\ab oc(a/\b) |

4u;+agz=;Az+sAa

Tu’ cac tinh chét trén day suy ra rang, néu hé {1 Js k} 1a mot co SO
truc chuan dinh hu’o‘ng duong ctia khong gian Euclid E3 thitacé:

-

P
G

/\E=i, KA

D6i véi cdc vecto twdo:
v B 5=xﬁ+ y1}+zlf'k ;
b= %,0 +y,] + 2,k
tacé: 7
anb= (xﬁ+ yl—j. + zll-é) A ('xzf +Y,] +,zzll;)

=(¥,2; = ¥,2)) i i- - (X2, — z Zz)J + (leZ xzyl)k

Yi %=
—_— 1 a—
Y2 2,

He¢ thic (7.5) cé thé viet dusi dang sau day :

X, 2|~
1 11~
- J+
X2 4

-

x e, as)
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N | |

anb=1x y 2 - ' (16)

' X3 Y2 2y . ’

- Véi quy uéc dinh thiic cdp 3 & v& phii (7.6) khai trién theo hang o
thit nhat. S o -

7.1.6. Tich hon tap
Dinh nghia : Tich hén tap (hay the tich c6 hudng) cia ba vecto tir do
5, b va E, k¢ hiéu 12 [5, l;, E], 1a tich vo hudng vecto tr do a A B véi -
vecto tu do c. . | . |
| [5, b, _E] =(an be) a.7
Gid st réng : |
;=Xl-i.+y1:]:+ zli s
B = xz-i.+ ‘yzj + z2fc 5

' E=x3§+y5}+z3k -
trong d6 {_i', i fc} 12 mot co s& truc chuén dinh huéng duong clia khong.
gian Euclid E. Khi d6 theo céc cong thic (7.2), (7.3)va(7.7)tacéd: | '

wm=q vz X, Z X, Y .
,[a,b,c]= 1 lx3— i 1y3+ 1 1z3
Y2 22| X' Iy X Y2
Xy, 1 4 ' o ,
=X Y2 Iy o (18 -
X3 Y3 Z3 |

Tinh chét : Theo he thiic (7.8) v tinh chét ciia dinh thitc ta ¢6 :
1) [;, I“),' E] =0 néu c6 it nhat mot vecto bing 6,-hoac 6 hai vectd / |

cong tuyén, hoac ba vecto déng phing.
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2) Tich hén tap khOng thay d61 khi ta hoén vi-vong quanh céc vecto

a, b, c,ticla: : ‘
[65.8]-[228)=[5.2.3]
\3) Dléu kién cén va di dé 3 vecto tr do 5, ,E, ¢ khic vecto O déng
phing 1A : ‘

[5 B,E]:o.

4) Thé tich ctia hinh hop c6 c4c canh OA=a,0B=b,0C=c bing

]

Chitng minh : Cdc diéu khing dinh 1), 2) va 3) truc tiép Suy tir he

- thuc (7.8) va tinh ch4t cﬁa'dinh thic. Ta ching minh tinh chét 4.

Goi ¢ 1a géc giita hai vecto tr do a,bvaola géc gifta hai vecto tr
do a/\b c (hmh7 12).

4
ey
""/ -~ /'
C ',f ’ . -7 .l
-—— -7.:-- [ R /
an B / / /
: ';‘ / I/
0 Blamann . S ——
B 7T
P~
@ Ar”
6] ™ A
Hinh 7,12

Khi d6 hinh hop dang xét ¢ dién tich day S= Ia b lsm(p va du’orng

caoh="1clcos6: .
Theo dinh nghia, tich vo hué‘ng, tich vecto va tich hén tap ta c6 :
l(g A BE)\ =la A BIIEICOSG
=lall Blsincpl clcosd

=Sh=V.’
Diéu khang dinh duoc chung mmh
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7.1.7. Tamty cy
| Ménh dé 7.1 : Gid st M, ..., M, 12 mot ho di€m cho tru6c trong
khong gian p". Khi d6 d6i véi m6i ho he s6 A - Ay, thoa mén

Z?\. # 0 t6n tai duy nhét diém G € B"sao cho:
i=1

—

be'.

'M*=

i=l

Ching minh : Ta chon diém G € D" sao cho-
OG = — ! fx OM;
| trong dé k= ZK

Ci=1
'Tacéz

i —IW:ZPJ (OM OG) iiim_i)"ia—é,
i1 i=1 i=1 ial

i=1

=kOG - ixocv OG(k Zx]

Vay: Zki(T-.=6.

Q@
e
w
S
=g
s
=
Q
m
V)
.
o
o
B
M
>’
Q
<
I
(=]
=
Q
S
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wa #0nén GG' =0, hayG' G.

=1 ] . .
Pinh nghia : Diém G e D" théa man diéu kién Ménh dé 7.1 duge goi
1a tdm ty cy clia h¢ diém M,, ..., M, ddi v6i ho h¢ s6 A, ..., A, théa man-

diéuki@nixi #0.
i=1 .
‘Dac biét, Lné'u )“11 =. = ?»p =1 thi G goi 1a trong tdm cﬁa he diém
M,, ... M,. ' ' :
7.2. HE TOA DO AFIN
7.2.1. Binh nghia hé toa dd afin |
Ta chon diém O e P" va mot co sér‘ {El., ,a} ‘clla-khong gian
vecto E". Khi d6 he thd’ng (o Uy, s ﬁ”) duge goi 12 hé toa dé afin cha
khong gian diém P". Piém O duoc £0i la dzem goc (hay moc) toa do.
Néu co so {ul, oes u,-,} 1a mot co s& tryc chuén cia khOng gian
Euclid E" thi h¢ thong (o, u, .. E“ ) duge goi 13 hé toa d¢ vudng géc
ctia khong gian diém P". |
Xéthe toado afin (O, u;, .., u,) v6i [ui| =1,i=1,...n
Ta budc céc vecto tu' do 1—1: Ji=1, ., 1 & diém g6c O va xét céc truc
s6 OX; c6 g6c 12 diém O, vecto don vi I u; (hinh 7.13).
Khi d6 céc tryc s6 OX; dugc gcﬁ 12 hé truc toa dg (hay hé quy chiéu)
afin tuong tng v he toa do afin (0, uj, .., u ) thudng duoc ky hieu 12 -
0X,.. X.. | 3

_Véi méi d;ém M e P", dat urorng u‘ng véi vector tw do OM = u = En

Néu ;u =

|| M:

u; thi bo s6 thuc (x‘l,‘ vy xn)» duoc goi 1a toa d_o‘v'cfla
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diém M (toa do cla vecto ti.r do 1-1) d6i v6i he toa d¢ afin (O, lTl., s ﬁ) .
(hay d6i véi hé truc toa 40 0.X,...X,) va ta viét :
MKy, e Xy) (U - X))

Xa

]

: h=l

n=3
Hinh 7.13

Néu co s {Iﬂ, u—} 12 mot co s dinh huéng duong thi hé toa do
afin (O, E,. 1_1:) vét he truc toa d0 O.X, ... X, goi la hé thudn: Trong:
trudng hop ngugc lai dugc goi 1 k¢ nghich. |
7.2.2. Phép bién ddi toa db afin

Gia sit (O, U,y e 1, ) VA (O, U, 'y ) 12 céc he toa do afin cia.
khong giah diém D" | e |

Gié sit T = (tpx, 12 ma tran ch‘uyénvtfr co SO {u_.,, vees u_n.} sang co s&
fury, o}
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Tacé:
, . | - . - ,
u'; = Ztkiuk‘ . v . ()
. =1 _ _ ,
D6i v6i mbi diém M € D" ta ¢cé :

~OM=00'+O0'M. (b)

Gia st ring :

00'=>"bu;;
i=1
OM = Y xur;

=  Hinh7.14
Theo (a) va (b) ta c6 ’
a . n — n n R
leul = Zblul/ + Zx'_J Ztkjuk
i=1 i=1 j=1 k=1

Z[b 2y J}ﬁi. - | ©
1 ‘ ,
So sanh he s6 clia u; & hai v€ cta (c), vi he {ﬁ:, vees u_n‘}-doc. lap
tuyén tinh nén ta cé :

ye e

X =b. +Zt..x'. i=1, ..., l‘l‘ \ - . ' (79)

=
 trong 46 : (x,, ... X,) 12 toa d0 clia diém M d6i v6i he toa do afin
(O, Uys s 1, )5 (X'}, - X',) 12 t0a d6 cita diém M d6i véi hé toa do afin
O, ul,.. T) ‘ L

COng thire (7 9) duge goi 1a céng thitc bién doi toa do tx he toa do
. a.f'm(O ul,. ,u )sanghétoadéaﬁn(O‘ u—,,. ,u )-
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C6 thé chimg minh duoc ring, néu dinh thiic IT > O thi cdc co s&
{ﬁ}, u—}'vt {u—',, u":} cing huéng (nghia 12 hai co s& cdng dinh
huéng dwong hoac ciung dinh huéng am) néu ITl < O thi hai co s&
ngugc huéng. - o ' o

7.3. PHUONG TRINH MAT PHANG, DUONG THANG
7.3.1. Phuong trinh mit phing

1. Phuong trinh tham s6 cia mat phing

Gid sir P 12 mot mat phing cho truéc
trong khong gian D? (hinh 7.15).

bat: E

,={ueE:u/p}

dé tha'y tép E,, 12 mot khong gian con 2
chidu ciia khong gian E>. Khong gian

con E, dugc goi 1a khong gidn chi -
phuong ciia mdt phdng P.

