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MO DAU
1. Ly do chon dé tai.

Pét nudc ta dang trén con dudng cong nghiép hoda va hién dai hoa, dé
cong cudc do thanh cong thi yéu td con ngudi 1 quyét dinh. Do vy x3 hoi
dang rat can nhitng con ngudi cé kha ning lao dong tu chu, sang tao, co ning
luc giai quyét nhitng van dé thuong gip, qua d6 gop phan thuc hién thing loi
cac muc tiéu ctia DAt nuée.

Luat gido duc nudc Cong hoa xa hdi chu nghia Viét Nam nam 2005 da
ghi: “Phuong phép gido duc phai phat huy tinh tich cuc, tu gidc, chi dong,
sang tao cua ngudi hoc, boi dudng nang luc tu hoc, kha nang thuc hanh, long
say mé hoc tap va ¥ chi vuon 1én” (Chuong I, diéu 5).

Thyc hi€n nhi¢ém vu trén trong nhitng nam qua nganh Gido duc da va
dang tich cyc tién hanh d6i mdi ca vé ndi dung va phuong phap day hoc.

Quan diém chung vé d6i mgi phuong phap day hoc mén Toan & trudng
THPT la lam cho HS hoc tap tich cuc, chu dong, sang tao, chéng lai thd1 quen
hoc tap thu dong. Trong viéc d6i mdi phuong phép day hoc moén Toan &
trudng THPT, viée bdi dudng ning luc giai toan cho HS kha gioi 1a dic biét
quan trong va can duoc bdi dudng thuong xuyén bai chinh cac em 1a thé hé
nhan tai tuong lai cua Pat nudc.

Vé ndi dung mon Toan: Trong hé théng kién thic duoc dua vao
chuong trinh gidang day cho hoc sinh THPT, ngoai nhirng ndi dung quen thudc
cua mon Toan nhu cac Phép bién hinh, Vecto va toa do, Tap hop, Phuong
trinh va Bét phuong trinh, Ham s6 va Dd thi, nhilng yéu t6 cta Phép tinh vi
tich phan, Pai sb to hop, ... thi S phtrc da dugc dua vao chuong trinh Giai
tich 12. Muc tiéu chinh ctia viéc dua ndi dung sb phirc vao chuong trinh mén
toan & truong THPT 14 hoan thién hé thdng sé va khai thac mot sé ung dung

khéc cua sb phirc trong Dai sb, trong Hinh hoc va trong Luong gidc.
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S6 phirc xuat hién tir thé ky XIX do nhu cau phét trién ciia Toan hoc vé
giai nhitg phuong trinh dai s6. Tir khi ra doi s6 phtc di thiic day toan hoc
tién 16n manh mé va giai quyét dugc nhidu van dé cuia khoa hoc va k¥ thut.
Pdi voi HS bac THPT thi sb phtc 1a mot ndi dung con mo1 mé, voi thoi
lugng khong nhiéu, HS mdi chi biét dugc nhitng kién thirc rit co ban cia sd
phtrc, viéc khai thac cac ung dung cua sb phtic con han ché, dic biét 1a viée
str dung s6 phitc nhu mdt phuong tién dé giai cac bai toan Hinh hoc phang va
Luong giac 1a mot van dé kho, doi hoi HS phai cé ning luc giai toan nhat
dinh, biét van dung kién thirc da dang ciia toan hoc. Tuy nhién day cho HS
kha gioi biét ung dung sb phiic vao viéc gidi cac bai toan Hinh hoc phang va
Luong giac ¢6 tac dung 16n trong viéc bdi dudng ning luc giai toan cho HS,
dong thoi gitp HS khic sau, tong hop, hé thdng hoa duogc kién thic co ban,
dang toan quen thudc, giai quyét duge mot sd bai toan kho, phirc tap chua cé
thuat toan. Dé dap tng duoc diéu d6 cling doi hoi GV phai co hiéu biét can
thiét, c6 cach nhin sau sic hon vé cac tng dung cta S6 phic.

Mic du vay SGK Giai tich 12 dua sb lugng bai tap tmg dung S6 phiic
vao giai toan Hinh hoc phang va Luong giac khong nhiéu. Hon nita, qua tim
hiéu thuc té giang day thi diém & mot sé truong THPT, mot s6 truong THPT
chuyén van dé dua sd phiic tré thanh cong cu giai toan cho HS chua duoc GV
quan tam va coi trong ding muec.

V6i nhimg i do trén, ching t6i chon dé tai nghién ctu 1a: “Béi duing
néng luc vng dung so phirc vao gidgi toan Hinh hoc phing va Lwong gidc
cho hoc sinh khd giéi Trung hoc phé thong”.

2. Muc dich nghién ctru.

Nghién ctru viéc van dung s6 phitc vao giai cac bai toan Hinh hoc

phang va Luong gidc tir d6 gitip HS thiy dugc y nghia quan trong cua so

phuc trong todn hoc ndi chung va trong giai todn noéi riéng. Tur d6 rén luyén
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ky nang, boi dudng nang luc Gmg dung s6 phiic vao gidi bai toan Hinh hoc
phang va Luong

giac cho HS.

3. Nhiém vu nghién ctru.

- Nghién ctru mot s van dé vé giai toan; ning luc va nang luc giai toan.

- Nghién ctru co s& Iy ludn va thyuc tién cua viée sir dung sé phirc nhu
mdt cong cu dé giai toan Hinh hoc phang va Lugng giac cho HS kha gioi
THPT.

- Xay dung mot s chuyén dé nham boi dudng ning huc giai toan cho HS
bang s phirc, gop phan phat trién, bdi dudng ning hrc giai toan cho HS kha
gio1 bac THPT.

Thir nghiém su pham dé kiém nghiém tinh kha thi cua dé tai.

4. Gia thuyét khoa hoc.

Néu xay dung duoc mot sé chuyén dé tmg dung sb phirc dé giai cac bai
toan Hinh hoc phang va Luong gidc, dong thoi dé xudt cac bién phap su pham
phtt hop thi s& gop phan phét trién nang lyc giai toan cho HS kha gioi. Giup
HS khéc sau kién thac da hoc, phat huy tinh chu dong, tinh tich cyc trong viéc
tiép thu kién thirc mdi gop phan nang cao chat lugng day va hoc & truong
THPT.

5. Phwong phap nghién curu.

5.1. Nghién cvru ly luin.

- Nghién ctru céc tai li¢u 1y luan (triét hoc, giao duc hoc, tam li hoc, li
luan day hoc bd mon Toan) c6 lién quan to1i dé tai cua ludn van.

- Nghién ctru SGK, sach tham khdo, tap chi, cac tai li¢u trong nudc va
ngoai nudc co lién quan dén ndi dung tmg dung sb phirc vao giai toan va boi
dudng nang luc gidi toan cua HS kha giéi THPT.

5.2. Piéu tra, quan sat.
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Du gio, phong van, diéu tra, thu thap ¥ kién ctiia GV (& mot sb truong
THPT tién hanh day thyc nghiém Giai tich 12, trudng THPT chuyén) vé
thuc trang day hoc ndi dung sd phirc va tng dung ciia s6 phic vao giai toan.

5.3. Thir nghi¢m sw pham.

Nhiam kiém nghiém thyc tién mot phan tinh kha thi va hiéu qua cua dé
tai nghién ctru.

6. Cau tric ciia ludn vin.
Luan van gom phan "M¢ dau", "Két luan” va ba chuong.
Chuong 1. Co's& Iy luan va thyc tién.
Chuong 2. Xay dyng mot s6 chuyén dé nhdm boi dudng ning luc tmg
dung s6 phtc vao giai mot s6 dang toan hinh hoc phang va luong giac.
Chuong 3. Thir nghiém su pham.

Danh muc tai liéu tham khao va céac phu luc.
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CHUONG 1
CO SO LY LUAN VA THU'C TIEN
1.1. Ly ludn vé day hoc giai bai tip toan.
1.1.1. Muc dich, vi tri, vai tro va y nghia cia bai tap toan trong truong
pho thong.

G.Polya cho ring: “Trong toan hoc, nam virng bd mon toan quan trong
hon rat nhiéu so voi mot kién thire thuan tiy ma ta co thé bd sung nhd mot
cudn séch tra ctru thich hop. Vi vdy ca trong trudng trung hoc ciing nhu trong
céc trudng chuyén nghiép, ta khong chi truyén thu cho HS nhitng kién thuc
nhat dinh, ma quan trong hon nhiéu 1 phai day cho ho dén mot muc do nao
d6 nam ving moén hoc. Vay thé nao 1a nam virng mon toan? D6 1a biét giai
toan!” [20 - Tr.82]. Trén co s& d6 ta co thé théy r0 hon muc dich, vi tri, vai tro
va y nghia cua bai tap toan trong truong THPT nhu sau.
1.1.1.1. Muc dich.

Pé dao tao dugc nhimg con nguodi dap tmg duoc doi hoi ctia x3 hoi
ngay nay, nhirng con ngudinang dong, sang tao, co tinh than trach nhiém, c6
tri tu€, c6 kha nang lao dong ki thuat cao,... trong cac nha truong THPT da dat
ra nhiéu muyc dich, muc tiéu cu thé cho viéc dao tao.

Toéan hoc ¢6 vai trd to 16n trong ddi séng, trong khoa hoc va cong nghé
hién dai, kién thic toan hoc 1a cong cu dé HS hoc tap tot cac mdn hoc khac,
giip HS hoat ddng c6 hi€u qua trong mo1i linh vuc. Vi vdy, trong day todn noi
chung, giai bai tdp toan ndi riéng can xac dinh nhitng muc dich cu thé, sat
thue. C6 thé thdy rd mot sé muc dich bai tip toan & trudng phd thong 1a:

< Phat trién ¢ HS nhitng ning hrc va pham chat tri tué, gitp HS biét
nhiing tri thirc khoa hoc cua nhan loai dugc tiép thu thanh kién thirc cua ban
than, thanh cong cu dé nhan thirc va hanh dong dung dan trong cac finh vuc

hoat ddng cling nhu trong hoc tp hi€én nay va sau nay.
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< Lam cho HS tung budc nam dugc mot cach chinh xéc, viing chic va
co hé théng nhiing kién thuc va ky ndng toan hoc phé thong co ban, hién dai,
phu hop véi thuc tién va cé nang lyc van dung nhitng tri thic d6 vao nhimng
tinh huéng cu thé, vao doi séng, vao lao dong san xuét, vao viéc hoc tap cac
bd mdn khoa hoc khac.

< Thong qua viéc giai bai tap, HS khic sau céc kién thirc da hoc, biét
xau chudi cac kién véi nhau, kich thich su tim toi, sang tao cac kién thirc méi
d6i voi HS. Qua d6 rén luyén tu duy 16gic, sang tao, tinh kién tri, can cu, chiu
kho... & nguoi HS.

< Bbi dudng thé gidi quan duy vat bién chimg, hinh thanh nhiing pham
chat dao duc ctia nguoi lao dong mai.
1.1.1.2. Vi tri va vai tro cia bai tap toan.

Trong day hoc toan ¢ truong THPT, bai tdp todn co vai trd vO cung
quan trong, vi theo Nguyén Bd Kim: “O trudng phd thong, day toan 1 day
hoat dong toan hoc. D6i vi HS c6 thé xem giai toan 1a hinh thirc cha yéu cta
hoat ddng toan hoc. Céc bai tap toan & truong phd thong 1a mot phuong tién
rat c6 hiéu qua va khong thé thay thé duoc trong viéc giup HS ndm viing
nhiing tri thirc, phat trién tu duy, hinh thanh ki nang ki xdo, Gmg dung toan
hoc vao thuc tién. Hoat dong giai bai tap toan la diéu kién dé thuc hién t6t cac
nhiém vu day hoc toan & trudng phd théng. Vi vy, to chirc ¢o hiu qua viec
day giai bai tap toan hoc co vai trd quyét dinh d6i v6i chat lwong day hoc
toan” [13 - Tr.201].

Ciing theo Nguyén Bd Kim: “Bai tip toan hoc c6 vai trd quan trong
trong mon toan. Piéu cin ban 1a bai tp co vai trd giA mang hoat dong cua
HS. Thong qua giai bai tap, HS phai thuc hién nhitng hoat dong nhat dinh bao
gom ca nhan dang va thé hién dinh nghia, dinh Iy, quy tac hay phuong phap,
nhitng hoat dong toan hoc phitc hop, nhiing hoat dong tri tu¢ phd bién trong
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toan hoc, nhitng hoat dong tri tu¢ chung va nhiing hoat dong ngén ngli”. [13 -
Tr 388]

Nhu vy bai tip toan ¢ truong phd thong c6 vi tri, vai trd quan trong
trong hoat dong day, hoc toan ¢ truong THPT. Vi thé, can lua chon cac bai
tap toan sao cho phu hop v&i ddi teong va ning luc ctia HS, nhu thé mdi phat
huy dugc nang luc giai toan cua HS.
1.1.1.3. Y nghia.

O truong phod thong, day toan 1a day hoat dong toan hoc. Pdi véi HS co
thé xem viéc giai toan 1a hinh thirc chii yéu cua hoat dong toan hoc. Viéc giai
toan c¢6 nhiéu ¥ nghia. Cu thé:

v D6 1a hinh thirc t6t nhat dé cung b, dao sau, hé théng hoa kién thirc va
rén luyén k¥ nang. Trong nhiéu truong hop, giai toan 1a mot hinh thic rét tht
d¢ dan dat HS ty minh di tim kién thirc méi.

v" D6 1a mot hinh thirc van dung nhitng kién thirc d3 hoc vao nhiing van
dé cu thé, vao thuc tién, vao van dé méi.

v" D6 14 hinh thirc tot nhat d€ GV kiém tra HS va hoc sinh ty ki€m tra vé
nang lyc, vé mirc do tiép thu va van dung kién thirc d4 hoc.

v Viée giai toan co tac dung 16n gay himg thi hoc tip ctia HS, phat trién
tri tu€ va giao dyc, ren luyén nguoi1 HS vé rat nhidu mit.

1.1.2. Chirc nang cua bai tap toan.

Trong thuc tién day hoc, bai tap toan hoc duoc st dung vaoi nhiéu dung
y khac nhau. Mdt bai tap c6 thé tao tién dé xuat phat, dé go1 dong co, dé lam
viéc v&1 mot ndi dung moi, dé cung cb hodc kiém tra,... Mdi bai tap cu thé
duoc dat ra & mot thoi diém nao d6 cua qua trinh day hoc déu chira dung mot
cach tuong minh hay an ting nhiing chirc ning khac nhau, nhirng chiic ning
nay déu hudng dén cac muc dich day hoc trong mon Toan, hé thong bai tap c6

céc chuc nang sau.

S6 hoa bai Trung am Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



www.VNMATH.com
11

v' Véi chitc nang day hoc, bai tip nham hinh thanh, cting c6 cho HS
nhiing tri thurc, ki nang, ki xdo & nhiing giai doan khac nhau ctia qua trinh day
hoc. Cu thé nhu: Lam sang to va khic sdu nhitng van dé vé Iy thuyét; thu
gon, md rong, bd sung cho 1y thuyét trén co so thuong xuyén hé thong hoa
kién thirc va nhan manh phan trong tim cua Iy thuyét. Dac biét bai tap con
mang tac dung gido duc ki thuit, tong hop thé hién qua viéc gitip HS rén
luyén ki nang tinh toan, ki ndng doc hinh v€, ki ndng sur dung cac phuong tién
hoc tap, ki nang thyc hanh toan hoc; phuong phap tu duy, thoi quen dat van
dé mot cach hop i, ngz‘in gon tiét kiém thoi gian,...
¥ Chang han, sau khi d3 day cho HS phuong phap chon toa d phuc thich
hop cho mot bai toan, ching ta c6 thé dua ra vi du sau dy.

Vidu 1.

Tim gid tri nho nhat cta biéu thic P = cos2A + cos2B + cos2C
voi A, B vaC la cac goc cia mot tam giac ABC .

O 16p 11, HS da biét bai toan chimg minh trong tam giac ABC , ta ¢o:

Cos2A + cos2B + cos2C = —4cosAcosB cosC —1.

Khi 6 dtng trude bai toan tim gia tri nhé nhat ctia P, hoc sinh s& gap
kho khin trong viéc bién doi dé co thé dua P vé biéu thuc co thé danh gia
dugc. Tur d6 dan HS t6i viéc phai tinh céc gid tri cosin clia cac goc, ma dicu
do s€ thuan loi hon khi ta chon dugoc mot toa do phtic thich hop cho céc dinh.
Giai. Chon duong tron tim O ngoai tiép tam
giac ABC lam duong tron don vi; gia str toa do
cuacacdinhtamgiacla Aa ,B b vaC c .
Tacod COS2A = bc+cb _ 1 bc +cb , do

2ple] 2
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Tuong tu ta co
1 = = 1 = =
cos2B = 5 ca+ac va CcosX = 5 ab+ba .
Suyra P = cos2A + cos2B + cosC = %b5+06+05+a5+a6+b§

[a5+a5+ac_: + bb+ba+bc + cc+ca+cb —aé—bﬁ—c&]

[a a+b+c +bb+a+c +cc+a+b —3]

NI N

= —% + %a+b+c a+b+c > —g,v‘l a+b+c a+b+c = 0.

Dodé P = —g,khivéchi khia+b+c = 0 hayOA + OB + OC = 0,

suyraO = G, diéu d6 co nghia la tam giac ABC 1a tam giac déu.

Nhu vay, thong qua vi du ndy GV di khic sau duge kién thic vé chon
toa do thich hop cho mot bai toan. Pic biét giap HS on tap lai mot sé kién
thirc da hoc nhu: Cong thirc tinh goc, tinh chit v& modun, tinh chat vé toa do
cia cac diém thudc duong tron don vi,... Qua bai toan ciing gop phan rén
luyén k¥ nang tinh toan, k¥ ning bién d6i so phirc cho HS.

v' Véi chirc niang gido duc, bai tap gitp HS hinh thanh thé gidi quan duy
vat bi¢n chirg, timg budc nang cao himg thi hoc tap, tao niém tin & ban than
HS va phém chit cua con nguoi lao dong moi, rén luyén cho HS dic tinh kién
nhan, bén bi, khong ngai khé, su chinh xac va chu déo trong khoa hoc.

¥ (CO thé thay 16 diéu ndy qua vi du 1 ma ta xét & trén. Sau khi HS lién hé
dén bai tap da biét o 16p 11, bude dau gay cho cac em kho khin trong viée tim
hudng giai quyét bai toan. Sau khi goi ¥ cho HS c¢6 thé str dung s6 phuc dé
giai bai toan nay nho viéc chon toa o thich hop cho cac yéu to ciia bai toan

s€ tao cho cac em mdt ni€m tin vao ban than, tao cho cac em hing thu hon
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béi co thé giai bai toan trén bang nhiéu con duong khac nhau. GV ciing can
quan tim, dong vién dé cac em kién tri bién d6i dua dén két qua cua bai toan.

v' Voi chtic ning phat trién, bai tap gitp HS ngay cang nang cao kha
ning suy nghi, rén luyén céac thao tac tu duy nhu: phan tich, tong hop, suy
dién, quy nap, twong tu, dic biét hoa, khai quat hoa,...thong thao mot sb
phuong phap suy ludn toan hoc, biét phat hién va giai quyét van dé mot cach
thdng minh sang tao. Tir d6 hinh thanh pham chat tu duy khoa hoc.

X Quay trd lai vi du 1, sau khi HS da hoan thanh 161 giai cho bai toan,
GV c¢6 thé dua ra mdt s6 bai toan khac gan giii hodc Ia nhitng trudng hop dic
bi€t, trong tu v4i bai todn trén, chéng han:

Bai 1. Chung minh rang, v&i moi tam giac ABC ta co:
3

2
Bai 2. Cho tam giac nhon ABC , chimg minh rang

COSA + cosB + cosC < —.

COS2A — cos2B — cos2C < g

Do HS da giai dugce bai toan trén nén khi xét cac truong hop dac biét,
tuong tu nay s€ tao cho HS tich cuc hon trong viéc tim lo1 giai cua bai toan.
Qua d6 hinh thanh cho HS biét suy nghi, suy xét bai toan ¢ nhimg goc do
khac nhau, biét xét cac trudng hop dic biét dé tim 10 giai cho bai toan 16m.

v Véichire ning kiém tra, bai tap giup GV va HS danh gia duge muc do
va két qua cua qua trinh day va hoc, dong thdiné ciing danh gia kha ning doc
lap hoc toan va trinh do phép trién cua HS .

*  Thong qua giai bai tdp, GV c6 thé tim thiy nhiing diém manh, nhiing
han ché trong viéc tiép thu va trinh bay tri thic ctia HS. Qua do c6 thé bo
sung, ren luyén, va boi dudng tiép cho HS.

