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LO1 GIOI THIEU

Toén roi rac 1a mot linh vyc nghién ctru va xu ly cac ddi tuong roi rac dung dé dém cac dbi
tuong, va nghién ciru mdi quan hé giira cac tap rdi rac. Mot trong nhimng yéu t6 1am Toan rdi rac
tré nén quan trong 13 viéc luu trit, xir Iy théng tin trong cac hé thdng may tinh vé ban chat 1a roi
rac. Chinh vi 1y do do, Toan hoc roi rac 1a mdt mén hoc bét budc mang tinh chét kinh dién cua céac
nganh Cong nghé thong tin va Pién tir Vién thong. Tai liéu huéng dan mon hoc Toan hoc roi rac
duoc xay dung cho hé dio tao tir xa Hoc vién Cong nghé Buu chinh Vién thong duoc xdy dung
dwa trén co sé kinh nghiém giang day mon hoc va ké thira tir gido trinh “Toan hoc rdi rac tng
dung trong tin hoc” ctia Kenneth Rossen. Tai liéu dugc trinh bay thanh hai phan:

Phan I trinh bay nhiing kién thtrc co ban vé 1y thuyét to hop thong qua viéc giai quyét bon
bai todn co ban do la: Bai toan dém, Bai toan ton tai, Bai toan li¢t ké va Bai toan tbi wu.

Phan 11 trinh bay nhiing kién thtc co ban vé Ly thuyét dd thi: khai niém, dinh nghia, cac
thuat toan trén d6 thi, dd thi Euler, d6 thi Hamilton. Mot sb bai toan co ung dung thuc tién quan
trong khac cua Iy thuyét do thi ciing dugc cha trong giai quyét d6 1a Bai toan t6 mau do thi, Bai
toan tim duong di ngin nhat va Bai toan ludng cuc dai trong mang.

Trong mdi phan cua tai lidu, ching t6i ¢d gang trinh bay ngan gon truc tiép vao ban chat
clia van dé, dong thoi cai dat hau hét cac thuat toan bang ngdn ngir lap trinh C nham dat dugc hai
muc tiéu chinh cho ngudi hoc: Nang cao tu duy toan hoc trong phén tich, thiét ké thuat toan va
rén luyén k¥ nang lap trinh v6i nhirng thuat toan phtrc tap. Mic du da rat cin trong trong qua trinh
bién soan, tuy nhién tai liéu khong tranh khoi nhitng thiéu sot va han ché. Ching t6i rit mong
dugc sy gop v qui bau cua tit ca doc gid va cac ban dong nghiép. Moi gbp ¥ xin gui vé: Khoa
Cong nghé Thong tin - Hoc vién Cong nghé Buu chinh Vién thong.

Ha N¢i, thang 05 nam 2006



Chuwong 1: Nhitng kién thirc co ban

PHAN I: LY THUYET TO HOP

CHUONG I: NHIPNG KIEN THUC CO BAN

Noi dung chinh ctia chuong nay dé cip dén nhiing kién thire co ban vé logic ménh dé va ly
thuyét tap hop. Bao gdm:

V' Gi6i thiéu tong quan vé Iy thuyét to hop.

v' Nhimng kién thirc co ban vé logic.

v' Nhing kién thirc co ban vé 1y thuyét tap hop.

v Mot s6 ung dung cua logic va Iy thuyét tap hop trong tin hoc.

Ban doc c6 thé tim thay nhimng kién thirc sdu hon va chi tiét hon trong céc tai lidu [1] va [2]
cua tai liéu tham khao.

1.1. GIOI THIEU CHUNG

T hop 1a mdt linh vyc quan trong cua toan hoc roi rac dé cap toi nhiéu van dé khac nhau
ctia toan hoc. Ly thuyét T hop nghién ciru viéc phan bd cac phan tir vao cac tap hop. Thong
thudng cac phan tir cta tap hop 14 hitu han va viéc phan b chiing phai thoa man nhiing diéu kién
nhit dinh nao dé tuy theo yéu cau cta bai toan nghién ctiru. Mdi cach phan b dugc coi 1a mot
“cdu hinh ciia té hgp”. Nguyén 1y chung dé giai quyét bai toan td hop duoc dya trén nhimg
nguyén 1y co sé d6 1 nguyén 1y cong, nguyén 1y nhan va mot sé nguyén 1y khac, nhung mot dic
thii khong thé tach rdi ciia toan hoc t6 hop d6 1a viéc ching minh va kiém ching cac phuwong phap
giai quyét bai toan khong thé tach roi may tinh.

Nhiing dang bai todn quan trong ma Iy thuyét to hop dé cap do 1a bai toan dém, bai toan liét
ké, bai toan ton tai va bai toan toi wu.

Bai toan dém: déy la dang bai toan nhiam tra 10i cau hoi “cé bao nhiéu ciu hinh thoa man
diéu kién da néu?”. Bai toan dém duoc ap dung c6 hidu qua vio nhitng cong viéc mang tinh chét
danh gia nhu xac suét cua mot su kién, d¢ phurc tap thuét toan.

Bai toan liét ké: bai toan liét ké quan tdm dén tat ca cac cdu hinh c6 thé c6 duoc, vi vay 1oi
giai cua n6 duoc biéu dién dudi dang thuat toan “vét can” tat ca cac cau hinh. Bai toan liét ké
thuong dugc lam nén cho nhiéu bai toan khac. Hién nay, mét s6 bai toan ton tai, bai toan tdi uu,
bai toan dém van chua c6 cach nao giai quyét ngoai phuong phap liét ké. Phuong phap liét ké
cang trd nén quan trong hon khi né duoc hd tro boi cac hé théng may tinh.
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Bai toan tdi wu: khic v4i bai toan liét ké, bai toan t6i wu chi quan tim t&i cAu hinh “tét
nhat” theo mot nghia nao d6. Py 1a mot bai toan c6 nhiéu tng dung thyc tién va 1y thuyét t6 hop
da dong gop mot phan dang ké trong viée xay dung cac thuat toan dé dua ra duoc nhitng mé hinh
t6i uru.

Bai toan ton tai: néu nhu bai toan dém thyuc hién dém bao nhiéu ciu hinh c6 thé co, bai
toan liét ké: 1iét ké tat ca cac cau hinh co thé co, bai toan tdi vu chi ra mot cau hinh tot nhat thi bai
toan ton tai giai quyét nhitng vin dé con nghi van nghia 13 ngay ké ca van d& c6 hay khong mot
céu hinh ciing chua biét. Nhimng bai toan nay thuong 1a nhitng bai toan kho, viéc s dung may tinh
dé chimg t6 bai toan d6 ton tai hay khong ton tai it nhat (hodc khong) mot cau hinh cang tré nén
hét sirc quan trong.

1.2. NHUNG KIEN THUC CO BAN VE LOGIC

Céc qui tic co ban cua Logic cho ta y nghia chinh xac cta cic ménh dé. Nhiing qui tic nay
dugc stir dung gitia cac 1ap luan toan hoc ding va khong dung. Vi muc ti€u co ban cta giao trinh
nay 1a trang bi cho sinh vién hiéu va xiy dung dugc nhitng phuong phap lap luan toan hoc dung
dan, nén ching ta s& bat dau nghién ctru toan hoc roi rac bang nhimng kién thirc co ban ciia mon
logic hoc.

Hiéu dugc phuong phép 1ap ludn toan hoc co ¥ nghia hét sirc quan trong trong tin hoc.
Nhitng qui tic ctia logic chinh 1a céng cu co s& dé chung ta c6 thé xay dung nén cac ngdn ngit 1ap
trinh, cic mang may tinh, kiém chung tinh ding din ciia chuong trinh va nhiéu tng dung quan
trong khac.

1.2.1. Dinh nghia & phép toan
‘7 bPéi tugng nghién ctru cua logic hoc 1&‘1“ nhitng ménh dé. Mot ménh dé duoc hiéu 1a mot cau
khang dinh hodc ding hodc sai chir khong thé vira dung vira sai.
Vi du: Nhiing cau khang dinh sau day 1a mot ménh dé:
» “Ha Noi la thu do6 cua Viét Nam.”
» [+ ]=2
= 2+2=3

Céc ménh dé “Ha Noi la thi @6 cia Viét Nam”, “1 +1 =2 “la nhiing ménh dé ding, ménh
dé “2 +2 =3 1a sai. Nhung nhirng cu trong vi du sau s& khong phai 1a mot ménh dé vi n6 nhing
cdu d6 khong cho ta khang dinh ding ciing chang cho ta khang dinh sai.

= “Bdy gio' la mdy gio ?”
= “Hay suy nghi diéu nay cho ky ludng”
= x+]=2
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Ta ky hi¢u nhiing chit cai A, B, C, D, p, ¢, r, s . . . la nhitng ménh dé. Gia tri cia mot ménh
dé dung duoc ky hidu 1a 7, gia tri ménh dé sai dugc ky hiéu 1a F. Tap gia tri { T, F } con dugc goi
la gia tri chan ly cua mot ménh dé.

Pinh nghia 1. Ménh d& p tuyén voi ménh dé ¢ (ky hiéu p v p) 1 mot ménh ma n6 chi nhan
gia tri T khi va chi khi it nhat mot trong hai ménh dé p, ¢ nhan gia tri 7. Ménh dé p v ¢ nhan gia
tri F khi va chi khi ca p, ¢ déu nhan gia trj F.

Pinh nghia 2. Ménh dé p hoi ménh dé ¢ (ky hiéu p A ¢ ) 1a moét ménh d& ma n6 chi nhan
gia tri T khi va chi khi p, ¢ nhan gia tri 7. Ménh dé p 4 ¢ nhén gié tri F khi va chi khi hodc p, ¢,
hodc ca hai nhan gia tri F.

Pinh nghia 3. Phu dinh ménh dé p (ki hiéu —p) 1a mot ménh dé nhén gia tri F khi va chi khi
ménh dé p nhan gia tri 7, nhan gia tri F khi va chi khi p nhan gia tri 7.

Pinh nghia 4. Ménh dé tuyén loai cua p va q, dugc ky hi¢u 1a p@q, 1a mot ménh dé chi
ding khi mdt trong p hodc q l1a ding va sai trong cac truong hop khac con lai.

Pinh nghia 5. Ménh dé p suy ra ménh dé ¢ (ky hiéu p — ¢) nhan gia T khi va chi khi p
nhan gia tri F hodc p va g cung nhén gia tri 7. Ménh d& p—q nhén gia tri F khi va chi khi p nhan
gia tri 7'va ¢ nhan gia tri F.

Pinh nghia 6. Hai ménh dé p, g duoc goi 1a kéo theo nhau (ky hiéu: p < ¢) 6 gia tri ding
khi p va q c6 cung gié tri chan ly va sai trong cac truong hgp khac con lai.

Céc phép toan: v, A, — @ — < c6 thé duoc dinh nghia thong qua bang gid tri chan 1y sau:

Béang 1.1: Bang gia tri chan ly cia cac phép toan v, A, -, ©, -,

p | a pvq pPAq —p p®q p—q p=q
T | T T T F F T T
T | F T F F T F F
F | T T F T T T F
F | F F F T F T T

1.2.2. Sy twong dwong gitra cic ménh dé

Mot van dé hét suc quan trong trong 1ap ludn toan hoc 1a viéc thay thé nay béng mot ménh
dé khac co cung gi tri chan 1y. Hai ménh dé c6 cing mot gia tri chan 1y chung ta c6 thé hiéu theo
cach théng thuong 1a chiing twong duong nhau vé ngir nghia. Do véy, ta s& tiép can va phén loai
cac ménh d& phurc hop thong qua cac gia tri chan Iy cia ching.

Pinh nghia 1. M6t ménh d& phirc hop ma ludn ludn ding véi bat ké cac gid tri chan 1y cua
cac ménh d& thanh phan ciia né duge goi 1 hang dung (tautology). Mot ménh dé ludn ludn sai véi
moi gia tri chan ly ctia cac ménh dé thanh phé‘m ctia n6 dugc goi 1a mau thuan.
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Vi du: ménh dé phtic hop p v—¢ 13 hang dung, p A —g 1a mau thuin vi gia tri chan Iy cua
cic ménh dé trén ludn ludn dang, hoac ludn ludn sai nhu dugce chi ra trong bang 1.2.

Bang 1.2. Vi du vé ménh dé hing ding & ménh dé méau thuin

T F T F
T T F

Pinh nghia 2. Hai ménh & p, ¢ dugc goi la tuong duong logic véi nhau (ky hidu: p = ¢q)
khi va chi khi cac cot cho gid tri chan 1y ciia chung gidng nhau. Hay ménh dé p—q la hang ding.

Vi du: hai ménh dé — (p v ¢) va —p A —q 13 tuong duong logic vi cac cot gia tri chan 1y cia
chung duoc thé hién qua bang sau:

Bang 1.3. Bang gia tri chan ly d6i véi —(p v q) va —pa—q

P q pvq —(pva) —p —q —pA—q
T T T F F F F
T F T F F T F
F T T F T F F
F F F 7’ T T T

Dung bang gia tri chan ly dé chimg minh tinh twong dwong logic gitra hai ménh d& phuc
hop cho ta mot phuong phép truc quan dé hiéu. Tuy nhién, véi nhitng ménh dé logic phuc hop ¢
k ménh dé thi can t6i 2* gia tri chan Iy dé biéu dién bang gia tri chan 1y. Trong nhiéu trudng hop
chung ta c6 thé chimg minh tinh twong logic bang viéc thay thé moét ménh dé& phic hop bang
nhiing twong duong logic cd trudc.

Bang phuong phap bang chan 1y, d& dang ching minh duoc sy twong duong cua cac cong
thirec dudi day:

P—>q =-—pvq
J2=V} = (p—>q)/(q—p)
—(—p) =p
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Bang 1.4. Bang cac twong dwong logic

TUONG PUONG TEN GOI
pAT=p Luat dong nhat
pvFE=p
pvT=T Luat nudt
pAF=F
pvp=p Luat luy dang
PAP=p
—(=p)=p Luat phu dinh kép

pvq=qvVvyp Luat giao hoan
PAQ=qAD
(pvqgvr=pv(qvr) Luat két hop
PAg@AT=pA(qAT)
pv(igan=(pvq)A(pvr) Luat phan phdi
pA(qvr=(pPAaqVv(par)

—(pArq)=—pVv—q Luat De Morgan

=(pvq)==pAr—q

Vi du: Chiing minh réng —(p A (—q A g ) la tuong duong logic voi —p A —q.

Chirng minh:

(pAr(q1rq)=—pA—(—pArq) theo luat De Morgan thtr 2
=spA[—(-pv— theo luat De Morgan thir 2
=pal[pv—] theo luat phu dinh kép
=(—pArp) v(pAr—) theo luat phan phoi
=Fv(-pa—) vi-pap=F
=—pA— Ménh dé duoc ching minh.

1.2.3. Dang chuin tic

Céc cong thirc (ménh dé) twong duong dugc xem nhu cac biéu dién khac nhau cua cing
mot ménh dé. Bé d& dang viét cac chuwong trinh may tinh thao tic trén cic cong thirc, chiing ta cin
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chuan héa cac cong thirc, dwa chiing vé dang biéu dién chuan dugc goi 1a dang chudan héi. Mot
cong thirc dugc goi 1a & dang chuan hdi néu no 1a hoi cua cac m¢nh de tuyen.

Phuong phap dé bién ddi mot cong thirc bat ky vé dang chuan hoi bang cach ap dung cac
thu tuc sau:

= B0 cac phép kéo theo (—) bang cach thay (p—q) boi (—p—>q).

= Chuyén cac phép phu dinh (—) vao sat cac ky hiéu ménh dé bang cach ap dung luat
De Morgan va thay —(—p) béi p.

= Ap dung luat phan phdi thay cac cong thiic ¢6 dang (pv(qAr)) béi (pvq)A(pvr).
Vi du: Ta chuén hoéa cong thirc (p—q)v—(rv—s):
(p=>q)v—(rv—s) =(=pvq) v(—rAs)
= ((=pv@)v—r) A((=pVvQ)Vvs)
= (=pVqv—n)A(=pVqVs)

Nhu vay cong thirc (p—q)v—(rv—s) dugc dua vé dang chuan hoi (—=pvqv—r)A(—pvqvs)

1.3. VITU VA LUQNG TU

Trong toan hoc hay trong cac chuong trinh may tinh chung ta rat hay gip nhitng khang
dinh chua phai 1a mot ménh dé. Nhitng khang dinh d6 déu c6 lién quan dén cac bién. Ching han
khang dinh:

P(x) = “x > 3” khong phai 1 mot ménh dé nhung tai nhimg gia tri cu thé cta x = xo nao do6
thi P(xo) lai 1a mot ménh dé. Hodc trong nhitng doan chuong trinh gip ciu lénh:

if (x> 3)then x:=x +1;
thi chuong trinh s& dat gid tri cu thé cua bién x vao P(x), néu ménh dé P(x) cho gia tri dung x s&
duogc tdng 1én 1 boi cau Iénh x:=x+1, P(x) co gia tri sai gia tri cua x dugc gilt nguyén sau khi thuc
hién cau Iénh if.

Chung ta c6 thé phan tich mdi khang dinh thanh hai phan chii ngir va vi ngit (hay vi tir),
trong cau “x 16n hon 3” ta c6 thé coi x 1a chu ngit, “I6n hon 3” 1a vi ngit, ham P(x) duoc goi 1a
ham ménh dé&. Mot ham ménh dé ¢6 thé c6 mot hodc nhiéu bién, gia tri chan ly cua ham ménh dé
tai nhitng gia tri cu thé cua bién dugc xac dinh nhu nhitng ménh dé thong thuong.

Vi du: Cho Q(x, y, z) 1a ham ménh dé xac dinh cau x> = y* +z° hiy x4c dinh gia tri chan 1y
ctia cac ménh & Q (3,2, 1), Q (5, 4, 3).

Giai:

Dat gia tri cu thé cua x , y, z vao Q(x,y,z) ta co:

Q(3.,2,1) 1a ménh dé “3% = 2%+ 1" 1a sai do 6 Q(3,2,1) 1a ménh d¢é sai. Trong d6, Q (5, 4, 3)
12 ménh dé “5% = 4% + 3> dung, do d6 Q(5,4,3) 1a ménh dé dung.

10
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Tong quat, gia st M 1a mot tip hop cac phan tir ndo d6. M thudng duge goi 1a trudng hay
mién x4c dinh cta cac phén ttr thude M. Khi do, biéu thirc P(x) goi 1a vi tir xac dinh trén truong
M néu khi thay x bdi mot phan tir bat ky cia trudng M thi P(x) s& trd thanh mot ménh dé trén
truong M.

Khi tit ca cac bién ctia ham ménh dé déu duoc gan nhiing gia tri cu thé, thi ménh dé tao ra
s& xac dinh gi4 tri chan ly. Tuy nhién, c6 mot phuong phap quan trong khac dé bién mot ham
ménh dé thanh mot ménh d& ma khong can phai kiém chimng moi gié tri chan 1y ciia ham ménh dé
tuong (mg vai cac gia tri cua bién thudc truong dang xét. Phuong phap dé goi 1a sy lugng hoa hay
luong tir. Chung ta xét hai lugng tir quan trong 13 lwong tir véi moi (ky hiéu:V), lwong tir ton tai
(ky hi¢u:3).

Pinh nghia 1. Luong tir v6i moi ciia P(x) ky hiéu 1a Vx P(x) Ia mot ménh dé “P(x) ding
v6i moi phan tir x thudc truong dang xét”.

Vi du: Cho ham ménh dé P(x) = X*> + X + 41 1a nguyén t6. Xéac dinh gi4 tri chan 1y cua
ménh d& V P(x) véi x thudc khong gian bao gdbm cac sé tu nhién [0..39].

Giai: vi P(x) dung voi moi gié tri cia x € [0..39] = V P(x) la dung.

Vi du: Cho P(x) 12 ham ménh d& “x + 1 > x”. Xéc dinh gia tri chan Iy ctia ménh dé V x
P(x), trong khong gian cac s thyc.

Giai: vi P(x) dung v6i moi s6 thuc x nén Vx P(x) 1a dung.

Pinh nghia 2. Luong tir t6n tai cia ham ménh dé P(x) (dwoc ky hiéu 1a:3 x P(x) ) 1a mot
ménh dé “Tdn tai mot phéan tir x trong khong gian sao cho P(x) la diing «.

Vi du: Cho P(x) 1a ham ménh dé “x > 3”. Hay tim gia tri chan Iy ciia ménh dé 3 x P(x)
trong khong gian cac s thyc.

Giai: vi P(4) 1a “4 > 3” dung nén 3 x P(x) la dung.

Vi du: Cho Q(x) 1 “x + 1 > x”. Hay tim gié tri chan 1y ciia ménh d& 3 x Q(x) trong khong
gian cac s thuc.

Giai: vi Q(x) sai v6i moi x € R nén ménh dé 3 x Q(x) 1 sai.

Bang 1.5: Gia tri chan ly cua lwgng tir V, 3

Vx P(x) P(x) ding v&i moi x Co mot gia tri cia x dé P(x) sai

Ix P(x) C6 mot gid tri ciia x dé P(x) diing P(x) sai voi moi x

Dich nhirng ciu thong thuwong thanh biéu thirc logic: Dich mot cdu duoc phat biéu bang
ngdn ngit tw nhién (cau hoi thong thudng) thanh mot biéu thire logic ¢b vai trd hét sitc quan trong
trong xay dung cac ngdn ngilt 1ap trinh, chuong trinh dich va xu 1y ngdn ngit ty nhién. Qua trinh
dich mét cau tir ngén ngt ty nhién thanh mot biéu thirc s& lam mét di tinh tu nhién cia ngon ngl
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vi da s cac ngon ngir déu khong rd rang, nhung mot biéu thirc logic lai rit rd rang chit ché tir ¢
phap thé hién dén ngit nghia cua cau. Piéu nay din dén phai c6 mot tap hop céac gia thiét hop Iy
dua trén mdt ham xac dinh ngir nghia cua cau d6. Mot khi cau da dugc chuyén dich thanh biéu
thirc logic, ching ta c6 thé xac dinh duoc gia tri chan 1y cua biéu thuc logic, thao tac trén biéu
thirc logic, bién dbi twong duong trén biéu thic logic.

Chung ta s& minh hoa viéc dich mdt cau thong thuong thanh biéu thic logic théng qua
nhiing sau.

Vi du dich cau “Ban khong dugc lai xe may néu ban cao dudi 1.5 mét trir phi ban trén 18
tudi” thanh biéu thirc logic.

Giai:
Ta goiplacau :Ban dugc lai xe may.
qlacau :Bancao dudi 1.5m.
rlacau  :Ban trén 18 tudi.
Khi d6: Cau hoi trén dugc dich la: (QA—=1r)—> —p
Vi du: Dich cau “T4t ca cac sinh vién hoc tin hoc déu hoc mon toan hoc roi rac”

Giai: Goi P(x) la cau “x can hoc médn toan hoc roi rac” va x dugc xac dinh trong khong
gian cta cac sinh vién hoc tin hoc. Khi d6 chiing ta c6 thé phat biéu: V x P(x)

Vi du: Dich cau “Cé mét sinh vién & 16p nay it nhat dd ¢ tit ca cac phong cua it nhat mot
nha trong ky tic xa”.

Giai: Goi tap sinh vién trong 16p 1a khong gian xac dinh sinh vién x, tdp cac nha trong ky
tuc x4 la khong gian xac dinh cén nha y, tp cac phong la khong gian x4c dinh phong z. Ta goi
P(zy) 1a “z thudc y”, Q(x,z) 1a “x dd ¢ z”. Khi d6 ta c6 thé phat biéu:

Ix3IyVz(Pzy) - QXx,2));

1.4. MOT SO UNG DUNG TREN MAY TiNH

Cic phép toan bit: Cac hé thong méy tinh thuong dung cac bit (binary digit) dé biéu dién
thong tin. Mt bit c6 hai gia tri chan 1y hodc 0 hodc 1. Vi gia tri chén ly cia mot biéu thirc logic
cling c6 hai gia tri hodc ding (T) hodc sai (F). Néu ta coi gia tri ding c6 gia tri 1 va gi tri sai 14 0
thi cac phép toan vai cac bit trong may tinh dugc tuong ung vai céc lién tir logic.

Mot xau bit (hodc xau nhi phan) 1a day khong hodc nhiéu bit. Chidu dai cua xau 1a sé cac bit
trong xau do.

Vi du:
Xaunhi 101010011 c¢6 d¢ dai la 9.

Mot s6 nguyén dugc biéu dién nhu mot xau nhi phan c6 d¢ dai 16 bit.
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Céc phép toan vai bit dugce xdy dung trén cac xau bit ¢6 cung do dai, bao gdom: AND bit
(phép va cip bit), OR (phép hoic cap bit), XOR (phép tuyén loai trir cap bit). Vi du: cho hai xau
bit 01101 10110 va 11000 11101 hay tim xau AND bit, OR bit, XOR bit.

Phép AND

01101 10110
11000 11101

01000 10100
Phép OR

01101 10110
11000 11101

11101 11111

Phép XOR

01101 10110
11000 11101

10101 01011

Thuit toan cac phép tinh sé nguyén: Cac thuat toan thuc hién cac phép tinh véi cac
s6 nguyén khi dung khai trién nhi phén 1a hét strc quan trong trong bd xir 1y s6 hoc ctia may
tinh. Nhu chung ta da biét, thuc chat cac sb nguyén dugc biéu dién trong mdy tinh 13 cac
xau bit nhi phan, do vy chung ta c6 thé st dung biéu dién nhi phan cta cac s6 dé thuc hién
cac phép tinh.

Gia sir khai trién nhi phan cta cac s6 nguyén a va b tuong tng 1a:

a=(ap18n2 . . .2130)2 , b= (bp1bpa . . .biby) . Khai trién ctia a va b ¢6 diing n bit (chip nhan
nhiing bit 0 & ddu dé lam dic n bit).

Xét bai toan cong hai s6 nguyén viét & dang nhi phan. Thu tuc thyc hién viéc cdng cling
gidng nhu 1am trén gidy thong thuong. Phuong phap nay tién hanh bang cach cong cac bit nhi
phan tuong tmg c6 nhd dé tinh téng hai sé nguyén. Sau day 1a mé ta chi tiét cho qua trinh cong
hai xau bit nhi phan.

Dé cong a vai b, trude hét ta cong hai bit phai nhét, nghia 1a:

ap + bg = co*2 + sp; trong do6 s 1a bit phai nhit cta s nguyén téng a+Db, colasb can dé nhé
n6 c6 thé bang 0 hodc 1. Sau d6 ta cong hai bit tiép theo va s6 nhé:

a1 + by + co=c*2 + sy; sy 12 bit tiép theo ctia s6 a + b, ¢; 1a s6 nhd. Tiép tuc qua trinh nay
bang cach cong cac bit trong tng trong khai trién nhi phan va s6 nhd, & giai doan cudi cing: a,
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+ byt + Cuo = Coy * 2 + s, Bit cudi cung cua téng 14 ¢,.;. Khi @6 khai trién nhi phan cua téng a-+
bla (snan_l . .Slso)z.

Vidu: cong a=(1110),, b=(1011),

Giai:

Trude hét lay:
atby=0+1=0*2+1=c=0,s80=1

Tiép tuc:
atb+c=1+1+0=1*2+0=c¢=1,8 =0
atb+tc=1+0+1=1*2+0=c¢c=1,5,=0
atbytce,=1+1+1=1*2+1=c3=1,55=1

Cubi cung:
ss=c3=1=a+b=(11001),

Thuit toan cong:

void Cong(a , b: positive integer)

{
/*¥a = (an1an2 . . .@180)2 , b = (bn-1bn2 .+ .+ .b1bg)a %/
c=0;
for (j=0; j< n-1; j++) {
d=[(a + b + )/ 2];
Sj=a;+ by +c-2d;
c=d;
by
Sh=C;
/*khai trién nhi phan cla téng 1a (Shan-1 « - -S150)2;
b

Thuit toan nhan: Pé nhan hai s6 nguyén n bit a, b ta bat dau tir viéc phén tich:
a= (an_lan.z. ’ .alao), b= (bn_1bn_2. . .b]b())

n—1

= ab =a2j;10bj2122a(bj2])

j=0

Ta c6 thé tinh a.b tir phuong trinh trén. Trudc hét, ta nhan thiy ab; = a néu b=1, ab~=0 néu
b;=0. Mdi 1an tinh ta nhan véi 2’ hay dich chuyén sang trai j bit 0 bang cach thém j bit 0 vao bén
14
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trai két qua nhan dugc. Cudi cung, cong n sd nguyén ab; 2) (7=0..n-1) ta nhan duoc a.b. Vi du sau
day s€ minh hoa cho thuat toan nhan:

Vi du: Tim tich cua a = (110),, b= (101),
Giai: Ta nhan thiy:
abe2’ = (110),*1*2° = (110),
abi2' = (110),*0*2" = (0000),
ab,2? = (110),*1*2% = (11000),

St dung thuat toan tinh tong hai s6 nguyén a, b c6 biéu dién n bit ta nhan duoc(ta c6 thé
thém sb 0 vao dau mdi toan hang):

(0110),+ (0000),= (0110)5;
(00110),+ (11000),= (11110),= ab.
Thuét toan nhan hai sb nguyén n bit c6 thé dugec mo phong nhu sau:
void Nhan( a, b: Positive integer){
/* khai trién nhi phan tuong ’ng cla a = (an-18n-2- . .@130),
b = (bn-1bn-2- . .bibg) */
for (j=0; j< n-1; j++) {
if ((by==1)
G = a* 2; [* a dugc dich trai j bit 0 */
else ¢ =0;
b
/*Co, Ci.., Cot 1@ Nhitng tich riéng ctia ab; 2’(j=0..n-1 */
p=0;
for (j=0; j< n-1; j++)
P=P+G
/* p la gia tri cua tich ab */

}

1.5. NHUNG KIEN THUC CO BAN VE LY THUYET TAP HQOP

1.5.1. Khai niém & dinh nghia

Céc tap hop dung dé nhom cac ddi tuong lai v6i nhau. Thong thudng, cac ddi tuong trong
tap hop c6 cac tinh chét twong tw nhau. Vi dy, tit ca sinh vién moi nhap truong tao nén mot tap
hop, tat ca sinh vién thuéc khoa Cong ngh¢ thong tin 1a mot tap hop, cac s6 tu nhién, cac sd thuc..
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. ciing tao nén céc tap hop. Chu ¥ rang, thuat ngir ddi tugng duoc ding ¢ diy khong chi 1 cu thé
mot ddi trong nao, sy mo ta mot tp hop nao do hoan toan mang tinh truc gidc vé cac ddi tuong.

Pinh nghia 1. Tap cac ddi tuong trong mot tip hop dugc goi 13 cac phan tir cia tap hop.
Cac tap hop thuong duogc ky hi€u bdi nhitng chit cai in hoa dam nhu A, B, X, Y..., cac phén tr
thudc tap hop hay dugc ky hi¢u boi cac chir céi in thuong nhu a, b, c, u, v... Pé chi a la phﬁn tor
ctia tap hop A ta viét a €A, trai lai néu a khong thudc A ta viét a ¢A.

Tap hop khong chira bat ky mot phan tir nao dwoc goi 1a tap rdng (ki hiéu 1a ¢ hoic { })

Tap hop A duoc goi 1a bang tap hop B khi va chi khi chung ¢6 cung chung cac phan tir va
duogc ki hiéu 1a A=B. Vidu tap A={1,3,5 } sébangtapB={3,5,1 }.

Dinh nghia 2. Tap A dugc goi 1a mot tap con cua tap hop B va ky hiéu 1a AcB khi va chi
khi mdi phan tir ctia A 12 mot phan tir ciia B. Hay A < B khi va chi khi luong tir:

V x (xe A - x € B) cho ta gia tri ding.
Tir dinh nghia trén ching ta rt ra mot s6 hé qua sau:
= Tap rong ¢ 1a tap con clia moi tap hop.
=  Moi tap hop la tap con cia chinh né.
» NéuAc BvaBc A thi A=B hay ménh dé:
X (xe A—>xeB)vVx(xeB—>x e A)cho ta gia tri dung.
» Néu Ac B va A#B thi tanoi A la tap con thuc su cua B va ky hi¢u 1a AcB.

Pinh nghia 3. Cho S 1a mot tap hop. Néu S ¢6 chinh x4c n phan tir phan biét trong S, v6i n
1a s6 nguyén khong 4m thi ta n6i S 1a mét tap hiru han va n duoc goi 1a ban sé ciia S. Ban s cua S
duoc ky hiéula |S |.

Pinh nghia 4. Cho tip hop S. Tap luy thira ctia S ky hiéu 1a P(S) 1a tap tat ca cac tap con
cua S.

ViduS={0,1,2} =P(S)={ ¢, {0}, {1}, {2}, {0,1}, {0, 2}, {1,2} {0, 1,2}}.

Pinh nghia 5. Diy sip thi tu (aj, a,.., a,) 14 mot tip hop sip thir tu ¢6 a; 1a phan tir thi
nhét, a, 1a phén tr thr 2, .., a, la phﬁn tr thir n.

Chung ta n6i hai ddy sap thir tw 1a bang nhau khi va chi khi cac phan tir twong mg ctia
ching la bfing nhau. Noi cach khac (a;, ay,.., a,) béng (by, by,.., by) khi va chi khi a; = b; vdi moi 1
=1, 2, .n.

Pinh nghia 6. Cho A va B 13 hai tap hop. Tich dé cac ciia A va B dugc ky hiéu 1a AxB, 1a
tap hop cua tat ca cac cap (a,b) vdi acA, b €B. Hay c6 thé biéu dién bang biéu thic:

AxB={(a,b)|ac AAbeB}
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Pinh nghia 7. Tich dé céc cua cac tap Ay, Ay, . ., A, duoc ky hi¢u 1a A;xA,x..xA, 1a tap
hop cua day sép thir tu (ay, ay,.., ay) trong d6 a;e A; véii= 1, 2,.n. No6i cach khac:

AxArx.xA,= { (a, az,.., ay) | ai€A; voii=1,2,.n }
1.5.2. Cac phép toan trén tap hop

Cac tap hop co6 thé duoc t6 hop véi nhau theo nhidu cach khac nhau thong qua cac phép
toan trén tdp hop. Cac phép toan trén tdp hop bao gém: Phép hop (Union), phép giao
(Intersection), phép trur (Minus).

Pinh nghia 1. Cho A va B 1a hai tap hop. Hop cia A va B dugc ky hi¢u la AUB, la tap
chtra tt ca cac phﬁn ti hoac thudc tap hop A hodc thudc tap hop B. Noi cach khac:

AUB={x|xe AvxeB}

Pinh nghia 2. Cho A va B 1a hai tap hop. Giao cua A va B dugc ky hi¢u la AnB, 1a tap
chira tat ca cac phén tr thudc A va thudc B. Noi cach khac:

AUB={x|xe AArxeB}

Pinh nghia 3. Hai tip hop A va B duoc goi 13 1di nhau néu giao cua chung 1a tap rong
(AnB=1¢).

Dinh nghia 4. Cho A va B 14 hai tap hop. Hi¢u cta A va B 1a tap hop dugc ky hi¢u la A-B,
¢6 cac phan tir thudc tap hop A nhung khong thudc tap hop B. Hiéu cua A va B con duoc goi 1a
phan bu ctua B d6i v6i A. N6i cach khac:

A-B={x|xe Arx¢B}

Pinh nghia 5. Cho tap hop A. Ta goi A la phan bu cta A 1a mot tip hop bao gdm nhimng
phan tir khong thudc A. Hay:

A= {x | x ¢ A}
Pinh nghia 6. Cho cac tip hop Ay, A,, . ., A,. Hop cua cac tap hop 1a tap hop chira tat ca
cac phan tir thudc it nhat mot trong sd cac tap hop A; (i=1, 2, . ., n). Ky hiéu:
n
Ud,=1U4rU---U 4,
i=l1
Pinh nghia 7: Cho céc tap hop Aj, A, . ., A, Giao cua cac tap hop la tap hop chira cac
phf?m tt thudc tit ca n tap hop A; (i=1, 2, . ., n).

n
Udj=A1nA42 M. 4y
i=1
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1.5.3. Cac hiang dang thirc trén tap hop

MGdi tap con cua tap hop tuong tng v6i mot tinh chét xac dinh trén tap hop di cho duge goi
1a ménh d&. Voi twong tng nay, cac phép toan trén tap hop dugc chuyén sang cac phép toan cua
logic ménh dé:

* Phu dinh ctia A, ky hiéu A (hay NOT A) tuong tig v6i phan bu A
= Tuyén cta A va B, ky hiéu A v B (hay A or B) twong tmg véi A U B
= Hoicua A va B, ky hiéu A A B (hay A and B) tuong tmg v6i A N B

Céc ménh dé cung véi cac phép toan trén né 1ap thanh mot dai s6 ménh dé (hay dai s6 logic).
Nhu thé, dai sb tap hop va dai sb logic 13 hai dai s6 ddng ciu véi nhau (nhitng ménh d& phat biéu
trén dai sd logic twong dwong vi ménh dé phat biéu trén dai sd tap hop). Véi nhiing truong hop cu
thé, tuy theo tinh hudng, mot bai toan c6 thé duoc phat biéu bang ngdn ngir cia dai s6 logic hay
ngon ngir cua dai s6 tap hop. Bang 1.5 thé hién mot s6 hing dang thirc ctia dai sb tap hop.

Ta goi U 1a tap hop vil try hay tap hop cua tat ca cac tap hop.

Bang 1.5: Mot s6 hing ding thirc trén tip hop

HANG PANG THUC TEN GOI
Aud=A 5 .
Luat dong nhat
AN U=A (U latap vii try)
AuU=U .
Luéat nudt
And=A
ANA=A ,
Luat luy dang
AUA=A
4 =A Luét bu
AnNnB=BnA )
Luat giao hoan
AUB=BUA
AuBuUC)=AuB)UC .
Luat ket hop
ANBnC)=(AnB)nC
AuBnNnC)=AuBUANC) .
Luat phan phoi
ANnBulC)=(AuB) Nn(AuUC()
AUB =ANB
- —_ _ Luat De Morgan
ANB =AUB
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1.6. BIEU DIEN TAP HQP TREN MAY TINH

C6 nhiéu cach khac nhau dé biéu din tap hop trén méy tinh, phuong phap phd bién 1a luu
trit cac phan tir ctia tdp hop khong sip thtr tu. Vé6i viée luu trit bang phuong phép ndy, ngoai
nhitng ling phi bo nh¢ khong can thiét, thi qua trinh tinh hop, giao, hiéu cac tap hop gip nhiéu
kho khin va mat nhiéu thoi gian vi mdi phép tinh doi hoi nhiéu thao tac tim kiém trén cac phan
tir. Mot phuong phap luu trit cac phan tir bang cach biéu dién co thir tu cta cic phan tir cia mot
tap vil tru té ra hiéu qua hon rat nhiéu trong qua trinh tinh toén.

Gia st tap vii tru U 13 hiru han gdm n phan tir(hiru han duoc hiéu theo nghia cac phan tir cia
U luu trit duoc trong bd nhé may tinh). Gia sir ta muén biéu dién tap hop Ac U. Trudc hét ta
chon mét tha ty tuy y nao do ddi véi cac phi‘m tur cua tap vi try U, gia st ta dugc bo co thir tu
aray, . ., a,. Sau do xay dung mdt xau bit nhi phan c6 do dai n, sao cho néu bit ther i co gia tri 1 thi
phﬁn tr a;€A, néu a; =0 thi a;jgA (i=1,2..,n). Vi du sau s€ minh hoa k¥ thuat biéu dién tap hop
bang xau bit nhi phan.

Vidu: Giasa U={1,2,3,4,5,6,7,8,9, 10 }. Hiy biéu dién tdp hop A c U la

1. Téap cac s6 nguyén 1é¢ A — U.

Tap cac sb6 nguyén chin B cU.

Tap céac sb nguyén nhé hon 5 C c U.

TimA UB

A

Tim AnC. ..

Giai: Trudc hét ta coi tho tw cac phan tr dwoc sip xép theo thu tu ting dan tuc a=i
(i=1,2,..,10). Khi do:

1- Xau bit biéu dién cac sd 1é trong U ({1, 3, 5,7,9 } ) 1a xau c6 d6 dai n = 10 trong d6 cac
bit & vi tri thir 1, 3, 5, 7, 9 ¢6 gid tri 1a 1, cac bit con lai c6 gia tri 1a 0. Tu do ta c6 xau bit biéu
diéntap hop A1a: 1010101071 0.

2- Xau bit biéu dién cac s6 chan trong U ( {2, 4, 6, 8, 10 } ) 1a xau ¢6 d6 dai n = 10 trong d6
cac bit ¢ vi tri thor 2, 4, 6, 8, 10 ¢6 gia tri 1a 1, cac bit con lai c6 gia tri 1a 0. Tur d6 ta c6 xau bit
biéu dién tap hop B1a: 010101010 1.

3- X4u bit biéu dién céc s6 nho hon 5 trong U ( {1, 2, 3,4 } ) 1a xau c6 d6 dai n = 10 trong
d6 cac bit ¢ vi tri thwr 1, 2, 3, 4 c6 gia tri 1a 1, cac bit con lai c6 gié tri 1a 0. Tur d6 ta c6 xau bit biéu
diéntap hop C1a: 111100000 0.

4- Xau bit biéu dién tap hop AUB1a: (1010101010v0101010101)laxaull]l
111111 1. Nhuvay,AUuB=U.

5- Tuong tw nhu vy v6iAnNC & (1010101010A1111000000)laxau: 1010
000000.NhwviyAnC={1,3}
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NHUNG NQI DUNG CAN GHI NHO
Can hiéu va ndm ving dugc nhitng ndi dung sau:
v' Cac phép toan hoi, tuyén, tuyén loai, suy ra, kéo theo ciia logic ménh dé.

v" Céac phuong phap chung minh dinh 1y dung bang chan 1y va cic twong duwong
locgic.

v' Phuong phap biéu dién cac cau hoi thong thudng bang logic vi tir.
v" Dinh nghia va cac phép toan trén tap hop.
v' Phuong phap biéu dién tap hop trén may tinh

BAI TAP CHUONG 1

Bai 1. Lap bang gia tri chan 1y cho cac ménh dé phirc hop sau:

a) (p > @) © (—q—>—p) b) (p >q) —>(q —p)
P v®—q) )PS9 >S9
e)(peqVv(pD-q) £) (=p & =q) & (p>q)
g (pvAa-r h)y(pAg)v—r

) (pe>qVv(=qer) j) (=p ©—q) <>(g1)

Bai 2. Dung bang chan 1y chirng minh ludt giao hoén:
pvq<qvp
pAqQ<=qADp
Bai 3. Dung bang chan 1y chirng minh luat két hop:
(pvgvrepv(qv)
(pAr@ AT DpA(QAT)
Bai 4. Dung bang chan ly chirng minh luat phan phéi:
pA(@v S (pPAaAq V(pATD)
Bai 5. Chtirng minh cac cong thire sau day la déng nhat dung béng cach 1ap bang gia tri chan ly:
a) (X=2(Y>22)) >((X >Y)>(X>2));
b) (X—=>Y)>((X—>2Z2)>(X—>(YAZ)));
c) (X>2Z) >((Y2>2)-((XVvY)—>2)).

Bai 6. Chirng minh cac cong thue sau day 1a tuong duong logic:
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a) Xv AL AaonY SXVvI)AXVY)AAXVY)
by Xn Y, vY,v..vY S XAY)VXAY)V..V(XAY))
¢) X, vX,v--vX & ZAZA---AX_”
d) X\nX,nnX, & ZVZV“-VX_n

Bai 7. Cho A, B, C la cac tap hgp. Ching minh rﬁng:
(A-B)-C=(A4-C)—-(B-0)

Bai 8. Cho A, B, C la céac tap hop. Ching minh rang:
(B-A)u(C-4)=(BulC)—-4

Bai 9. Chimg minh ring néu A, B 1a c4c tap hop thi:
(ANB)U(ANB)=4

Bai 10. Cho A, B, C 1 cac tap hop. Chiing minh ring:
a) ANBNC=A4UBUC
by (AnBNC)c (AN B)
c) (A-B)-Cc(4-0)
d) (A-C)Nn(C-B)=
e) (B-A)u(C-A4)=BulC)-4
f) A-B=ANB
2) (ANB)YUANB=4
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CHUONG II: BAI TOAN BPEM VA BAI TOAN TON TAI

Pém cac dbi twgng cé nhitng tinh chit ndo d6 13 mot bai toan quan trong cua 1y thuyét to
hop. Giai quyét tot bai toan dém gilip ta giai nhiéu bai toan khac nhau trong danh gia do phuc tap
tinh toan cua cac thudt toan va tim xac suat roi rac cac bién cb. Phuong phéap chung dé giai bai
toan dém dugc dua trén cac nguyén Iy dém co ban (nguyén 1y cong, nguyén 1y nhan). Mot sb bai
toan dém phuc tap hon duoc gidi bang cach qui vé cac bai toan con dé str dung dugc cac nguyén
1y d&&m co ban hodc tim ra hé thirc truy hdi tong quat.

Noi dung chinh duoc dé cap trong chuong nay bao gdom:
v' Céc nguyén ly dém co ban

Nguyén ly bu tru

Hoan vi va to hop

Heé thirc truy hoi

Qui vé& céac bai toan con

G161 thiéu bai toan ton tai

A N N N N

Phuong phap phan ching giai quyét bai toan ton tai.
v' Nguyén ly Dirichlet giai quyét bai toan ton tai.

Ban doc ¢ thé tim hiéu nhiéu ky thuat dém cao céip hon trong tai li¢u [1], [2] trong phﬁn
tham khao cua tai liéu nay.
2.1. NHUNG NGUYEN LY DEM CO BAN
2.1.1. Nguyén ly cong

Gia sir ¢6 hai cong viée. Viée thir nhat c6 thé tién hanh bang n, cach, viéc thir hai c6 thé tién
hanh béng n, cach va néu hai viée nay khong thé tién hanh déng thoi. Khi d6 s& ¢6 ny + n, cach dé
giai giai quyét mot trong hai viéc trén.