~ Hinh7.15

Gia sit (O, u,, 1, 0;) 12 mot he
toa do afin cita khong gian D, Chon diém M_(b,, by, b;) € P, khi 46 d6i véi
méi diém M(x;, X,, X3) ePtac6 MM e E va:

M,M = OM - OM, Z(x by,. ()

i=1

. Giasithe {_\_/: v—z} 12 mot co sc’r cﬁa.khOng gian E,va: \

3 ‘
' 211’1“12

<l‘

.
M=>tv,.
=1
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Tacé: _ - o -

3 2 (3 ’ ‘ o
M=t (Zauul) Z Zau j )

SO , sénh v€ phai cAc he thitc (a) va b, v hé {ul, u,, uq} doc lap -

'tuyén tmh nén ta cé

X =b, +Za,” ;i=1,2,3 (7.10)

)
N

trong dét, 4 1a tham s6 thuc.
Heé (7.10) duge goi 1 phuong trinh tham s6' clia mat phéng P trong

—_— ——— ——

hé toa d0 afin (O, u, u,, u3).

~ 2. Phuong trinh toa do clia mit phing

Phdp tuyén ciia mdt phcfng MB&i vecto tr do n vuOng géc v6i mit
phéng P goi 14 vecto phdp tuyén cua mit phang d6. :

Gia st O. xyz 1a mot hé truc toa do vuOng gbc cua khOng glan P

' Hinh 7.16

Gia sir P 1a mot mat phang cho truée véi vecto phép tuye'n n(A, B, C)
~(hinh 7.16). Chon diém M o(Xe» Yor Zo) € P, khi d6 d6i v6i moi dlém

: ,.-“M(x, y,z) € Ptacé nl M, M Do d6 ta c6 he thic :

| (n.MoM)=0.‘

- 16-DSTT&HH GIA| TICH-A - , o 7 241



Theo cong thic (7.2) ta c6 :
A(x X)) +B(y - y,) + Cz - 2,) = 0
Ax + By + Cz - (Ax, + By, +Cz) = 0.
batD= —;(Ax°'+ By, + Cz,) ta c6 phuong trinh :
- Ax+By+Cz+D=0. @1
Phuong trinh (7.11) goi 1a phuong trinh toa d¢ cha mat phéng P
trong h¢ truc toa d¢ vuodng géc O.xyz.

| 3 Géc cua hal mat phﬁng
, Gia sir trong hé truc toa d6 vudbng géc O. xyz cha. khOng glan diém
b, cac mat phang P, Q c6 phuong trinh :
 Ax+By+Cz+D=0; -
Ax+By+Cz+ D' =0. .
'Vecto phép tuyén cia cécniat phing d6 2 n(A, B;C) va n'(A', B, c).
‘Ta ky hiéu ¢ 1a géc cia c4c vecto ﬁr donvan'; ; 8 12 géc clia hai mat |

phang P va Q. Ta biét rang, 0 1a géc phing nhi dlen tao bdi hai mat phang, S

0<9$5 Do d6 :
cos9—|cos<p|
Theo cOng thﬁc (7.4), tacé : ;
" cosf = |AA + BB +CC,I — (7.12) B

JA?+B?+C?. A7 + B? 4+ C?

" Theo cong thic (7.12) ta c6 : Hai mat phang P, Q vuOng g6éc v6i
nhau khivachikhi: '
AA' +BB'+CC'=O.

- 7.3.2. Phu'dng trinh du'bng thing trong khéng gian
1. Phuong trinh tham s6 ctia dudmg thﬁng

G1a str/1a mOt du’fmg thang trong khong glan D3
‘Tada:  E;={ueB:u/l.
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Dé thay rang, E, 1a mot. khOng glan con 1 chiéu cia khOng gian
vectd E. -

Gia st (O, uT, u,, U, ) 1a mot he tda do afin ciia khong gian diém D”.
Chon mot diém M.(x,, V., z;) € ! (hinh 7. 17) DOl v6i méi dlém
M(x,y,z)eltacéMMeE1 ‘

Gia st {&} 12 co s& clia khong gian

vecto B, va MM = ta.. .

“Tham s6 t phu thudc vao vi tri cha
diém M e L

Gia'stt o = au, + bu, + cu;.Tacé:

MM = tau, + tbu, + tcu," (a)

Mat khéc ta co: Hinh 7'17 ‘
MM =OM - OM
‘Do dé : ,
MM—(x—x)ul+(y yo)u2+(z—z)u3. (b)
- So sanh cdc ding thuc (a) va (b) ta co: |
| X=X, +at I
dy=yo+bt @13
lz=12z, +ct o

: trong dé t1a mot tham s6 thuc
- Hé phuong trlnh (7.13)goi Ia phwo’ng trinh tham s0 cua duo‘ng thdng

/ trong he truc toa do afin O. xyz Vecto’ oc(a b c) g01 13 vecta Chl
phuong cia du’cmg théng L ‘

2. Phuong trmh toa do cua du’ong thang

. Duorng thang ! trong khong gian D3 ¢6 thé xem la glao tuyén ciia hai

me_xt phéng P, va P, cét nh_au,‘c_hésu rang, trongnhe,tljl,lc toa d6 vudng goc.
- O.xyz cdc mat phang d6 c6 phuong trinh : :

243



P:Ax+By+Cz+D, =0

P,: A2x+B2y+C2z+D2—O ,
 Vay, méi diém thuoc dudng thing ! c6 toa do 12 nghiém ciia he
: phuong trinh tuyén tinh (7.14).

He¢ phu'o‘ng trinh (7.14) goi 12 phwong trinh toa d¢ cla du'bng théng I
trong hé truc toa 4 vudng géc O.xyz. '

Nhan thdy réng, dudng théng I vuong géc vdi cdc vecto phap tuyen
n, (A, B, C)va nz (A, B, C,) cita cdc mat phing P, vaP, ‘

Do dé vecto chi phwong cia dudng thing 1 c6 thé chon I
Ca=n AD,.

(7.14)

3. Géc ciia hai dudmg thing .

~ Gid sir trong hé truc toa do vuOng gdbOxyz céc dub'ng thing I, ' c6
‘vecto chi phuong twong mlg 1a a(a,b c)va o '(a, b, ¢'). Taky hi¢u ¢ 1a
gbc cita céc vecto trdo o va o', Goﬁl&géccuahaldubngménglval'
'Vayecé thé x4c dinh nhu sau :

V1059<5 nen_tacéz

cose—lcoscpl
Theo (7. 4)tac6 _
cosB _ laa' + bb' + cc'l ‘ | (7‘15),
Ja +b% +c. Ja'z +b?2 + c'2 :

4. Géc ciia dudmg thing v6i mat phﬁng

. G6cciladuémgthinglvdimatphéngPlAgécecuadub‘ngthingll,
v6'1 hinh chi€u vuéng géc clia né trén mit phing P (hinh 7.18). Gid sit.
tronig he tryc toa d¢ vuong géc O.xyz dudng thing I c6 vecto chi phuong

12 o.(a, b, c) va mat phing P c6 phuong trinh toa d¢ :
Ax+By+Cz+D=0. ‘ :
Ky hi¢u ¢ 1 géc cita vecto chi phuong a(a, b, c) clia dudng thing l.
v6i vecto phip tuyén n(A, B, C) cia mat phéng P.Taco: sme Icosol. -
Do 46 g()c 0cé thé x4c dinh phu sau: '



Slne'- faA + bB + cCl - : (7.16)
Ja +b2+c2 \/A2+B2+C2 : :

" %

J(e

 Hinh 7.18

: 7 4 TINH CAC KHOANG CACH

Pinh nghia : Khoing céch gilta hai tap con X va Y cua khong

gian diém D", k¥ hieu £(X,-Y), 1a mot s6 thuc khOng am dugc xédc dinh
nhu sau : :

(X, Y),;inf{|ﬁ| :‘AeX,BeY}.- | SN CAY)

7.4.1. Khoang céach tir mot diém dén mét dudng thing
" Gia sir trong hé truc toa d6 vuong géc O.xyz clia khong gian
diém D3 dudng thang A c6 vecto chi phuong 1a. o(a, b, c), di qua diém |
M,(Xe» Yo» Zo)- M(X, ¥, 2) 12 mot diém bat ky thuoc B°.

Khodng cdch LM, A) 1a do’
dai doan théng vuong goc MH,
(hinh 7.19). Ta nhan thdy ring,
MH 1a dudng cao cia hinh binh

hanh c6 céc canh 12 MM va.
M_A = o. Theo dinh nghia cha _
tich vecto thi s do dién tich clia  Hinh7.19
hinh binh hanh d6 bing s6 do .

do dai cta vecto MO—M Aa.Dod6tacé:
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&M, A) =
Ial

Theo céc cong thiic (7.3) va (7.5)tacé:
&M, A) = \/

7.4.2, Khoang cach tir mét diém dén mét mit phing

Y=Y z2-2,f X=X, y-y,|

C

+ .

