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M¢ dau

Cho (R, m) la vanh giao hoén, dia phuong, Noether véi idéan cuc dai duy
nhat m; M 1a R-modun hitu han sinh va A 1a R-modun Artin. Nhu ching ta
da biét, cac khdi niém phan tich nguyén so, chiéu Krull 14 nhiing khai niém
co ban cua Hinh hoc dai s6 va Dai s6 giao hoan ma thong qua d6 ngudi ta ¢
thé néi 1én céu tric clia cac da tap dai s6 hodc cdu tric clia cac vanh Noether
va cdc modun hitu han sinh trén ching. Chiéu Krull cia mot modun hitu han
sinh M, ky hiéu dim M, dugc dinh nghia 1a chiéu Krull ctia vanh R/ Ann M
va ta ¢6 dinh 1y co ban cua ly thuyét chiéu nhu sau

(M) =dim M = d(M),
trong d6 0(M) 1a s6 nguyén ¢ nhd nhat sao cho ton tai mot diy céc phan ti
ai,...,a; € mdé do dai ctia modun M/(aq, ..., a;)M 1a hitu han va d(M)
1a bac cua da thic Hilbert Py 7(n) tng véi idéan dinh nghia 1.

Khai niém d6i ngau véi chiéu Krull cho mot modun Artin duoc giGi thiéu
bdi R. N. Robert [16] va sau d6 D. Kirby [7] ddi tén thanh chiéu Noether,
ky hiéu 1a N-dim dé tranh nhdm 14n véi chiéu Krull da dugc dinh nghia cho
cac modun Noether. Mot s6 két qua ma theo mot nghia nao d6 duogc xem la
doi ngau véi cic két qua vé chiéu Krull cho moédun hitu han sinh da duogc
dua ra. Dic biét, R. N. Roberts [16] da chiing minh mot két qua vé tinh hitu
han ctia chiéu Noether va m6i lién hé giita chiéu Noether vé6i bac cta da thiic
Hilbert cia modun Artin trén vanh giao hoan, Noether, sau d6 D. Kirby [7]
va N. T . Cuong - L. T. Nhan [3] dd@ m& rong két qua trén clia Roberts cho
vanh giao hoan bat ky

N-dim A = deg(¢r(0 : 4 m"))
=inf{t > 0:3ay,...,a; €m:lp(0:4 (a1,...,a;)R) < 00}.
Tur két qua trén, mot cach tu nhién c6 thé dinh nghia cac khdi niém hé tham

s0, hé boi cho modun Artin thong qua chiéu Noether.
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Tiép theo, nhiéu tdc gia cling da dung chiéu Noether dé nghién ctu cau
tric cua modun Artin (xem [5], [7], [19]....). Pac biét, tac gia N. T. Cuong va
L. T. Nhan [4] di c6 nhiing nghién ctu sau hon vé chiéu Noether, quan tam
dac biét t6i chicu Noether cia modun d6i dong dicu dia phuong khi ching la
Artin va da dat dugc mot s6 két qua tha vi, chiing td khai niém chiéu Noether
theo mot nghia nao d6 1a phut hgp véi modun doi dong di€u dia phuong.

Tuong tu nhu chiéu Krull cia modun hitu han sinh, mot cach tu nhién, d6i
v6i mbi modun Artin A, chiéu Krull dimp A ciing dugce hi€u 1a chiéu Krull
cua vanh R/ Annp A. Mot két qua quan trong trong [4] 1a nghién ctu moi
quan hé gitta chiéu Noether va chi¢u Krull cia modun Artin trong trudng hop
tong quat: N-dimp A < dimp A, hon nita chi ra nhitng trudng hop xdy ra
N-dimp A < dimpg A. Dac biét, két qua kha bat ngo trong [4] cho ta di€u
kién du dé khi nao chiéu Noether ciia mot modun Artin bang chiéu Krull cua
no la

Anng(0:4p) =p,Vp € V(Anny A). (%)

Can chi y ring d6i v6i mdi R-modun hitu han sinh M, theo B dé Nakayama,
ta luon c6 tinh chat Anng M /pM = p, v6i moi idéan nguyén t6 p chda
Anng M. R& rang rang, khi vanh R 1a ddy dua thi v6i m6i R-modun Artin
A, theo d6i ngdu Matlis, ta c¢6 luon ¢6 Anng(0 :4 p) = p, v6i moi idéan
nguyén to p chita Anng A, tuy nhién trén vanh giao hoan bat ky, khong phai
moi modun Artin A déu thoa man diéu kién (*). Mot diéu thd vi nita 1a nho
diéu kién (x), ta c6 thé dac trung dugc tinh catenary cta gia khong tron 1an
Usuppp M ctia modun M thong qua modun d6i dong dicu dia phuong cap
cao nhat H (M) (xem [2]); tinh khong tron 14n va tinh catenary phé dung
clia cic modun d6i dong diéu dia phuong HY (M) (xem [15]).

Muc dich cua luan van la trinh bay lai va chiimg minh chi tiét cac két qua
da gidi thiéu & trén trong bai bdo ctia N. T. Cuong - L. T. Nhan (2002) va
mot phan két qua cua cac bai bao ctia R. N. Roberts (1975); D. Kirby (1990)
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va N. T. Cuong - L. T. Nhan (1999). Luan van dugc chia lam 3 chuong, cac
kién thic can thiét lién quan dén noi dung cta luan van dugc nhéc lai xen ké
trong cac chuong.

Chuong 1 gidi thiéu khai niém chiéu Noether va chiing minh mot sd két
qua vé chiéu Noether clia modun Artin, dac biét 1a ching minh tinh hitu han
ctia chiéu Noether va moi lién hé giita chiéu Noether véi bac cta da thic
Hilbert cia mot modun Artin.

Chuong 2 danh dé ching minh lai cdc két qua vé chiéu Noether clia céc
modun do6i dong diéu dia phuong cua mot R-modun hitu han sinh khi ching 1a
Artin; moi quan hé gitta chi€éu Noether cia modun do6i dong di€u dia phuong
thit 7 v6i chi s6 7 va chiéu Noether ciia modun doi dong diéu dia phuong céap
cao nhat véi chiéu Krull cia moédun hitu han sinh ban dau.

Chuong 3 trinh bay mdi quan hé gitta chi€éu Noether va chiéu Krull cua
modun Artin trong trudng hop tong quat: N-dimr A < dimp A; chi ra nhiing
truong hop xdy ra dau nho hon thuc su va diéu kién di dé khi nao chiéu
Noether cia mot modun Artin bang chiéu Krull cta nd.

Phan két Iuan clia luan vin tong két lai toan bo cac két qua da dat dugc.
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Chuong 1

Chiéu Noether va da thic Hilbert

Trong toan b chuong nay, ta ludn ky hiéu R 1a vanh giao hoan, Noether
khong nhat thiét dia phuong (gia thi€t dia phuong khi can s€ dugc néu trong
timg trudng hop cu thé), M 12 R-modun, A 1a R-modun Artin. Muc dich ctua
chuong nay la gidi thiéu khai niém chiéu Noether cho mot modun tuy y va
mot s két qua vé chicu Noether cho modun Artin. Két qua chinh ctia chuong
l1a ching minh tinh hitu han cta chiéu Noether va moi lién hé gitta chiéu
Noether véi bac cua da thic Hilbert cua modun Artin. Két qua nay da duoc
gidi thiéu boi R. N. Roberts [16] cho vanh dia phuong va sau d6 D. Kirby
[8], N. T. Cuong - L. T. Nhan [3] mé& rong cho vanh giao hoan, Noether.

1.1 Chiéu Noether

Khdi niém d6i ngiu véi chiéu Krull cho mot modun tuy y (Kdim) duogc
giGi thiéu bai R. N. Roberts [16] va & d6, ong cling dua ra mot s6 két qua vé
chiéu Krull cho cdc modun Artin. Sau d6 D. Kirby trong [8] da d6i thuat ngit
ctia Roberts va dé nghi thanh chiéu Noether (N-dim) dé€ trdnh nham 14n véi
chiéu Krull di dugc dinh nghia cho cdc modun Noether. Dinh nghia sau theo
theo thuat ngir cua Kirby [8].
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DPinh nghia 1.1.1. Chiéu Noether cuia moédun M, ky hiéu boi N-dimp M,
dugc dinh nghia bang quy nap nhu sau:

Khi M = 0, dat N-dimp M = —1.