Co thé ndi rang hiéu qua cta viée day toan & truong phd thong phan

16n phu thudc vao viée khai thac va thuc hién mot cach day du cac chure nang
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c6 thé cb clia cac tac gia viét SGK da co dung y dua vao chuong trinh. Nguoi
GV phai c6 nhiém vy kham pha va thyc hién dung ¥ cua tac gia bang ning luc
su pham cua minh.

1.1.3. Day hgc gidi bai tap toan hoc theo tu tuéng ciia G.Polya.

Trong mon toan & trudng phd thong cé nhidu bai tap toan chua c6 hodc
khong c6 thuat giai va ciing khong c6 mot thudt giai tong quat nao dé giai tat
ca céc bai toan, chung ta chi c6 thé thong qua viéc day hoc giai mot sé bai
toan cu thé ma dan dan truyén thu cho HS céch thirc, kinh nghi€ém trong viéc
suy nghi, tim i 101 giai cho mdi bai toan.

Day hoc giai bai tap toan khong c6 nghia la GV cung cap cho HS 1oi
giai bai toan. Biét 10 giai bai toan khong quan trong bang lam thé nio dé giai
dugc bai toan, vi vy can trang bi nhitng hudng dan chung, goi y cc suy nghi
tim toi, phat hién cach giai bai toan 14 can thiét.

Dura trén nhimg tu tuong tong quat cung voi nhitng goi v chi tiét cta
G.Polya vé cach thic giai toan, phuong phap tim toi 161 giai cho mot bai toan
thuong duogc tién hanh theo bon budc sau.

* Budc 1: Tim hi€éu néi dung bai toan.

Pé tim hiéu ndi dung ctia bai toan, can chu ¥ cac yéu t6 co ban:

- Phan bi¢t cai da cho va cai phai tim, cai phai chirng minh.

- C6 thé dung cong thie, ki hiéu, hinh v& dé dién ta dé bai.

- Phéan biét cac thanh phan khac nhau ctia diéu kién. C6 thé dién ta cac
diéu kién d6 thanh cong thirc khong?

* Budc 2: Xay dung chwong trinh gidi.

Yéu té quan trong khi giai duoc bai toan chinh 13 viéc xay dung chuong trinh
giai cho bai toan do. Vi vay khi thuc hi¢n, ching ta can cha V:

- Phan tich bai toan d3 cho thanh nhiéu bai toan don gian quen thudc.
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- Lya chon nhimg kién thirc da hoc (Pinh nghia, dinh Ii, quy tac...) gin
giii hon ca véi dit kién ctia bai toan ro6i mo mam dy doan két qua.

- St dung nhitng phuong phap dac thu vdi timg dang toan nhu chig
minh (phan chirng, quinap toan hoc...), toan dung hinh, todn quy tich...
* Budc 3: Trinh bay 101 gidi.

-Trinh bay lai 10 giai sau khi dd diéu chinh nhitng chd can thiét.

* Budc 4: Kiém tra va nghién ciru 10i giai.

- Kiém tra lai két qua, xem lai cac lap luan trong qué trinh giai,

- Nhin lai toan bd cac bude gidi, rat ra tri thirc phuong phap dé giai mot
bai todn nao do.

- Tim thém céch giai khac (néu co thé).

- Khai thac két qua c6 thé co ciia bai toan.

- D& xuit bai toan twong tu, bai toan dic biét hodc khai quat hoa bai toan...

Nhu viy, c6 thé noéi “Qua trinh HS hoc phuong phép chung dé giai
toan 1a mot qua trinh bién nhing tri thic phuong phép téng quat thanh kinh
nghiém gidi toan ctia ban than minh thong qua viéc giai hang loat bai toan cu
thé. T phuong phép chung giai toan di t§i cach giai mot bai toan cu thé con
la cd mot chang duong doi héi lao dong tich cuc cua nguoi HS, trong do co
nhiéu yéu t6 sang tao” [21 - Tr.423] .
Vi du 2. Hinh vudng ABCD c6 dinh A tring v&i gc toa do O, hai dinh B va
D thay doi twong tmg trén phan duong truc Ox, Oy; diém | co toa do
2, -2 .

1) Chimg minh tam giac AIC la tam giac vudng.
2) Tim qily tich trong tam G cua tam giac AIC.
Loi giai.
Bude 1: Tim hiéu bai toan.

(?) Yéu cau ciia bai toan 1a gi.
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(1) Bai toan yéu cau ching minh mot tam giac 1a tam giac vudng va tim quy
tich trong tdm cua tam giac do.

(?) Bé chimg minh tam gidc vudng ta thudng sir dung kién thire nio.

() binh Iy dao cua Pitago, tinh goc cta tam giac,...

(?) O bai toan nay mudn ap dung dinh Iy d4o cua Pitago ta can tinh dugc do
dai cua cac canh tam giac. Co thé thyc hién duge diéu do khong.

(") Thuc hién duoc vi ta c6 thé xac dinh dugc toa do ctia céc dinh hinh vuong.
(?) Bé tim quy tich trong tdm co thé xac dinh duoc toa do cta diém trong tam
khong.

() Xac dinh duogc vi da tim duoc toa do

cac dinh cua no. c

Budc 2: Xay dung chwong trinh

giai.

(?) Nhu vay bai toan c6 thé thuc hién

duoc khi biét toa d§ cua cac dinh cua

hinh vudng. Hay thiét 1ap hé truc toa do
va xac dinh toa do phtrc cua céc dinh hinh

vuodng va cua diém .

M ...

(?) Bé chirng minh tam gigc AIC vubng, hdy tinh A1, AC? va IC?2. Sau d6
so sanh, d6i chiéu vé1i dinh Iy Pitago dao.

M ...

(?) Bay gio vi G la trong tdm cua tam gidc AIC nén ta c6 toa do trong tam cua

2 . 1 o s Y s 1A
diem G la g = 3 a+z,+C . Hay xac dinh toa do cua diem G. Tu do ket

luén quy tich cta G.

Budc 3: Trinh bay loi giai.
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Chuyén sang xét trong mat phang phiic ta co:
Gia str s6 phirc cta cac dinh A, B, C va D cua hinh vuong ABCD va cta

diem | la: a=0, b=x, c=x +ix, d=ix O<x <+ Vaz,= 2-2i.
1) Chirng minh tam giac AIC la tam giac vudng.
Tacd Al = \2—2i\2 =8 AC® = \x+ix\2 = 2x*:
VA IC® = [c—z,['= [x-2 +ix+2[= x-2"+x+2" =20 +8.
Nhu vy IC>=Al*+IC?. Theo dinh Iy Pitago dao, tam giac AIC
vuong tai A.

2) Quy tich trong tam G cua tam giac AIC.

G la trong tdm cua tam giac AIC khi va chi khi

_

. y 1 R
OA +0I1 +0OC , hay ta c¢6 bicu thuc ¢ = §a+zo+c ,via=0

oG = 1
3

2
<:><V:——+—<:><§<u<+oo

2
—— <V <+

\

Vay quy tich G latia Gt gdm cac diém X +iy théa man phuong trinh:

4 . : : : .
y-X = — 3 (tia nay song song v&i duong phan gidc gbc phan tu thir nhat va

. 1
diqua diem G, sao cho AG, =§AI )-

Buée 4: Kiém tra va nghién ctru 1o giai .
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(?) C6 thé giai bai toan nay theo cach khac duoc khong?
(1) + Co thé giai dugc nho tinh cac goc ciia tam giac.

+ Bai toan c6 thé giai duoc khi ap dung céc kién thic vé toa do thong
thuong ma khong xét trong mit phang toa do phic.

Nhu vay qua vi du ndy, GV cin quan tAm ti van dé chuyén doi ngon
nglt hinh hoc thong thudng sang ngon ngir sb phtc; van dé thiét lap hé toa dg;
giai quyét bai toan quy tich thong qua viéc xac dinh toa do cua yéu to quy
tich,...

1.2. Ly luan vé ning luc gii toan ciia hoc sinh.
1.2.1. Ngudn goc ciia ning luc.

Tur cudi thé ki XIX dén nay da c6 nhiéu y kién khac nhau vé ban chat
va ngudn gbc ciia nang lyc, tai nang. Hién nay di c6 xu hudng thong nhat trén
mot sb quan diém co ban, quan trong vé i luan cling nhu vé thyc tién:

v' Mot 13, nhitng yéu t6 bam sinh, di truyén 1a diéu kién can thiét ban dau
cho su phat trién nang luc. b6 1a diéu kién can nhung chua du (dong vat bac
cao séng voi nguodi hang ngan nim van khong cé nang luc nhu con ngudi vi
chung khong c6 cac tu chit bam sinh di truyén 1am tién dé cho su phat trién
nang luc).

v’ Hai I3, nang lyc con ngudi c6 ngudn gbe XH, LS. Mudn mot ngudi ciia
thé hé sau duoc phat trién trong thé gi01 tu nhién, XH da duogc cac thé hé
trude cdi tao, xay dung va dé lai cac ddu 4n d6 trong moi truong van hoa - Xa
hdi. Con nguoi khi lot long me da co sén cac t6 chit nhat dinh cho su phat
trién cac ning luyc twong Gmg, nhung néu khong c6 moi truong XH thi ciing
khong phat trién dugc.

v/ Ba 13, ning luc c6 ngudn gdc tir hoat dong va 1 san phim cua hoat
dong. Séng trong moi truong XH tu nhién do céc thé hé trudc tao ra va chiu

su tac dong cua no, tré em va nguoi lon & thé hé sau khong chi don gian sur
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dung hay thich mg v&1 cac thanh tyu cta cac thé hé trude dé lai, ma con
chiém finh ching va quan trong hon 1 céi tao ching dé khong chi dat dugc
céc két qua “vat chit” ma con tao ra tién dé mai cho hoat dong tiép theo.

Tém lai, ngay nay khoa hoc cho ring ning luc, tai ning 1 hién tuong
c6 ban chit ngudén gbc phuc tap. Cac td chat va hoat dong cua con ngudi
tuong tac qua lai voi nhau dé tao ra cac nang luc, tai nang. Vay dao tao co
hiéu qua nhat 1a
dua HS vao cac dang hoat dong thich hop.

1.2.2. Khai niém vé ning lwc, ning luc Toan hoc.
1.2.2.1. Khai niém vé ning lue.

Theo nha tam 1y hoc Nga ndi tiéng V.A.Cruchetxki thi: "Ning luc dugc
hiéu nhu 1a: Mot phtic hop cac dic diém tam Iy ca nhan cia con ngudi dap
mg nhitng yéu cdu cua mot hoat dong nao d6 va la diéu kién dé thuc hién
thanh cong hoat dong do" [17 - Tr 15].

Nhu vay n6i dén ning luc 1 ndi dén mot cai gi d6 tiém an trong mot ca
thé, mot thir phi vat chat. Song nd thé hién ra duwoc qua hoat dong va danh gia
dugc nd qua két qua hoat dong.

Thong thuong, mdt ngudi duge goi 13 ¢6 nang luc néu ngudi d6 nam
vimng tri thue, ki nang, ki xdo cua mot loai hoat dong nao d6 va dat duogc két
qua tot hon, cao hon so véi trinh d6 trung binh ctia nhilg ngudi khac cing
tién hanh hoat dong d6 trong nhirng diéu kién va hoan canh twong dwong.
Nguo1i ta thuong phan bi€t ba trinh do ctia nang luc:

v Nang lyc 13 tong hoa céc Ki ning, ki x4o.
v' Tai nang la mot t6 hop céc nang lyc tao nén tién dé thuan loi cho hoat
dong co két qua cao, nhiing thanh tich dat duoc nay van nam trong khuon kho

cua nhiing thanh tyu dat duoc ctia XH loai nguoi.
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v/ Thién tai 12 mot to hop dic biét cac ning luc, nd cho phép dat duoc
nhiing thanh tyu sang tao ma c6 y nghia lich st v song.

Khi n6i dén nang luc phai noi dén nang luc trong loai hoat dong nhat
dmh cta con nguoi. Nang luc chi ndy sinh va quan sat dugc trong hoat dong
giai quyét nhitng yéu cau dit ra.
1.2.2.2. Khai niém nang luc Toan hoc.

Vé khai niém nang Iluc Toan hoc, theo nha tdm 1y hoc ngudi Nga
V.A.Cruchetxki sé& duoc giai thich trén hai binh dién:

v Nhu 1a cac nang luc sang tao (khoa hoc) - cac nang luc hoat dong toan
hoc tao ra duoc céac két qua, thanh tyu mdi, khach quan va quy gia.

v/ Nhu 1 cac ning luc hoc tap gido trinh phd thong, finh hoi nhanh chong
va co két qua cao céc kién thirc, ki ning, ki xao tuong tmg.

Nhu vay, nang luc toan hoc 1a cac dac diém tAm Ii c4 nhan (trudce hét 1a
céc dic diém hoat dong tri tu¢) dép tmg duoc céac yéu cau ctia hoat dong hoc
toan va tao diéu kién linh hoi cac kién thire, ki nang, ki xao trong linh vuc
toan hoc twong dbi nhanh, dé dang va siu sac trong nhiing diéu kién nhu
nhau.

Ciing theo V.A.Cruchetxki: Co 8 dic diém hoat dong tri tué cua HS c6
nang luc Toan hoc la:

v Kha nang tri giac ¢ tinh chét hinh thic hoa tai liéu toan hoc, gén lién
voi su thiu tom nhanh chong céc cau triic hinh thirc cta ching trong mot bai
toan cu thé vao trong mot biéu thirc toan hoc.

v Kha nang tu duy c¢6 tinh khai quat hoa nhanh va rong.

v’ Xu thé suy nghi bang nhiing suy 1y rit gon.

v" Su tu duy 16gic lanh manh.

v’ Tinh linh hoat cao ciia cac qua trinh tu duy thé hién &:

- Su xem xét cach gidi cac bai toan theo nhi€u khia canh khéac nhau.
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- Su di chuyén dé dang va ty do tir mot thao tac tri tué nay sang mot thao
tac tri tué khéc, tir tién trinh suy nghi thuén sang tién trinh suy nghi nghich.

v' Xu huéng tim tdi cach giai t6i wu cho mot van dé toan hoc, khat vong
tim ra 161 giai rd rang, don gian, hop 1y, tiét kiém.

v Tri nhd c6 tinh chit khai quat vé cac kiéu bai toan, cac phuong thirc
giai, so d6 lap luan, so do 1ogic.

v Kha ning tu duy 16gic, triru twong phat trién tot. [17 - Tr 159, 160]
1.2.3. Khai niém vé ning luc giai toan.

Trén day da noi dén khai niém nang luc, nang lyc toan hoc. Nang luc
giai
toan 13 mot phan cua ning luc toan hoc. Vay ning luc gidi toan 13 gi va thé
hién nhu thé nao?

Ning luc giai toan 1a kha ning ap dung tién trinh thuc hién viée giai
quyét mot van dé cé tinh hudng dich cao, doi hoi huy dong kha ning tu duy
tich cuc va sang tao, nhim dat duoc két qua sau mdt sd bude thuc hién.
[18 - Tr 20]

Nhu vay, mot ngudi duge coi 1a ¢d ning lyc giai toan néu nguoi do
nam virng tri thirc, ki nang, ki xao ctia hoat dong gidi toan va dat dugc két qua
t6t hon, cao hon so vdi trinh d§ trung binh cua nhimg nguoi khac ciing tién
hanh hoat dong giai toan d6 trong nhimg diéu kién va hoan canh twong
duong.

Tu dic diém hoat dong tri tu¢ cua nhitng HS c6 nang luc toan hoc va
khai niém vé ning luc gidi toan chung ta c6 thé rit ra mot sb dic diém va céu
trac cua nang luc gidi todn nhu sau.

v' Kha nang linh hdi nhanh chong quy trinh giai mot bai toan va cac yéu

cau cua mot 101 gidi, bict trinh bay 101 gidi 6 rang, dep de.
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v Sy phat trién manh cua tu duy 16gic, tu duy sang tao thé hién & kha
nang lap luan chinh xac, vé quan h¢ gitra cac dir kién ctia bai toan.

v/ C6 nang luc phan tich, tong hop trong linh vuc thao tac voi cac ky hiéu,
ngdn ngit toan hoc. Kha ning chuyén doi tir didu kién ctia bai toan sang ngon
ngtr: Ky hi¢u, quan h¢, phép toan gitra cac dai lugng da biét, chua biét va
nguoc lai.

v' C6 tinh doc 1ap va ddc dao cao trong khi giai toan va su phat trién cta
ning luc giai quyét van dé.

v' C6 tinh tich cuc, kién tri vé& mit v chi va kha nang huy dong tri 6¢ cao
trong lao dong gidi toan.

v/ Kha nang tim toi nhiéu 101 giai, huy dong nhiéu kién thirc cing lic vao
viéc giai bai tap, tir do lua chon duoc 101 giai t6i uu.

v' C6 kha nang kiém tra céac két qua da dat duoc va hinh thanh dugc mét
s6 kién thirc mai thong qua hoat dong gii toan, tranh duoc nhitng nham 14n
trong qua trinh gidi toan.

v' C6 kha niang néu ra duoc mot s6 nhimng bai tip tuong tu cung véi cach
giai (c6 thé 1a dinh huéng giai, hodc quy trinh c6 tinh thuat toan, hodc thuat
toan dé giai bai toan do).

v C6 kha niang khai quat hod tir bai toan cu thé dén bai toan tong quat, tir
bai toan c6 mot sd yéu td tong quat dén bai toan c6 nhiéu yéu td tong quat,
nho cac thao tac tri tué: Phan tich, so sanh, téng hop, tuong tu, triru tugng, hé
thdng hoa, dic biét hoa.

Ban vé ning luc, ciing c6 ¥ kién cho rang: Niang luc 13 do thuong dé
ban cho. Song nhiéu ¥ kién cho rang d6 chi 1d mot phan nho, con phan nhiéu
1a do sy tich uy, su boi dap, su hoc hoi, rén luyén ma c6. Qua qua trinh hoc
tap HS s& duoc bd sung cac kién thirc, dugc trang bi cac phuong phap, tir d6
ning luc giai toan duoc tang lén. Mot phan do HS phai c6 ¥ thirc tu ting thém
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ning luc cho minh, mot phan do céc thay ¢6 gido hudng dan, rén luyén. Chinh
vi vy chiing toi rit dé cao céc bai 6n tap, boi chiung da gop phan khong nho
trong viéc rén luyén nang luc gidi toan cho HS.

Tém lai, dé rén luyén ning luc giai toan cho HS, phuong phap tot nhat
1a dua ra mot hé thong bai tp nhdm giup cho HS nidm viing tri thirc, phat
trién tu duy, hinh thanh ki ning, ki x4o tmg dung toan hoc vao thuc tién.

1.2.4. Niing luc giai toan Hinh hoc phang va Lugng gidc bing So6 phiic.

Ttr nhitng nghién ctru 1y thuyét vé nang luc, ning luc giai toan ta ¢ thé
hiéu 13: Nang lec gidi todn hinh hoc phang va lwong gidc bang so phire ciia
HS la nhitng ddc diém tam 1y cd nhan, dap vmg cao yéu cau linh héi tri thikc
vé gidi todn hinh hoc phang va lwong gidc bang sé phirc, ¢é kha nang huy
déng cdc kién thire, cdc kj nang khoa hoc, cdc cach thire gidi quyét van dé
trong hoat dong gidi todn hinh hoc phang va lwong gidc bang sé phirc huéng
dén viéc tao ra cdc phdm chdt tw duy c6 tinh méi mé, ¢é gid tri doi véi ban
than HS.

Hoc sinh biét sir dung s6 phic nhu mot cong cu dé giai toan s& gop
phan boi dudng ning lyc giai toan. HS c6 thém mot cach mai dé giai toan
hinh hoc phing, ¢6 cach tiép can mdi voi lwong gidc, nhimg kién thtc, bai
toan ma co thé cac em di biét. Qua do, xdy dung cho HS mét co sd tu duy
méi 1am nén mong cho viéc tiép can vo1 cac tri thirc cao hon & cac bac hoc
cao hon.

Co thé xac dinh mot sb ning luc co ban giai toan hinh hoc phing va
lvgng giac bang sé phuc ciia HS qua mot sé ning huc cu thé sau.
> Ning lyc 1. Ning lyc nhdn biét bai todn hinh hoc phing va luwong
gidc c6 thé gidi dwoc bang so phirc.

Vi du 3. Trong mit phang toa d6 cho tam giac ABC, véi cac dinh A(1; 0),
B(0; 3) va C(-3; -5).
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1) Xé4c dinh diém | thoa man diéu kién: 21A —3IB +2IC =0.
2) X4c dinh trong tdm G cua tam gidc ABC va diém D sao cho tir giac
ABCD la hinh binh hanh.
¥ Vi c6 thé d6ng nhat mdi sé phirc voi mot diém trong mit phang toa do
Oxy nén tur gia thiét cta bai toan ta c6 thé xac dinh duge toa dd cta cac diém |
hay G thong qua thong qua viéc biéu dién diém va vecto theo toa do phirc. Vi

vay bai toan c6 thé giai dugc bang s6 phuec.