Chung ta ¢6 thé mé rong qui tic cong cho truong hop nhidu hon hai cong viée. Gia sir cac
viéc Ty, Ts,.., Tn €O thé 1am tuong Ung béng ny, Ny,.., Ny cach va gid st khong c6 hai viéc T;, T
nao lam viéc déng thoi (i,j = 1, 2,.., m ; i #j ). Khi do, c6 n; + n, +.. +n,, cach thuc hién mot trong
cac cong viee Ty, Ta,.., T,

Qui tic cong duoc phat biéu dudi dang cia ngdn ngit tap hop nhu sau:

= Néu A va B 12 hai tap rdi nhau (A N B = ¢) thi: N(AUB) = N(A) + N(B).
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" NéuA, Ay, A, la nhitng tap hop roi nhau thi:
N(A; U Ay u.. UA, ) =N(A)) + N(Ay) +..+ N(A)).

Vi du 1. Gia st can chon hodc mot can b hodc mot sinh vién tham gia mdt hoi déng cua
mot truong dai hoc. Héi c6 bao nhiéu cach chon vi dai biéu nay néu nhu ¢6 37 can bd va 63
sinh vién.

Giai: Goi viéc thir nhit 13 chon mot can bo tir tap can bo ta c6 37 cach. Goi vi¢e thir hai la
chon mot sinh vién tir tap sinh vién ta c6 63 cach. Vi tap can bd va tap sinh vién la roi nhau, theo
nguyén 1y cong ta c6 tong sb cach chon vi dai biéu nay 1a 37 + 63 = 100 cach chon.

Vi du 2. Mot doan van dong vién gdm mon ban sung va boi duoc ctr di thi ddu ¢ nude
ngoai. S6 van dong vién nam 1a 10 nguoi. S6 van dong vién thi bin sing ké ca nam va nit 1a 14
ngudi. SO nit van dong vién thi boi bang sd van dong vién nam thi ban sing. Hoi doan ¢ bao
nhi€u nguoi.

Giai: Chia doan thanh hai tap, tdp cac van dong vién nam va tap cac van dong vién nir. Ta
nhan thiy tap nit lai dugc chia thanh hai: thi ban sing va thi boi. Thay s nit thi boi bang s6 nam
thi ban sung, ta dugc sd nit bang tong s6 van dong vién thi bian sung. Tir d6 theo nguyén 1y cong
toan doan c6 14 + 10 = 24 nguoi.

Vi du 3. gia trj ctia bién k s& bang bao nhiéu sau khi thuc hién doan chwong trinh sau:

k=0

foripz=1ton
k:=k+1

fori,;=1ton,

k:=k+1

forim:=1to n,
k:=k+1
Giai: Coi mdi vong for 1a mét cong viéc, do d6 ta c6 m cong viée Ty, Ts,.., Ty, Trong d6 T;
thuc hién boi n; cach (i= 1, 2,.., m). Vi cac vong for khong 16ng nhau hay cac cong viéc khong

thuc hién dong thoi nén theo nguyén 1y cong tong tit ca cac cach dé hoan thanh T, T,,.., Ty 1a k=
n;+n+..+ny.

2.1.2. Nguyén ly nhan

Gid st mot nhiém vu nao d6 dugc tach ra hai cong vi¢c. Viéc thi nhét duge thuc hién bé'mg
n; cach, viéc thtr hai dugc thuc hién béng n, cach sau khi viéc thtr nhat d3 duge 1am, khi d6 s& co
n;.n; cach thuc hién nhiém vu nay.
Nguyén Iy nhan c6 thé dugc phat biéu tong quat bang ngdn ngit tip hop nhu sau:
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‘ Néu Al, Az,..‘, Ay, 1a nhiing tap hop hfn% han, khiqd(’) ) phﬁn ttr cua tich dé céc céc tap nay
bang tich so cac phan tr cia moi tap thanh phan. Hay dang thirc:
N (A1x Axx.. A ) =N (A1) N (Ay)... N (Ap).
Néu A= A,=.. Anthi N(A¥) = N(A)*
Vidu 1. Gia tri cua k s& béng bao nhiéu sau khi ta thyc hi¢én doan chuong trinh sau:
k:=0
forip=1ton,
forip=1ton,
for i, =1 to n,
ki=k +1
Giai: Gi4 tri khoi tao k=0. M&i vong ldp kong nhau di qua gié tri cta k duoc ting 1én 1 don
vi. Goi T; 1a viéc thi hanh vong 1ap thir i. Khi d6, s6 1an vong 1ap 1a s6 cach thuc hién cong viéc.

S6 cach thyc hién cong viéc Tjla n; (j=1,2..., n). Theo qui tac nhan ta vong lap kép duoc duyét qua
ny +n, +..+n,, 1an va chinh 1a gia tri cua k.

Vi du 2. Ngudi ta ¢6 thé ghi nhan cho nhimng chiéc ghé cia mot giang dudng bang mot chir
cai va sau d6 1a mot s nguyén nho hon 100. Bing cach nhu vdy héi c¢6 nhiéu nhét bao nhiéu
chiéc ghé c6 thé ghi nhin khac nhau.

Giai: C6 nhiéu nhat 1a 26 x 100 = 2600 ghé dugc ghi nhan. Vi ki ty gan nhan dau tién 1a
mot chir cai vay c6 26 cach chon cac chit cai khac nhau dé ghi ki tu dau tién, tiép theo sau la mdt
s6 nguyén duong nho hon 100 do vdy c6 100 cach chon cac s6 nguyén dé gan tiép sau ciia mot
nhén. Theo qui tdc nhan ta nhan dugc 26 x 100 = 2600 nhén khac nhau.

Vi du 3. C6 bao nhiéu xau nhi phan ¢6 d¢ dai 7.

Giai: mot xau nhi phan c6 46 dai 7 g6m 7 bit, mdi bit c6 hai cach chon (hoic gia tri 0 hodc
gia tri 1), theo qui tic nhén ta ¢6 2.2.2.2.2.2.2 = 27 = 128 x4u bit nhj phan d¢ dai 7.

Vi du 4. C6 bao nhi€u ham don anh xac dinh tir mot tap A co6 m phﬁn ti nhan gia tri trén tap
B ¢6 n phan tir.

Giai: Trudc tién ta nhan thiy, néu m >n thi ton tai it nhat hai phan tir khac nhau cia A cing
nhan mot gia tri trén B, nhu vay voi m>n thi sb cac ham don anh tr A>B 1a 0. Néu m<=n, khi d6
phﬁn tr du tién cua A c6 n cach chon, phén tr thtr hai c6 n-1 cach chon,.., phﬁn tr thar k ¢6 n-k+1
cach chon. Theo qui tic nhan ta c6 n(n-1) (n-2)...(n-m+1) ham don anh tir tap A sang tap B.

Vi du 5. Dang cua so di¢n thoai & Bac My dugc qui dinh nhu sau: s6 dién thoai gom 10 chir
s0 dugc tach ra thanh mot nhom ma vung gém 3 chit s6, nhém ma chi nhdnh gom 3 chit s6 va
nhom mad may goém 4 chit s6. Vi nhitng nguyén nhan k¥ thuat nén c6 mdét s6 han ché doi véi mot
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s0 con s0. Ta gia str, X biéu thi mot so c6 thé nhan cac gia tri tr 0..9, N 1a s0 c6 thé nhén cac chir
so tir 2.9, Y 1a cac so c¢o6 thé nhan cac chir so 0 hoac 1.

Hoi theo hai du 4n danh s6 NYX NNX XXXX va NXX NXX XXXX c6 bao nhiéu sb dién
thoai dugc danh sd khac nhau ¢ Béc M§.

Giai: danh s theo dy 4n NYX NNX XXXX duoc nhiéu nhét la:
8x2x10x8x8x10x10x10x 10x 10 x10=2x 8 x 10°= 1 024. 10°
danh s6 theo du 4n NXX NXX XXXX dugc nhiéu nhét 1a:
8x10x10x8x 10x10x10x10x 10 x 10 x10 = 8*x 10%=64. 10
Vi du 6. Dung qui tic nhan hay chi ra ring s6 tdp con cia mot tip S hiru han 1a 2N®,

Giai: Ta liét ké cac phﬁn tir ciia tap S 1a sy, So,.., Sn(s)- XAy dung mot xau bit nhi phan dai
N(S) bit, trong d6 néu bit thir i c6 gid tri 0 thi phan tir s; ¢S, néu bit thir i c6 gia tri 1 thi phan tir
sieS (i=1, 2,.., N(S) ). Nhu vdy, theo nguyén 1y nhén, s tap con ciia tdp hop S chinh 14 s6 xau bit
nhi phan c6 do dai N(S). Theo vi du 3, chung ta c6 2™® x4u bit nhi phan do dai N(S).

2.2. NGUYEN LY BU TRU

Trong mét sb bai toan dém phirc tap hon. Néu khong cé gia thiét gi vé sy roi nhau gitra hai
tap A va B thi N(AUB) = N(A) + N(B) — N(AnB).

Vi du 1. 16p toan hoc ro1 rac ¢6 25 sinh vién gidi tin hoc, 13 sinh vién gidi todn va 8 sinh
vién gidi ca toan va tin hoc. Hoi 10p ¢6 bao nhiéu sinh vién néu mdi sinh vién hodc gidi toan hoic
hoc gidi tin hoc hodc gidi ca hai mon?

Giai: Goi A tap 1a tap cac sinh vién gidéi Tin hoc, B 1a tap cac sinh vién gioi toan. Khi do
AMB Ia tap sinh vién gidi ca toan hoc va tin hoc. Vi mdi sinh vién trong 16p hodc gioi toan, hoac
gioi tin hoc hodc gioi ca hai nén ta c6 téng s sinh vién trong 16p 1a N(AUB). Do vay ta co:

N(AUB) =N(A) + N(B) - N(AnB) =25 + 13 — 8 = 30.

Vi du 2. C6 bao nhiéu s6 nguyén khong 16n hon 1000 chia hét cho 7 hodc 11.

Giai: Goi A 1a tip cac s6 nguyén khong 16n hon 1000 chia hét cho 7, B 1a tip cac s6 nguyén
khong 16n hon 1000 chia hét cho 11. Khi d6 tap s6 nguyén khong 16n hon 1000 hodc chia hét cho
7 hoidc chia hét cho 11 1a N(AUB). Theo cong thirc 1 ta co:
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N(AUB) = N(A) + N(B) - N(AnB) =.1000/7 4+ 1000/11] - 1000/7.11
=142+ 90 — 12 = 220.

Trude khi dua ra cong thie tong quat cho n tap hop hiru han. Ching ta dua ra cong thic
tinh s6 phﬁn tir cia hop 3 tap A, B, C.

Ta nhan thiy N(A) + N(B) + N(C) ¢ém mot lan nhing phan tir chi thude mot trong ba tap
hop. Nhu véy, sé phan tir cia An B, ANC, BAC duoc dém hai 1an va bang N(ANB), N(ANC),
N(BNC), duge dém ba 14n 1a nhitng phan tir thugc ANBNC. Nhu vy, biéu thirc:

N(AUBUC) — N(ANB)- N(ANC) — N(BNC) chi dém cac phan tir chi thudc mot trong ba
tap hop va loai bo di nhitng phan tir dwgc dém hai 1an. Nhu vay, sb phan tir dugc dém ba lan chwa
duoc dém, nén ta phai cong thém véi giao cia ca ba tap hop. Tir d6 ta ¢6 cong thirc ddi v6i 3 tap
khong ro1 nhau:

N(AUBUC) = N(A) + N(B) + N(C) - N(AnB) — N(ANC) — N(BNC) + N(AnBNC)
Pinh ly. Nguyén ly bu trir. Gid sir Ay, A,,.., A 1a nhiing tap hitu han. Khi do:
N(A1UA; U...UAL) =Ni- No +.. +(-1)""Np,  (2)

trong d6 Ny 1a tong phén tir cua tat ca cac giao cta k tip 1dy tir m tap da cho. (néi riéng N\=N(A)
+ N(Az) +..4+ N(An), Niw = N(A; N Az N...nAy, ). Noi cach khac:
N4, Ud,U..4,)=D N)- D N4, NA)+ D NUANANA —.+(D)""' N NAd,Nn.NA,)

1<i<n I<i, j=<n I<i<j<k<n

Dinh 1y duoc chimg minh bing cach chi ra mdi phan tir ctia hop n tap hop dugc dém ding
mot 1an. Ban doc c6 thé tham khao cach chuing minh trong tai liéu [1].

Vi du 3. Tim cong thirc tinh s6 phan tir ctia 4 tap hop.
Giai: Tu nguyén ly bu trir ta c6:
N(A]UAQUA3UA4) = N(A]) & N(Az) + N(A3) + N(A4) — N(A]ﬁAz) — N(A]ﬁAj,) —

N(AlmA4) - N(A20A3) - N(Azf'\A4) = N(A3ﬁA4) + N(Alf\Az(—\A3) + N(AlﬁAzﬁA4) +
N(A]ﬁA3ﬁA4) + N(AzﬁA3ﬁA4) i N(A]ﬂAzﬂA3ﬂA4).

Vi du 4. Hoi trong tap X = { 1, 2,.., 10000} c¢6 bao nhiéu sé khong chia hét cho bét ctr s6
nao trong cac ) 3,4,7.

Giai: Goi A 1a tip cac s6 nho hon 10000 chia hét cho 3, B 1a tap cac s6 nho hon 10000 chia
hét cho 4, C 1a tap cac s6 nho hon 10000 chia hét cho 7. Theo nguyén 1y bu trir ta cé:

N(AU Bu C) =N(A)+N(B) + N(C) - N(AnB — N(ANC) — N(BNC) + N(AnBNC)
trong do:
N(A) +N(B) + N (C) =[10000/3]+ [10000/4]+ [10 000/7]
=3333 +2500 + 1428 = 7261
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N(ANB) =N(A) + N(B) - N(AnB) = 3333 + 2500 — [10000/3x4] = 833
N(ANC) =N(A) + N(C) - N(ANC) = 3333 + 1428 — [10000/3x7] = 476
N(BNC) =N(B) + N(C) - N(BNC) = 2500 + 1428 — [10000/4x7] = 357
N(ANB) + N(ANC) + N(BNC) =833 + 476 + 357 = 1666
N(ANBNC) =[10000/3x4x7] = 119.
=>86 cac sb nhd hon 10000 can dém la:

1000 - N(AUBUC) = 7261 — 1666 + 119 = 4286.

Vi du 5. C6 bao nhiéu x4u nhi phan d¢ dai 10 bit dau boi 00 hodc két thic boi 11.

Giai: Goi A 1a sb xau nhi phan d6 dai 10 bat dau boi 00, B 1a s6 xau nhi phan d6 dai 10 két
thac boi 11. DE rang nhan thay, N(A) = N(B) = 256, N(ANB) = 2° = 64. Theo nguyén 1y bu trir ta
co:

N(AUB) =N(A) + N(B) - N(AnB)

=256 + 256 — 64 = 448.

Vi du 6. Bai toan bo thu. C6 n 14 thu va n phong bi ghi san dia chi. Bé ngiu nhién céc 14
thu vao cac phong bi. Hoi x4c sudt dé xay ra khéng mot 14 thu nao bo ding dia chi 1a bao nhiéu?

Giai: Co tat ca n! cach bo thu. Van dé dit ra 1a dém s cach bo thu sao cho khong 14 thur
nao ding dia chi. Goi X 13 tap hop tat ca cac cach bo thu va A, 1a tinh cht 13 thu k bo dung dia
chi. Khi d6 theo nguyén ly bu trur ta c6:

N =N-N,+N, —..+(-1)"N,
Trong d6 N 1 s6 can tim, N = n!, N 13 s tt ca cac cach bo thu sao cho ¢ k 14 thu ding

dia chi. Nhan xét rang, Ny 1a moi cach iy k 14 thu tir n 14, v6i mdi cach lay k 1a thu, co (n-k )!
cach bo dé k 14 thu nay dung dia chi, tir d6 ta nhan duoc.

= —k)l== =nl-—+——...
Ny =C(n,k)(n—k)! ¥ va N =nl(l AT

Tur d6 ta ¢6 x4c xuat can tim 1a:
1 -1)"
4§ 4 Wl
TR n!

S6 duoc tinh nhu trén duge goi la s6 mat thir ty va duoc ky hi¢u 1a D,. Dudi day la mot vai
gia tri cia Dy, sy ting nhanh cua D, mot lan nita cho ta thdy rd su bung nd to hop.

N |2 |3 4 5 6 7 8 9 10 11

D, | 1] 2 9 | 44 | 265 1845 14833 133496 1334961 4890741
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2.3. PEM CAC HOAN VI TO HQP
2.3.1. Chinh hgp lap

Pinh nghia 1. Mot chinh hop 13p chap k cta n phan tir 13 bd ¢6 thir tyr gdm k thanh phan lay
tir n phan tir cia tap di cho.

Nhu vdy, mot chinh hop 13p chap k ctia n phan tir c6 thé xem la phan tir ctia tich dé cac A
v6i A 14 tap da cho. Theo nguyén 1y nhén, sé cac tit ca cac chinh hop 1ap chap k cia n s& 1a n*.

Vi du 1. Tinh s6 ham tir tip c6 k phan tir vio tap c6 n phan ti.

Giai: Biéu dién mdi ham bang mot bo k thanh phan, trong d6 thanh phan thir i 1a anh cua
phan tir thr i (1<=i<=k). Mbi thanh phan duoc Iy ra tir mot trong n gia tri. Tir d6 suy ra s6 ham 1a
s6 bo k thanh phén 14y tir n thanh phan bang n".

Vi du 2. Tir bang chir cai tiéng Anh c6 thé tao ra duge bao nhiéu xau c6 do dai n.

Giai: Bang chir cai tiéng Anh g6m 26 ki tu [‘A’.."Z’], sb cac xau c6 do dai n dwgc chon tir
26 chir cai chinh 1 chinh hop lip n ctia 26 phan tir va bang 26".

Vi du 3. Tinh x4c xuét 13y ra lién tiép dugc 3 qua bong do ra khoi binh kin chtra 5 qua do, 7
qua xanh néu sau mdi lan lay mot qua bong ra lai bo né tré lai binh.

Giai: S6 két cuc c6 loi dé ta 1ay ra lién tiép 3 qua bong do 1a 5° vi c6 5 qua d6 ta phai lay 3
qué (cht ¥ vi ¢6 hoan lai). Toan bd két cuc co thé dé 1iy ra ba qua bong bt ky trong 12 qua bong
1a 12°. Nhu véy, x4c sudt dé c6 thé 14y ra 3 qua bong do lién tiép 1a 5°/12°.

2.3.2. Chinh hgp khong lip

Pinh nghia 2. Chinh hop khong 1ap chap k ctia n phan tir 13 bd c6 thir tu gdm k thanh phan

lay ra tir n phén ttr d& cho. Cac phan tir khong duoc lap lai.

Dé xay dung mot chinh hop khong lap, ta xay dung tir thanh phan dau tién. Thanh phan nay
c6 n kha ning chon. Mbi thanh phén tiép theo nhiing kha nang chon giam di 1 (vi khong dugc léy
lap lai). T&i thanh phan tht k ¢6 n-k + 1 kha niang chon. Theo nguyén 1y nhan ta c6 sé chinh hop
lap k cua tap hop n phén tir ky hiéu 1a P(n, k) duoc tinh theo cong thirc:

n!

(n—k)!

P(n,k)=n(n-1)..(n—k+1)=

Vi du 1. Tim s6 ham don anh c6 thé xay dung dugc tir tip k phan tir sang tap n phan ti.
Giai: S6 ham don 4nh tir tap k phan tir sang tip n phan tir chinh 1a P(n k).

Vi du 2. Gia sir 6 tam van dong vién chay thi. Nguoi vé nhit s& duoc nhin huy chuong
vang, ngudi vé nhi nhan huy chuong bac, nguoi vé ba nhan huy chuong dong. Hoi c6 bao nhiéu
cach trao huy chuong néu tit ca cac két cuc déu co thé xay ra.

Giai: SO cach trao huy chuwong chinh 13 sb chinh hop chap 3 cua tp hop 8 phan tir. Vi thé
c6 P(8,3) = 8.7.6 = 336 cach trao huy chuong.

28



Chuwong 2: Bai todn dém va bdi todn ton tqi

Vi du 3. C6 bao nhiéu cach chon 4 ciu thii khac nhau trong ddi bong gdbm 10 cau thi dé
tham gia céc tran dau don.

Giai: Co P(10,4) =10.9.8.7 = 5040 cach chon.
2.3.3. Hoan vi

Pinh nghia 3. Ta goi cac hoan vi ctia n phan tir 1a mot cach xép c6 th tu cac phan tir do.
S6 cac hoan vi cia tap n phan tir co thé coi 1a trudng hop riéng ctia chinh hop khong 1ap véi k = n.

Ta ciing c6 thé ddng nhat mot hoan vi voi mot song anh tir tip n phan tir 1én chinh né. Nhu
vay, s6 hoan vi cua tp gdm n phan tir 1a P(n, n) =n!.

Vi du 1. C6 6 nguoi xép thanh hang dé chup anh. Hoi c6 thé b tri chup dugc bao nhiéu
kiéu khac nhau.

Giai: Mbi kiéu anh 12 mot hoan vi ctia 6 ngudi. Do d6 c6 6! = 720 kiéu anh khac nhau c6
thé chup.

Vi du 2. Can b tri thyc hién n chuong trinh trén mot may tinh. Hoi c6 bao nhiéu cach bb tri
khac nhau.

Giai: S chuong trinh dugc danh s6 tr 1, 2,.., n. Nhu vay, s6 chuong trinh can thuc hién
trén mot may tinh 13 s6 hoan vi cua 1, 2,.., n.

Vi du 3. Mot thuong nhan di ban hang tai tam thanh phd. Chi ta c6 thé bat dau hanh trinh
ctia minh tai mot thanh phd nao d6 nhung phai qua 7 thanh phd kia theo bat ky thir ty ndo ma chi
ta mubn. Hoi c6 bao nhiéu 16 trinh khac nhau ma chi ta c6 thé di.

Giai: Vi thanh phé xuét phat dd duoc xac dinh. Do vy thuong nhan ¢ thé chon tuy y 7
thanh phd con lai dé hanh trinh. Nhu vy, tat ca s6 hanh trinh ctia thuong nhan cé thé di qua 1a 7!
= 5040 cach.

2.3.4. T6 hop

Pinh nghia 4. Mot t6 hop chap k cta n phan tir 1a mot b khong ké thi tw gom k thanh
phan khac nhau ldy tir n phan tir d& cho. Noi cach khac, ta co thé coi mot to hop chap k cua n phan
ttr 1a mot tap con k phan tir 14y trong n phan tir. S6 to hop chap k cta n phan tir ki hiéu 1a C(n,k).

Ta c6 thé tinh duge truc tiép sd cac to hop chap k cia tip n phan tir théng qua chinh hop
khong lap cua k phan tir.

Xét tap hop tat ca cac chinh hop khong lap chap k cua n phan ti. Sip xép chung thanh
nhing 16p sao cho hai chinh hop thudc cing mot 16p chi khac nhau vé thtr ty. RS rang mdi 16p
nhu vay 1a mot t6 hop chap k cia n phan tir(P(n,k)). S6 chinh hop trong mdi 16p déu bang nhau
va bang k! (s6 hoan vi k phan tir: P(k,k) ). S6 cac 16p bang sé t6 hop chap k caa n (P(n,k)). Tir
do ta co:

P(n,k) n!

Plnky = Cln k) Pl k) = Cln by === =0

(M
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Vidu 1. ChoS={a,b,c,d} tim C(4,2).
Gidi. R0 rang C(4,2) = 6 tuong ung voi 6 tap con {a, b}, {a, c}, {a, d}, {b,c}, {b, d} {c.d}.
Vi du 2. C6 n d6i bong thi dau vong tron. Hoi phai to chirc bao nhiéu tran d4u.

Gidi: Cu hai doi bong thi c6 mdt tran. T do suy ra s6 tran dau s& béng sb cach chon 2
trong n doi, nghia 1a bang C(n, 2) =n!/2!(n-2)! =n(n-1)/2 tran d4u.

Vi du 3. Chung minh

a. C(n,k) = C(n, n-k) 2)

b. C(n, 0) =C(n,n)=1 3)

c. C(n,k) = C(n-1,k-1) + C(n-1,k) 4)
Giai:

a. C(n,n-k) = n!/(n-k)! (n-nt+k)! = n!/k!(n-k)! = C(n,k).

Hoac C(n, k) = n!/k!(n-k)! = n!/ (n-k)! (n-(n-k))! = C(n, n-k);
b. Cha y 0!=1 => b hién nhién dung
c. C(n,k) = C(n-1,k-1) + C(n-1,k)

Cn-1,k—-1)+C(n-1,k) = (n=1) O Gl
k=DI(n-1-k+1D! K(n—k—1)
B (n-1)! ( 1 +lj_ (n—=1)'n
S k-Dn-k-D\n—k k) hk-Dk(n—k-)(n-k)
n!
TR

Tir nhitng tinh chat trén, ta ¢6 thé tinh tat ca cac hé s to hop chi bang phép cong. Cac hé sb
nay dugc tinh va viét 1an luot theo dong, trén mdi dong ta tinh va thuc hién theo ct. Bang co
dang tam gidc chinh la tam giac Pascal.

Céac hé sd td hop c6 lién quan chat ché toi viéc khai trién luy thtra cua mét nhi thirc. Thuc
vay, trong tich:

(x+y)" = (x+y)(xty)...(x+y) hé sb cia x*y*" s& 1a s6 cach chon k phan tir (x+y) ma tir d6 lay
raxva déng thoi (n-k) nhéan tr con lai léy ray, nghia la:

(x+y)" =C(n0)x" +C(n,D)x""'y+...+ C(n,n—D)xy"" + C(n,0)y" = ZZZO C(n,k)x"*y* (5)

Cong thtrc (5) con dugc goi 1a khai trién nhi thirc Newton, cac hé sd td hop con dugce goi la
hé s6 nhi thuc. Chéng han luy thtra bac 8 cua nhi thirc (X+y)8 duoc khai trién nhu sau:

(x+)* =x® +8x7y+28x°y* +56x°y* +70x*y* +56x°y° +28x%y° +8xp” +y°
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Trong trudng hop y=1, tic khai trién (x+1)" ta co:
(x+1)" =Cm,0)x" + C(n)x"" +...+ C(n,n—1)x + C(n,n)
Hoic déng thire sau s& dugc rat ra tir khai trién nhj thire Newton:
2"=1+1)" =C(n,0)+C(nl)+...+ C(n,n—1)+ C(n,n)

C6 thé noi rat nhiéu dang thirc vé hé s6 t6 hop s& dwoc suy ra. Nhu tinh cac tap 1¢, dao ham...

2.4. HE THUC TRUY HOI

2.4.1. Dinh nghia va vi du

Thong thudng ngudi ta thudng quan tim téi nhitng bai toan dém trong d6 két qua dém phu
thudc vao mot tham sé dau vao (ma ta ky hi¢u 1a n), chéng han nhu cac s6 mat tht tu D,. Viée
biéu dién két qua nay nhu mot ham cua n bang mot sé hiru han cac phép toan khong phai 1a don
gian. Trong nhiéu truong hop, viéc tim ra mot cong thirc truc tiép gitta két qua dém va n 1a hét sirc
kho khan va nhiéu khi khong giai quyét duoc, trong khi d6 cong thuc lién hé gitta két qua dém
g vé6i gia tri n v6i cac két qua bé hon n lai don gian va dé tim. Thong qua cong thirc nay va mot
vai gia tri ban dau, ta c6 thé tinh moi gia tri con lai khac. Cong thic d6 goi 1a cong thuc truy hoi
hay cong thirc dé qui. Pac biét, cong thirc truy hdi rat thich hop véi 1ap trinh trén may tinh. N6
cling cho phép giam dang ké d6 phurc tap ciing nhu gia ting d6 6n dinh cua qua trinh tinh toan.

Pinh nghia 1. Hé thirc truy hdi ddi véi day sé {a,} 1 cong thirc biéu dién a, qua mot hay
nhiéu sb hang di trudc cua day, cu thé 13 a,, ay,.., 8,1 vOi moi n>ng nguyén duong. Day s6 duge
goi 12 101 giai hay nghiém ctia hé thirc truy hdi néu céc sd hang ciia né thoa méan hé thirc truy hoi.

Vi du 1. Lai kép. Gia st mdt nguoi gui 10000 d6 la vao tai khoan ctia minh tai mot ngan hang
v6i 13i xuat kép 11% mdi nam. Hoi sau 30 ndm anh ta c6 bao nhiéu tién trong tai khoan ctia minh?

Giai: Goi P, 1a tong s tién co trong tai khoan sau n nam. Vi sd tién c6 trong tai khoan sau n
nam bang s tién co dugc trong n-1 nam cong voi 1di xuat nim thir n. Nén diy {P,} thoa min hé
thirc truy hoi:

Pn = Pn-l +0.1 lpn_l =1.1 IPn_l

Chung ta c6 thé dung phuong phap 1ap dé tim cong thic trén cho P,. D& nhén thiy rang:
Py = 10000
P, =1.11Py

P,=1.11P, = (1.11)°P,
P,=1.11P,; =(1.11)™'P,
Ta c6 thé ching minh tinh dung dén cua cong thirc truy hdi bang qui nap.
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Thay Py= 10000, va n = 30 ta dugc:
P3o = (1.11)**10000 = 228922,97 $
Vi du 2. Ho nha tho va s6 Fibonaci. Mot cap tho sinh d6i (mot con duc va mot con cai)
duoc tha 1én mot hon ddo. Gia sir rang cip tho s& chua sinh san dugc trudce khi ddy hai thang tudi.
Tir khi ching day hai thang tudi, mdi thang ching sinh thém dwoc mot cdp thé. Tim cong thirc
truy hoi tinh sb cip tho trén dao sau n thang véi gia sir cac cap tho 1a trudng tho.

S6 thang S cap sinh san S cip tho con Téng sb cap tho
1 0 1 1
2 0 1 1
3 1 1 2
4 1 2 3
5 2 3 5
6 3 5 8

Giai: Gia st f, 12 sb cap tho sau n thang. Ta s€ chi ra r?mg fi, f,.., fn (n=1, 2,.., n) la céac sb
cua day fibonaci.

Cubi thang thir nhit sé cap tho trén ddo 1a f; = 1. Vi thang tht hai cip tho van chua dén tubi
sinh san dugc nén trong thang thir hai f, =1. Vi mdi edp tho chi dugc sinh san sau it nhat hai thang
tudi, nén ta tim sb cap tho sau thang thir n bang cach cong sd cap tho sau thang n-2 va thang n-1
hay f, = f,., + f,o. Do vdy, déy { f,} thoa min hé thirc truy hoi:

fo=1 + ., véin>=3vaf = 1, Hh=1.

Vi du 3: Tinh sb mét tht ty D,

Giai: Danh s6 thu va phong bi thu tir 1 dén n (thu i giri ding dia chi néu bo vao phong bi i).
Mot cach bo thu duoc déng nhét v6i hoan vi (ai, az,.., ap) cua { 1, 2,.., n }. Mot mét thtr tu duoge
dinh nghia 1a 1a mot hoan vi (ay, ..., a,) sao cho a#i v&i moi i. Thanh phan a; c¢6 thé chip nhan
moi gié tri ngoai 1. Vi mdi gia tri k (k1) cia a;, xét hai truong hop:

1. ax =1, khi d6 cac thanh phﬁn con lai duge xac dinh nhu mot mat tht ty cta n-2 phﬁn tu,
tire 1a s& mat tht tu loai nay béng Dpo.

2. a=l, khi d6 cac thanh ph?m tr 2 dén n duoc xac dinh nhu mot mét thi tu cua n-1 phﬁn to
con lai, tirc 13 s6 mét thir tu nay thuoc loai D,,.;.

Twr d6 ta nhan dugc cong thure:

Dy = (n-1) (D1 + Das), n>=3 véi D; = 0, D, =1.
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Moi gia tri con lai dugc tinh don gian nho luat ké thira:

D;=(3-1)(0+1) =2
Di=(@4-1)(1+2) =9

Ds=(5-1)9+2) =44
D= (6-1)(9 + 44) =265

D;=(7-1)(44 +265)=1854
Dg=(8—-1)(265+ 1854) = 14833
Pé cong thirc dung véin =2, ta coi Dy = 1
C6 thé nhan dugc s6 mat thir ty thong qua cong thire truy hdi trén vi:

D,=(n-1)0D,,+D,,)=>D,-nD, ,=—(D,,—(n—-1)D, ,)

batV, =D, —nD, , taco:
D,—nD, =V, ==V,  =--=(=1)""V, =(=1)". Hay ta c6 thé viét:

. Cong cac h¢ thuc trén voin = 1, 2,.., n ta dugc:

D - n
L= —1 l—---+( D . Ttr do thu lai duoc cong thure cii:
n! 1 2! n
Dn—n!(1—l+l—--- D )
12 n!

Vi du 3. Tinh hé s6 t6 hop C(n,k).

Giai: Chon phan tir cd dinh a trong n phén tir dang xét. Chia sé cach chon tap con k phén tir
nay thanh hai 16p (16p chita a va 16p khong chira a). Néu a dugc chon thi ta can bo xung k-1 phan
tir tir n-1 phan tir con lai, tir &6 16p chira a gdbm C(n-1, k-1) cach. Néu a khong duoc chon, thi ta
phéi chon k phén tir tir n-1 phéan tir con lai, tir 46 16p khong chira a gom C(n-1, k) cach. Theo
nguyén 1y cong ta duge cong thirc truy hoi:

C(n, k) = C(n-1, k-1) + C(n-1,k) v&i cac gia tri bién duoc suy ra truc tiép:
C(n,0) = C(n,n) = 1.

Phuong phap nay duoc goi l1a phuong phap khir. Khong phai lic nao ciing dé dang khir
dugc cong thirc truy hoi dé dua vé cong thirc truc tiép. Tuy nhién, trong mot sd truong hop dic
biét ta co thé dua ra phuong phap tong quat dé giai cong thire truy hoi.
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2.4.2. Giai cong thirc truy hdi tuyén tinh thuin nhit véi hé sé hing sb

Pinh nghia 1. Mot hé thirc truy hdi tuyén tinh thuan nhit bac k voi hé s hing s6 13 hé thic
truy hoi c6 dang:

a,=ca,,+ca,,+-+c.a,, (I),trong do cjc,,.., cr1a cac so thuc va ¢, #0

Ta can tim cong thirc truc tiép cho sb hang a, cua diy s {a,} thoa min cong thire (1). Theo
nguyén 1y thtr hai ciia qui nap toan hoc thi ddy sé thoa méin dinh nghia trén duoc xac dinh duy
nhét néu nhu nd thoa man k diéu kién dau:

ap = C(), a; = C],.., k-1 — Ck_1, trong do C], Cz,.., Ck-l la cac héng Sé.

Vi du 1. Hé thic truy hdi P,=(1.11)P,., 1a hé thtc truy hdi tuyén tinh thudn nhit bac 1. Hé
thirc truy hoi f, = f,.; + f,., 1a hé thirc truy hdi tuyén tinh thuan nhét bac 2. Hé thic truy hoi a, = a,.
5 14 hé thtrc truy hoi tuyén tinh thudn nhat bac 5. Hé thirc truy hdi B,=nB,.; khong phai 1a hé thirc
truy hoi tuyén tinh thuan nhét vi n6 khong c6 hé sb hang so.

Phuong phap co ban dé giai hé thuc truy hdi tuyén tinh thuan nhat 1a tim nghiém dudi
dang a, =", trong d6 r 14 hing s6. Ciing can chii y rang a, = " 1a nghiém ctia hé thuc truy hoi a, =
€181 + €2 8p +..+ Cran néu va chi néu:

ap = Cil'h.1 T Colpp +..F Cylnk.

Chia ca hai vé cho rn-k ta nhan duoc:

™ — o — eor*? - — ¢qr —c =0 )

Vay diy {a,} v6i a;=r" 1a nghiém néu va chi néu r Ia nghiém cia (2). Phuong trinh 2 con
duoc goi 1a phuong trinh dic trung cta hé thic truy hoi, nghiém cia nd 1a nghiém dic trung cia
hé thirc truy hoi. Nghiém ciia phuong trinh dic trung dung dé biéu dién cong thuc tit ca cac
nghiém cta hé thic truy hdi.

Chung ta s& trinh bay cac két qua véi hé thirc truy hoi tuyén tinh thuan nhat bac hai. Sau d6
ta s& néu ra nhimg két qua twong tw cho truong hop téng quat khi bac 16n hon hai.

Pinh 1y 1. Cho ¢;, ¢, 1a cac hang s6 thuc. Gia st /2 — ¢, + ¢,=0 c6 hai nghiém phan biét r;,
r;. Khi d6 day {a,/} la nghiém cua h¢ thuc truy hoi a, = cja,.; + ca,., khi va chi khi a, = ayr/" +
o', voin =1, 2,..., a, o, la cac hé‘mg $0.

Chirng minh: Pé ching minh dinh 1y nay ta can thuc hién hai viéc. Dau tién ta can chi ra
rang néu r,, r; 1a hai nghiém ctia phuong trinh dic trung va a;, a; 1a hai hang s6 thi day {a,} voi
a, =a,r" +a,r; 1a nghiém cua hé thic truy hdi. Nguogc lai, can phai chimg minh rang néu {a,}
la nghiém thi a, = a,1" + @,r) véi a;, oy 1a cac hang sb nao do.

(=): Gid su rl va r2 la hai nghiém phan bi¢t cua P — ¢ + =0, khi dé

2 2 2 A b [N ~ r 7 - A X .
S =cr+c,;, r, =cqr, +c,dong thoi ta thuce hién day cac phép bién doi sau:
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_ n-1 n-2 n-2 n—-2
ca,,tca,, =clan +a,r )+ (an" +a,r, ")

n-1

_ n—-2

=a,i" (e +c,)+a,r, (¢, +¢,)
_ n-2_72 n-2_72

=on nta,n,

_ n n _
—all"l +a21"2 =da

n

Diéu nay chiing t6 diy {a,} v6i a, = a,r" +a,r; 1a nghiém cua hé thic truy hoi di cho.

(<):Dé chimg minh nguoc lai, ta gia sir ddy {a,} 1 mot nghiém bat ky cua hé thirc truy hoi.
Ta chon @, @, sao cho ddy {a,} v6i a, = a,1r" +a,r; thoa man cic diéu kién dau ag =C, a; = C;.
Thyc vy,
a,=C,=a, +a,
a, =C =an+a,rn
Tir phuong trinh déu ta c6 o, = Cy - a; thé vao phuong trinh thir hai ta co:

C,=an+(C,—a)r,=a,(r,—r,)+C,—r,; Tuday suy ra:

_ (& _Co”z);a2 =C,—a, =C, _(C1 -Cn) _ (Cory _C1)‘

n—n n—n n—n

1

Nhu vay, khi chon nhiing gié tri trén cho «;, o, day {a,} vo6i a, = o1 +a,r, thod man
cac dieu kién dau. Vi h¢ thuc truy hoi va céc di€u kién dau dugc xac dinh duy nhat nén
n n . ’ 4 .
a, =a,r;" +a,r, . Dinh ly dugc ching minh.
Vi du 1. Tim nghiém cua hé thuc truy hoi a, = a1 +2a,, véiag=2,a, =7.

Giai: Phuong trinh dic trung cta hé thic truy hoi co dang 1* - r - 2 =0. Nghiém ctia n6 1a
r=2 var=-1. Theo dinh Iy 1, ddy {a, } 1a nghiém cua hé thirc truy hdi néu va chi néu:

a, = 2" +on(-1)" voi oy, ap 1a cac hang so6 nao d6. T cac diéu kién dau suy ra:
ap = 2= o o
a; = 7= (112 +O(.2(—1)

Giai ra ta dugc o;=3, a,=-1. Vay nghiém cua biéu thire truy hdi véi diéu kién dau la day
{ay} voia, =3.2" —(-1)"

Vi du 2. Tim cong thire hién cua cac so fibonaci.

Giai: Céc sb fibonaci thoa man hé thuc f, = f,.; + f,» va cac diéu kién dau f, = 0, f;=1. Cac
nghiém cua phuong trinh déc trung la:
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o= (1+\/§} r, = {ij theo dinh 1y 1 ta suy ra sb fibonaci dugc cho boi cong
2 2

thirc sau:

2

(1+\/§
n:al

’ 1-45) . : ‘
} +a, (T\/_) voi oy, o 1a hai hang s6. Cac diéu kién dau f,=0, f1=1

duoc dung dé xac dinh cac hang so a, a,.

fo=0,+a,=0

()

2 2

1 A ,
=—— do d6 cac so fibonaci dugc cho

1
V5T s

Tu hai phuong trinh nay ta suy ra o, =

bang cong thirc dang hién nhu sau:

p L[ﬂ] L{ﬂ]
SN ) Jslo2

Dinh 1y 1 khong dung dugc trong truong hop nghiém cta phuong trinh dac trung 1a nghiém
boi. Khi phuong trinh déc trung c6 nghiém boi ta st dung dinh 1y sau.

Pinh ly 2. Cho ¢, ¢, 1a cac héng sb thuc, ¢,#0. Gia st 1° —c;r —c> = 0 chi c6 mot nghiém ry.
Diy {a,} 1a nghiém ctia h¢ thiic truy hdi a, = c;a,.; + ca,. khi va chi khi a, = a,r] + a,nr) véi
n=1,2,.. trong d6 a;, a;1a nhitng hang sb.

Chiing minh twong ty nhu dinh 1y 1.

Vi du 3. Tim nghi€ém ctia cong thic truy hoi a, = 6a,; —9a,, vdi cac diéu kién dau ap=1,
a; = 6.

Giai: Phuong trinh ddc trung r* — 6r -9 =0 c¢6 nghiém kép r=3. Do d6 nghiém ctia h¢ thirc
truy hoi c6 dang:

a,=a,3" +a,n3" véi al, a2 la cac hang so nao do. Tur cac dicu kién dau ta suy ra:
ap = 1:OL1

a; =6 = o;3+03 = a; =1, a,=1 vay nghiém cua h¢ thtc truy hdi va cac diéu kién dau da
cho la:

a, = 3"+n3"
Bay gio ta phat biéu két qua tong quat vé nghiém cac hé thirc truy hdi tuyén tinh thuan nhat

v6i cac h¢ s6 hang so.
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Pinh 1y 3. Cho ¢;, ¢,,.., ¢ 1a cac s6 thuc. Giai sir phuong trinh dic trung:
r* — c*- -¢; = 0 c6 k nghiém phan biét 7, r,.., r. Khi d6 diy {a,} 1a nghiém cua hé thirc
truy hoi:
_ : A 2 . _ n n n._or:
a,=ca,,+ca, ,++ca,, khi va chi khi a,=on" +a,r, +---+a,r, véi
n=0,1,2,.., trong d6 a;, a,,.., oy 1a cac hé‘mg $6.

Vi du 4. Tim nghiém cua h¢ thuc truy hdi a, = 62,1 —1 12,2162, 3 v6i diéu kién dau a;=2, a,
:5, 3.2:1 5.

Giai: Da thic dic trung cua hé thic truy hoi 1a:
r—6r%+ 11r— 6 ¢b cac nghiém la r;=1, r, = 2, r; = 3. Do vay nghiém cua h¢ thuc truy hoi
codang: a, =a,1"+a,2" +a;3".
Pé tim cac héng sb oy, o, o3 ta dua vao nhiing diéu kién ban dau:
a=2=0;t o+ o
a=5=o; + o2 tas3
a, = 15=a,; + a4 +0o39

Giai: hé phuong trinh nay ta nhan dugc o, = 1, o, =-1, a3=2. Vi vdy nghiém duy nhét cta
hé thire truy hoi nay va cac diéu dau da cho 13 day {a,} véi:

a,=1-2"+23"

2.5. QUI TAC VE CAC BAI TOAN PON GIAN

Mot trong nhitng phuong phap gidi quyét bai toan dém phtc tap 14 qui bai toan dang xét vé
nhitng bai toan nho hon. Sy phén chia nay dugc thuc hién mdt cach lién tiép cho t61 khi nhan
dugc 101 giai cua bai toan nhé mot cach dé dang. Tuy nhién didu nay khong phai lic nao ciing
thuc hién dugc vi nd doi hoi mot sy phan tich sau sic cau hinh can dém.

Gia sir rang c6 mot thuat toan phan chia bai toan c¢& n thanh a bai toan nho, trong d6 mdi bai
toan nho co ¢ n/b(dé don gian ta gia sir n chia hét cho b); trong thuc té cac bai toan nho thuong
6 ¢ 1a sb nguyén gan nhat voi n/b. Gia sir tong cac phép toan thém vao khi thuc hién phan chia
bai toan ¢ n thanh cac bai toan ¢& nho hon 1a g(n). Khi d6 néu f(n) 1a sé cac phép toan can thiét
dé giai bai toan da cho thi f thoa méan hé thirc truy hoi sau:

f(n)=af (gj + g(n) ; hé thirc nay c6 tén 1a hé thirc chia dé tri.

Vi du 1. Xét thuét toan nhan hai s6 nguyén kich c¢& 2n bit. K§ thuat nay goi 1a thuét toan
nhan nhanh c6 dung ky thuat chia dé tri.
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Giai: Gia sir a va b 1a cac s6 nguyén c6 biéu dién nhi phan 1a 2n bit (c6 thé thém cac bit 0
vao dau dé chiing c6 thé dai bang nhau).
a=(a,, a,,, aa,),va b=(b,, b, ,--bb,),
Giasua =2"4; +4y b =2"B; +By
trong do
A =(ay,,a5,,a,4a,),5 4y =(a,,a,,aa,),
B, =(by, by, b, 1b,),5 DAy = (a, ja, , - a,ay),
Thuat toan nhan nhanh duoc dua trén dé‘ing thirc:
ab= (2" +2")A,B, +2" (A4, — A4,)(B, — B,) + (2" +1)4,B,

Diéu nay chi ra ring phép nhan hai sé nguyén 2n bit co thé thyc hién bang cach dung 3
phép nhan cac s6 nguyén n bit va cac phép cong, trir dich chuyén. Nhu vay, néu f(n) 1a tong cac
phép toan nhi phan can thiét dé nhan hai sé n bit thi:

f(2n)=3f(ny+ Cn

Ba phép nhén cac s nhi phan n bit cAn 3f{n) phép toan nhi phan. Mdi mot phép toan cong,
trir, dich chuyén ding mét hang sé nhan véi n 1an chinh 1a Cn.