’\/az +b%+¢? '(7.18) |

Gia sir trong hée truc toa d6 vuobng géc O xyz mit phing P cé phuo‘ng_ '

- trinh toa do :

Ax + By + Cz + D 0.
v M(x y, z)1a mot d1ém bat ky
~ trong D°. ‘Khoang cdch &M, P) 1 M ‘
"df)déldoanthéngMH(dlémHla, ] T / B
chan dudng thing vuobng véi mat . T i
phéng P (%ﬁ'nh 7g.20)d Ea'y diém o K : M.,L"J H /
My(Xo» Yo Z,) € P. Ky hi¢u ¢ Ia - _ _ o
géc gilta vecto MM vdi vecto - . .. -

S 3 | Hinh7.20
phap tuyén n(A, B, C), xét tam = ~ o
gidc vuong M,MH ta c6 : |
LM, Py =M,
Theo céc cong thirc (7.1) va (7.4) tacd: -
| ’(M M. n)’
C(M P) = *—uxr—=
n|

|A(x—x)+B(y y°)+C(z—z)|
JA? +B2+C2 |

|Ax+By+Cz+D|

JAZ+ B2+ C?

T (7.19) |
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7.4.3.- Khoéng cach giira hai dudng thing chéo nhau"
Xéf hai dudng théng chéo nhau / | va L. Gia si trong he truc toa do
- vuong géc O.xyz dudng thing ll,.cné vecta chi phuong Ia o, (a;, bl.,v ¢, va
di qua diém M,(x,, y,, z;) ; dudng thdng [, c6 Vectd chi phuohg' la
oTz (ay, by, cz)"vél di qua diém My(X,, y5, zz) (hiﬁh 7 21). Khoa’mg yééch
&y, 1) 1a d6 dai doan thang vuéng géc chung IH cta ha1 dudng thang 1
- va L,. Ta nhan thdy ring, IH 12 dudng cao S

cia hinh hop c6 cdc canh la MIM2 ,

MA =a, va M;B=a,. Theo ¥ nghia_
hinh hoc cia tich hén tap cdc vecto thi -
thé tich hinh hop dé c6 gid tri bing .

l[Mle, a, a;:“ ; con dién tich ddy clia

Hinh 7.21
hinh hOp béng |a1 A on2| Dod6tacé: C
I[M M2’al’a2]| , | ¢
' C(Il, 12) - — . - .
| el
‘Theo cac cong thu‘c (7 3), (7 5) va (7.8) ta cé
X2~ % Y2=Y1 2274
- a b Cy .
, a b, c, I .
Clh. b) = T (7.20)
\/'bl ?1 P R I L b,
| b, ¢, a, ¢ a, by

7.5. PUONG BAC HAI
7.5.1. Nhic lai cac duéng conic |
1. Elip

Elip 1a quy tich nhu’ng diém trong mat phéng cé t6ng cac khOang
~c4ch dén hai diém cho truéc F, va F, (g01 1a tiéu diém) bang mot -
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s6 kh0ng d6i12av(a >c = —;—C(‘F,, Fz')) ; khodng cédch {(F,, F,) goi 1a
tiéu cy. - |

Néu chon h¢ truc toa do

vuong géc O.xy sao cho Fy(—c, 0), oy
Fi(c,. 0) (hinh 7.22) thi phuong "
‘trinh elip c6 dang chfnh téc (dang
don glén) la:

=1 ,(7.21)

‘trOng 6 : b? = a2 - ¢? ;

goi 1a cic bdn truc. .
2. Hypecbén

Hypecbén 1a quy tich nhimg
diém trong mat phing cé gid trj

. tuyét d6i cha hiéu céc khodng . Y o
- céch dén hai diém c6 dinh F, va / » T
F, (goi 12 tieu diém) bing mot s6 - / —T— >

khong déi 2a.

Néu ta chon hé truc toa do
vuong géc O.xy sao cho F(c, 0),
" Fy(—c, 0) (hinh 7.23) thi phuong
trinh hypecbon c6 dang chinh tic :

_ 2 2 o \ .
a : o
trong d6 : b2 =c? - a2, | | /M\ -
- Op. " F

Hinh7.23

Truc Ox duge goi 1a truc thuc ;
truc Oy duge goi 12 truc do clia

hypecbon.
~ 3.Parabon

. Parabon la quy tich nhitg .
diém trong mat phing cich déu _ Hinh 7.24
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'mot diém F cho truée (goi 1a tiéu dzem) va mot du&mg thé‘lng A c6 dinh
© (goila du‘o’ng chuan)

Néu ta chon hé truc toa do vudng gdéc O.xy sao cﬁo F (g, O)- va .

dudng chudn A c6 phuong trinh x = -+ (hmh 7. 24) th1 parabOn cé
- phuong trinh chmh tc : : o ,
Y=k (1.23)

- 7.5.2. Pua phuong trinh clia dudng bac hai vé dang chinh tic
va phan loai dudng bac hai |
Gia st (0, 1, j ) 1a mot he toa d6 vuong géé cﬁa khong gian P,
* Pinh nghia : Mot dudng bac hai # 1a quy tich nhing dlém M(x, y) :
trong mit phing c6 toa do théa man phu'o‘ng trinh c6 dang :
F(x, y) = a x + a22y +2a,,xy +2a,x + 2a2y +a,=0 (7.24)
trong d6 cic he s a,, 455, a;, khOng dOng thdi bing 0.

Phuong trinh (7.24) du‘oc g01 1a phwong trinh tong qudt cua d‘u’o’ng ,
bdc hai.

Mot bai todn duge dat ra 1a : Hay xéc dinh dahg clia c4c du.'b‘ng bac
hai & cho boi phuong trinh téng quat (7.24). D€ tra 101 cau h61 ndy, dua
phuong trinh ciia dudng cong vé dang don gian. ' S

— Budce 1. Khir s6 hang chia tich hai toa do6 & v€ trdi ciia (7.24), xét
dang toan phuong : : :

co(ﬁ) = a“x2 + a22y2 + 2a,,Xy | N ~(/7.25)
trong d6 : u = xi +.y} - l. |

Theo Ménh dé 6. 2 trong khong glan E2 c6 mot co sG truc chuan
{u,, u2} 1a co so chinh tic ctia dang toén phuong o. G1a sir Q la ma tran

chuyén tu cq SO t_rl_rc chuédn {1, : _]} ‘sang co s&- truc chuan- {u],_ 'uz.}- Qla

“ma tran truc giao). Ta ¢6 :



uw)=( e
Ta c6 'phép bi€n d6i toa do trong Ung (phép quay) :
e N A
(-G
S VAR b
Trong co s& chinh tic {E{,@} dang toan phudng o c6 biéu thic
toado: | S
m(u) = le +qu‘2 . a2e
\trong dé : x,, 7\2 12 céc gid tri rieng cla ma tran d6i xfmg A= (a,J)z,Q va
" céc cot cua ma trdn chuyén Q 1a c4c vecto riéng ciia ma trin A. , )
Trong h¢ m;C_ toa do vuong géc 0.x y', phuong trinh cu_a duong_ cong
AxZ+ Ay + 2a'X' + 22y + 2, =0. (127)
~ Butéc 2 : D€ don gin cédc s6 hang bac nhét & v& trdi (7.27), nhém
céc s6 hang theo ting bién & v& tréi, sau d6 thuc hien phép bién déi toa
do6 bai phép tinh ti€n c6 dang :
x'=x', +X
Y =y.t+Y
Trong hé truc toa do vudng géc 0'.XY, phuong trinh du'b'ng bac hai

cho bdi (7.24) c6 mét trong 9 dang sau :
Truong hop 1 : N€u A A, >0thitacé:

L s o
1) Hoac X—2 + %; =1 : Pudng Z1a elip (dudng trdn khi a® = b?).
3 a - ; :
o XZ YZ‘ » B . ; ' . ' B -
2) Hoac —- + ;2—— =0 : Dudng ¥ suy bién vé 1 diém.
oo =U-t

2 2

'3) Hoac 52- + ? = -1 : Pudng Zdugc goi 12 elip 4o.
a - S



Tru'ofng hop 2 Néu 7\,,7»2 <0, chang han kl > 0, 7\.2 <0 th1 ta cé

XY
4) Hoac —- - e =-1: Du‘ong Z1a hypecbOn
a .

, . . ‘ | | .
"5) Hoic X—Z——Y———O hay (§+X)(§——Ij=0 : Duong ¥ 1a
a b? a b_ a b N |

| cap duong thing it nhau. }

Truong hop 3 : Néu A A, = 0 chang han )\.] 0, Xz #0, thl ta cé ’:

6) Hoac Y =2pX : Pudng Zl1a parabOn

7) Hoac Y2 = =b’hayY=xb: Duomg Qlﬁ cip duong thang song
song véi truc O'X. ' : .