Vé6i M # 0, cho mot s6 nguyén d > 0, ta dat N-dimzp M = d néu
N-dimp M < d la sai va v6i méi day tang My C M; C ... cdc mdodun
con cua M, ton tai s6 nguyén ng sao cho N-dimg (M, 1/M,,) < d, v6i moi

n > ny.

Vi du 1.1.2. Cho M Ia R-modun khac khong. Khi d6 M 1a R-modun
Noether khi va chi khi N-dimp M = 0. That vay, gia st M la R-modun
Noether. Vi moi day tang My C M; C ... C M, C ... caic modun
con cta M déu ding nén ton tai ng € N sao cho M,, = M,,1, v6i moi
n > ng. Do d6, M,,.1/M, = 0, vi th€ N-dimp M, .1 /M, = —1 < 0, vé6i
moi n > ng. Vi M # 0 nén N-dimp M > 0 va do d6 theo dinh nghia,
N-dimp M = 0. Nguoc lai, gia st N-dimzp M = 0. Khi dg, lay mot day
tang bat ky Ny € N; C ... C ... cac modun con ctia M. Theo dinh nghia,
ton tai s6 nguyén duong ng sao cho N-dimp Ny, 1/Np = —1 < 0, v6i moi
k > ng. Do d6, Ny.1 = N, v6i moi n > ng hay day trén la dung, nghia la
M la R-modun Noether.

Ménh dé 1.1.3. Néu

0 M’ M M — 0

la day khop cac R-moédun thi
N-dimp M = max{N-dimp M’ N-dimp M”}.

Chitng minh. Khong mat tinh tong quat, ta c¢6 thé gid st M’ C M va
M" = M/M'"Néu M =0thi M' = M” = M =0, suy ra

N—dimR M/ = N—dimR M” = N—dimRM = —1.
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Do d6 ta luon c6 thé gia thi€t M # 0. Ta chiing minh bing quy nap theo
N-dimp M = d.
Gia st d = 0. Theo vi du trén, M 1a R-modun Noether. Vi vay, M’, M"
ciing 1a cic R-modun Noether nén suy ra N-dimr M’ = N-dimg M"” = 0.
Gia st d > 0 va ménh dé ding v6i moi modun ¢6 chiéu Noether thuc

su nho hon d. Cho My C M; C...C M, C...la mot xich tang bat ky cac
# # # #
modun con cua M. Khi do, ta cling ¢6 cac day

MonM' CMnM C...CM,nMC... (1)
# £ 7
(M’ + My)/M' C(M' + M) /M' C...C(M'+M)/MC... (2)
4 Z 7 7

tuong ung 1a xich tang cdc modun con cua M’ va M" = M /M.
Do N-dimp M = d nén theo dinh nghia, ton tai ny € N sao cho
N-dimpg M,,+1/M,, < d, v6i moi n > ny. Vi vay, dp dung gia thiét quy

nap vao day khop
M'N M,y My 1 M+ M1 0
M'" N M, M, M+ M, ’
ta co
M'N M, M’ + M,
N-dimp(M,+1/M,) = max{N-dimp WM: N-dimp M: M: )
Vi thé, v6i moi n > nyg, ta ¢6 hoac
) M' N M, )
N—dlmR m == N—dlmR(Mn+1/Mn) <d
hoac
. M/ + Mn—I—I .
N—dlmR m = N-dlmR(Mn+1/Mn) < d

Do d6, theo dinh nghia chiéu Noether ta ¢6 hoac N-dimg M’ = d hoac
N-dimpg M" = d hay

N-dimp M = max{N-dimp M’ N-dimp M"}.
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Cho m 1a mot idéan cuc dai cia vanh R. Nhic lai rang modun con m-xodn
['n(A) cua A duge dinh nghia boi
Tw(A) = J(0:4m").
n>0
Ta nhéc lai mot s6 tinh chat cuia modun Artin duoc dua ra boi R. Y. Sharp

thudong duoc dung trong cac chiing minh vé sau.

Ménh dé 1.1.4. [17, Ménh dé 1.4, BS dé 1.6]

(i) Gid su A la mot R-modun Artin khdc khong. Khi dé chi ¢é hitu han idéan
cyc dai m cia R sao cho I'y(A) # 0. Néu cdc idéan cuc dai phdn biét dé

lamy,...,m, thi
A=Tn(A) ...y (A) va SuppA ={my,...,m,}.

(ii) Véi moi j € {1,...,r}, néu s € R\ my, thi phép nhan bdi s cho ta
mot ty ddang cdu ciia I'y, (A). Do dé T'w,(A) ¢6 cdu triic tw nhién ciia mot
Ru,-moédun va véi cdu triic nay, mot tdp con ciia Iy (A) la mot R-modun

con néu va chi néu né la Ry;-moédun con. Ddc biét
A, &y, (A), véimoi j=1,...,r.
Ki hiéu 1.1.5. D€ cho thuan tién, tir gid trd di ta dat

A=Ae. oAvai= ()| m
meSupp A
trong d6 A; = L>JO(O tam}) (1 <j <r).Chdyrang khi (R, m) la vanh dia
phuong thi J4 = m.

Ménh dé 1.1.6. [17, B6 dé 1.11, Hé qua 1.12] Cho A la R-médun Artin khdc
khong trén vanh dia phuong (R, m). Khi d6, A cé cdu triic tu nhién cia
R-médun, trong do R la vanh day du theo topoé m-adic cia R va moi tdp con
ctia A la R-médun con ciia A néu va chi néu né la R-médun con ciia A. Do

do, A c6 cdu triic tu nhién cia R-modun Artin.
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Do ¢6 cau tric dac biét nhu vay, ngudi ta c¢6 thé chuyén viéc nghién ctu
modun Artin trén mot vanh giao hodn bat ky vé viéc nghién ctu chiing trén
vanh dia phuong. Tinh chat sau day vé chiéu Noether cia modun Artin 1a
mot vi du minh hoa cho nhan xét trén.
Bo dé 1.1.7. i) Gid st rang A = A, @ ... ® A, la mot phan tich A thanh
16ng truc tiép cdc médun con A; nhu trong Ky hiéu 1.1.5. Khi do,

N-dimp A; = N—dimRmJ_ (Aj),véimoi j=1,... 7.
(ii) Cho (R, m) la vanh dia phuong va A la R-médun Artin. Khi dé A ¢é cdu
truc tu nhién cua R-médun Artin va ta c6
N-dimp A = N-dimp A.

Chinh vi vay, ta c¢6 thé viét N-dim A thay cho N-dimp A hoac N-dimz A.

1.2 Chiéu Noether va da thirc Hilbert

Cho J4 la giao cua cac idéan cuc dai nhu trong Ky hiéu 1.1.5, trudc hét,
két qua sau cho ta thay rang d¢ dai cia modun Artin A 12 hitu han khi va chi
khi A bi linh hoa tir bdi mot luy thira nao d6 cua J 4.

B6 dé 1.2.1. J4A = 0vdi n > 0 khi va chi khi (A < .

Chitng minh. Gia st J3 A = 0 v6i n € N, khi d6 ta c6 day

0=(mmy.. m)"AC (m}'mj.. mAC...C (mm).. m"HAC...
Cmy.. mMAC (my .. mMAC...C(my.. m"AC ...
Cm'ACm"'AC...CmACA

do d6 /rA < oo. Ngugc lai, vi /rA < oo nén day

ADmMADMAD ... DmlAD (mimy)A D (mm3)AD ...
D (mmHAD ... D (m'my... m)AD (mim).. m>)AD...

O (mimj.. mHA=(mmy...m.)"AD ...
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phai dimg, tic 1a ton tai ng € N sao cho
(mmy...m,)"A = (mm,...m,)" 1A

vG6i moi n > ng. Vi myms ... m, la tich ctia hitu han cac idéan cuc dai phan

biét ctia R nén theo bo dé Nakayama, ta c6 (mymsy...m,)"A = 0, suy ra
n J—

JRA = 0. O

Nhéc lai rang, theo két qua cua D. Kirby [7], v6i mbi idéan [ cta R,
néu (r(0 14 1) < oo thi £x(0 :4 I") < o0, v6i n du I6n. Hon nita, ton
tai mot da thic F'(n, I, A) sao cho (r(0 :4 I") = F(n,I,A), véin > 0.
Da thic trén duoc goi 1a da thiic Hilbert cua modun Artin A Gng véi idéan
I cua R. Ta ky hiéu bac cta F'(n,I, A) la deg(¢r(0 :4 I™)) va quy udc
deg(lr(0:4 I™)) = —1néu F(n,I, A) = 0. Trong trudng hop vanh (R, m)
la tua dia phuong, Roberts [16] da ching minh két qua sau, ma di€u tuong tu
cho cac modun Noether da la rat quen biét, con dugc goi la dinh ly co ban
cta ly thuyét chiéu.