Loi giai. ]
1) Xac dinh diém | thoa man didu kién: 318
21A — 3B + 2IC = 0. o \
Goi toa @0 clia cac diem |, A, B vaC .
a 1(z,), A@), Bb) vaC(c). ffffffffff .
Khido tacod C ____________ 5

2IA — 3B + 2IC =0
<2@-z,)-3b-z,)+2(c-z,)=0

<2a-22,-P-3,+2c-22,=0
o2a-b+2x-2,=0z,=2a-b+2C

Trong mat phang phuc thia= 1, b = 3i, vac = —3-5i.
Vi viy z,= 2-9 —6-10i = —4-19i. Suy ra diém | co toa do
| (~4: -19).

2) Goi G la trong tdm cua tam giac ABC va c6 toa do G(g), khi do

@:OA + OB + OC

, tir do suy ra

a+b+c  1+3i-3-5i 2 2.

3 3 3
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Vay diém G c6 toa do 13 G (%2 ‘?2)

v/ Nhan xét rang & vi du 2, HS van thuong 1am bang phuong phép toa do,
Xuét phat tir viéc goi toa do cua diém | (x; y) vaap dung biéu thirc vecto da
cho. Ttr d6 tinh duoc toa dd cua | nho tinh chat ctia hai vecto bang nhau. Nhu
vay, néu str dung s6 phuc dé giai bai toan nay thi c6 mot thuan loi noi bat do
1 mdi diém chi c6 mot toa do phtic, con theo cach cii ta phai xadc dinh duoc
hai toa do.

Vi du 4. Ha bac f (x) =cos’x.

¥ Yéu cdu cua bai toan 13 bién doi cac lily thira bac cao cua cosx hay
sinx nhu: cos" X, sin"x va cos’X.sin’x thanh téng chira cac sb hang bac nhét
d6i voi cosax hay sin Ax. Nhu vay bai toan co thé sir dung cong thirc Euler
dé giai quyét, tic 1a co thé giai duge bang s phic.

Loi giai.
.
Tacof(x) = cos’x = {%} :

Suy ra f(X) — %[eﬁx +462ix+6+4e—2ix +e_4ix:|

o f(x) = %[ e+ +4e™ 4 +6]
<fx) = % 2C0s4x +4.2.c0s2X +6

Vay cos*x = 1cos4x + 1cost + §.
8 2 8

Can cha ¥ rang néu ha bac thanh thao va biét két hop véi cong thirc

Moivre chiing ta s& c¢6 phuong phap giai quyét cac phuong trinh lrgng giac
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bac cao hodc phuong trinh luong gidc ¢6 chira biéu thire cia sin va cdsin clia
cung boi rat hiéu qua.
*  Ning luc 2. Ning lwc thiét lip hé truc toa d trong mdt phing phikc.

* Dé thiét 1ap mot hé truc toa do dbi voi nhitng hinh co ban thi khong
kho6. Tuy nhién dé Iya chon mot hé truc toa do thich hop, dé dang phién dich
duoc bai toan sang ngdn ngir sd phire, d& dang phat hién va thiét 14p cac moi
quan hé cua bai toan, tir 6 c6 cach giai quyét ngan gon, rd rang thi lai khong
d&. Do d6 biét cach chon hé truc toa do sao cho phu hop véi hinh v, tir d6 ta
c6 thé thiét 1ap cac toa d6 phic dua vao vitri ciia diém va dan dén giai quyét
bai toan dé dang.
Vi du 5. Bai toan tryc tam.

Cho tam giac ABC, goi H Ia tryc tim va O 13 tim dudng tron ngoai tiép

tam giac.

1) Ching minh rang: OH = OA + OB + OC.
2) Chtng minh rang diém ddi xtmg ctia H qua mdi canh ctia tam gidc ABC
thudc dudng tron ngoai tiép tam giac do.

Loi giai.

1) Goi M 1a diém tuy ¥ thoa min

OM =O0OA + OB + OC.
Suyra OM - OA =OB + OC =201,

voi | 13 trung diém cua BC. Vi Ol 1a trung truc

ciia doan BC nén tr OM = 201 fta suy ra
AM L1 BC . Vay M thudc dudng cao xuat phat tir A.
Tuong tuy nhu thé ta ching minh duge M thudc dudng cao xuit phat tir

B va C. Vay néu M théa mén OM = OA + OB + OC, thi M i tryc tAm H

cua tam giac ABC.
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2) Chon toa dg: Goi O 1a gbe toa do va truc hoanh 1a duong thang qua O
va song song voi BC.

Pit a, b, ¢, h twong tmg 13 toa dd phic cua cac diém A, B, C va H.

+ Dua vao hé thic OH = OA + OB + OC , tac6h=a+b+c.
+ Tacd BH va BH 'l hai vecto d6i xtrng nhau qua truc BC. Vay toa d§
ctia hai vecto BH va BH ' Ia hai s6 phuc lién hop.

Tacoh'=b = h—b = h-b.

Dodé h'-b =a+v = h+b+c-b = a+c. Suyrah'=a+c+b.
Mit khac B va C dbi xtng nhau qua truc 4o nén ¢ +b =0, suyrah' =a.
Diéu nay chimg to H’ la diém d6i xing ctia H qua truc Ox thudc dudng
tron ngoai tiép tam gidc ABC.
Vi du 6. Cho ba hinh vudng duoc biéu dién nhu hinh v& dudi day.

Hiy so sang tong o+ S Va 7.

Loi gidi. Chon h¢ truc toadd A, AB, AH . Tu hinh v& ta d& dang suy ra toa

d6 phirc ciia cac vecto AE, BE VACE lan luot 1a 3+i, 2+i val+i va
o, f, 7 tuong Gng 1a acgumen ctia nhing s phtc nay.

Tacéd H

G
y = CD,CE = AB,CE -
/
B

= arg z,. = arg l+i

T
4 A B C D

—_— — e —

a+p = AB,AE + BC, BE

= AB,AE + AB,BE =agz_ + argz.

= arg 3+i + arg 2+i = arg| 3+i 2+i |.
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Vi 3+i 2+i =5 +5ivaarg 5 +5i = % nén ta c6 két qui
a+p =y = %
> Ning luc 3. Ning luc chuyén doi giita ngon ngiv hinh hoc thong
thuwong sang ngén ngii so phiic.
Vi du 7. Cho hinh binh hanh ABCD.
1) Ching minh rang: MA?+MC? - MBZ2?+MD? I3 hing s6 khong
phu thudc vao vi tri ctia diém M.
2) Tim quy tich cua diém M sao cho
MA?+MC?+MB?+MD? =k* kel
* Nhén thdy rang trong cac biéu thtc trén c6 chira binh phuong d6 dai
ctia cac doan thang. Cac dai lugng do6 ciing chinh 1a binh phuong modun cua
cac s6 phuc tuong tmg. T d6 ap dung céac kién thic vé s6 phuc ta dé dang
suy ra yéu cau ctia bai toan.
Loi giai.
Pit giao diém cua hai duong chéo hinh

binh hanh tring véi gbc toa dd O. Khi d6 ta c6

toa do cua cac diém la

M(z,), A@), B[), C(c) vaD(d).
1) Ta tinh MA®, MC?, MB?*, vaMD”* la ‘

binh phuong ctia modun cac s6 phic.
Khi dé tacé:

_ , , - -
—za = [a| +[z,| —az,-z..

, - - - = =
MA"= a-z, a-z, = aa-+z,Z,-az,

Tuong tu ta co:

MB?= b-z, b-z, =bb+z,z,-bz,~z,b = | +[z,| ~bz, —2z,b.
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MC?= c-z, C-z, = CC+2,2,—CZ,~2,C = | +[z,| —cz,~2,C.
MD?’= d-z, d-z, =dd+z,z,-dz,~z,d = [d| +[z,| —dz,-z,d

Txdosuyra MA?+MC? - MB?+MD? =

af +c - b[+d[ -z,a+c -z,a+c +z,b+d +z, b+d

= la|’ +[[ -p|" - = OA*+0OC*-0OB*-OD"

= 20A%— 20B?, khong doi.

2) Str dung cac két qua ctia phan trén ta co

MA?+MC?+MB*+MD’ = 4lz,| +fa| +p[ +[c| +d[

~z,a+b+c+d -z, a+b+c+d

= 4lz,[ +[a +b[ +[c| +[d
= 40M?*+0A* +OB*+0C*+0D*
= 40M?* +20A% +20B?

Tiu d6 suyra MA?+MC?*+MB?+MD?=k* kel

‘2

< A0M?+20A%+20B%=k* kel

& OM? = K _20A4_ZOB kel .

Vay ta c¢6 céc truong hop sau.
- Néu k? < 20A?+20B? thi quy tich M 1 tip rdng.
- Néu k? = 20A?+20B% thiOM? = 0 & M = O. Do d6 quy

tich ctia diém M 1a tap hop gom c6 mot diém O.

_ Néu k? > 20A% +20B? thi OM? = %\/kz— 20A? + 20B° .

Do d6 quy tich ctia diém M 1a duong tron tam O, béan kinh

R = 1\/k2— 20A%+20B? .
2

Vidu 8.
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Cho n diém A(x;y,) va n+1 so thuc k vé6i j=Z1..,n ma

k,+k, +...+k = 0. Tim tip hop cic diém M sao cho
kMA? +k,MA? +...+k MA * =k .

Loi gidi.

Ta cho tuong umg cac diém A (X;;y,) Vb1 céc diém co toa do 1a
A(z), j=1..n.Giasirdiém M (z) v6i z =x +iy .
Taco

kMA? +k,MA 2 +...+k MA * =k

<k z,-7 7,-7 +k, 2,-7 Z,-7 +..+kKk z -z Z -7 =Kk

kJZ_J ijzj ZkJZJZ_J —k n
o 77 — J=i] 7 _ J=i] 7 o4 it . -0 (do ij 7&0) 1.2
J.Zzl:kl Jzzl:kj JZ:l:kj j=1

o Ben)Ben) | kB
Dat g = N va fB'= ik
(+)
n kiz,
o Néu p> p' thi tip hop cac diém M 13 dudng tron c6 tim la 2= va ban

2.k

j=1

kinhR=3- 3.

>

j=1

, 7 o2k,
o Néu p=p'thi tap hop cac diem M la mot di€m — .
k.

n
. J
j=1
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o Néu g < p' thi bai toan v nghiém.
Chuyén phuong trinh (1.2) vé dang thuc.
Ta c6 phuong trinh (1.1) twong duong v&1 phuong trinh:

n n
(ijjzz_ -k, zZz+27 -k, 7z+2,7 —..-k, 7,2+2,7 +D kzZ =Kk.
=1

_ i
j=1

(1.3)

— = _ . 5 _ . A = 2 2.
Thay Zz+2,7 = 2; Re 7z = XX, —Yy, va ZZ, =X +Y,;

27 = x?+y? vao (1.3) ta dugc.

ijxj ijyj ij xj2+yj2 -k
+y? -2 —x + 2=

2K, 2K 2K

i=1 j=1 =1

X2

> Ning luc 4. Niang lwe siv dung linh hoat cic kién thirc vé sé phikc.

¥ S6 phire 1a noi dung tuong d6i khd ddi véi mie do nhan thic cia HS
bac phd thong. Viée giai cac bai toan hinh hoc phang va lugng gidc bang sb
phirc doi hoi nguoi giai toan khong nhiing phai nim viing cac kién thic co
ban vé sb phirc ma con phai c6 kha ning str dung, van dung cac kién thirc vé
$b phtic tuong dbi thanh thao, linh hoat, c6 kha nang lién h¢, chuyén doi ngon
ngit ctia bai toan. Cu thé:

Phai c6 kha nang sir dung thanh thao céac bai toan co ban cia sd phirc
nhu: Biéu dién sd phic trén mit phang phirc, xac dinh modun va acgumen
ctia s6 phirc, s6 phuc lién hop, nang lily thira va khai cin bac n cua mot sb
phtrc... Biét va thanh thao trong cac bai toan tap hop diém, xac dinh toa do
ctia s6 phirc, phuong trinh dudng thiang trong mit phang phirc... Van dung

linh hoat cac cong thirc Moivre, cong thie Euler,...
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Trén co s& nam viing cac kién thic vé sb phirc va cac bai toan co ban,

HS c6 kha ning van dyng linh hoat cac kién thirc vé& s phtic vao cac tinh
hudng bai toan cu thé.
Vi du 9. Cho tam gidc ABC vdi trong tam G, truc tdm H va O 1a tdm duong
tron ngoai tiép tam gidc. Goi A, B, C, tuong Ung la trung diém cua
BC, CA, AB; A,, B,, C, la chan duong cao tuwong ung ké tr A, B, C ;
A, B, C, la trung diém cic doan AH, BH, CH (cac diém Euler).
A, B, C, lacac diémdéixfmg cua Hqua BC, CA, AB.

1) Chimg minh rang: O, G, H thing hang va OH = 30G .

2) Ching minh chin diém A, A,, A,, B,, B,, B,, C,, C,, C, nim trén

mot dudng tron tim Oy 13 trung diém OH, R, = %, v6i R 1a ban kinh
duong tron tam O.
3) Chimg minh A,, B,, C, thuoc duong tron (O) ngoai tiép tam giac
ABC.
Loi giai.
1) Ta chon dudng tron ngoai tiép tam giac
ABC lam duong tron don vi. Gia sir rang toa do
ctia cac dinh lan luot 13 A@), B(®) va C(). .

Goi M Ila trung diém ctia BC, suy ra M ¢6 toa vi

la M (b%cj Mat khac ta c6 AG = %m nén

a+b+c

suy ra toa do ctia diém G 13 G ( j . Bay gio ta tim toa do ctia diém H.

Phuong trinh dudng cao di qua A la dudng thang di qua A va vudng

gocvéi c—b la; c-bz+c-bz-c-ba-c-ba=0
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Tuong tu duong cao di qua B ¢6 phuong trinh la:z -b = ac z-b
(1.5
Vi H 14 giao ctia cac dudng cao di qua A va B nén ta c6 toa do ctia diém
z-a=bc z-a (4)

H 1a nghiém cua h¢ -
z—-b=ac z-b (5)

Nhan hai vé ctia phuong trinh (4) voi a , ctia phuong trinh (5) v6i b sau
d6 lay phuong trinh (4) trir vé v&i vé cho phuong trinh (5) ta dugc
a-b z=a*>-b’-bc+ac,suyraz=a+b+c (doa=b).
Viay toa 6 cta diém H 1a H (@ +b+c).

a+b+c

Mat khac do G ( ) nén suy ra ba diém O, G, H thing hang va

OH = 20G.
2) Ta cé Al(b%cj, B{%), c(?)
e Tatimtpadocua A, B,, C,.
Phuong trinh dudng thang BC c¢6 dang: b—c z+ c—b z+bc—ch=0.

Bién d6i ta dugc phuong trinh trong duong

b-C z+ c—b z+bc—cb+bb-b = 0
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do d6, phuong trinh duong thing BC I z-b=-bc z-b .
(1.6)
v z-a =bcz-a (4)
Toa do cua diém A, 1a nghiém cua h¢ o
z-b = -bcz-b. (6)

Cong vé v6i vé phuong trinh (4) va (6) ta duoc

7 = Ea+b+c—§bc = (a+b+c_b_cj.
2 2 2a

A . a+b+c bc , .
Suy ra toa do cua A; la Az( > —2—) Tuong tu ta co toa do cua
a

B 2

L (a+b+c ac) (a+b+c abj
cac diém B, — |, C, :
2 2b

e TatimtoaddocuaA,, B, C,.

Theo trén ta co As(a +b%cj B{b+%j, Cz(c +¥j.

Goi E () 1a trung diém ctia doan OH , suy ra toa vi E (a +b+cj.
Ta co:
> EA = —e| = b+c a+b+c| _ fa] _ 1
| 2 2 | 2] T 2
1
Tuong ty EB, = EC, = >
> EA, = fa, | = a+b+c bc a+b+c| _|bc) _ 1.
2 Za 2 Za 2
1
Tuong ty EB,= EC, = >
> EA,= |, —¢| = aer+c_a+b+c| P _1
2 2 | 2] T 2
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Tuong ty EB,= EC, = %

3

Vay chin diém A,A, A, B,B, B, C,C, vaC, cung thugc mot

S g L 13 R
duong tron c6 tam Eva ban kinh la R, = >

3) Tim toado cua A,(a,), B,(,), C,(c,).
Phuong trinh dudng thang BC ¢ dang:
b-cz+c-bz+bc—ch =0
& ib-cz+ic—bz+ibc—cb = 0.

Do H a+b+c vaA, la diém dbi xtimg ctia H qua BC nén

ic—b a+b+c +ibc—cb
a, = — —
I b-c

c—b a+b+c + bc—cb

hay a, = - _
y 4, b—c
bc ac ab
Suyraa,= ——. Tuongtutacob,= ——, c,= ——.
y 4 a glurtacob, b 4 c
N bc
Bay gio xét OA, = ‘a4—0‘ =5 1. Twongtyu OB, = OC, = 1.

Vay A, B4, C, cling thudc dudng tron ngoai tiép tam giac ABC.
Vi du 10. Cho céc s6 thuc X, y Vva z thoa méin
sinx +siny +sinz = 0 va cosx +cosy +cosz = 0.
Chung minh rang
sin2x +sin2y +sin2z = 0 va cos2x +cos2y +cos2z = 0.

Loi giai.
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bdt z, = cosx + isinx, z,= cosy + isiny va z,= cosz + isinz.

Khidé tacoz,+z,+2,=0, va

2| = lz| = [z =1.

2 52 2 2 2
Tacodz, +z,+z, = z,+2,+7, —-2112,+7,7,+7Z,
1 1 1 o
= -222272,|— + — + — | = -2222,7, + 7, + Z,
Zl ZZ 23
= -22227,2,+2,+7z, =0
Tu d6 suy ra
Zl+2.412; = COS2X +COS2y +C0S2z + i Sin2x +sin2y +sin2z = 0.

Vay ta co sin2x +sin2y +sin2z = 0 va cos2x +cos2y +cos2z = 0.
> Ning luc 5. Ning luc két hop giiin hinh hoc thong thuwong va sé
phike, gifva cdc kién thive co bdn ciia licong gidc, dai so va sé phiic.

¥ Su két hop nhuan nhuy@n giita hinh hoc thong thudng va sé phuc gitp
ich nhiéu cho qua trinh giai toan hinh hoc phang bang coéng cu sd phiic. Ngay
tir khau du doan viéc bai toan cé thé sir dung cong cu sb phtc hay khong,
khau thiét lap hé truc toa d0 sao cho thich hop, khau chuyén doi ngon ngr,
khau giai quyét bai toan trung gian,...

¥ Trong qua trinh giai quyét bai toan hinh hoc phang bang s phuc, viée
thuan tiy sir dung s6 phiic cho ca 10i giai cua bai toan chua chic di dem lai
mot 101 giai gon gang, voi mot sd bai toan néu khéo 160 van dung ca ki ning
giai toan hinh hoc phang thong thuong va stir dung sd phic nhu mot cong cu
giai toan thi s& cho ta mot két qua nhanh chong hon, mot 1o giai gon gang va
xuc tich hon. T4t nhién dé 1dm dugc diéu d6 thi ngudi giai toan phai hiéu mot
cach thau ddo va co ning luc két hop giita hinh hoc phang giai bang cach
thong thuong va sir dung sb phirc dé giai toan.

¥ Luong gidc 1a mot ndi dung ma 1au nay van duoc xem 1a phirc tap va

khé ddi véi HS pho thong. Vi nhitng bai toan lugng giac ma ¢ d6 c6 chira

S6 hoa bai Trung am Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



www.VNMATH.com
37

cac dai luong bac cao ciia cac ham sé lwong gide, cac biéu thirc chira cac cung
boi cua cosin (hodc cua sin) nhu: cosnx (hoac sinnx ); cac bai toan tinh téng
day sb v6i cac s6 hang lwong gidc; cac bai toan tinh gidi han cua cic tong ndy
thi qua 1a nhiing bai toan gay khong it kho khan cho cac em HS. Tuy nhién,
day lai 1a ndi dung quan trong ctia chuong trinh toan pho thong va dic biét 1a
thuong gip trong cac ky thi. Vi vay viéc gioi thiéu cho cac em HS mot
phuong phap méi d6 1a str dung s6 phitc dé giai quyét cac bai toan nay s&
phan nao gay hirng thi hon cho HS khi lam cac bai toan vé lugng gisc. Qua
d6 gitip cac em oOn tap, khic siu céac kién thic co lién quan nhu: Pai s tO
hop, gidi han,...