8) Hodc Y2 = —b? hay Y=+ 1b Puong ¥ duoc goi la cﬁp du:o‘ng
théng 4o lién hop song song. _

- 9) Hoac Y =0 : Dudong Z1a cap dudng thang trung nhau va trung
v6i truc O'X. '

- Két lugn : Duong bac hai & cho béi phu'ong trinh- téng quat (7. 24)

' ch1 c6 thé 1a mot trong 9 loai trén. Trong d6 céc loai 3) va 8) khOng coy
nghia hinh hoc.

Vi du : Duo‘ng cong Q trong hé toa do vuOng géc (O, I,]) c6
phucmg trinh : B

5x2 +~4xy+8y +8x+14y+5=0. (a3

Hay viét phuong trinh chinh tdc cia Q’ xéc dinh vi tri va v& du‘o‘ng

| cong d6 d6i v4i he truc toa do O.xy.
- Buoc 1 : Xét dang toan phuong

{m(u) = 5x2 + 4xy + 8y

u=xi+yj

Ma tran cia da_uig o d6i véi co s trirc chudn {I, 3} la:

)
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 MatrinAcécicgidririeng: A, =9,0, =4,

‘Céc vecto riéng clia A ng véi gi4 tri rieng 9 laa (t, 21), t#0, véi o
_t=1tacé o;=(1,2); u‘ngv61glétr1rléng4lﬁa (-2t, t)t;eO véi
t=ltacd:a,=(-2,1). Cécvectoal,anahetrucglao Chuénhéatacé '

HONE S S

‘Thuc hién phép ch’uyén cosd:

G- &l

hay

Trong lie truc toa d6 O.x'y' du'img cong di éhg c6 phuong trinh :
9x'2+4y'2+8( iy)+14( X'+ = y]+5 0
5 F NN
hay o 9% + 4y + %x' —'%y' +5=0. o b)
. Budc 2 : Nhém céc s6 hang & vé tréi (b) theo timg bi€n ta c6.:
,9(x'2—'i )+4( y)+5 =0.
J5 2V5
‘Bién ddi dé€ c4c biéu thifc trong ngoic thanh c4c chinh phuong ta c6 :
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v'2 N 2 “ "

: 2 36 1 1 .
Ol x'+ = | —=+4|y'—=—= | ——+5=0, -
( ~/5] 5 ,(y | 4\/§J 20 |

| RN 2
: 2 1 9
ha ) 9X'+— +4 ' —— = —,
y‘, ( ﬁ) (y 45) 4,,,,
_Chuyén diém g6c O vé diém O'( 15, 4—15) b&i phép tinh tién :
x‘=—i+X
5
y'—él-—+‘Y
PN

Trong h¢ truc toa d§ vuéng

géc O'.XY phuong trinh dub‘ng by

cong da cho c6 dang: » ; );
, 9 X ’,_' ‘
+ 4Y == - . /)
. P A
X% Y? M\\\_. /i A X
ey Tyl @ \'?a[\‘ B
4 16 | o /gp N
Vay dudng cong dang xét 12 ' /
elip (hinh 7.25). - "Hinh7.25
Chit y : Néu phuong trlnh '
(7.24) c6 thé vigt duéi dang :
(ax + by +c)a'x + by +c)=0.
Khid6tacé:

- Néu —a; = Bb_' thi & la/cap dudng thing song song hodc tring nhau.
a : S . ~ '
- —Néu —ai; # % thl #12 cap dudng thing cét nhau.
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. 7.6. MATBAC HAI
7.6.1. C4du tao va phuang trinh chinh tic cla ‘mét sd mét
bac hal

L Mt tru bac hai
Dinh nglua Mat tru 12 mot mat S du'oc tao bdi mot dubng thing A di
- chuyén trong khiong gian luon luon song song véi mot phu'cmg cho truéc
va tya vdo moOt dudng cong Z cho trudc. ,

Dudng thing A goi 1A duonmg sinh ; du;éng cong ¥ goi 12 duwomg chudn.

Néu dudng chudn Z 12 mot dudng cong .bac hai trong mit phing P
vuong goéc véi phuong cia duémg sinh thi mat S duoge g01 12 mat tru' :
bdc hai. .

- Phuong trinh chinh tdc cia mat .
tru bdc hai : _ o
Nhdn xét : Trong h¢ truc toa - ‘ ’__// A
d6.vudng géc O.xyz xét mit S xéc /
~ dinh bdi phuong trinh : , oMy
| fix,y)=0." (728) | o ||
Gid sit diém My(x,, ¥, Z,) € S B ) A
(hinh 7.26) ta ¢6 : f(x,, y) = 0. /] /g/ |
Khi 46 v6i moi s6 thuc z, diém X

M(X,, ¥o» 2) cling thudc mét S vi
diém M(x,, ¥,, z) c6 toa do thda :
man phuong trinh (7.28). Do d6 dubng thing A di qua diém M(x,, y., zo)
song song véi truc Oz ndm trong mit S. Vay, mat S cho bdi phuong trinh
(7.28) 1a mat try cé dudng sinh song song véi truc Oz va dudng chudn Z
¢6 phuong trinh : :

Hinh 7. 26

(7.29)

- |f(x,y)=0
'Z'—O ‘

Tuong tif ta c6 : Trong khong gian D* phlro’ng trinh g(y, z) = 0 xdc
dinh mit tru c6 dudng sinh song song véi truc Ox ; phuong trinh
h(x, z) = 0 x4c dinh mit tru cé dubng sinh song song v6i truc Oy.
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Theo nhan xét trén,-néu 14n lwot
14y cdc dudng bac hai elip, hypecbon, z)
parabon 1am dudng chuédn ta c6 : ,

a) Mdt tru elip | .

Mat tru elip (hinh 7.27) cb6

phuo’ng trinh: ,
2 E \ :
:—2 + % =1. (7.30)

Duong sinh song song v6i truc Oz, -
dudng chudn 12 dudng elip :

(7. 32)

(1.33)

2 2 -
x_z + X 21
a? b .- (7.31) | ’
z=0 . Hinh7.2T
b) Mt tru hypecbon |
Mat tru hypecb6n (h1nh 7. 28) co phuomg trinh :
2 .
x—2 Y
a b
Puodng sinh song song véi tru Oz dubng chuén 1a du‘bng hypecbOn
' 2
x ~ lz‘ _1
a’ b
z=0
"E~ .2 1 i E
A B S
' 1B "~

e

I

Hinh7.28 Hinh 7.29

/ » N ; . . ol - .
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c) Mat tru parabén

Mat try parabon c6 phuong tﬁnh |

\ y>=2px : | (7.34) B

(hinh 7.29, v6i p>0). -. o "
Dudng sinh song song vdi truc Oz, dudmng chudn 1a dubng parabOn

2. Mat trbn xoay bac hai va bién dang clia né

Pinh nghla Khl cho duémg cong ¢
quay xung quanh mot dudng thing A
thi n6 tao thanh m{t méat S, mat 46
dugc goi 1a mdt tron xoay (hinh 7.30).

. Néu £ 1A mot dudng bac hai,
dudng thdng A 1A tryc d6i xing clia Z
thi mat S goi 12 mgt tron xoay bdc hai.

Duéi day ta gia thi€t O.xyz 13 he
truc toa d9 vuong géc. ,

Pinh 1y 7.1 : Néu dutmg cong ¥
trong mét phing O.yz c6 phuong trich :

f(y, z)=0 -
{x =0

quay xung quanh truc Oz thi mat trdn xoay S tao bdi phép quay dé c6 |

phuong trinh Ia : _ o o
f(Jat+ 7, 2)=0. | o ’(7.37)

Chitng minh : L&y diém M(X, v, z) € S. Goi M'(X, y, 0) 12 hinh chi€un
~ clia diém M trén m4t phing Oxy. Xét h¢ truc toa d¢ vuong géc ox'yz' .
¢6 tryc Oy’ tring véi OM', truc Oz triing véi truc Oz. Goi &' 12 giao |

tuyén clia mat phing Oy'z' v6i mat S.’Khi ta quay mét phéng Oyz xung

Hinh 7.30

(.7.36) /
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quanh truc Oz dén trdng véi mat phing Oy'z' thi dudng cong ‘
tring v6i giao tuyén £'. Do d6 trong mat phing Oy'z phuong trinh ciia
dudng cong Z' c6 dang f(y', z) = 0. Trong tam gidc vuéng OMA tac6 :

y' = OM'— = Jx? +y? .

' Do d6tacé:
f(, [ +y2, z) -0.