N-dim A = deg(¢r(0 : 4 m"))

=inf{t > 0:3ay,...,a, € m:lp(0:4 (a1,...,a;)R) < 00}.

Duéi day, ta s€ chiing minh lai két qua trén cta Roberts nhung da duoc
Kirby [8], va N. T. Cuong-L. T. Nhan [3] m& rong cho vanh giao hoan bat

ky. Trude hét, ta chiing minh két qua sau.

Ménh dé 1.2.2. ([8, Dinh 1y 2.6]) Poi vdi moi modun Artin A, ta déu cé
N-dim A = deg(¢r(0 :4 J7})).

Chitng minh. Theo Ky hieu 1.1.5,tacé A = & Aj, v6i A; = Ty (A). Trude
J=1
hét, ta chitng minh dang thiic

(0 ‘A Jﬁ) = él(o ‘A mj").
]:
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.
Ldy mot phan tht tuy y @ € (0 :4 J}), via € Anén a = ) a;, trong d6

J=1
a; € Ajva Jja; =0,v6imoij =1,...,7. Tacé thé chon m > n sao cho
m, . PR _ A ,
m7'a; =0, v6i a; € Aj;. Vi vay tacé
_ m ny ,, N (e M—TN ny,
0= (m}" + Jj)a; 2 mj(m" + Hmi )a;.
i#]
Vimy, ..., m, la cdc idéan cyc dai phan biét cia R nén m" " + [[m} = R
7]

;
va do d6 mfja; = 0. Vi the, a € jejl(O 14, m;") hay ta c6

P

(0 ‘A JZ) C

7

1(0 ZAj mj”).

Nguogce lai, 1ay mot phan tatuy y o € ,él(O A m;"). Khi d6 x = erxj, trong
86 2; € (024, m,"). hay ym = 0, suy ra ;7% = 0 véimoi j — L,....r.
bicu nay kéo theo = € (0 :4 J'}) va ta c6 bao ham thic ngugc lai.

Bay gi0, dp dung Ménh dé 1.1.4, ta c¢6 thé xem A; la cdc modun trén
vanh dia phuong Ry, v6i moi j = 1...,r. Tu dang thifc trén, ta cé
deg({r(0 :4 J})) = max{deg({r(0 :4, m;"))}. Vi the, 4p dung két qua
trén vanh dia phuong da dugc chiing minh badi Robert [16, Dinh 1y 6], ta ¢
deg(/r(0 :4, m;")) = N-dim A;. Hon nita, theo Ménh d¢ 1.1.3, ta lai c6
N-dim A = max{N-dim(A;)}. Két hop tat ca cac két qua trén, ta dugc diéu
can chiing minh deg(¢z(0 :4 J)})) = N-dim A. O

Trudc khi dua ra két qua chinh cta chuong, ta cAn nhac lai mot két qua vé

hé tham s6 dia phuong yé&u duoc gidi thiéu boi 1. H. Denizler va R. Y. Sharp

trong [5]: Mot day céac phan tr x4, ..., z, cta R duoc goi la hé tham s dia
phuong yéu cuia An€uvéimoéij =1,...,r, tontaimotsot; v6i0 < t; < n
sao cho day cic anh x1/1, ..., 24, /1 trong Ry, 1a mot phan hé tham s6 cha

Aj va w41, . .., 7, lakha nghich trong R,,,.
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B6 dé 1.2.3. [5, B6 dé 2.2] Cho I la m¢t idéan ciia R va (1, . .., T, 1) (VOi
n > 0) la mot hé tham s6 dia phuong yéu cua A duogc tao thanh bdi cdc phan

ti cia I sao cho véimoi j € {1,...,r} mal C m; tacé
N-dim(0 :4, 1) < N-dim(0 :4, (21,...,2n-1)R).

Khi dé ton tai x, € I sao cho (z1,...,x,) la mot hé tham sé dia phuong

yéu ciia A.

Bo dé 1.2.4. Ton tai mot idéan hitu han sinh I ciia R chita trong J 4 sao cho
(r(0:4 1) < 0,

Chitng minh. Ta c6 (0 :4 J4) la R-modun Artin nén theo Ménh dé 1.1.4,
ton tai s6 ¢ € N sao cho Jf4(0 4 Ja) = 0. Vi Jy4 1a tich cta hitu han cic
idéan cuc dai nén theo B6 dé 1.2.1 ta ¢6 {(0 :4 J4) < co. Hon nita, do A
1a modun Artin nén theo Kirby [7, B6 dé 3], ton tai idéan hitu han sinh I cta

Rsaocho I C Jyva(0:41)=(0:4 J4). Vivay lr(0:4 1) < 0. 0

V6i m6i modun Artin A khéc 0, ta ky hiéu
t(A) =inf{t: Jay,...,a; € J4 saocho lp(0:4 (a,...,a;)R) < o0}.

Khi d6 t(A) 1a hitu han theo B6 dé 1.2.4. Nhic lai rang, (0 :4 J'}) 1a mot
da thic khi n > 0 (xem [7]). Dinh 1y sau day la két qua chinh cta chuong,
cho ta tinh hitu han cta chiéu Noether cia modun Artin trén vanh giao hoan,
Noether va mai lién hé gitta chiéu Noether v6i bac clia da thic Hilbert cua
modun Artin. Dinh 1y nay la m& rong két qua chinh ctia Roberts trong [16]
cho vanh giao hoan bat ky, va da dugc N. T. Cuong - L. T. Nhan chitng minh
trong [3].

DPinh 1y 1.2.5. [3, Dinh 1y 2.6] Vi moi sé nguyén n du lén ta cé

t(A) = N-dim A = deg(¢r(0:4 J})).
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Chiing minh. Pang thic tht hai trong dinh 1y da dugc ching minh trong
Ménh dé 1.2.2 & trén. Cho t(A) = t. Khi d6, theo dinh nghia ¢(A), ton
tai cac phan t x1,...,x; € Ja sao cho lg(0 14 (x1,...,2¢)R) < co. Vi
thé, theo [7, Ménh dé 2], v6i n da 16n, £5(0 :4 (x1,...,2:)"R) la da thic va
deg(Cr(0 :4 (z1,...,24)"R)) < t. Di€u nay kéo theo deg(¢r(0 :4 J})) < t,
vGin > 0. Vivay, theo Ménh dé 1.2.2, tac6é N-dim A < ¢. Bay gio, ta chi can
ching minh N-dim A > t. D€ lam dugc diéu nay, ta dat [ = (xy,..., 7R
va bang ciach danh s6 lai cdc A; trong Ky hiéu 1.1.5, ta c6 thé gia su
N-dimA; > 0,vé6ij=1,...,rpvaN-dimA; =0,v6ij =r +1,...,r.
Dit
Al=Ai0Ad...0A,.

Khi d6, A' thod man cic diéu kién clia B6 dé 1.2.3 tng véi idéan [ van = 1.
Vi vay, ton tai 3; € I sao cho y; 12 mot hé tham s6 dia phuong yéu ctia Al
Viy; € Jynéntaco y;/11amot phan hé tham s6 cha tt cd cac 1R,,,—modun
A véij=1,...,m.

Lai bang cach ddnh s6 lai cdc modun Ay, ..., A, , ta c6 thé gia si rang
N-dim(0 :4, y1R) > 0, v6i j = 1,...,7y va N-dim(0 :4, y1R) = 0, v6i

j=re+1,...,71. Viy; cling la mot phan hé tham s6 dia phuong yéu cua
A2=A0A0.. A,

nén A? ciing thod méin céc diéu kién ctia B6 dé 1.2.3 tng v6i idéan I, n = 2
va hé tham s6 dia phuong yéu y;. Do d6 ton tai phan tit y» € [ sao cho
(y1,2) 1a hé tham s6 dia phuong yéu ctia A%. Vi (yy,42) chia trong Jy,
ta ¢6 y1/1,92/2 1a mot phan hé tham s6 cla tat ca cic R, ,-modun A;, véi
g=1,...,79.