Vi du 11. Cho tam gi4dc ABC véi diéu kién d6 dai phan giac trong va ngoai
bang nhau. Ching minh ring AC?+BC?=4R? (véi R 14 ban kinh dudng
tron ngoai tiép tam gidc ABC ).

* Bai toan nay kha quen thudc & pho thong, dé giai quyét bai toan nay HS
c6 thé xuat phat tir nhiéu hudng v&i nhimg cach bién d6i khac nhau. Tuy
nhién doi hoi HS phai kha thanh thao vé ki ning bién d6i vecto va cac phép
bién ddi so cép thong thuong. St dung sb phtic, dac biét 1a cac kién thirc vé
toa d6 phtic, két hop véi nhing kién thirc thong thudng cua hinh hoc phing
va vecto ching ta ¢ 10i giai tuong d6i gon gang cho bai toan nay.

Loi giai.
Goi CI 1a phan giac trong cua

goc C, CM la phan gidc ngoai cia

géc € , suy ra CM LCl va CM =ClI
(theo gia thiét).

M 0 A l B

Goi O la trung diém cta MI, OC 1a tryuc 4o va Ol 1a truc thuc. Khi d6

0(0), Az, z,=a, B(z,), z,=b, C(z,), z,=ic, M(z,), z,=—, 1 (z,), Z, =C.
Do CI 1a phan giac trong ctia tam giac ABC néntaco
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suyra 3_21 23__1 _ Z5_21 2_5__1
22—23 22_ 3 Z2_25 22_ 5
2 . . 2 2 2
PN c—a B —-a—+IC —a —ClI PN Cc—a _ a +C
b—c’ b—ci b+ci b—c ° b? +c
< a-b c’-ab = 0.
2 2
Tudosuyrab = —,dodo B| —+i0
a a
Vay ta co
c’ a*+2ac’+c
AC?+BC’* = a’+c”+b°+c” = a”+c*"+5+c” = -
a a
a?+c?)
Twdosuyra AC*+BC? = ( j (1.7)
a

Goi E 13 tim duong tron ngoai tiép tam gidc ABC , E ).

AE =EC AE?*=EC?
Suy ra
AE =EB AE?=EB°
z,-a z,-a = 1z,—-ic Z +ic
<
z,-a Z,-a = z,-b z,-Db

0

2,7, —az, —az, +a’ = 2.z, +icz, —icz, +c*
2,7, —az, —az,+a’ = z,z, —bz_ —bz, +b’

a+ic z,+ a—ic z, +c*-a’ =0

0

a-bz +a-bz +b*-a* =0

(az +C? )
cl, suyrak + Cl |.
2a

. c?
voib = —, suyraz, =
a

Mat khac ta lai co
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2 2 2 2 2 2\?
4R?= 4CE? = 4/ 2 Lcici |2 tei—ci| = [2FC (L.8)
2a 2a 2a

Tu (1.7) va(1.8) tasuyra AC*+BC?=4R?.
Vi du 12. Giai phuong trinh lugng giac 32cos°x — cos6x = 1.
* Pay la mot trong nhitng phuong trinh lugng gidc thudc dang:
R (sinx, cosx, tanx, cotx, sin2x, cos2x, tan2x, cot2x, ...) = O.
Dang phuong trinh nay c6 thé duoc bién doi thanh:
R (sinx, cosx, sin2x, cos2x, ...) = 0.

Vi ham s6 luong gidc clia cac cung bdi ¢ thé biéu thi mot cach hiru ti
theo cosx Vva sinx nén phuong trinh c6 thé dwa vé& dang
R(sinx, cosx) = O.

Tuy nhién phuong phap tong quat nay nhiéu khi phic tap vi ta phai
biéu thi ham s6 luong giac ciia cac cung nx theo cosx hay sinx . Vi viy, ta
c6 thé ding cong thire Moivre: cosX +isin x " =cos nx +§in nx va nhj
thirc Newton dé tim ham sb Iuong gidc cosin (hay sin) ctia cac cung nx theo
cosx hay sinx.

Nhu vay véi cac phuong trinh hrong giac ma trong d6 c6 ham sb lwong
gidc clia cac cung boi thi ta phai tiy theo timg phuong trinh cu thé ma ¢
phuong phép giai cho thich hop.

Loi giai. Ta dua vé cosin cua cung X.
Theo cong thitc Moivre: cosx +isin x ° =cos6 x +dn6 x .  (1.9)

Mt khéc, theo khai trién Newton :

COSX +isinx
_ . 2 - - 6
= C,cos°x + C,cos’x isinx + CZcos'x isinx “+...+C; isinx ,

hay cosx +isinx = = cos®x —15c0s*xsin’x +15c0s2xsin*x —sin®x
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+1i 6cos°xsinx —20cos’x sin®x +6cosx sin®x . (1.10)

Tu (1.9) va (1.10) suy ra:
cos6x = cos°x —15cos*xsin’x +15c0s’xsin‘x —sin®x .
Ap dung cong thirc sin®x = 1—cos*x , ta dugc:
cosbx = 32cos°x —48cos*x +18cos’x —1. (1.11)
Thay (1.11) vao phuong trinh da cho ta duogc:
32c0s°x — 32c0s°X +48cos’x —18cos’x +1 = 1
< 48cos*x —18cos’x = 0
< 6cos’x 8cos’x -3 =0
{COSZX:O X=£+k7z, keZ

=
2 —
8cos’x —3=0 coszx:g

x =" t+kz
2

X = iiarccos(—1j+k7r, keZ .
i 2 4

Vay cac ho nghiém cua phuong trinh da cho la:

X :£+k75, X = J_riarccos —Ej+k7r.
2 2 4

Vi du 13. Hay tinh cos5x theo cosx . Tur do suy ra gia tri ciia cos%.
Loi giai
» Theo cong thic Moivre:  COSX +isinx ~ =cos5 x +d9n5 X .

(1.12)
Mit khéc, theo khai trién Newton :

a+b " =a®+5%+10abh’ +10a%’ + 5ab* +b°.
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Vay ta co:
COSX +isinx © = cos°x —10cos*x sin?X +5cosx sin‘*x
+i 5cos*xsinx —10cos*x sin’x +sin°x . (1.13)
Tu (1.12) va (1.13) suy ra:
cos5x = cos’x —10cos’x sin®x +5cosxsin®x .
Ma sin®x = 1-cos’X.
Véay cosbx = co0s°x —10cos’x 1—cos’x +5cosx 1—cos’x i

16¢0s°x — 20c0s°*X +5CcosX.

» Dit x ==,
10

Theo trén ta co: coss—ﬂ = 1600351 — 2000331 +5003£,
0 10 10 10

hay cos5—7Z - cos” =0 Vay 16c0s° - — 20c0s* - +5¢c0s - = 0.
2 10 10 10

Nhu vay cos% I3 nghiém cta phuong trinh: 16x° —20x° +5x = 0, hay
phuong trinh: x 16x*-20x*+5 = 0.
Mit khac ta thiy ring do COS% # 0 cho nén COS% la nghiém cua

phuong trinh 16x* —-20x*+5 = 0. batt = x> t >0 , ta dugc phuong trinh
16t —20t +5 = 0
Nghiém cua phuong trinh nay la:

5-5 . 5++/5

t, = vat, = 3 t,>0,t,>0 .

1

Tur d6 suy ra cac nghiém cua phuong trinh da cho 1a
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Nhu vay COS% s& 14 mot trong cac nghiém nay. Nhin xét ring

cos” >0va0 < 2 < thi cos” > cos” (boivi ham sé cosx I3
10 10 1 10 4

\ J ‘n .5 s A T P ;A ,
ham s0 don di¢u gidm v&i X thudc doan [O; ED Do d6 ta chi can so sanh

Xy

5++/5

2
\ \ 2
va x,. Max; < Lg] . Vay cos% = X, = .

8
1.2.5. Boi dudng niing luc gii toan.

Trong bai tong luan ctia tic gia Tran Thiic Trinh “Nhin lai lich sir cai
cach ndi dung va phuong phép day - hoc toan & trudng pho thong trén thé
gi6i trong thé ki XX di dua ra muoi chi tiéu nang luc 1a:

a. Ning luc phat trién va tai hién nhitng dinh nghia, ki hiéu, cac phép
toan, cac khai niém.

b. Nang lyc tinh nhanh va cén than, st dung dung céac ki hi¢u.

c. Nang luc dich chuyén cac dit kién thanh ki hiéu.

d. Nang lyc biéu dién dit kién thanh ki hiéu

e. Nang luc theo doi mot hudng suy luan hay chirg minh.

g. Nang lyc xay dung mot chirng minh.

h. Nang luc giai mot bai toan da toan hoc hoa.

1. Nang luc gidi mot bai toan chua toan hoc hoa.

k. Nang luc khai quat ho4 toan hoc.

. Nang luc phén tich bai toan va xac dinh cac phép toan c6 thé ap dung

dé giai,
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Do dac thu cua b0 mon toan nén hoat dong giai toan la hoat dong
khong thé thiéu dugc cua nguoi hoc toan, day toan, nghién ctru vé toan. Trong
cudn “Sang tao toan hoc” G.Polya da viét: “... qud trinh giai toan 1a di tim
kiém mot 16i thoat ra khoi kho khin hodc mot con duong vuot qua trd ngai,
do6 chinh la qua trinh dat t61 mot muc dich ma thoat nhin giudng nhu khong
thé dat duoc ngay. Gidi toan 1a kha nang riéng biét cua tri tu¢, con tri tué chi
c6 & con nguoi. Vi vay gidi toan cé thé xem nhu mot trong nhitng biéu hién
dic trung nhat trong hoat dong ctia con nguoi...”” [20 -Tr 5].

Trong khi say mé giai toan, tri tué¢ con ngud1 dugc huy dong té1 murc
t6i da, kha ning phan tich va tong hop dugc rén luyén, tu duy trd nén nhanh
nhen. Bai toan ma ching ta c6 thé binh thuong khong giai duoc nhung né cé
khéu goi tinh to mo va budc ta phai sang tao va néu ty minh giai bai toan d6
thi ta c6 thé biét duoc cai quyén rii ciia su sang tao cung niém vui thing loi.

Mot diém chi ¥ nita 1a: “Trong qua trinh giai bai tdp toan can
khuyén khich HS tim nhiéu cach giai cho mot bai toan. Moi cach giai déu
dua vao mot sd dic diém nao d6 cua dir kién, cho nén tim dugc nhiéu
cach giai 1a luyén tap cho HS biét cach nhin nhan mot van dé theo nhiéu
khia canh khac nhau, diéu d6 rat bo ich cho viéc phat trién ning luc tu
duy. Mat khac tim dugc nhiéu cach giai thi s& tim duoc cach giai hay
nhat, dep nhat...” [30 -Tr 214].

Vi du 14. Cho 6diém A, B, C, D, E va F. Ching minh rang

AD +BE +CF=AE+BF+CD (1.14)
Pé giai bai toan nay, HS co thé bién doi theo nhiéu hudng khac nhau
trén co 8O 4p dung tinh chat: “Trén mit phang phtc cho haidiém A a , B b

—_—

khidotaco6 AB = b-a”.
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Dé giai bai toan, ta xét trén mat phang toa do phirc va gia sir toa d6 cua
cicdiémlaAa ,Bb,Cc,Dd,Ee vaF f .
Loi gidi 1.
Ta c6 (1.14) © d-a+e-b+f-c =e-a+f-b+d-c < 0=0,
do do6 taco (1.14) dung.
Vay dang thie (1.14) duge chimg minh.
Loi giai 2.

Bién do1 veé trai

AD +BE +CF =d-a+e-b+f —c
=e—-a+f-b+d-c = AE +BF +CD.

Loi giai 3.

Bién d6i vé phai :

AE +BF +CD =e-a+f -b+d-c
=d-a+e-b+f-c = AD +BE +CF.

Nhdn xét: Trong ba 101 giai trén cho thdy 101 giai thir nhat 1a don gian nhit,
chi can bién ddi dang thirc vécto can ching minh twong duong v4i mot dang
thue dung.

Nhu viy, dé bdi dudng nang luc toan hoc cho HS & trudng THPT thi
diéu quan trong 13 bdi dudng ning luc giai toan cho ho. Ma dé boi dudng
ning luc giai toan cho HS ta can tip trung vao bdi dudng muoi ning hyc
thanh phan trén.

1.3. Tong quan vé sé phirc va thue trang gidng day ing dung ciia sé phirc
& truong pho thong.

1.3.1. S6 phitc.

1.3.1.1. Dinh nghia.
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Trong tap 0 2(binh phuong Dé cac cua tap sd thuc) ta dua vao phép
toan cng va nhan nhu sau: Véimoiz, =(@,; b); z,=(@,; b)) el ?
z,+z,=(@,+a,;, b +b,)
z,2,=(@a,—bb,;ab, +ap)
bang thir truc tiép ta thdy rang véimoi z,,2,,z, vaz = (@; b) el *, taco
1) z,+z2,)+z,=2,+(z,+2,)
2)2,+2,=2,+12,
3) 30(0,0) el *z2+0=12
4) 3-z=(-a; -b)el*z+(-2)=0
5 (z,2,)z,=12,.(z,2,)
6) z
7) Ju=( 0)el*uz=z

Z,=2,1,

8) V=6, 3z = ( zabz, z_bszeDZ:zzlzu
a’+b®'a’+

9 z(z,+z,) = 7z, +12z,.

Do d6, theo ngdn ngit Pai sb, 12clng véi hai phép toan cong va nhan
noi trén 1a mot trudng. Ta goi trudng ndy 1 trudng sé phuc, ki hidu 1a 0 . Mdi
phantir z €[] goila so phic.

Kihiéui= 0;1 ;i thodman i’=-1.
Ta co: V&imoi (a; b)el?: @b) = (@; 0)(& 0) + (b; 0)(0; 1) = a+ib

Cach viét z =a +ib, véi (a; b)el? goi 13 dang chinh tic (hay 13 dang
dai s6) ctia s6 phuc z.

Anhxa 07 — [ lamotdangcaul - khong gian véc to.

a:b = a+ib
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a=a'

Cha y rang v6imoi a b;a, b’ e[*tacod a+ib = a+ib' < {b_b.

1.3.1.2. S6 phitc lién hop, phin thue, phin éo.
a) Dinh nghia.

V6imoi z =a +ib, véi (a; b)el? ta dinh nghia (s6) lién hop z cua z
boi Z =a —ib. Khi dd, ta co céc tinh chét sau.

1) vzeC 7=1

2) Y(z,2)el? Z+2'=7+2"

3) V(z,z2)el? 22'=21"

4) vnel", V(@,,..,z,)el" [izkz iZk, ﬁzkz ﬁzk

5) vzel: {Z_z
7 =

Céc phan tir ctia tap hop i = ib, bel duoc goi la s thuan ao.

Ta c6 thé dung sb phuc lién hop dé bién d6i mau sé thanh sb thuc. That

viy, ta ¢6 ——— = 27 y6i moi @@b)el?\ 0,0 hoic I véi moi
a+ib a“+b
1 z
zell: = = =,
2l
b) Dinh nghia.

V6i moi z=a+ib, (a;b)e0? ta goi a 1 phan thuc cua z, ki

hiéu: Re(z) =a vab 1a phan ao cua z, ki hiéu: Im(z) =b. Ta co cac tinh chat

Re(z) = Z+7

z =Re(z)+iIm(z)

nhusau. 1) Vzel: {_ _ :
z=Re(z)-ilm(z)

Imz)== z -2

NP N

Re(z+z") =Re(z) +Re(z")

2) Vz,2'ell?: {
Imz+z)=Imz)+Im(z")
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Re(1z) = ARe(z)

3) vzel,lel: {
Im(Az) = A1 1m(z)

Noichung, Re zz' # Rez .Rez' valmzz' # Imz .Im z

1.3.1.3. Médun ciia s6 phic.
a) Dinh nghia.
V6imoi z =a+ibell, (a; b)ell?, ta dinh nghia mddun cta s phic
z, ki hidu [z] boi: [z = a? +b?.
Anhxa [|: 0 >0 14 théc trién cua 4nh xa tri
Z>z|
||: 0 >0, diéudo ly gidi cdch chon ki higu trén day.
dadi
b) Tinh chit.
1) vzel: |z]el,
2) Vzel: |z|=0<2=0
3) vzel: [z| =zZ. Pic biét voi Vzeu*:\z\zl@izzE
4) vzell: ‘Z‘z\z\
B) V(z;2)el’ [zz'|=[||z]
lkak = H‘Zk‘
6) V(z;z)el?® [z+z]<[z|+|z]| ( Bat dang thic tam gidc)

n
= 2 [z
k=1

va bang phép qui nap ta co

Béng quy nap Vnel®, V(z,,2,..2,) 0"

n
2.2,
k=1

7) V(z;2") el ?: Hz\—\z'Hs\z\—\z'\
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That vay [z|=[z —z'+z|<z-z+[°

, tr do V(z; 2)el?: [z|-z<z-z].
Sau d6 hoan vi vai tro ctia z va z 'ta ciling co
1l < fl+R1 = |zl < lzl-l-

z=0

8) V(z; 2") el 1= '
) (Z Z)G |Z+Z| |Z|+|Z| < |:E|6{€R+: 7'=az

Néu 2'#0 dét%zaﬂb, (@;b)el’, tacl [z +2|=[z|+[z, thc lataco

1+a+ib|=1+a+ib| < @+a)’+b*=1+a’+b*+2ja +ib| <a =[a +ib|
a>0 Z
= {b >0 = o ell ..
1.3.1.4. Dang lugng gigc va dang mii ciia so phire.
a) Dinh nghia.

Cho s6 phitc z = a+ib = 0 ki hiéu r = [z| Id mdun cua z va goc
@ c6 canh dau OX canh cudila Oz goi la argumen cua z .

Argumen ¢ cua z thoa man 0<¢<27z goi la argumen chinh cua z ; ki
hiéu arg(z). Tép tit ca cac argumen cua 2z ki hiu
Arg(z) = argz +2kr, k [

Ta thiy ngay a=rcose va b=rsing. Do d6, s6 phic z c6 thé viét
dudidang z =r cosp+ising goi la dang lwong gidc cua sb phuc.

V&imoi sb thue ¢, nhu dinh nghia ta dat e = cosg +ising.

Nhu vay s6 phtic con ¢ thé viét dudi dang z =re™, goi la dang mil.

b) Tinh chat. Véimoi z =re”,z, =rg", z,=rg'>. Taco

1) 2z, = rrg'®»®

2) i — iei(@—coz)
yA r

2 2
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3dz" =re, nel’
Chirng minh.
1) zz,=rr,(cosep, +ising )(Cosp, +ising,)
=rr, (CoS¢,Cosp, —sing,sing,) +i(sin @, cos @, +sin @, Cos,)
=rr, cos(p, + ¢@,)+isin(p, + @,)
— rlrzei((/ﬁﬂ/?z)'
2) Chirng minh tuong tu.
3) Nhan dugc tir 1) va quy nap theo n.
Tir 3) ta ¢ cong thirc sau day goi la cong thirc Moivre:
z" = r"(cosng +isinng).
1.3.1.5. Cac s6 phirc c6 mddun bing 1.
Nguoi ta thuong ki hiéu sé phic z c6 médun bang 1 dudi dang:
Z = Cosp+ising = e".
Khi do, néu z'=cosa +isina =€ thi:
1) zz' = e

Z .
2 [ — e'((/’_a)
) Z 1

3) z2"=¢€";Vpel

4 1
4) Vpel: e”=0: esze*'”’

5) Vepel: e“=1< ¢ = 27z
6) Vpel: e =e™
1.3.1.6. Ciin béic n ciia s6 phic.

Cho sd phic z = r cos@+isind . Ta goicanbicncua z 1 tap
V72 = wel: 0" =2

bat o = p. Theo cong thirc Moivre ta co
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®" = p"(cos@+isind) =r cosp+ising

Toe do6 suy ra: p"cosnd = rcose ; p"sinng = rsing, hay

p= Ur: 0 = ¢+n2k7[’ k elJ . Nhu vay ta c6 cong thirc

V7 = {Q/F(COSLZK” + isinLZk(pj:k=0, 1., n—l}.

n n

1.3.2. Biéu dién mdt s6 khai niém ciia hinh hoc phing duéi dang ngon
ngir s6 phirc.
1.3.2.1. Toa dd ciia mdt diém, ciia vecto trong mit phang.
a) Bo dé.

Trong mat phéng cho hé toa do truc chuan O; €, €, va mot diém
M X;y . Cho tuong tng mdi diém M v&i mot sé phic z sao cho Rez =x,
Imz =y, nghia 1a tuong Ung:

p: 0?2 —>1
X;y B> Z=X+Iy

Khi d6 dé thiy ¢ 1a mot song anh.
b) Pinh nghia toa d¢ ciia mt diém.