Vay, diém M(x, vy, z)’e S ¢6 toa d6 théa man phuwong trinh (7.37).
Dé thdy ring, m&i diém c6 toa do thda méin phuong trinh (7. 37) thi thuoc
mat S. Dinh Iy dugc chitng minh. =~

Mot c¢édch tuong ty, khi cho dudng cong c6 phuong trinh :
T [gxp)=0 L
b
quay xung quanh truc Ox thi ta duge mat tron xoay c6 phuong trinh :

g(x, ’\/yz + z2) 0. o (7.38)
Khi cho dudng cong c6 phuong trinh :

h(x,y)=0
| z=0
- quay xung quanh truc Oy thi ta dugc inét tron xoay ¢6 phuong trinh :

h(,/xz + 2, y) -0, o (7.39)

Ap dung binh 1y 7.1 14n lugt cho du’bng cong & lé elip,. hypecbOn,'-

parabOn cap dudng thang cét nhau quay xung quanh truc dOl Xung ta s&.
tao dugc mat b4c hai sau day : \

a) Elipxéit
Néu cho elip c6 phuong trinh
{2 2
Y—z + z_2 =1
a’ o
x=0
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quay 'xung quanh truc Oz thi ta dugc mot mat trdn xoay g01 1a ehpxézt

tron xoay (hinh 7.31). Elipx6it tron xoay c6 phuong trinh :
x4y fE 1 (40
a c

Bay gi¥ ta thyc hién mot
phép co dan mat elipxoit tron
xoay (7.40) theo phuong cuna
truc Oy béing cdch chuyén méi .
diém M(X, vy, z) thudéc mat d6 vé

diém M'(x, %y, z) thi s& dugc

mot mat cong c6 phuong trinh  Hnh7.31
la: ' - :
2 2 2 : .
Xy z (7, :
L SR B , 7.41)
a‘2 b2' CZ | ’ | | ( .
Mt c6 phuong trinh (7.41) dugc goi 12 elipxéit.
b) Hypecboléit mét tdng

Néu cho hypecbo6n c6 phuong

trinh : '
2 2

Y_2 ~_Z _

a® ¢

x=0
quay xung quanh truc 4o Oz thi ta
dugc mot mat tron xbay goi la
hy))ecbéléit tron xoay mét tdng
-(hinh 7.32).
' Hypecboloit tron xoay mot

tdng c6 phuong trinh 1a :
2,2 .2
2 EY I o1 (42
a c

Bay gid ta thyc hién mot phép
~ co didn mat hypecbo6l6it tron xoay

Hinh 7.32
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mot ting (7.42) theo phuong cia truc Oy bing c4ch chuyén méi diém
" M(x, y, z) thuéc mat d6 vé diém M'(x, P—y, z) thi s& dugc mot mat cong
» a » o

¢6 phuong trinh 1a :
: 2 2 2 ' -
, . _ X y' ozt _ : .
S T dew S At | - a4
Mat ¢6 phuong trinh (7. 43) duoc goi 1a hypecbélézt mét tang
c) H ypecbolétt hai tdng '

Néu cho hypecbon c6 phuong - ‘Zk?‘
trinh : o
| 2 2
-g=-l
a> c*
x=0

quay xung quanh truc thuc Oz thi ta
dwgc moOt mat tron xoay goi la
hypecboléit tron xb‘ay hai téing
(hinh 7.33). -

Hypecbol6it trdn xoay hai ting

6 phuong trinh 1a : _ ‘ ,
s 2 2 o " Hinh7.33
e BN (XD |
a C

Bay gid ta thyc hién mot phép co dan mat hypecb0101t tron xoay ha1

- tang (7. 44) theo phuong clia truc Oy bang cach chuyén m01 diém

M(x, y, z) thugc mat a6 vé'diém M'(x, By, z) thi s& dugc mot mat cong

co phuo‘ng trinh 12 :
' 2

_x__ y_zZ_., | o (745)

a2 b2 C2

Mat c6 phuong trinh (7.45) dugc goi 13 kypecboloit hai tdng.
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~ d) Paraboléit elip

Néu cho parabon c6 phuong

trinh:

x=0 -
quay xung quanh truc Oz thi ta
dugc mot mat trdn xoay goi 1a
- parabéléit tron xoay (hinh 7.34,
“v6i p > 0). Paraboloit-trdn xoay ¢
phuong trinhla: |
x> +y =2pz.  (7.46)

{yz =2pz

Hinh 7.34

Bay gio ta thuc hién phép co ddn mat paraboloit: trbn xoay (7 46)
. theo phuong clia truc Oy bing céch chuyén mdi diém M(x, .y, z) thudc

vmat dé vé diém M'( \/: ,z)

~ thi ta dugc mot mat cong c6
- phuong trmh la:

2 2 : :
L +¥ —22;pq>0. (747)
P q

Mit c6 phuong trinh (7.47)

dugc goi 14 parabéléit elip c6
dinh O, truc Oz.
. 3. Mit nén bic hai
‘Khi cho cap dudng thing cét
nhau c6 phuong trinh :

quay xung quanh truc Oz thi ta
- dugc mOt mat tron xXoay goi 1a
mdt nén tron xoay (hinh 7.35) cé
phuong trinh 14
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x? +y?
a.2 C

- Bay gid néu ta thuc hién mot phép co dﬁh mat tron xoay (7.48) theo

. B
-z =0.. | (7.48)

* phuong ciia truc Oy bing cdch dich mdi diém M(x, y, z) thuéc mat d6 vé

diém M‘(x, %y,z) thi ta dugc mot mit cong cé phuong trinh 13 :

2 2 2
X y z : :
a2 b2 c2 :

Mat x4c dinh bdi phuong trinh (7.49) dugc goi la mat nén bac hai -

| ¢6 dinh O, truc Oz.

4. Paraboléit hypecbon (hay mat yén ngu’a)

' Paraboloit hypecbon 12 mat duge x4c dinh bdi phuong trinh :

272 o o
LI A P ‘pq<0. o (1.50)
| ‘P q =

Duéi day sé xet hmh dang (4% nghla hinh hoc) cua mat parabOlCnt ,

hypecb6én.
Gia str trong mat phang O.yztacd parabOn

= 2 z;,q>0 .
x=0 :
Trong mit phing O.xz ta c6 parabon :
2 .
X" = 2pz; p< 0 . @
y=0 7 : ‘

Bay gio ta cho parabon (1) di chuyén trorig_ khong gian sao cho mat
phéng chita parabon ndy luon luon song song vdi méat phing Oxz va dinh
cha parabon (II) di chuyén trén parabon (I), truc d6i xung c6 phuong
khong déi. Parabon (II) s& tao nén mot mat S, c6 hinh dang céi yén ngya

.(hinh 7.36). D6 12 mat paraboloit hypecbon duogc x4c dinh bdi phuong

trinh (7.50). That vay, gia sir diém M(x, ¥, z) € S. Qua diém M ta dung -
mat phing P song song véi mat phing Oxz. Mat phing P cit tryc Oy tai
diém N(O, y, O). Giao tuyén clia mat phing P v6i mat phing S 1a mot
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parabon c6 dinh A ; diém A 12 giao diém ciia mat phﬁng P véu parabOn

(I)nenA(O YA’Z_AJ trongd6 YA y.
q

, Hinh7.36
‘Ta thyc hi¢n phép tinh tién hé toa d6 : ”
o x=X . .
y=ya+Y | o (a)

2
z=34,7
2q

X =x -

Y=y-ya - S
Z=z-3A
2q -

Giao tuyén clia mat S v6i mat phdng P di qua diém M(x, y, z) trong 2

- hé truc toa 40 méi A.XYZ c¢6 vi tri diing nhu vj trf clia parabon (II) trong
heé truc toa do O.xyz. Vay phuong trinh clia giao tuye'n déla:

X2 =2pZ - |
_ | c
{Y_ . o @
D6i véi toa do cua di€m M(x, y,'z)‘tl_} cdc he thiic (b) va (c) tacé :

| ). y )
xX*=X?=2pZ=2p{z-28 |=2p|z-L|.
, . ' '2q : 2q)
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Dodétacéd:
2 2
LR Ay Y
P 4
Vay, diém M(X, ¥, z) € S ¢6 toa do thoa man phuo‘ng trinh (7.50) va
S 12 mat parab0161t hypecbOn

* Toém lai : Ta ¢6 9 loai mat bac hai : Tl'l_l elip (7.30), tru hypecbén
(7.32), tru parabon (7 34), 'elipxoit (7.41), hypecboloit mot tdng (7.43),
“hypecboloit hai tdng (7.45), paraboléit elip (7.47), mat nén bac hai
(7.49) va paraboloit hypecbOn (7.50). -

7.6.2. Pua phuong trinh cia mit bac hai vé dang chinh té'c va
phan loai mit bac hai -

Duéi day ta luon luén gia( thiét (O, i, }, E) 12 mot he tQa do vuong
\ goc trong khong gian p3.

Dinh nghia : Mot mét bac hai S la quy tich nhu‘ng diém M(x, Y, Z)
trong khOng gian D’ véi toa do thdéa man phuong trinh c6 dang sau:

' a“x2 + 2y + a33z + 2a,,Xy + 2a,3XZ + 2a,3yZ +
, +2alx+2a2y+2a3z+a =0 (7 51)
trong d6 cdc hé s6 a;;; i, j = 1,2,3, khong dong thoi béng 0. |
Phuong trinh (7.51) dugc g01 12 phuong trinh téng quat cua mdt bdc
hai. :
| ‘Mot bai toan duoc dat ra la Hay xac dmh dang clia mit bac hai S
- cho bdi phuong trinh téng quat (7. 51)

bé tra 1di cau héi nay, cn phél tim phu'o‘ng trinh chinh tic cha mat -
dang xét.