Lap lai qud trinh trén, vi N-dim A; 1a hirua han véi moi 7 = 1,...,7 nén
ton tai sO tu nhién & d€ qud trinh trén phai dimg sau k& budc. Vi vay, ton tai

Yi,...,yx € I 12 hé tham s6 dia phuong yéu ctia A* vay,/1,...,y;/1 1ahe
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tham s cta Ay, ..., A, . Vithé,
N-dimA = N-dimA; = ... =N-dim A4,, =k
valgr(0 4, (y1,...,yx)R) < o0, v6imoij=1,...,r. Vivay,
CR(0:a (y1,...,yr)R) < 0.
Vi tinh nho nhat cta ¢, ta suy ra t < k£ = N-dim A va ta ¢6 diéu cén chiing

minh. O

Dinh 1y 1.2.5 cho ta thay khai niém chiéu Noether cia modun Artin trén
vanh giao hodn theo mot nghia nao dé doi ngau véi chiéu Krull cia modun
hitu han sinh trén vanh dia phuong. Tur dinh 1y nay chiing ta c6 thé dua ra

khai niém hé tham s6, phan hé tham s6 mot cach tu nhién nhu sau.

Pinh nghia 1.2.6. Mot hé cdc phan tt x = (xy,...,24) C Ja (trong d6
d = N-dim A) dugc goi 1a hé tham sé cha A, néu ((0 14 zR) < oo. He

céc phan t (1, ..., x;) trong J4 v6i ¢ < d dugc goi 1a phdn hé tham sé cla
A néu ta c6 thé bd sung duoc d — ¢ phan tr x;,1, ..., x4 trong J4 sao cho
(1, ...,x4) 12 mot hé tham s6 cua A.

Ménh dé 1.2.7. Gid s x la mot phdn tir thuoc J 5. Khi dé ta cé
N-dim(0 :4 ) > N-dim A — 1.

Hon nita, néu N-dim A > 0 thi x la mot phan tit tham s6 ciua A khi va chi
khi
N-dim(0 :4 ) = N-dim A — 1.
Chitng minh. Theo Dinh 1y 1.2.5, ta c6
N-dim(0 :4 ) = (0 :4 x)
= inf{k : 3zy,..., 21 € J4 : (0 :(0.40) (21, .., 21)) < 00}

=inf{k : Jzq,..., 21 € Ja: lR(0:4 (x,21,...,71)) < 00},
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Vi d = N-dim A 1a s6 nguyén nho nhét sao cho ton tai hé (xy,...,x4) C Ju
dé (r(0:4 (21,...,24)) < co nén ta phai c6 k > d — 1 hay

N-dim(0 :4 ) > N-dim A — 1.

Gia st N-dim A = d > 0 va gia st x 1a mot phan ti tham s6 cta A. Khi
do, ta ¢4 thé bo sung thém cdc phan tir o, . .., 24 dé (z, 29, ..., x4) 1a MmOt

hé tham s6 cua A. Vi

gR(O (0:42) (3727 S ,.’,Ud)) - KR(O A (xu L2y - 7xd)) <

nén ta ¢c6 N-dim(0 :4 =) < d — 1. K&t hop véi ching minh & phan
trén, ta ¢ N-dim(0 :4 ) = N-dim A — 1. Ngugc lai, néu ta gia thiét
N-dim(0 :4 ) = N-dim A — 1 thi bang 1y luan tuong tu, ta ciing c6 x 1a
phan tir tham s6 cua A. O
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Chuong 2

Chiéu Noether cia moédun doi dong

diéu dia phuong

Trong toan bo chuong nay, ta luon gia thiét (R, m) 1a vanh dia phuong, M
la R-modun hitu han sinh v6i chiéu Krull dimp M = d. Ly thuyét doi dong
diéu dia phuong cta A. Grothendieck [6] ¢6 ¥ nghia quan trong trong Hinh
hoc dai s6 va ngay cang c6 nhiéu Gng dung trong Dai s6 giao hodn. Day la
mot trong nhitng cong cu manh dé nghién citu ciu tric cta vanh va modun.
Chuong nay danh dé nghién ciu chiéu Noether cia modun d6i dong diéu dia

phuong khi ching 1a Artin.

2.1 Modun doi dong diéu dia phuong

Trudc hét, ta nhac lai khai niém modun d6i dong diéu dia phuong cua mot
moOdun tuy .

Dinh nghia 2.1.1. Cho [ 1a moét idéan cua vanh Noether R va M la mot
R-modun. Moédun doi dong diéu dia phuong thir i Hi(M) cha M tng vé6i
idéan [ dugc dinh nghia boi

H} (M) = R'(T1(M)),

trong d6 I'; (M) 1a modun con [-xoan cta M.
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Cho 0 — L L% M %5 N — 0 1a mot ddy khép cdc R—modun.
Khi d6, do tinh chat d-ham tir d6i dong diéu cia modun doi dong diéu dia

phuong, ta c6 day khép dai

0 0
0 — HYL) 1Y) gy 1) go(y

—omv ) M groan 1Y vy
w1 i
— HI'YL) — ...

véi moi ¢ € N,

Dinh 1y sau day cua Grothedieck 1a mot két qua dep dé vé tinh triét tiéu

va khong triét tiéu cua modun doi dong diéu dia phuong.

Dinh ly 2.1.2. [1, Dinh 1y 6.1.2, Dinh ly 6.1.4] (i) Cho M la R-médun. Khi
do,

Hi(M) =0, vdi moi i > dim M.
(ii) Gid sit (R, m) la vanh dia phuong va M la R-moédun hitu han sinh, khdc
khong va chiéu Krull diim M = d. Khi dé6 HE (M) # 0.

Tiép theo la tinh Artin ctia modun doi dong diéu dia phuong.

Pinh 1y 2.1.3. [1, Dinh 1y 7.1.3, Dinh 1y 7.1.6] (i) Cho (R, m) la vanh dia
phitong, M la R-modun hitu han sinh. Khi dé, R-modun H' (M) la Artin

voi moi 1 € Ny.

(ii) Cho (R, m) la vanh dia phuong, a la mét idéan ciia R, M la R-médun
hitu han sinh, khdc khong cé chiéu Krull dim M = d. Khi dé, R-mddun
HY(M) la Artin.
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2.2 Biéu dién thi cap

Ly thuyét biéu dién thit cdp dugc dua ra bsi I. G. Macdonald [10], day c6
thé dugc xem 12 d6i nglu véi khai niém phan tich nguyén so quen biét cho

modun Noether.

Pinh nghia 2.2.1. (i) Mot R-modun M duoc goi la thit cdp néu M # 0 va
néu v46i moi x € R, phép nhan bdi x trén M 1a toan cau hoac luy linh. Trong
trudong hop nay Rad(Anng M) la idéan nguyén t6, chang han 1a p, va ta goi
M 1a p-thir cdp.

(i) Cho M 1a R-modun. Mot biéu dién thir cdp cha M 1a mot phan tich
M = Nj + ...+ N, thanh tong hitu han cdc modun con p;-thit cap N;. Néu
M = 0 hoac M c¢6 mot biéu dién thit cap thi ta néi M 12 biéu dién duoc. Biéu
dién thi cdp nay duoc goi 12 167 thiéu néu cdc idéan nguyen t6 p; 1a doi mot

khac nhau va khong c6 hang t /V; nao la thtra, véimoi ¢ = 1,...,n.

Dé thay rang moi biéu dién thit cap cia M déu c6 thé dua dugc vé dang
t6i thi€u. Khi d6 tap hop {p1,. .., p,} 1a doc 1ap vdéi viec chon biéu dién thi
cap t6i thi€u cha M va duge goi 12 tdp cdc idéan nguyén to gdn két cha M, ki
hiéu bdi Attp M. Cac hang tt N;,i = 1,...,n, dugc goi la cdc thanh phan
thit cap ctia M. Néu p; 1a t6i thiéu trong Attr M thi N; dugc goi 1a thanh
phan thir cdp cé ldp.

Ménh dé 2.2.2. i) Cho M la mét R-médun biéu dién duoc. Khi dé M # 0
khi va chi khi Attr M +# 0. Trong truong hop nay tdp cdc idéan nguyén to'toi
thiéu cia R chita Ann(M) chinh la tdp cdc phdn ti t6i thiéu ciia Attg M.

(ii) Cho 0 M’ M M 0 la ddy khdp cdc R-médun biéu
dién duoc. Khi dé ta co

Attp M" C Attp M C Attp M’ U Attp M.