Vi du 2. Bai toan xép khach cta Lucas. C6 mot ban tron, xung quanh ¢ 2n ghé. Can sip
chd cho n cdp vo chong sao cho cac ong ngdi sen k& cac ba va khong c6 hai cip vo chong nao
ngdi canh nhau. Hoi ¢ tat ca bao nhiéu cach xép?

Giai: Goi s6 phai tim 1a M,. Xép cho cac ba trudc(ctr xép mot ghé thi mot ghé dé tréng
danh cho céac 6ng), s6 cach xép cho cac ba 1 2n! cach. Goi sd cach xép cho cic ong ing véi mot
cach xép cac ba 1a U, ta duogc s6 cach xép la:

M, = 2n! x U,.Vén dé con lai 1a tinh s6 U,

Panh s6 cac ba (di xép) tir 1 dén n, dénh sb cic ong tuong Ung vai cac ba (6ng i 1a chong
ba i), sau d6 danh sb cac ghé tréng theo nguyén tic: ghé sé i nam giita ba i va ba i+1 (cac phép
cong duoc hiéu 1y modul n nghia la n +1 = 1). Mdi cach xép cac ong duoc biéu dién bang mot
phép thé ¢ trén tap {1, 2,.., n } v6i qui wéc (i) = j c6 nghia la ghé i dugc xép cho ong j. Theo gia
thiét ¢ phai thoa mén:

(1) #1va @(i)#i+1 *)

Nhu vay, U, 1a s6 tit ca cac phép thé ¢ thoa man diéu kién (*). Trong toan hoc goi U, 1a s6
phan b.

Xét tap hop tat ca cac phép thé @ ctia { 1, 2,.., n }. Trén tip nay ta goi P; 1a tinh chét o(i) =,
Q; 1a tinh chét (i) = i+1. Dat P,y = Q;, theo nguyén 1y bul trir twong tmg vai 2n tinh chét P; ta co:
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U, = N = n—=N, + N, +... trong 6 N 1a tong sb tat ca cac phép thé thoa man k tinh chat
liy tir 2n tinh chit dang xét. Can cha y rang, khong thé xay ra ddng thoi thoa mén P;va Q. Do d6
trong cac phép lay ra k tinh chat tir 2n tinh chat dang xét can thém vao diéu kién: P; va Q; hoic
Pi+1 va Q; khong duoc dong thoi c6 mat. Goi s6 cac cach nay 1a g(2n, k) ( ndi riéng g(2n,k)=0 khi
k>n). Véi mdi cach 1ay ra k tinh chit nhu vy (k<=n) ta c6 (n-k)! phép thé thao mén chung. Tir d6
ta nhan duoc Ny = g(2n, k) (n-k)! va:

U, =n-g2n)(n-D)+g2n-2)n-2)----+(-1)"g(2n,n)

Bay gio chiing ta phai tinh cac hé sé g(2n,k), k=1, 2.... n.

Xép 2n tinh chét dang xét trén cong tron theo thu tu Py, Qy, Py, Qa,.., Py, Qp, ta théiy rfmg
g(2n,k) chinh 1a s6 cach 1iy k phan tir trong 2n phan tir xép thanh vong tron sao cho khong ¢ hai
phan tir nao ké nhau cing duoc 13y ra. Dé tinh g(2n,k) ta giai hai bai toan con sau:

Bai toan 1. C6 bao nhiéu cach ldy ra k phén tir trong n phan tir xép trén dudng thing sao
cho khong c6 hai phéan tir nao ké nhau ciing duoc lay ra.

Giai: Khi ldy k phan tir, ta con n-k phan tir. Gitra n-k phan tir con lai ¢6 n-k+1 khoang tréng
(ké ca hai dau). Mdi cach 13y ra k khoang tir cac khoang nay s& twong tmg véi mot cach chon k
phan tir thoa man yéu cau di néu. Vay sb cach chon can tim 1a C(n-k+1, k).
Bai toan 2. Gidng nhu bai toan 1 nhung n phan tir xép trén vong tron.
Giai: C dinh phén tir a dugc chon chia cac cach 1§y thanh 2 16p
1. Céac cach ma a dugc chon khi d6 2 phan tir ké a s& khong duoc chon va phai 13y k-1 phan
tir tir n-3 phan tir con lai. Cac phan tir ndy xem nhu két qua cuia bai toan 1. Theo bai toan
1, s cach thudc 16p kiéu nay Ia C(n-k-1, k-1).

2. Cac cach ma a khong dugc chon, khi d6 bo a di va bai toan tré vé bai toan 1 chon k phﬁn
tir tir n-1 phan tir xép trén dudng thang. Theo bai toan 1 sé cach xép kiéu nay 1a C(n-
k.k).

Vay theo nguyén ly cong s6 cach can tim la:

n
n—k

Cn—k-1Lk-1)+Cn-kk)= C(n—k,k)

Tur két qua cua hai bai toan trén ta nhan dugc:

g(2n,k) = 5 & k C(2n -k, k) va sb phan bd U, duoc tinh bang:
n f—
U, =n- 2n C2n-1LD)(n-DH+ 21 C2n-22)(n=2)—---+(-1)" ﬁC(Zn,n)
2n—1 2n-2 n

Dudi day 1a mot s6 gia tri cua U,, mot l4n nita chung ta lai dugc quan sat hi¢n tugng bung
16 to hop.
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n 2 3 4 5 6 7 8 9 10

U, 0 1 2 13 80 579 4783 43387 439792

2.6. PHUONG PHAP LIET Kk

Viéc tim mot cong thie cho két qua dém ngay ca trong truong hop cong thirc truy hoi
khong phai dé dang va lac nao ciing thuc hién duge. Cho dén nay con nhiéu bai toan dém chua c6
10i giai dudi dang mot cong thie. DSi voi nhimg bai toan nhu vy, ngudi ta chi con cach chi ra
mot phuong phap liét k&, theo do co thé di qua duoc tat ca cic cAu hinh can dém. RS rang ban
than phuong phép liét ké khong chi ra duoc mot két qua cu thé nao nhung qua dé nguoi ta c6 thé
1ap trinh cho may tinh dién tir #ém ho.

Dé minh hoa cho phwong phap liét ké, ta xét mot cau hinh t6 hop ndi tiéng d6 1a cac hinh
chit nhat la tinh.

Gia str S 1a tdp gdm n phan tir. Khong mat tinh tong quat ta gia sit S = {1, 2,.., n} Mot
hinh chit nhat la tinh trén S 13 mot bang gdm p dong, q ¢ot sao cho mdi dong cta né 1a mot chinh
hop khong 1dp chap q clia S va mdi cot cia nd 1a mot chinh hop khong lip chap p cua S.

Theo dinh nghia ta c6 p<n, q<n. Pic biét trong trudng hgp q = n, mdi dong ciia hinh chir
nhat la tinh 1a mot hoan vi cua S, sao cho khong c6 cdt nao chira hai phan tir 1dp lai. Hinh chir nhat
la tinh dang nay dugc goi la chuan néu dong dau ciand la hoanvi 1, 2,.., n.

Thi du:
1 2 3 4 5 6 7
2 3 4 5 6 7 1
3 4 5 6 7 1 7

Ia mét hinh la tinh chuén trén tapS=1{1,2,3,4,5,6,7}

Goi L(p,n) 1a s6 hinh chir nhat la tinh p x n, con K(p,n) 1a s6 hinh chit nhat la tinh chuan p x
n ta co:

L(p,n) =n! K(p,n)

D@ dang nhan thiy rang, sé6 mat D, 14 sb hinh la tinh chuan 2 x n, s6 phan bd U, 13 s6 hinh
chit nhat la tinh chuén 3 x n véi hai dong dau 1a:

1 2 n-1 n
2 3 n 1
Riodan J(1946) da chung minh cong thirc:
K@3,m) =" C(nk)D, DU,,, trongdém=[n2],Uy=1.
Bai toan dém vai s dong nhiéu hon dén nay vin chua dugc giai quyét. Nguoi ta méi chi

dua ra dugc mot vai dang tiém can ctua L(p,n).

40



Chuwong 2: Bai todn dém va bdi todn ton tqi

Néu p=q=n, thi hinh chi nhat la tinh duoc goi 1a hinh vuéng la tinh. Mot hinh vudng la tinh
cép n dugc goi la chuin néu cé dong dau va cot dau 1a hoan vi 1, 2,..n. Thi du mot hinh vuong la
tinh chuan cip 7.

1 2 3 4 5 6 7
2 4 5 6 7 1
3 4 5 6 7 1 2
4 5 6 7 1 2 3
5 6 7 1 2 3 4
6 7 1 2 3 4 5
7 1 2 3 4 5 6

Goi I, 14 s6 cac hinh vudng nhu thé ta ¢ L(n,n) = n!(n-1)!1,

Viéc tim mot cong thirc cho In dén nay van bo ngo. Tuy nhién ta co thé nhd may tinh liét ké
tat ca cac hinh vudng chuan cap n. Dudi day 1a mot vai gia tri tinh duoc:

N 1 2 3 4 5 6 7
1, 1 1 1 4 56 9408 16942080
2.7. BAI TOAN TON TAI

Chung ta d giai quyét bai toan dém sb cac cau hinh to hop thoa man mot tinh chat nao do,
chzing han nhu dém sé t6 hop, s6 chinh hop, hoac s6 hoan vi. Trong nhiing bai toan do su ton tai
ctia cac cAu hinh 13 hién nhién va cong viée chinh 13 chung ta can dém s6 cac cdu hinh t6 hop thoa
man tinh chét dat ra. Tuy nhién, trong nhiéu bai toan td hop, viéc chi ra su tdn tai ciia mot cdu
hinh thoa mén céc tinh chit cho trudc da 1a moét viée 1am hét stc kho khin. Dang bai toan nhu vay
duoc goi 1a bai toan ton tai.

2.7.1. Giéi thiéu bai to4n

Mot bai toan ton tai to hop duoc xem nhu giai xong néu hodc chi ra mot cach xay dung ciu
hinh, hodc ching minh ring chung khong ton tai. Moi kha nang déu khong dé dang. Dudi déy 1a
mot s6 bai toan ton tai to hop noi tiéng.

Bai toan 1. Bai toan vé 36 si quan

Bai toan nay dugc Euler dé nghi voi ndi dung nhu sau.

C6 mot 1an ngudi ta triéu tap tir 6 trung doan, mdi trung doan 6 si quan thudc 6 cip bac
khac nhau: thiéu uy, trung uy, thuong uy, dai uy, thiéu ta, trung ta vé tham gia duyét binh ¢ su
doan bo. Hoi rang, co thé xép 36 si quan nay thanh mot doi ngii hinh vudng sao cho trong mdi

hang ngang cling nhu moi hang doc déu c6 dai dién cua cé sau trung doan va cua 6 cap bac.
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Dbé don gian ta s€ dung cac chit cai in hoa A, B, C, D, E, F dé chi phién hi€u cua cac trung
doan, cac chir cai in thuong a, b, c, d, e, f dé chi cép bac. Bai todn nay co thé téng quat hoa néu
thay 6 boi n. Trong truong hop n =4 mdt 101 giai cua bai toan 16 si quan la:

Ab Dd Ba Cc
Be Ca Ad Db
Cd Bb Dc Aa
Da Ac Cb Bd
Mot o1 giai véin =5 la:
Aa Bb Ce Dd Ee
Cd De Bd Ab Bce
Eb Ac Bd Ce Da
Be Ca Db Ec Ad
Dc Ed Ae Ba Cb

Do 10i giai bai toan co thé biéu dién boi hai hinh vudéng véi cac chir cai la tinh hoa va la tinh
thuong nén bai toan tong quat dit ra con duoc biét voi tén goi “hinh vudng la tinh truc giao”.
Trong hai vi du trén ta ¢6 hinh vuéng la tinh tryc giao cip 4 va 5.

Euler di mét rat nhiéu cong sirc dé tim ra 151 giai cho bai toan 36 si quan thé nhung 6ng da
khong thanh cong. Vi vdy, ong gia thuyét 1a cach sap xép nhu vay khong ton tai. Gia thuyét nay
d3 duoc nha toan hoc phap Tarri chimg minh ndm 1901 bang cach duyét tit ca moi kha ning xép.
Euler cin ctr vao sy khong ton tai 101 giai khi n=2 va n = 6 con dé ra gia thuyét tong quat hon 1a
khong ton tai hinh vudng truc giao cap 4n + 2. Gia thuyét nay da ton tai hai thé ky, mai dén nam
1960 ba nha toan hoc MV 1a Bore, Parker, Srikanda méi chi ra dugc mdt 161 giai vai n = 10 va sau
do6 chi ra phuong phéap xay dung hinh vuong truc giao cho moin =4k +2 véi k> 1.

Tudng chimg bai toan chi mang ¥ nghia thir thach tri tué con ngudi thuan tuy nhu mot bai
toan d6. Nhung gan day, nguoi ta phat hién nhiing tng dung quan trong ctia vn dé trén vao qui
hoach, thuc nghiém va hinh hoc xa anh.

Bai toan 2. Bai toan 4 mau

C6 nhiéu bai toan ma noi dung ctia nd co thé giai thich dugc voi bat ky ai, 10i giai ctia no ai
cling c¢b gang thir tim nhung kho c6 thé tim dugc. Ngoai dinh 1y Fermat thi bai toan bén mau ciing
1a mot bai toan nhu vay. Bai toan co thé duoc phat biéu nhu sau: Ching minh ring moi ban db
déu co thé t6 bang 4 mau sao cho khong c6 hai nuéc lang giéng nao lai bi to boi cing mot mau.
Trong d6, mdi nude trén ban d6 duge coi 1a mot ving lién thong, hai nude duoc goi la lang giéng
néu chung c¢6 chung dudng bién giGi 1a mot dudng lién tyc.
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Hinh 2.2. Ban do to béi it nhat bén mau

Con s6 bén mau khong phai 1a ngau nhién. Nguoi ta da chimg minh dwoc ring moi ban do
déu duoc t6 boi s6 mau 16n hon 4, con voi sb mau it hon 4 thi khong thé t6 dugc, chiang han ban
dd gém 4 nude nhu trén hinh 2.2 khong thé t6 dugc véi sé mau it hon 4.

Bai toan nay xut hién vao nhitng nim 1850 tir mot l4i budn ngudi Anh 1a Gazri khi t6 ban
dd hanh chinh nuéc Anh da cb ging chimg minh rang n6 c6 thé to bang bén mau. Sau d6, nim
1852, 6ng da viét thu cho De Morgan dé thong bao vé gia thuyét nay. Nam 1878, Keli trong mot
bai bao ddng & tuyén tap cac cong trinh nghién ctru cia Hoi toan hoc Anh c6 héi ring bai toan nay
da duoc giai quyét hay chua? Tir d6 bai toan tré nén ndi tiéng, trong xudt hon mot thé ky qua,
nhiéu nha toan hoc da cd ging chimg minh gia thuyét nay. Tuy vay, mai téi nam 1976 hai nha
toan hoc My 1a K. Appel va W. Haken méi ching minh dugc né nhd may tinh dién tir.

Bai toan 3. Hinh luc gidc than bi

Nim 1890 Clifford Adams dé ra bai toan hinh luc giac than bi sau: trén 19 6 luc giac (nhu
hinh 2.3) hiy dién cac s6 tir 1 d&én 19 sao cho tong theo 6 hudng cua luc gidc 13 bang nhau (va déu
bang 38). Sau 47 ndm troi kién nhin cudi cting Adams ciing da tim dwoc 101 giai. Sau d6 vi so y
danh mat ban thao 6ng da tén thém 5 nam dé khoi phyc lai. Nam 1962 Adams dd cong bé 10i giai
d6. Nhung that khong thé ngd dugc do 1a 16 giai duy nhat.

Hinh 2.3. Hinh luc gidc than bi
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Bai toan 4. Bai toan chon 2n diém trén luéi n x n diém

Cho mot lu6i gdbm n x n diém. Hoi c¢6 thé chon trong sb chung 2n diém sao cho khéng co ba
diém nao dugc chon 1a thing hang? Hién nay nguoi ta méi biét dugc 101 giai ciia bai toan nay khi
n < 15. Hinh 3.3 cho mét 161 giai véin = 12.

REEER :
LT .

Hinh 2.4. M¢t 1o gidi véin = 12.

2.7.2. Phuwong phap phan chirng

Mot trong nhitng cach giai bai toan ton tai 1a dung 1ap ludn phan ching: gia thiét diéu ching
minh 14 sai, tir 6 ddn dén mau thuan.

Vi du 1. Cho 7 doan thang ¢6 d6 dai 16n hon 10 va nhé hon 100. Chirng minh ring ta luén
ludn tim duogc 3 doan dé c6 thé ghép lai thanh mot tam giac.

Giai: Diéu kién can va du dé 3 doan 1a canh cia mot tam giac 14 tong cta hai canh phai 16n
hon mét canh. Ta sip cic doan thang theo thir tu ting dan ctia d6 dai ay, a,,..., a; va chimg minh
rang diy da xép luon tim dugc 3 doan ma tong ciia hai doan dau 16n hon doan cudi. Dé ching
minh, ta gid st khong tim dugc ba doan nao ma téng cua hai doan nho hon mdt doan, nghia la cac
bat dang thirc sau dong thoi xay ra:

a; +ap; <az = a3=>20(via; a,210)
ataz<La, = a4 >30(viay> 10, a3> 20)
a3 t+as<as = as>50(viaz>20,a,>30)
as+as < ag = ag > 80 (vi ag> 30, as> 50)
as +ag < ay = a7 > 130 (vi as > 50, ag > 80)

— Mau thuin (bai toan duoc giai quyét).
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Vi du 2. Cac dinh cua mot thap giac déu duogc danh sb boi cac sb nguyén 0, 1,.., 9 mdt cach
tuy y. Chirng minh rang luén tim dwogc ba dinh lién tiép co6 tong cac s 1a 16n hon 13.

Giai: Goi xy, Xp,.., X190 12 cac s0 gan cho cac dinh cua thdp giac déu. Gid st nguoc lai ta
khong tim dugc 3 dinh lién tiép nao thod man khang dinh trén. Khi d6 ta co:

k=x1+x+x3<13
k=% +x3+x4<13
ki=x3+x4+x5< 13
ki=x4+x5+x6<13
ks =x5+ X6 +x7<13
ke=%x¢+x7+x3<13
ki=x7+x3+%x9<13
ks=Xg+ X9+ X10< 13
ko=X9+ X0+ x<13
kio=x1p0+x1 +x,<13
=130>k; +ky +... + kjo =3 (x;+ + x; +...+ Xq9)
=3(0+1+2+..+9)

= 135 = Mau thuin vi mét sb bang 135 khong thé hon
130. Khang dinh chimg minh.

2.7.3. Nguyén ly Dirichlet
Trong rat nhiéu bai toan to hop, dé chimg minh sy ton tai ciia mot ciu hinh véi nhiing tinh
chét cho trude, ngudi ta sir dung nguyén 1y don gian sau goi 1a nguyén ly Dirichlet.

Nguyén ly Dirichlet. Néu dem xép nhiéu hon n dbi tugng vao n hdp thi luon tim dugc mot
cai hop chira khong it hon 2 d6i tuong.

Chirng minh. Viéc chimg minh nguyén 1y trén chi can sir dung mot Iap luan phan ching
don gian. Gia sir khong tim duge mot hop nao chira khong it hon hai dbi tuong. Diéu d6 nghia 1a
mdi hop khong chira qua mot dbi tugng. Tir d6 suy ra tong cac d6i tuong khong vuot qua n trai
v6i gia thiét bai toan 1a co nhiéu hon n ddi tugng duoc xép vao chung.

Vi du 1. Trong bat ky mot nhom cé 367 ngudi thé nao ciing c¢6 it nhat hai ngudi co cing
ngay sinh.

Giai: Vi mot nim co nhiéu nhit 366 ngay. Nhu véy, theo nguyén 1y Dirichlet thi co it nhét
mot ngay c6 hai nguoi cung mot ngay sinh.
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Vi du 2. Trong bat ky 27 tir tiéng Anh nao ciing déu c6 it nhat hai tir ciing bat ddu bang mot
chir cai.

Giai: Vi bang chir cai tiéng Anh chi c6 26 chit cai. Nén theo nguyén 1y Dirichlet ton tai it
nhét 2 tir s& bt dau boi cung mot chi cai.

Vi du 3. Bai thi cac mon hoc cho sinh vién dugc cham theo thang diém 100. Hoi 16p phai

c6 it nhat bao nhi€u sinh vién dé€ co it nhat hai sinh vién dugc nhan cung mdt diem.

Giai: Can c6 it nhat 102 sinh vién vi thang diém tinh tir 0.. 100 gdm 101 sb. Do viy, theo
nguyén ly Diriclet muén c6 2 sinh vién nhan cing mot diém thi 16p phai ¢6 it nhat 1a 101 +1 =
102 sinh vién.

Nguyén ly Dirichlet téng quat. Néu dem xép n dbi tugng vao k hdp thi luén tim dugc mét
hop chira it nhat [ n/k | d6i twong.

Nguyén 1y trén duoc nha toan hoc ngudi Duc Dirichlet d& xuat tir thé ky 19 va 6ng da ap
dung dé giai nhiéu bai toan t6 hop.

Vi du 4. Trong 100 nguoi c6 it nhat 9 nguoi sinh nhat ciing mot thang.

Giai: Mot ndm c6 12 thang. Xép tat ca nhitng nguoi sinh nhat vao cting mot nhom. Theo
nguyén 1y Dirichlet ta c6 it nhat[ 100/12 | = 9 ngudi cling sinh nhat mot thang.

Vi du 5. C6 nam loai hoc bong khac nhau dé phat cho sinh vién. Hoi phai ¢6 it nhat bao
nhiéu sinh vién dé chic chin c6 5 nguoi duge nhan hoc béng nhu nhau.

Giai. Sb sinh vién it nhat dé c6 5 sinh vién cung dugc nhan mdt loai hoc béng 14 sb n thoa
mén [ n/5 > 5. S6 nguyén bé nhét thoa mén didu kién trén 1a n = 25 + 1 = 26. Nhu vay phai c6 it
nhét 26 sinh vién dé co it nhit 5 sinh vién cung dugc nhan mot loai hoc béng.

Vi du 6. Trong mot thang c6 30 ngay mot doi bong chay choi it nhat mdi ngay mot tran,
nhung ca thang choi khong qué 45 tran. Hay chi ra rang phai tim dugc mot giai doan gdm mot sd
ngay lién tuc nao do trong thang sao cho trong giai doan doé ddi choi dung 14 tran.

Giai: Gia str a; 1a s tran thi dau cho t6i ngay thir j cia d6i. Khi do:

ay, az,..., 430
1a day ting cua cac s6 nguyén duong va 1 < a; <45. Suy ra day:

ar + 14, a, + 14,.., a3 + 14 ciing 13 day ting cac sb nguyén duong va 15 < a; <59
Nhu vay, diy 60 sé nguyén duong

ai, a,.., a3, a1 + 14, ay + 14,..., a3o + 14 trong d6 tat ca cac s6 déu nho hon hodc bé‘mg 59.
Theo nguyén 1y Dirichlet thi phai tn tai it nhat hai sé trong s hai sb nguyén nay bang nhau. Vi
cac sb ay, a,,..., azo 1a d6i mot khac nhau va a; + 14, a, + 14,..., a3 + 14 cling d6i mot khac nhau.
Nén ta suy ra phai ton tai chi sb i va j sao cho a;=a; + 14. Diéu d6 c6 nghia 1a c6 ding 14 tran déu
trong giai doan tir ngay j + 1 dén ngay tht i.
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NHUNG NOQI DUNG CAN GHI NHO

BAI
Bai 1.

Bai 2.

Bai 3.
Bai 4.
Bai 5.
Bai 6.
Bai 7.
Bai 8.

Bai 9.

Ban doc can ghi nhé mot s6 kién thirc quan trong sau:
v" Nhing nguyén ly dém co ban: nguyén 1y cong, nguyén 1y nhan & nguyén Iy bu tri.
v' Sir dung nhitng nguyén 1y co ban trong dém cac hoan vi, t6 hop.
v' Hiéu phuong phap cach giai quyét bai toan dém bang hé thirc truy hoi.
v' Nim vimng cach thirc qui mot bai toan dém vé nhimng bai toan con.
v

Cach giai phé bién cho bai toan ton tai 1a sir dung phuong phap phan ching hoac
su dung nguyén ly Dirichlet.

TAP CHUONG 2

Xau thuan nghich doc 1a mot xau khi viét theo thu tu nguoc lai cling béng chinh n6. Hay
dém s6 xau nhi phan c6 do dai n la thuan nghich doc.

C6 dau va cht ré moi bon ban ding thanh mot hang dé chup anh. Hoi ¢6 bao nhiéu cach
x€p hang néu:

a) Co dau ding canh chu ré

b) C6 dau khéng ding canh chu ré

¢) Cb dau dung & phia bén phai chu ré

Co bao nhiéu xau nhi phan d¢ dai 10 c6 nam s6 0 lién nhau hodc nam s6 1 lién nhau.

Co bao nhiéu xau nhi phan d¢ dai béng 8 ¢4 3 s6 0 lién nhau hodc 4 s6 1 lién nhau.

MJi sinh vién 1ép toan hoc rdi rac hodc gioi toan hodc gidi tin hoc hodc gidi ca hai mon
nay. Trong 16p c6 bao nhiéu sinh vién néu 38 nguoi gidi tin (k€ ca ngudi gidi ca hai mon),
23 nguoi gioi toan (k€ ca nguoi gidi ca hai mon), va 7 nguoi gioi ca hai mon.

Chtng t6 rang, trong n+1 sé nguyén duong khong vuot qua 2n ton tai it nhat mot sb chia
hét cho mot so khac.

Chung minh rang, trong day gébm n* + 1 sé thuc phéan biét déu c6 mot day con dai n+l
hodc thyc sy tang, hoac thuc sy giam.

Gia sir trong mot nhom 6 ngudi mdi cap hai hodc 1a ban, hodc 1a thi. Chimg to rang trong
nhom c6 ba ngudi 1a ban cia nhau hodc 1a ké thu cia nhau.

Hay chi ra rang, trong 102 nguoi co chiu cao khac nhau dimg thanh mot hang c¢6 thé tim
dugc 11 nguoi cd chi€u cao tang dan hodc giam dan ma khong can thay doi thir ty cua ho
trong hang.

Bai 10. Mot d6 vat tay tham gia thi diu gianh chirc vo dich trong 75 gio. Mdi gio anh ta thi d4u it

nhat mot trdn, nhung toan bo anh ta khong thi ¢iu qua 125 tran. Ching to rang, c6 nhiing
gid lién tiép anh ta thi dau 24 tran.

Bai 11. Mot nhan vién bat dau 1am viéc tai cong ty tir nim 1987 v&i muc lwong khoi diém 1a

50000 do la. Hang nam anh ta dugc nhan thém 1000 do6 la va 5% luong cia nam trudc.
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Bai 12.

Bai 13.

Bai 14.

Bai 15.

Bai 16.

Bai 17.

Bai 18.

Bai 19.

Bai 20.
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a) Hay thiét 1ap hé thirc truy hdi tinh lvong cua nhan vién d6 n nim sau nam 1987.

b) Luwong vao nam 1995 cua anh ta la bao nhiéu?

¢) Hay tim cong thirc tuong minh tinh lwong cia nhan vién nay n ndm sau nam 1987.

Tim hé thtc truy hdi cho s6 hoan vi ctia tip n phan tir. Dung hé thic truy hdi d6 tinh hoan

vi cua tap n phan tu.

Mot may ban tem tu dong chi nhén cac déng xu mot dola va céac loai to tién 1 dola va 5

dola.

a) Hay tim hé thirc truy hoi tinh s6 cach dat n d6 la vao trong may ban hang, trong d6 thi
tu cac dong xu, céc to tién la quan trong.

b) Tim cac diéu kién dau.

¢) Co bao nhiéu cach dat 10 do6 la vao may dé mua mot bo tem.

Giai cac hé thirc truy hoi vé6i cac didu dau sau:
a) a, = a,. + 62, voin=>2,a,=3,a;=6.
b) a, = 7a,.; - 6a,.» voin>2,a,=2,a;=1.
c) a, = 6a, - 8a,, voin>2,ay=4,a; =10.
d) a,=2a, - an, voin=>2,a,=4,a;=1.
€)a, = ana voin=>2,ay=15,a;=-1.
f) a, =-6a,. - 9a,, voin=>2,ay=3,a; =-3.
g) ap = -4a, + Sa, voin=>0,ay=2,a; =8.

Tim cac nghiém didc trung ctia hé thire truy hdi tuyén tinh thuan nhat:

a) a,=2a, - 2a,

b) Tim nghi¢m thod man h¢ thurc truy hdi trén va cac diéu kién dau ap =1, a; =2.

a) Tim nghiém dic trung cta hé thirc truy hoi tuyén tinh thuan nhét a, = a,4

b) Tim nghiém thoa man hé thirc truy hdi trén va cac diéu kién dau a=1, a,=0, a,=-1, a;=1.
Mot bao céo vé thi trudng may tinh ca nhan cho biét c6 65000 ngudi s& mua modem cho
may tinh cia ho trong nam ti, 1 250 000 ngudi s& mua it nhat mot san phim phan mém.
Néu bao céo ndy noi rang 1.450.000 nguoi s& mua hodc 1a modem hodc 13 it nhat mot san
phim phan mém thi s& ¢6 bao nhiéu ngudi s& mua ca modem va mua it nhat mot san phim
phan mém.

Mot trung tdm may tinh ¢6 151 may vi tinh. Cac may cua trung tdm dugc dat tén bdi mot
s6 nguyén dwong tir 1 dén 300 sao cho khong c6 hai may nao dugc dat tén trung nhau.
Chung minh rﬁng ludn tim dugc hai may co tén la cac sO nguyén lién tiép.

Chung minh rang trong sb 10 ngudi bét ky bao gid ciing tim duge hodc hai ngudi ¢6 téng
s6 tudi chia hét cho 16, hodc hai nguoi ma higu s6 tudi cta ho chia hét cho 16.

C6 12 cau thu bong rd deo 4o véi sb tir 1 dén 12 dimg tap chung thanh mot vong tron
gitra san. Ching minh rang ludn tim duoc 3 ngudi lién tiép co tong céac sb trén 4o 14 16n
hon hoic bang 20.



Chuwong 3. Bai toan liét ké

CHUONG lil: BAI TOAN LIET KE

Déi voi mot bai toan, khi chua tim dwoc giai thuat tt dé giai thi liét ké 1a bién phap cudi
cung dé thuc hién véi sy hd trg cia may tinh. C6 thé noi, liét ké 1a phuong phap phd dung nhat dé
giai quyét mot bai toan trén may tinh. Trai lai, bai toan ton tai chi can chi ra dugc bai toan c6
nghiém hay khéng c6 nghiém va thudng 1a nhimng bai toan khé. Nhiéu bai toan ton tai da dugc
phat biéu trong nhiéu thap ki nhung van chwa dugc giai quyét.Giai quyét duoc ching s& thic day
su phat trién ciia nhiéu nganh toan hoc. Noi dung chinh cua chwong nay tap chung giai quyét
nhimg van d& co ban sau:

v Giéi thiéu bai toan liét ké.
v' Giai quyét bai toan liét ké bang phuong phap sinh.
v Giai quyét bai toan liét ké bang phuong phap quay lui dua trén giai thuat dé qui.

Ban doc c6 thé tim thdy cach giai nhiéu bai toan liét ké va bai toan ton tai hay trong cac tai
li¢u [1] va [2] trong tai li¢u tham khao.

3.1. GIOI THIEU BAI TOAN

Bai toan dua ra danh sach tit ca cac cau hinh to hop ¢o thé co duoc goi la bai toan li¢t ké to
hop. Khéc véi bai toan dém 1a tim kiém mot cong thirc cho 101 giai, bai toan liét ké lai cn xac
dinh mot thuat toan dé theo do c6 thé xay dung dugc lan luot tat ca cac cu hinh can quan tam.
Mot thuat toan liét ké phai dam bao hai nguyén tic:

= Khong dugc 1dp lai mot céu hinh
= Khong dugc bo x6t mot c4u hinh

Vi du 1. Cho tap hop cac $6 a, ay,.., a, va sO M. Hay tim tat ca cac tap con k phﬁn tir cua
day s {a,} sao cho tong sd cac phan tir trong tap con d6 dung bang M.

Giai: Nhu chiing ta da biét, s6 cac tap con k phan tir cia tp gdm n phan tir 1a C(n,k). Nhu
vay chung ta can phai duyét trong sé C(n,k) tdp k phan tir dé 13y ra nhiing tap c6 tong cac phan tir
dung bang M. Vi khong thé xac dinh dugc c6 bao nhiéu tap k phan tir tir tip n phan tir ¢ tong cac
phan tir diing bang M nén ching ta chi con cach liét ké cac cau hinh thoa mén diéu kién di cho.

Vi du 2. M6t thuong nhan di ban hang tai tdm thanh phd. Chi ta c6 thé bat dau hanh trinh
ctia minh tai mot thanh phd nao d6 nhung phai qua 7 thanh phd kia theo bat ky thtr ty ndo ma chi
ta mudn. Hay chi ra 16 trinh ngin nhat ma chi ta co thé di.

Giai: Vi thanh phé xuit phat di dugc xac dinh. Do vay thwong nhén c6 thé chon tuy y 7
thanh phd con lai dé hanh trinh. Nhu vay, tit ca s6 hanh trinh ctia thuong nhan cé thé di qua 1a 7!
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= 5040 cach. Tuy nhién trong 5040 cich ching ta phai duyét toan bd dé chi ra mot hanh trinh 1a
ngin nhit.

C6 thé néi phuong phap liét ké 1a bién phap cudi cing nhung ciing 1a bién phap phd dung
nhat dé giai quyét cac bai toan t6 hop. Kho khin chinh cta phuong phéap nay 13 sy bung nd to hop.
Dé xdy dung ching 1 ty ciu hinh (con sé nay khong phai 1a 16n dbi véi cac bai toan td hop nhu sb
mat thtr tu Dy, sé phan bd U, sé hinh vudng la tinh In), ta gia sir can 1 gidy dé liét ké mot ciu
hinh thi chiing ta ciing can 31 nim méi giai quyét xong. Tuy nhién vdi sy phét trién nhanh chong
ciia may tinh, bang phwong phap liét k&, nhidu bai toan kho cua 1y thuyét t6 hop di duoc giai
quyét va gop phan thic ddy sy phat trién cta nhidu nganh toan hoc.

3.2. DE QUI
3.2.1. Pinh nghia bing dé qui

Trong thyc té, ching ta gip rat nhiéu ddi twong ma kho c6 thé dinh nghia né mét cach
tuong minh, nhung lai dé dang dinh nghia d4i twong qua chinh né. K¥ thuét dinh nghia dbi twong
qua chinh né dugc goi 1a k¥ thuat d¢ qui (recursion). B¢ qui dugc s dung rong rai trong khoa hoc
may tinh va Iy thuyét tinh toan. Cac giai thuat dé qui déu duoc xay dung théng qua hai budc:
budc phan tich va budc thay thé nguoc lai.

Vi du 1. Bé tinh tong S(n) = I + 2 +...+ n, ching ta c6 thé thuc hién théng qua hai budc
nhu sau:

Buwéc phan tich:

=  Dé tinh toan dugc S(n) trude tién ta phai tinh toan trudc S(n-1) sau d6 tinh S(n) =
Sm-1) +n.

= D¢ tinh toan dugc S(n-1), ta phai tinh toan trudce S(n-2) sau d6 tinh S(n-1) = S(n-2)
+n-1.

= Pé tinh toan dugc S(2), ta phai tinh toan trudc S(1) sau d6 tinh S(2) = S(1) + 2.
= Vacudi ciing S(I) chung ta c6 ngay két qua 1a /.

Budc thay thé ngugc lai:

Xuét phat tir S(1) thay thé nguoc lai ching ta xac dinh S(n):
= S()=1

S2)=58() + 2

S3)=82) +3

Sm)=Sm-1)+n
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Vi du 2. Dinh nghia ham bang dé qui:
Ham f(n) = n!
D@ thiy f(0) = 1.
Vi(n+1) ! =1.2.3...n(n+1) =n! (nt+1), nén ta co:
f(n+1) = (n+1). f(n) v6i moi n nguyén duong.
Vi du 3. Tap hop dinh nghia bang dé qui:
Pinh n‘ghia dé qui tap cac xau: Giad st £* 1a tp cac xau trén b chir cai . Khi d6 £* dugc
dinh nghia bang d¢ qui nhu sau:
= ) e X* trong d6 A 1a x4u rong
= wxeX*néuweX*vaxeX*

3.2.2. Giai thuat dé qui

Mot thudt toan dugce goi 1a d¢ qui néu nd giai bai toan béng cach rut gon bai toan ban dau
thanh bai toan tuong tu nhu vdy sau mot s6 hiru han 1an thuc hién. Trong moi lan thuc hién, dit
lidu dau vao tiém can t6i tap dit liéu dimg.

Vi du: dé giai quyét bai toan tim wéc s6 chung 16n nhit cua hai s6 nguyén duong a va b véi
b> a, ta c6 thé rat gon vé bai toan tim wdc sb chung 16n nhit cua (b mod a) va a vi USCLN(b mod
a, a) = USCLN(a,b). Diy cac rit gon lién tiép c6 thé dat duoc cho téi khi dat diéu kién dimg
USCLN(0, a) = USCLN(a, b) = a. Duéi day la vi du vé mot sb thuat toan dé qui thong dung.

Thuit toan 1: Tinh a" bang giai thuat dé qui, voi moi s6 thuc a va s ty nhién n.
double power( float a, int n ){
if (n ==0)
return(1);
return(a *power(a,n-1));
b
Thuét toan 2: Thuét todn dé qui tinh udc s6 chung 16n nhét cia hai s nguyén duong a va b.

int USCLN( int a, int b){

if (@==0)
return(b);
return(USCLN( b % a, a));

}

Thuat toan 3: Thuat toan d¢ qui tinh n!

long factorial( int n){
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if (n ==1)
return(1);
return(n * factorial(n-1));
ks
Thuat toan 4: Thuat toan d¢ qui tinh s6 fibonacci thir n
int fibonacci( int n) {
if (n==0) return(0);
else if (n ==1) return(1);
return(fibonacci(n-1) + fibonacci(n-2));

}

3.3. PHUONG PHAP SINH

Phuong phap sinh c6 thé ap dung dé giai cac bai toan liét ké t6 hop dit ra néu nhu hai diéu
kién sau duoc thuc hién:

i. CO thé xac dinh dugc mot tha tu trén tap cac cau hinh t6 hop can liét ké. Tur d6 co thé
xéac dinh dugc ciu hinh td hop du tién va cubi cung trong thir ty da dugc xac dinh.

ii. Xay dung dugc thuat toan tir cau hinh chwa phai 1a cudi cung dang c6 dé dua ra cdu
hinh ké tiép sau no.

Ta goi thuat toan trong diéu kién (ii) Ia thuat toan sinh ké tiép. RS rang thuat toan nay chi
thue hién dugc khi c6 mot cdu hinh duge xac dinh theo didu kién (i). Gia sir mot bai toan déu thoa
min céac diéu kién trén, khi d6 phuong phép sinh ké tiép c6 thé duoc mé ta bang thu tuc nhu sau:

void Generate(void){
<Xay dung cdu hinh ban dau>;
stop =false
while (not stop) {
<Dbua ra cau hinh dang c6>;

Sinh_Ké_Tiép;

¥
Trong d6 Sinh_Ké& Tiép 1a thu tuc sinh cAu hinh ké tiép tir ciu hinh ban dau. Néu cau hinh
1a cAu hinh cudi cung, thu tuc nay can gan gia tri True cho stop, ngugc lai thi tuc nay s& xay dung
céu hinh ké tiép cuia cau hinh dang c6 trong thtr ty di xac dinh.

Dudi day 1a mot s6 vi du dién hinh mé ta thuét toan sinh ké tiép.
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Vi du 1. Liét ké tat ca cac ddy nhi phan d6 dai n.

Giai: Viét diy nhi phan du6i dang b;b,..b,, trong d6 bje {0, 1 }. Xem mdi diy nhi phan
b=bb,..b, 1a biéu dién nhi phan ctia mot sé nguyén p(b). Khi d6 thir tw hién nhién nhét co thé xac
dinh trén tap cac day nhi phan la tha ty tu dién duoc xac dinh nhu sau:

Ta noi day nhi phan b = b;b,..b, di trudc day nhi phan b’ =b’;b’,..b’, theo thur ty tir dién va
ki hiéu b<b’néu p(b) <p(b”).

Vi du v6i n=4, cac xau nhi phan do dai 4 dugc liét ké theo thu tu tir dién la:

b p(b) b p(b)
0000 0 1000 8
0001 1 1001 9
0010 2 1010 10
0011 3 1011 11
0100 4 1100 12
0101 5 1101 13
0110 6 1110 14
0111 7 1111 15

Nhu vay, diy dau tién 12 0000 ddy cudi cing 14 1111. Nhan xét rang, néu xau nhi phan chira
toan bit 1 thi qua trinh liét ké két thuc, trai lai day ké tiép s& nhan duoc bang cach cong thém 1
(theo modul 2 ¢6 nhd) vao diy hién tai. Tir d6 ta nhan duoc qui tic sinh ké tiép nhu sau:

= Tim i d4u tién tir phai xang trai (i=n, n-1,..,1) thoa mén b; =0.
=  Gan lai b; =1 va b=0 véi tit ca j>i. Day thu dugc 1a diy can tim.

Vi du ta ¢6 xau nhi phan d6 dai 10: 1100111011. Ta c6 i =8, ta dat bg =1, by,b;o =0 ta duogc
xau nhi phan ké tiép: 1100111100.

Thuét toan sinh ké tiép dugc mo ta trong thu tuc sau:

void Next_Bit_String( int *B, int n ){

i=n;
while (b; ==1) {
bi=0
i =i-1;
by
bi=1;
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Dudi day 1a chuong trinh liét ké cac xau nhi phan c6 do dai n.
#include <stdio.h>
#include <alloc.h>
#include <stdlib.h>
#include <conio.h>
#define MAX 100
#define TRUE 1
#define FALSE 0
int Stop, count;
void Init(int *B, int n){
inti;
for(i=1; i<=n ;i++)
B[i]=0;
count =0;
¥
void Result(int *B, int n){
int i;count++;
printf("\n Xau nhi phan thu %d:",count);
for(i=1; i<=n;i++)
printf("%3d", BI[i]);
¥
void Next_Bits_String(int *B, int n){
inti =n;
while(i>0 && B[i]){
B[i]=0; i--;
by
if(i==0)
Stop=TRUE;
else
B[i]=1;
¥

void Generate(int *B, int n){
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inti;

Stop = FALSE;

while (!Stop) {
Result(B,n);
Next_Bits_String(B,n);

b
void main(void){
inti, *B, n;clrscr();
printf("\n Nhap n=");scanf("%d",&n);
B =(int *) malloc(n*sizeof{(int));
Init(B,n);Generate(B,n);free(B);getch();
b
Vi du 2. Liét ké tip con m phan tir cia tip n phan tir. Cho X = { 1, 2,.., n }. Hay liét ké tat
ca cac tap con k phan tir cua X (k< n).
Giai: Mdi tdp con cua tap hop X co6 thé biéu dién bang b ¢ thir tw gdm k thanh phan a
=(ajaz..ax) thoaman 1 <a; <a, <.<a <n.

Trén tap cac tap con k phén tr ciia X ¢6 thé xac dinh nhiéu thtr ty khac nhau. Thir tu d& nhin
th'fly nhat 1a tht ty tir dién duge dinh nghia nhu sau:

Ta noi tdp con a = a;a,... ax di trude tdp con a’ = a,’ay’...a; " trong thir tu tir dién va ky hiéu la
a<a’, néu tim dugc chi s6j (1 <j<k) sao cho:

J— b —_ b —_ ] b
a=a1, =a,.., a1 =aj, a<aj

Chéng han X={1,2,3,4,5},k=3. Céc tdp con 3 phén tir ciia X duoc liét ké theo thu tu
tir dién nhu sau:

1 2 3
1 2 4
1 2 S
1 3 4
1 3 5
1 4 5
2 3 4
2 3 5
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2 4 5
3 4 5
Nhu vy, tdp con dau tién trong thtr tu tir dién 1a (1, 2,.., k) va tip con cudi cung 1a (n-k+1,
n-k+2,.., n). Gia str a = (ay, ay,.., a) la tdp con hién tai va chua phai la cudi cung, khi do cé thé
chimg minh duoc ring tip con ké tiép trong tha tu tir dién c6 thé dugc xay dung bang cach thuc
hién céac qui tic bién d6i sau ddi véi tap con dang co.
* Tim tir bén phai day a;, a,,.., ax phﬁn trazn —k +1
» Thay a; bdi a; +1,
* Thayajboia;+j—1, véiji=itl,i+2,.,k
Chéng han v6i n = 6, k =4. Gia st ta dang c6 tap con (1, 2, 5, 6), can xay dung tap con Kké
tiép n6 trong tht tu tir dién. Duyét tir bén phai ta nhan dugc i =2, thay a, boia, + 1 =2 + 1 =3.
Duyétjtri+1=3chodénk, tathaythbas=a,+3-2=3+3-2=4 a,=a2+4-2=3+4-2
=5 ta nhan dugc tap con Kké tiép la(1,3,4,5).