—Buoc 1 : Dé khtt céc s6 hang chira tlch hai toa d§ & v€ tréi (7 51)
ta xet dang toan phu'o’ng :

o(u) = a,,X> + ayny* + a33z2 +2a,Xy +2a3XZ + 2a53yz  (7.52)
trdngdé:ﬁ=xf+y}+.zlz. o
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Theo Ménh aé 6.2,7trong khong gian Euclid E3 c6 mot co s& tryc .
chuén {;1., E, u_;} 'lé co s& chinh tic cda dang toan phuong o. Gia sirma |

tran truc glao Q 1A ma tran chuyén tir co s& trye chudn {1, j» } vé co s&

—_— — —

truc chuédn {ul, uz,,u3}.
. Tacé:r | - o
oy u, 'Ea.}={—i";} k}Q.
Phép bién déitoa do twong tng 13 : .

X X
y[=Q|y'
z z'
Trong co s& chinh thc {ﬁ:, u,, 173} dang toan phudng ® c6 biéu th,jc' ~
toado: _ . - : :
co(ﬁ) = klx'z + kzy'z + ?‘. z% ‘ (7. 53) '
Cin luu y A Ay Az 12 cdc gid tri rieng clia ma tran d61 Xiing
A = (&)« ; cdic 0t clia ma trin Qla céc vecto neng clia A '

D6i v6i he truc toa do vuong géc O.x'y'z' phu'ong t.rinh clia mat bac |
haJSchob61(7 51) c6 dang : a

A x'2+)vzy'2+x z'2+2a,x +2ahy +2a'z +2,=0. (7. 54) |
— Budc 2 : Nhém céc s6 hang theo timg bi€n & v& tréi (7.54). Sau dé
thyc hi¢n phép bién d6i he toa d6 bdi phép tinh tién c6 dang :

x.=xo+X
y=yo.+Y
2'=2'+7

Trong h¢ truc toa do vuong goc O'.XYZ phuo‘ng trinh cua mét S cho ,'
bdi (7.51) s€ 1a mOt trong 17 dang sau day :
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Truomg hop I : Chc gid tri rieng A;, A, V2 A5 déu khéc 0.
ay Neu A, Ay A ctlng dfu thitacé:

2 2 2
1. Hodc 2(— + — Y + Z— =1:Mat$S 12 elipxoit.
a2 b? &
X* Y 7

2

2 Hodc — + — i +—=-1:MatS duoc goi 1 elipxoit 4o (khbng
a’ c’ S o .

cé ¥ nghia hinh hoc).
. x2 Y2 72
-3, Hoac — b —+—=5=0: Mat S suy blén vé mOt dlem
~ c?

b) Néu A, A, ?»3 khéc ddu, ching han kl, A, khéc ddu véi X, thi
 tacé: :

X2 Y2 22

4. Hoic — + — el 1: Mat S 1a hypecboloit mot tﬂng
a* c?
‘ 2 2 2
5. Hotic > + %2— - 52- _ 1 : Mat S 12 hypecboloit hai tﬁng
S a c
‘ 2 2 g2 '
6. Hodc 5— %— —Z— =0: MmSla mat nén béc ha1
a? c?

A, 20, con Ay =0.

|

!

Trudng hop 2 : C6 mot gid trj riéng 7» béng 0, chﬁng han x, #0,
{ a) Néu A, va 7\2 cling dfu thitacé :

XY
7.Hodc — + —=12Z,pq>0: Mat Sla parab0101t ehp
P q ‘

2 2

8Hoac§—+%— 1: MatSlhtruehp
a’

2 2 ‘ _
9 Hoéc X_ + -;,_ = -1 : Mt S dugc goi 1a tru elip 4o (khong c6 ¥
a’
~ nghia hinh hoc).
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2 2 oy o
10. Hoic X— + Y— =0 hay (X + 11](§ = 1—Y—) 0: Mat Sduo‘c :
a’ b2 a b/ a b

goi 1a cap mit phing éo_cé’it nhau (khong c6 § nghia hinh hoc).
b) Néu A, va A, khéc d4u, ching han A, >0, A, <O thi ta c6

11. Hoac X + X =1 2Z, pq <0 : Mat S 1a paraboloit hypecb6n.
P q ' :
X2 y?

12. Hoac —_— -b—2 =zx1: Mat S la tru hypecbon.
a’ , o ,

: 2 2 -

13. Hoa é——Y—2=O hay (§+X)(§—X) 0: MatSla cap
a“ b a bj/la b

mit phing cét nhau. |

Tru'é’ng hop 3 : C6 hai gid tri rleng l,, A bing O,.chﬁng -ha_m Ay =0
Ap=Ay= ‘ '
Khi d6 phuong trinh (7.54) c6 dang :
Ax2 + 22" X' +2ahy' +2a'37' +a', =0 |
a) Néu D = \/a +a? = O thi ta chuyén he toa do vuong géc

Ox'yz v€ h¢ toa do vuong géc O.x"y"z" bdi phép bién di toa do
sauday: S

X'=x"
a. = a'
4 v,=‘_3 u+_2_zn
Y p¥ 7D
Zl = _a_z_yu +‘ a 3 Zn
D D

, Trong_ hé toa do Ox"y"z" phuong trinh clia mat cho bO‘l (7 51) '
c6 dang : -
Ax" + 2a’ X" +2Dz" +a' = 0.

Thuc hién phep tinh ti€n heé toa do :
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(x"=%ﬂ'+X
}"l
<y'k'=Y‘b
' ' 12
z'=-20 . 21 .7
2D  2DA,

Trong he toa d¢ vuong géc O'.XYZ phuong trinh mat Scé dang
14. X* = 2pZ : Miit S 12 tru parabon. |
b) Néu D =0 thi phuro‘ng trinh (7.54) c6 dang

?\.x'2+2a (X'+a', =0. ‘ -

' Thuc hien phép tinh tlén he toado :
X'=- 2 —1+X
M
y'=Y
_ z'=2Z

Trong h¢ truc toa d9 vudng géc O'.XYZ phucmg trinh cua mat S cho
bdi (7.51) s& 1a magt trong cac dang sau : ‘

15, Hoic X* =k? hay X =+k: Mat S 12 cap mat phing song song.

16. Hoac X? = —-k? hay X =t ik : Mt S duge goi 12 cip mét phing
4o song song (khong cé ¥ nghia hinh hoc).

17. Hoic X2 =0 : Mat S 12 cap mt phing tring nhau.

Két lugn : Bing céc phép bién déi toa do thich hop, phuong trinh
téng quét (7.51) ctia mat bac hai c6 thé duwa vé mot trong 17 loai trén.
. Trong d6 ¢6 9 loai phuong trinh clia c4c mat bac hai ta di xét & muc
7.6.1. Céc trudng hop con lai 13 phuong trinh cha cap mat phing cit
nhau, hodc song song, hoac tring nhau, hoac suy blen vé€ mot di€m, hodc
mat 40 khong c6 ¢ nghia hinh hoc. L -

Chii y : Néu phuong trinh (7.51) c6 thé viét duéi dang
(ax+by+cz+d)(ax+b'y+cz+d) 0.
Kh1 dé xet ma tran ;
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—_ d

x=la _|2 b c|d

o dl al bl Cl dl
— Néu r(A) —r(A) 2thi Slacap mat phéng cét nhau
—Ne'u r(A)-r(A)— 1 thlSlh cip mit phing trﬁng nhau.

. —Néur(A) <r(A) thi S1a cip mat phing song'song.
7.6.3. Vi du
"Trong hé toa 49 vuong géé (O, i, 3, E) mat Scé phudng trinh:

x—yz 4x+3y+z 0. : | - (a)
Dé biet S1a mat gi thi ta phai im phu'dng trinh chinh tdc clia né. -
Buoc 1 : Tuo‘ng ﬁ'ng véi phuong trinh (a) ta xét dang toan phuong
 ow=x*-yz. (b)
‘Ma tran cha dang toan phuong o -d6i v61 co sb tryc chuén
{i3 k} 1a: |

f \
1 0 O
i 1
A=|0 0 -——=
O
0 L 0

\ 2 J .

I-» 0 0|
PO)=IA-ABl=| 0 A --;-,4
0o -1

2

NI |
=d 7“)(’“ 4)
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Do d6 matrn A c6 céc gi4 tri riéng 13 :
A =1, A,z#l ;»3:_%

| Ta xéc dinh ma tran tryc giao Q 12 ma tran chuyén tir co-s& truc
chuan {1, Js k} sang co s& chinh tac {u,, u,, ua} cta dang toan phu'o‘ng‘
(b). Céc cot clia ma tran Q 1a cdc vecto néng don vi clia ma tran A.