(iii) Moi moédun Artin déu biéu dién duoc.
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2.3 Chiéu Noether cia modun doi dong diéu dia phuong

Nhu da nhéc & Dinh 1y 2.1.3, cdc modun d6i dong diéu dia phuong HE (M)
ciia R-modun hitu han sinh M véi gid 1a idéan cuc dai luon 1la modun Artin
v6i moi 7, nhung véi gid la idéan bat ky thi H! (M) khong nhat thiét [a modun
Artin, trr truong hgp ¢ = dim M. Tuy nhién khi chiing 12 moédun Artin thi
dinh 1y sau cho ta mdi lién hé gitta chieéu Noether cia modun d6i dong dicu
dia phuong tht ¢ véi chi so .

DPinh ly 2.3.1. Cho t la mot sé nguyén duong va a la mét idéan cua R.
Gid sit rdang cdc modun doi dong diéu dia phuong H.(M) la Artin, véi moi
1=1,...,t. Khi do ta co

N-dimp(H.(M)) < i,
voi moi it =0,1,...,t.

Chiing minh. Ta chiing minh bang quy nap theo d. Cho d = 0. Vi HY(M) 1a
modun Noether nén ta 6 N-dimg(H?(M)) < 0.

Gia st d > t > 0. Theo Dinh ly tranh nguyén t0, ta luén chon duoc
phan tr x € m sao cho = & p, v6i moi p € Assg M \ {m}. Vi thé,
0:y xR C 0 :py m!, v6it > 0. Suy ra £r(0 :3y zR) < oo va do d6
dimg(0 :py R) = 0. Theo Dinh 1y 2.1.2 vé tinh triét tiéu clia modun doi
dong diéu dia phuong, ta c6 H:(0 :py #R) = 0, v6i moi ¢ > 0. Vi vay, 4p
dung tinh chét §-ham tir d6i dong diéu vao day khép

0— (0:py 2R) — M — M /(0 :py zR) — 0,
ta thu dugc day khop dai
0 — HY0:ps 2R) — HY (M) — HY(M/O :7; zR)
— 0 — H (M) — H}(M/0 :py t1R) — 0 — ...
— 0 — H{(M) — H.(M/0 3 zR) — 0 — ...
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Do do, ta thu dugc két qua
H:(M) = H.(M/0 :ps xR), véi moii > 1. (1)
Tiép theo, ta xét day khép
0— M/(0:y 2R) -5 M — M/xM — 0.

Lai dp dung tinh chét §-ham tr d6i dong diéu vao day khép trén, két hop véi
(1) ta duoc hai day khép
0 — Hy(M)/xHy(M) — Hy(M/xM) — (0 :pisr 3y 2R) — 0 (2)
véi moi i > 1 va

0 — HJ(M/O0:y xR) — H)(M) —

— H)(M/zM) — (0 ;g1 ar) zR) — 0. (3)
(chd ¥ ring  c6 thé khong nam trong a nén HY(M/0 :p; xR) c6 thé khdc
0, vi néu nguoc lai, = € a thi mdt phan tr bat ky
b€ HY(M/O0 5 2R) = | J(0 arj0syyar ")
n>0
s& thuoc vao modun 0 :p; xR va do d6 sé bang 0 trong modun M /0 1y xR,
din dén HO(M/0 :y; zR) = 0. Vi vay, tir diy khop (2) va gia thiét, ta c6
H!(M/xM) 1a Artin v6i moi ¢ = 1,...,¢t — 1. St dung gia thi€t quy nap ta
thu duoc
N-dimp(Hg(M/zM)) < i,

véimoii = 0,1,....t — 1. Vi thé, 4p dung Ménh dé 1.1.3 vio day khép
(2), ta duge N-dimp(0 :yis1(yy R) < N-dimp H{(M/xM) < i, véi moi
i=20,1,...,t — 1. Cuo6i cung, sit dung Ménh dé 1.2.7 v€ tinh chat ctia phan

tlr tham s0, ta dugc di€u can chiing minh

N-dimp(H(M)) <4, véimoi i =0,1,...,L.
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Theo Pinh 1y 2.1.3, (i), modun doi dong diéu dia phuong H' (M) véi gia
cuc dai m luén la moédun Artin véi moi 7. Vi vay, hé qua truc ti€p ctia Dinh

1y 2.3.1 1a két qua sau.

Hé qua 2.3.2. N-dimg(H (M)) < 1, véi moi i.

Cho (R, m) la vanh giao hoéan, dia phuong, Noether. Ky hiéu bao noi
Xxa cta truong thang du R/m 1a E. Ta da biét rang doi ngdu Matlis
Homp(M; E) cia modun hitu han sinh M luon 1a R-modun Artin, nhung
doi ngdu Matlis Homp(A; E') cia mot modun Artin A nhin chung khong 1a
modun hitu han sinh. Tuy nhién, néu R la vanh dia phuong day du va ky hiéu
D(0) = Hompg([J; E) thi ta luon c6 két qua sau ([11, Dinh 1y 4.2] hoac xem
thém [17, Dinh 1y 2.1, B6 dé 2.4)).

Meénh dé 2.3.3. (i) R-médun E la Artin. Véi méi f € Hompg(E; E), ton tai
duy nhdt ay € R sao cho f(x) = asx, voimoi x € E.

(ii) Néu N la R-modun Noether, thi D(N) la Artin, néu A la R-moédun Artin,
thi D(A) la Noether.

(iii) Cho I C R la idéan cua R va j € N. Khi do
D(N/IFN) = (0 :povy I?) va D(0:4 I?) = D(A)/FD(A).
Ménh dé sau cho ta diéu kién can dé doi ngiu Matlis cia modun doi dong
diéu dia phuong 14 modun hitu han sinh.

Ménh dé 2.3.4. Cho a la idéan ciia R va i la s nguyén duong. Néu H: (M)

la R-médun Artin va doi ngdu Matlis cia né la R-modun hitu han sinh thi
N-dimp(HL(M)) = dimgr(HL(M)).
Chitng minh. Dat

K4 (M) := Homp(Hy(M), E(R/m))



www.VNMATH.com

23

—_—

la d6i ngdu Matlis ctia R-modun H: (M) va Ki(M) la ddy da theo topd m-
adic ctia Ki(M). Vi K!(M) 1a R-modun hitu han sinh theo gia thiét nén ta

pe

CcO

dimp(K: (M) = dim (K3 (M)).

Do H!(M) la modun Artin nén ta c6 dang cau H.(M) = H;E(]\/Z) cic R-
modun. Ky hiéu F 1a bao ndi xa cia R/m va E’ 1a bao noi xa cia R/mR.
Khi dé ta c6 dang cdu £ = £’ xét nhu R-modun. Theo tinh cht ctia day du
[12, Dinh 1y 55], ta c6

—_—

(Ki(M)) = Ki(M)® R = Ki(M)

a

nhu 13 R-modun, do d6 ta nhan dugc

L ——

dimp(KL(M)) = dimpz(Ki(M)) = dimz(H.(M)).
Hon nita, theo Bo dé 1.1.7, (ii) ta lai ¢6
dim;(H,(M)) = N-dimp(H(M)) = N-dimg(H(M)).
Vi vay, cudi ciing ta nhan dugc diéu phai chiing minh

dimp(H}(M)) = dimp(K}(M)) = N-dimpg(H}(M)).

Cho M 1a modun hitu han sinh véi chiéu Krull dimg (M) = d. Theo Dinh
1y 2.1.3, ta luon c6 modun doi dong diéu dia phuong cap cao nhat HI(M)
la modun Artin. Két qua chinh thd hai cua chuong nay la dinh ly sau, cho
ta moi quan hé gitra chiéu Noether cia modun d6i dong diéu dia phuong cap
cao nhat v6i gia 1a mot idéan bat ky va chiéu Krull cia modun hitu han sinh

ban dau.
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Pinh 1y 2.3.5. Cho a la idéan ciia R sao cho médun Artin HY(M) la khdc
0. Khi do

N-dimp(HY(M)) = d
va do doé, Hc‘f(M) khong la hitu han sinh néu d > 0.
Chitng minh. Ta c6 thé gia thiét ma khong lam mat tinh tong qudt la
Anng M = 0, dan dén dim R = d. Vi M la R-mo6dun hitu han sinh nén

ton tai s6 nguyén n va diay khép cac R-modun

0 K R" M 0.

Vi thé, ta c6 day khdp cam sinh
(HIR)Y" — HI(M) — 0.
Vi dim R = d nén theo Dinh ly 2.1.3, (ii) ta c6 HI(R) 1a R-modun Artin va
Attz(HI(R)) = {p € Spec R | dim R/p = d,dim R/(aR + p) = 0}.
Tu day khép trén ta c6
Atta(HI(M)) C Attg(HI(R)).
Vi HY(M) # 0 nén Attz(HZ(M)) # (. Do d6, theo B6 dé 1.1.7, (ii) ta c6
N-ditmp(H2(M)) = N-dimp( HI(M)) = dimg(HI(M)) = d.