Trong (02 mdi diém M X;y cho tuong tng vdi mdi sd phic
Z =X +iy va z dugc goila toa d6 ctia diém M, ki hitu M z .
c) Pinh nghia toa d§ ctia mjt vecto.

Trong [12 vecto d(x; y) cho tuong tmg v&i mdi s6 phic z =x +iy , khi
do z dugc goi la toa do ctia vecto &, ki hifua z .
1.3.2.2. Khoéng cach giira hai diém.

Gid st M(z,), N(z,) €02, khi d6 MN = z,-z, va khoang cach

giita hai ¢iém M va N duoc xac dinh theo cong thic sau:
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MN = ‘W‘ = \/ 2,-2, 2,-7, = \/ 2,2, Z:-11
Nhdn xét.
S6 phiic z =x +iy dongnhét véi diem M (x; y) ciia mat phang voi hé
toa do truc chudn Oxy . Vi véy ta khong phan biét sé phic z hay diém z,
diém M hay s6 phiic M.
Mbi s6 phitc M =x +iy ciing c6 thé dong nhét véi vecto OM c¢6 diém
dau 1a gdc toa do O, diém cudi la M.

Trén mit phang phuc cho hai diém A, B. Khi d6 ta c6 vecto AB . Tir

dang thic vecto AB = AO + OB = OB —OA va viéc dong nhat A voi
OA, B v6i OB taco thé viét AB = B —A . Nhu vay vecto AB dugc xem la
higu hai s phirc B, Ava do d6 [B ~A| = |AB] la khoang cach giita hai diém
AvaB.
1.3.2.3. Phwong trinh ciia dwong thing véi hé sé géc trén mit phiang
phire.
a) Bo de.

Cho ba diém M, (z,), M,(z,) va M,(z,), khi d6 ba diém M, M, va

z, 7, 1
M, thang hang khi va chi khi: [z, Z, = 0.
z, 7, 1

3 3

b) Dinh nghia.
Trong mit phang (12 phuong trinh tong quat ctia dudng thing dudi

dang phuc codang: az + .7 + y=0, voia = 0, y € [I.
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Nhu vay ta c6 phuong trinh ctia dudng thang di qua hai diém phan biét

M,z), M,(z,), vo1 z,#z, c6 dang z-z, = pZ-Z7, , ‘p‘:l voi

p=t2t
Z,—Z,
Phuong trinh d6 dugce goi 1a phuong trinh duong thang dang phirc véi
hé s goc p="2"4
Z,-1

2

i

1.3.2.4. Khoang cach tir mjt diém dén mot duwong thiang.

Cho dudng thang A: az + &@Z + y=0, véi o # 0,y el Va

M z, . Khi d6, khoang cach tir diém M dén dudng thang A duogc tinh theo

¢}
oz, + @z, + |
2|a]

congthee d, , =

1.3.2.5. Cong thirc tinh dién tich tam giac.
Gia str cac dinh A, B vaC cua mot tam giac ABC lan Iuot c6 toa do

la z,, z, va z, .Khido dién tich cua tam giac ABC dugc tinh boi cong
121 zZ, 1
‘[hl'l’C SAABC = ZZZ 2_2
z, 7, 1

3
1.3.2.6. Pwong tron trong mit phing phirc.
a) Phwong trinh ciia dwong tron trong méit phing phic.

Phuong trinh duong tron ¢6 tim 1_(z,), ban kinh r trong mit phang
phitc co dang z -z, Z-Z, =r°>.
HoiczZ + oz + aZ + y =0,via = -Z,,y = aa —r° €.

b) Phuong tich ciia mot diém doi véi mot dwong tron.
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Cho duong tron xac dinh boi phuong trinh z -z, Z -7z, =r? (hodc
27 +az+aZ+y=0 Vv6i a@—y>0, yel) vadiém M z bat ky, khi do

phuong tich cua diém M d6i v6i dudng tron taim z, I

9, % - z-2, 7-7, —r* (hodc £ % =7 +az+al+y).
¢) Truc ding phwong ciia hai dudng tron.
» Truc ding phuong cua hai dudng tron 1 tap hop tat ca nhimg diém c6
cung phuong tich doi voi hai duong tron do.
» Cho hai dudng tron ¢6 tdm |, 1, ¢6 phuong trinh lan luot 1a.
2z+az +az+y,=0véi a,a—y, >0, y,€ll.
22+az+a,z+y,=0V6i a,a—y,>0, y,€ll.
Piém M z thudc truc dang phuong cta hai duong tron da cho khi va
chikhi zz+az+az+y, = 22+az+a,2+7,
&S a-ax 1+ a, —a, Z+71—7/2 = 0.

La phuong trinh ctia truc dang phuong cua hai duong tron da cho.

1.3.3. Thuc trang day hoc tng dung s6 phirc vao giai toan Hinh hoc
phing va Lwong gidc & trwong THPT.

1.3.3.1. Thuc trang day hoc ing dung sé phirc vao giai toan Hinh hoc
phang va Luwong giac & truong THPT.

Trong céc linh vyc toan hoc ndi riéng, s6 phiic ¢6 nhiéu tng dung quan
trong trong hinh hoc, dai s6, giai tich, luong giac,... Ung dung sb phirc dé giai
toan hinh hoc phang va lugng giac ¢ nhidu thuan lgi khi xét cac bai toan c6
lién quan t&i quy tich, dung hinh, cic phép bién hinh trong mit phang,... cac
bai toan tinh tong vo han, giai cac phuong trinh Iwong gidc c6 chira céc biéu

thirc cosnx hay sinnx .
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Viée g dung sb phtic vao giai toan khong chi nham cung cp cho HS
nhitng cong cu dé gidi toan ma con tap cho HS lam quen vdi cac phuong phap
tu duy va suy luén, biét nhin nhan céc hién tuong xung quanh voi su bién doi
cua chung dé nghién ctru, tim to1, kham phd, tao co so& cho sy ra doi cua
nhitng phat minh va sang tao trong tuong lai, budc dau mé rong tim hiéu biét
cua HS.

O nudc ta, ndi dung s6 phuc da ting duoc dua vao giang day trong
chuong trinh phan ban, sau d6 SGK cai cach (ndm 1998) di cat bo ndi dung
nay. Hién nay, ndi dung sb phtic d3 duoc dwa vao chuong trinh SGK thi diém
Ban khoa hoc tir nhién v6i mirc d6 hoan thién hé thong sé va budc dau lam
quen véi tng dung s phtc.

Tuy nhién, tinh hinh thyc tién hién nay viéc ing dung s phiic vao giai
toan noi chung, giai toan hinh hoc phang va lugng gic ndi riéng chua dugce
van dung, quan tdm dung muic.

Chung toi di tién hanh diéu tra (bang phuong phép phong van) GV toan &
cac truong THPT chuyén tinh Lo Cai, THPT s6 1 Thanh phé Lio Cai, THPT Hoa
An - Cao Bang, THPT chuyén tinh Thai Nguyén, THPT Yén Thiy A — Hoa Binh,
trong ndm hoc 2006 — 2007 va 2007 — 2008, vé viéc g dung sd phic vao giai toan
hinh hoc phang va lugng gidc. Két qua thu duoc nhu sau: da sd cac thiy cd gido cho
rang ndi dung s6 phtic trong chuong trinh toan phd thong khéng phai 1 ndi dung
quan trong, chi gidi thiéu cho cac em HS mot sé kién thic don gian ciia s6 phic
chtr khong dé cap nhiéu dén van dé dua sb phic vao nhu mot cong cu dé giai toan.
Mot sd thdy o gido day & cac truong THPT chuyén thi da dé cap dén van dé dua sd
phirc vao nhu mot cong cu dé gidi toan, tuy nhién méi chi 1 gi6i thiéu chua dé cap

dén van dé€ boi dudng, rén luyén nang luc gidi toan cho HS.
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Tim hiéu 1© hon vé van dé ndy ching i da dua ra cau hoi: “Khi day ndi
dung s phtic va g dung ctia s6 phiic vao giai toan céc thiy, co gip kho khin gi?
” Pasb cac y kién dua radéu tap trung & mot sé diém cu thé nhu sau:

Thi nhat, ban than céc thiy co gido ciing khong phai 14 nhitng ngudi c6 kién
thirc vitg vang va thanh thao vé s6 phiic.

Thir hai, trong céc ky thi hién nay, sb phic chwa phai d ndi dung duge quan
tAm, hon nira thoi lwong chuong trinh danh cho ndi dung nay khong nhiéu nén
khong c6 diéu kién dé disau thém cac van dé co lién quan téi sb phic.

Thir ba, céc tai liéu tham khéo hién nay viét vé ndi dung timg dung sb phiic
vao giai toan hinh hoc phing va lrong gide chua nhiéu, chua quan tim dén cac bai
toan gan gili v6i cac em HS.

Nhur vy, méc du s6 phiic 1d ndi dung kha quan trong ctia toan hoc nhung lai
chua duoc céc thiy co gido quan tAm dua vao giang day nhiéu cho HS. Viée giang
day ndidung s6 phiic va tng dung ctia 6 phirc vao giai toan & trudng phd thong co
thé chua dua ra mic do cao ddi véi cac 10p thuong, véi dbi tuong HS trung binh
nhung nd can thiét phai dat ra v6i cac 16p ma doi tuong HS 1a kha gioi, cac 1op
chuyén toan. Boi 1§, thong qua viéc tmg dung sb phiic vao giai toan khong chi gitp
cac em c6 mot phuong phép moi ma con gifip cac em phat trién tu duy, sang tao,
phat huy tinh tich cuc chu dong trong hoc tap,... tao tién dé cho viée dao tao nhiing
con ngudi khoa hoc trong tuong lai. Hon nita, s6 phitc da chinh thitc duoc dua vio
ndi dung sach gido khoa 16p 12 chuyén ban, do d6 doi hoi cac thiy co gido ciing
phai c6 sy tim tOi, sy hiéu biét sdu 1ong hon vé sd phiic va cac g dung ctia nd
trong céc [inh vuc toan hoc.
1.3.3.2. Mot so diém can luu y khi day hoc ndi dung s6 phirc va img dung

s0 phirc vao gii toan hinh hoc phang va lwong gidc cho hoc sinh kha gioi.

S6 hoa bai Trung am Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



www.VNMATH.com
56

Khi day hoc noi dung sd phtic va tmg dung cua sé phiic dé giai toan
hinh hoc phang va luong giac cho HS kha gi6i can Iwu y khai thiac mot sé khia
canh sau day.

- Cho HS thay duoc su can thiét va ¥ nghia quan trong ctia sy mé rong
treong sb phirc trong toan hoc ngay tir nhitng vi du mo dau, don gian va gan
gili vi HS, chang han nhu khi xét nghiém ctia phuong trinh: x* +1=0.

- Khi day céc khai ni€ém, dinh ly, cic cong thirc moi cén tao cho HS ¢o
su lién hé véi cac kién thire da hoc trong céc truong sO khac dé théy duoc mdi
lién h¢ trong todn hoc.

- Can khai thac y nghia hinh hoc ctia sé phirc, qua d6 giup cac em hiéu
hon vé s phirc, va dic biét thong qua y nghia hinh hoc ctia s6 phuc ching ta
c6 thé xay dung cac cong thire lugng gidc co ban d quen thudc voi HS.

- Thong qua nhimg kién thirc co ban vé sé phic, GV 1y nhitng vi du
don gian, va phirc tap dan trong hinh hoc phing va lugng gidc ma giai bang
ngdn ngit s6 phiic, qua d6 phan tich, so sanh, danh gia dé gay hirng tha cho
cac em trong viéc sir dung s phic dé giai toan.

- Khi day noi dung sé phtic va timg dung ctia nd GV can quan tim dén
van dé boi dudng va rén luyén k¥ ning giai toan ctia HS. Qua viée giai cac
bai toan hinh hoc phang va luong giic bang sé phic GV ciing giup cac em on
tap cac kién thirc cii, tim ra nhitng mdi quan hé trong céc kién thirc, trong ndi
bd toan hoc.

- Gido vién ciing nén cung cép thém cac tu liéu vé nhirng tng dung cta
s6 phtic trong céac linh vuc toan dé cac em c6 thém niém tin trong qua trinh
van dung va séang tao.

- Tuy nhién, s6 phic 1 mot ndi dung con méi mé voi cac em HS nén

khi van dung giang day, GV céan chi y ldy nhitng vi dy, bai toan phu hop,
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dam béo tinh vira stc véi HS dé cac em c6 thé tich cuc hon trong viéc van
dung cac kién thirc vé sb phirc dé giai toan.
1.4. Két luin chwong 1.

Trong chuong 1, chung t6i dd lam sang t0 mot sé van dé: Ly luan vé
nang luc todn hoc, nang luc giai toan, dac biét 1a nang luc giai toan hinh hoc
phang va luong gidc bing sé phirc. Co thé ndi rang, sb phirc tuy khong phai 1
ndi dung mdi ciia Toan hoc song nd 1a mot van dé rat méi mé va twong doi
phtc tap voi cac em HS bac Trung hoc phd thong, dic biét 1a ung dung sd
phirc vao giai toan hinh hoc phang va luong giac. Tuy nhién, viéc sir dung s
phttc nhu mdt cong cu giai toan khong nhitng mang lai cho hoc sinh mot
phuong phép giai todn mdi ma gbp phan dang ké vao viéc bdi dudng ning luc
giai toan ctia HS, dic biét 1a giai toan hinh hoc phing va lwong giac. Hon nita
day lai 12 mot van dé ma trong thuc t& giang day hién nay chua dugc quan
tam, chua dugc chi trong boi dudng cho cac em kha gidi.

Dé gop phan khic phuc tinh trang do, trong chuong 2 cua ludn vin,
chung toi s& xay dung mdt s6 cac chuyén dé vé timg dung sé phirc giai mot s6
bai toan hinh hoc phang va lugng gidc gop phan nang cao ning luc giai toan,
dong thoi dé ra mot s6 bién phap su pham nham bodi dudng nang luc giai toan

hinh hoc phang va lugng gidc cho HS.
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CHUONG 2
XAY DUNG MQT SO CHUYEN DE NHAM BOI DUONG
NANG LUC UNG DUNG SO PHUC VAO GIAI MQT SO
DANG TOAN HINH HQC PHANG VA LUQNG GIAC

2.1. Nhirng dinh hudéng co ban.
2.1.1. Pinh huwéng vé miit muc tiéu va yéu ciu ciia viéc ving dung S6 phirc
vao giai toan Hinh hoc phang va Luong gidc di véi hoc sinh kha giéi &
trwong THPT.
#  Hoc sinh dugc bd sung va hoan thi¢n thém cac kién thic vé sb phtrc.
4  Hoc sinh dugc trang bi thém mot phuong phap gidi toan hinh hoc
phéng va lugng giac, do la stir dung sb phtic. Sau khi duogc rén luyén, HS biét
str dung s6 phic nhu mot cong cu dé giai toan hinh hoc phang va lugng giac,
v6i cac dang bai toan quen thudc, thuong gip, dién hinh & phd théng. Qua do
rén luyén cho HS thanh thao cac k¥ ning co ban: ki ning chuyén doi ngon
ngit, k¥ nang thiét lap hé truc toa do, k¥ ning van dung s phic vao giai
toan,... Thong qua viéc str dung s phirc vao giai cac bai toan hinh hoc phang
va lugng gidc HS thay duoc ¥ nghia ctia sé phic, mdi quan hé giita cac yéu to
trong hinh hoc, trong dai s6 va luong giac.
4 Rén luyén ning luc gidi toan sd phiic, ting cudng kha ning van dung
kién thirc vé s6 phtic vao gidi toan, vao hoc tap thuc tién, phat trién nang luc
phat hién va giai quyét van dé.
4 Rén luyén va phat trién tu duy 16gic, linh hoat, sang tao. C6 su lién hé
gan két giita cac quan hé, kién thirc trong toan.
4 Qua viéc tmg dung ctia s6 phuc vao giai cac bai toan hinh hoc phang va
luong giac gop phan kich thich HS kham phd, md mim vé viéc Gmg dung
cia sb phiic vao céc bai toan trong céac finh vuc khac nhu: Pai sé t6 hop, giai

tich, ...
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4 Hoc sinh c6 dugc hiéu biét vé su phat trién cua hé thong s, thay dugc
vai trd va ¥ nghia to 16n vé su ra doi ctia s phurc.
2.1.2. Pinh huéng vé méit ndi dung.
4 S6 phic 1a mdt ndi dung méi va kho ddi véi HS béc phd thong. Dé sd
phtrc 13 mot cong cu dé giai toan hinh hoc phang va lwong giac doi hoi HS
phai ndm viing céc kién thtrc co ban vé sb phitc. Vi vdy viéc rén luyén ning
lyc giai toan hinh hoc phang va lwong giac bang so phirc can dugc thuc hién
thong qua viéc dua ra mot hé théng bai tdp duogc phan dang, ¢ su lya chon
cao, ¢ 101 giai hodc huéng dan giai, nham gitp HS nam viing tri thirc, phat
trién tu duy, hinh thanh cac k¥ ning, k¥ xao ting dung toan hoc vao thyc tién.
4 Hé thong bai tap duoc phan dang twong tmg vdi cac dang toan thudng
gip cua hinh hoc phang va luong gidc, tir cac bai toan dinh tinh nhu chimg
minh cac quan hé trong hinh hoc phing nhu: song song, vudng goc,... dén céc
bai toan dinh lugng nhu: tinh di¢n tich, khoang céch,... Bén canh d6 con cé
nhitng ndi dung kho trong phd thong nhu: bai toan vé dung hinh, quy tich,
cuc tr1 hinh hoc.
4 Pé phu hop v6i dic diém tam 1y nhan thic ciia cdc em HS, ngoai viée
sép Xép theo dang, mirc do cua bai tap cling dugc nang dan tir d& dén kho. C6
nhiéu bai tap cac em da dugc lam trong cac SGK Hinh hoc 10, Pai sb va Giai
tich 11, Hinh hoc 11. Mot s6 bai tdp nang cao ciing dugc chung toi lua chon
ky ludng tir cac tap chi va dé thi vo dich toan nham muc dich vira tao himg
thti cho cic em vira rén luyén kha ning van dung sb phic va kha ning phat
hién va giai quyét van dé.
2.1.3. Pinh huwéng vé mit phwong phap.
+  DPinh hudng vé mdt hinh thire truyén thu tri thirc phwong phap.

Can ct vao trinh do HS, gido vién can xac dinh truyén thy tri thic

phuong phap giai toan hinh hoc phang va lugng giac bang sé phirc dudi dang
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tudng minh hay an tang. Pua ndi dung ndy mot cach tuong minh c6 nghia 1
GV day cho HS dé HS Tinh hoi duge & mirc d6 hoan chinh. Mdt dicu quan
trong 13 trong viéc truyén thu va ctng ¢ nhitng tri thitc phwong phap, can biét
nhiéu cach thé hién nhitng phuong phap d6 dé c6 thé co cach lya chon thich
hop va c6 hiéu qua. Tuy nhién, cach 1dm nay doi hoi phai co thém nhirng tiét
day ngoai quy dinh ctia chuong trinh va d6i khi khong han da gitp ich nhiéu
cho sy phat trién kha nang doc lap cua cadc em hoc sinh khé giovi. Do vay GV
phai Ira chon phan nao day mdt cach tudng minh, phan nao dua duéi dang an
tang.

*  Dinh hudng vé phwong phdp giing day.

Mbi ndi dung Toan hoc déu lién hé voinhitng hoat dong nhat dinh. Do
14 nhimg hoat dong duoc tién hanh trong qua trinh hinh thanh hodc vin dung
ndi dung d6. Phat hién dugc nhitng hoat dong tiem tang trong mdt no1 dung la
vach dugc mot con duong dé truyén dat n0i dung d6 va thuc hi€n nhirng
nhiém vu day hoc khéc, ciing dong thdi 1a cu thé hoa duge nhitng nhiém vu
day hoc ndi dung d6 va chi ra dugc cach kiém tra thuc hién nhiém vu nay.
Cho nén diéu co ban cta phuong phép day hoc 1a khai thac dugc nhitng hoat
dong tiém tang trong mdi nodi dung dé thuc hién nhiém vu day hoc.

Xuét phat tir ndi dung day giai toan hinh hoc phang va luong gidc bang
sb phtrc ta can phat hién nhirng hoat dong lién h¢ v&i nd, rOi cdn ¢ vao muc
tiéu day hoc ma tap luyén cho HS mdt sb trong nhitng hoat dong d duoc phat
hién.