Vecto riéng o; = (X, y, z) cha ma tran A ting vdi gid tr1 neng A; 12 nghiém
khdc 0 cia he phuong trlnh tuyén tinh thudn nhat :

( Y/
-, 0 o||* 0
: |
0 A - =0
T2 y |
0 L -\ /
\ 2 )\Z .J \O )
- hay |
1
Ay -=-z=0
iy 2
-V6iA =1tach
| a; =(1,0,0)
-V6iA,=—tacé
V2 2
O, = 0, —, ——
2 2
—Vdi7\.3—-— ta cé
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Vay ma tran chuyén Q c6 dang :

( )
1 0 0
. 2 2
>0 _'ii_ _‘/Z
k 2 2

Thuc hién phép bi€n déi toa do
{x x") ..
y|{=Qly'| .
z z' ’
Tacéd: '

X=X

B i

—y'+
2y

2
2,2,
2 2
Trong he truc toa d6 vuong géc O.x'y'z' mat S c6 phuo‘ng trinh

x.2+%y;2_; —4x +3(_‘/;y +‘/_ ] ( _\/2_—_.y'+§z')=0,

.<:>x—4x+y \/—y-—z +2J_z—

y:

N (x'—z)z_—4+-;-(y'—\/§_) —1——(z —2J—) +4=0
PN (x 27 + ( J'i) ——(z-zJ_) ®

Buéc 2 : Thuc hién phép tinh ti€n heé toa do bing céch dua d1ém gdc o

bvédlémO'(Z \/— 2\/—)

N

x=y2-+X
y'=\/£+Y

z"=2J§+Z
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|

Trong hé truc toa do vuong géc O'. XYZ mat. S c6. phwrong trinh
chinh tic :

X? 4 —--=1. S ©
Mat S 1a hypecbol6it mot tdng.

7.6.4. Mt ké bac hai

Pinh nghia : Mat S duoc goi 1a mat k¢ néu tai mBi diém M e Sc6 it -
nh4t mot duong thing A di qua M saocho: AcS.
'Nhu vay, méi mat ké dugc tao bdi céc dub*ng thang -Céc duﬁmg ‘

| théng 46 goi 1a duong sinh ciia mdt ké.

- Theo dinh nghla ta c6 : Cdc mdt try bdc hai, mdt nén bdc hat la cdc
mdt ké bdc hai.

Dusi day s& ching t6 cdc mat hypecboloit mOt tang, parabOlolt' -

" hypecb6n cung 1a cac mat ke

‘1) Xét mat hypecboloit mot tang c6 phuong trinh chmh tic :

£ Y 2
a2 b* ¢
Phuong trinh trén c6 thé viét dudi dang :
X _zZ_ ¥y
a’ c? b2

hoac (i .,.’.E)(i _._Z.) = (1 + l)( - X] , (7.55)
- a clla c . by b

Tix (7.55) tryc ti€p suy ra hai ho dudng thing sau day nim hoan to?m

- trong mat hypecbol6it mot tang dang xét :

(223
(3-0){-3)

d,: (7.56).‘ :
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(-2
[3+2)20-3)

trong d6 : A, p 1a cdc tham s6 khong déng thdi bing 0.
 Vay hypecbol6it mét tdng 12 mat k& (hinh 7.37).

v dy: (1.57)

' Hiih7.37 _ -
2) Xét mit parabOlou hypecbOn ¢6 phuong trinh chinh tac :

Phuong trinh trén c6 thé viét dusi dang :

| (3‘- + l)(l‘- - -) 22. . (1.58)
a b/\la b ~
Tu phucmg trinh (7.58) truc ti€p suy ra hai ho dudng thing sau day ‘
: nam hoan toan trong mat paraboloit hypecbon dang xét :

o

. : |

Xy : . : ‘

: (a+b] w2z - L
& | a5y
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va

 (7.60)

trong d6 ; A, u1a céc tham s6, u=0. a

Vay paraboloit hypecbon 12 mat ké (hinh 7.38).

Hinh 7.38

BAI TAP

bé bai

Xét hé toa do vuong g6c (O, _i’,.j',l_i ).'

7.1.
7.2.

7.3.
74.

7.5.

17.6.

X4c dinh géc gilta c4c vecto a = i + 2] + 3k va b = 61 + 4] - 2k.
Tinh dién tich hinh binh hanh ABCD c6 AB = 61+ 3j - 2k va
AC =37 + 2] + 6k. | |

Tinh dién tich tam gidc v6i cdc dinh A(1, 1, 1), B(2, 3, 4), C(4, 3,2).
Tim tich hén tap’ clia cdc vecto a=2i- _j— k, b =I+ 3j-k,
c=T+jeak. o o

Chiing minh c4c diém AG, 7, -2), B3, 1, 1), C©, 4, ~4) va
D(1, 5, 0) ciing ndm trong mo6t mat phing. ' ,
Tinh thé tich hinh chép tam gidc c6 ’ce_ic dinh A(2, 2,2), B4, 3,3),
C(4, 5, 4), D(5, 5, 6). o | S
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1.

18

7.9.

7.10.

7.11.

7.12.

743

- 7.14.

7.15.

7.16.

Véi gui tri nao cuamcéc vectd a—m1+_| va b=3i- 3_]+4k
vuong géc véi nhau.

Chitng minh riing, cdc vecto a va b khong thé ‘vudng géc véi nhau '
néu : (a.l) > O,I(a._|) >0, (a, k) >0, (b.1) <0, (b.]) <0, (b,.k) <0.
Cic s6 thuc X;, Xy, X3, ¥1» Y25 ¥3» Z1» Zp, Z3 thda min céc ding thic :

X1 N % (XX + VY2 H 242, = 0
x2 Y2 Zp|=0, {XX3+Yyy;+22Z;=0
y3 24 X X4 + y2y3 + z2z3 =0 .
c6 thé dOng thoi khéc 0 duge khOng ?
Ching minh ring :

1) an(dAac)=@.c)b-@.b)x;
2)aA(b/\C)+b/\(C/\a)+CA(aAb) O

1) Lap phuong trinh mat phing di qua ba diém M (x,, Yis z),
i=1,2,3.

2) Ap dung d6i V(_?i truong hop M, (2, -1, 1), My(3, 2, 1), Mx(-1, 3, 2).
Tim phuong trinh mat phing di qua hai diém A2, -1, 4),
B3, 2,- 1)vhvu0ngg6cv61matphangx+y+2z 3. '
Viét phuong trinh mét phang di qua giao tuyé’n cua hai mat phang
X + 5y +9z=13,3x - y - 5z= -1 va diém M(0, 2, 1).

Vi€t phuong trinh mat phing di qua giao tuyén clia cic mat phéng

X+2y+3z2-5=0,3x - 2y—z+1-0véchancéctrucOx Oz
nhitng doan bing nhau.

Tim phuong trinh mat phing di qua c4c diém P(O 2, 0), Q(2 0,0)

v tao v6i mat phéng x = 0 mot géc 60°.

Tim diém M trén mat phing 2x — 5y + 2z + 5= 0 sao cho dubng
thing OM 14p v6i c4c tryc toa do nhitng géc bing nhau.

7. 17 Viét phuong trinh mit phing di qua giao tuye’n clia cdc mat phéng 4
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’7 18. Vi€t phuong trinh clia mat phang di qua giao tuyén clia cdc mat
‘ phang2x——y—12z—3 3X+y - 7z—2vavu0nggocv61mat
, phing x + 2y + 5z = 1. : ‘
7.19. - Lap phuong trinh mat phing di-qua giao tuyén clia cdc mat phang ‘
' Ax+B1y+Clz+D1 =0, A2x+Bzy+Qz+D2—0vaquag6c
toa do.
7.20. Viét phuong trinh mat phng di qua diém M(O 2 1) va song song

vmcacvectoa—1+J+k b—l+_]—k

7.21. Xac dmh goéc giira vecto a=i+ 2] + k va mat phing :
X+y+2z-4=0.
7.22. Viét phuo“ng;trinh tham s6 clia c4c dudng thing :
1) Di qua hai diém M,(2, 0, 1), Mz( -4,1,2).

2) La giao tuyén cra cic mat phang 2% - y+3z=1vasSx+ 4y z= 7
7.23. Tit géc toa d6 ha dudng vudng géc voi duong thang

- | x;2’=y—;—.-l=z;3.’
Vlet phuong trinh dudng thdng vuong géc dé6.

7.24. Hay x4c dinh tham s6 A sao cho céc du'orng thdng sau day cat nhau

X y _z. . X+1 _y+5 .'E

222w

2 =3 A 3 . 2 1

v Tim giao d1ém clia chiing. -
7.25. Hay x4c dinh diém N d6i xtng v6i diém M(l 1,1) qua mat phang
 X+y-2z=6. ' . |
7.26. Hay xdc dinh dlém N d01 xung véi diém M(1, 1, 1) qua du'(‘mg '
théng : ’
| x-1 y z+1

| 2 3

7.27. Viét phuong trinh mét phing di qua dudng thing : .

x+1 y-1_z-2
2 - 3
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v song song v6i dudng thing :
. X y+2 z-3

7.28. Vi€t phuong trmh hmh chiéu cia du‘émg thidng | -’5—1—1 = YTH- —'-;-

trenmatphéngx+y+2z 5=0. ' : »
7.29. Viét phuong trinh cla du‘dng thang di qua dlém M(l 1, 1) va
vuong géc véi cic vecto a=2i+3j+kb _31 +j+ 2k.
7.30. Tim phu'o‘ng trinh c4c hinh chi€u clia dir_dng théng :
{x +2y+32-26=0
3x+y+4z-14=0
tren céc mat phang toa d9.

7.31. Tim phuong trinh dudng thing di qua diém M(l -2,3)va lap v6i
céc tryc Ox va Oy céc géc 45° va 60°.

7.32..' Tim géc giita c4c dudng thing :
| {4x— y-2+12=0 {3x—2y+16 =0
y-z-2=0 - 3y-z=0
© 7.33. Viet phuong trinh clia dudng thing di qua diém M(0, 2, 1) va tao
véi cdc vecto a = i + 2] +2k b= 33,c =3k nhiing g6c bang nhau.