Véi qui tac sinh nhur trén, chiing ta c6 thé mo ta bang thuat toan sau:
Thuit toan liét ké tap con ké tiép m phan tir ciia tdp n phan tir:
void Next_Combination( int *A, int m){
i=m;
while ( @ == m-n+i)
i=i-1;
a=a-+1;
for (j=i+1;j <=m; j++)
y=a+j-i
by
Vin ban chuong trinh liét ké tap cac tap con m phan tir ciia tdp n phan tir dugc thé hién nhu sau:
#include <stdio.h>
#include <conio.h>
#define TRUE 1
#define FALSE 0
#define MAX 100
int n, k, count, C[MAX], Stop;
void Init(void){
inti;
printf("\n Nhap n="); scanf("%d", &n);
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printf("\n Nhap k="); scanf("%d", &k);
for(i=1; i<=k; i++)
Cli]=;
ks
void Result(void){
int i;count++;
printf("\n Tap con thu %d:", count);
for(i=1; i<=k; i++)

printf("%3d", C[i]);

b

void Next_Combination(void){
intij;
i =k;

while(i>0 && C[i]==n-k+i)

U

if(i>0) {
Cli]= Cli]+1;
for(j=i+1; j<=k; j++)
CO1=Clil+j-i;
by

else Stop = TRUE;
by
void Combination(void){
Stop=FALSE;
while (!Stop){
Result(); Next_Combination();

b
void main(void){

clrscr(); Init();Combination();getch();
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Vi du 3. Liét ké cac hoan vi cia tap n phan tir. Cho X = { 1, 2,.., n }. Hiy liét ké cac hoan vi
tir n phan tir cia X.

Giai: Mdi hoan vi tir n phﬁn ttr ciia X c6 thé biéu dién boi bo 6 thi tu n thanh phﬁn:
a=(ay, a.., a,) thod man a;e X,1=1,2,.., n, a,# aq, p# q.

Trén tdp cac hoan vi tr n phén ttr ciia X ¢6 thé xac dinh nhiéu tht tu khac nhau. Tuy nhién,
thir tr d& thay nhat 13 thtr ty tir dién duoc dinh nghia nhu sau:

Ta noéi hoan vi a = aja,... a, di trudc hodn vi a’ = a;’a,’...a,” trong thu tu tir dién va ky hiéu
la a<a’, néu tim dugc chi so k (1 <k <n ) sao cho:

J— b —_ b —_ b 9
a1 =2a;,a= a2,y A1 = A k1, A <Ak

Chang han X = { 1, 2, 3, 4}. Cac hoan vi cc phan tir cia X dugc liét ké theo thtr ty tir dién
nhu sau:

1 2 3 4 3 1 2 4
1 2 4 3 3 1 4 2
1 3 2 4 3 2 1 4
1 3 4 2 3 2 4 1
1 4 2 3 3 4 1 2
1 4 3 2 3 4 2 1
2 1 3 4 4 1 2 3
2 1 4 3 4 1 3 2
2 3 1 4 4 2 1 3
2 3 4 1 4 2 3 1
2 4 1 3 4 3 1 2
2 4 3 1 4 3 2 1
Nhu vay, hoan vi dau tién trong thir tu tir dién 1a (1, 2, ..., n) va hoan vi cudi cung la (n, n-

L,..., 1). Gid str a = a;a,... a, la mQt hoan vi chua phai 1a cudi cung. Khi d6 ta c6 thé chimg minh
duoc rang, hodn vi ké ti€p trong thir tu tir dién co thé xay dung bang cach thuc hién cac qui tac
bién doi sau do6i voi hoan vi hién tai:

* Tim tir phdi qua trai hoan vi c6 chi s6 j dau tién thoa man a; <aj:i(hay j 1a chi so 16n

nhat dé a; <aj+1);

* Tim ay 1a s6 nho nhat con 16n hon a; trong cac s6 ¢ bén phdi a;;

» Poichd aj Vol ax

* Lat ngugc doan tir aj;; dén a,.

Chfmg han ta dang c6 hoan vi (3, 6, 2, 5, 4, 1), can xay dung hoan vi ké tiép theo thu tu tur
dién. Ta duyét tir j = n-1 sang bén trai dé tim j d4u tién thoa mén a; < aj+; ta nhan duoc j = 3
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(a3=2<as=)). S nhé nhét con 1on hon a, trong cac sb bén phai a; 1a as (as=4). D6i chd a; cho as ta
thu duoc (3, 6, 4, 5, 2, 1), 1at nguoc doan tir a4 dén as ta nhan duogc (3,6,4,1,2,5).

Tur d6 thuat toan sinh ké tiép 6 thé duoc mé ta béng thu tuc sau:
Thuit toan sinh hoan vi ké tiép:
void Next_Permutation( int *A, int n){
intj, k, r, s, temp;
i=n;
while (g > aj41 )
i=i-L
k=n;
while (a; > ax )
k=k-1;
temp =a;; a; = ay; ax = temp;
r=j+1,s=n;
while (r < s) {
temp = a; a, = as; as = temp;

r=r+1; s=s-1;

b
Vin ban chwong trinh liét ké cc hoan vi cua tap hop gém n phan tir nhu sau:

#include <stdio.h>

#include <stdlib.h>

#include <conio.h>

#define MAX 20

#define TRUE 1

#define  FALSE 0

int P[MAX], n, count, Stop;

void Init(void){
int i;count =0;
printf("\n Nhap n=");scanf("%d", &n);
for(i=1; i<=n; i++)

P[i]=i;
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b
void Result(void){
int i;count++;
printf("\n Hoan vi %d:",count);
for(i=1; i<=n;i++)
printf("%3d",P[i]);
b
void Next_Permutaion(void){
intj, k, r, s, temp;
j=n1
while(j>0 && P[j]>P[j+1])
i
if(j==0)
Stop=TRUE;
else {
k=n;
while(P[j1>P[k]) k--;
temp = P[j]; P[j]=P[k]; P[k]=temp;
r=j+1; s=n;
while(r<s){
temp=P[r];P[r]=P[s]; P[s]=temp;

r++; s--;

}

void Permutation(void){
Stop = FALSE;
while (IStop){
Result();

Next_Permutaion();
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void main(void){
Init();clrscr(); Permutation();getch();
b

Vi du 4. Bai toan: Cho n 1a s6 nguyén dwong. Mot cach phan chia sé n 14 biéu dién n thanh
téng cac s tu nhién khong 16n hon n. Chang han 8 =2 + 3 + 2.

Giai. Hai cach chia duoc goi 1a ddng nhat néu chung c6 cing cac sb6 hang va chi khac nhau
vé th tu sip xép. Bai toan duoc dit ra 13, cho s6 tu nhién n, hiy duyét moi cach phan chia s n.

Chon cach phan chia s6 n="b; + by +...+b, v&i by > by >..> by, va duyét theo trinh tu tir dién
nguoc. Ching han v&i n = 7, chung ta c6 thir ty tir dién ngugc ctia cac cach phan chia nhu sau:

7
1
5 2
5 1 1
4 3
4 2 1
4 1 1 1
3 3 1
3 2 2
3 2 1 1
3 1 1 1 1
2 2 2 1
2 2 1 1 1
2 1 1 1 1 1
1 1 1 1 1 1 1

_Nhu vay, cach chia dau tién chinh I n. Cach chia cudi cung 1a day n s6 1. Bay gior ching ta
chi can xay dung thuat toan sinh ké ti€p cho moi cach phan chia chua phai la cuoi cung.
Thuét toan sinh cach phén chia ké tiép:
void Next_Division(void){
inti,j,R, S, D;
i=k;
while(i>0 && C[i]==1)

I
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if(i>0){
Cli] = C[i]-1;
D=k-i+1;
R=D/C[i;
S =D % C[i];
k=i
if(R>0){
for(j=i+1; j<=i+R; j++)
Chl = C[i];
k = k+R;
}
if(S>0){
k=k+1; C[k] = S;
}
by
else Stop=TRUE;

}

Vin ban chuwong trinh dwoc thé hién nhw sau:

#include <stdio.h>
#include <conio.h>
#include <stdlib.h>
#define MAX 100
#define TRUE 1
#define FALSE 0
int n, C[MAX], k, count, Stop;
void Init(void){
printf("\n Nhap n="); scanf("%d", &n);
k=1;count=0; C[k]=n;
b
void Result(void){
int i; count++;

printf("\n Cach chia %d:", count);
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for(i=1; i<=k; i++)
printf("%3d", C[i]);
¥
void Next_Division(void){
inti,j, R, S, D;
i=k;
while(i>0 && C[i]==1)

if(i>0){
Cli] = C[i]-1;
D=k-i+1;
R=D/C[i;
S =D % C[i];
k=i
if(R>0){
for(j=i+1; j<=i+R; j++)
Chl = CIil;
k = k+R;
}
if(S>0){
k=k+1; C[k] = S;

by
else Stop=TRUE;

¥
void Division(void){
Stop = FALSE;
while (!Stop){
Result();

Next_Division();

63



Chuwong 3. Bai toan liét ké

void main(void){
clrscr(); Init(); Division(); getch();
b

3.4. THUAT TOAN QUAY LUI (BACK TRACK)

Phuong phép sinh ké tiép co thé giai quyét dugc cac bai toan liét ké khi ta nhan biét dugc
cAu hinh dau tién & ciu hinh cudi cing cta bai toan. Tuy nhién, khong phai cau hinh sinh ké tiép
nao cling dugc sinh mot cach don gian tir cAu hinh hién tai, ngay ké ca viéc phat hién cAu hinh ban
dau ciing khong phai d& tim vi nhiéu khi chung ta phai chtirng minh sy ton tai ctia cdu hinh. Do
vay, thudt toan sinh ké tiép chi giai quyét dugc nhimng bai toan liét ké don gian. Dé giai quyét
nhitng bai toan t6 hop phirc tap, nguoi ta thuong dung thuat toan quay lui (Back Track) s& dugc
trinh bay dudi day.

Noi dung chinh cua thuit toan nay 1a xay dung dan cac thanh phan cua cau hinh bing cach
thir tat ca cac kha nang. Gia sir can phai tim mot cdu hinh ctia bai toan x = (X1, Xa,.., X;) Ma i-1
thanh phan x,, x,..., xi.; dd duoc xac dinh, bay gid ta xac dinh thanh phan tht i cia cdu hinh bang
cach duyét tit ca cac kha ning c6 thé c6 va danh sb cac kha nang tir 1..n;. Vi mdi kha nang j,
kiém tra xem j c6 chdp nhan duoc hay khong. Khi dé c6 thé xay ra hai truong hop:

= Néu chip nhan j thi x4c dinh x; theo j, néu i=n thi ta dwoc mot cdu hinh cin tim,
nguoc lai xac dinh tiép thanh phan x;.,.

= Néu thu tit ca cac kha nang ma khong c6 kha ning nao duoc chip nhén thi quay lai
budc trudc do dé xac dinh lai x;.;.

Diém quan trong nhét cua thuét toan 1a phai ghi nhé lai méi budc da di qua, nhitng kha
nang nao da dugc thir dé tranh sy trung lip. Dé nhd lai nhitng bude duyét trude d6, chuong trinh
can phai dugc t6 chic theo co ché ngan xép (Last in first out). Vi vy, thuat toan quay lui rat phu
hop véi nhitng phép goi dé qui. Thuat toan quay lui xac dinh thanh phan thir i ¢6 thé duoc mo ta
bang thu tuc Try(i) nhu sau:

void Try( inti){
int s
for (j=1;3<m;j++){
if ( <Cha@p nhan j >){
<Xac dinh xi theo j>
if (i==n)
<Ghi nhan cau hinh>;
else  Try(i+1);
by

b
C6 thé mo %é qua trinh tim kiém 10i giai theo thudt toan quay lui bang cay tim kiém 10i giai sau:
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Goc

Kha nang chon x;

Kha nang chon x,

v6ix; da chon

Kha nang chon x; véi

X1, X da chon

Hinh 3.1. Cay liét ké 101 gidi theo thuit toan quay lui.

Duéi day 1a mot s6 vi du dién hinh sir dung thuat toan quay lui.
Vi du 1. Liét ké cac xau nhj phan d¢ dai n.

Biéu dién cic x4u nhi phan dudi dang by, b,...., by, trong d6 bie {0, 1 }. Tha tuc dé qui
Try(i) xac dinh b; v&i cac gia tri dé cir cho b; 14 0 va 1. Céc gia tri ndy mac nhién dugc chép nhan
ma khong can phai thoa man diéu kién gi (do d6 bai toan khong can dén bién trang thai). Thu tuc
Init khoi tao gia tri n va bién dém count. Thu tuc két qua in ra day nhi phan tim dugc. Chéng han
v6in =3, cay tim kiém 151 giai duoc thé hién nhu hinh 3.2.

Go

000 001 010 011 100 101 110 111

Hinh 3.2. Ciy tim kiém 10i giai liét ké diy nhi phan d¢ dai 3
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Vian ban chuong trinh liét ké cac xau nhi phan cé d¢ dai n st dung thuat toan quay lui dugc
thuc hién nhu sau:

#include <stdio.h>
#include <alloc.h>
#include <conio.h>
#include <stdlib.h>
void Result(int *B, int n){
inti;
printf("\n ");
for(i=1;i<=n;i++)
printf("%3d",B[i]);
¥
void Init(int *B, int n){
inti;

for(i=1;i<=n;i++)

B[i]=0;
b
void Try(int i, int *B, int n){
int j;
for(j=0; j<=1;j++){
B[i]=j;
if(i==n) {
Result(B,n);
}
else Try(i+1, B, n);
by

b

void main(void){
int *B,n;clrscr();
printf("\n Nhap n=");scanf("%d",&n);
B=(int *) malloc(n*sizeof(int));

Init(B,n); Try(1,B,n);free(B);
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getch();

b

Vi du 2. Liét ké cac tap con k phan tir cta tip n phan tir.

Giai. Biéu dién tap con k phén to dudi dang cy, cy,.., Ck, trong d6 1< ¢;<c,..<n. Tu do suy ra
cac gia tri dé ctr cho ¢; la tir ¢y + 1 cho @n n - k + i. Can thém vao ¢y = 0. Céc gia tri dé cur nay
mac nhién duogc ch'flp nhén ma khong can phai thém diéu kién gi. Cac thu tuc Init, Result duoc
xay dung nhu nhirng vi du trén.

Cay tim kiém 101 giai bai toan liét ké tp con k phan tir ciia tap n phan tir v6i n=5, k=3 duoc
thé hién nhu trong hinh 3.3.

123 124 124 134 135 145 234 235 245 345

Hinh 3.3. Cay liét ké t6 hop chap 3 tir {1,2,3,4,5}

Chuong trinh 1iét ké cac tap con k phan tir trong tip n phan tir duoc thé hién nhu sau:
#include <conio.h>
#include <stdio.h>
#include <stdlib.h>
#define MAX 100
int B[MAX], n, k, count=0;
void Init(void){
printf("\n Nhap n="); scanf("%d", &n);
printf("\n Nhap k="); scanf("%d", &k);
B[0]=0;
¥
void Result(void){
int i;count++;
printf("\n Tap thu %d:",count);
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for(i=1; i<=k; i++){

printf("%3d", B[i]);

by
getch();
kg
void Try(int i){
int j;
for(j=B[i-1]+1;j<=(n-k+i); j++X
B[i]=j;
if(i==k) Result();
else Try(i+1);
by
b
void main(void){
clrscr();Init(); Try(1);
¥

Vi du 3. Liét ké cac hoan vi cia tdp n phan ti.

Giai. Biéu dién hoan vi du6i dang pi, pa..., pn, trong d6 p; nhan gia trj tir 1 dén n va pi#p; Vo1
i#j. Céac gia tri tir 1 dén n lan luot duoc dé cir cho py, trong d6 gia tri j duge chap nhan néu né chua
dugc dung. Vi vdy, can phai ghi nhd véi mdi gia tri j xem nd di dugc dung hay chua. Diéu nay
dugc thyc hién nhd mot day cac bién logic bj, trong do b; = true néu j chua dugc dung. Cac bién
nay phai dugc khoi dau gia tri true trong thii tuc Init. Sau khi gan j cho p;, can ghi nhan false cho
b; va phai gan true khi thuc hién xong Result hay Try(i+1). Céc tha tuc con lai gidng nhu vi du 1,
2. Hinh 3.4 mo6 ta cay tim kiém 1oi giai bai toan liét ké hoan vi cua 1, 2,.., n véin = 3.

1,23 1,3,2 2,1,3 23,1 3,1,2 3,2,1

Hinh 3.4. CAy tim kiém 11 giai bai to4n liét ké ho4n vi ciia {1,2,3}
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Sau day la chuwong trinh giai quyét bai toan liét ké cac hoan vi cua 1, 2,.., n.

#include <stdio.h>
#include <conio.h>
#include <stdlib.h>
#define MAX 100
#define TRUE 1
#define FALSE 0
int P[MAX],B[MAX], n, count=0;
void Init(void){
inti;
printf("\n Nhap n="); scanf("%d", &n);
for(i=1; i<=n; i++)
B[i]=TRUE;
ks
void Result(void){
int i; count++;
printf("\n Hoan vi thu %d:",count);
for (i=1; i<=n; i++)
printf("%3d",P[i]);
getch();
¥
void Try(int i){
int j;
for(j=1; j<=n;j++){

if(BG1) {
Plil=};
B[j]=FALSE;
if(i==n) Result();
else Try(i+1);
B[j]=TRUE;

}
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b

void main(void){
Init(); Try(1);

b

Vi du 4. Bai toan Xép Hau. Liét ké tit ca cac cach xép n quan hau trén ban ¢d n x n sao cho
chung khong an dugc nhau.

Giai. Ban co c6 n hang duge danh sb tir 0 dén n-1, n cot dwgce danh s6 tir 0 dén n-1; Ban co
c6 n*2 -1 duong chéo xudi dugc danh s6 tir 0 dén 2*n -2, 2 *n -1 duong chéo nguoc dugce danh sb
tir 2*n -2. Vi du: véi ban co 8 x 8, chiing ta c6 8 hang dugc danh s6 tir 0 dén 7, 8 cot duge danh sd
tir 0 dén 7, 15 dudng chéo xudi, 15 dudng chéo nguoe duoc danh sb tir 0..15.

Vi trén mdi hang chi xép dugc diing mot quan hau, nén chung ta chi can quan tim dén quén
hau duoc Xép & ¢t ndo. Tir d6 dan dén viéc xac dinh bo n thanh phﬁn X1, X2,.., X, trong do x; =j
duoc hiéu 14 quin hiu tai dong i xép vao cot thir j. Gia tri ctia i dwgc nhan tir 0 dén n-1; gia trj cua
j cling dugc nhan tir 0 d&én n-1, nhung thoa mén diéu kién 6 (i,j) chua bi quan hau khac chiéu dén
theo cot, duong chéo xuoi, duong chéo nguoc.

Viéce kiém soat theo hang ngang 1a khong can thiét vi trén mdi hang chi xép dung mét quan
hau. Viéc kiém soat theo cot duge ghi nhan nho day bién logic aj voi qui udce a=1 néu cot j con
tréng, cot a;=0 néu cot j khong con tréng. Dé ghi nhan duong chéo xudi va duong chéo nguoc cd
chiéu ti 6 (i,j) hay khong, ta st dung phuong trinh i + j = const va i - j = const, dudng chéo thir
nhét dugc ghi nhan béi diy bién b;, duong chéo thir 2 dugc ghi nhan béi diy bién c; v6i qui udc
néu duong chéo nao con tréng thi gia tri tuong Gmg cia no 1a 1 nguoc lai 1a 0. Nhu vay, cft j dugce
chip nhan khi ca 3 bién aj, by, cixj déu c6 gia tri 1. Cac bién nay phai duoc khoi du gia trj 1 trudc
d6, gan lai gia tri 0 khi xép xong quan hau thir i va tra lai gia tri 1 khi dua ra két qua.

#include <stdio.h>

#include <stdlib.h>

#include <conio.h>

#include <dos.h>

#define N 8

#define D (2*N-1)
#define  SG (N-1)
#define TRUE 1

#define  FALSE 0

void hoanghau(int);

void inloigiai(int  loigiai[]);FILE *fp;
int A[N], B[D], C[D], loigiai[N];
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int soloigiai =0;
void hoanghau(int i){
int j;
for (j=0; j<N;j++X
if (A[j] && B[i-j+SG] && C[i+j] ) {
loigiai[i]=j;
A[j]=FALSE;
B[i-j+SG]=FALSE;
C[i+j]=FALSE;
if (i==N-1){
soloigiai++;

inloigiai(loigiai);

delay(500);
}
else

hoanghau(i+1);
A[j]=TRUE;

B[i-j+SG]=TRUE;
Cli+j]=TRUE;

by
void inloigiai(int *loigiai){
int j;
printf("\n LOi gidi %3d:",soloigiai);
fprintf(fp,"\n L&i gidi %3d:",soloigiai);
for (j=0;j<N;j++)X
printf("%3d",loigiai[j]);
fprintf(fp,"%3d",loigiai[j]);

}

b

void main(void){
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int i;clrscr();fp=fopen("loigiai.txt","w");

for (i=0;i<N;i++)

A[i]=TRUE;
for(i=0;i<D; i++){
B[i]=TRUE;
C[i]=TRUE;
by
hoanghau(0);fclose(fp);
b
Duéi ddy 13 sb cach xép hau tmg véi n.
n 4 7 8 9 10 11 12 13 14
H, 2 40 92 352 724 2680 14200 73712 365596

Nghi¢m dau tién ma chuong trinh tim dugc tng véi n =8 la x =(1, 5, 8, 6, 3, 7, 2, 4) nd
tuong dwong véi cach xép trén hinh 5.

NHUNG NQI DUNG CAN GHI NHO

v Thé nao 14 bai toan ligt ké?

v' Nhimng diéu kién bat budc ctia mot thuat toan liét ke.

v' Hiéu va nim virng 16p cac bai toan co thé giai dugc béng phuong phéap sinh.

v/ Hiéu va nim viing nhitng yéu t6 can thiét dé thyc hién giai thuat quay lui.
BAI TAP CHUONG 3

Bai 1. Liét ké tat ca céc tap con cua tép 1, 2,..,n.

Bai 2. Liét ké tat ca cac xau nhi phan do dai n c6 tong cac bit 1 dung bang k<n.
Bai 3. Liét ké tat ca cac xau nhi phan do dai 5 khong chira hai s6 0 lién tiép.
Bai 4. Liét ké tat ca cac phan tir cua tap:

D= {x=(x1,x2,..-,xn}:2ajxj =b, X; € {0,1},]‘ =1,2,---,n

Trong do6 aj,a,..,a, b la cac sO nguyén duong.

Bai 5. Liét ké tat ca cac phan tir cua tap:
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D:{x=(x1,x2,..-,xn}:iajxj =b, x; €Z,,j=12,--,n

Jj=1
Trong do6 aj,a,..,a,, bla cac so nguyén duong.

Bai 6. Hinh vudng thin bi ma phwong bac n 1 ma tran vudng cip n voi cac phan tir 1a cac sb
tu nhién tir / dén »’ thoa man céc tinh chat: Tong cac phan tir trén mdi dong, mdi cot va mdi
mot trong hai duong chéo c6 ciing mot gia tri. Hay liét ké tat ca cac ma phuong bac 3, 4
khong sai khac nhau boi cac phép bién hinh don gian (quay, dbi ximg).

Vi du dudi ddy 1a mot ma phuong bac 3 thoa man tinh chat tong hang, cot, duong chéo déu
la 15.

8 1 6

3 57

4 9 2
Bai 7. Tam giac than bi. Cho mét ludi 6 vudng gdm n x n 6 va s6 nguyén duong k. Tim cach
dién cac s tu nhién tir 1 dén 3n-3 vao cac 6 ¢ cot dau tién, dong cudi cing va duong chéo

chinh sao cho tong cac so dién trong cdt dau tién, dong cudi cung va duong chéo chinh cua
ludi déu bang k. Vidun =5, k=35 ta c6 cach dién sau:

11

10 | 3

9 2

1 7

4 5 6 8 12

Phat trién thuat toan dya trén thuat toan quay lui dé chi ra voi gia tri cia n, k cho trudc bai
toan co 10i giai hay khong. Néu ¢ cau tra 10i chi can dua ra mot 1oi giai.

Bai 8. Tim tip con dai nhit ¢6 thit ty ting dan, giam dan. Cho diy s aj, ay,..., a,. Hiy tim
day con dai nhat dugc sap xép theo thir tu ting hodc giam dan. Dir liéu vao cho bai file
tapcon.in, dong dau tién ghi lai s6 tu nhién n (n<100), dong Kké tiép ghi lai n s6, mdi s duogc
phan biét voi nhau boi mot hodc vai ky tu rdng. Két qua ghi lai trong file tapcon.out. Vi du
sau s€& minh hoa cho file tapcon.in va tapcon.out.

tapcon.in tapcon.out
5 5
71389612 138912
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Bai 9. Duyét cic tip con thoi min diéu kién. Cho diy s6 aj, a,,..., a, va s6 M. Hiy tim tat ca
cac ddy con diy con trong ddy s aj, as,..., a, sao cho tong cac phan tir trong diy con dung
bang M. Dit liéu vao cho bai file tapcon.in, dong dau tién ghi lai hai s6 ty nhién N va s6 M
(N<100), dong ké tiép ghi lai N s6 mbi s dugc phan biét véi nhau boi mot va déu tréng.
Két qua ghi lai trong file tapcon.out. Vi du sau s& minh hoa cho file tapcon.in va tapcon.out

tapcon.in

7 50

5 10 15 20 25 30 35
tapcon.out

20 30

15 35

10 15 25

5 20 25

5 15 30

5 10 35

5 10 15 20

Bai 10. Cho lwéi hinh chit nhat gdm (nxm) hinh vuéng don vi. Hay liét ké tat ca cac duong di tir
diém co toa do (0, 0) dén diém c6 toa do (nxm). Biét réng, diém (0, 0) duoc coi la dinh dudi
cua hinh vuéng dudi nhét goc bén trai, moi budc di chi duoc phép thuc hién hodc 1én trén
hoac xuéng dudi theo canh cua hinh vuéng don vi. Dt li€u vao cho béi file bail0.inp, Kkét
qua ghi lai trong file bail0.out. Vi du sau s¢ minh hoa cho file bai8.in va bai8.out.

Bail0.in

2 2

bail0.out

0 0 1 1
0 1 0 1
0 1 1 0
1 0 0 1
1 0 1 0
1 1 0 0

Bai 11. Tim b0 gia tri roi rac dé ham muc tiéu sin(x1+x2 +...+ xk) dat gia tri 16n nhat. Dt liéu vao
cho bai file bail 1.inp, két qua ghi lai trong file bail 1.out.
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Bai 12. Duyét moi phép toan trong tinh toan gia tri biéu thirc. Viét chuong trinh nhap tir ban phim
hai s6 nguyén M, N. Hay tim cach thay cac dau ? trong biéu thirc sau boi cac phép toan +, -,
* %, / (chia nguyén) sao cho gia tri ciia biéu thirc nhan dugc bang dung N:

((M?2M) 2M)?M)?M)?M)?M
Néu khong duoc hiy dua ra thong bao 1a khong thé dugc.
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CHUONG IV: BAl TOAN TOI VU

Noi dung chinh ctia chuong nay 1a gi6i thiéu cac phwong phap giai quyét bai toan tdi uu
ddng thoi giai quyét mot sd bai todn c6 vai tro quan trong cua 1y thuyét t6 hop. Nhing ndi dung
dugc dé cap bao gdm:

v' Gi6i thiéu bai toan va phat biéu bai toan t6i uru cho cac mo hinh thuc té.
v' Phan tich phuong phap liét ké giai quyét bai toan t6i wu.

v' Phuong phap nhanh cén giai quyét bai toan tdi uu.

v' Phuong phép rat gon giai quyét bai toan tdi vu.

Ban doc c6 thé tim thiy phuong phép giai chi tiét cho nhiéu bai toan toi vu quan trong trong
cac tai liéu [1], [2].

4.1. GIOI THIEU BAI TOAN

Trong nhiéu bai toan thuc té, cac cdu hinh t6 hop con duoc gan mot gia tri bang sé danh gia
gia tri su dung cua cAu hinh ddi v6i mot muc dich st dung cu thé ndo d6. Khi d6 xuét hién bai
toan: Hiy lwa chon trong sd tat ca cac cAu hinh t6 hop chap nhan dugc cau hinh 6 gid tri sit dung
t6t nhat. Cac bai toan nhu vay duoc goi 1a bai toan t6i uu to hop. Chung ta c6 thé phat biéu bai
toan toi uu t6 hop dudi dang tong quat nhu sau:

Tim cuc tiéu (hay cuc dai) ciia phiém ham f{x) = min(max) vé&i diéu kién x € D, trong 6 D
1a tap hiru han cac phan tir.

Ham f{x) duoc goi 1a ham muc tiéu cta bai toan, mdi phan tir x € D dugc goi 1a mot phuong
an con tap D goi la tdp cac phuong &n cua bai toan. Thong thuong tap D dugc mod ta nhu 1a tap
céc cau hinh t6 hop thoa man mot s6 tinh chat nao d6 cho trudc nao do.

Phuong 4n x* € D dem lai gia tri nho nhét (16n nhat) cho ham muyc tiéu duoc goi 1a phuong
an t6i wu, khi d6 gia tri /* = fix*) duoc goi 1a gia tri t6i wu cua bai toan.

Duéi day chiing ta s& gidi thidu mot sb bai toan tdi wu to hop kinh dién. Cac bai toan nay 1a
nhitng mé hinh c6 nhiéu tng dung thuc té va gitr vai trd quan trong trong viéc nghién ciru va phat
trién 1y thuyét t6i uu hod to hop.

Bai toan Ngwoi du lich: Mot nguoi du lich mudn di tham quan n thanh phé T, Ts, ..., T,
Xuét phat tir mot thanh phd nao d6, ngudi du lich mubn di qua tat ca cac thanh phd con lai, mdi
thanh phd di qua diing mot 1an, roi quay trd lai thanh phd xuét phat. Biét ¢; 14 chi phi di tir thanh
phd T; dén thanh phé 7} (i,j = I, 2,.., n), hdy tim hanh trinh v&i tong chi phi 1a nho nhat (mot hanh
trinh 1a mot cach di thoa man diéu kién).
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RG rang, ta co thé thiét lap duwoc mot twong tmg 1-1 gita hanh trinh
T,y =T =Ty = Tyy) v6i mét hodn vi 7z = (a(1), m(2),.., mn)) cuan sO tu nhién 1,2,..., n.

z(1) z(n) 7

bat:
f(”) = Cﬂ(l),/z'(Z) + C;z(2>,;z(3) teeet C/r(n—l),zz(n) + Cﬂ(n),/r(l) >

ki hiéu /71a tap tit ca cac hoan vi © =(r(1), n(2)...., ©(n)) ctia n sd tw nhién 7, 2,.., n. Khi d6 bai
toan ngudi du lich c6 thé phét biéu dudi dang bai toan tdi wu t6 hop sau:

min { fin): = €ll}

C6 thé thiy rang téng s6 hanh trinh ctia ngudi du lich 13 n!, trong d6 chi c¢6 (n-1)! hanh trinh
thuc sy khac nhau (bdi vi co thé xuét phat tr mot thanh phé bat ky nén cé thé cd dinh mot thanh
phd nao d6 lam diém xuat phat).

Bai toan cai thi: Mot nha tham hiém can dem theo mot cai thi c¢6 trong lwong khong qua b.
C6 n dd vat c6 thé dem theo. D6 vat thi j ¢6 trong lugng a;va gid tri st dung ¢; (j =1, 2,.., n). Hoi
nha tham hiém can dem theo nhiing d6 vat nao dé cho téng gia tri st dung 1a I6n nhét ?

Mot phuong an cia nha tham hiém c6 thé biéu dién nhu mot vector nhi phan d¢ dai n: x =
(X1,X2.., X, ), trong d6 x; = I c6 nghia la dd vat thtr i dugc dem theo, x; = 0 c6 nghia trai lai. Véi
phuong an dem theo x, gia tri st dung cac dd vat dem theo 1a:

f(x)= Zil c.x,, tong trong lugng dd vat dem theo 1a g(x) = Zn a,x,;, nhu vay bai toan

i i=1 1!

cai tui duoc phat biéu dudi dang bai toan t6i wu to hop sau:

Trong sb cac vetor nhi phan d6 dai n thoa man diéu kién g(x) <b, hdy tim vector x* dé ham
muc tiéu f{x) dat gia tri nho nhat. Néi cach khac:

min { f(x): g(x) <b }

Bai toan cho thué may: Mot ong chir c6 mot cai may dé cho thué. Pau thang 6ng ta nhan
dugc yéu cau thué may cua m khach hang. MGi khach hang i s& cho biét tap N, cac ngay trong
thang can sit dung may (i = 1, 2,.., m). Ong chu chi c6 quyén hodc tir chdi yéu ciu ciia khach
hang i, hodc néu nhan thi phai b tri may phuc vu khéach hang i dung nhiing ngay ma khach hang
nay yéu cau. Hoi rang 6ng cha phai tiép nhan cac yéu cau ciia khach thé nao dé cho tong sé ngay
sir dung may 1a 16n nht.

Ky hiéu, 7 = { 1, 2,.., m } 14 tap chi sé khach hang, S 13 tp hop céc tap con cua /. Khi do,

tap hop tat ca cac phwong an cho thué may 1a:

D={JcS:N,AN,=¢,Vk#peJ }. Véi mdi phuong 4n J € D f(j)=D |N, |
jeJ
s& 1a tong sd ngay sir dung may theo phuong an d6. Bai toan dit ra co thé phat biéu dudi dang bai
toan toi vu t6 hop sau:

max{f(j):je D}.
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Bai toan phan cong: C6 n cong viée va n tho. Biét c;; 1a chi phi can tra dé tho 7 hoan thanh
cong viéc thi j (i, j = 1, 2,..., n ). Can phai thué tho sao cho cac cong viéc déu hoan thanh va mdi
tho chi thuc hién mot cong viéc, mdi cong viéc chi do mot tho thyc hién. Hay tim cach thué n
nhan cong sao cho tong chi phi thué tho 14 nho nhét.

R rang, mdi phuong an bé tri tho thuc hién cac cong viée twong tng véi mot hoan vi 7 =
(n(1), m2),..., mn)) cha n sd tw nhién { I, 2,., n }. Chi phi theo phwong an trén la
f(m)= C;z(l),l + C/r(2),2 +-+C

z(n),n *
Cong viéc Tho thuc hién
1 n(1)
2 m(2)
n m(n)

Bai toan dit ra duoc dan vé bai toan t6i wu td hop: min{ f(r):mell §.

Bai toan Iap lich: M3i mot chi tiét trong sd n chi tiét D, D,,.., D, can phai lan luot duogc
gia cong trén m may M, M.,.., M,,. Thoi gian gia cong chi tiét D; trén may M; 1a t;. Hay tim lich
(trinh tir gia cong ) cac chi tiét trén cac miy sao cho viéc hoan thanh gia cong tat ca cac chi tiét 1a
som nhét c6 thé dugc. Biét rang, cac chi tiét dugc gia cong mot cach lién tuc, nghia 1a qua trinh
gia cong ciia mdi mot chi tiét phai duoc tién hanh mot cach lién tuc hét may nay sang may khac
khong cho phép c6 khoang thoi gian dimg khi chuyén tir may nay sang may khéc.

R& rang, mdi mot lich gia cong cac chi tiét trén cac may sé twong ing véi mot hoan vi 7 =
(7(1), m(2),.., m(n) ) cha n sd tw nhién 1, 2,.., n. Thoi gian hoan thanh theo céc lich trén duoc xéac
dinh béi ham sb:

n—1

S =D Crtniiony T Dsbiniay - trong d6 ¢ = 55— S;, S; 1a thoi diém bat dau thyc hign
Jj=1

viéc gia cong chi tiét j (i, j = 1, 2,..., n). Y nghia cta hé sd cjj €6 thé dugc giai thich nhu sau: né 1a
téng thoi gian gian doan (dugc tinh tir khi bat dau gia cong chi tiét i) gay ra boi chi tiét j khi nd
duogc gia cong sau chi tiét i trong lich gia cong. Vi véy, cij €O thé tinh theo cong thirc:

k-1

k L
c; = maX{Ztlj —Ztlj] i,j=1,2,.., n Vivay bai toan dit ra din vé bai toan t6i vu to
I=1

1<k<m /=l

hop sau:

min { f(n): nell }.

Trong thyc té, lich gia cong con phai thoa man thém nhiéu diéu kién khac nita. Vi nhiing
mg dung quan trong cta nhitng bai toan loai niy ma trong toi wu hoa t6 hop da hinh thanh mot
linh vuc 1y thuyét riéng vé cac bai toan 1ap lich goi 13 1y thuyét 1ap lich hay qui hoach lich.
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4.2. DUYET TOAN BQ

Mot trong nhitng phuong phap hién nhién nhét dé giai bai toan tdi wu t6 hop dat ra la: Trén
co s& cac thuat toan 16t ké t6 hop ta tién hanh duyét ting phuong 4n cia bai toan, dbi véi mdi
phuong an, ta déu tinh gia tri ham muc tiéu cho phuong an d6, sau d6 so sanh gia tri ctia ham muc
tiéu tai tit ca cac phuong an da duoc liét ké dé tim ra phuong an téi wu. Phuong phap xay dung
theo nguyén tic nhu vay duoc goi 1a phuong phap duyét toan bo.

Han ché cua phuong phap duyét toan bo 14 su bung nd cua cac cau hinh to hgp. Chiang han
dé duyét dugce 15! =1 307 674 368 000 c4u hinh, trén may c6 toc do 1 ty phép tinh gidy, néu mdi
hoan vi can liét k& mat khoang 100 phép tinh, thi ta can khoang thoi gian 1a 130767 gidy ( 16n hon
36 tiéng dong hod). Vi vdy, can phai c6 bién phap han ché viéc kiém tra hodc tim kiém trén cac ciu
hinh t6 hop thi méi c6 hy vong giai duoc cac bai toan t6i wu t6 hop thuc té. Tat nhién, dé dua ra
dugc mot thuat toan can phai nghién ciru ki tinh chat ciia mdi bai toan t6 hop cu thé. Chinh nhd
nhirng nghién ctru d6, trong mot s6 trudng hop cu thé ta co thé xay dung duoc thuat toan hidu qua
dé giai quyét bai toan dat ra. Nhung ching ta cling can phai cht ¥ rang, trong nhiéu truong hop (
bai toan ngudi du lich, bai toan cai tai, bai toan cho thué may) chiing ta vin chua tim ra duoc mot
phuong phép hiru hiéu ndo ngoai phuong phap duyét toan bo da duge dé cap ¢ trén.

Pé han ché viéc duyét, trong qua trinh liét ké can tan dung tri¢t dé nhitng thong tin da tim
dé loai bo nhitng phuong 4n chic chan khong phai 1a t6i vu. Dudi day 1a mot bai toan t6i uu to
hop rat thuong hay gip trong ki thuat.

Vi du. Duyét moi b gid tri trong tap cac gia tri roi rac.
Bai toan. Tim:
max{f(xl,xz,...,xn) :x, €D.;i= 1,2,...,n} hodc:
min{f(xl,x2 yeees X, ) i X €D, 5T = 1,2,...,n}.

Trong d6, D; 1a mot tap hiru han céc gia tri roi rac thda man mot diéu kién rang budc nao do.

Giai.

Gia str s cac phan tir cta tap gid tri roirac D 1ar; (i=1, 2,..,n). GOiR=r; + ry; +... + 1, 14
s6 cac phan tir thudc tat ca cac tap D; (i=1, 2,..., n). Khi 6, ta c6 tat ca C(R, n) bd c¢6 thir ty cac
gia tri gdm n phan tir trong R phan tir, ddy chinh 13 sé cac phuong an ta cin duyét. Trong sb
C(R,n) cac bo n ph@in tir, ta can loc ra cac bd thoa man diéu kién x; eD; (i=1, 2,..., n) dé tinh gia tri

cua ham muc tiéu f{x;, x;,..., X,). Nhu vay, bai toan dugc dua vé bai toan duyét cac bd gém n ph?m
tr (X, X5,..., X,,) tU tap hop gém R=ri+r,+.+r, phén ttr thoa man diéu kién x; eD;.

Vidu: Véitap D;=(1,2,3),
D2 = (3a 4)3
D;=(5,6,7).

Khi d6 ching ta can duy¢t bd cac gia tri roi rac sau:
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1 3 5 2 4 5
1 3 6 2 4 6
1 3 7 2 4 7
1 4 5 3 3 5
1 4 6 3 3 6
1 4 7 3 3 7
2 3 5 3 4 5
2 3 6 3 4 6
2 3 7 3 4 7

Vi cach phan tich nhu trén, ta c6 thé sir dung thuat toan quay lui dé duyét két hop vai viée
kiém tra thanh phan x;eD;. Dudi day la toan van chuong trinh duyét cac bo gia tri trong tap cac
gia tri roi rac.

#include <stdio.h>
#include <stdlib.h>
#include <alloc.h>
#include <conio.h>
#define MAX 2000000
#define TRUE 1
#define FALSE 0
int n, k, H[100]; float *B;int *C, count =0, m;
FILE *fp;
void Init(void){
int i,j;float x;C[0]=0;H[0]=0;
fp=fopen("roirac.in","r");
fscanf(fp,"%d",&n);
printf("\n So tap con roi rac n=%d",n);
for(i=1; i<=n; i++)
fscanf(fp,"%d",&HI[i]);
printf("\n Hang %d co so phan tu la %d",i, H[i]);
by
H[0]=0;
for (i=1; i<=n; i++)X
printf("\n");
for(G=1; j<=H[i]; j++){
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fscanf(fp,"%f",&x);
B[++k]=x;

by
printf("\n B=");
for(i=1; i<=k; i++)}
printf("%8.2f", B[i]);
by
fclose(fp);
¥
int In_Set(int i){
int canduoi=0, cantren=0,j;
for(=1; j<=i; j++)
cantren = cantren + H[j];
canduoi=cantren-H[j-1];
if (C[i]> canduoi && C[i]<=cantren)
return(TRUE);
return(FALSE);
b
void Result(void){

inti;

count++; printf("\n Tap con thu count=%d:",count);

for(i=1; i<=n; i++){

printf("%8.2f", B[C[i]]);

b
void Try(int i){
int j;
for(j = C[i-1]+1; j<=(k-n+i); j++){
Clil=3;
if(In_Set(i)¥
if (i==n) Result();
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else Try(i+1);

ks

void main(void){
clrscr();
B = (float *) malloc(MAX *sizeof(float));
C = (int *) malloc(MAX *sizeof(int));
Init(); Try(1);free(B); free(C);getch();

¥

4.3. THUAT TOAN NHANH CAN

Gia sir chiing ta can giai quyét bai toan tdi vu to hop v6i mé hinh tong quat nhu sau:

min{ f(x):xe D}. Trong d6 D 14 tap hiru han phan tir. Ta gia thiét D dwoc mé ta nhu sau:

D ={x=(x}, X3..., X) € A;xAs x..x A, ; x thoa man tinh chat P }, v&i 4;x A x..x A, 1a
cac tap hiru han, P la tinh chét cho trén tich dé xac 4, x A4, x...x A,

Nhu vdy, cac bai toan ching ta vira trinh bay & trén déu c6 thé duoc mo ta dudi dang trén.

Véi gia thiét vé tap D nhu trén, chiing ta c6 thé sir dung thuét toan quay lui dé liét ké cac
phuong an ciia bai toan. Trong qua trinh liét ké theo thuét toan quay lui, ta s& xdy dung dan céac
thanh phan cta phuong an. Ta goi, mot bd phan gdm k thanh phan (a,, a,,..., a) xuét hién trong
qua trinh thyc hi¢n thuat toan s€ dugc goi la phuong an bg phan cép k.

Thuét toan nhanh cén c6 thé duoc ap dung giai bai toan dat ra néu nhu ¢6 thé tim duge mot
ham g xéac dinh trén tap tt ca cac phuong 4n b phan cua bai toan thoa mén bat dang thirc sau:

g(a,,a,,...a,)< min{f(x) :xeD,x, =a,,i= 1,2,...,k} *)

voi moi 101 gidi bd phan (ay, aa,.., ay, vavoimoi k=1, 2,...

Bét dang thie (*) co nghia 1a gia tri cua ham tai phuong an bo phan (a;, as,.., ap) khong
vuot qué gia tri nho nhét clia ham muc tiéu bai toan trén tap con cac phuong an.

D(ay, ay,.., a) {x eD:xi=a, 1=1,2,..,k},

no6i cach khac, g(a,, as,.., ay) 1 can dudi cua tp D(ay, as,.., ay). Do co thé dong nhét tap D(a,,
a,..., ai) voi phuong an bo phéan (a,, a,,.., ai), nén ta cling goi gia tri g(ay, as,.., a;) 1a can dudi cua
phuong an bd phan (a;, ay,.., ax).

Gia sir ta dd c6 duoc ham g. Ta xét cach sir dung ham nay dé han ché khéi luong duyét
trong qué trinh duyét tit ca cac phuong an theo thudt toan quay lui. Trong qua trinh liét ké cac
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phuong 4n c6 thé da thu duge mot sé phuong an cua bai toan. Goi x la gié tri ham muc tiéu nho
nhét trong sé cac phuong an da duyét, ky hiéu 7 =f (x_). Ta goi x 1a phuong an t6t nhat hién c,

con 7 la ky luc. Gia su ta c6 dugc 7 , khi d6 néu:
g(ay, a.., ap) > f thitir bat dang thic (*) ta suy ra:

?< g(a, as,..., ap) <min { f{x): x € D, x; = a;, i=1, 2,..., k }, vi thé tap con cac phuong an
ctia bai toan D(a;, as, ..., ai) chic chin khong chira phuong an tdi uu. Trong truong hop nay ta
khong can phai phat trién phuong an bd phan (a;, ..., ay), n6i cach khac 1a ta c6 thé loai bo cac
phuong an trong tap D(a,, as,.., a,) khéi qua trinh tim kiém.