Quan triét hoat dong trong phuong phap day hoc, can tao co hdi va cho
HS thyc hi¢n va tdp luyén nhiing hoat dong va hoat dong thanh phan tuong
thich v&1 nd1 dung va muc tiéu day hoc; gay dong co hoc tap tién hanh hoat
dong; truyén thy tri thire, dic biét 1a nhimg tri thirc phuong phap nhu phuong
tién va két qua cta hoat dong. Tuy dbi twong 1a nhitng HS khd giéi nhung
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cling cén cin ¢t vao tinh hinh cu thé ma phan bac hoat dong lam chd dua cho
viée didu khién qua trinh day hoc.

Rén luyén ning luc Gng dung sd phirc vao giai toan hinh hoc
phang va luong gidc cho HS khé giéi ¢ truong THPT 13 nham trang bi cho
nhitng HS nay thém mot cong cu giai toan, thiy dugc ¥ nghia ciia sé phuc,
mdi quan hé cua sd phirc voi cac yéu td trong hinh hoc phing va diéu quan
trong hon 1a gitip cac em biét tim 101 giai cho mdt bai toan. Vi vy can két hop
va van dung linh hoat cac phuong phap day hoc dé hudng dan, to chirc cho
cac em nam duoc nodi dung cua vi¢c ing dung sb phtic, van dung n6 mdt cach
linh hoat thong qua hoat ddng giai toan.

Trong day hoc, can cha v dén cac van dé: su dung truc quan dé hd tro
qua trinh nhan thirc cua HS, ddm bdo tinh vira stic trong day hoc, tang tan sd
hoat dong cua HS ddi v6i mot van de.

Dé bdi dudng ning luc Gmg dung cua sb phirc vao giai toan hinh hoc
phang va luong gidc mot cach cé hidu qua, GV ciing can bd sung kip thdi cac
kién thirc ma HS con thiéu, con yéu, trang bi cac tri thic phuong phap giai
toan, rén luyén timg k¥ ning cu thé, rén luyén cac bai toan tong hop, coi trong
viée rén luyén tu duy logic va tu duy sang tao trong qua trinh van dung cac
thao tac va hinh thic tu duy khi gidi toan.

*  Dinh hudng vé van dé xdy dung hé thong bai tdp.

Ning lyc giai toan chi c6 thé dugc hinh thanh va phat trién trong qua
trinh hoat dong cua HS. Giai bai tdp toan hoc 12 mot ndi dung quan trong
trong hoc tip, do do ta phai xac dinh dugc mot hé thong bai tip sao cho vira
c6 tac dung khac sau kién thie, rén luyén k¥ nang, vira c6 tac dung phat trién
tu duy doc lap sang tao cho HS dé chuan bi ¢ hiéu qua cho viéc van dung

kién thirc vao thyc ti€n cudc song cua cac em sau nay.
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Trén c& s céc chi tiéu vé ning luc (d4 trinh bay trong chuong 1) hé
thong cac chuyén dé vé bai tap hinh hoc phing va lwong gidc xdy dung voi
muc dich bdi dudng ning luc gidi toan bang sb phic cho HS kha giéi ¢
truong THPT phai 14 hé thong bai tip dap tmg duoc nhitng yéu cau sau.

> C6 tac dung cung cd vimg chic cac kién thic k§ ning trong chuong
trinh sd phic & truong THPT. Gitip HS hiéu va thdy ¥ nghia ctia sé phuc
trong toan.

> C6 tic dung hinh thanh va rén luyén céc thanh phan cua ning luc giai
toan bang s6 phtic cho HS.

» Bai tap phai goi ¢ HS sy ham thich tim toi.

> Hé thong bai tap phai co tinh tdng hop, tic 1a nhimg bai tdp doi hoi
phai str dung nhiéu ndi dung kién thirc khac nhau, phai nhay bén trong viéc
lra chon nhitng kién thirc c6 lién quan dé giai quyét yéu cau do bai toan dit
ra.

Dé giai quyét duoc cac yéu cau trén, cac dang bai tdp dua ra phai
phong pht, bai tap phai gdm nhiéu loai: chimg minh, tinh toan, bai tip vé quy
tich, dung hinh, cuc tri trong hinh hoc,... cic bai toan vé lugng gidc can tap
trung vao khai thac cac van dé gan giii nhung thuong gy khé khin cho HS
nhu: tinh tong cta biéu thirc vo han, giai phuong trinh bac cao, ... dé bdi
dudng kha niang van dung sé phtrc vao nhiéu tinh hudng khac nhau. Trong
mdi thé loai d6 lai cht ¥ bao gdm nhiéu dang bai tap nhu: bai tp c6 ndi dung
bién doi, bai tap c6 nhidu két qua, ...

Vi s6 phtc la mot ndi dung con médi mé vai HS bac THPT nén khi mai
lam quen vé&1 viéc st dung sO phuc nhu mot cong cu giai toan hinh hoc phéng
va luong giac can c6 nhiing bai toan co ban dé cac em tiép can va tu vuot qua,
sau d6 khi cac em dd nim duogc nhiing van dé co ban méi nang dan do phic

tap bang nhiing bai toan kho hon, tuy nhién ciing can theo ddi, gitp d&, khich
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1é¢ mot cach té nhi dé cac em timg budc doc lap suy nghi, ngay cang boc kha
nang va phat huy nhitng kha nang cua minh.

2.2. Xy dung mjt sé chuyén dé van dung s6 phirc vao gidi mdt s6 dang
toan hinh hoc phing va lweng giic.

2.2.1. Nguyén tic xAy dung hé thong bai tap, chuyén dé.

Mot hé thdng bai tap, chuyén dé 13 tap hop cac bai tp duoc lién két
v6i nhau bai cac quan hé sau: Quan hé trinh d6 phat trién tu duy toéan hoc,
quan hé ndi dung toan hoc va quan h¢ muc ti€u dao tao.

Lua chon mot hé thong bai tdp c6 chii dinh va hé théng bai tap on dé
huéng dan HS giai thong qua d6 rén luyén cho HS tu duy va ki ning giai
toan nhat dinh.

Cac bai tap dugc xay dung theo mot quan diém nhéat quéan, theo mdt
dinh hudng va yéu cau 1 rét dé HS c6 thé van dung kién thirc, kinh nghiém
6 san vao giai quyét nhitng yéu cau mdi trong nhimg tinh huéng méi.

Ta ciing can nhan manh lai rang, cac bai toan & trudng phd thong la
mdt phuong ti¢n rat c6 hiéu qua va khong thé thay thé duogc trong viéc giip
HS nam viing duoc nhiing tri thic, phat trién tw duy, hinh thanh k¥ ning, k¥
x40, bdi dudng nang lyc gidi toan va dac bi€t 1a rng dung toan hoc vao thuc
tién. Hoat dong giai bai tdp toan hoc 1a diéu kién dé thuc hién tot cac muc
dich day toan & truong phd thong, t6 chic co hiéu qua day giai bai tip toan c6
vai tro quyét dinh ddi v&i chat luong day va hoc toan, voi su phat trién nang
luc tri tu€¢ cua HS. Do vay trong viéc lra chon bai toan va huong dan HS giai
toan GV can chil y dén tac dung ctia bai toan, nén chu trong nhiéu hon dén
viéc lua chon hé théng bai tip nhim rén luyén tu duy, k¥ nang va boi dudng
nang lyc giai toan cho HS.

Heé thong bai tap, chuyén dé thuong dugc chia lam hai loai:
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v Loai 1. La cac bai tip ciing cb céc kién thic, ki nang co ban. Viéc lam
cho HS nim vitng, khéc sdu kién thtrc 1y thuyét thong qua bai tap 1a mot cong
cu tot dé 1am toan va co cach suy nghi vé toan theo mot chiéu hudng tich cuc.

v’ Loai 2. La nhitng bai tap khé hon nhim ning cao k¥ ning va bdi dudng
nang luc giaitoan ciling nhu nang luc tu duy toan hoc cua HS. Su c6 mat cua
nhiing bai tap nay s¢€ 161 cudn HS vao hoat dong nhan thuc, kich thich su to
mo, sy ham mudn hiéu biét tri tu¢, giup cho HS phat trién hét tri luc ciia minh
vao hoat dong hoc tap.

D6i voi viee Ira chon mot hé thong cac bai tap 6n tip can cha ¥.

Mot hé théng bai tap c6 lya chon s€ 1a mot cong cu hi€u qua nham téng
két, giup HS c6 cai nhin tong quét vé tri thirc toan hoc, k¥ ning giai toan sau
khi hoc xong mdt chuwong, mot phan hay toan bo chuwong trinh hoc.

Qua thuc té giang day cho théy néu ching ta lua chon dugc mot hé
thong bai tap on tap phi hop s& giup cho HS ¢6 kha ning khic séu kién thic
cil, ctng cd duge mot s6 ki ning giai toan can thiét va gop phan dang ké vao
viéc boi dudng ning lyc giai toan cho HS.

2.2.2. Chuyén dé 1. Ung dung so6 phirc vao gidi toan Hinh hoc phang.
2.2.2.1. Ung dung s6 phirc giai mdt sé bai toan dang ching minh, tinh
toan.

Trong hinh hoc phang, toan chimg minh, tinh toan 1a mot dang toan co
ban, thuong gip trong chuong trinh. Ung dung s phirc vao giai dang toan
ndy to ra khd thun loi khi dua bai toan vé xét trén mit phang toa do phuc.
Dic biét, nhiéu bai toan chimg minh néu biét chon hé toa do thich hop cung
v6i sy két hop linh hoat cac phép bién doi thi sé& cho ta 10i giai don gian hon,
gon gang hon.

Céc bai toan trong ndi dung nay chu trong nhiéu dén boi dudng céac

nang lyc 1, 2 va 3 (da trinh bay trong muc 1.2.4); cac bai toan ciing duoc sap
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xép theo mirc d6 phiic tap ting dan nham dam bao tinh vira stc va giy hung
thi cho HS.
. Bai todn 1. Cho tam gi4c ABC , trén BC liy diém E va F sao cho

EB = KEC VaFB = %ﬁ,wﬁ k=1 .

1) Biéu dién céc vecto AE , AF va EF theo cac vecto AB, AC.
2) Ching minh cac tam giac ABC va AEF co6 cung trong tam.
3) Trén AB liy diém D, trén AC ldy diém | sao cho DA =kDB,
IC =KIA .
Chimg minh ring AE + Bl + CD = 0.
Loi gidi.
Trén mat phang toa do phic, goi toa

docuacacdiémla Aa ,Bb,C c

Dd , Ee,Ff val z .

1) Biéu dién cac vecto AE , AF va EF s E F c
theo céac vecto AB , AC.
e Biéu dién vecto AE .

—_—

Tacd AE = e-a, theo gia thiét EB = kEC < b-e = k(c —e),

, -
haytac6 k—-1le = kc—b,suyrae = kc lb
Tirds tacs e—a = CP o _ ke-b-ka+a
k-1 k-1
a-b k c—a 1 K
- = —-———b-a + —Cc-a
k-1 k-1 k-1 k-1
Vaytacé: AE = ————AB + ——A
ay ta co 1 !
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e Biéu dién vecto AF. Tacé AE = f -a.

—_—

Tt gia thiét ta co FB = %ﬁ o c—f =k b—f , bién ddi twong

tu nhu trén ta dugc: f —a = —% b-a - ﬁ c—a . Hg¢ thtc nay co

nghialéﬁ = —AB - —AC.
k-1

e Biéudién EF . Taco

cE _aF _AaE - Xag . Yac (L 1ag. Kae
k-1 k -1 k —1 —_1
Vay EF = AB - k_+1,ﬁ
2) étréntadétinhduqce = _b f = kkb—f
Tuddtaco: a+e+f = a kc—b+kb—c
k-1
ka+kb+kc - a+b+c

— _ k-1 at+b+c = a+b+c.
k-1 k-1

Dang thirc nay chimg to rang cac tam gidc ABC va AEF ¢6 clng
trong tam.
3) Tir gia thiét DA = kDB, IC = kIA theo trén ta tinh duoc
d - kb-a . _ ka-c

va Z
k-1 k-1
Mat khac ta co:

AE + Bl +CD = e-a + z-b + d-c
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kc-b—-ka+a + ka-c-kb+b + kb-a-kc+c
k -1

B k a+b+c —-ka+b+c + a+b+c - a+b+c _ 0

k-1
Vaytacé AE + Bl + CD = 0.

. Bai todn 2. Cho tam gidc ABC véi trong tam 1a G, M 1a diém bat ky

thudc mit phang tam giac. Chimg minh rang:
1) AB®* + BC® + CA’* = 3GA* + GB* + GC?
2) MA®* + MB? + MC? = GA? + GB? + GC?+ 3MG”.
Hay tim trong tam giac ABC diém M sao cho MA*> + MB? + MC?
12 nhé nhat.
Loi gidi.
Khong lam giam tinh tong quét ta c6

thé gia thiét rang trong tim G cua tam giac

ABC tring voi gbc toadd O G =0 .

B C

Trén miat phang toa do phuc, gia si
toaddociacacdinhlaAa ,Bb,Cc,Gg,Mm.
e Vi G la trong tam tam giac ABC nén suy ra toa do cua G la
g = la+b+c ,MG =0 nénsuyraa +b +c¢c =0,
1) Taco,véphai 3GA’ + GB* + GC*> =3[ + p[ + [
Vétrai AB> + BC* + CA* = b-al + -b[ + [c-af.

Tinh ting s6 hang theo cong thirc ‘Z ‘2 =27 , taco.
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b-a = b-a b-a =bb+aa-ab-ab,

b c-b = cc+bb—bc—bc,

o

c-b[ =
a-c[ = a-c a-c =cc+aa-ac-ac.
Cong cac dang thic trén, vé voi vé ta duoc
b-al + -b + c-af =

=2 \af + \b\z + \c\z - [a b+c +b a+c +c 5+5]
+c

Doa +b+c=0,suyraa +b = 0.
Tedosuyrab + ¢ = —-a, a +¢c = -b,a +b = —c.
Dodbtac6 ab+c +ba+c +ca+b = —aa-bb-cc

‘2

=~ + b +F
Vay tacod |p-af +[c-b + -al=3a] + b[ + [, suyra
diéu phai chimg minh.
2) Tacd MA* + MB> + MC* = fa-m[ + p-m[ + c-m[
= a-m a-m + b-m b-m + c-m c-m .

= a§+b5+05+3m.rﬁ—[m a+b+c +ma+b+c
= [ +p[ +/c[ +3m[ = GA* + GB” + GC”+ 3MG".
e Viy MA® + MB? + MC? nhé nhét khi va chi khi MG? nho nhét khi
va chi khi M =G , nghia la M 1a trong tam cua tam giac ABC.

. Bai todn 3. Cho tam giac ABC noi tiép duong tron O, R cho trudc.

Tim gi4 tri 1on nhat cua biéu thic P = BC? —CA? —AB?, va tinh gié tri d6
theo R .
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Loi gidi.
Chon tam O lam géc toa do va gid st toa

d6 cua cac dinh tam giac 1an luot Ia A(@@), B ()
vaC(). Vi O, R ngoai tiép tam giac ABC

néntacod:aa = bb = cc = R2.
Xét biéu thirc
P =BC?-CA*-AB?*

- ¢-b c-b —a-c a-c —b-a b-a
Bién ddi biéu thic trén ta duoc
P=R?*-a-b-c a-b-c

= R?” - a-b-c a-b-c < R?

Tirdésuyra P, = R?, khiva chi khia—b—c = 0, khi va chi khi
(2.1)

OA - OB - OC = 0.

Goi A’ la diém d6i xing voi A qua tam O. Khi do
=0 (2.2)

(21) <0OA =0B + OC <0A'+ OB + OC
Ma (2.2) xay ra khi va chi khi AA'BC déu, hay tam gisc ABC can dinh A

va Al = 120°. Trdésuyra AB = AC =R.
Vay P dat gia trj 16n nhat: P_ =R, khi va chi khi AABC théa man

AB = AC =R.

. Baitoan 4. (Céng thirc Ole vé tir gidc)
Chung minh rang trong mot tir giac, tong binh phuong cta hai duong

chéo cong v6i bon 1an binh phuong cua doan thang ndi trung diém hai duong

chéo bang tong binh phuong cac canh cia tir giac.
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Loi gidi. ;
Gia str cho tr giac ABCD. Goi M la

trung diém cua canh AC, N I trung diém

cua canh BD.

o

Tt yéu cau cua bai toan ta phai
chirng minh A
AC? + BD? + 4MN? = AB* + BC? +CD?* + DA?
< AB? + BC? +CD*+DA?-AC?-BD? = 4MN°
Gia str ta c6 toa do cua cac dinh tr giac la A(a), B(b), C(c) va D(d). Khi
d6 ta co két qua sau:

AB?=(b-a)b-a ; DA*=(a—-d)a-d ; CD*=(d-c) d—c ;
va BC?=(c-b)c-b; —BD?*=—(d -b){d -b); —~AC?*=—(c-a) c-a ;

T désuyraAB® + BC* + CD?+DA’-AC?-BD* =

— aa +bb+cc +dd —ab +ac —ad —ba —ba —bc +
+bd +ca—cb—cd —da +db—dc (2.3)
Mt khéac, vi M va N 13 trung diém ctia cac doan thang AC va BD nén ta

c6dtoadd cua M (?) N (b%dj = W(M%j

Vay ta co
4b+d—a—06+a—5—5
2 2
+ac +bd —ba —bc —cb—cd +ca +db—da —dc (2.4)
So sanh (2.3) va (2.4) ta dugc
AB?+BC?+CD?+DA*-AC?-BD?=4MN?, (dpcm)

AMN ? = — aa+bb+cc+dd —ab-ad +

. Bai toan 5. (Pé thi vé dich Anh, nam 1983).
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Cho tam gidc ABC can dinh A, goi | 1a tim dudng tron ngoai tiép tam
giacABC ; D 1a trung diém cua AB va J la trong tAm cua tam gidc ACD.
Chtng minh rang 1J 1LCD.

Loi gidi. A

Chon duong tron tdm | lam dudng tron don
vi(gbe |, r =1).

Gia st A@), B) vaC(c). ViA, BvaC

cung thuéc duong tron, nén ta céd
aa = bb =cc =1, va do D 14 trung diém cua
AB

nén toa do cua D (%j .

a+b 2c —a-b

Suy ra DC =c¢ - > = > . Mat khac, vi J la trong tam
a+c+giE
ciia AACD nén cotoadd la j = #2 hay j = 2FZHD g
suyra 1) = %‘”b (vi | 1a gbe toa do).

Pé chimg minh 1J LCD, tacén chimg minh 1J.CD = 0.
That vay, ta co

7.CD - 1 3a+20+b. 2c—-a-b N 3a+2c:+b. 2 —-a-b
2 6 2 6 2

_ 2_14 6aC — 323 — 33D + 4cC — 23 — 2cb + 2bC —ba —bb + 6 + 4cC

+ 2ch —3aa — 2ca —ab — 3ab — 20c —bb

_ 1 ab+dca_dab+dac
24
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Suyra i7.CD = %c§+a5—a5—5b |

Mat khac, do AC =AB nén suy ra:

c-a c-a

- b-a b-a

&> CC—Ca—-ac+aa = bb—ba—-ab+aa

& ca+ac = ba+ab

T (2.5)va(2.6)suyra 1J.CD = 0, vay IJ LCD.
X Bai toan 6. Cho tam gidc ABC c¢6 d6 dai cac canh la BC = a, CA = b,

AB = ¢. Ching minh rang a® +b* +¢* < 9R?,

Léi gidi.

Ta chon duong tron tam (O) ngoai

tiép AABC lam dudng tron don vi va goc

toa do la O.

Gia st toa d0 cua cac dinh la

A(z,), B(z,) va C(z,). Theo bai ra ta c6

Z,=2,I,
Khido taco
a’+b’+c’= BC?’+CA*+AB?

_ 5 2
z =2,7,=R".

1

= (Zs_zz) Z_3_2_2 +(21_23) Z_1_2_3 +(Zz _Zl)(Z_Z_Z_l)

(2.5)

(2.6)

=27,+2,2,-1,2,-17,+27,+27,—-27 —27,+2,7,+77 —17,—7,7,

2 - — - -
= 6R*+27,+2,7,+27,- |2, ,+7,+7, +12
_ 2 -
= 9R"—(z,+2,+2,) 7,+Z,+1Z,

2
= 9R" - (z,+2,+2,) 2,+2,+1Z,

< OR?

2

N

1 T4,

+Z, +Z

3

Z,+Z,+

™

. ]
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Do (z,+z,+2,) z,+2z,+2, > 0 nén dau "=" ctia bat dang thiic trén

xdy ra khi va chi khi: z, +z,+2,=0 < OA + OB + OC = 0, khiva chi
khiO = G, hay AABC déu.
Vay a’ +b* +¢? <9R?, dau “=" xay ra khi tam giac ABC déu.