Tiép theo, tir dinh nghia chiéu Noether, ta ¢6 H?(M) la médun hitu han
sinh néu va chi néu N-dim(HZ(M)) = 0. Do d6, két qué trén din dén khing
dinh th hai cta dinh 1y, d6 la H g (M) khong 1a modun hitu han sinh khi
d > 0. O

Hién nhién ring néu M # 0 thi H2(M) # 0. Do d6, ta c6 ngay he qui

Sau.

Hé qua 2.3.6. N-dimp(H%(M)) = d.
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Chuong 3

Moi quan hé gira chiéu Noether va

chiéu Krull

Trong chuong nay, van ky kiéu (R, m) la vanh giao hoén, dia phuong,
Noether, M 1a R-modun hitu han sinh va A 1a R-modun Artin. Ba ¢6 mot s6
khdi niém vé chiéu cho cdc modun dugc dua ra. Trudc hét, chiéu Krull ctia M,
ky hiéu 1a dimp M dugc dinh nghia 1a chiéu Krull cta vanh R/ Anng(M).
Trong chuong 1, ta da nhic lai khdi niém chiéu Krull (Kdim) cho mot modun
tuy y cta Roberts [16] va sau d6 Kirby da do6i thanh chiéu Noether (N-dim)

dé tranh nham 14n véi chiéu Krull da duoc dinh nghia & trén.

Nhi€u tac gia da nghién ctu cic modun Artin thong qua chiéu Noether
(xem [3], [4], [8], [16],[19]....). Muc tiéu cua chuong nay la gidi thiéu cac két
qua cta N, T. Cuong va L. T. Nhan trong [4]: nghién ctu sau hon vé chiéu
Noether cho modun Artin, so sanh chiéu Krull va chiéu Noether va quan tam
dac biét t6i diéu kién dé chiéu Krull dimp A va chiéu Noether N-dimp A clia

moOt modun Artin A 1a bang nhau.
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3.1 Chiéu Krull cia modun Artin

Doi v6i moi modun Artin, mot cach tu nhién ta cling ¢é khai niém chiéu
nhu sau.

DPinh nghia 3.1.1. Chiéu Krull ctia moéodun Artin A, ky hiéu boi dimp A, 1a
chiéu Krull cia vanh R/ Annp A. Ta quy uc dimp A = —1 néu A = 0.

Ly thuyét biéu dién thit cap cta 1. G. Macdonald [10] da duoc nhic lai &
Chuong 2. Vi moi modun Artin déu c6 bi€u dién thit cap va tap cdc idéan
nguyén to t6i thi€u cia Anng A ciing chinh 1a tap cac phan tir t6i thi€u cla
Attr A nén dimp A chinh 1a can trén cta céc s6 dim R/p khi p chay khap

tap idéan nguyén t6 gan két

dimp A = max{dim R/p | p € Attr A}.

K&t qua sau chi ra moi quan hé gitta N-dimp A va dimp A.
Ménh dé 3.1.2. Cdc phdt biéu sau la diing
(i) N-dimp A = 0 néu va chi néu dimgr A = 0. Trong truong hop nay, A cé
do dai hitu han va vanh R/ Anng A la Artin.
(ii) N-dimp A < dimp A.

Chitng minh. (i) Gia st N-dimp A = 0, khi d6 A la R-mddun Noether va
lr(A) < oo. Vi vay, theo [12, 12.B], ta ¢6 vanh R/ Anng A la Artin va
dimp A = 0. Nguoc lai, gia sit dimp A = 0. Khi d6, moi idéan nguyén to
chita Anny A déu la idéan cuc dai. Goi J 1a giao cua tat ca idéan nguyén to

chita trong Attyr A, khi d6 theo Ménh dé 2.2.2, (i) va ky hiéu J,4 ta c6

J= N = N = N = Jy4.
peEAttp Ap pcAttr A.p t6i thidu P peV (Anng A)p A
Vi thé, ton tai n € N sao cho J}A = 0. Suy ra {gA < oo theo B6 dé 1.2.1.

Do d6 N-dim A = 0.
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(ii) Ta chiing minh biang quy nap theo d = dimg A. Néu d = 0 thi
N-dim A = 0, theo (7). Giasttd > 0 va py, ..., pi 12 tat ca céc idéan nguyén
t0 trong tap Attp A sao cho dim R/p; = d, v6imoi i = 1,..., k. Vi A la
modun Artin nén theo Ménh dé 1.1.4, tap Supp A chi gobm hitu han céc idéan
cuc dai ctua R. Cho J4 la giao cla tat ca idéan cuc dai trong tap Supp A nhu
trong Ky hiéu 1.1.5. Khi d6 ta ¢6 thé chon duge phan tit x € J4 va x ¢ p;,
voimoii = 1,...,k. Vi th€ dimg(0 :4 xR) < d — 1. Do dé, theo gia thiét
quy nap, ta cing ¢c6 N-dim(0 :4 xR) < d — 1. Theo Ménh dé 1.2.7 ta ¢6
N-dim A < d. O

Két qua sau 1a hé qua truc ti€p ciia Ménh dé 3.1.2

Hé qua 3.1.3. Néu (R, m) la vanh dia phuong day du thi ta luén cé
N-dimgp A = dimp A.
Chitng minh. Theo Ménh dé 3.1.2 da c6 N-dimr A < dimp A, chi cin chiing
minh N-dim A > dimp A. Ta chiing minh bang quy nap theo d = N-dim A.
Néu d = 0 thi dimp A = 0 theo Ménh dé 3.1.2. Giasdtd > 0Ovax € m
12 mot phan tir tham s6 cua A. Khi d6 4p dung Ménh dé 1.2.7 ta duogc
N-dim(0 :4 x) = d — 1, theo gia thiét quy nap ta ¢6 dimp(0 :4 x) < d — 1.
Vi R la vanh dia phuong day du nén theo Ménh d¢ 2.3.3, Hompz((0 :4 x); F)
la R-modun hitu han sinh. Vi vay, theo Ménh dé 2.3.3, (iii), ta c6
d—12>dimpg(0:4 ) = dimg(Homp((0 :4 x); F))
= dimp(Homp(A; F)/x Hompg(A; E))
> dimg(Hom(A; F)) — 1 = dimp A — 1.

Vay, ta c6 di€u can chiing minh. O

Theo Dinh 1y 1.2.5 & Chuong 1, N-dimg A luén hitu han. Tuy nhién, vi
du sau cho thdy rang néu R khong 1a vanh dia phuong thi su khac nhau giita

N-dim A va dimp A c6 thé 1a vo han.
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Vi du 3.1.4. Ton tai médun Artin A trén vanh Noether, khong dia phuong

sao cho dimp A = .

Chitng minh. Cho T' = k[zy,...,z,,...] 1a mot vanh da thic vo han bién
X1,...,Ty,...lay hé soO trén truong k. Cho mq, ..., m,, ... lacac sO nguyén
duong sao cho m; — m;—1 < m;;1 — m; v61 moi 7. Cho p; la idéan nguyén

to cua 1" duoc sinh bdi tit ca phan tr x; sao cho m; < j < m;;. Dat

S= () TivaR=Ts.
Ti=T\p;
Khi d6, theo [14, A1,Vi du 1], ta c6 R la mot vanh Noether va dim R = oc.
biat A = F(R/m) la bao noi xa cua trudong thang du R/m, v6i m 1a mot
idéan cuc dai nao d6 cia R. Khi d6 A 12 Artin va ta c6 thé kiém tra dugc
N-dimp A = ht(m). Ta cling c6 thé kiém tra dugc rang R 12 mién nguyeén,
vi th€ Annp A = 0 va do d6 dimp A = dim R = oc. O

Cho A 1a mot R-modun Artin. Khi d6, A 1a biéu dién duoc. Hon nita,
theo Ménh dé 1.1.4 va Ménh dé 1.1.6, A c6 cdu triic tu nhién ctia Ry, -modun
Artin va E;j—médun Artin, véi m; € Supp A,j = 1,...,r. Tk d6 ta c6 cic
két qua sau (xem [17, B6 dé 1.8, He qua 1.12, He qua 2.7)).