Thuét toan quay lui liét ké cac phuong an can stra d6i lai nhu sau:
void Try(int k){
/*Phat trién phuong an bd phéan (ay, ay..., ak1
theo thuét todn quay lui cé kiém tra can dudi
Trudc khi ti€p tuc phat trién phuong an*/
for (ax e Ac){
if ( chdp nhan a, ){

Xk = Qk,

if (k ==n)
< cap nhat ky luc>;

else if (g(ay, az,..., ax) < 7)
Try (k+1);

}

Khi @6, thuat toan nhanh can duoc thuc hién nho thu tuc sau:

void Nhanh_Can(void) {

S =t

/* Néu biét mét phuong an x nao dé thi cé thé dit f = f(x). */
Try(1);
if (f <+o)

<7 la gia tri t6i uy, xla phugng an t6i uu >;
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else
< bai toan khong cé phuang an>;
¥
Chu y rang néu trong thii tuc Try ta thay thé cau lénh:
if (k ==n)
< cap nhat ky luc >;
else if (g(ay, ay,.., &) < 7 )
Try(k+1);
béi
if (k == n)
< cdp nhét ky luc >;
else Try(k+1);

thi thu tuc Try s€ liét ké toan by cac phuong an cua bai toan, va ta lai thu dugc thuat toan duyét
toan bo. Viéc xdy dung ham g phu thudc vao timg bai toan tdi wu to hop cu thé. Nhung chiing ta
¢b géng xay dung sao cho dat dugc nhitng didu kién duéi day:

= Viéc tinh gia tri cua g phai don gian hon viéc giai bai toan t6 hop trong vé phai cia (*).
= Gid tri ctia g(a;, a,,.., a) phai st v6i gia tri vé phai cua (¥).
Rt tiéc, hai yéu cau nay trong thuc té thuong ddi 1ap nhau.

Vi du 1. Bai toan cai thi. Chung ta s& xét bai toan cai tai tong quat hon mé hinh di duoc
trinh bay trong muc 4.1. Thay vi ¢ n d6 vat, & day ta gia thiét rang c6 n loai dd vat va sd luong
d6 vat mdi loai 1a khong han ché. Khi dé, ta ¢c6 md hinh bai toan cai tii bién nguyén sau day: Cé n
loai do vat, d0 vat tht j c¢6 trong lugng a;vagidtrisudung ¢; (j =1, 2,.., n). Cén chit cac d6 vat
nay vao mot cai thi c¢6 trong lugng 1a b sao cho téng gia tri sir dung ciia cac do vat dung trong tai
la 16n nhat.

M0 hinh toén hoc cua bai todn ¢6 dang sau tim:

f* = max{f(x) = chxj : Zajxj < b,xj €Z, ,j= l,2,...,n},(l).

trong d6 Z" 1a tap cac s6 nguyén khong am.

Ky hi¢u D la tap cac phuong &n cua bai toan (1):

D:{x:(xl7x2)'..7xn :zajx/ Sb’xl EZ+,‘]‘ :1,2,""”}.
j=1
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Khong giam tinh tong quat ta gia thiét rang, cic dd vat duoc danh sb sao cho bit dang thirc
sau duoc thod man

9559 Cn

|
v
\Y

2

Dé xdy dung ham tinh cin dudi, cung vdi bai todn cai tai (1) ta xét bai toan cai tii bién lién
tuc sau:

Tim: g* :max{chxj:Zajxj Sb,xJZO,j:1,2,---,n}. 3)

Ménh dé. Phuong 4n t6i wu cia bai toan (3) 1a vector x= (x_1 ,Z,...,Z) v61 cac thanh
phan dugc xac dinh boi cong thirc:
- b — — ¢,b,

X, =a—,x2 =x,=--=x,=0vagidtritoivula g = .
1 1

Chirng minh. Thyc vay, xét x = (' x;, x,.., x,) 1a mot phuong an tuy y cua bai toan (3). Khi
d6 tir bat dang thie (3) va do x; =0, ta suy ra:

¢)x, 2 (e /a)a;x,, j=1,2,n.

suy ra:

n "o c n c . .
Zijj < Z(a—')ajxj =4 (a—l)Zajxj < a—lb =g . Ménh d duoc chimg minh.
j=1 j=l *1 1 Jj=1 1

Bay gio ta gia sir ¢ phuong an bo phan ¢ap k: (1, us,.., uy). Khi d6 gia tri str dung ciia cac
d6 vat dang c6 trong tdi 1a:

0, =cu, +c,u, ++--+c,u, , vatrong luong con lai cia tii la:
b, =b—cu, +cu, +++c,u,,
ta co:

max{f(x):xeD,xj :uj,jzl,z,...n}

=maX{6k 4 ZC(/.xj : Zajxj Sbk,xj €Z,,j =k+l,k+2,---,n}

Jj=k+1 Jj=k+1

j=k+1 J=k+1

<0, +max{2cjxj :Zajxj <b,x, 20,jzk+1,k+2,---,n}

C b
k+1%k
ak 4 = £

ak+l
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\ , c. b
(Theo ménh dé gia tri s6 hang thir hai l1a M)

A
Vay ta c6 thé tinh can trén cho phuong an bd phan (uy, us,..., uy) theo cong thirc:

c, b
k+1"k
guy,uy,u,)=0, +

ak+1

Chu y: Khi tiép tuc x4y dung thanh phan thir k+1 cia 101 giai, cac gia tri dé cir cho x;; s& 1a
0, 1,..., [br/ay+;]. Do co Kkét qua cia ménh dé, khi chon gia tri cho x4, ta s€ duyét cac gia tri dé cu
theo thtr tyr giam dan.

Vi du. Giai bai toan cai tii sau theo thuat toan nhanh can trinh bay trén.

f(x)=10x, +5x, +3x; + 6x, = max
5x, +3x, +2x, +4x, <8
X; € Z,,j=1234.

Giai. Qua trinh giai bai todn dugc mé ta trong ciy tim kiém trong hinh 4.1. Thong tin vé
mdt phuong 4n bd phén trén cay duogc ghi trong cac 6 trén hinh v& tuong ung theo thir ty sau: dau
tién 1a cac thanh phén cua phuong an, tiép dén 0 1a gia tri cua cac d6 vat chit trong thi, w 13 trong
luong con lai caa tui va g 1a can trén.

Két thiic thuat toan, ta thu duoc phuong an tdi wu 12 x* =(1, 1,0, 1), gia tri tdi wu £*= 15.
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Va

0=10;
w=3; g=15

-~

/:1 X2_0

»

(1,1) 0=15;
w=0; g=15

~0

(1,1,0) o=15;
w=0; g=15

X4=O

x = (1,1,0,0);

f =15

(1, 0) 0=10;
w=3; g=14.5

T

Loai vi can trén <ky luc

X1:0

(0) 6=0;
w=8; g=40/3

-

Hinh 4.1. Giai bai toan cai tui theo thuit toan nhanh cén.

Chuong trinh giai bai toan cai tai theo thuat toan nhanh can duoc thé hién nhu sau:

#include <stdio.h>

#include <conio.h>

#include <stdlib.h>

#include <math.h>

#include <dos.h>

#define TRUE 1

#define FALSE 0

#define MAX 100

int x{MAX], xopt[MAX];

float fopt, cost, weight;
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void Init(float *C, float *A, int *n, float *w){
int i;FILE *fp;
fopt=0; weight=0;
fp=fopen("caitui.in","r");
if(fp==NULL){
printf("\n Khong co file input");
delay(2000); return;
by
fscanf(fp,"%d %f", n,w);
for(i=1; i<=*n;i++) xopt[i]=0;
printf("\n So luong do vat %d:", *n);
printf("\n Gioi han tui %8.2f:", *w);
printf("\n Vecto gia tri:");
for(i=1; i<=*n; i++) {
fscanf(fp,"%f", &C[i]);
printf("%8.2f", C[il);
by
printf("\n Vector trong luong:");
for(i=1; i<=*n; i++){
fscanf(fp,"%f", &A[i]);
printf("%38.2f", A[i]);
by
fclose(fp);
¥
void swap(int n){
inti;
for(i=1; i<=n; i++)

xopt[i]=x[i];

b
void Update_Kyluc(int n){
if(cost>fopt){
swap(n);
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fopt=cost;

b
void Try(float *A, float *C, int n, float w, int i){

int j, t=(w-weight)/A[i];
for(j=t; j>=0;j--){
x[i]=j;
cost = cost + C[i]*x[i];
weight = weight + x[i]*A[i];
if(i==n) Update_Kyluc(n);
else if(cost + C[i+1]*(w-weight)/Afi+1]> fopt){
Try(A, C, n, w, i+1);
}
weight = weight-A[i]*x[i];

cost = cost-C[i]*x[i];

¥
void Result(int n){

inti;
printf("\n Gia tri do vat %8.2f:", fopt);
printf("\n Phuong an toi uu:");
for(i=1; i<=n; i++)
printf("%3d", xopt[i]);
¥
void main(void){
int n;
float A[MAX], C[MAX], w;
clrscr(); Init(C, A, &n, &w);
Try(C, A, n, w,1);Result(n);
getch();
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Vi du 2. Bai toan Nguoi du lich. Mot nguoi du lich muén di tham quan n thanh phé T, T ...,
T,. Xuit phat tir mot thanh phd nao d6, ngudi du lich mudn di qua tt ca cac thanh phé con lai,
mdi thanh phé di qua dang mot 1an, roi quay trd lai thanh phd xuat phat. Biét c; 1a chi phi di tir
thanh phé 7; dén thanh phé 7; (i = 1, 2,.., n), hdy tim hanh trinh véi tong chi phi 1a nho nhat (mot
hanh trinh 13 m6t cach di thoa man diéu kién).

Giai. C dinh thanh phd xuét phat 1a 7. Bai toan Ngudi du lich duge dwa vé bai toan: Tim
cuc tiéu cta phiém ham:

S xpxy,00x,) =[x, ]+ c[x,, ]+ + c[x, ,, x, ]+ x,,x, ] > min

véi diéu kién

¢, =min{c[i, j1,i, j = 1,2,---,m;i # j} 1a chi phi di lai giira c4c thanh phd.

Gia su ta dang c6 phuong an b phan (u,, u,,..., uy). Phuong an twong tng véi hanh trinh bo
phan qua k thanh phé:
I, >Tw,) > >Tu,) > T(u,)

Vi véy, chi phi phai tra theo hanh trinh b phan nay s& 14 tdng cac chi phi theo timg node
cua hanh trinh bg phan.

o=c[l,uy] + c[usus] +... + cfuy;, uy/.

D¢ phat trién hanh trinh by phan nay thanh hanh trinh day du, ta con phai di qua n-k thanh
phé con lai rdi quay tré vé thanh phé T, tirc 1a con phai di qua n-k+1 doan dudng nita. Do chi phi
phai tra cho viéc di qua mdi trong n-k+1 doan dudng con lai déu khong nhiéu hon cmin, nén cin
dudi cho phuong an bd phan (uy, u,,..., ux) cé thé dugce tinh theo cong thirc

g(u17 u29"'9 uk) = a +(n - k +1) Cmin-

Chang han ta giai bai toan ngudi du lich v6i ma tran chi phi nhu sau

0 3 14 18 15
3 0 4 22 20
C=| 17 9 0 16 4
o< B 7~0 /12
O 8 45 O

Ta ¢O Cmin = 2. Qua trinh thyc hién thuat toan dugc mo ta boi cay tim kiém 101 giai dugc thé
hién trong hinh 4.2.

Thong tin vé mot phuong an bd phén trén ciy dugc ghi trong cac 6 trén hinh v& tuong Gng
theo thir tu sau:

=  Pau tién 1a cac thanh phan ctia phuong an

= Tiép dén & 1a chi phi theo hanh trinh bo phan
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» glacan duoi
Két thiic thuat toan, ta thu duoc phuong an tdi wu (1,2,3,5,4, 1) tuong Gtng v4i phuong an
t8i wru voi hanh trinh:

T, > T, > T, > T, - T, — T, va chi phi nh6 nhat la 22

f =+
) 6=3; g=15 (3) 0=14; g=26 (4) 6=18; g=30 (5) 0=15; g=27

~

L)

(2,3) 8=7; g=16

(2,4) 0=25; g=34

(2,5) 0=23; g=

LN

:
\

(2,3,4) 0=23; (2,3,5) o=11;
=29 =17
Céc nhanh nay bi loai vi cé can
l l dusig> [ =22
(2,3,4,5) 0=41, (2,3,5,4) o=16;
g=44 g=19

Hanh trinh ( 1, 2, 3.4, 5,1)
chiphi 53. bat f =53

Hanh trinh ( 1, 2, 3, 5,4, 1)
chi phi 25(Ky luc méi). bat

f=22
Hinh 4.2. Ciy tim kiém 10i giai bai toan ngudi du lich.

Chuong trinh giai bai toan theo thuat toan nhanh can dugc thé hién nhu sau:
#include <stdio.h>
#include <stdlib.h>

#include <conio.h>
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#include <io.h>
#define MAX 20
int n, PLMAX], B[MAX], C[20][20], count=0;
int AIMAX], XOPT[MAX];
int can, cmin, fopt;
void Read_Data(void){
int i, j;FILE *fp;
fp = fopen("dulich.in","r");
fscanf(fp,"%d", &n);
printf("\n So thanh pho: %d", n);
printf("\n Ma tran chi phi:");
for (i=1; i<=n; i++)X
printf("\n");
for(j=1; j<=n; j++)X
fscanf(fp,"%d",&C[i1[j]);
printf("%5d", C[il[i]);

b
int Min_Matrix(void){
int min=1000, i, j;
for(i=1; i<=n; i++)X
for(j=1; j<=n; j++){
if (i'=j && min>C[i][j])
min=C[i][j];

}

return(min);

b
void Init(void){
inti;

cmin=Min_Matrix();
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fopt=32000;can=0; A[1]=1;
for (i=1;i<=n; i++)
B[i]=1;
ks
void Result(void){
inti;
printf("\n Hanh trinh toi uu %d:", fopt);
printf("\n Hanh trinh:");
for(i=1; i<=n; i++)
printf("%3d->", XOPT[i]);
printf("%d",1);
¥
void Swap(void){
inti;
for(i=1; i<=n;i++)
XOPTIi]=A[i];
¥
void Update_Kyluc(void){
int sum;
sum=can+C[A[n]][A[1]];
if(sum<fopt) {
Swap();

fopt=sum;

¥
void Try(int i){
int j;
for(j=2; j<=n;j++){
if(BGIK
Ali]=j; B[j]=0;
can=can+C[A[i-1]][A[i]];
if (i==n) Update_Kyluc();
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else if( can + (n-i+1)*cmin< fopt){
count++;
Try(i+1);

}

B[j]=1,;can=can-C[A[i-1]1[A[i1];

b

void main(void){
clrscr();Read_Data();Init();
Try(2);Result(); getch();

}

4.4. KY THUAT RUT GON GIAI QUYET BAI TOAN NGUOI DU LICH

Thuat toan nhanh can 1a phuong phéap chu yéu dé giai cac bai toan tdi wu té hop. Tu tudong
co ban cua thuat toan 1a trong qué trinh tim kiém 101 giai, ta s& phan hoach tap cac phuong an cta
bai toan thanh hai hay nhiéu tip con biéu dién nhu mét node cta ciy tim kiém va cb ging bang
phép danh gia can cac node, tim cach loai bé nhitng nhanh cay (nhiing tap con cac phuong an cua
bai toan) ma ta biét chic chin khong phuong an téi wu. Mic du trong trudng hop toi nhit thuat
toan s& tro thanh duyét toan bd, nhung trong nhitng trudng hop cu thé nd c6 thé rat ngin déng ké
thoi gian tim kiém. Muc nay s& thé hién khac nhimg tu tudng ctia thuat toan nhanh can vao viéc
giai quyét bai toan ngudi du lich.

Xét bai toan nguoi du lich nhu da duge phat biéu. Goi C = {cji,j=1,2..n}1a matran
chi phi. Mdi hanh trinh ctia ngudi du lich:

T,,(])ﬁT,r(g) ... ﬁTﬂ(n)—)T,;(U co thé Viét lal dudi d.’;ll’lg:
(1), 72), 7(2), 7(3),..., wn-1), x(n), m(n), (1), trong &6 mdi thanh phan:
(j-1), n(j) s& dugc goi la mot canh cua hanh trinh.

Khi tién hanh tim kiém 10i giai bai toan ngudi du lich chung ta phan tip cac hanh trinh
thanh 2 tdp con: Tap nhitng hanh trinh chita mot cip canh (i, j) nao d6 con tap kia gdm nhiing
hanh trinh khong chita canh nay. Ta goi viéc 1am d6 1a su phan nhanh, mdi tap con nhu vay duoc

goi 14 mot nhanh hay mot node cua cay tim kiém. Qua trinh phan nhanh dwgc minh hoa boi ciy
tim kiém nhu trong hinh 4.3.
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Tap tat ca cdc hanh trin}>

Hanh trinh
khong chira (i,))

(Hinh 4.3)

Viéc phan nhanh s€ dugc thyc hién dya trén mot qui tac heuristic nao d6 cho phép ta rat ngén
qua trinh tim kiém phwong an t&i wu. Sau khi phan nhanh va tinh can dudi gia tri ham muc tiéu trén
modi tap con. Viéc tim kiém sé& tiép tuc trén tap con c¢o6 gia tri cadn dudi nho hon. Thu tuc nay dugc
tiép tuc cho dén khi ta nhan duoc mot hanh trinh dﬁy du tirc 1a mot phuong an cud bai toan. Khi do
ta chi can xét nhitng tap con cc phuong 4n nao c6 can dudi nho hon gia tri cia ham muc tiéu tai
phuong an da tim dugc. Qua trinh phan nhanh va tinh can trén tap cac phuong an cua bai toan thong
thudong cho phép rat ngin mot cach dang ké qua trinh tim kiém do ta loai dugc rat nhiéu tap con
chic chdn khong chtra phuwong 4n t6i wu. Sau déy, 1a mot ki thuat nira cia thuat toan.

4.4.1.Thu tuc rut gon
RO rang téng chi phi ciia mét hanh trinh ctia ngudi du lich s€ chira dung mot phz‘in tr cua
mdi dong va ding mot phﬁn tir ctia moi cOt trong ma tran chi phi C. Do do, néu ta cong hay tru
bot moi phﬁn tu cua mdt dong (hay cdt) cua ma tran C di cung mdt s6 o thi do dai cua tat ca céc
hanh trinh déu giam di o vi thé hanh trinh tdi wu ciing s& khong bi thay doi. Vi vay, néu ta tién
hanh bét di cac phén tir ciia modi dong va mdi cot di mot héng s6 sao cho ta thu dugec mot ma tran
gém cac phﬁn tir khong 4m ma trén moi dong, moi cot déu c6 it nhat mot sb 0, thi téng cac sb trir
d6 cho ta can dudi cua moi hanh trinh. Thu tuc bdt nay dugce goi 1a thu tuc rat gon, céc héng sb
trir & mdi dong (cot) s& duoc goi 13 hang sé rut gon theo dong(cot), ma tran thu duge dugc goi 1a
ma tran rut gon. Thu tuc sau cho phép rut gon ma tran mdt ma tran A kich thuéc k& x k déng thoi
tinh tong cac hang sé rat gon.
float Reduce( float A[][max], int k) {
sum =0;
for (i = 1; i<k; i++){
r[i] = < phan t& nho nhat cia dong i >;
if (r[i] >0){
<BGt mdi phan tlr clia dong i di r[i] >;

sum = sum + r[i];
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for (j=1; i< k; j++) {
s[j]:= <Phan t& nho nhat cta cot j>;

if (s[j]>0)

}

return(sum);

}

sum = sum + S[j];

Vi du. Gia st ta ¢6 ma tran chi phi v6i n= 6 thanh phé sau:

1
1 0
4
45
39
28
3
0

AN W bW

2
3
0
17
90
46
88
0

3
93
77
0
80
88
18
15

4
13
42
36
0
33
46
8

5
33
21
16
56
0
92
0

6
9
16
28
7
25

o¢]

0

| rfi]

3
4
16
7
25
3

Dau tién trir bot moi phén tu cua cac dong 1, 2, 3, 4, 5, 6 cho céac héng s6 rut gon tuong ung
la(3,4,16,7,25,3), sau do trong ma tran thu dugc ta tim dugc phﬁn tir nho khac 0 ciia cot 3 va 4
twong Ung 1a (15, 8). Thuc hién rit gon theo cdt ta nhan dugc ma tran sau:

29
32

AN L kAW N~

g o

83
21
85

)
58

58
48

4
2
30
12
0
0
35

5
30
17
0
49
o0

89

12
12

Téng cac hiang sb rat gon 1a 81, vi vay can dudi cho tat ca cac hanh trinh 1a 81 (khong thé

¢6 hanh trinh c6 chi phi nhé hon 81).

Béy gio ta xét cach phan tap cac phuwong an ra thanh hai tap. Gia sir ta chon canh (6, 3) dé
phan nhanh. Khi d6 tap cac hanh trinh dugc phan thanh hai tap con, mot tap 1a cac hanh trinh chira
canh (6,3), con tap kia 1a cac hanh trinh khong chtra canh (6,3). Vi biét canh (6, 3) khong tham gia
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vao hanh trinh nén ta cAm hanh trinh di qua canh nay béng cach dat C[6, 3] = c. Ma tran thu dugc
s& ¢ thé rit gon bang cach bot di mdi phan tir cia cot 3 di 48 (hang 6 gitr nguyén). Nhu vy ta
thu dugc can dudi cua hanh trinh khong chira canh (6,3) 1a 81 + 48 = 129. Con ddi voi tap chura
canh (6, 3) ta phai loai dong 6, c¢ot 3 khdi ma tran tuong ing voi no, bdi vi da di theo canh (6, 3)
thi khong thé di tir 6 sang bat sang bat cit noi nao khac va ciing khong dugc phép di bat cir dau tir
3. Két qua nhan dugc la ma tran véi bac giam di 1. Ngoai ra, do da di theo canh (6, 3) nén khong
dugc phép di tir 3 dén 6 nira, vi vay can cidm di theo canh (3, 6) bang cach dat C(3, 6) = co. Ciy
tim kiém luc nay c6 dang nhu trong hinh 4.4.

Tap tat ca cac
hanh trinh

n

an dudi = 81

Tap hanh trinh
chira canh
(6,3)

Tap hanh trinh
khong chura
canh (6,3)

Hinh 4.4
Can dudi =81 Can dudi = 129
1 2 4 5 6 1 2 3 4 5 6
1 o 0 2 30 6 1 = o0 27 2 30 6
2 0 o 30 17 12 2 |o 0 0 3 17 12
3 29 1 12 0 %0 3 290 1 0 12 0 12
4 32 8 w49 0 4 |32 8 10 o 49 0
5 3 21 0 o0 - 0 5 |3 21 0 0 o 0
6 lo 8 oo 35 8 o

Canh (6,3) dugc chon dé phéan nhanh vi phan nhanh theo né ta thu dugc can dudi ciia nhanh
bén phai 13 16n nhit so v6i viée phan nhanh theo cac canh khac. Qui tic nay s& dugc ap dung & dé
phén nhanh & mdi dinh cuia cay tim kiém. Trong qua trinh tim kiém chiing ta luon di theo nhanh bén
trai trude. Nhanh bén trai s€ c6 ma tran rat gon vaoi bac giam di 1. Trong ma tran cua nhanh bén phai
ta thay mot s6 bai oo, va 6 thé riat gon thém dugc ma tran nay khi tinh lai cac h'fmg s6 rut gon theo
dong va cot tuong ung véi canh phan nhanh, nhung kich thudc ctia ma tran van giit nguyén.
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Do canh chon dé phan nhanh phai 1a canh 1am ting c4n dudi ciia nhanh bén phai 1én nhiéu
nhit, nén dé tim no ta s& chon s6 khong nao trong ma tran ma khi thay né boi oo s& cho ta tong
héng sb rat gon theo dong va cot chira n6 1a 16n nhét. Tha tuc d6 co thé dugec md ta nhu sau dé
chon canh phén nhanh (r, ¢).

4.4.2.Thu tuc chon canh phan nhanh (r,c)

void BestEdge(A, k, r, ¢, beta)
Pau vao: Ma tran rut gon A kich thudc k x k
K&t qua ra: Canh phan nhanh (r,c) va téng hang s& rdt gon theo dong r c6t c la beta.
{
beta = -o;
for (i=1;i<k; i++)
for(G=1;j<k; j++) {
if (Ali,j] == 0K
minr = <phan tf nhd nhat trén dong i khac véi A[i,jl;
minc = <phan tif nhd nhat trén cot j khac véi A[i,j1;
total = minr + minc;
if (total > beta ) {
beta = total;
r =i; /* Chi s6 dong tot nhat*/

c =j; /* Chi sd cOt tét nhat*/

}

Trong ma tran rat gon 5 x 5 cta nhanh bén trai hinh 5.4, s6 khong & vi tri (4, 6) s& cho tong
hang s6 rut gon 1 32 ( theo dong 4 1a 32, ¢t 6 1a 0). Pay 1a hé sb rat gon c6 gia tri I6n nhat dbi
voi cac sd khong cua ma trén nay. Viéc phan nhanh tiép tuc s€ dua vao canh (4, 6). Khi d6 can
dudi cuia nhanh bén phai twong ung vai tap hanh trinh di qua canh (6,3) nhung khong di qua canh
(4, 6) s€¢ 1a 81 + 32 = 113. Con nhanh bén trai s€ twong img v4i ma tran 4 x 4 (vi ta phai loai bo
dong 4 va cot 6). Tinh hudng phan nhanh nay dugc mé ta trong hinh 4.5.

Nhan thay ring vi canh (4, 6) va (6, 3) dd nam trong hanh trinh nén canh (3, 4) khong thé di
qua dugc nita (néu di qua ta s& c6 mot hanh trinh con tir nhimg thanh phé nay). Bé ngan cdm viéc
tao thanh cac hanh trinh con ta s& gan cho phan tir & vi tri (3, 4) gia tri co.
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Tap hanh trinh
qua canh (6,3)

Céan dud1 = 81

Hanh trinh chra
(6,3), (4,6)

Hanbh trinh chira
(6,3) khong chira
(4,6)

Can dusi = 81 Can dusi= 113
Hinh 4.5

Ngin cAm tao thanh hanh trinh con:

Téng quat hon, khi phan nhanh dya vao canh (iy, i) ta phai thém canh nay vao danh sach
cac canh cua node bén trai nhat. Néu iu 1a dinh cubi cia mot duong di (iy, i..., iy) va j, 1a dinh dau
ctia duong di (ji, jo..., jx) thi dé ngin ngira kha ning tao thanh hanh trinh con ta phai ngin ngira
kha ning tao thanh hanh hanh trinh con ta phai cAm canh (jy, i;). Pé tim i, ta di nguoc tir iu, dé tim
jx ta di xudi tir j; theo danh sach cac canh da dugc két nap vao hanh trinh.
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Tap tat ca cac
hanh trinh

Hanh trinh khong
chtra canh (6,3)

vy Can dudi =81 Céan dudi= 129
Tap cac hanh Hanh trinh khong
trinh chira (6,3) chua (4,6)
y Can dudi =81 Cén dudi= 113

Tap cac hanh
trinh chua (4,6)

Hanh trinh khong
chura canh (2,1)

vy Candudi =381 Can dudi= 101

Tap cac hanh
trinh chua (2,1)

Hanh trinh khong
chura canh (1,4)

Can dusi = 84 Can dusi= 112

Tap cac hanh
trinh chua (1, 4) Can dudi = 84

I

Hanh trinh (1, 4, 6, 3, 5, 2, 1) d6 dai 104
Hinh 4.6 mo ta qua trinh tim kiém giai phap t6i wu

Tiép tuc phan nhanh tir dinh bén trai bang cach sir dung canh (2,1) vi s6 khong & vi tri nay
¢ hang sb rat gon 16n nhét 13 17 + 3 = 20 ( theo dong 2 1a 17, theo ¢ot 1 1a 3). Sau khi phan
nhanh theo canh (2, 1) ma tran ciia nhanh bén trai c6 kich thudce 1a 3 x 3. Vi da di qua (2, 1) nén ta
cAm canh 2,1 béng cach dat C[1, 2] = oo, ta thu dugc ma tran sau:
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2 4 5
1 © 2 30
3 1 © 0

5 21 0 0

Ma tran nay co thé rat gon duoc béng cach bét 1 tai ¢t 1 va bot 2 di & dong 1 dé nhan duoc
ma tran cip 3:

5 20 0 o0

Ta c6 can dudi cua nhanh twong tng 1a 81 + 1 + 2 = 84. Cay tim kiém cho dén budc nay
duoc thé hién trong hinh 4.6.

Chuy rﬁng, sau khi da chép nhan n-2 canh vao hanh trinh thi ma tran con lai s€ c6 kich
thudce 1a 2 x 2. Hai canh con lai cia hanh trinh s€ khong phai chon lga nita ma dugc két nap ngay
vao chu trinh (vi n6 chi con sy lya chon duy nhét). Trong vi du trén sau khi da c6 cac canh (6, 3),
(4,6), (2, 1), (1,4) ma tran clia nhanh bén trai nhét c6 dang:

2 5
30 0
|50 oo|

Vi vay ta két nap nét canh (3, 5), (5, 2) vao chu trinh va thu dugc hanh trinh:
1,4,6,3,5,2, 1 vdi chi phi 1a 104.

Trong qué trinh tim kiém, mdi node cuia cay tim kiém s& trong g véi mot ma tran chi phi
A. O budc dau tién ma tran chi phi twong ing voi gbe chinh 1a ma tran C. Khi chuyén dong tir gbc
xudng nhanh bén trai xuéng phia dudi, kich thudc ctia cac ma trén chi phi A s& giam dan. Cubi
cung khi ma tran A c¢6 kich thudc 2x 2 thi ta cham dut viéc phan nhanh va Kkét nap hai canh con
lai dé thu dugc hanh trinh cia ngudi du lich. D dang nhan théy ma tran cudi cung rut gon chi co
thé & mot trong hai dang sau:

W X W X
uoo 0 u 0 o0
v0 oo| \Y o0 0
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Trong d6 u, v, X, y co thé 1a 4 dinh khac nhau hodc 3 dinh khac nhau. Pé xac dinh xem hai
canh nao can duogc nap vao hanh trinh ta chi can xét mot phﬁn tir cua ma tran A:

if A[1, 1] = o then

<Két nap canh (u, x), (v, w)>
else

< Két nap canh (u, w), (v, x) >;

Béy gid tit ca cac node ¢6 can dudi 16n hon 104 ¢6 thé bi loai bo vi ching khong chira hanh
trinh ré hon 104. Trén hinh 4.6 chung ta thdy chi c6 node c¢6 can duéi 1a 101 < 104 14 can phai xét
tiép. Node nay chtra cac canh (6, 3), (4, 6) va khong chita canh (2, 1). Ma tran chi phi twong tmng
v6i dinh nay c6 dang:

3 26 1 o0 0

5 0 21 0 0

Viéc phan nhanh s& dwa vao canh (5, 1) vdi tong sb rat gon 1a 26. Qua trinh r& nhanh tiép
theo dugc chi ra nhu trong hinh 4.7.

Tap hanh trinh chira
(6,3), (4,6) khong
qua (2,1)

Can duoi = 101

Hanh trinh khong
qua (5,1)

Tap hanh trinh qua
(.1

Can duoi = 127

Can dusi = 103

Hanh trinh
khong chua
(1,4)

Hanh trinh Candudi=114

chua (1, 4)

Hinh 4.7. Duyét hanh trinh cé can dwdéi 1a 101.
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Hanh trinh 1, 4, 6, 3,2, 5, 1 ; Do dai 104.

Nhu viy chiing ta thu dwgc hai hanh trinh t&i wu v&i chi phi 12 104. Vi du trén cho thiy
bai toan ngudi du lich ¢o thé ¢6 nhidu phwong an tdi wu. Trong vi du nay hanh trinh dau tién
nhan duoc da 1a tdi wu, tuy nhién diéu nay khong thé mong doi d6i voi nhitng truong hop tong
quat. Trong vi du trén chung ta chi can xét t6i 13 node, trong khi tong s6 hanh trinh ctia ngudi
du lich 1a 120.

4.4.3.Thuat toan nhanh cin gii bai toan ngwoi du lich

Cac budc chinh cua thuat toan nhanh can giai bai toan nguoi du lich duge thé hién trong thu
tuc TSP. Thu tuc TSP xét hanh trinh bo phan voi Edges 1a canh da dugc chon va tién hanh tim
kiém tiép theo. Cac bién duoc sir dung trong thu tuc nay 1a:

Edges - S6 canh trong hanh trinh bg phan;

A - Ma tran chi phi tuong Gng v6i kich thudc (n-edges, n-edges)

cost - Chi phi cua hanh trinh bg phan.

Mincost - Chi phi ctia hanh trinh tot nhat d4 tim dugc.

Ham Reduce(A, k), BestEgde(A, k, 1, c,beta) da dugc xay dung & trén.
void TSP( Edges, cost, A) {

cost=cost + Reduce(A, n-Edges);
if (cost <MinCost){
if (edges == n-2){
<b& xung nét hai canh con lai>;

MinCost:=Cost;

else {

BestEdge(A, n-eges, r, ¢, beta);
LowerBound = Cost + beta;
<Ngan cam tao thanh hanh trinh con>;
NewA = < A loai bo dong r cot c>;
TSP(edges+1, cost, NewA);/*di theo nhanh trai*/
<Khdi phuc A bang cach bd xung dong r cot c>;
if (LowerBound < MinCost){

/* di theo nhanh phai*/

Alr, c] =x;
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TSP (edges, cost, A);
Alr,c]:=0;

by
< Khéi phuc ma tran A>;/* thém lai cac hang s6 rdt gon vao
cac dong va cot tuang rng*/
by
}/* end of TSP*/;

NHUNG NOI DUNG CAN GHI NHO

Ban doc can ghi nhd mot s6 ndi dung quan trong dudi day:

v' Thé nao 1a mot bai toan tdi wu? Y nghia cta bai toan t6i wu trong cac mé hinh
thuc te.

v' Phéan tich vu diém, nhugc diém cua phuong phap liét ké.

v' Hiéu phuong phap nhanh cin, phuong phap xdy dung cin va nhitng vn dé lién
quan.

v' Hiéu phuong phap rat gon ma tran trong giai quyét bai toan nguoi du lich.

BAI TAP CHUONG 4
Bai 1. Giai bai toan cai tui sau:
5x, +x, +9x; +3x, - max,

4x, +2x, +Tx; +3x, <10,
x; 20 nguyen,j=12,34.

Bai 2. Giai bai toan cai tai sau:
Tx, +3x, +2x, +x, - max,

5x, +3x, + 6x; +4x, <12,
x; 20, nguyen, j =1,2,3,4

Bai 3. Giai bai toan cai tdi sau:
5x, +x, +9x; +3x, - max,

4x, +2x, + 7x; +3x, <10,
x, €01}/ =1234.
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Bai 4. Giai bai toan cai tui sau:
7x, +3x, +2x, + x, = max,
5x, +3x, +6x; +4x, <12,
x, e{0l},j=1234

Bai 5. Giai bai toan cai tui sau:
30x, +19x, +13x; +38x, +20x; + 6x, +8x, +19x; +10x, +11x,, - max,

15x, +12x, +9x; +27x, +15x, + 5x, +8x, +20x, +12x, +15x,, <62
x; € {01}, j =12--,10.

Bai 6. Ap dung thuat toan nhanh cén gii bai toan nguoi du lich véi ma tran chi phi sau:

00 08 05 22 11
04 00 09 17 27
15 07 00 12 35
05 27 17 00 29
23 21 19 07 00

Bai 7. Ap dung thuat toan nhanh cén giai bai toan nguoi du lich véi ma tran chi phi sau:

00 05 37 21 29
42 00 31 07 33
31 27 00 31 08
49 33 14 00 39
06 41 32 38 00

Bai 6. Ap dung thuat todn nhanh can giai bai toan ngudi du lich voi ma tran chi phi sau:

00 08 05 22 11
04 00 09 17 27
15 07 00 12 35
05 27 17 00 29
23 21 19 07 00
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Bai 8. Giai bai toan nguoi du lich v6i ma trén chi phi nhu sau:

o 31 15 23 10 17
16 oo 24 07 12 12
34 03 oo 25 54 25
15 20 33 o 50 40
16 10 32 03 o« 23
18 20 13 28 21 oo

Bai 9. Giai bai toan nguoi du lich voi1 ma tran chi phi nhu sau:

o 03 93 13 33 09
04 oo 77 42 21 16
45 17 o 36 16 28
39 90 80 o 56 07
28 46 88 33 oo 25
03 88 18 46 92 o
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PHAN II. LY THUYET PO THI

CHUONG V: NHI’PNG KHAI NIEM CO BAN CUA PO THI

NoOi dung chinh cua chuong nay dé cap dén nhitng khéi niém co ban nhét cua dd thi,
phuong phéap biéu dién do thi trén may tinh va mot sé khai niém lién quan.

V' Céac loai d6 thi v hudng, d thi c6 hudng, da do thi...

v' Khai niém vé béc cua dinh, duong di, chu trinh va tinh lién thong cua db thi.
v' Biéu dién d0 thi bang ma tran ké.

v' Biéu dién d6 thi bang danh sach ké.

v' Biéu dién d6 thi bang danh sach canh.

Ban doc c¢6 thé tim thay nhing kién thirc sdu hon va rong hon trong céc tai liéu [1], [2], [3].

5.1. PINH NGHIA VA KHAI NIEM

Ly thuyét d thi 13 linh vic nghién ctru da ton tai tir nhitng nim dau cua thé ky 18 nhung lai
¢6 nhirng g dung hién dai. Nhitng tu tudng co ban cua 1y thuyét d6 thi duoc nha toan hoc nguoi
Thuy Si Leonhard Euler dé xuat va chinh 6ng 14 nguoi dung 1y thuyét do thi giai quyét bai toan
ndi tiéng “Cau Konigsberg”.

D6 thi duogc st dung dé giai quyét nhiéu bai toan thudc cac linh vuc khac nhau. Chang han,
ta c6 thé dung d6 thi dé biéu dién nhig mach vong ctia mot mach dién, dung do thi biéu dién qua
trinh tuong tc giita cac loai trong thé gidi dong thyc vat, diung do thi biéu dién nhirg dong phéan
ctia cac hop chit polyme hodc biéu dién méi lién hé giita cac loai thong tin khac nhau. C6 thé noi,
ly thuyét do thi dugc ung dung rong rai trong tat ca cac linh vuc khac nhau cua thyc té ciing nhu
nhimg linh vyc triru twong cua 1y thuyét tinh toan.

P thi (Graph) la mot cAu tric dit liéu roi rac bao g6m céc dinh va cac canh ndi cac cap
dinh nay. Ching ta phan biét do thi théng qua kiéu va sé luong canh ndi giita cac cip dinh cia do
thi. Pé minh chung cho céc loai dd thi, chung ta xem xét mot sb vi du vé cac loai mang may tinh
bao gé)m: mdi may tinh 1a mot dinh, mdi canh 1a nhitng kénh dién thoai duoc ndi gitta hai may
tinh v&i nhau. Hinh 5.1, 13 so d6 cua mang may tinh loai 1.
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San Francisco Detroit

ork

os Angeles Washington

Hinh 5.1. Mang may tinh don kénh thoai.

Trong mang may tinh nay, mdi may tinh 1a mot dinh cta d6 thi, mi canh v hudng biéu
dién céac dinh nbi hai dinh phan biét, khong c6 hai cap dinh nao ndi cing mét cip dinh. Mang loai
nay co thé biéu dién bang mot don do thi vo hudng.

Pinh nghia 1. Pon do thi vé huéng G = <V, E> bao gom V la tdp cdc dinh, E la tdp cdc
cdp c6 thir ti gom hai phan tir khéc nhau cia V goi la cde canh.

Trong truong hop giita hai may tinh nao dé thudng xuyén truyén tai nhidu thong tin, ngudi
ta nbi hai may tinh boi nhidu kénh thoai khac nhau. Mang may tinh da kénh thoai c6 thé dugc
biéu dién nhu hinh 5.2.

San Francisco Detroit

ork

Denver

Los Angeles Washington
Hinh 5.2. Mang may tinh da kénh thoai.

Trén hinh 5.2, giita hai may tinh c6 thé dugc ndi véi nhau boi nhidu hon mét kénh thoai.
V&i mang loai ndy, ching ta khong thé dung don d6 thi v hudng dé biéu dién. Do thi loai nay 1a
da dd thi vo hudng.

Pinh nghia 2. Da do thi vé hudng G = <V, E> bao gom V la tdp cdc dinh, E la ho cdc cdp
khong co thwr tw go”‘m hai phdn tir khac nhau cua V goi la tdp cac canh. el, e2 dwoc goi la canh lap
néu chiing cling tiwong vng voi mot cip dinh.

R rang, moi don d6 thi déu 1a da d6 thi, nhung khong phai da do thi nao ciing 1a don d6 thi
vi giita hai dinh c¢6 thé c6 nhiéu hon mot canh ndi giita chung v6i nhau. Trong nhiéu trudng hop,
c6 may tinh ¢ thé ndi nhiéu kénh thoai v6i chinh né. Véi loai mang nay, ta khong thé dung da db
thi dé biéu dién ma phai dung gia do thi vo huéng. Gia d6 thi vo huéng dugec mo ta nhu trong
hinh 5.3.
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Pinh nghia 3. Gid do thi vé huéng G = <V, E> bao gom V la tdp dinh, E la ho cdc cdp
khéng cé thir tw gom hai phan tir (hai phan tir khéng nhat thiét phai khdc nhau) trong V dwoc goi
la cdc canh. Canh e dwoc goi la khuyén néu c6 dang e =(u, u), trong dé u la dinh nao dé thuoe V.

San Francisco Detroit

Washington

Hinh 5.3. Mang may tinh da kénh thoai c6 khuyén.

Trong nhiéu mang, cac kénh thoai ndi gitta hai may tinh c¢6 thé chi dugc phép truyén tin
theo mot chiéu. Chang han may tinh dit tai San Francisco dwoc phép truy nhap t6i may tinh dat
tai Los Angeles, nhung may tinh dat tai Los Angeles khong dugc phép truy nhap nguoc lai San
Francisco. Hodc may tinh dat tai Denver co thé truy nhap dugc téi may tinh dat tai Chicago va
nguoc lai may tinh dat tai Chicago ciing c6 thé truy nhap nguoc lai may tinh tai Denver. D& mé ta
mang loai nay, ching ta dung khai niém don d6 thi c6 huéng. Pon do thi c6 hudéng duge mo ta
nhu trong hinh 5.4.

San Francisco Detroit

Chicago W Y ork

Denver

Los Angeles Washington

Hinh 5.4. Mang may tinh c¢6 huwdng.

Pinh nghia 4. Pon do thi c6 huéng G = <V, E> bao gom V la tdp cdc dinh, E la tdp cdc
cdp ¢é thir tw gom hai phan tir ciia V goi la cdc cung.

D6 thi c6 hudng trong hinh 5.4 khong chira cac canh bdi. Nén dbi v6i cac mang da kénh
thoai mét chiéu, do thi c6 hudéng khong thé mo ta duge ma ta dung khai niém da dd thi co hudng.
Mang c6 dang da d6 thi co huéng duwoc mé ta nhu trong hinh 5.5.
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San Francisco Detroit

Cth ago / N York

v

Denver

Los Angeles Washington

Hinh 5.5. Mang maAy tinh da kénh thoai mot chiéu.

Pinh nghia 5. Da d6 thi cé huong G = <V, E> bao gom V la tdp dinh, E la cdp cé thir tw
gom hai phan tir cia V dwoc goi la cde cung. Hai cung e, e; twong img voi cling mot cdp dinh
dwoc goi la cung lap.

Tir nhitng dang khac nhau cua d6 thi ké trén, chiing ta thiy su khac nhau giita cac loai do thi
duoc phan biét thong qua cac canh cia dd thi ¢6 thur tu hay khong c6 thir tu, cac canh boi, khuyén
¢6 dugc dung hay khong. Ta co thé tong két cac loai do thi thong qua bang 1.

Bang 1. Phan biét cac loai do thi

Loai do thi Canh Cé canh bi Cé6 khuyén
Pon d6 thi vo hudng Vo6 huong Khoéng Khong
Da db thi v6 hudng Vo6 huéng Co Khong
Gia do thi v hudng Vo6 hudng Co Co
D6 thi ¢6 hudng C6 huéng Khong Co
Pa d6 thi c6 hudng Co6 huodng Co Co

5.2. CAC THUAT NGU CO BAN

Pinh nghia 1. Hai dinh u va v ciia do thi vé huéng G =<V, E> dwoc goi la ké nhau néu
(u,v) la canh thuéc do thi G. Néu e =(u, v) la canh cua do thi G thi ta ndi canh nay lién thugc voi
hai dinh u va v, hodc ta néi canh e néi dinh u véi dinh v, déng thoi cdc dinh u va v sé duwoc goi la
dinh dau cua canh (u,v).

Pinh nghia 2. Ta goi bdc ciia dinh v trong dé thi vé hwéng la sé canh lién thudc véi né va
ky hiéu la deg(v).

110



Chirong 5: Nhitng khdi niém co ban ciia do thi

b c d
°
[
a f e g

Hinh 5.6 Do thi vé huéng G.

Vi du 1. Xét d5 thi trong hinh 6.6, ta c6

deg(a) = 2, deg(b) =deg(c) = deg(f) = 4, deg(e) = 3, deg(d) = 1, deg(g)=0.

binh bac 0 duoc goi 1a dinh ¢6 14p. Dinh bac / dugc goi 1a dinh treo. Trong vi du trén, dinh
g la dinh c0 1ap, dinh d 1a dinh treo.