. Bai toan 7. Ching minh rang véi moi tam giac ABC ta c6
cosA + cosB + cosC < g
Loi gidi.
Ta chon dudng tron tam (1) nditiép A ABC
la duong tron don vi. Goi A', B', C' Ia cac tiép
diém ctia duong tron tuong ting vdi cac canh BC,

CA va canh AB va gia st lan lugt c6 céc toa do

lha bvac Taco C'AB'+C"IB'=7, suy ra -
cos(C’AB) = —cos(IB’, ICY).

Do d6taco CosA = cos(@'AB') = —%(b5+05).

Tuong tu ta c6 COSB = %(a&+c§); cosC = —%(a5+b5).
Vaytacoé cosA+cosB+cosC = —% bc+ch+ac+ca+ab+ba .

N | W

1 P
T d6 suy ra: cosA+cosB+cosC = g — E(a+b+c) a+b+c <

do(a+b+c)a+b+c > 0.
DAu "=" xay ra khi va chi khi a+b+c=0 < IA' + IB' + IC" = 0

& | = G xay ra khiva chi khi AA'B'C', tirc [a AABC déu.
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Vay ta  luon c6, véi moi tam giac  ABC  thi
3 A9 2 . e A
CosA + cosB + cosC < > dau “=" x4y ra khi tam giac ABC deu.

. Bai todan 8. Cho tam gidc ABC véi trong tdm G va mot diém M bat ky

trong mat phang. Chimg minh rang:

MG? = % MA?+MB?+MC? - éABZ+BC2+CA2 . (2.7)

Loi gidi.
Chon dudng tron ngoai tiép tam giac ABC lam duong tron don vi va gia
st M(z,), A@), B() va C(c). Vi G la trong tim ctia AABC nén toa do cta

a+b+c

G xic dinh boi g = Khi d6: MG®= g-z, g-z, ,

3
MA?= a-z, a-z, ,MB?’=b-z, b-z, ,MC?= c¢-z

0
AB?= b-a b-a ,BC*’= c¢c-b c-b vaAC?= c-a c-a .
Thay véao vé trai ctia (2.7), ta co

%MA2+MBZ+MC2 —éABz+BC2+CA2 =

b-z, + c-z, c-z, ]

Bién ddi biéu thire trén véichuy aa = bb = cc = 1, ta duoc
%MA2+MBZ+MC2 - %ABZ+BC2+CA2 =

= l[az§+b5+c5—32_0 a+b+c -3, a+b+c +9z,2,
9

+ba +ab +cb +bc +ca +aE]
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|-

[3—92_09—9206+9202_0+b§+a5+05+b5+05+a5]

:ZOZ_O_Zog_Zo§+g§: g-—-12, 6_2_0 = VP

Vaytaco MG? = % MA?+MB?+MC? - é AB?+BC?*+CA® .
v/ Nhan xét: Bai toan 8 c6 thé c¢6 ngay két qua nhd ap dung céac két qua

cua bai toan 2.
2.2.2.2. Ung dung sd phirc vao giai mdt s6 bai toan tim tap hop diém.

O truong pho thong, cac bai toan cé yéu td thay doi, ma thuong gip véi
HS 14 cac bai toan quy tich luon lam cho HS gip kho khan. Khi sir dung sb
phtic dé giai cac bai toan vé quy tich, HS sé& thay don gian hon nho viée xac
dinh toa o phirc ctia céc yéu t thay doi, tir d6 dé dang tim duoc quy tich cua
no.

Noi chung, céc bai toan tim tap hop diém co thé giai dugc bang sd
phuc khi bai toan da cho c6 san cac yéu to vé toa do (loai nay HS thuong
nhén biét ngay dugc cach thirc giai), hodc cho céc yéu tb lién quan dén vecto,
mddun (doi hoi HS phai biét chon hé truc toa do va phién dich bai todn sang
ngdn ngit s6 phirc). Vi vy, can tao cho HS ¢6 k¥ ning thiét 1ap toa do phirc
va biét phién dich bai toan sang ngdn ngi sé phuc dé giai quyét.

. Baitoan 1.

Trong hé toa 6 Oxy cho cac diémA(; 0) va B(0; b), (véia > 0).

1) Viét phuong trinh dudng tron (C) tiép xuc véi Ox tai A va c6 tam

C

X mv/2 . . .2 . i
ma y. = T\/_ Xac dinh giao diém ther hai P cua duong tron do voi
duong thang AB.

2) Viét phuong trinh duong tron (C*) di qua P va tiép xuc véi Oy tai B.
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3) Hai duong tron cat nhau tai P va Q. Viét phuong trinh dudng thang
PQ. Chimg minh rang khi m thay d6i dudng PQ luén di qua diém cd dinh.
Loi gidi.

Trong mit phing phtc, cac diém A(; 0) twong tng voi diém
A@+i0) = A@); diém B(0; b) twong img v6i diém B(0+ia) = B(ia).

1) Vi duong tron (C) tiép xtc voi OX tai A suy ra x, =x. =a, suy ra toa

m+/2 m+/2
2 2 |

do tdm cua duong tron (C) 1a C [a +1

] va ban kinh la R, =
suy ra phuong trinh dudng tron (C) cé dang.

27 aim\/zz aimﬁz_
I S L S

ot fenf)-e8)

2 2

m+/2

hay zz‘—a(z+z‘)—iT2(z—z_)+a2:O. (2.8)

Bang cach thay z +7Z =2X; z —Z =2iy vao (8) ta dugc dang thyc nhu
Sau
x2+y? —2ax +m~/2y +a% =0.
Phuong trinh dudng thang AB c6 dang

a—ia z+ ia—a z-2ia*=0 (2.9)

Khi d6 toa do diém P 1a nghiém cua h¢

— - .mA+/2 -
Zz-a z2+2 —i ;_/_z—z +a’=0

a—ia z+ ia-a z-2ia’=0
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Mit khic z° = cos2x + isin2x, nén ta c6 cos2x =1 suy ra
X =ln(l €Z). Vay céac ho nghiém cua phuong trinh da cho la:
X = +— + —
X = Im.

= Bai todn 4. Giai phuong trinh.

COSX + C0S2X — cos3x = 1.
Loi gidi.

Vé&iz = cosx + isinx, tacd

2 4 6
cosx = > +1, COS2X = —, COS3X = ‘ +31
2z 2z 2z
2 4 6
Thay vao phuong trinh ta dugc 2z +1 ;2 1 ;2 L 1.

2z 22° 2z7°
Str dung phép bién ddi twong duong ta duge phuong trinh
2 +2°+2°+2-2°-1-22° = 0
& 2°-72°-7"+72° + 7°-72°-7+1 =0
hay z°+1 z°-z°-z+1 = 0.
T d6 ta c6 phuong trinh z°+1 z-1"z+1 =0, suy ra

z=1 z=-1va z°=-1. Thay tr¢ lai ta dugc nghiém cta phuong trinh da cho

la

X=7x + 2kzr , v6ikell, hay T , voi k el].
X= — + knx
T 2K 7 2
= — 4+ —F
3 3

= Bai todn 5. Giai phuong trinh.

tan’x + cot’x = 6.
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Loi gidi.
Ap dung cong thirc (2.49), ta c6

z° -1
el P =6

Bién d6i ta dugc phuong trinh:
~z2-1° - 7741t =62°-1".
Td d6 suy ra: z°+1=0<«< z°= —-1. Nhung ta lai cé

7%= cos8x + isin8x, do dd tacod

cos8x = -1 & X = i8
Vay cac ho nghiém cua phuong trinh da cho la:

X = i% + kT”(kGZ)

2.3. Bai tap tu luyén.
Bai 1. Cho M, N, P, Q, R, vaS la trung diém cua céc doan théng
AB, BC, CD, DE, vaFA ctamot luc gilc ABCDEF .
Chimg minh ring RN 2 = MQ? + PS? khiva chi khi MQ L PS.
Bai 2. Cho hinh vuéng ABCD, canh a ngoai tiép dudng tron tam O. Cho P Ia
diém bat ky trén duong tron do.
Tim gi tri ctia biéu thac PA2+PB?+PC?2+PD?.
Bai 3. Cho tam gidc ABC c6 G 1a trong tdm; diém S théa min
IS = 1A + IB + IC vadiém A" d6i xtmg véi A qua . Chiing minh rang:
1) Haitam giac ABC va ASA"' c6 cung trong tam.
2) 1S = 31G.
Bai 4. Cho hinh vuéng ABCD. Chirng minh ring:
AB? + CD? = AD? + BC? khivachi khi AC L BD.
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Bai 5. Cho céc diém A, B, C, D vaba sb thuc a, b, ¢ khong d6i. Lay céc
diém M, N, P,vaQ sao cho BM = a+t BA,BN = b-t BC, va
DQ = b+t DA,DP = c-t DC, véit la s thuc. Chimg minh khi sb

thyc t thay doi nhung tong MP + NQ khong doi.

Bai 6. Chimg minh ring néu z = cosx + isinx va z=1, thi

Re(ij _ 1
1-z 2

Bai 7. Tinh gia tri ctia tich P = c0s20° cos40°cos80°, bang it nhét hai cach
khac nhau.

Bai 8. Tinh céc tong sau S = iqk coskx vaT = iqksinkx
k=1 k=1
Bai 9. Giai phuong trinh 5sin3x — 3sinb5x = 0.

Bai 10. Tinh giéihan |jm|1 + 1c:osZ + Ecosﬁ o icosn—” :
2 4 4 2 2" 4

2.4. Két luan chuong 2.
Trong dé tai ¢4 néu nhing dinh huéng co ban vé van dé day hoc noi
dung mg dung s6 phtc vao giai toan hinh hoc phing va luong giac va van dé
xdy dung hé thdng céc bai tip, chuyén dé. Qua chuong niy chung toi di xay
dung dugc mot ) chuyén dé véi mot sb dang bai tap dién hinh tr don gian
dén phtc tap, cung voi mot hé théng bai tap tu luyén thuong gay kho khan
cho HS pho thong. Thong qua cac chuyén dé nay goép phan boi dudng ning
luc giai toan cho HS, déc biét nang luyc ing dung sb phtrc vao gidi toan hinh

hoc phang va lugng giac cho HS kha gidi ¢ truong Trung hoc pho thong.
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CHUONG 3

THU NGHIEM SU PHAM
3.1. Muc dich thir nghiém su pham.

Thtr nghiém su pham duogc tién hanh nham muc dich kiém tra tinh kha
thi va hiéu qua cta cac chuyén dé dua ra dé day HS ndi dung umg dung sb
phttc vao giai toan hinh hoc phing va luong giac.

3.2. T6 chirc thir nghiém.
3.2.1. N§i dung thir nghiém.

Thtr nghi€ém day hoc mot sb nodi dung veé ung dung cua sO phuc vao giai
toan hinh hoc phang va luong giac cho HS kha gidi & truong THPT.,

Tién hanh day thir nghiém ndi dung: Ung dung s6 phic vao giai mot sé dang
toan ctia hinh hoc phang va luong gidc:

+ Bai toan chirmg minh, tinh toan.

+ Bai toan quy tich, dung hinh.

+ MOt sb bai toan chimg minh, tinh téng cac biéu thirc chira cac ham sb
luong giac.

+ Ung dung s6 phuc dé giai mot sé phwong trinh luong gidc thuong gip.
3.2.2. P6i tuwgng thir nghiém.

Doi tugng thir nghiém 13 HS 16p 12A1 chuyén Toan, truong THPT
chuyén tinh Lao Cai, gdm 25 hoc sinh. Day 14 16p chuyén toan cua truong nén
d6i tuong HS déu 1a cac em HS c6 kién thirc, ki nang tuong ddi tot vé mon
toan, c6 kha ning van dung va tinh sang tao trong giai toan. Pao duc tdt, tac
phong nhanh nhen.

Gi4o vién day thir nghiém 1 c6 gido Nguyén Thi Minh — 1a gido vién
giang day 1au ndm, c6 nhiéu kinh nghiém trong giang day, dic biét 1a trong

cong tac bdi dudng cho HS kha gioi.
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3.2.3. Trién khai thir nghiém.

Sau khi trao d6i ndi dung v&i T6 chuyén mon, két hop vai nam bt tinh
hinh thuc té hoc tap cua HS, chung toi tién hanh t6 chic thir nghiém trong
thoi gian bon tuan.

+ Tuan thtr nhat tién hanh day cho HS nhimg kién thirc vé s phirc
trong chuong trinh.

+ Tuan thi hai hoan thién cac kién thirc vé s6 phirc trong chuwong trinh
va tién hanh day b6 sung cho HS mot sb kién thuc vé sb phuc phuc vu cho
viée 1am céc chuyén dé.

+ Tuan thr ba day cho HS chuyén dé vé ung dung s phirc vao giai
toan hinh hoc phang.

+ Tuan thtr tr day cho HS chuyén dé vé tmg dung sé phirc vao giai toan
lwgng giac, cac chuyén dé duogc tién hanh day vao cac budi bdi dudng, mdi
tuan 2 budi.

Tién hanh kiém tra, danh gia vao cudi tuan tht tu.

Mdi tiét day, mdi chuyén dé déu dugc trao doi, thao luan k§ vé muc
tiéu, ndi dung, phuong phap giang day. Sau mdi tiét day, mdi chuyén dé déu
co nhan xét, rut kinh nghiém cho céac tiét day tiép theo duoc tot hon.

Vé day chuyén dé, ching toi ¢ hudng dan HS giai mot s6 bai tép (co
lra chon k§ Iudng) nhu trong ludn vin d3 trinh bay. Ngoai ra con cung cip
cho HS tai liéu tham khao giup céc em thdy duoc nhitng Gmg dung khac
phong phu ciia s6 phic trong cac finh vuc toan hoc, ching toi cling cung cp
thém cac bai tap dé HS tu giai va nghién ctu.

Chung t6i dd chuan bi bai kiém tra, sau khi d& ban bac, trao do6i véi
gido vién bd mon vé myc dich, ndi dung ciia bai kiém tra va cho HS thuc hién
vao thoi diem da dinh trudc.

3.3. Két qua thir nghiém.
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@ Pé danh gia két qua, sau khi day thir nghiém ching t6i da phét cho céac
em tra 101 vao phiéu thim do y kién (dugc trinh bay trong phu luc cua luan
van) v&indi dung thiét thuc, cu thé nham thu dugc nhitng thong tin phan hoi
tir phia HS.

@ Tong hop céc ¥ kién ty danh gia ctia HS va trao doi cting mot s6 thay
cd gido trong T bd mon chiing t6i thiy.

v Vé gido vién.

S6 phtc lau nay van duoc dua vao giang day cho céc 16p chuyén toan,
tuy nhién chi dimg lai & mic do gidi thiéu va lam céc bai tip co ban vé sb
phtc. Noi dung tmg dung sé phirc vao gidi toan da duge dé cdp song chua
nhiéu. Viéc day cho HS tmg dung sé phtic vao giai toan hinh hoc phing va
lwgng gidc 1am cho HS thiy dugc ¥ nghia, vai trd cua sd phuc trong Toan
hoc.

S6 phue 1a mot ndi dung kho song viée ap dung nd vao giai toan cho ta
nhiéu két qua 1y tht va dep, gdy himg tha cho sy tim toi, lam tién dé cho su
sang tao,... ma nhitng diéu d6 rat can cho ngudi hoc toan, lam toan.

Viéc dua ndi dung trng dung sd phic vao giai toan hinh hoc phang va
lwgng gidc (dic biét 1a cac bai toan quy tich, gidi phuong trinh) tao diéu kién
cho cac thﬁy cO gido c6 mot hudng suy nghi médi, mac du mot sb bai toan néu
giai bang s phirc co thé dai hon song ta c6 thé dung sd phic dé nghién ciru
cic van dé khac cua toan, gay himg thu hon cho viéc nghién ctru cac van dé
vé s6 phic. Qua d6 ciing phat huy tich cyc ning luc giai bai tip toan khong
chi ctia HS ma ca cac thiy co gido.

Tuy nhién néu c6 nhiéu thoi gian hon dé co6 thé rén luyén, boi dudng
kién thire cho HS thi hiéu qua sé& cao hon.

v’ Vé hoc sinh.
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Sau khi cho cac em tra 10i cac phiéu thim do, chiing toi nhan duoc két

qua tir cau hoi thir nhat nhu sau.

Miec do hiéu bai

Stt Noi dung
Khong c6 y kién Khong hiéu Hiéu
1 | Baitoan chiing minh, tinh todn 4 8 13
2 | Baitoan quy tich. 1 9 15
Tinh tong céc biéu thic lugng
3 2 11 12

giac.

Phuong phap st dung s6 phiic
4\ .g PP e p 3 13 9
dé giai phuong trinh lugng giac.

(So trong cac 6 1a s6 ¥ kién cua hoc sinh)

Miec dj thich thu

Stt Ngi dung Khong| BT Thich Rat
thich
1 | Baitoan chirng minh, tinh toan 4 14 7
2 | Baitoan quy tich. 10 15
Tinh tong cac bi€u thuc lrong
3| 1 10 14
giac.

Phuong phap sir dung sO phuc
4 | .g PP © p 3 12 10
dé giai phuong trinh lugng giac.

(SO trong cac 6 1a s6 y kién cua hoc sinh)
Nhu viy, qua viée tong hop cac ¥ kién cua hoc sinh & phiéu ty danh
gia, két hop voi trao doi cung cac em, cO thé dua ra mot s6 nhan dinh sau.
Pa s6 cic em (chiém khoang trén 60%) déu c6 kha ning linh hoi dugc

nhiing ndi dung co ban cua so phurc, biét img dung cac kién thire d6 giai mot
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s6 dang toan co ban ctia hinh hoc phang nhu: Quy tich, chimg minh, ... va mot
s6 bai toan vé lugng gidc co chira cung boi nx . Trong sb cic van dé dugc hoi,
cho théy cac em da nhan thic ré6 dugce hi¢u qua cua vige ung dung sb phtc
vao giai cac bai toan quy tich, cac bai toan tinh tong ma lau nay van 13 bai
toan kho véi cac em. Doi voi viée giai phuong trinh rong giac, do cac em da
qua quen voi viée bién ddi, phan tich nén khi giai bang sé phirc cac em chua
thyc sy thich thi. Tuy nhién, nhiéu em da thiy dugc sy khac biét giita giai
phuong trinh lugng giac bang sb phitc véi phuong phap bién doi, phan tich
quen thudc.

Sau dot thir nghiém, cac em thdy thich thu hon v&inhimg van dé vé sé
phtc; thiy rang s6 phuc khong phai 1a cai gi d6 qua xa la, qué phuc tap. Pic
biét, niang huc giai cac bai toan hinh hoc phang vé quy tich, dung hinh; ning
luc giai cac bai toan vé lwgng gidc duoc nang lén rd rét.

Tong hop ¥ kién trong cau hoi 2 trong phiéu tham do cho két qua:
24/25 chon phuong 4n tra 16 1a: Lua chon phuong phép giai (dung kién thirc
lugng giac 16p 11 hodc sb phirc) tiy theo dic diém cia tirng bai (chiém gan
98%). Nhu vay dung trudc mdt bai toan hoc sinh da co6 sy linh hoat, ty tin dé
lwa chon mot phuong phdp gidi phu hgp; nho d6 ma nang lyc gidi toan cua
cac em ciing dugc phat trién.

@® V& két qua thr nghiém.
> Sau dot thir nghiém, ching t6i d4 tién hanh kiém tra danh gia hoc sinh
qua mot bai kién tra viét véi thoi gian 60 phut. D& kiém tra gdm 3 bai, v6i ndi
dung nhu sau.
BAI KIEM TRA (45 PHUT)
Cau 1. Giai cac phuong trinh sau.

1) cosx +cos3x +cosbx = 0. 2) sin 3 = sm5x.

3 5
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Cau 2. Tinh gioi han sau.

|im(sin on + sin 4r + ... 4+ Sin dnz j
n—>c0 2n +1 2n +1 2n +1
Cau 3. Trong mat phang OXy cho hai dudng thang A, vaA, c¢6 phuong trinh
la

A;:mx —y +m =0, A (I-m?)x +2my —(1+m?)=0.

1) Tim toa do giao diém | ctia A, VA A, (mg v&i mdi m.

2) Cho m thay dbi tim tip hop céc giao diém do.

> Két qua: 84% bai dat diém tir trung binh tré Ién, cu thé nhu sau.

biém 10 9 7,8 5:6 duoi 5
So hoc sinh 1 1 10 9 4
Ti1é (%) 4 4 40 36 16

» Nhiing két luan rat ra qua bai ki€ém tra cua HS.

+ Nhin chung cac em déu tich cuc, cd gang lam bai kiém tra.

+ Pa sd cac em déu c6 kha ning phién dich bai toan sang ngdn ngit sb
phuc dé giai quyét bai toan.