Ménh dé 3.1.5. Cdc ménh dé sau la diing.

(1) Attij A= {pRn, : p € Attg A}.

(ii) Attg, A={qNR:q€ Attz— A}.
m;

Ménh dé 3.1.2 chi ra rang nhin chung N-dimp A < dimpg A. Tuy nhién,
vi du sau cho thdy rang cé nhiing trudng hop xay ra dau nhd hon thuc su.

Vi du 3.1.6. Ton tai médun Artin A trén vanh Noether, dia phuong (R, m)
sao cho N-dimp A < dimp A.



www.VNMATH.com

29

Chitng minh. Cho (R, m) la mién nguyén, chiéu 2 dugc xay dung boi Ferrand
va Raynaud [20] sao cho vanh dia phuong day du R cia R ¢6 mot idéan
nguyén t6 lien két q chiéu 1 (xem thém Nagata [14, Al, Vi du 2]). Vi

4§ € Ass(R),dim R/§ = 1 va chi ¥ ring ta c6 dang cdu gifia cdc B-modun

Hy(R) = Hy(R)

m

nén theo [1, Dinh 1y 11.3.3] chia Brodmann-Sharp, ta ¢6 q € Att5(Hy,(R)).
Theo Ménh dé 3.1.5 suy ra

q=qN R c Attp(H.(R)).
Hon nita, do R la mién nguyén nén Ass(R) = {0}, vi thé
q=qNR e Ass(R) = {0}.
Do d6 suy ra
Anng(Hy(R)) = Anng(Hy(R)NRCGNR = 0.
Vi thé, ta ¢6
dimp(H(R)) = dim R/ Anng(H}(R)) = dim R = 2.

Mat khdc, theo Dinh 1y 2.3.1 va Ménh dé 3.1.2,(i) ta c6 N-dimg(HL (R)) = 1.
Vay, ta da chi ra dugc su ton tai chia modun Artin A = H.(R) sao cho
N-dimp A =1 < 2 = dimp A. [

3.2 Dieu kién Anng(0:4p) =p

Cac két qua ctia muc 3.1 cho thdy khong phai khi ndo ta ciing c6 ding
thitc N-dimp A = dimpg A. Mot cau hoi tu nhién dat ra 1a khi nao thi ta c6

dang thitc trén. DE tra 10i cho cau hoi nay, trudc hét ta nhac lai két qua sau.
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Bo dé 3.2.1. Véi méi R-modun hitu han sinh M, ta luén cé ddng thiic
Anng(M/pM) = p, véi moi idéan nguyén t6'p € V(Anng M).

Chiing minh. Hién nhién ta ¢6 bao ham thic p C Anng(M /pM). Ngugc lai,
vip € V(Anng M) = Supp M theo [18, B dé 9.20] nén M, # 0. Do d6
(M/pM), = My/pR, M, # 0
vi néu nguoc lai thi khi d6 M, = pR,M,, suy ra M, = 0 theo B6 dé
Nakayama, dan dé€n mau thuan. Vay,
p € Supp(M/pM) =V (Anng(M/pM)) hay p 2 Anng(M/pM).
[

Mot cau hdi tu nhién dat ra la d6i ngau cla két qua trén cé ludn ding cho
modun Artin khong. Dé thuan tién cho viéc tra 10i cau hoi ndy, ta dua ra khéi
niém sau.

Pinh nghia 3.2.2. Ky hiéu V' (Anng A) 1a tap hop tit ca cdc idéan nguyén to

chita Anng A. Ta néi rang A thod mdn diéu kién (*) néu
Anng(0:4 p) =p, v6imoi p € V(Anng A).

Vi du sau cho thdy rang, cau tra 10i ctia cau hoi trén 1a phu dinh ngay ca
khi vanh R la dia phuong, nghia la ton tai modun Artin trén vanh dia phuong
khong thoa man diéu kién (*).

Vi du 3.2.3. Ton tai médun Artin A trén vanh Noether, dia phuong (R, m)

sao cho A khong thod mdn diéu kién (*).

Chiing minh. Cho R va A = HL(R) nhu trong Vi du 3.1.6. Lay tuy y
mot idéan nguyén t6 p sao cho p # O vap # m. Vi Annp A = 0 nén
p € V(Anng A). La&y mot phan t«t 0 # x € p. Ta c¢6 day khdp sau

0 R R— R/zR — 0.
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Theo tinh chat cua ham tr d6i dong dicu ta dugc day khdp dai
0— H'R - H)(R) — H)(R/zR) —
— HL(R) — HL(R) — Hj(R/TR) — ...

Chd y ring R 1a mién nguyén nén HQ (R) = 0, do d6 ta thu dugc day khép

cdc modun doi dong diéu dia phuong
0 — HY(R/zR) — H.(R) % HL(R).

Vi vay,
Hy(R/zR) = (0 11 gy oR) = (0 :4 zR).

Vi H)(R/zR) c¢6 do dai hitu han nén (0 : 4 xR) ciing c6 do dai hitu han. Do
repnén0:4 2z D0 :4p,suyradodaiciaal :y4 p cling hitu han. Do dé
Anng(0 :4 p) 12 m-nguyén so. Vi th€ ta c6 Anng(0 :4 p) # p, nghia la A

khong thoa man diéu kién (*). O

Tuy nhién, 16p modun Artin thod man di€u kién (*) van con kha rong
va diéu nay ching td viéc viéc nghién ciu diéu kién (*) 1a hitu ich. Dé
chi ra cdc 16p modun ndy, tru6c hét, ching ta nhac lai khai niém doi dia
phuong hod ctia Melkersson va Schenzel [13] nhu sau: Doi dia phuong
hod cia R-modun Artin A tGng vé6i tap nhan déng S la S—!R-modun
Homp(S™1R; A). Ho ciing chiing minh dugc ring ham tir Hom(S™1R; —)
1a khép va coSupp A = V(Anng A), trong d6 coSupp A 1a tap céc idéan
nguyén t6 p sao cho Homp(R,; A) # 0. K&t qua nay cho phép ta dua ra mot

s0 16p modun Artin thoa man diéu kién (*) nhu sau.

Bo6 dé 3.2.4. Néu R la vanh dia phuong ddy dii hodc A chita moédun con ddng

cdu vdi bao ndi xa cia R/m thi A thod man diéu kién (*).

Chitng minh. Gia su R la vanh day du. Khi d6, d6i ngdu Matlis Hompg(A; F)
1a R-modun hitu han sinh. Lay p € V(Anng A), suyrap € Suppp(Hompg(A4; E)).
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Vi vay, 4p dung cdc két clia cia doi ngdu Matlis trong Ménh dé 2.3.3 va Bo
dé 3.2.1, tacod
Anng(0:4 p) = Anng(Hompg((0:4 p); E))
= Anngp(Homp(A; E)/p Homp(A; E)) = p.
Vi vay, A thoa man diéu kién (*).
Xét truong hop A chita modun con ding ciu véi bao noi xa clia E. Lay
p € V(Anng A). Theo [13, B6 dé 4.1], ta ¢6

Assg (Hompg(Ry; A)) 2 Assg, (Homp(Ry; E(R/m))) = {qR, : q C p}.

Vi thé, ta c6 idéan cuc dai pRR, trong vanh dia phuong 2, phai thuoc tap
Assg (Hompg(Ry; A)). Diéu nay suy ra

(0 ‘Homp(Ry;A) pRP) 7& 0.

Suy ra Homp(Ry; (0 :4 p)) # 0. Do do, theo [13, p.130] ta nhan duoc
p O Anng(0:4p) trdép = Anng(0:4 p). O

Pinh Iy sau day 1a két qué chinh cta tiét ndy, cho ta diéu kién di dé chiéu

Noether cia mot modun Artin A bang chiéu Krull ctia nd.

Pinh 1y 3.2.5. Cho (R, m) la vanh dia phuong, Noether va A la R-médun
Artin. Néu A thod man diéu kién (*) thi N-dimp A = dimp A.