Pinh 1y 1. Gia st G = <V, E> 1a d6 thj v6 huéng véi m canh. Khi d6 2m =) deg(v).
velV
Chirng minh. Rd rang mdi canh e=(u,v) bat ky, dugc tinh mot 1an trong deg(u) va mot lan
trong deg(v). Tir d6 suy ra sd tong tit ca cac bac bang hai 1an s canh.
Hé qua. Trong db thi v6 huéng G=<V, E>, s6 cac dinh bac 1é 1a mot s6 chin.

Chirng minh. Goi O 1a tip cac dinh bac chan va V' 1a tap cac dinh bac 1é. Tir dinh 1y / ta
suy ra:

2m =) deg(v) =Y deg(v)+ Y deg(v)

velV veO velU
Do deg(v) 14 chin véi v 1a dinh trong O nén tong thir hai trong vé phai ciing 1a mét s6 chin.

Pinh nghia 3. Néu e=(u,v) la cung ciia do thi ¢6 huéng G thi ta néi hai dinh u va v la ké
nhau, va néi cung (u, v) néi dinh u véi dinh v hodc ciing ndi cung nay di ra khéi dinh u va di vo
dinh v. Pinh u (v) sé dwoc goi la dinh dau (cudi) ciia cung (u,v).

Pinh nghia 4. Ta goi bdn bdc ra (ban bdc vao) ciia dinh v trong do thi ¢é hudng la sé cung
ciia do thi di ra khéi né (di vao né) va ky hiéu la deg”(v) va deg (v).

L
Hinh 5.7. P6 thi c6 hwéng G.
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Vi du 2. Xét d thi 6 hudng trong hinh 5.7, ta co
deg'(a) =1, deg’(b) =2, deg'(c) =2, deg'(d) = 2, deg'(e) = 2.
deg'(a) =3, deg’(b) =1, deg’(c) =1, deg'(d) = 2, deg'(e) = 2.

Do mbi cung (u,v) duoc tinh mdt 1an trong ban bac vao ctia dinh v va mot lan trong ban bac
ra cua dinh u nén ta co:

Dinh Iy 2. Gia sit G = <V, E> 1a @ thj ¢6 huéng. Khi do Y deg”(v) = Y deg (v) =| E |

velV velV.

Rét nhiéu tinh chit cta d6 thi c6 hudng khong phu thudc vao hudng trén cic cung cia no.
Vi véy, trong nhiéu trudng hop, ta bo qua cac hudng trén cung ciia dd thi. PO thi vo hudng nhan
dugc bang cach bo qua hudng trén cac cung dugc goi 1a d6 thi vo hudng twong Gmg véi do thi co
hudéng da cho.

5.3. PUONG PI, CHU TRIiNH, PO THI LIEN THONG
Pinh nghia 1. Puong di dé dai n tir dinh u dén dinh v trén do thi vo heong G=<V,E> la day:
X0, X1yeeny Xn-1, Xp
trong do n la 56 nguyén duong, xo=u, X,=v, (x;, x;+;) €E, i =0, 1, 2,..., n-1
Puong di nhu trén con ¢ thé biéu dién thanh diy céc canh:
(X0, X1), (X1,X2),v0r (X1, Xi).

Dinh u 1a dinh dau, dinh v 1a dinh cudi ctua dudng di. Puong di c6 dinh dau tring voi dinh
cudi (u=v) dugc goi la chu trinh. Duong di hay chu trinh dugc goi 1a don néu nhu khéng c6 canh
nao lap lai.

Vi du 1. Tim cac dudng di, chu trinh trong d0 thi vé hudéng nhu trong hinh 5.8.

a, d, ¢, f, ela duong di don d6 dai 4. d, e, ¢, a khong la duong di vi (e,c) khong phai 1a canh
ctia d0 thi. Day b, ¢, f, e, b 1a chu trinh d6 dai 4. Puong di a, b, e, d, a, b c6 d6 dai 5 khong phai 1a
duong di don vi canh (a,b) c6 mit hai lan.

a b C

d T f
Hinh 5.8. Pwong di trén do thi.
Khai ni¢m dudng di va chu trinh trén dd thi c6 hudng dugc dinh nghia hoan toan tuong tu,
chi c6 diéu khac biét duy nhét 1a ta phai chi ¥ t6i cac cung cua do thi.

Pinh nghia 2. Puong di do dai n tir dinh u dén dinh v trong do thi c¢6 huéng G=<V,A> la day:

112



Chirong 5: Nhitng khdi niém co ban ciia do thi

X0, X1yeeey X
trong do, n la 56 nguyén duwong, u = Xxg, v =X, (X;, Xi+1) €A.
Puong di nhu trén ¢ thé biéu dién thanh diy cac cung:
(X0, X1), (X1, X2),eee (X1, Xn)-

Dinh u duoc goi 1a dinh dau, dinh v duoc goi 13 dinh cudi ciia duong di. Puong di ¢6 dinh
dau trung véi dinh cudi (u=v) duoc goi la mdt chu trinh. Pudng di hay chu trinh duge goi 1a don
néu nhu khéng c6 hai canh nao 1ap lai.

Pinh nghia 3. Do thi vé hudng dwoe goi la lién théng néu luén tim dwoc dwong di gia hai
dinh bdt ky ciia né.

Trong trudng hop do6 thi G=<V, E> khong lién thong, ta c6 thé phan rd G thanh mot s6 do
thi con lién thong ma chiing doi mot khong co dinh chung. Mdi dd thi con nhu vay duge goi 1a
mot thanh phan lién théng cua G.

Vi du 2. Tim c4c thanh phén lién thong cta do thi 5.9 dudi day.
2 6

11 9

13

12
Hinh 5.9. P6 thi vé6 huéng G

S6 thanh phan lién thong ctia G 1a 3. Thanh phan lién thong thir nhit gdm céc dinh 1, 2, 3,
4, 6, 7. Thanh phan lién théng tha hai gdm cac dinh 5, 8, 9, 10. Thanh phan lién thong thir ba gdm
cac dinh 11, 12, 13.

5.4. BIEU DIEN PO THI TREN MAY TiNH

5.4.1. Ma tran ké, ma tran trong s6

Dé luu trir d6 thi va thyc hién cac thuét toan khac nhau, ta cin phai biéu dién d6 thi trén
may tinh, dong thoi str dung nhiing céu trac dit liéu thich hop dé mo ta dd thi. Viéc chon ciu tric
dit liéu nao dé biéu dién dd thi co tac dong rat 16n dén hiéu qua thuat toan. Vi vay, lua chon cAu
truc dir li€u thich hop biéu dién d6 thi s& phu thudc vao tirng bai toan cu thé.
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Xét 36 thi don vo huéng G =<V, E>, véi tap dinh V' = {1, 2,..., n}, tap canh E = {e,, e,,..,
en}. Ta goi ma tran ké cua dd thi G 1a ma tran c6 cac phﬁn tir hodc béng 0 hoac béng [ theo qui
dinh nhu sau:

A={ay a;=1néu(j) €E a; = 0néu (ij) €E; i, j =1, 2,.., nk.
Vi du 1. Biéu dién d6 thi trong hinh 5.10 duéi day bang ma tran ké.

2 4 1 2 3 4 5 6
1 0 1 1 0 0 0
1 6 2 1 0 1 1 0 0
3 1 1 0 0 1 0
3 5 4 0 1 0 0 1 1
Hinh 5.10. D6 thi v6 hwéng G 5 0 0 1 1 0 1

6 L0 0 0 1 1 0

Tinh chat ciia ma tran ke:

a. Ma trén ké ctia dd thi v hudng 1a ma tran dbi xtng A/ij] = Afj, i]; i, j = 1, 2,... n. Ngugc
lai, m&i (0, 1) ma tran cip n ddng cAu voi mot don dd thi vo hudng n dinh;

b. Tong cac phan tir theo dong i ( cot j) ciia ma tran ké chinh bang bac dinh i (dinh j);

c. Néu ky hi¢u a; ,i,j=12,..,n lacac phﬁn tr cua ma tran. Khi d6:
AP =AA.. Aplan); al,i,j=12,..n,

cho ta s6 duong di khac nhau tir dinh i dén dinh j qua p-/ dinh trung gian.

Ma tran ké ctia d6 thi c6 hudng ciing dugc dinh nghia hoan toan twong ty, chung ta chi can
lwu v t6i hudng clia canh. Ma tran ké ctia d6 thi ¢6 hudng 1a khong ddi xtmg.

Vi du 2. Tim ma tran ké ctia d6 thi c6 huéng trong hinh 5.11.

S O O O =
S O O O O W
S © = = O H

1
1
0
0
0
1

wm kA W NN O
= el -

3 4

Hinh 5.11. Db thi ¢6 hwong G
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Trong rat nhiéu tng dung khac nhau cua 1y thuyét do thi, mdi canh e =(u,v) cta n6 duoc
gan boi mot sb c(e) = c(u,v) goi 14 trong s6 ctia canh e. DS thi trong truong hop nhu vay goi 1a dd
thi trong sb. Trong truong hop d6, ma tran ké cta dd thi dugc thay béi ma tran trong sd ¢= ¢/i,j],
i, j=1,2,..., n. c[ij] =c(ij)néu (i, j) €E, cfij] = Onéu (i, j) «E. Trong 46, @nhan cac gia tri: 0,
o0, -ootuy theo ting tinh hudng cu thé cua thuat toan.

Vi du 3. Ma trén ké ctia d thi c¢6 trong s6 trong hinh 5.12.

Hinh 5.12. Db thi trong s6 G.

S O O N W O =
S O N & O W N
S W O O N N W
whn 0 O O N O B
O © 00 W O O W
S O L O O O O

AN L B W N~

Uu diém cua phuong phap biéu dién db thi bang ma tran ké (hodc ma tran trong s6) 1a ta dé
dang tra 10i dugc cau hoi: Hai dinh u, v ¢6 k& nhau trén d6 thi hay khong va chiing ta chi mat diing
mot phép so sanh. Nhuoc diém 16n nhat cia nd 1a bat ké d6 thi co bao nhiéu canh ta déu méat n’
don vi bo nh¢ dé luu trit @6 thi.

5.4.2. Danh sach canh (cung)

Trong truong hop dd thi thua (d6 thi c6 s6 canh m < 6n), ngudi ta thudng biéu dién do thi
dué6i dang danh sach canh. Trong phép biéu dién nay, chung ta s& luu trit danh sach tat ca cac
canh (cung) cua dd thi vo huéng (c6 hudng). Mdi canh (cung) e(x, y) duge twong ung véi hai bién
daufe], cuoife]. Nhu vay, dé luu trit d0 thi, ta can 2m don vi bd nhé. Nhuge diém 16n nhét cua
phuong phap nay la dé nhan biét nhirng canh nao ké v6i canh nao ching ta can m phép so sanh
trong khi duyét qua tit ca m canh (cung) ctia d6 thi. Néu 1a d6 thi c6 trong s6, ta can thém m don
vi bd nhé dé luu trix trong s6 cuia cac canh.

Vi du 4. Danh sach canh (cung) ctia d6 thi v hudng trong hinh 5.10, d6 thi ¢ hudng hinh
5.11, @6 thi trong sb hinh 5.12.
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Dau Cuoi Dau  Cuoi Dau  Cuoi Trongso
1 2 1 2 1 2 3
1 3 1 3 1 3 7
2 3 2 4 2 3 6
2 4 2 5 2 4 6
3 5 3 4 3 S 3
4 5 5 1 4 5 8
4 6 4 6 5
5 6 5 6 9
Danh sach canh cung hinh 5.10 Hinh 5.11 Danh sach trong so hinh 5.12

5.4.3. Danh sach ké

Trong rit nhiéu ng dung, cach biéu dién db thi duéi dang danh sach ké thuong duoc sir
dung. Trong biéu dién ndy, véi moi dinh v cia dd thi chung ta luu trit danh sach cac dinh ké véi
né ma ta ky hi¢u la Ke(v), nghia la

Kewv)={ueV: (u v)eE},

Vi cach biéu dién nay, mdi dinh i cta d6 thi, ta lam tuong g véi mdt danh sach tat ca céc
dinh k& v&i nd va duge ky hiéu 13 List(i). Dé biéu dién List(i), ta co thé dung cac kiéu dir liéu kiéu
tap hop, mang hodc danh sach lién két.

Vi du 5. Danh sach ké cta d6 thi v6 huéng trong hinh 5.10, d thi c6 huéng trong hinh 5.11
duogc biéu dién bang danh sach ké nhu sau:

List(i) List(i)
Dinh 1 2 3 Dinh 1 3 2
2 1 3 4 2 4 5
3 1 2 5 3 4
4 2 5 6 5 1
5 3 4 6
6 4 5

NHUNG NOI DUNG CAN GHI NHO

v/ Nim vitng va phan biét rd cac loai d6 thi: don dd thi, da do thi, dd thi vo hudng,
dd thi co hudng, dd thi trong $6.
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v/ Nim vitng nhitng khai niém co ban vé do thi: duong di, chu trinh, do thi lién
thong.

v' Hiéu va ndm rd ban chét ciia cac phuwong phap biéu dién dd thi trén méy tinh. Phan
tich wu, nhugc diém cua timg phuong phéap biéu dién.

v' Chuyén dbi cic phuong phap biéu dién qua lai 1dn nhau gitip ta hiéu dugc cach
biéu din do thi trén may tinh.
BAI TAP CHUONG 5
Bai 1. Trong mot budi gip miat, moi ngudi déu bat tay nhau. Hay chi ra rang sb lugt ngudi
bét tay nhau 1a mot s6 chan.
Bai 2. Mot don db thi v6i n dinh cé nhiéu nhét 1a bao nhiéu canh?

Bai 3. Hay biéu dién cac d6 thi G1, G2, G3 duéi day dudi dang ma tran ké.

2 5 2 5
1 7 1 7
3 6 3 6

a. Do thi vo hudng G1. b. D6 thi ¢c6 huéng G2.

c. o thi trong s6 G3

Bai 4. Hay biéu dién cac dd thi G1, G2, G3 trén dudi dang danh sach canh.

Bai 5. Hiy biéu dién cac d6 thi G1, G2, G3 trén dudi dang danh sach ké.
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Bai 6. Xac dinh bic cia cac dinh cua cac dd thi G1, G2, G3 trén.
Bai 7. Hay tao mot file dir li¢u theo khuén dang nhu sau:

- Dong du tién 1 sd tu nhién n 1a s6 cac dinh cua dd thi.
- N dong ké tiép 1a ma tran ké ctia do thi.

Viét chuong trinh chuyén ddi file dif liu trén thanh file dif liéu du6i dang danh sach canh
cua do thi.
Bai 8. Hay tao mdt file dit li€u theo khuén dang nhu sau:
- Dong dau tién ghi lai s6 ty nhién n va m 1a s6 cac dinh va cac canh cua do thi.
- M dong ké tiép ghi lai thtr ty dinh dau, cubi ciia cac canh.
Hay viét chuong trinh chuyén ddi mot dd thi cho dudi dang danh sach canh thanh dd thi

dudi dang ma trén ké.

Bai 9. Mot ban co 8x8 duogc danh sd theo cach sau:

17 18 | 19 | 20 | 21 | 22 | 23 | 24

25 | 26 | 27 | 28 | 29 | 30 | 31 | 32

33 (34 |35 (36 37|38 39| 40

41 | 42 | 43 | 44 | 45 | 46 | 47 | 48

49 | 50 | 51 | 52 | 53 | 54 | 55 | 56

57 | 58 | 59 | 60 | 61 | 62 | 63 | 64

M3i 8 ¢6 thé coi 1a mot dinh ctia dd thi. Hai dinh duoc coi 1a ké& nhau néu mot con vua dat &
6 nay co thé nhay sang 6 kia sau mot budc di. Vidu: 6 1 k& v6i 62,9, 10, 6 11 ké véi 2, 3, 4, 10,
12, 18, 19, 20. Hay viét chuong trinh tao ma trén ké cua do thi, két qua in ra file king.out.

Bai 10. Ban ¢ 8x8 dugc danh s6 nhu bai trén. Mdi 6 c6 thé coi 1a mot dinh ctia d6 thi. Hai
dinh duoc goi la ké nhau néu mot con ma dit ¢ 6 nay co thé nhay sang 6 kia sau mot nudc di. Vi
dud1kévsill, 18,6 11k&véil, 5, 17,21, 26, 28. Hay viét chuong trinh 14p ma tran k& cta dd
thi, két qua ghi vao file matran.out.
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CHUONG VI: CAC THUAT TOAN TIiM KIEM TREN DO THI

C6 nhiéu thuét toan trén dd thi dugc xay dung dé duyét tat ca cac dinh cua dd thi sao cho
mdi dinh dugc Viéng tham ding mot lan. Nhing thuat toan nhu vay dugc goi la thuat toan tim
kiém trén dd thi. Chung ta ciing s& lam quen véi hai thuat toan tim kiém co ban, d6 1a duyét theo
chiéu sau DFS (Depth First Search) va duyét theo chiéu rong BFS (Breath First Search). Trén co
sO ctia hai phép duyét co ban, ta c6 thé dp dung ching dé giai quyét mot sd bai todn quan trong
ctia 1y thuyét d6 thi. Tom lai, nhitng ndi dung chinh dwoc dé cap trong chuong nay bao gdom:

v Thuat toan tim kiém theo chiéu siu trén db th.

Thuét toan tim kiém theo chiéu rong trén dd thi.

Tim cac thanh phan lién thong cuia db thi.

Tim dudng di giira hai dinh bét ki cta db thi.

AR NEENEN

Tim duong di va chu trinh Euler
v" Tim duong di va chu trinh Hamilton

Ban doc c6 thé tim hiéu sau hon vé tinh dang dén va do phure tap cia cac thuat toan trong
cac tai liéu [1] va [2].

6.1. THUAT TOAN TiM KIEM THEO CHIEU SAU (DFS)

Tu tudng co ban cua thuét toan tim kiém theo chidu sau 1a bat dau tai mot dinh vy nao do,
chon mot dinh u bt ky ké vdi vy va 1dy n6 1am dinh duyét tiép theo. Cach duyét tiép theo duoc
thuc hién tuong tu nhu ddi véi dinh vo v6i dinh bat dau 14 u.

Pé kiém tra viéc duyét mdi dinh dung mot lan, ching ta sir dung mot mang chuaxet/] gdbm
n phan tir (tuong tmg v6i n dinh), néu dinh thir i da duoc duyét, phan tir twong Gmg trong mang
chuaxet[] c6 gia tri FALSE. Nguoc lai, néu dinh chua dwoc duyét, phan tir twong g trong mang
c6 gia tri TRUE. Thuét toan c6 thé duoc mo ta béng thu tuc d¢ qui DFS () trong do: chuaxet - 1a
mang cac gia tri logic duoc thiét 1ap gia tri TRUE.

void DFS( int v){
Tham_Pinh(v); chuaxet[v]:= FALSE;
for (u eke(v) ){
if (chuaxet[u] ) DFS(u);
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Thii tuc DFS() s& tham tat ca cac dinh cliing thanh phan lién thong voi v mdi dinh dung mot
lan. Bé dam bao duyét tit ca cac dinh ctia dd thi (co thé co nhiéu thanh phén lién théng), chung ta
chi can thuc hién duyét nhu sau:

{
for (i=1; i< n; i++)
chuaxet[i]:= TRUE; /* thiét lap gia tri ban dau cho mang chuaxet[]*/
for (i=1; i< n; i++4)
if (chuaxet[i])
DFS( i);
b

Chii y: Thuat toan tim kiém theo chiéu sau dé dang ap dung cho dd thi c6 hudng. Dbi véi
@b thi c6 hudng, chiing ta chi can thay cac canh v6 hudng bang cac cung cua dd thi co hudng.

Vi du. 4p dung thuét toan tim kiém theo chiéu sau v6i do thi trong hinh sau:

2 6

1

Hinh 6.1. P6 thi vé huéng G.
Pinh bit diu duyét | Céc dinh di duyét Cic dinh chwa duyét
DFS(1) 1 2,3,4,5,6,7,8,9,10,11, 12, 13
DFS(2) W2 3,4,5,6,7,8,9,10,11,12,13
DFS(4) 1,2,4 3,5,6,7,8,9,10,11,12, 13
DFS(3) 124,3 5,6,7,8,9,10,11, 12, 13
DFS(6) 1,243, 6 5,7,8,9,10,11,12, 13
DFS(7) 1,2,4,3,6,7 5,8,9,10,11,12,13
DFS(8) 1,2,4,3,6,7,8 5,9,10,11,12,13
DFS(10) 1,2,4,3, 6,7,8,10 5,9,11,12,13
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DFS(5) 12,43, 6,7,8,10,5 9,11,12, 13
DFS(9) 12,43, 6,7,8,10,5.9 11,12, 13
DFS(13) 12,43,6,7,8,10,5,9,13 11,12
DFS(11) 12,43,6,7,8,10,5,9,13,11 12
DFS(11) 12,43, 6,7,8,10,5,9,13,11,12 o

Két qua duyét: 1,2,4,3,6,7,8,10,5,9,13, 11, 12
Dudi day la van ban chuong trinh. Trong dé cac ham:

void Init(int G[][MAX], int *n): ding dé doc dir liéu 1a tir tép DFS.IN 1a biéu dién cua dd
thi dudi dang ma tran ké nhu da dé cap trong bai tap 5.4. A 1a ma tran vuong luu trix biéu dién cua
d6 thi

void DFS(int G[][MAX], int n, int v, int chuaxet[]): 14 thut toan duyét theo chiéu sau véi
d thi G gdm n dinh va dinh bét dau duyét 1a v.

#include <stdio.h>
#include <conio.h>
#include <io.h>
#include <stdlib.h>
#include <dos.h>
#define MAX 100
#define TRUE 1
#define FALSE 0
/* Depth First Search */
void Init(int G[]J[MAX], int *n){
FILE *fp; inti, j;
fp=fopen("DFS.IN", "r");
if(fp==NULL){
printf("\n Khong co file input");
delay(2000);return;
by
fscanf(fp,"%d", n);
printf("\n So dinh do thi:%d",*n);
printf("\n Ma tran ke cua do thi:");

for(i=1; i<=*n;i++){
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printf("\n");

for(j=1; j<=*n;j++){
fscanf(fp,"%d", &Gil[j]1);
printf("%3d", G[i][j]);

b
void DFS(int G[][MAX], int n, int v, int chuaxet[]){

int u;
printf("%3d",v);chuaxet[v]=FALSE;
for(u=1; u<=n; u++){
if(G[v][u]==1 && chuaxet[u])
DFS(G,n, u, chuaxet);

by
void main(void){
int GIMAX][MAX], n, chuaxet[MAX];
Init(G, &n);
for(inti=1; i<=n; i++)
chuaxet[i]=TRUE;
printf("\n\n");
for(i=1; i<=n;i++)
if(chuaxet[i])
DFS( G,n, i, chuaxet);
getch();
b

6.2. THUAT TOAN TIM KIEM THEO CHIEU RONG (Breadth First Search)

pé v réng, v6i thudt toan tim kiém theo chiéu sau, dinh tham cang mudn s¢€ tré thanh dinh
som duoc duyét xong. D6 1a két qua tat yéu vi cac dinh thim duoc nap vao stack trong thi tuc dé
qui. Khac véi thuat toan tim kiém theo chiéu sau, thuat toan tim kiém theo chiéu rong thay thé
viéc st dung stack bang hang doi queue. Trong thi tyc ndy, dinh dugc nap vao hang doi dau tién
1a v, cac dinh k& v6i v (v, v,..., v duge nap vao queue ké tiép. Qua trinh duyét tiép theo duoc
bat du tir cac dinh con c¢6 mit trong hang doi.
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Dé ghi nhan trang thai duyét cac dinh cua db thi, ta ciing van sit dung méang chuaxet/] gdm
n ph?m tr thiét lap gia tri ban dau 12 TRUE. Néu dinh i cta dd thi da duoc duyét, gia tri chuaxet[i]
s& nhan gia tri FALSE. Thuat toan dimg khi hang doi réng. Thu tuc BFS duéi dy thé hién qua
trinh thuc hién cda thuat toan:

void BFS(int u){
queue = ¢;
u <= queue; /*nap u vao hang dgi*/
chuaxet[u] = false;/* ddi trang thai cta u*/
while (queue = ¢ ) { /* duyét t6i khi ndo hang dgi rong*/
queue<=p; /*Idy p ra tir khoi hang dgi*/
Tham_binh(p); /* duyét xong dinh p*/
for (v e ke(p) ) {/* dua cac dinh v ké vdi p nhung chua dugc xét vao hang dgi*/
if (chuaxet[v] ) {
v<= queue; /*dua v vao hang dgi*/

chuaxet[v] = false;/* d6i trang thai clia v*/

b
} /* end while*/

}/* end BFS*/

Thi tuc BFS s& tham tit ca cac dinh dung thanh phan lién thong véi u. Dé tham tat ca cac
dinh cuia d6 thi, chung ta chi can thuc hién doan chuong trinh dué6i day:

{
for (u=1; u<n; u++)
chuaxet[u] = TRUE;
for (ueV)
if (chuaxet[u] )
BFS(u);
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Vi du. Ap dung thuét toan tim kiém theo chiéu rong vé6i do thi trong hinh 6.2 sau:

2 6

)

13

10

Hinh 6.2. P6 thi vé6 huéng G=<V,E>

Cac dinh da duyét Cac dinh trong hang dgi Cac dinh con lai

) ) 1,2,3,4,5,6,7,8,9,10,11,12,13
1 2,3,11 4,5,6,7,8,9,10,12,13
1,2 3,11,4,6 5,7,8,9,10,12,13
1,2,3 11,4,6 5,7,8,9,10,12,13
1,2,3,11 4,6,12,13 5,7,8,9,10
1,2,3,11,4 6,12,13 5,7,8,9,10
1,2,3,11,4,6 KA, 7.8 5,9,10
1,2,3,11,4,6,12 1.3, S 5,9,10
1,2,3,11,4,6,12, 13 7,8,9 5,10
1,2,3,11,4,6,12, 13,7 8,9 5,10
1,2,3,11,4,6,12,13,7, 8 9,10 5
1,2,3,11,4,6,12,13,7,8,9 10,5 )
1,2,3,11,4,6,12,13,7,8,9,10 |5 )
1,2,3,11,4,6,12,13,7, 8,9,10,5 | ¢ )

Két qua duyét: 1,2,3,11,

4,6,12,13,7, 8, 9,10, 5.

Vian ban chuong trinh cai dat theo BFS duoc thé hién nhu sau:

#include <stdio.h>

#include <conio.h>
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#include <io.h>

#include <stdlib.h>

#include <dos.h>

#define MAX 100

#define TRUE 1
#dine FALSE 0
/* Breadth First Search */

void Init(int G[]J[MAX], int *n, int *chuaxet){

}

void BFS(int G[][MAX], int n, int i, int chuaxet[], int QUEUE[MAX]){

FILE *fp; inti, j;
fp=fopen("BFS.IN", "r");
if(fp==NULL){
printf("\n Khong co file input");
delay(2000);return;
by
fscanf(fp,"%d", n);
printf("\n So dinh do thi:%d",*n);
printf("\n Ma tran ke cua do thi:");
for(i=1; i<=*n;i++)X
printf("\n");
for(j=1; j<=*n;j++){
fscanf(fp,"%d", &G[i1[j]);
printf("%3d", G[i][i]);

}

for(i=1; i<=*n;i++)  chuaxet[i]=0;

int u, dauQ, cuoiQ, j;

dauQ=1; cuoiQ=1;QUEUE[cuoiQ]=i;chuaxet[i]=FALSE;

/* thiét Iap hang dgi vdéi dinh dau la i*/
while(dauQ<=cuoiQ){
u=QUEUE[dauQ];
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printf("%3d",u);dauQ=dauQ+1; /* duyét dinh dau hang dgi*/
for(j=1; j<=n;j++){
if(G[ul[j]==1 && chuaxet[j] X
cuoiQ=cuoiQ+1;
QUEUE[cuoiQ]=j;
chuaxet[j]=FALSE;

¥
void main(void){
int GIMAX][MAX], n, chuaxet[MAX], QUEUE[MAX], i;
Init(G, &n, chuaxet);
printf("\n\n");
for(i=1; i<=n; i++)
chuaxet[i]= TRUE;
for(i=1; i<=n; i++)
if (chuaxet[i]) BFS(A, n, i, chuaxet, QUEUE);
getch();
b

6.3. DUYET CAC THANH PHAN LIEN THONG CUA PO THI

Mot dd thi ¢6 thé lién thong hodc khong lién thong. Néu do thi lién thong thi sé thanh phan
lién théng cua no 13 1. Didu ndy twong duong v6i phép duyét theo thi tuc DFS() hodc BFS() duoc
goi dén dang mot l1an. Néu d thi khong lién thong (sé thanh phéan lién théng 16n hon ) ching ta
¢6 thé tach chung thanh nhitng d6 thi con lién thong. Diéu nay ciing c6 nghia 1a trong phép duyét
db thi, s6 thanh phan lién théng cta n6 bang s 1an goi t6i tha tuc DFS() hodc BFS().

Dé xac dinh s6 cac thanh phan lién thong cta dd thi, chung ta sir dung bién moi solt dé nghi
nhan céc dinh cing mot thanh phan lién thong trong mang chuaxet/] nhu sau:

- Néu dinh i chua duoc duyé€t, chuaxet[i] cé gia tri 0,
- Néu dinh i duoc duyét thudc thanh phén lién thong thir j=solt, ta ghi nhan chuaxet[i] =solt;
- Cac dinh cung thanh phan lién théng néu ching c6 cing gié tri trong mang chuaxet/].

Vi cach lam nhu trén, tha tuc BFS() hoac DFS() co thé dugce stra lai nhu sau:
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void BFS(int u){

queue = ¢;
u <= queue; /*nap u vao hang dgi*/
solt = solt+1; chuaxet[u] = solt; /*solt la bién toan cuc thiét lap gia tri 0*/
while (queue = ¢ ) {

queue<=p; /* ldy p ra tir stack*/

forv e ke(p) {

if (chuaxet[v] ) {
v<= queue; /*nap v vao hang dgi*/

chuaxet[v] = solt; /* v c6 clng thanh phan lién thong véi p*/

¥
Pé duyét hét tat ca cac thanh phan lién thong ctia d thi, ta chi can goi tdi thu tuc lienthong
nhu dudi day:
void Lien_Thong(void){
for (i=1; i< n; i++)
chuaxet[i] =0;
for(i=1; i<=n; i++)
if(chuaxet[i]==0){
solt=solt+1;

BFS(i);

b
Pé ghi nhan timg dinh ciia d6 thi thudc thanh phan lién théng nao, ta chi can duyét cac dinh
c6 cung chung gia tri trong mang chuaxet/] nhu dudi day:

void Result( int solt){
if (solt==1){
< Do thi la lien thong>;

}

for(i=1; i<=solt;i++){
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/* Bua ra thanh phan lién thong th( i*/
for(j=1; j<=n;j++X
if( chuaxet[j]==i)
<dua ra dinh j>;

by
by
b
Vi du. D6 thi vo hudng trong hinh 6.3 s& cho ta két qua trong mang chuaxet nhu sau:
1 2 3
4 5 y-
8 9
o—0
Hinh 6.3. P6 thi vé huéng G=<V,E>
S6 thanh phan lién thong Két qua thyuc hién BFS Gia tri trong mang chuaxet[]
0 Chua thuc hién Chuaxet[] = {0,0,0,0,0,0,0,0,0}
1 BFS(1): 1,2,4,5 Chuaxet[] = {1,1,0,1,1,0,0,0,0}
2 BFS(3):3,6,7 Chuaxet[] = {1,1,2,1,1,2,2,0,0}
3 BFS(8): 8,9 Chuaxet[] ={ 1,1,2,1,1,2,2,3,3}

Nhu vay, dinh 1, 2, 4, 5 cing c6 gia tri / trong mang chuaxet[] thudc thanh phan lién thong
thr /;
Dinh 3, 6,7 cing co gié tri 2 trong mang chuaxet/] thudc thanh phan lién thong tha 2;
Dinh 8, 9 cling co gid tri 3 trong mang chuaxet[] thudc thanh phan lién thong thi 3.
Van ban chuong trinh dugc thé hién nhu sau:
#include <stdio.h>
#include <conio.h>
#include <io.h>
#include <stdlib.h>

#include <dos.h>
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#define MAX 100
#define TRUE 1

#define FALSE 0

/* Breadth First Search */

void Init(int G[][MAX], int *n, int *solt, int *chuaxet){

}

FILE *fp; int i, j;
fp=fopen("lienth.IN", "r");
if(fp==NULL){
printf("\n Khong co file input");
delay(2000);return;
by
fscanf(fp,"%d", n);
printf("\n So dinh do thi:%d",*n);
printf("\n Ma tran ke cua do thi:");
for(i=1; i<=*n;i++ )X
printf("\n");
for(j=1; j<=*n;j++){
fscanf(fp,"%d", &GIil[j]);
printf("%3d", G[i][i]);

¥
for(i=1; i<=*n;i++)
chuaxet[i]=0;

*solt=0;

void Result(int *chuaxet, int n, int solt){

printf("\n\n");

if(solt==1){
printf("\n Do thi la lien thong");
getch(); return;

}

for(int i=1; i<=solt;i++){
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printf("\n Thanh phan lien thong thu %d:",i);
for(int j=1; j<=n;j++){
if( chuaxet[j]==i)
printf("%3d", j);

b
void BFS(int G[][MAX], int n, int i, int *solt, int chuaxet[], int QUEUE[MAX])X{

int u, dauQ, cuoiQ, j;
dauQ=1; cuoiQ=1;QUEUE[cuoiQ]=i;chuaxet[i]=*solt;
while(dauQ<=cuoiQ)
u=QUEUE[dauQ];printf("%3d",u);dauQ=dauQ+1;
for(j=1; j<=n;j++){
if(G[u][j]==1 && chuaxet[j]==0){
cuoiQ=cuoiQ+1;
QUEUE[cuoiQ]=j;

chuaxet[j]=*solt;

b
void Lien_Thong(void){

int G[MAX][MAX], n, chuaxet[MAX], QUEUE[MAX], solt,i;
clrscr(); Init(G, &n,&solt, chuaxet);
printf("\n\n");
for(i=1; i<=n; i++)
if(chuaxet[i]==0){
solt=solt+1;
BFS(G, n, i, &solt, chuaxet, QUEUE);
}
Result(chuaxet, n, solt);

getch();
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b

void main(void){
Lien_Thong();

b

6.4. TIM PUONG DI GIUA HAI PINH BAT KY CUA PO THI
Bai toan: Cho dd thi G=(¥, E). Trong d6 V la tap dinh, E 1a tdp canh cta do thi. Hay tim
duong di tir dinh s eV t61 dinh ¢ €.

Thii tuc BFS(s) hodc DFS(s) cho phép ta duyét cac dinh ciing mot thanh phan lién thong vai
s. Nhu vay, néu trong s cac dinh lién thong v6i s chia ¢ thi chac chan ¢6 duong di tir s dén 7. Néu
trong s6 cac dinh lién thong voi s khong chira ¢ thi khong ton tai duong di tir s dén ¢. Do vay,
chung ta chi can goi tdi thu tuc DFS(s) hoac BFS(s) va kiém tra xem dinh ¢ c6 thudc thanh phén
lién théng voi s hay khong. Diéu nay dugc thuc hién don gian thong qua mang trang thai
chuaxet[]. Néu chuaxet[t] = False thi c6 nghia t cing thanh phan lién théng véi s. Nguoc lai
chuaxet[t] = True thi t khong cung thanh phan lién théng vdi s.

Pé ghi nhan dudng di tir s d&én t, ta str dung mot mang truoc[] thiét 1ap gia tri ban dau 13 0.
Trong qué trinh duyét, ta thay thé gia tri ctia truoc[v] dé ghi nhan dinh di truéc dinh v trong dudong
di tim kiém tr s dén v. Khi do, trong thu tuc DFS(v) ta chi can thay ddi lai nhu sau:

void DFS( int v){
chuaxet[v]:= FALSE;
for (u eke(v) ) {

if (chuaxet[u] ) {

truoc[u]=v;
DFS(u);
}

by
Déi v6i thu tuc BFS(v) duge thay doi lai nhu sau:

void BFS(int u){
queue = ¢,
u <= queue; /*nap u vao hang dgi*/
chuaxet[u] = false;/* d&i trang thai ciia u*/
while (queue = ¢ ) { /* duyét tdi khi ndo hang dgi rong*/

queue<=p; /*Idy p ra tir khoi hang dgi*/
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for (v e ke(p) ) {/* dua cac dinh v ké vdi p nhung chua dugc xét vao hang doi*/
if (chuaxet[v] ) {
v<= queue; /*dua v vao hang dgi*/
chuaxet[v] = false;/* d6i trang thai cla v*/

truoc[v]=p;

by
} /* end while*/

}/* end BFS*/
Két qua duong di duge doc nguoc lai thong qua thi tuc Result() nhu sau:
void Result(void){
if(truoc[t]==0){
<Khodng cé dudng di tirs dén t>;

return;

i=t

while(truoc[j]!'=s)X
<tham dinh j>;
j=truoc[j];

b

<tham dinh s>;

¥
Vi du. Tim duong di tir dinh / d&én dinh 7 bang thuat toan tim kiém theo chiéu rong voi do
thi trong hinh 6.4 duéi day

Hinh 6.4. P6 thi vé huéng G=<V,E>
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Ta co, BFS(1) = 1,2,3,11,4,6,12,13,7,8,9,10,5. RS rang chuaxet[7] = True nén c6 duong di
tir dinh 7 dén dinh 7. Bay gio ta xac dinh gié tri trong mang truoc/] dé c6 két qua dudng di doc
theo chiéu nguoc lai.

Truoc[7] = 6; truoc[6] = 2; truoc[2] =1 => dudng di tir dinh / dén dinh 7 1a I
=>2=>6=>7.

Toan van chuong trinh dugc thé hién nhu sau:
#include <stdio.h>
#include <conio.h>
#include <io.h>
#include <stdlib.h>
#include <dos.h>
#define MAX 100
#define TRUE 1
#define FALSE Oint n, truoc[MAX], chuaxet[MAX], queue[MAX];
int AIMAX][MAX]; int s, t;
/* Breadth First Search */
void Init(void){
FILE *fp; int i, j;
fp=fopen("lienth.IN", "r");
if(fp==NULL){
printf("\n Khong co file input");
delay(2000);return;
by
fscanf(fp,"%d", &n);
printf("\n So dinh do thi:%d",n);
printf("\n Ma tran ke cua do thi:");

for(i=1; i<=n;i++)X
printf("\n");
for(j=1; j<=n;j++)X
fscanf(fp,"%d", &A[i][j]);
printf("%3d", A[ili]);
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by
for(i=1; i<=n;i++){
chuaxet[i]=TRUE;

truoc[i]=0;

¥
void Result(void){
printf("\n\n");
if(truoc[t]==0){
printf("\n Khong co duong di tu %d den %d",s,t);
getch();
return;
by
printf("\n Duong di tu %d den %d la:",s,t);
int j = t;printf("%d<=", t);
while(truoc[j]!'=s)X
printf("%3d<=",truoc[j]);
j=truoc[j];
by
printf("%3d",s);
¥
void In(void){
printf("\n\n");
for(int i=1; i<=n; i++)
printf("%3d", truocli]);
b
void BFS(int s) {
int dauQ, cuoiQ, p, u;printf("\n");
dauQ=1;cu0iQ=1; queue[dauQ]=s;chuaxet[s]=FALSE;
while (dauQ<=cuoiQ){
u=queue[dauQ]; dauQ=dauQ+1;
printf("%3d",u);
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for (p=1; p<=n;p++){
if(A[u][p] && chuaxet[p]){
cuoiQ=cuoiQ+1;queue[cuoiQ]=p;

chuaxet[p]=FALSE;truoc[p]=u;

¥

void duongdi(void){
int chuaxet[MAX], truoc[MAX], queue[MAX];
Init(); BFS(s);Result();

¥

void main(void){
clrscr();
printf("\n Dinh dau:"); scanf("%d",&s);
printf("\n Dinh cuoi:"); scanf("%d",&t);
Init(); printf("\n"); BFS(s);
n();getch();
Result();getch();

}

6.5. PUONG PI VA CHU TRINH EULER

Pinh nghia. Chu trinh don trong d6 thi G di qua mdi canh cta do thi dting mét lan dugc goi
1a chu trinh Euler. Puong di don trong G di qua mdi canh ciia n6 diing mét lan duge goi 1a dudong
di Euler. Db thi dugc goi la db thi Euler néu no c6 chu trinh Euler. B4 thi c6 duong di Euler dugc
goi la nura Euler.

R& rang, moi d6 thi Euler déu 1a nira Euler nhung diéu nguoc lai khong dung.
Vi du 1. Xét cac d6 thi G1, G2, G3 trong hinh 6.5.
a b a b a b

Gl G2 G3
Hinh 6.5. P6 thi vé hwéng G1, G2, G3.
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Db thi G1 1a d thi Euler vi n6 ¢6 chu trinh Euler a, e, ¢, d, e, b, a. D6 thi G3 khong c6 chu
trinh Euler nhung chira duong di Euler a, ¢, d, e, b, d, a, b vi thé G3 1a ntra Euler. G2 khong co
chu trinh Euler cling nhu duong di Euler.

Vi du 2. Xét cac dd thi co hudng H1, H2, H3 trong hinh 6.6.

b a b a b
c B

d e d d c

H1 H2 H3

a

Hinh 6.6. P6 thi c6 hwéng H1, H2, H3.

Do thi H2 1a dd thi Euler vi nd chtra chu trinh Euler a, b, ¢, d, e, a vi vay no la d thi Euler.
Do thi H3 khong co6 chu trinh Euler nhung c6 duong di Euler a, b, c, a, d, ¢ nén n6 1a dd thi nira
Euler. D6 thi H1 khong chira chu trinh Euler ciing nhu chu trinh Euler.

Pinh ly. D6 thi v hudng lién thong G=(V, E) 1a d6 thi Euler khi va chi khi moi dinh ctia G
déu c6 bac chin. PO thi vé hudng lién thong G=(V, E) 1a d6 thi nira Euler khi va chi khi no khéng
c6 qué hai dinh bac 1¢.

Pé tim mot chu trinh Euler, ta thuc hién theo thut toan sau:

* Tao mot mang CE dé ghi duong di va mot stack dé xép cac dinh ta s& xét. Xép vao d6 mot
dinh tuy ¥ u nao d6 ctia d6 thi, nghia 1a dinh u s& dugc xét dau tién.

* Xét dinh trén cling cta ngan xép, gia sir dinh d6 1 dinh v; va thuc hién:
= Néu v 1a dinh c6 1ap thi ldy v khoi ngin xép va dua vao CE;
= Néu v 1a lién thong vai dinh x thi xép x vao ngan xép sau d6 xo04 bo canh (v, x);

* Quay lai budc 2 cho t6i khi ngan xép rdng. Két qua chu trinh Euler dwgc chira trong CE
theo thu ty nguoc lai.

Thu tuc Euler Cycle sau s€ cho phép ta tim chu trinh Euler.
void Euler_Cycle(void){
Stack:=¢; CE:=¢;
Chon u la dinh nao dé cta do6 thj;
u=>Stack; /* nap u vao stack*/
while (Stack=¢ ) { /* duyét cho dén khi stack rong*/
x= top(Stack); /* x la phan t&r dau stack */
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if (ke(x) = ¢) ) {
y = Dinh dau trong danh sach ke(x);
Stack<=y; /* nap y vao Stack*/
Ke(x) = Ke(x) \{y};
Ke(y) = Ke(y)\{x}; /*loai canh (x,y) khoi do thi}*/

else {
x<= Stack; /*ldy x ra khéi stack*/;

CE <=x; /* nap x vao CE;*/

b
Vi du. Tim chu trinh Euler trong hinh 6.7.

Hinh 6.7. P6 thi vé huéng G.