7.34. Chitng minh ring, trong mat phé.ng Oxy céc phuong trinh sau xdc
dmh mot cap dudng thang :

1) x? +8xy+16y -25= 0
2) 3x2 +8xy—3y -14x-2y+8=0.

7.35. Viét phuong trinh. chinh tic réi vé& céc dudng bac hai c6 phuong

trinh :
 D17X%-12xy + 8y* - 20x +4 =0
3) 6xy + 8y? - 12x - 26y + 11 =0;
3) 5x% + 4xy + 8y* + 8x + 14y + 5=0;
. 4) x> - 2xy +y* - 10x~ 6y +25=0.
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7.36.

7.37.

Tim phuong trinh cia Imat tao boi du’c‘)‘ng thdng A di chuyén trong
khong gian O xyz luén luén di qua diém M(O0, 0, 1) va.tya vao

duﬁmgehp _
z=3
Délhmatgi" ‘
Céc phuong trinh sau day x4c dinh mat gi ? Du‘ng céc mat dé
Dx+yi=4; _ )%+%_
Hx-yi=1;  dy=2x;
5z’ =y; | 6)z+x:=0;
' 7)‘x2+y2.=2'y; . »;8)x2+y2=0;
9)x ~22=0; 10)y = Xy.

7.38.

7.39.

7.40.

7.41.

Lap phuong trinh giao tuyen clia mat nén x2 - y +722=0 vérl céc‘
mat phang ' '

Dy=3; . 2)z=1;

3)x=0.
Tim phuong trinh clia mat nhan duoc khi quay dudng thang sau
" day quanh truc Oz :
2y +z2-2=0
x=0

Tim phuong trinh paraboloit elip cé dinh tai géc toa d¢, truc B
truc Oz vé cho tru'éfc hai diém M(—l -2,2)vaN(, 1, 1) nﬁm trén

‘méat dé.
Tim phu‘o‘ng trinh elipx6it 06 céc truc d61 xﬁ‘ng 12 céc truc toa do )
va ba diém A(3, 0, 0), B(-2, 5/3,’0), co, -1, —\,/2?) nim tren

mat dé.
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7.42. Tim phuo’ng trinh giao’tuyén clia cdc mit z = 2~ x% — y? va 7

z=x>+y>.
7.43. Phuong trinh x* + z* = m(y* + z%) x4c dinh nhiing mt gi khi :
- 1)m=0; ' 2)0<m<1;
3)m>1; ' v 4)m<0;\-
5m=1.

7.44. Cho biét y nghla hinh hoc ctia cdc phu'o*ng trinh sau day
1) X%+ 4y?+ 922 + 12yz + 6xz + 4xy - - 4x - 8y—12z+3 0;
c X +y 4+l oyz-xz-3xy=0. L
~7.45. Mat nén x> + y* — 22% = 0 cét mat phing y = 2 theo dub‘ng gi?

7.46. Cac phuong trinh sau day x4c dinh mit gi ? X4c dinh vi trf mat dé
~ d6i v6i he truc toa do ban ddu O.xyz.

1) x*=yz o X
'2)4x2+9y2+36z2-8x-18y-72z_+13=o.
3)x2~-y?>—4x + 8y —2z=0. |
4 x*+y*-22-2y-2z=0.
- 5)x’+y*~6x+6y-4z+18=0.
6)4x2+y2"—zz—24x -4y +2z+35=0.
”7)x +y -2x- 2y+2z+2 0.
8) 9x% — 22 — 18x — 18y - 6z=0.
..9)x2—'xy—xz+yz=0. '
10) x2-|'-2);2 +22-2xy - 2yz=0.

DPap sé va hudng dan
7.1. = arccos—.
, ¢ = arccos 2

72. S=|AB A AC|= 49 dvdy).
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7.3.

7.4.
1.6.

7.7.
1&’

7.11.

S= %|_K§ AAC|= 22 @vdn.
33,
7
g.
=1.
Khong, vi ba vecto khic 6 dong phang khOng thé tu‘ng d01 mOt

' vuOng g6c v6i nhau.
7.10.

Huéng ddn : Tinh todn ha1 V& 16i 50 sanh két qua
x-X, Y-y, 2-%
1%, -% Ya - yi 7% =0.

X3=X; Y3=Y1 Z3T%h

©2)11x + 5y +132-30=0.

71;
7.13..
7.14.

. 17.15.

7.16.

7.17.
7.18.
7.19.
7.20.

7.21.

7.22.

7.23.

x—Ty-2z-21=0.
XxX+y+z-3=0."

~5x;+2y+5z—9=0.

X
-2—+—)2’-+z(i\/§)—

MG, 5,5).

\/Ex+y+z—5_‘=0.‘

4x +3y-2z=-1=0.

(AD, - A2D X + (B, D2 B2D1)y+(C D, - CZDl)z 0.
Xx-y+2=0.

.5
arcsin—.
6 | | |
1)x=2-6t, y=t, z=-143t;
2)x=—11t y'=2_+17t z=1+13t
‘4" 8 16) ..
Chan duo‘ng vuong géc H T ; phuong trinh dudng

t/hangOH:x=t,y=—2t,z=4t., _
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7.24.
7.25.

7.26.

7.27.

7.28.x:t,y#§¥t, zZ=-—=,
3 3

7.29.
7.30.

7.31.
7.32.

7.33.
7.35.

A =1, giao diém M(2, -2, 1).
NG, 3,-3). :
N(g, _i, _EJ
T 7 7)) -
X—-y—-z+4=0.
. .
Xx=1+5,y=1-t,z=1-"7t.
— Trén mét phing Oyz : ,
S5y+52-64=0,x=0
— Trén mat phing Oxz :
5x+52-2=0,y=0
~ Trén mat phing Oxy : |
' Sy-5x+62=0,z=0.
x=1+§/§t,y=—2+t,‘z”=.34_rt. |
(p'=a1"ccos29. |
IR YR
x=ty=2-tz=1-t. _
1) Elip v6i phuong trinh chinh tic :

2 .
‘£,+’5Y2 =1
4 7

2) Hypecbon véi phuong trinh chinh téc :

9

* 3)Elip v6i phuong trinh chinh thc :
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16Y -1

4X2 +
4) Parabon véi phuong trinh chinh téc :
| - Y?={2X.



7.36.

7.37.

7.38.

Mat nén dinh M(O 0, 1) truc Oz ¢6 phuong trinh

LSS G el Vi
| 25 9 4
1) Tru tron ; _ , 2) Truelip;
3) Tru hypecbon ; 4) Tru parabon ;
5) Tru parabén ; 6) Tru parabon ;
7) Tru tron ;  8) Truc Oz;

9) C4c mit phang phan gidc x =z va X=-z;

'10) Cic mat phdngy=0vay = x.

D x%+22=9,y =3 (dudng tron) ;

- 2)y*—x%=1;z=1 (hypecbon) ;

© 3)7% - y? x = 0 (hai dudng thing).

7.39.
7.40.

. 7.41.

7.42.
7.43.

7.45.
7.46.

4x% + 4y* - (z - 2)*=0.

3z=2’x2+'y2,-

2 2 '
x—+y—+zz='1."

9 5 -

x2+y =1, z—-l(du'ongtron)
1)TrucOy,

2) Né6n c6 truc Oy va dinh tai gOc toa do ;
3) Nén ¢6 truc Ox va dinh tai g6c toa do ;
4) GOc toa do '

' 5) Hai mat phang cét nhau theo truc Oz.
7.44.

1) Xé4c dinh cap mat phing ¢6 phuong trinh :

x+2y+3z1-1-0véx+2y+3z 3= 0.

2) Xéc dinh dudng thang X=y=2Z

Giao tuyén 1a hypecbc‘)n
1) Mat nén véi phuong trinh chmh tac
‘ 2 . 2
xt_ Y, Z _
2 2
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2) Elipx6it v6i phuong trinh chinh tic :

-)—;i + Y—2 +27% = |
'3) Paraboloit hypecbon : X2 - Y2=2Z.
#)Nénbachai:  X+Y*-Z’=0.
5) Paraboloit tron xoay: X’+Y2=4Z
6) Hypecbol6it mot tAng :
X2+ Yz 1
| . T4 s
7) Hypecboloit hai ting : |
| X2+ Y2 -Z2=-1.
8) Paraboloit hypecbon : |
.xz _Z 2Y.
9

9) Hai mat phing X = Y A X =Z.

10) Dudng thing: X=Y=Z.
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' Chju trach nhiém xudt bdn : _
Chd tich HDQT kiém Téng Gidm d6c NGO TRAN AT

. Phé Téng Gidm d6c kiem Téng bien tap NGUYEN QUY THAO

T6 chizc ban thdo vi chiu trach nluém ngi dung :
Chu tich HPQT kiém Giam d6c Céng ty CP Sach PH-DN
TRAN NHAT TAN

Bién tdp va sua bdn in :
pd HU'U PHU
Trinh by bia :
LUU CHi PONG
Ché'bdn :
QUANG CHINH
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