Chimg minh. Theo Ménh dé 3.1.2, (ii) ta chi cin chiing minh bat dang thitc
dimp A < N-dimp A. Cho a la idéan bat ky cua R. Vi

rad(AnnR(O A Cl)): peV(AnQR(O:Aa))

va

rad(a + Amg A)= pev(a+r/1nnR A)p’
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hon nita, néu p O Anng(0:4 a) thi p O (a+ Anng A) nén rd rang ta luon

pe

cé
rad(AnnR(O ‘A a))Q rad(a + Anngp A).

Ta ching minh bao ham thitc nguoc lai. VGi moi idéan nguyén td p chia
a+ Anng A, vip Danén (0:4p) C (0:4 a). Do d6, theo gia thiét, ta c6

Anng(0:4 a) € Anng(0:4 p) = p.

Vi thé,
rad (Anng(0 :4 a))C rad(a + Anng A).

K&t hop véi trén ta c6 dang thiic.

Bay gio, gia st N-dimp A = d. Khi d6, theo Dinh nghia 1.2.6 vé
hé tham s6 & Chuong 1, ton tai cidc phan to x1,...,x4y € m sao cho
lr(0:4 (x1,...,74)R) < co. Theo Ménh dé 1.2.7 va 4p dung déng thic da

ching minh & trén vao idéan a = (x4, ..., z4), ta nhan duoc

0 =dimg(0:4 (z1,...,24)R)
= dimg(R/((21,...,24)R+ Anng A))> dimg A — d.

Vi vay, ta ¢6 dimp A < d. K&t hop v6i Ménh dé 3.1.2, (ii) ta ¢6 diéu phai

chiing minh. O

Chi ¥ ring, chiéu nguoc lai ctia Dinh 1y 3.2.5 1a khong ding. Dé chi ra vi
du 1am sdng t0 nhan xét trén, ta cin nhac lai khai niém va mot sO tinh chat
ciia modun céac da thic nguoc da duoc dua ra boi Macaulay [9] va da duoc

dé cap dén trong [7] va [16] nhu sau.

Dinh nghia 3.2.6. [9] Cho R Ila vanh giao hoan c¢6 don vi va M Ia

R-mo6dun. Khi d6, v6i mdi s6 nguyén duong t, mddun cdc da thiic

nguoc Mlxy', ... x;'] cha t bién trén vanh R[zy,...,7;] dugc sinh

it

boi cdc phan to ¢6 dang m = axi ...z V6i a € M va iy,...,0
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la cdc s6 nguyen khong dwong. Phép cong trong Mx', ..., x; '] dugc
dinh nghia theo cadch tu nhién va tich vo huéng duoc xdc dinh nhu sau:
v6i m = axl ...zl thwoc Mzl .z vaz = ralt. . alt €
Rlzy, ..., 2, trong d6 r € R va a € M, ta dinh nghia tich zm 1a phan tu
i :Uitﬂt

rax; néu tat ca i, + j; déu khong duong véimoi k = 1,2,... .t

va bang 0 trong trudong hop nguogc lai.

Ménh dé 3.2.7. [7], [16] (i) Néu A la R-médun Artin thi médun cdc da thiic

nguoc Alzi', ... x; la R[wy, ..., x]-modun Artin.

(i) Cho A la R-médun Artinva ddt S = Rlzy, ..., x4, K = Alz{', ... 271
Khi do
N-dimg K = N-dimpr A + t.

Vi du sau chi ra ring diéu kién (*) chi 1a diéu kién di d€ mot modun Artin

c6 chiéu Noether bang chiéu Krull cta no.

Vi du 3.2.8. Ton tai médun Artin A trén vanh Noether, dia phuong (R, m)
sao cho N-dimp A = dimp A, nhung A khong thod man diéu kién (*).

Chitng minh. Gia su rang ton tai nhing modun Artin A’, A” trén vanh dia
phuong Noether R sao cho cdc di€u kién sau thoa man

(i) N-dimp A’ = dimp A’ > dimp A” > N-dimp A”.

(ii) Tén tai idéan nguyén t6 p € V(Anng A”) vap ¢ V(Anng A’) sao
cho Anng(0 :4v p) # p.

Pat A = A’ @ A”. Khi d6, ta ¢6 day khop

0 Al A A" — 0.

Str dung tinh chét vé chiéu Noether va chiéu Krull cua cic modun cua mot
day khdp trong Ménh dé 1.1.3 vé6i chi y rang Anngp A C Anngp A", taco A

thoa man cac diéu sau:
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1. Ala R-modun Artin.
2. N—dimR A= N—dimR A = dimR A = dimR A.
3.p € V(Anng A).

Tuy nhién, theo gia thiét ta c6

Anng(0:4 p) = Anng(0 14 p) N Anng(0 :4r p) # p.
Diéu nay ching to6 A khong thoa mén diéu kién (*).

Bay gi0, chiing ta s& chi ra su ton tai cia modun A’ va A” & trén. Cho R

la mién nguyén chiéu 2 nhu trong Vi du 3.1.6. Cho S = R|[x1, ..., x|, v6i
t > 31a vanh cdc chudi luy thira hinh thitc ¢ bién x1, . . ., z; trén vanh R. Lay
A" = k[[z', ..., 2;']] 1a médun cdc da thic ngugc trén truong k = R/m.

Khi d6, theo Ménh dé 3.2.7, A’ 1a S-modun Artin va N-dimg A" = . Vi
Anng A’ = mS nén
dimg A" = dim(k[[z1, ..., x]]) = t.
Cho A” = H}(R) 1a S-modun doi déng diéu dia phuong sao cho z;.A” = 0
véimoi¢ = 1,...,t. Khi d6 mdi tap con cia A” 1a R-modun con cia A” khi
va chi khi n6 1a S-modun con cta A”. Vi vay A” ciling 1a S-modun Artin va
dims A” = 2; N—dimg AH = 1.
RO rang rang Anng A” = (x1,...,x;)S. Cho p # m 1a mot idéan cta S sao
chop 2 Anng A”. Khi d6 p € V(Anng A’). Bang céch tinh tuong tu nhu
trong Vi du 3.2.3, ta ¢6 diéu can ching minh
Anng(0:4 p) # p.
[]

Hé qua 3.2.9. Cho (R, m) la vanh dia phuong, Noether va A la R-mddun
Artin. Ky hiéu Rla day du theo tépo m — adic cua R. Khi dé ta cé

N-dimpr A = dimp A.
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Chitng minh. Vi A c6 cau tric tu nhién la R-modun Artin nén theo Bé dé
1.1.7, (i), ta ¢6 N-dimp A = N-dimp A. Mat khéc, A ciing thod man diéu
kién (*) trén R theo Bé dé 3.2.4. Vi thé, tir Dinh 1y 3.2.5, ta c6 ngay

N-dimr A = N-dimp A = dimg A.
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Két luan

Tém lai, trong luan van nay chiing t6i da trinh bay lai va chiing minh chi tiét
cac két qua trong bai bdo: "On Noetherian dimension of Artinian modules”
ctia N. T. Cuong - L. T. Nhan (2002) va mot phan két qua cta cac bai bao:
"Krull dimension for Artinian modules over quasi-local commutative rings”
cta R. N. Roberts (1975); "Dimension and length for Artinian modules” cua
D. Kirby (1990) va "Dimension, multiplicity and Hilbert function of Artinian
modules” ctua N. T. Cuong - L. T. Nhan (1999). Két qua chinh cua luan van

gom cac ndi dung sau.

1. Hé thong lai mot so tinh chat cia modun Artin c¢é lién quan dén noi
dung cua luan van.

2. Gi6i thiéu khdi niém chiéu Noether va chiing minh mot s6 két qua vé
chiéu Noether cia modun Artin. Dic biét 1a ching minh tinh hitu han cua
chiéu Noether va mdi lién hé giita chiéu Noether véi bac ctua da thic Hilbert
cia mot modun Artin.

3. Nghién citu chiéu Noether ctia cdc modun doi dong di€u dia phuong
cta mot R-modun hitu han sinh khi ching 1a Artin: m6i quan hé gitta chiéu
Noether cia modun doi dong di€u dia phuong thi 7 véi chi s6 ¢ va chiéu
Noether cia modun do6i dong diéu dia phuong cap cao nhat vé6i chiéu Krull
ctia modun hitu han sinh ban dau.

4. Trinh bay mo6i quan hé giita chiéu Noether va chiéu Krull cia modun
Artin trong trudng hop tong quét: N-dimr A < dimpg A; chi ra nhitng trudng
hop xay ra ddu nho hon thuc su va diéu kién d dé khi nao chiéu Noether cta

moOt modun Artin bang chiéu Krull cla nd.
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