Céac bude thue hién theo thuat todn sé& cho ta két qua sau:

Buoc Gia tri trong stack Gia tri trong CE Canh con lai

1 F 1,2,3,4,5,6,7,8,9, 10
2 f,a 2,3,4,5,6,7,8,9, 10
3 f,a,c 3,4,5,6,7,8,9, 10

4 f,a,c,f 3,4,5,6,7,9,10

5 f,a, c f 3,4,5,6,7,9,10

6 f,a, c,b f 3,4,6,7,9,10

7 f,a,c,b,d f 3,4,7,9,10

8 f,a, c,b,d,c f 3,4,7,10

9 f,a,c,b,d f, c 3,4,7,10

10 f,a,c,b,d, e f, c 3,4,7

11 f,a,c,b,d, e, b f, c 3,4

12 f,a,c,b,d,e,b,a f,c 3
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13 f,a,c,b,d, e, b,a,d f,c

14 f,a,c,b,d,e,b,a f,c,d

15 f,a,c,b,d, e, b f,c,d,a

16 f,a,c,b,d, e f,c,d,a,b

17 f,a,c,b,d f.c,d,a,b,e

18 f,a,c,b f,c,d,a,b,e,d

19 f,a,c f,c,d,a,b,e.d,b

20 f a f,c,d,a,b,e,d,b,c
21 f f,c,d,a,b,e,d,b,c,a
22 f,c,d,a,b,e.d,b,c,a,f
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Chuong trinh tim chu trinh Euler duoc thé hién nhu sau:

#include <stdio.h>

#include <conio.h>

#include <stdlib.h>

#include <math.h>

#include <dos.h>

#define MAX 50

#define TRUE 1
#define FALSE 0

int AIMAX][MAX], n, u=1;
void Init(void){

int i, j;FILE *fp;
fp = fopen("CTEULER.IN", "r");
fscanf(fp,"%d", &n);
printf("\n So dinh do thi:%d",n);
printf("\n Ma tran ke:");
for(i=1; i<=n;i++)
printf("\n");
for(j=1; j<=n;j++)X
fscanf(fp,"%d", &A[i1[j]);
printf("%3d", ALi1lD);
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by
fclose(fp);
¥
int Kiemtra(void){
inti, j, s, d;
d=0;
for(i=1; i<=n;i++){
s=0;
for(j=1; j<=n;j++)
s+=A[i][];
if(s%2) d++;
by
if(d>0) return(FALSE);
return(TRUE);

by
void Tim(void){
int v, x, top, dCE;
int stack[MAX], CE[MAX];
top=1; stack[top]=u;dCE=0;
do{
v = stack[top];x=1;
while (x<=n && A[v][x]==0)
X++;
if (x>n) {
dCE++; CE[dCE]=v; top--;
by
else {
top++; stack[top]=x;
Alv][x]=0; A[x][v]=0;
}
} while(top!=0);
printf("\n Co chu trinh Euler:");
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for(x=dCE; x>0; x--)
printf("%3d", CE[x]);
b
void main(void){
clrscr(); Init();
if(Kiemtra())
Tim();
else printf("\n Khong co chu trinh Euler");
getch();
¥

Mot d thi khong co chu trinh Euler nhung van c6 thé c6 dudng di Euler. Khi d6, d6 thi co
dung hai dinh bac 1¢, tirc 13 tong cac sd canh xudt phat tir mot trong hai dinh d6 1a s6 1é. Mot
duong @i Euler phai Xuét phat tr mét trong hai dinh do6 va két thuc & dinh kia. Nhu vay, thuat toan
tim duong di Euler chi khac v6i thuat toan tim chu trinh Euler & chd ta phai x4c dinh diém xudt
phat ctia duong di tir dinh béc 1& nay va két thiic ¢ dinh bac 1é khac. Chuong trinh tim duong di
Euler duoc thé hién nhu sau:

#include <stdio.h>

#include <conio.h>

#include <stdlib.h>

#include <math.h>

#include <dos.h>

#define MAX 50

#define TRUE 1

#define FALSE 0

void Init(int A[J[MAX], int *n){
int i, j;FILE *fp;
fp = fopen("DDEULER.IN", "r");
fscanf(fp,"%d", n);
printf("\n So dinh do thi:%d",*n);
printf("\n Ma tran ke:");
for(i=1; i<=*n;i++)X

printf("\n");

for(j=1; j<=*n;j++){
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fscanf(fp,"%d", &A[i][i]);
printf("%3d", A[i1[i]);

by
fclose(fp);

¥
int Kiemtra(int A[J[MAX], int n, int *u){
inti, j, s, d;
d=0;
for(i=1; i<=n;i++){
s=0;
for(j=1; j<=n;j++)
s+=A[i]{];
if(s%2){

d++;*u=i;

by
if(d!=2) return(FALSE);
return(TRUE);
b
void DDEULER(int A[][MAX], int n, int u){
int v, x, top, dCE;
int stack[MAX], CE[MAX];
top=1; stack[top]=u;dCE=0;
do {
v = stack[top];x=1;
while (x<=n && A[v][x]==0)
X++;
if (x>n) {
dCE++; CE[dCE]=v; top--;

else {
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top++; stack[top]=x;
AIVI[X]=0; ALX][V]=0;
}
} while(top!=0);
printf("\n Co duong di Euler:");
for(x=dCE; x>0; x--)
printf("%3d", CE[x]);
b
void main(void){
int AIMAX][MAX], n, u;
clrscr(); Init(A, &n);
if(Kiemtra(A,n,&u))
DDEULER(A,n,u);
else printf("\n Khong co duong di Euler");
getch();
¥

Pé tim tat ca cac duong di Euler ciia mot dd thi n dinh, m canh, ta c6 thé dung ky thuat d¢
qui nhu sau:

Buéc 1. Tao mang b c6 d6 dai m + I nhu mot ngin xép chira duong di. Dit b/0]=1, i=I
(xét dinh thtr nhét ctia dudng di);

Buére 2. Lan luot cho b/i] cac gia tri 1a dinh ké voi b/i-1] ma canh (b/i-1],b/i]) khong tring
v6i nhitng canh da dung tir 5/0] dén bfi-1]. Véi mdi gia tri ctia b/i], ta kiém tra:

= Néu i<m thi ting i 1én I don vi (xét dinh tiép theo) va quay lai budc 2.
= Néu i==m thi ddy b chinh 1a mot duong di Euler.
Chuong trinh liét ké tat ca duong di Euler duoc thé hién nhu sau:
#include <stdio.h>
#include <conio.h>
#include <stdlib.h>
#include <math.h>
#include <dos.h>
#define MAX 50
#define TRUE 1
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#define FALSE 0
int m, b[MAX], u, i, OK;
void Init(int A[][MAX], int *n){

}

inti, j, s, d;FILE *fp;
fp = fopen("DDEULER.IN", "r");
fscanf(fp,"%d", n);
printf("\n So dinh do thi:%d",*n);
printf("\n Ma tran ke:");
u=1; d=0; m=0;
for(i=1; i<=*n;i++){
printf("\n");s=0;
forG=1; j<=*n;j++X
fscanf(fp,"%d", &A[][i]);
printf("%3d", A[i1[j]);

s+=A[i]{];
}
if (s%2) { d++;u=i; }
m=m-+s;
by
m=m /2;

if (d!=2) OK=FALSE;
else OK=TRUE;
fclose(fp);

void Result(void){

}

inti;
printf("\n Co duong di Euler:");
for(i=0; i<=m; i++)

printf("%3d", b[i]);

void DDEULER(int *b, int A[J[MAX], int n, int i){

intj, k;
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for(j=1; j<=n;j++){
if (A[b[i-1]][]==1X
A[b[i-1]1(31=0; A[][b[i-1]1]=0;
b[i]=j;
if(i==m) Result();
else DDEULER(b, A, n, i+1);
A[b[i-1]][1=1; A[1[bli-1]]=1;

¥
void main(void){
int AIMAX][MAX], n;
clrscr(); Init(A, &n);
b[0]=u;i=1;
if(OK) DDEULER(b, A, n, i);
else printf("\n Khong co duong di Euler");
getch();

}

6.6. PUONG DI VA CHU TRINH HAMILTON

Vi d6 thi Euler, ching ta quan tam tdi viéc duyét cac canh cia dd thi mdi canh ding mot
lan, thi trong muc nay, chiing ta xét dén mot bai toan tuong ty nhung chi khac nhau la ta chi quan
tam t6i cac dinh ciia d6 thi, mdi dinh diing mot 1an. Sy thay ddi nay tuong nhu khong dang ke,
nhung thuc té ¢6 nhiéu sy khac biét trong khi giai quyét bai toan.

Pinh nghia. Puong di qua tit ca cac dinh ctua dd thi mdi dinh dung mot 1an duge goi 1a
duong di Hamilton. Chu trinh bat dau tai mot dinh v nao do qua tat ca cac dinh con lai mdi dinh
ding mot lan sau do quay tro lai v dugc goi 1a chu trinh Hamilton. Do thi duoc goi la dd thi
Hamilton néu no chita chu trinh Hamilton. P4 thi chira duong di Hamilton dugc goi 1a dd thi nira
Hamilton.

Nhu vay, mot dd thi Hamilton bao gio cling la dd thi nira Hamilton nhung diéu nguoc lai
khong luon luén ding. Vi dy sau s€ minh hga cho nhén xét nay.
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Vi du. Do thi d6 thi hamilton G3, ntra Hamilton G2 va G1.

a a ob a e ob

b. C c. d c. .d

Gl G2 G3
Hinh 6.8. D6 thi d6 thi hamilton G3, nira Hamilton G2 va G1.

Cho dén nay, viéc tim ra mot tiéu chuan dé nhan biét d6 thi Hamilton van con md, mic du
day 1a van de trung tam cua ly thuyéet do thi. Hon theé nita, cho dén nay cling van chua c6 thuat
toan hi¢u qua dé kieém tra mét do thi c6 phai 1a d6 thi Hamilton hay khong.

Pé liét ké tat ca cac chu trinh Hamilton cta d6 thi, chung ta co thé st dung thuat toan sau:

void Hamilton( int k) {
/* Liét ké céc chu trinh Hamilton cta do thi bdng cach phat trién ddy dinh
(X[1], X[2],..., X[k-1] ) clia d0 thi G = (V, E) */
for ye Ke(X[k-1]) {
if (k==n+1) and (y == v0) then
Ghinhan(X[1], X[2],..., X[n], v0);

else {
X[k]=y; chuaxet[y] = false;
Hamilton(k+1);
chuaxet[y] = true;
by
by
b
Chuong trinh chinh dugc thé hién nhu sau:
{

for (veV ) chuaxet[v] = true; /*thi€t 1ap trang thai cac dinh*/
X[1] = vO; (*v0 la mot dinh nao do6 cua do thi*)
chuaxet[v0] = false;

Hamilton(2);
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Cay tim kiém chu trinh Hamilton thé hién thuat toan trén dugc mé ta nhu trong hinh 6.9.

2

Hinh 6.9. Ciy tim kiém chu trinh Hamilton.

Chuong trinh li¢t ké cac chu trinh Hamilton dugc thé hién nhu sau:
#include <stdio.h>
#include <conio.h>
#include <stdlib.h>
#include <math.h>
#include <dos.h>
#define MAX 50
#define TRUE 1
#define FALSE 0
int AIMAX][MAX], C[MAX], B[MAX];
int n,i, d;
void Init(void){
int i, j;FILE *fp;
fp= fopen("CCHMTON.IN", "r");
if(fp==NULL){
printf("\n Khong co file input");
getch(); return;
by
fscanf(fp,"%d",&n);
printf("\n So dinh do thi:%d", n);
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printf("\n Ma tran ke:");
for(i=1; i<=n; i++){
printf("\n");
for(G=1; j<=n; j++){
fscanf(fp, "%d", &A[il[i]);
printf("%3d", ALi1lD);

by
fclose(fp);
for (i=1; i<=n;i++)
C[i]=0;
¥
void Result(void){
inti;
printf("\n ");
for(i=n; i>=0; i--)
printf("%3d", B[i]);
d++;
b
void Hamilton(int *B, int *C, int i){
intj, k;
for(j=1; j<=n; j++){
if(A[B[i-1]][j1==1 && C[j]==0){
Blil=j; C[j]l=1;
if(i<n) Hamilton(B, C, i+1);
else if(B[i]J==B[0]) Result();
CG1=0;

b
void main(void){

B[0]=1; i=1,d=0;
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Init();
Hamilton(B,C,i);
if(d==0)
printf("\n Khong co chu trinh Hamilton");
getch();
¥
Chuong trinh duyét tat ca duong di Hamilton nhu sau:
#include <stdio.h>
#include <conio.h>
#include <stdlib.h>
#include <math.h>
#include <dos.h>
#define MAX 50
#define TRUE 1
#define FALSE 0
int A[IMAX][MAX], C[MAX], B[MAX];
int n,i, d;
void Init(void){
int i, j;FILE *fp;
fp= fopen("DDHMTON.IN", "r");
if(fp==NULL){
printf("\n Khong co file input");
getch(); return;
by
fscanf(fp,"%d",&n);
printf("\n So dinh do thi:%d", n);
printf("\n Ma tran ke:");
for(i=1; i<=n; i++)X
printf("\n");
for(j=1; j<=n; j++)X
fscanf(fp, "%d", &A[1[D);
printf("%3d", ALi1lD);
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by
fclose(fp);
for (i=1; i<=n;i++)
C[i]=0;
¥
void Result(void){
int i;
printf("\n ");
for(i=n; i>0; i--)
printf("%3d", B[i]);
d++;
b
void Hamilton(int *B, int *C, int i){
intj, k;
for(G=1; j<=n; j++){
if(A[B[i-1]1[{1==1 && C[j]==0){
Blil=j; C[]=1;
if(i<n) Hamilton(B, C, i+1);
else Result();

C[1=0;

¥

void main(void){
B[0]=1; i=1,d=0;

Init();
Hamilton(B,C,i);
if(d==0)
printf("\n Khong co duong di Hamilton");

getch();
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NHUNG NQI DUNG CAN GHI NHO

v/ Mot thuat toan tim kiém trén d thi 1a phép viéng tham cac dinh ctua né mdi dinh
dung mot lan.

v' Phép duyét theo chiéu sau sir dung cau tric dir liéu stack.

v' Phép duyét theo chiéu rong sir dung céu trac dir liéu hang doi.

v' Xac dinh cac thanh phéan lién thong va duong di giita hai dinh bat ky cta d6 thi
déu c6 thé sir dung thuat toan DFS() hoidc BFS().

v Nim vimng va phan biét 15 sy khac biét giita chu trinh (dudng di) Euler va chu
trinh (duong di Hamilton).

v' Phuong phéap hiéu 16 ban chat nhét cua thuét toan 1a cai dat va kiém chung thuat
toan bang cach viét chuong trinh.

BAI TAP CHUONG 6

Bai 1. Cho d6 thi G=<V, E> cho boi danh sach k&. Hay viét thu tuc loai bo canh (u,v) thém
canh (x,y) vao dd thi.

Bai 2. Ap dung thuat toan tim kiém theo chiéu siu dé tim tit ca cac cau trén d6 thi vo
hudng. (Cau 1a canh ma loai bo n6 1am ting sb thanh phan lién théng cia do thi).

Bai 3. Ap dung thuat toan tim kiém theo chiéu sau dé kiém tra xem d6 thi c6 huéng G=<V,
A> ¢6 chu trinh hay khong.

Bai 4. Cho mét bang 6 vuéng m x n 6, 0 nam trén dong i, cOt j goi la 6 (1, j): i=1,2,.., m;
j=1, 2,...n. Trong d6 mdi 6 (i, j) ta viét mot s6 a[i,j] {0, 1}. Hay viét chuong trinh dém s
mién con toan 0 cua bang. Vi du $6 mién con toan 0 cua bang kich thudc 5x5 dugc chi ra
trong hinh dudi day:

1 0 1 0 0
1 1 1 1 0
0 0 0 1 0
1 0 1 1 0
1 0 1 1 0

Bai 5. Viét chuong trinh kiém tra xem mot do thi ¢6 1a d6 thi Euler hay khong? Néu ¢6 cau
khang dinh ding hay chi ra mot chu trinh Euler trong do thi.

Bai 6. Viét chuong trinh kiém tra xem mot db thi c6 1a d6 thi nira Euler hay khong? Néu c6
c4u khiang dinh dung hiy chi ra mot duong di Euler trong db thi.

Bai 7. Viét chuong trinh kiém tra xem mot dd thi c6 phai 13 @6 thi Hamilton hay khéng.
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Bai 8. Mot 16p hoc ¢6 40 hoc sinh vé nghi hé. Biét r@ing mdi em co dia chi it nhat 20 ban, va
néu ban nay biét dia chi cta ban kia thi ban kia cling biét dja chi cta ban nay. Chung minh réng
bat clr hai em nao trong 16p ciing c¢6 thé nhan tin cho nhau.

Bai 9. Ching minh rang, di v6i d6 thi lién thong G tiy ¥ ¢6 n canh ludn ludn co thé danh
s6 cac canh cta G bé'mg cac s6 1, 2,.., n, sao cho tai mdi dinh ma & d6 ¢6 it nhit 2 canh cta dd thi
thi USCLN cua cac s6 nguyén viét trén cac canh thudc dinh nay bang 1.

Bai 10. Trén ban co c6 4x4 6 vuong. Chirng minh rang con ma khong thé di qua tat ca cac
0, moOi 6 ding mot lan roi tré ve 6 ban dau.
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CHUONG VII: CAY (TREE)

Noi dung chinh cta chuong nay dé cap dén mot loai d6 thi don gian nhat d6 1a cay. Cay
duoc tng dung rong rai trong nhiéu linh vuc khac nhau cia tin hoc nhu t6 chirc cac thu muc, luu
trit dir liéu, biéu dién tinh toan, biéu dién quyét dinh va t6 chirc truyén tin. Nhitng nodi dung duogc
trinh bay bao gdom:

v/ Cay va céc tinh chét co ban cia ciy.
Mot s6 ing dung quan trong ciia cy trong tin hoc.
Cay khung cua d6 thi & céac thuat toan co ban xay dung cay khung cta d thi.

Bai toan tim cdy khung nhé nhat & céc thuat toan tim cay khung nho nhat.

ASEENEENRN

Thuat toan Kruskal tim cdy bao trim nho nhat.
v' Thuét toan Prim tim cy bao trim nho nhat.

Ban doc c6 thé tim thay nhitng ching minh cu thé cho cac dinh 1y, tinh dang dan va do
phure tap céc thuat todn thong qua céc tai ligu [1], [2].

7.1. CAY VA MOT SO TiNH CHAT CO BAN

Pinh nghia 1. Ta goi ciy 1a d0 thi vo hudng lién théng khong c6 chu trinh. PO thi khong
lién thong, khong c6 chu trinh dugc goi la ring.

Nhu véy, rimg 1a 6 thi ma mdi thanh phan lién thong ciia nd 1a mét cay.

Vi du. Rimng gom 3 ciy trong hinh 7.1.

Tl T2 T3
Hinh 7.1. Rirng gom 3 cay T1, T2, T3.
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Cay duogc coi la dang dd thi don gian nhat cia do thi. Dinh ly sau day cho ta mot sb tinh
chat cua cay.

Pinh ly. Gia sir T= <V, E> 1a d6 thi v6 hudng n dinh. Khi d6 nhimng khang dinh sau 1a
tuong duong:

a) T la mot cay;

b) T khong c6 chu trinh va c6 n-1 canh;

c¢) T lién thong va c6 dung n-1 canh;

d) T lién théng va mdi canh cta nd déu 13 cau;

e) Giira hai dinh bat ky ctia T dugc ndi v6i nhau boi ding mot duong di don;

f) T khong chira chu trinh nhung hé clr thém vao né mot canh ta thu duoe ding mot chu trinh;

Chirng minh. Dinh 1y dugc chirmg minh dinh 1y thong qua cac budce (a) =>(b) =>(c) => (d)
=>(e) => (f) => (a). Nhitng budc cu thé cua qua trinh chimg minh ban doc ¢ thé tim thiy trong
cac tai liéu [1], [2].

7.2. MOT SO UNG DUNG QUAN TRONG CUA CAY
7.2.1. CAy nhi phén tim kiém

Pinh nghia. Cdy nhi phan tim kiém T 1a cdy nhi phan duoc sép, trong d6 mdi dinh duoc
gan boi mot gia tri khoa sao cho gia tri khoa cua cac dinh thudc nhanh cay con bén trai nhé hon
gia tri khoa tai dinh gc, gia tri khoa thudc nhanh cay con bén phai 16n hon gia tri khoa tai dinh
gbc va mdi nhanh cdy con bén trai, bén phai cling ty hinh thanh nén mét cdy nhi phan tim kiém.

Nhu vay, mot cay nhi phan tim kiém chi c6 cac dinh con bén trai s& tao thanh mot cay léch
trai hay sdap xép theo thir tu gidm dan ctua khoa. Mot cay nhi phan tim kiém chi c6 cac dinh con
bén phai s& tao nén mot cdy léch phai hay sap xép theo thir ty ting dan cua khoa.

Vi du. T1, T2, T3 1a céc cy nhi phan tim kiém 1éch trdi, 1éch phai va cdy nhi phan tim kiém.

T1. Céy tim kiém léch trdi. T2. Cay tim kiém léch phai. T3. Cay tim kiém
Hinh 7.2.

153



Chuong 7. Cay (Tree)

Cay nhi phan tim kiém rat thuan tién trong t6 chirc Iuu trir va tim kiém thong tin. Dudi day
ta xét cc thao tic dién hinh trén cay nhi phan tim kiém.

Thao tic thém dinh méi vao ciy nhi phan tim kiém: dé thém dinh x vao cdy nhi phan
tim kiém, ta thuc hién nhu sau:

= Néu gia tri khoa cua dinh x tring voi gia tri khoa tai dinh gbe thi khong thé thém
node.

= Néu gia tri khoa cta dinh x nhé hon gia tri khéa tai dinh gc va chua ¢6 14 con bén
trai thi thuc hién thém node vao nhanh bén trai.

=  Néu gia tri khoa cta dinh x 16n hon gi tri khoa tai dinh gdc va chwa co 1a con bén
phai thi thyc hi¢n thém node vao nhanh bén phai.

Thao tic tim kiém dinh trén ciy nhi phan tim kiém: Gia s ta can tim kiém khoa c6 gia
tri x trén ciy nhi phan tim kiém, trudc hét ta bat dau tir gbe:

= Néu ciy rong: phép tim kiém khéng thoa man;

= Néu x trung véi khoa gdc: phép tim kiém thoa mén;
= Néu x nho hon khoa gdc thi tim sang cdy bén trai;

= Néu x 16n hon khoa gdc thi tim sang cy bén phai;

Thao tac loai bé dinh (Remove): Viéc loai bd dinh trén cay nhi phan tim kiém kha phtic
tap. Vi sau khi loai bo ta phai diéu chinh lai cdy dé né van 13 cay nhi phan tim kiém. Khi loai bo
dinh trén cdy nhi phan tim kiém thi dinh can loai bo c6 thé & mét trong 3 trudng hop sau:

»  Néu dinh p can loai 1a dinh treo thi viéc loai bé dugc thuc hién ngay.

=  Néunode p can xo04 c6 mot cay con thi ta phai léy node con cua node p thay thé cho p.

= Néu dinh p can xo04 c6 cdy con thi ta xét: Néu dinh cin x04 & phia cdy con bén trai
thi dinh bén trai nhat s& dugc chon 1am dinh thé mang, néu dinh cén xo04 & phia cay
con bén phai thi dinh bén phai nhét s& duoc chon 1am node thé mang.

7.2.2. Céy quyét dinh

Pinh nghia. Ciy quyét dinh 1a cay c6 gbc trong d6 mdi dinh twong tng vai mot quyét dinh;
mdi ciy con thudc dinh nay twong tmg véi mot két cuc hodc quyét dinh cé thé co. Nhiing 10 giai
6 thé c6 twong tmg voi cac dudng di tir gde t6i 1a ctia nd. Loi giai ing vi mot trong cac dudng
di nay.

Vi du 1. C6 4 dong xu trong d6 ¢ 1 dong xu gia nhe hon ddng xu that. Xac dinh s 1an can
(thing bang) can thiét dé xac dinh dong xu gia.

Giai. R0 rang ta chi cin hai lan can dé xac dinh déng xu gia vi khi ta dit bén dong xu 1én
ban can thi chi ¢6 thé xay ra hai két cuc: dé)ng s6 1,2 nhe hon hodc nang hon déng s6 3, 4. Thuc
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hién quyét dinh can lai gidng nhu trén cho hai dong xu nhe hon ta xac dinh dugce dong xu nao 1a
gia. Hinh 7.3 dudi day s& mé ta cdy quyét dinh giai quyét bai toan.

Hinh 7.3. Ciy quyét dinh giai quyét bai toan

Vi du 2. C6 tam dong xu trong d6 c6 mot dong xu gia véi trong luong nho hon so véi 7
ddng xu con lai. Néu sir dung cin thang bang thi can mat it nhit bao nhiéu lan can dé xac dinh
ddng xu gia.

Giai. Ta mat it nhat hai 1an can dé xac dinh dong xu gia. Vi néu ta dat 1én ban can mdi ban
cin ba ddng xu thi ¢ ba két cuc co thé xdy ra. Hodc ba ddng xu bén trai nhe hon ba dong xu bén
phai, hodc ba déng xu bén trai ning hon ba dong xu bén phai hoic 1a chiing thing bang. Két cuc
thir nhét cho ta xac dinh chinh xac dong xu gia nam trong sé ba dong xu bén trai va ta chi can mét
mot 14n cén tiép theo dé xac dinh ddng xu nao la déng xu gia. Két cuc tht hai cho ta biét chinh
Xac ca ba déng xu bén phai la that. Két cuc con lai cho ta biét chinh xac hai déng Xu con lai ¢o
mot ddng xu gia va ta chi can thyc hién mot 1an can thing bang tiép theo dé xac dinh déng xu nao
1a gia. Hinh 7.4 dudi ddy cho ta cay quyét dinh giai quyét bai toan.

Hinh 7.4. Ciy quyét dinh giai quyét bai toan.
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7.2.3. Ma tién t6

Gia str ta cAn ma hoa céc chir cai Latin viét hoa A, B,.., Z. Thong thuong ngudi ta ding 26
x4u nhj phan, mdi x4u 8 bit d& ma hoa mot chit cai. Do chi ¢6 6 chit cai, nén ta chi can dung 5 bit
dé ma hoa cho cac chit cai 1a du. Vi cach 1am nay, bang ma ddy du cac chit cai duge cho nhu
dudi day:

A 00000 J 01001 S 10010
B 00001 K 01010 T 10011
C 00010 L 01011 U 10100
D 00011 M 01100 \Y 10101
E 00100 N 01101 \W 10110
F 00101 O 01110 X 10111
G 00110 P 01111 Y 11000
H 00111 Q 10000 V4 11001
I 01000 R 10001

Theo bang ma nay, xau ki ty S ="BACBARA” tuong ung v&i day nhi phan
S* =00001 00000 00010 00001 00000 10001 00000”. Téng s bit can ma hoéa 1a 35.

Trong xau ki tw S ="BACBARA” chit cai A, B xuat hién nhiéu lan hon so véi C va R.
Trong vin ban, cac chit cai khac nhau xuat hién voi tan xuat khong gidng nhau. Bang mi & vi du
trén phan bd d6 dai xau cho moi chit cai 1a gidong nhau. Van dé dat ra 13 c6 thé thay ddi bang ma
sao cho chit cai nao xut hién nhiéu hon thi dung s6 bit it hon khong?

Béang mi v6i d6 dai ma thay d6i khong thé xay dung mét cach tuy tién. Ching han, néu ma
héa A boi 0, B bai 1, C boi 01, R bai 10, khi 4y xau “BACBARA” dugc mi hoa thanh
“100110100”. Nhung xau bit ndy v6i ciing bé ma trén ciing c6 thé twong iing véi “RABBCAA”
hodc “RCRRA”.

Néu ma héa A boi 0, B bai 10, R bai 110 va C bai 111, khi 4y xau ki tw S ="BACBARA”
dugc ma hoa thanh S* =“101111001100” s& c6 mot cach duy nhat dé giai ma.

Mi c6 tinh chat dam bao moi xau ki tu tuong tng duy nhat voi mot day nhi phan goi 1a ma
tién t6. M tién t6 c6 thé biéu dién bang diy nhi phan, trong dé

a. Cac ki tu 1a khoa cua 14 trén cay.
b. Canh da téi con bén trai dugc gan nhin 0.
c¢. Canh din dén con bén phai duoc gan nhan 1.

Day nhi phan ma héa mot ki ty 1a ddy cac nhan cta canh thudc duong di duy nhét tr géc toi
la twong tng.
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Qua trinh gidi ma dugc thyc hién nhu sau: d6i chiéu diy nhi phan S* va cay nhi phan T luu
trir bang md, 1an luot di tir géc T theo chi thi cta cac chit s6 trong day nhi phan S*, di theo canh
phai néu bit dang xét c6 gia tri 1, di theo canh trai néu bit dang xét ¢ gia tri 0. Khi gap 14 thi dimg
lai x4c dinh mot ki tu 1a khoa cua 14. Viée tim kiém céc khoa tiép theo duoc lap lai nhu trén.

Vi du. Cy nhij phan tuong tmg trong hinh 7.5 biéu dién bang ma: A:0 C:111 B: 10 R: 110

Hinh 7.5. Ciy mi héa tién t6 cac ki tw ABRC

7.2.4. Ma Huffman

Béang ma tién t6 dam béo tinh duy nhat khi ma va giai ma nhung khong han da tiét kiém.
Can t6 chirc lai cay sao cho ki ty nao xut hién nhiéu 1an hon thi ding gan gbc hon dé qua trinh
ma hoa ngan hon. Nhiing van dé nay dugc giai quyét trong ma Huffman.

Thuat toan xay dyng bang ma Huffman dugc thuc hién nhu sau: Tinh tan s xuét hién cta cac
ki tu trong tap tin cdn ma hoa. Tao cay nhi phan ¢o cac 14 14 cac ki tu sao cho 1a & muc cang 16n thi
ki tu cang it xuat hién. Noi cach khac 1a duong di t6i cac ki tr thudng xuyén xuat hién ngan. Khi dé
s bit cia xdu mé hoa twong tmg cang ngén. Cu thé qua trinh dugc thyc hién nhu sau:

a. Dat cac ki tu trong van ban S thanh cac 14. Budc khoi dau, ddt cac dinh 14 nay ngang
cép nhau. Gi4 tri tai mdi dinh 1a tin xuét cta ki ty d6 trong van ban S.

b. Tim hai dinh c6 gia tri nhd nhét, tao mot dinh méi c6 gia tri bang tong hai dinh kia.
Loai hai phan tir img véi hai dinh nho ra khoi S va dua phan tir g voi dinh méi vao S.
Xem hai dinh nhé la hai nhanh con cua dinh méi dugc khoi tao.

c. Lap lai thu tuc b cho dén khi trong danh sach S chi con mot phé‘m ta.

d. Thay cac khoa la boi cac ki tu twrong ung.

Vi du. Xét xau ki tu S = “heretherearetheorytheoretictheoreticaltheyare”

a. Tinh s0 lan xuat hién cua cac ki tw
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Ki tu e r t h a 0 c
S6 1an xuét hién 12 7 7 6 3 3 2 2
b. Buéc lap
» Thay ‘c’ va ‘I’ boi mot ki tu #1 véi s6 14n xuét hién 1a 3
Kitu e r t h a 0 y #1
S6 1an xuét hién 12 7 7 6 3 3 3
= Thay ‘y’ va ‘i’ bdi mot ki ty #2 v6i s6 1an xuét hién 1a 4.
Ki tu e r t h a 0 #2 #1
S6 1an xuat hién | 12 7 7 6 3 3 4 3
= Thay ’a’ va ‘0’ boi mot ki tu #3 v6i s6 1an xuat hién 1a 6
Ki ty e r t h #3 #2 #1
S6 1an xuat hién | 12 7 7 6 6 4 3
= Thay *#1” va ‘#2’ boi mot ki ty #4 vai s6 1an xuét hién 1a 7
Ki tu e r t h #3 #4
S6 lan xuét hién | 12 7 7 6 6 7
* Thay ‘h’ va ‘3’ boi mot ki tu #5 véi s6 1an xuét hién 1a 12
Ki tu e r t #5 #4
S6 lan xuat hién | 12 7 7 12 7
= Thay ‘r’ va *7° bai mot ki tu #6 v6i s6 1an xuét hién 1a 14
Ki tyr e #6 #5 #4
S6 1an xuat hién | 12 14 12 7
= Thay ‘44’ va ‘#5° boi mot ki ty #7 v6i s6 1an xuét hién 1a 19
Ki tyr e #6 #7
S6 1an xuat hién | 12 14 19

= Thay ‘#6 va ‘e’ boi mot ki ty #8 vi s6 1an xuét hién 1a 26
Ki tyr #8 #7
S6 lan xuat hién 26 19

= Thay ‘#7° va ‘#8’ boi mot ki tu #9 v6i s6 lan xuét hién 1a 45
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Ki tu

#9

So lan xuat hién

45

Cay nhi phan mé ta bang ma ctia xau ki tu S dwoc thé hién nhu trong hinh 7.6.

Hinh 7.6. Cay nhi phan mé ta biang ma cho xau ki tw S

Béng ma tuong ung la

e: 01

r: 000
t: 001
h: 101

7.3. CAY BAO TRUM

a: 1000 1 1101
0: 1001 c: 1110
y: 1100 I: 1111

Pinh nghia. Cho G 1a d6 thi vo hudng lién thong. Ta goi d6 thi con T cta G 1a mét cay bao
trum hay cdy khung néu T thoa man hai diéu kién:

a. Tlamotcay;

b. Tap dinh cua T bang tap dinh cia G.

Pé tim mot cdy bao trum trén do thi vo hudng lién thong, co thé sir dung k¥ thuat tim kiém
theo chiéu rong hoac tim kiém theo chiéu sdu dé thyc hién. Gia sir ta can xay dung mot cay bao
tram xudt phat tai dinh u nao d6. Trong ca hai trudng hop, mdi khi ta dén dwoc dinh v tic
(chuaxet[v] = true) tir dinh u thi canh (u,v) duoc két nap vao ciy bao tram. Hai k¥ thuat nay duoc
thé hién trong hai thu tuc STREE_DFS(u) va STREE BFS(v) nhu sau:

void STREE_DFS( int u){
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/* Tim ki€ém theo chiéu sau, ap dung cho bai toan xay dung cay bao trum cltia do thi vo
hudng lién thong G=<V, E>; cac bién chuaxet, Ke, T la toan cuc */

chuaxet[u] = true;
for (ve Ke(u) ) {
if (chuaxet[v] ) {
T:=Tu (uv);
STREE_DFS(v);

by
b
/* main program */
{
for (ueV)
chuaxet[u]: = true;
T=4¢
STREE_DFS(root); /* root la mét dinh nao dé cla do thi*/
b
void STREE_BFS(int u){
QUUE=¢;
QUEUE<= u; /* dua u vao hang dgi*/
chuaxet[u] = false;
while (QUEUE= ¢) {
v<= QUEUE; /* lay v khoi hang dgi */
for (p e Ke(v)){
if (chuaxet[u]) {
QUEUE< = u; chuaxet[u]:= false;
T =Tu(v, p);

}

/* Main program */
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for(ueV)
chuaxet[u] = true;
T=4¢
STREE_BFS(root);
b
Chuong trinh xay dung mét cay bao trum dugc thé hién nhu sau:
#include <stdio.h>
#include <conio.h>
#include <stdlib.h>
#include <math.h>
#include <dos.h>
#define MAX 50
#define TRUE 1
#define FALSE 0
int CBT[MAX][2], n, ALMAX][MAX], chuaxet[MAX], sc, QUEUE[MAX];
void Init(void){
int i, j;FILE *fp;
fp= fopen("BAOTRUML.IN", "r");
if(fp==NULL){
printf("\n Khong co file input");
getch(); return;
by
fscanf(fp,"%d",&n);
printf("\n So dinh do thi:%d", n);
printf("\n Ma tran ke:");
for(i=1; i<=n; i++X
printf("\n");
for(j=1; j<=n; j++)X
fscanf(fp, "%d", &A[i1[i]);
printf("%3d", ALi1lD);
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by
fclose(fp);
for (i=1; i<=n;i++)
chuaxet[i]=TRUE;
kg
void STREE_DFS(int i){
int j;
if(sc==n-1) return;
for(j=1; j<=n; j++){
if (chuaxet[j] && A[][j]){
chuaxet[j]=FALSE; sc++;
CBT[sc][1]=i; CBT[sc][2]=];
if(sc==n-1) return;

STREE_DFS(j);

b
void Result(void){

inti, j;
for(i=1; i<=sc; i++)}
printf("\n Canh %d:", i);
for(j=1; j<=2; j++)
printf("%3d", CBT[i1[i]);
by
getch();
¥
void STREE_BFS(int u){
int dauQ, cuoiqQ, v, p;
dauQ=1; cuoiQ=1; QUEUE[dauQ]=u;chuaxet[u]=FALSE;
while(dauQ<=cuoiQ){
v= QUEUE[dauQ]; dauQ=dauQ+1;
for(p=1; p<=n; p++)X
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if(chuaxet[p] && A[V][p]X
chuaxet[p]=FALSE; sc++;
CBT[sc][1]=v; CBT[sc][2]=p;
cuoiQ=cuoiQ+1;
QUEUE[cuoiQ]=p;

if(sc==n-1) return;

b

void main(void){
int i; Init(); sc=0; i=1; chuaxet[i]=FALSE; /* xay dung cdy bao trum tai dinh 1*/
STREE_BFS(i); /* STREE_DFS(i) */

Result(); getch();

b

7.4. TIM CAY BAO TRUM NGAN NHAT

Bai toan tim ciy bao tram nhé nhat 1a mot trong nhitng bai toan tdi uu trén do thi ¢ tng
dung trong nhiéu linh vuc khac nhau cua thue té. Bai toan dugc phat biéu nhu sau:

Cho G=<V, E> la 6 thi v6 huéng lién théng véi tap dinh ¥ = {1, 2,..., n } va tip canh E
gf‘)m m canh. Mdi canh e cta d thi duoc gan voi mot sb khoéng am c¢(e) dugc goi 1a do dai ctia no.
Gia sit H=<V, T> 1a m6t cdy bao trum cta do thi G. Ta goi d6 dai ¢(H) cua cdy bao trim H 1a
tong d6 dai cac canh: c(H) = Zc(e) . Bai toan duoc dat ra 13, trong s6 cac ciy khung cua do thi

eeT

hay tim cdy khung c6 d6 dai nho nhat cua do thi.

Dé minh hoa cho nhiing tmg dung ciia bai toan ndy, ching ta c6 thé tham khao hai mé hinh
thuc té cua bai toan.

Bai toan ndi mang may tinh. Mot mang may tinh gdm n may tinh dugc dénh sé tir 7, 2,...,
n. Biét chi phi ndi may i v6i may j 1a ¢/i, jj, i, j = 1, 2,..., n. Hiy tim cach ndi mang sao cho chi
phi 12 nho nhat.

Bai toan xay dwng hé thong cable. Gia st ta mudn xay duyng mot hé thong cable dién thoai
ndi n diém ctia mot mang vién thong sao cho diém bat ky nao trong mang déu c6 dudng truyén tin
t6i cac diém khac. Biét chi phi x4y dung hé thong cable tir diém i dén diém j 1a ¢/ijj. Hiy tim
cach xay dung hé théng mang cable sao cho chi phi 1a nho nhat.
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Dé giai bai toan cdy bao trim nho nhat, chiing ta c6 thé 1iét ké toan bo cdy bao trim va chon
trong s6 d6 mot cdy nho nhat. Phuong an nhu vy thuc su khong kha thi vi sb cdy bao trum cua
db thi 1a rat 16n ¢& n™, diéu nay khong thé thyc hién duoc véi do thi voi sb dinh ¢ chuc.

Pé tim mot cdy bao trim chung ta c6 thé thyuc hién theo cac budc nhur sau:

= Bude 1. Thiét 1ap tép canh ciia cdy bao trim 1a ¢. Chon canh e = (i, j) c6 d dai nho
nhat bo sung vao 7.

=  Budc 2. Trong sb cac canh thudc E | 7, tim canh e = (i}, j;) ¢6 d6 dai nho nhét sao
cho khi bd sung canh d6 vao 7T khong tao nén chu trinh. Dé thuc hién diéu nay,
chung ta phai chon canh c¢6 do dai nhd nhét sao cho hodc i; e T'va jig T,hoacj,eT
vai;eT.

»  Budc 3. Kiém tra xem 7T d3 da n-1 canh hay chua? Néu 7 du n-1 canh thi né chinh

la cay bao trum ngén nhét can tim. Néu T chua da n-7 canh thi thuc hién lai budc 2.

Vi du. Tim cdy bao trim nho nhat ctia do thi trong hinh 7.7.

Hinh 7.7. P6 thi vé huéng lién thong G=<V, E>

Budce 1. bat T=¢. Chon canh (3, 5) c6 do dai nho nhét bd sung vao T.

Budc 2. Sau ba lan lap dau tién, ta 1an lugt bd sung vao cac canh (4,5), (4, 6). R0 rang, néu
bd sung vao canh (5, 6) sé€ tao nén chu trinh vi dinh 5, 6 da c6 mat trong T. Tinh huéng tuong tu
cling xay ra ddi v&i canh (3, 4) 14 canh tiép theo cta diy. Tiép dé, ta bd sung hai canh (1, 3), (2, 3)
vao T.

Budc 3. Tép canh trong T da du n-1 canh: T={ (3, 5), (4,6), (4,5), (1,3), (2,3)} chinh la cay
bao trim ngan nhat.

Chuong trinh tim cdy bao trim ngén nhét dwoc thé hién nhu sau:
#include <stdio.h>
#include <conio.h>
#include <stdlib.h>
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#include <math.h>
#include <dos.h>
#define MAX 50
#define TRUE 1
#define FALSE 0

int E1[MAX], E2[MAX], D[MAX], EB[MAX], V[MAX];/* E1 . Luu trlt tap dinh
dau clia cac canh;

E2 : Luu trir tap dinh cudi cla cac canh;

D : D0 dai cac canh;

EB : Tap canh cay bao trum ;

v : Tap dinh cta do thi cling la tap dinh cta cay bao trum;
*/

inti, k, n, m, sc, min, dai;
FILE *fp;
void Init(void){
fp=fopen("BAOTRUM.IN","r");
if(fp==NULL){
printf("\n Khong co file Input");
getch(); return;
by
fscanf(fp, "%d%d", &n,&m);
printf("\n So dinh do thi:%d",n);
printf("\n So canh do thi:%d", m);
printf("\n Danh sach canh:");
for (i=1; i<=m; i++)X
fscanf(fp,"%d%d%d", &E1[i],&E2[i], &DIi]);
printf("\n%4d%4d%4d",E1[i], E2[i], D[i]);
by
fclose(fp);
for(i=1; i<=m; i++) EB[i]=FALSE;
for(i=1; i<=n; i++) V[i]= FALSE;
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void STREE_SHORTEST (void){
/* Giai doan 1 cla thuat toan la tim canh k c6 do dai nhd nhat*/
min = D[1]; k=1;
for (i=2; i<=m; i++){
if(D[i]<min){
min=D[i]; k=i;

by
/* Két nap canh k vao cay bao trum*/
EB[k]=TRUE; V[E1[k]]=TRUE; V[E2[k]]=TRUE;sc=1;
do{
min=32000;
for (i=1; i<=m; i++)
if (EB[i]==FALSE && (
( (VIEL[i]]) && (V[E2[i]]==FALSE))||
( ( V[E1[i]]==FALSE ) && (V[E2[i]]J==TRUE ) ) )
&& (D[i]<min) X
min=D[i]; k=i;

}
/* Tim k la canh nho nhat thda man diéu kién néu két nap
canh vao cay sé khong tao nén chu trinh*/
EB[k]=TRUE;V[E1[k]]=TRUE; V[E2[k]]=TRUE;sc=sc+1;
Iwhile(sc!=(n-1));
¥
void Result(void){
printf("\n Cay bao trum:");

dai=0;
for (i=1; i<=m; i++)X
if(EBLi]){
printf("\n Canh %4d %4d dai %4d", E1[i], E2[i], D[i]);
dai=dai+DJ[i];
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b
printf("\n Do dai cay bao trum:%d", dai);

by

void main(void){
Init();
STREE_SHORTEST();
Result();
getch();

b

7.5. THUAT TOAN KRUSKAL

Thuét toan s& xdy dung tap canh T cta cdy khung nho nhat H=<V, T> theo timg budc nhur sau:
a. Sép xép cac canh cua dd thi G theo thir tu tang dan cua trong s6 canh;
b. Xuét phat tir tip canh T=¢, & mdi budc, ta s& 1an luot duyét trong danh sach cac canh da
duoc sép xép, tir canh c6 trong s6 nho dén canh c6 trong s6 16n dé tim ra canh ma khi
bd sung né vao T khéng tao thanh chu trinh trong tip cac canh di duoc bd sung vao T
trudce do;
c. Thuét toan s& két thiic khi ta thu duoc tap T’ gém n-1 canh.
Thuét toan dugc mo ta thong qua tha tuc Kruskal nhu sau:
void Kruskal(void){
T=4¢
While (| T| <(n-1)and (Ex ¢ ) X

Chon canh e <E la canh ¢ do dai nho nhat;

E:= E\ {e};
if (T U {e}: khdng tao nén chu trinh )
T=Tu{e}
by
if (] T|<n-1)

D0 thi khong lién thong;

b
Chuong trinh tim cdy khung nho nhét theo thuat toan Kruskal dugc thé hién nhu sau:
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#include <stdio.h>

#include <conio.h>

#include <stdlib.h>

#include <math.h>

#include <dos.h>
#define MAX 50
#define TRUE 1
#define FALSE 0

int n, m, minl, connect;

int dau[500],cuoi[500], w[500];
int daut[50], cuoit[50], father[50];
void Init(void){

}

int i; FILE *fp;

fp=fopen("baotrum1.in","r");

fscanf(fp, "%d%d", &n,&m);

printf("\n So dinh do thi:%d", n);

printf("\n So canh do thi:%d", m);

printf("\n Danh sach ke do thi:");

for(i=1; i<=m;i++){
fscanf(fp, "%d%d%d", &dau[i], &cuoi[i], &w[i]);
printf("\n Canh %d: %5d%5d%5d", i, dau[i], cuoi[i], w[i]);

by

fclose(fp);getch();

void Heap(int First, int Last){

intj, k, t1, t2, t3;
j=First;
while(j<=(Last/2)){
if( (2*j)<Last && w[2*j + 1]<w[2*]])
k= 2% +1;
else

k=2%j;



Chuong 7: Cay (Tree)

if(wlk]<w[]){
tl=dau[j]; t2=cuoi[j]; t3=wI[j];
dau[j]l=dau[k]; cuoi[j]=cuoilk]; w[jl=w[K];
dau[k]=t1; cuoi[k]=t2; w[k]=t3;
i=k;

}

else j=Last;

b
int Find(int i){
int tro=i;
while(father[tro]>0)
tro=father[tro];
return(tro);
b
void Union(int i, int j){
int x = fatherfi]+father[j];
if(father[i]>father[j]) {
father[i]=j;
father[j]=x;

by
else {
father[j]=i;
father[i]=x;
by

}

void Krusal(void){
inti, last, u, v, r1, r2, ncanh, ndinh;
for(i=1; i<=n; i++)
father[i]=-1;
for(i= m/2;i>0; i++)

Heap(i,m);
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last=m; ncanh=0; ndinh=0;minl=0;connect=TRUE;
while(ndinh<n-1 && ncanh<m){
ncanh=ncanh+1;
u=dau[1]; v=cuoi[1];
r1= Find(u); r2= Find(v);
if(ri!'=r2) {
ndinh=ndinh+1; Union(r1,r2);
daut[ndinh]=u; cuoit[ndinh]=v;
minl=minl+w[1];
}
dau[1]=dau[last];
cuoi[1]=cuoi[last];
w[1]=w][last];
last=last-1;
Heap(1, last);
by
if(ndinh!=n-1) connect=FALSE;
¥
void Result(void){
inti;
printf("\n Do dai cay khung nho nhat:%d", minl);
printf("\n Cac canh cua cay khung nho nhat:");
for(i=1; i<n; i++)
printf("\n %5d%5d",daut[i], cuoit[i]);
printf("\n");
b
void main(void){
clrscr(); Init();
Krusal();Result(); getch();
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7.6. THUAT TOAN PRIM

Thuat toan Kruskal lam viéc kém hiéu qua d6i v6i nhimg dd thi ¢6 s6 canh khoang m=n
(n-1)/2. Trong nhing tinh hudng nhu vy, thudt toan Prim t6 ra hiéu qua hon. Thuat toan Prim con
dugc mang tén 1a nguoi lang giéng gan nhat. Trong thuat toan nay, bat dau tai mot dinh tuy y s
cta d6 thi, ndi s v6i dinh y sao cho trong s6 canh c/s, y] la nhd nhéat. Tiép theo, tir dinh s hoac y
tim canh c6 do dai nho nhét, didu nay dan dén dinh tht ba z va ta thu dugc cay bd phan gém 3
dinh 2 canh. Qua trinh duoc tiép tuc cho t6i khi ta nhan dugc cdy gébm n-1 canh, d6 chinh la cay
bao trim nhé nhat can tim.

Trong qua trinh thyc hién thuat toan, & moi bude, ta co thé nhanh chong chon dinh va canh
can bd sung vao cdy khung, cac dinh ciia d6 thi duoc s& dugce gan cac nhin. Nhan cia mot dinh v
g6m hai phan, [d/v], near[v]]. Trong d6, phan thtr nhat d/v/ dung dé ghi nhan d6 dai canh nho nhét
trong s cac canh ndi dinh v véi cac dinh cua cay khung dang xay dung. Phan thir hai, near/v] ghi
nhén dinh cta ciy khung gan v nhét. Thuat toan Prim dugc mé ta théng qua thu tuc sau:

void Prim (void){
/*budc khéi tao*/
Chon s la mot dinh nao dé cta do thi;
Vu={s} T=4¢;ds]=0; near[s] =s;
For (ve V\Vy ) {
D[v] = C[s, v]; near[v] = s;
by
/* Budc lap */
Stop = False;
While ( not stop ) {
Tim ue V\V4 thoa man: d[u] = min { d[v] v3i ueV\Vy};
Vi =Vyu {u}; T=Tu (u, near[u] );
IFCIVu ) ==n){
H = <V, T> la cdy khung nhd nhat cta do thi;
Stop = TRUE;
b
Else {
For (v e VA\Vy )<
If (d[v] > C[u, v]) {
Dlv] = Clu, v];

Near[v] = u;
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kg
Chuong trinh cai dat thuat toan Prim tim cdy bao trum nhd nhét duoc thue hién nhu sau:
#include <stdio.h>
#include <conio.h>
#include <stdlib.h>
#include <math.h>
#include <dos.h>
#define TRUE 1
#define FALSE 0
#define MAX 10000
int a[100][100];
int n,m, i,sc,w;
int chuaxet[100];
int cbt[100][3];
FILE *f;
void nhap(void){
int p,ijk;
for(i=1; i<=n; i++)
for(j=1; j<=n;j++)
a[i][j]=0;
f=fopen("baotrum.in","r");
fscanf(f,"%d%d",&n,&m);
printf("\n So dinh: %3d ",n);
printf("\n So canh: %3d", m);
printf("\n Danh sach canh:");
for(p=1; p<=m; p++X
fscanf(f,"%d%d%d", &i,&j,&k);
printf("\n %3d%3d%3d", i, j, k);
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alilil=k; a[jllil=k;
b
for (i=1; i<=n; i++)X{
printf("\n");
for (j=1; j<=n; j++X
if (i'=j && a[i][j]==0)
a[il[jl=MAX;
printf("%7d",a[il[j1);

b
fclose(f);getch();

¥
void Result(void){
for(i=1;i<=sc; i++)
printf("\n %3d%3d", cbt[i][1], cbt[i][2]);
¥
void PRIM(void){
int i j,k,top,min,l,t,u;
int s[100];
sc=0;w=0;u=1;
for(i=1; i<=n; i++)
chuaxet[i]=TRUE;
top=1;s[top]=uy;
chuaxet[u]=FALSE;
while (sc<n-1) {
min=MAX;
for (i=1; i<=top; i++){
t=s[i];
for(G=1; j<=n; j++)X
if (chuaxet[j] && min>a[t][j]){
min=a[t][j];
k=t;1=j;
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}

sC++;w=w+min;
cbt[sc][1]=k;cbt[sc][2]=I;
chuaxet[l]=FALSE;a[k][I]=MAX;
a[l][k]=MAX;top++;s[top]=I;
printf("\n");

¥
void main(void){
clrscr();
nhap(); PRIM();
printf("\n Do dai ngan nhat:%d", w);
for(i=1;i<=sc; i++)
printf("\n %3d%3d", cbt[i][1], cbt[i][2]);
getch();
¥

NHUNG NOI DUNG CAN GHI NHO

v Cay la dd thi vo6 hudng lién thong khong c6 chu trinh. Do vay, moi dd thi vo
huéng lién thong déu co it nhit mot cay khung cia no.

v/ Hiéu cach biéu dién va cai dit dugc cac loai cay: cAy nhi phan tim kiém, cy quyét
dinh, cay ma tién t6 va cay ma Huffman.

v Nim vimng phuong phap xdy dung cdy khung ctia d6 thi bang hai thuat toan duyét
theo chiéu rong va duyét theo chiéu sau.

v’ Hiéu va cai dat duoc cac thuat toan Kruskal va Prim tim cay bao trum nhd nhét.

BAI TAP CHUONG 7

Bai 1. Kiém tra bd mi sau c6 phai 4 ma tién t6 hay khong:
A :11 B :00 R 10 C :01
Bai 2. Cho bd ma a:001, b:0001, e:1, s:0100, t: 011, r:0000, x:01010. Tim cac ki tu tir ddy ma sau:
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01110100011, 0001110000, 01100101010, 0100101010,
0001001000100100000001001011010000101010001
Bai 3. Viét chuong trinh sinh ra ma tién to cia mot string bét ky.
Bai 4. Viét chuong trinh sinh ra ma Huffman cho mét string bat ky.
Bai 5. Viét chuong trinh thyc hién cac thuat toan:
a. Xay dung cay khung ciia db thi;

b. Xay dung tap céc chu trinh co ban cua db thi;

Bai 6. Cho dd thj vo huong G dugc cho bdi danh sach canh:

C K 1 D K 4 H K 3)
A B 2 C E 6 H E 2
B C 5 F B 3 D E 5
D C 3 E F 2 D G 2
A F 3 E G 4 K G 3

Tim cdy khung nho6 nhét cua G theo thuat toan Kruskal, chi 1& két qua trung gian theo timg

budc thuc hién cua thuat toan.

Bai 7. Cho db thi vo hudéng G dugc cho bdi danh sach canh:

C K 1 D K 4 H K 3
A B 2 C E 6 H E 2
B C 5 F B 3 D E 5
D C 3 E F 2 D G 2
A F 3 E G 4 K G 3

Tim cay khung nho nhat cia G theo thuét toan Prim, chi rd két qua trung gian theo timg

budc thuc hién cua thuat toan.

Bai 8. Cho db thi G cho b&i ma tran trong s6:

00
33
17
85
85
85

33
00
18
20
85
85

17
18
00
16
04
85

85
20
16
00
09
08

85
85
04
09
00
14

85
85
85
08

00
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Hay tim cdy khung nho nhat cua do thi bang thuat toan Kruskal, chi & két qua trung gian
theo ting budc thuc hién cua thuét toan.

Bai 9. Cho dd thi G cho bai ma tran trong $6:

00 33 17 85 85 &5
33 00 18 20 85 85
17 18 00 16 04 85
85 20 16 00 09 08
85 85 04 09 00 14
85 85 85 08 14 00

Hay tim cdy khung nho nhét ciia d6 thi bang thuat toan Prim, chi 16 két qua trung gian theo
tung budc thuc hién cua thuat toan.

Bai 10. Ap dung thuét toan Prim tim cdy khung nho nhat ctia d6 thi cia d6 thi sau, liy dinh xuét
phat 1a dinh 1.
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CHUONG VIIl: MOT SO BAI TOAN QUAN TRONG
CUA BO THI

Trong chuwong nay chiing ta s& dé cip dén mot sb bai toan quan trong cua Iy thuyét do thi.
Nhirng bai toan nay khong chi ¢6 ¥ nghia don thuan vé 1y thuyét ma con ¢ nhing tmg dung quan
trong trong thyc té. Nhiéu tng dung khac nhau cua thyuc té dugc phat biéu dudi dang cua cac bai
toan nay. Nhitng bai toan duoc dé cap & day gom:

v/ Bai toan t6 mau do thi.
v/ Bai toan tim dudng di ngan nht.
v' Bai toan luéng cuc dai trén mang.

Ban doc c6 thé tim thdy thong tin vé& chirng minh tinh dung dan ciing nhu d6 phuc tap cua
cac thuat toan thong qua tai liéu [1], [2] cua tai li¢u tham khao.

8.1. BAI TOAN TO MAU PO THI

Pinh nghia 1. Cho trudc mot sé nuyén duong p. Ta ndi dd thi G 1a p sic néu bang p mau
khac nhau c6 thé t6 trén cac dinh mdi dinh mdt mau sao cho hai dinh ké nhau tuy y déu c6 mau
khac nhau. S6 p nhé nhat ma dbi véi s6 do d6 thi G 1a p sdc duoc goi 1a sdc s6 cua dd thi G va ki
hiéu bang 1(G).

Nhu vay, sdc s6 ciia mdt dd thi 1a sb mau it nhat can dung dé to trén cac dinh cua d6 thi
(mdi dinh mot mau) sao cho hai dinh ké nhau tity ¥ dugc t6 ban hai mau khac nhau.

Pinh nhia 2. Sdc lop la s6 mau it nhat can dung dé to trén cac canh cua dd thi mdi canh mot
mau sao cho hai canh ké nhau tily y duoc t6 bang hai mau khac nhau.

Ta c6 thé chuyén bai toan sac 16p vé bai toan sac s bang cach: D6i véi mdi do thi G = < 7,
E> xay dung ddthi G’ =<V’ E™>, trong do mdi dinh thudc 7 1a modt canh ctia G, con E’ duge
x4c dinh nhu sau:

E ={m,v)|u u’ €V} vahai canh la ké nhau.

Néi cach khac, ta tao do thi G* trong d6 mdi canh ciia n6 tré thanh mot dinh cua dd thi, hai
canh ké nhau trong G s& c6 mot dudng ndi giita hai dinh cua dd thi trong G’. Bang cach nay ta dé
dang thiy rang sic sb ciia G bang sic 16p ciia G. Hinh 8.1 dudi ddy minh hoa séc sé cia G’ bang
sdc s6 cua G.
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2 5
Db thi G=<V E> Db thi G’ =<V’, E’>

Hinh 8.1. Sic s6 G’ bang sic 16p cia G

Dudi day la mét s6 tinh chét cua sic sd, ban doc co6 thé tim théy ching minh chi tiét cua nod
trong [3].

Pinh 1y 1. Mot chu trinh d6 dai 1é ludn c6 sic sb bang 3.

Pinh 1y 2. B) thi G =<U, V> véi it nhat mot canh 1a d thi hai sac khi va chi khi khong ¢
chu trinh d6 dai 1é.

Hé qua: Tat ca cc chu trinh do dai chin déu c6 sic sb bang 2.
Pinh Iy 3. B6 thi ddy du v6i n dinh ludn co sic s6 bang n.
Pinh 1y 4. Dinh Iy bén mau. S6 mau ciia do thi phang khong bao gio 16n hon 4.
Thuét toan t6 mau dd thi don:
= Buwudc 1. Sép xép cac dinh vy, v,..,v, theo thir ty gidm dan cua bac cac dinh:
deg(vy)> deg(vy)>..2deg(vy).

= Budc 2. Gan mau /: cho vy; cac dinh tiép theo trong danh sach khong lién ké véi vl
(néu no t6n tai) va cac dinh khong ké véi dinh o6 mau 1.

= Bude 3. Gan mau 2 cho dinh tiép theo trong danh sach con chua duoc t6 mau va cac
dinh khong ké védi cac dinh ¢6 mau 2. Néu van con cac dinh chua dugc t6 mau thi
gan mau 3 cho cac dinh dau tién chua duoc t6 mau trong danh sach va cac dinh
chua t6 mau khong lién ké vai cac dinh c6 mau 3.

= Buéc4. Tiép tuc 1ap lai budc 3 cho dén khi cac dinh d3 dugc t6 mau.

8.2. BAI TOAN TIM LUONG CUC PAI TREN MANG

Bai toan. Cho mot d6 c6 huén G = <V, E>, V= {x}, X,.., X,}. V&i mdi cung (x; x;) c6 mot
s0 ¢; goi 1a kha ning thong qua cta cung. Db thi c6 hai dinh dic biét: dinh s goi 1a dinh phat, dinh
t goi 1a dinh thu. Tap hop céc s6 z; xac dinh trén cic cung (x,x;) €E goi 1a ludng trén cac cung néu
thoa man:
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v néu x = s,

Z 2y~ Z Z = 7V néux =t
xyel () el () 0 et a1
cho cac dinh con lai.
0 <z; <q; vo1moi (i,j) €V

Trong d6, 7{x;) 1a tap hop cac cung di ra khoi x;, 77" (x;) 1a tap hop cac cung di ra khoi x; Gia
tri v dugc goi la gia tri luéng. Bai toan duoc dat ra la tim luéng c6 gia tri v 16n nhét.

Thuat toan Ford-Fullkerson: Tu tudng thuat toan dugc bat dau tir mot luéng chép nhan nao
d6 (co thé 1a ludng co6 gia tri 0), sau d6 ta thuc hién ting ludng bang cach tim cac duong di ting
ludng. Bé tim duong di ting ludng ta ap dung phuong phap danh diu cac dinh. Nhan cia mot
dinh s& chi ra theo cac cun nao co thé ting ludng va ting dugc bao nhiéu. Mdi khi tim duge dudn
di tang ludng, ta ting ludng theo dudng di do, sau d6 xoda hét tit ca cic nhin va sir dung ludng
méi thu duoc dé danh dau lai cac dinh. Thuét toan két thac khi khong tim duong di ting ludng
nao ca.

Khi xét cac dinh ciia d6 thi, mdi dinh ctia mang s& & mot trong ba trang thai: dinh chua ¢
nhan, dinh c6 nhin nhung chwa duoc xét dén, dinh ¢6 nhan va da xét. Nhin cua mot dinh x; gdm
¢6 hai phan thuéc mot trong hai dang sau:

= Dang thir nhit: (+x;, o(x;)), c6 nghia la co thé tang ludng theo cung (x;, x;) Vo1
luong 16n nhat 1 o(x,).

* Dang thir 2: (~x;, ofx;)), c6 nghia la co thé giam ludng theo cung (x;, x;) vO1 lugng
16n nhét 13 ofx;).

Qué trinh gan nhan cho dinh twong tng véi thu tuc tim dudng di ting ludng tir s dén x.
Thuat toan gan nhan dugc thyc hi¢n thong qua céac budc sau:

Buéc 1. Panh déu dinh s boi nhin (+s,+20). Dinh s 13 dinh c6 nhin va chua xét, tit ca cac
dinh con lai déu chua c6 nhan.

Buéc 2. Chon mét dinh ¢6 nhin nhung chua xét, chang han dinh x;, v6i nhan 13 (+xy, o(x;)).
bdi voi dinh x; nay ta xac dinh hai tap:

K'(x;) = { xj: x; €['(x3), z;j<qjj, Xj chua c6 nhan}

K'(x;) = { xj: x; el'(x), zj; >0, xj chua c6 nhan}
Vi mdi dinh xje K'(x;) ta gan cho nhan (-x;, 6(x;)), trong d6 o(x;) = min { o(x;), Z;j}-
Véi mbi dinh xje K'(xi) ta gan cho nhan (-x;, 6(;)), trong d6 o(x;) = min { o(xi), zZ;i}.

Bay gio dinh x; dd c6 nhan va da xét, con cac dinh x;eK'(x;) va x;eK'(x;) d3 c6 nhan nhung
chua duoc xét.

Buére 3. Lap lai bude 2 cho dén khi mot tron hai kha ning sau xay ra:
*  Dinh ¢ duoc danh dau, chuyén sang bude 4.
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=  Dinh 7 khong c6 nhin va khong thé danh dau tiép tuc dugc nita. Khi d6 ludng dang
xét 1a ludng cuc dai. Néu ki hiéu X, 13 tdp cac dinh c6 nhin, Y, 1a tap cac dinh
khong c¢6 nhan thi (Xp, Yy) & 1a 1at cat hep nhat. Thuat toan dimg.

Buéc 4. Dat x=t.
Bude 5. Tién hanh ting ludng:
= Néu dinh x c¢6 nhin 14 (+u, o(x)) thi ting ludng theo cung (u,x) tir z(i,x) 1én z(u,x)+
o(t).

» Néu dinh x c6 nhan 13 (-u, o(x)) thi giam lugng van chuyén trén cung (u,x) tr z(u,x)
xudng con (z(u,x)- o(t)).

Buwéc 6. Neu u=s thi x6a tat ca cac nhan va quay lai budc / véi ludong da dieéu chinh & budce

5. Néu uss thi dat x=u va quay lai budc 5.

Vi du. Tim luéng cuc dai cua d6 thi G=<V,E> duoc cho nhu dudi day.

X3

Xo 2 Xs
Hinh 8.2. Mang G=<V,E>

Giai. Ki ki€u Vi 1a tap cac dinh ¢6 nhan va da xét, V. 1a tap cac dinh c6 nhan nhung chua xét.
Lan Lip s6 1. Xuét phat tir ludng zi; =0 v61 moi 1,
Bwéc 1. Gan nhan cho x; 13 (+x;, ). Ta c6 V=0, V. = {x1}.
Buée 2. Xét dinh x, ta co

K(x1) = { X2, X3}, K'(x1) = ¢.

Nhan cta x;, la {+x;, min(cw, 2-0)}=(+x,,2).

Nhan cua x; la {+x;, min(oo, 4-0)}=(+x,4).

Hai tap Vi = {x1}, V={ x2, X3}
Budce 2. chon dinh x, da xét, ta co

K'(x2) = { x4, x5}, K'(x2) = ¢.

Nhan cua x4 1a {+x,, min(2, 4-0)}=(+x2,2).
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Nhan cua x5 1a {+x,, min(2, 2-0)}=(+x2,2).
Hai tap Vi = {x1, X2 }, V=1 X3, X4, X5 }.
Budce 2. xét dinh x4, ta co
K'(x4) = { X6}, K'(x4) = 9.
Nhan cua x¢ 1a {+x4, min(2, 2-0)}=(+X4,2).
Pinh t = x4 da dugc gan nhan.
Buéc 4. Batx =t.

Budce 5. Dinh x = X6 ¢6 nhan 1a (+u, 6(x))= (+x4,2). Tang luéng trén cung ( X4, X¢ ) tur 0 1én
0+o(t)=2.

Buéc 6. Vi u=x4# s nén dat x= x4.

Bude 5. Dinh x= x4 c6 nhan 1a (+u, o(x)) =(+x»,2). Tang luéng trén cung (x2,X4) tir 0 1én 0
+o(t)=2.

Buwéce 6. Viu = x, # s nén dat x = x,.

Buéc 5. Dinh x = x, ¢6 nhin (+u, o(x)) =(+x;, 2). Tang ludng trén cung (x;,x,) tir 0 1én
0+o(t)=2.

Budre 6. Vi u=x; =s nén x6a tat ca cac nhin va quay lai budc 1.
Lan Lip thir 2:
Bude 1. Gan nhan cho x; 1a (+x,%), Vi=¢, V= {x;}.
Buwdce 2. Xét dinh x;, ta co
K'(x1) = { x5}, K'(x1) = ¢.
Nhan cua x; 1a {+x;, min(e, 4-0)}=(+x,4).
Hai tp Vx = {x1}, V={ x3}.
Buwéce 2. xét dinh x3, ta co
K'(x3) = { x4. x5}, K(x3) = §.
Nhan cua x¢ 1a {+x3, min(4, 1-0)}=(+x3,1).
Dinh t = x4 da dugc gan nhan.
Buéc 4. Datx =t.

Buéc 5. Pinh x = x¢ ¢6 nhén 13 (+u, o(x))= (+x3,1). Tang ludng trén cung ( Xs, X ) tir 0 1én
0+o(t)=1.

Buwée 6. Vi u=x3# s nén dat x= xs.
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Bude 5. Dinh x= x3 c6 nhan 1a (+u, o(x)) =(+x,,4). Tang luéng trén cung (x;,x3) tr 0 1én 0
+o(t)=1.

Buéc 6. Viu = x; =s nén x6a tit ca cac nhan va quay lai budc 1.
LAn lip thi 3:
Bude 1. Gan nhan cho x; 1a (+x;,%0), Vi=¢, V= {x;}.
Buwéce 2. Xét dinh x;, ta co
K'(x1) = { x3}, K'(x1) = ¢.
Nhan cua x; 1a {+x;, min(oo, 4-1)}=(+x,,3).
Hai tap Vi = {x;}, V&={ x3}.
Bude 2. Xét dinh x3, ta co
K'(x3) = { x4}, K'(x3) = §.
Nhan cua x4 1a {+x3, min(3, 4-0)}=(+x3,3).
Hai tp Vi = {x1, X3}, Ve={ x4}.
Buwdce 2. Xét dinh x4, ta co
K'(x4) = ¢, K'(x4) = {x2}.
Nhan cua x; 1a {-x4, min(3, 2)}=(-x4,2).
Hai tap Vi = {x1,X3, X4}, V=1 Xa}.
Buéce 2. Xét dinh x,, ta co
K'(x2) = {xs}, K'(x2) = 9.
Nhan cta x5 la {+x,, min(3, 2-0}=(x,2).
Hai tap Vi = {Xi, X3, X4,X2}, V={ Xs}.
Buée 2. Xét dinh xs, ta co
K'(xs) = {Xe}, K'(xs) = ¢.
Nhan cua x¢ la {+xs, 2). DPinh t = x¢ d2 dugc gén nhan.
Dung budc 4, 5 va 6 ta tim duoc dudng di ting ludng la:
X] X3 = X4 ¢ X2 > X5 = X¢

Trén cac cung thuan ta ting van chuyén 1én mot lugng 13 o(t) = 2, trén cung nguoc ta giam
véan chuyén di mét lugng 1 o(t).

Lan lip thir 4:
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Bude 1. Gan nhan cho x; 1a (+x,%0), Vi=¢, V= {x;}.
Buée 2. Xét dinh x, ta co
K'(x1) = { x3}, K'(x1) = ¢.
Nhan cua x; la {+x;, 1}.
Hai tép Vi = {x1}, Vo={ x3}.
Bude 2. Xét dinh x3, ta co
K'(x3) = { X4}, K'(x3) = ¢.
Nhan cua x4 1a {+x3, min(1, 4-2)}=(+x3,1).
Hai tap Vi = {x1 X3}, Ve={ x4}.
Budce 2. Xét dinh x4, ta co
K'(x4) = ¢, K'(x4) = §.

Tai budc nay ta khong thé danh nhan tiép tuc dugc ntra, dinh t =x¢ khong dugc gan nhan.
Vay luéng luéng chi ra nhu trén 1a luéng cuc dai. Lat cit hep nhit 13

X() = {X], X3, X4}, YO0= {Xz, X5, Xé}.

8.3. BAI TOAN TIM PUONG PI NGAN NHAT

Xét d6 thi G=<V, E>; trong d6 | V| =n,
véi nd mot sb thue A<u,v> duge goi la trong s6 clia canh. Ta s& dat Afu,v]=c0 néu (u, v)¢E. Néu

E|=m.Véi mdi canh (u, v)€E, ta dit tuong ung

day Vo, v1,..., Vi 1a mot duong di trén G thi D" A[v, ,,v,] duoc goi 1a d¢ dai ciia duong di.

Bai toan tim dudng di ngan nhit trén d6 thi dudi dang tong quat c6 thé duge phat biéu dudi
dang sau: tim dudng di ngin nhat tir mot dinh xuét phat se¥ (dinh ngudn) dén dinh cudi reV
(dinh dich). Puong di nhu vay duge goi 1a dudng di ngin nhat tir s dén 7, 46 dai cua duong di
d(s,t) dugc goi 1a khoang cach ngén nhat tir s dén ¢ (trong truong hop tong quét d(s,z) co thé am).
Néu nhu khong t6n tai dudng di tir s dén ¢ thi d6 dai duong di d(s,£)=co. Néu nhu mdi chu trinh
trong d6 thi déu c6 do dai dwong thi trong duong di ngén nhét s& khong c6 dinh nao bi lip lai,
duong di nhu vay duoc goi la duong di co ban. Néu nhu dd thi tdn tai mot chu trinh nao d6 c6 do
dai 4m, thi dudng di ngan nhit c6 thé khong xac dinh, vi ta c6 thé di qua chu trinh 4m d6 mot sb
lan du 16n dé do dai cua nd nhé hon bat ky mot sé thue cho trude nao.

8.3.1. Thuit toan gan nhan

Co6 rat nhiéu thuat toan khac nhau dugc xdy dung dé tim dudng di ngin nhat. Nhung tu
tuong chung cia cac thuat toan d6 cé thé duge mé ta nhu sau:

Tir ma tran trong sd A/u,v], u,v €V, ta tim cin trén d/v] ciia khoang cach tir s dén tat ca cac
dinh veV. Mbi khi phat hién thiy dfu] + Afu,v] < d/v] thi can trén d/v] s& duoc lam tét 1én bang
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cach gan d/v] = dfu] + Afu, v]. Qua trinh s& két thuc khi nao ta khong thé 1am t6t hon 1én duoc
bét ky can trén nao, khi d6 d/v/ s€ cho ta gia tri ngén nhét tir dinh s dén dinh v. Gia tri d/v] dugc
goi 13 nhan cua dinh v. Vi du dudi day thé hién tu tudng trén bang mot thuat toan gan nhin tong

quat nhu sau:

Vi du. Tim duong di ngan nhat tir dinh A dén dinh Z trén d6 thi hinh 8.3.

Hinh 8.3. P thi trong s6 G
Bwéce 1. Gan cho nhan dinh 4 1a 0;

Buéc 2. Trong sb cic canh (cung) xudt phat tir 4, ta chon canh c6 d6 dai nho nhét,
sau do gan nhan cho dinh do béng nhan cua dinh 4 cdng voi d6 dai canh tuong ng.
Ta chon dugc dinh C ¢6 trong s6 AC=5,nhand/C] =0+ 5 = 5.

Budc 3. Tiép do, trong sb cac canh (cung) di tir mot dinh c6 nhin 1a A hodc C tdi mot
dinh chua dugc gan nhan, ta chon canh (cung) sao cho nhan cua dinh cdng vdi trong
sd canh twong tng 14 nho nhat gan cho nhin cua dinh cudi ciia canh (cung). Nhu véy,
ta 1an luot gan duogc cac nhin nhu sau: d/B] = 6 vi d/B] <d[C] + | CB| = 5 + 4; d[E]
=8 Tiép tuc lam nhu vay cho t6i khi dinh Z dugc gan nhan d6 chinh la d¢ dai duong
di ngan nhit tir 4 dén Z. Thue chat, nhin cta mdi dinh chinh 1a duong di ngan nhat tir
dinh ngudn t6i n6. Qua trinh ¢ thé duge moé ta nhu trong bang dudi day.

Budc Pinh dwgc gan nhan Nhéan cac dinh Pinh di dung dé gan nhin
Khéi tao A 0
1 C 0+5=5 A
2 B 0+6=6 A
3 E 0+8=8 A
4 D +4=9 C
5 F +7=13 B
6 H 8+6=14 E
7 G 9+6=15 D
8 Z 15+3=18 Z
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Nhu vay, d6 dai dudng di ngin nhit tir 4 dén Z 13 18. Pudng di ngin nhit tir 4 dén Z qua
cac dinh: 4-> C-> D -> G -> Z.

8.3.2. Thuit toan Dijkstra

Thuat toan tim duong di ngan nhét tir dinh s dén cac dinh con lai duoc Dijkstra dé nghi ap
dung cho truong hop d6 thi c6 hudng véi trong s6 khong am. Thuat toan dwoc thue hién trén co
sO gan tam thoi cho cac dinh. Nhin cta mdi dinh cho biét can trén cta do dai dudng di ngan nhat
td1 dinh d6. Cac nhan nay sé duoc bién doi (tinh lai) nho mot thu tuc lap, ma & moi budc lap mot
s6 dinh s& c6 nhan khong thay doi, nhan d6 chinh 1a d6 dai dudng di ngan nhit tir s dén dinh do.
Thuét toan c6 thé duge mo ta bang thu tuc Dijkstra nhu sau:

void Dijkstra(void)
/*Pau vao G=(V, E) vGi n dinh c6 ma tran trong s6 A[u,v]> 0; seV */
/*Pau ra la khoang cach nho nhat tir s dén cac dinh con lai d[v]: veV*/
/*¥Truoc[v] ghi lai dinh trudc v trong dudng di ngdn nhat tir s dén v*/
{
/* Budc 1: Khdi tao nhan tam thdi cho cac dinh*/
for(ve V){
d[v] = A[s,v];
truoc[v]=s;
b
d[s]=0; T = V\{s}; /*T la tap dinh c6 nhan tam thai*/
/* Budc lap */
while (T!'=¢ ) {
Tim dinh ueT sao cho d[u] = min { d[z] | zeT};
T= T\{u}; /*c0 dinh nhan dinh u*/;
For ( veT ) { /* Gan lai nhan cho cac dinh trong T*/
If ( d[v] > d[u] + Ay, v]) {
div] = d[u] + A[u, v];
truoc[v] =u;

}

185



Chuwong 8: Mt s6 bai todn quan trong ciia do thi

Chuong trinh cai dat thuat toan Dijkstra tim duong di ngan nhat tr mot dinh dén tat ca cac
dinh khéc cta db thi c6 hudng véi trong sb khong am dugc thyc hién nhu sau:

#include <stdio.h>
#include <conio.h>
#include <stdlib.h>
#include <math.h>
#include <dos.h>
#define MAX 50
#define TRUE 1
#define FALSE 0
intn, s, t;
char chon;
int truoc[MAX], d[MAX], CP[MAX][MAX];
int final[MAX];
void Init(void){
FILE * fp;int i, j;
fp = fopen(tijk1.in”,"r");
fscanf(fp,”"%d", &n);
printf(™\n So dinh:%d",n);
printf(“\n Ma tran khoang cach:");
for(i=1; i<=n;i++){
printf(*\n");
for(=1; j<=n;j++){
fscanf(fp, “%d", &CP[i][i]);
printf(“%3d”,CP[i1[i]);
if(CP[i][j1==0) CP[i][j]=32000;

by
fclose(fp);

b
void Result(void){

intij;
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printf(“\n Duong di ngan nhat tu %d den %d la\n", s,t);
printf("%d<=",t);
i=truoc[t];
while(i'=s){
printf("%d<=",i);
i=truoc[i];
by
printf("%d",s);
printf(“\n Do dai duong di la:%d", d[t]);
getch();
ks
void Dijkstra(void){
int v, u, minp;
printf("\n Tim duong di tu s=");scanf(*%d", &s);
printf(™* den “);scanf(*%d", &t);
for(v=1; v<=n; v++){
dv]=CP[s][v];
truoc[v]=s;
final[v]=FALSE;
by
truoc[s]=0; d[s]=0;final[s]=TRUE;
while(!final[t]) {
minp=2000;
for(v=1; v<=n; v++){

if(('final[v]) && (minp>d[v]) X

u=v;
minp=d[v];
}
¥
final[u]=TRUE;// u- la dinh co nhan tam thoi nho nhat
if("final[t]){

for(v=1; v<=n; v++)X
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if ((Mfinal[v]) && (d[u]+ CP[u][v]< d[VD)X
d[v]=d[u]+CP[u][v];

truoc[v]=uy;

b

void main(void){
clrscr();Init(); Dijkstra();
Result(); getch();

b
8.3.3.Thuat toan Floy

Pé tim duong di ngin nhat giita tit ca cac cip dinh cua d6 thi, chiing ta c6 thé st dung » 1an
thuét toan Ford Bellman hodc Dijkstra (trong truong hop trong s6 khong am). Tuy nhién, trong
ca hai thuat toan duoc sir dung déu c6 do phirc tap tinh toan 16n (chi it 1a O@’)). Trong trudong
hop tong quat, ngudi ta thuong ding thuat toan Floy duge mo ta nhu sau:

void Floy(void)
/* Tim dudng di ngan nhat gitfa tat ca cac cdp dinh*/
[*Input D06 thi cho bdi ma tran trong s6 a[i, j1,i,j = 1, 2,..., n.¥/
/*Output: - Ma tran dudng di ngan nhat gilra cac cap dinh d[i, j1,i,j = 1, 2,...,n;
d[i,j] 1a d6 dai ngan nhat tir i dén j.
Ma tran ghi nhan dudng di p[i, j1,i,j = 1, 2,..., n
p[i, j]1 ghi nhén dinh di trudc dinh j trong dudng di ngan nhat;
*/
{
/*budc khai tao*/
for (i=1; i< n; i++){
for G =1; j<n; j++){
d[i,j] = afi, j;
plijl = 1;
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by

[*budc 1ap */

for (k=1; k< n; k++) {

for (i=1; i< n; i++)X
for G =1; j<n; j++) {
if (d[i,j] > d[i, k] + d[k, j]) {

dfi, j] = d[i, k] + dk, jl;
pli,j] = plk, jl;

}

Chuong trinh cai dat thuat toan Foly tim duong di ngin nhat giita tit ca cac cip dinh cia do
thi duoc thé hién nhu sau:

#include <stdio.h>
#include <conio.h>
#include <stdlib.h>
#include <math.h>
#include <dos.h>
#define MAX 10000
#define TRUE 1
#define FALSE 0
int A[50][50], D[50][50], S[50][50];
int n, u, v, k;FILE *fp;
void Init(void){
inti, j, k;
fp=fopen(*FLOY.IN","r");
if(fp==NULL){
printf("\n Khong co file input”);

getch(); return;
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by
for(i=1; i<=n; i++)
for(j=1; j<=n; j++)

Al][]=0;
fscanf(fp,”"%d%d%d",&n,&u,&v);
printf("\n So dinh do thi:%d”",n);
printf(*\n Di tu dinh:%d den dinh %d:",u,v);
printf(“\n Ma tran trong so:");
for(i=1; i<=n; i++)X

printf(™M\n");
for(j=1; j<=n; j++)X
fscanf(fp,"%d", &A[i1[j]);
printf(“%5d”,A[i1[1);
if(i'=j && A[i][j]==0)
Ali][1=MAX;

by
fclose(fp);getch();
b
void Result(void){
if(D[u][v]>=MAX) {
printf(“\n Khong co duong di");

getch(); return;

by
else {
printf("\n Duong di ngan nhat:%d", D[u][Vv]);
printf(“\n Dinh %3d", u);
while(u!=v) {
printf(“%3d”,S[u][v]);
u=S[u]lv];
}
by
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b
void Floy(void){

inti, j,k, found;
for(i=1; i<=n; i++X
for(j=1; j<=n;j++){
DL1G1=ALIG];
if (D[i]]==MAX) S[i][j]=0;
else S[il[i1=j;

}

/* Mang DJi,j] la mang chua cac gia tri khoan cach ngan nhat tu i den j
Mang S la mang chua gia tri phan tu ngay sau cua i tren duong di
ngan nhat tu i->j */
for (k=1; k<=n; k++){
for (i=1; i<=n; i++)
for (j=1; j<=n; j++)X
if (DLi][k]'=MAX && DIi][j]>(D[i][k]+D[k][]) X
// Tim D[i,j] nho nhat co the co
D[i][j]=D[i][k]+DIKI[1;
S[i1G1=SHILK];

//ung voi no la gia tri cua phan tu ngay sau i

b

void main(void){
clrscr(); Init();
Floy();Result();
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NHUNG NQI DUNG CAN GHI NHO

v' Nim viing khéi niém séc s va sic 16p cua db thi. Phuong phap chuyén bai toan
sdc 16p vé bai toan tim sic s6 cta d thi.

v' Tim hiéu phuong phap chimg minh céac dinh 1y vé& sic s6 cua do thi.

v Hiéu bai toan luéng cuc dai va thuat toan Ford-Fullkerson xay dung luéng cuc dai
trén mang.

v/ Hiéu va phan biét thut toan Dijkstra & thuat toan Floy trong khi tim dudng di
ngan nhét gitra cac dinh cua d6 thi.

BAI TAP CHUONG 8

Bai 1. Chirng minh rang trong khong gian c6 sau duong thing, trong d6 khong c6 ba dudong
thing nao dong qui tai mot diém, khong co ba duong thing nao dong phing va khong co ba
dudng thang nao song song, thi nhat dinh ¢ ba duong thang d6i mot chéo nhau.

Bai 2. Mudi bay nha khoa hoc mdi ngudi trao d6i thu voi 16 nguoi khac, trong thu ho chi
ban vé 3 d¢é tai, nhung bt ctr hai nha khoa hoc nao ciing chi ban véi nhau vé mot trong ba dé tai
trén. Ching minh rang c6 it nhat ba nha khoa hoc di ban véi nhau ciing mot dé tai.

Bai 3. Cho db thi gém 7 dinh cho boi ma tran trong )

00 11 65 17 65 65 65
65 00 12 65 65 10 16
65 65 00 13 14 65 19
65 65 65 00 65 65 18
65 65 65 65 00 65 15
65 13 18 65 65 00 10
65 65 65 65 65 65 00

Tim duong di ngin nhét tir dinh 1 dén dinh 7. Yéu cau chi rd nhimg két qua trung gian
trong qua trinh thyc hién thuat toan.

Bai 4. Cho Co s& dit liéu ghi lai thong tin v& N Tuyén bay (N<=100) ciia mot hing hang
khong. Trong d6, thong tin vé mdi tuyén bay duoc mo ta boi: Diém khoi hanh (departure), diém
dén (destination), khoang cach (lenght). Departure, destination 1a mot xau ki tu d6 dai khong qua
32, khong chira ddu trong & giita, Length 1a mot s nho hon 32767.

Ta goi “Hanh trinh bay” tir diém khoi hanh A t6i diém dén B 1a diy cac hanh trinh [A, A,
m], [A1, Az, n2]...[Ax, B,ni] v6i A; 1a diém dén cia tuyén i nhung lai 1a diém khoi hanh cia tuyén i
+1, n; 12 khoang cach cua tuyén bay th i (1<=i<k). Trong d6, khoang cach cia hanh trinh 1a tong
khoang cach ctia cac tuyén ma hanh trinh di qua (n,+ny+..4ny).
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Cho file dir liéu kiéu text hanhtrinh.in duoc ghi theo timg dong, s6 cac dong trong file dit
liéu khong vuot qua N, trén mdi dong ghi lai théng tin vé mot tuyén bay, trong dé departure,
destination, length dugc phéan biét v6i nhau boi mot hodc vai ddu tréng. Hiy tim giai phap dé thoa
mén nhu cau cta khach hang di tir A dén B theo mot s6 tinh hudng sau:

Tim hanh trinh c6 khoang cach bé nhat tir A dén B. In ra man hinh timg diém ma hanh trinh
dd qua va khoang cach cua hanh trinh. Néu hanh trinh khong ton tai hiy dua ra thong bao “Hanh
trinh khong ton tai”.

Vi du vé Co s¢ dit liéu hanhtrinh.in

New_York Chicago 1000
Chicago Denver 1000
New_York Toronto 800
New_York Denver 1900
Toronto Calgary 1500
Toronto Los_Angeles 1800
Toronto Chicago 500
Denver Urbana 1000
Denver Houston 1500
Houston Los_Angeles 1500
Denver Los_Angeles 1000

Véi diém di: New_York, diém dén: Los_Angeles ; ching ta s& c6 két qua sau:
Hanh trinh ngan nhat:
New_York to Toronto to Los_Angeles; Khoang cach: 2600.

Bai 5. K& tuc thanh cong véi khdi 1ap phuong than bi, Rubik sang tao ra dang phang cua
tro choi ndy goi 1a tro choi cac 6 vudng than bi. D6 1a mot bang gdm 8 6 vudng bang nhau nhu
hinh 1. Chung ta qui dinh trén mdi 6 vuéng c6 mot mau khac nhau. Cac mau duge ki hiéu boi 8
s6 nguyén tuong tng vdi tdm mau co ban cia man hinh EGA, VGA nhu hinh 1. Trang thai ctia
bang cac mau dugc cho bdi day ki hi¢u mau cac 6 dugc viét 1an luot theo chiéu kim déng hd bt
dau tir 6 goc trén bén trai va két thic ¢ 6 goc dudi bén trai. Vi du: trang thai trong hinh 1 dugc
cho bdi ddy cac mau tuong ung voi day sb (1,2,3,4,5, 6,7, 8). Trang thai nay dugc goi la
trang thai khoi dau.

Biét rang chi can sir dung 3 phép bién ddi co ban co tén 1a ‘A’, ‘B’, ‘C’ dudi day bao gio
cling chuyén dugc tir trang thai khoi dau vé trang thai bat ky:

‘A’: d6i chd dong trén xudng dong dudi. Vi du sau phép bién d6i A, hinh 1 s& trd thanh
hinh 2:
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‘B’: thyc hién mot phép hoan vi vong quanh tir trai sang phai trén tirng dong. Vi du sau
phép bién d6i B hinh 1 s& tr¢' thanh hinh 3:

‘C’: quay theo chiéu kim dong hd bén 6 ¢ giita. Vi du sau phép bién doi C hinh 1 tro thanh
hinh 4:

112 (3|4 8|7 (6|5 4 (1|23 117 |2 | 4
8|7 |6 |5 12 (3[4 518716 8|6 |3 |5
Hinh 1 Hinh 2 Hinh 3 Hinh 4

Cho file dir liéu Input.txt ghi lai 8 s6 nguyén trén mot dong, mdi s6 duoc phan biét vdi nhau
bai mot dau trong ghi lai trang thai dich. Hay tim diy cac phép bién ddi so ban dé dua trang thai
khoi dau vé trang thai dich sao cho s cac phép bién doi 1a it nhét c6 thé duoc.

Dir liéu ra dugc ghi lai trong file Output.txt, dong dau tién ghi lai s6 cac phép bién doi,
nhitng dong tiép theo ghi lai tén ctia cac thao tac co ban da thyc hién, mdi thao tac co ban dugc
viét trén mot dong.

Ban s& duoc thém 20 diém néu su dung bang mau thich hgp ctia man hinh dé mo ta lai cac
phép bién dbi trang thai ctia trd choi. Vi du véi trang thai dich dudi day s& cho ta két qua nhu sau:

Input.txt Output.txt
26845731 7
B
¢
A
B
C
C
B

Bai 6. Cho mdt mang thong tin gém N niit. Trong d6, dudng truyén tin hai chiéu truc tiép
tir nut i dén nat j ¢é chi phi truyén thong twong tng 1a mot sé nguyén A[ij] = A[j,i], voi
A[i,j]>=0, i # j. Néu dudng truyén tin tir nut i, dén nat i, phai thong qua cac nut i,.. i thi chi
phi truyén thong duge tinh bang tong cac chi phi truyén thong Aliy,is], Aliais],... Alik1,ix]. Cho
trudc hai nit i va j. Hay tim mot duong truyén tin tir ntit i dén nat j sao cho chi phi truyén thong
13 thap nhét.

Dit liéu vao dugc cho béi file TEXT c¢6 tén INP.NN. Trong d6, dong thtr nhat ghi ba sd N, i,
j, dong thir k + 1 ghi k-1 s6 A[k,1], A[k,2]..., A[k,k-1], I<=k<=N.
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Két qua thong béo ra file TEXT c6 tén OUT.NN. Trong d6, dong thir nhat ghi chi phi
truyén thong thip nhét tir niit i dén nut j, dong thtr 2 ghi lan lugt cac nut trén dudng truyén tin c6
chi phi truyén thong thap nhat tir nat i t6i nut j.

Bai 7. Cho mdt mang thong tin gdm N nut. Trong d6, duong truyén tin hai chiéu truc tiép tir
nat i d&n nat j ¢6 chi phi truyén thong twong tng 1a mot sé nguyén A[i,j] = A[j.i], véi A[1,j]>=0, i
# j. Néu duong truyén tin tir nit i; dén nut i, phai théng qua cac nut i,,.. iy, thi chi phi truyén
thong duoc tinh bang téng cac chi phi truyén thong Alir,iz], Alizis].... Alik.1,ix]. Biét rang, giira
hai nut bat ky ctia mang thong tin déu ton tai it nhat mot duong truyén tin.

Pé tiét kiém duong truyén, nguoi ta tim cach loai bo di mot sé dudng truyén tin ma van
dam bao dugc tinh lién thong ctia mang. Hiy tim mot phuong an loai b di nhitng duong truyén
tin, sao cho ta nhan dugc mot mang lién thong co6 chi phi tbi thiéu nhit ¢6 thé duoc.

Dir lidu vao dugc cho boi file TEXT cé tén INP.NN. Trong d6, dong thir nhét ghi s6 N,
dong thir k + 1 ghi k-1 s6 A[k,1], A[k,2],.., A[k,k-1], 1<=k<=N.

Két qua thong bao ra file TEXT c6 tén OUT.NN trong d6 dong thir nhat ghi chi phi truyén
thong nho nhat trong toan mang. Tir dong thir 2 ghi 1an lugt cac nut trén duong truyén tin, moi
duong truyén ghi trén mot dong.
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