+ Qua bai 1am cua HS thay cac em nam viing kién thirc co ban vé sb phtic,
biét trinh bay 1oi giai 16 rang, mach lac, biét suy luan va van dung linh hoat
cac kién thirc vé sb phirc vao giai toan. Mot s6 em biét két hop gitra s phiic
va phuong phap tong hop thong thuong dé giai quyét bai toan do d6 co 1oi
giai gon gang, ngan gon. Nhu vdy ning luc img dung s6 phic vao giai toan
hinh hoc phing va lugng giac & cac em da duogc phat trién.

+ S6 cac em dat diém gidi chua nhiéu, qua d6 ciing cho thay, mic du céc
em c6 kha ning tiép thu, van dung song k¥ ning giai toan con chua that linh

hoat, chua biét suy nghi tim tdi dé c6 mot 101 giai nhanh, don gian.
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+ Mot sb bai kiém tra chua dat diém trung binh cho thdy mérc d6 nhan thirc
ctia HS trong 16p khong dong déu. Mot sd con phan van trong viée Ira chon
phuong phép giai, khd nang &p dung chua linh hoat.

+ Tir két qua ctia nhitng bai kiém tra dudi trung binh ciing cho thiy k¥
niang ng dung s phirc vao giai toan noi riéng, k¥ ning giai toan ndi chung
cia mot s em con cham, chua thyc su tich cuc trong viéc van dung céc kién
thirc d4 biét, vi vay chua hoan thanh dugc toan bo bai kiém tra.

3.4. Két luan chuong 3.

Qua dot thtr nghiém, dya trén cac két qua thu duoc co thé két luan ré‘mg.

Van dé sir dung s phtrc nhu mot cong cu giai toan hinh hoc phing va
lugng gidc né€u lén trong luan van la co thé thuc hién duoc. Vice phéi hop va
str dung céc bién phap su pham trong viéc day HS giai mot sé bai tdp hinh
hoc phang va luong gidc bang sé phitc ¢ gép phan lam cho viéc hoc méon
hinh hoc, lwong giac va dic biét 1a sé phirc ndi riéng va mon toan ndi chung
trd nén hap dan, thuc sy 16i cudn va gy himg tha cho HS, gop phan lam giam
dang ké nhitng kho khan va sai 1am cua cac em, dong thoi phat trién nang huc
giai toan cho HS, gop phan nang cao chat luong day va hoc. Thir nghiém
buéc dau minh hoa duoc tinh kha thi cta viéc xay dung cac chuyén dé nham
boi dudng ning luc giai toan tmg dung sé phirc vao giai toan hinh hoc phang

va lugng giac cho HS kha gidi & truong THPT.
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KET LUAN

Tt nhiing van dé da trinh bay, c6 thé rat ra mot s6 két luan sau.
1. Luan van da lam sang to6 mot sb khai niém vé nang luc gidi toan cua HS.
2. Luén vian nghién ctru viée tmg dung s6 phiic vao giai cac bai toan hinh hoc
phang va luong gidc & mot s6 tinh hudng dién hinh nhu: Mot sé bai toan
chimg minh, bai toan tinh toan, giai bai toan quy tich, dung hinh trong hinh
hoc phang; mot sb bai toan tinh tong, giai phuwong trinh lugng gidc c6 chira
cac cung boi ctia cac ham sb lwong giac.
3. Luan van da dé xuat mot s6 chuyén dé nham phat trién ning lyc giai toan
cho HS kha gidi truong THPT.
4. Két qua thir nghiém budc dau minh hoa cho tinh kha thi va hiéu qua cua
cic chuyén dé da dé xuét, gia thuyét khoa hoc 1a chip nhan duoc va nhitng
nhi€ém vu nghi€n ctru da hoan thanh.
5. B6i dudng ning luc giai toan ung dung sb phiic vao cac linh vuc toan hoc
cho HS kha gié1 ¢ truong THPT la mot dé tai méi meé, néu duoc su quan tam
dtng mirc tir phia cac thiy co gido thi gop phan dang ké trong viéc bdi dudng

nang luc giaitoan cho cac em kha gioi
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PHU LUC
1. MAu phiéu thim do y kién hoc sinh.
PHIEU THAM DO Y KIEN
Xin em cho biét y kién vé nhiing vin dé sau
(Panh ddu  yvao 6 twong Gmg néu nht tri)
1) Sau khi dugc rén luyén cach st dung sé phic vao giai toan hinh hoc

phang va lugng giac, em ty danh gia vé cac ndi dung nhu sau.

stt Nei dung Miurc do hiéu bai
Khong co ¥ kien Khong hicu Hicu
1 | Baitoan chimg minh, tinh toan
2 | Baitoan quy tich.
3 Tinh tong cac bi€u thuc lugng
giac.
A Phuong phdp st dung s6 phuc
dé giai phuong trinh luong giac.
Mburc do thich thu
Stt Noi dung Khong | BT Thich Rat
thich

1 | Baitoan chiing minh, tinh toan

2 | Baitoan quy tich.

Tinh tong cac biu thirc lugng

giac.

Phuong phdp st dung s6 phic
dé giai phuong trinh Iwong giac.
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2) Pung trudéc mot bai toan tinh tong (hodc giai phuong trinh) luong giac
co chtra cung bdi nx cua sin (hodc cosin, tang, cotang) em s¢:
I:I C gang giai bang kién thirc luong giac 16p 11.
I:l CH gang giai bang s phiic.
[ ] Lwa chon phuong phép giai (ding kién thie lugng giac 16p 11 hodc sb
phtic) tuy theo dic diém cua timg bai.
2. Huwong din - Pap s6 bai tap tw luyén.
Bai 1. Trén mat phang toa do phuc taco
RN? = MQ? + PS?
o e+f-b-c e+f-b-c
- d+e-a-b d+e-a-b + f+a-c-d f+a-c—d
Trdotaco d+e—-a-b f+a-c-d = 0,suyraMQ L PS.
Bai 2. Trén mit phang toa do phirc (nhu hinh v&), ta
c6 toa dd cua cac dinh cua hinh vudng lan luot 1a
zA:a—\/E,zB:ﬂi,zc: av2 Z, a 2i.
2 2 2 2

ee a . \ Ao aeR
Giasu z, = > COSX +1SInX la toa dd cua diém P.

Khidd tacod

PA*+PB’+PC’+PD’ = [z, ~7,| +[z, —2,| +[zc — 25| +[z0 ~ 2|

2 a2 a

—42 ZT.E(ZCOSX + ZCOS(X +%j+2cos X+ +2cos(x +37”D+4a—

2

= 2a°+0+a’ = 3’
Bai 3.

4

1) Tirgiathiét IS = IA + IB + IC ,suyras+2z = a+b+c. Goi G’

1a trong tam cua tam giac ASA", thé thi
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g' = %a+s+a' = .. = %a+b+c . Suy ra cac tam giac ABC va

ASA' cung trong tam.
2) Ta ¢6 s-z =a+b+c-3% =3y-3 =3g-z, ching 1o

IS = 3IG.
Bai 4. Trén mat phéng toa do phurc, goi toa d§ cua caccs dinh hinh vuéng va
str dung tinh chit ta co

AB? + CD? = AD® + BC?

& b-a b-a+d-c d-c = ¢c-b c-b +a-d a-d

Twrdosuyra c—a b—-d = 0,hay AC 1 BD.
Bai 5. Tu gia thiét tinh m-b, n-b, q—d, vap—d; tr d6 suy ra

p+g —m+n =ba-d +cc-d +2d-b +a b—-a +bb-c , nghia

A MP + NQ = aAB + b DA+CB + cDC + 2BD, khong déi.

X
COS—
Bai 6. Bién déi —— = L -1l , ta ¢
1-z 1- cosx +1sinx 2 25in
sin—
2
diéu phai chimg minh.
Bai 7.

* Cach 1. Str dung bién d6i luong gidc quen thudc: nhan ca hai vé cta biéu
T ‘. N , A A 1
thirc v4i sin20° va 4p dung cong thirc nhan doi ta dugc P = g

* Céach 2. Chuyén sang ngdn ngit s6 phic: Cho z =c0s20° +isin20°, biéu
dién c0s20°, cos40° va cos80° theo lily thira cta z. Thay vao biéu thirc va

-z"-1 1
rat gontadugc P = ——— = —.
8 -1-z 8
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Bai 8. Bién d6i 1+S +iT = Y.q* coskx +isinkx = >'q" cosx +isinx *,
k=0

k=0

ta duoc

n+l

[1-g"*cos n +1 x —ig

sin n+1 x] 1-qcosx +igsinx
q° —2qcosx +1 '

1+S +iIT =

n+2 n+l

cosnx — cos n+1 X —qgcosx +1
Tudosuyra 1+S = i q2 i
q° —2qcosx +1
. "2sinnx —g""sin n +1 X +qsinx
va T =4 R asnE.
gq° —2qcosx +1

, 72" 1 , N

Bai 9. Ap dung cong thirc sinna = e ta bi€u dién sin3x va sin5x
iz

theo z.

Thay vao phuong trinh tim dugc cac gia tri cia z la:

2°=1vaz® = —% + % Ap dung cong  thic Moivre
cos2x =1
2" =cosnx +isinnx va déng nhit phan thuc ta tim duoc 2,
COS2X = ——
3
X = krz
Suy ra .
4 X = ilarc(—gj + k7
2 3

Bai 10. Ap dung két qua
141 COSX +2%COS2X +...+ " cosnx
r"?cosnx —r""cos n +1 X —rcosx +1.

1—2r cosx +r?

1_1(;035
2 4

1- 2.1cos£+1
2 4 4

1 r 1 V4 1 Nz
ta duoc 1+ —Cc0S— + —C0S— +...+ —CO0S =
2 4 2 2"

S6 hoa bai Trung am Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



www.VNMATH.com
95

Tt do suy ra

n—+o0

n;zj _ 4-2
4 5-22°

Mit khac z? = cos2x + isin2x, nén ta c6 cos2x =1 Ssuy ra

lim|l1 + 1cosz + 1cosZ + o+ ic:os
2 4 4 2 2"

X =In(l €Z). Vay cac hg nghiém cua phuong trinh da cho la:

X = t— 4+ —
X = In.

X Bai toan 4. Giai phuong trinh.

COSX + C0S2X — cos3x = 1.
Loi gidi.

V6iz = cosx + isinx,taco

2% +1 2 +1 z°+1
COSX = , COS2X = ———, COs3X = .
27 2z 2z
z?+1  z'+1  z2°+1
Thay vao phuong trinh ta dugc + — + — = L
2z 2z 2z
Str dung phép bién doi twong dwong ta duwoc phuong trinh
2'+72°+2°+72-2°-1-22° =0
o 28 -7+ + 7°-7-7z+41 =0

hay z°+1 z°-z°-z+1 = 0.
T d6 ta c6 phuong trinh 2z°+1 z-1°z+1 =0, suy ra

z=1 z=-1va z°’=-1. Thay tr¢ lai ta duwgc nghiém ctia phuong trinh da cho

la | x=7 + 2kz , v6ik el], hay T  voik ell.
X=— + knx
T 2k 2
= — 4+ —
3 3
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. BAi toan 5. Giai phuong trinh.

tan’x + cot’x = 6.
Léi gidi.
Ap dung cong thirc (2.49), ta c6
72-1°
- - - 6.
27 +1

Bién d6i ta dugc phuong trinh:
e R A
Td d6 suy ra: z°+1=0«< z°= —-1. Nhung ta lai cé

7%= cos8x + isin8x, do dd tacod

Cos8x = —1 & x = +25 + k—”(k el).
8 4
Vay cac ho nghiém cua phuong trinh da cho la:

X = i% + kTﬂ(kEZ)

2.3. Bai tap tu luyén.
Bai 1. Cho M, N, P, Q, R, vaS 1a trung diém cua cac doan thing
AB, BC, CD, DE, vaFA cua mét luc gilc ABCDEF .
Ching minh ring RN ? = MQ? + PS? khiva chi khi MQ L PS.
Bai 2. Cho hinh vuéng ABCD, canh a ngoai tiép dudng tron tim O. Cho P la
diém bat ky trén duong tron do.

Tim gi tri ctia biéu thac PA2 +PB?+PC?+PD?.
Bai 3. Cho tam gidc ABC c6 G la trong tdm; diém S thoa min
IS = IA + IB + IC vadiém A' dbiximg voi A qua |. Chimg minh ring:

3) Haitam giac ABC va ASA" ¢6 cung trong tam.

4) 1S = 3IG.
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Bai 4. Cho hinh vuéng ABCD. Chirng minh rang:
AB’ + CD? = AD? + BC? khivachi khi AC 1 BD.
Bai 5. Cho cac diém A, B, C, D vabasd thuc a, b, ¢ khong doi. Léy cac

diém M, N,P,vaQ sao cho BM = a+t BA,BN = b-t BC, va
DQ = b+t DA,DP = c—t DC, véit la s thuc. Chimg minh khi s6

thyc t thay di nhung tong MP  + @ khong doi.

Bai 6. Chimg minh ring néu z = cosx + isinx va z=1, thi

Re(ij _ 1
1-z 2

Bai 7. Tinh gia tri ctia tich P = c0s20° cos40° cos80°, bang it nhat hai cach

khac nhau.

Bai 8. Tinh céc tong sau S = iqk coskx vaT = iq"sinkx

k=1 k=1

Bai 9. Giai phuong trinh 5sin3x — 3sinbx = 0.

B4i 10. Tinh gidihan [im[1 + ~cos” + Lcos® + .. + —cos"% .
2 4 4 2 2 4

n—+w0

2.4. Két luan chwong 2.

Trong dé tai ¢4 néu nhimg dinh huéng co ban vé van dé day hoc noi
dung Gmg dung s6 phtc vao giai toan hinh hoc phing va luong gidc va van dé
xdy dung hé thdng céc bai tap, chuyén dé. Qua chuong ndy chung toi di xay
dyng duoc mot sd chuyén dé véi mot sé dang bai tap dién hinh tir don gian
dén phuc tap, cung voi mot hé thong bai tap ty luyén thuong gay kho khin
cho HS pho thong. Thong qua cac chuyén dé nay gop phan boi dudng ning
luc giai toan cho HS, dic biét nang huc tmg dung s6 phiic vao giai toan hinh

hoc phang va luong giac cho HS kha giéi ¢ truong Trung hoc phd thong.
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CHUONG 3

THU NGHIEM SU PHAM
3.1. Muc dich thir nghiém su pham.

Thtr nghiém su pham duogc tién hanh nham muc dich kiém tra tinh kha
thi va hiéu qua cua cac chuyén dé dua ra ¢é day HS ndi dung tng dung sb
phttc vao giai toan hinh hoc phing va luong giac.

3.2. T6 chirc thir nghiém.
3.2.1. NOi dung thir nghiém.

Thtr nghi€ém day hoc mot sb nodi dung veé ung dung cua sO phuc vao giai
toan hinh hoc phang va luong giac cho HS kha gidi & truong THPT.,

Tién hanh day thir nghiém ndi dung: Ung dung s6 phic vao giai mot sé dang
toan ctia hinh hoc phing va lugng giac:

+ Bai toan chirmg minh, tinh toan.

+ Bai toan quy tich, dung hinh.

+ MOt sb bai toan chimg minh, tinh téng cac biéu thirc chira cac ham sb
luong giac.

+ Ung dung s6 phuc dé giai mot sé phwong trinh luong gidc thuong gip.
3.2.2. P6i tugng thir nghiém.

Doi tugng thir nghiém 13 HS 16p 12A1 chuyén Toan, truong THPT
chuyén tinh Lao Cai, gdm 25 hoc sinh. Day 14 16p chuyén toan cua truong nén
d6i tuong HS déu 1a cac em HS c6 kién thirc, ki nang tuong doi tét vé mon
toan, c6 kha ning van dung va tinh sang tao trong giai toan. Pao durc t6t, tac
phong nhanh nhen.

Gi4o vién day thir nghiém 1 c6 gido Nguyén Thi Minh — 1a gido vién
giang day 1au ndm, c6 nhiéu kinh nghiém trong giang day, dic biét 1a trong

cong tac bdi dudng cho HS kha gioi.
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3.2.3. Trién khai thir nghiém.

Sau khi trao d6i ndi dung v&i T6 chuyén mon, két hop vai nam bt tinh
hinh thuc té hoc tap cua HS, chung toi tién hanh t6 chic thir nghiém trong
thoi gian bon tuan.

+ Tuan thtr nhat tién hanh day cho HS nhimg kién thirc vé sb phirc
trong chuong trinh.

+ Tuan thi hai hoan thién cac kién thirc vé s6 phirc trong chuwong trinh
va tién hanh day b6 sung cho HS mot sb kién thuc vé sb phuc phuc vu cho
viée 1am céc chuyén dé.

+ Tuan thr ba day cho HS chuyén dé vé ung dung s phirc vao giai
toan hinh hoc phang,

+ Tuan thtr tr day cho HS chuyén dé vé tmg dung sé phirc vao giai toan
lwgng giac, cac chuyén dé duogc tién hanh day vao cac budi bdi dudng, mdi
tuan 2 budi.

Tién hanh kiém tra, danh gia vao cudi tuan tht tu.

Mdi tiét day, mdi chuyén dé déu dugc trao doi, thao luan k§ vé muc
tiéu, ndi dung, phuong phap giang day. Sau mdi tiét day, mdi chuyén dé déu
co nhan xét, rut kinh nghi¢m cho céac tiét day tiép theo duoc tot hon.

Vé day chuyén dé, ching toi ¢ hudng dan HS giai mot s6 bai tép (co
lya chon k§ Iudng) nhu trong ludn van d3 trinh bay. Ngoai ra con cung cp
cho HS tai liéu tham khio giup céc em thdy duoc nhitng Gmg dung khéc
phong phu ciia s6 phic trong cac finh vire toan hoc, chung toi ciing cung cap
thém cac bai tap dé HS tu giai va nghién ctu.

Chung t6i dd chuan bi bai kiém tra, sau khi d ban bac, trao d6i véi
gi14o vién by mén vé myc dich, noi dung cua bai kiém tra va cho HS thuc hién
vao thoi diém da dinh trude.

3.4. Két qua thir nghiém.
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@ Pé danh gia két qua, sau khi day thir nghiém ching t6i da phét cho céac
em tra 101 vao phiéu thim do y kién (dugc trinh bay trong phu luc cua luan
van) v&indi dung thiét thuc, cu thé nham thu dugc nhitng thong tin phan hoi
tir phia HS.

@ Tong hop céc ¥ kién ty danh gia ctia HS va trao doi cting mot s6 thay
co gido trong T bd mon ching toi thay.

v Vé gido vién.

S6 phtc lau nay van duoc dua vao giang day cho céc 16p chuyén toan,
tuy nhién chi dimg lai & mic do gidi thiéu va lam céc bai tip co ban vé sb
phtc. Noi dung tmg dung sé phirc vao gidi toan da duge dé cdp song chua
nhiéu. Viéc day cho HS tng dung sé phiic vao giai toan hinh hoc phing va
lwgng gidc 1am cho HS thiy dugc ¥ nghia, vai trd cua sd phuc trong Toan
hoc.

S6 phue 1a mot ndi dung khod song viée 4p dung nd vao giai toan cho ta
nhiéu két qua 1y tha va dep, gdy himg tha cho sy tim toi, 1dm tién dé cho su
sang tao,... ma nhitng diéu d6 rat can cho ngudi hoc toan, lam toan.

Viéc dua ndi dung trng dung sd phic vao giai toan hinh hoc phang va
lwgng gidc (dic biét 1a cac bai toan quy tich, gidi phuong trinh) tao diéu kién
cho cac thﬁy cO giao ¢6 mot hudng suy nghi mdi, mac du mot sb bai toan néu
giai bang sb phirc co thé dai hon song ta c6 thé dung sd phic dé nghién ciru
cic van dé khac cua toan, gdy himg tha hon cho viéc nghién ciru cac van dé
vé s6 phiic. Qua d6 ciing phat huy tich cyc ning luc giai bai tp toan khong
chi ctia HS ma ca cac thay co gido.

Tuy nhién néu c6 nhiéu thoi gian hon dé co6 thé rén luyén, boi dudng
kién thire cho HS thi hiéu qua s& cao hon.

v’ Vé hoc sinh.

S6 hoa bai Trung am Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



www.VNMATH.com
102

Sau khi cho cac em tra 10i cac phiéu thim do, chung t6i nhan dugc két

qua tir cau hoi thir nhat nhu sau.

Miec do hiéu bai

Stt Noi dung
Khong c6 y kién Khong hiéu Hiéu
1 | Baitoan chiing minh, tinh todn 4 8 13
2 | Baitoan quy tich. 1 9 15
Tinh tong céc biéu thic lugng
3 2 11 12

giac.

Phuong phap st dung s6 phiic
4\ .g PP e p 3 13 9
dé gidi phuong trinh lugng giac.

(So trong cac 6 1a s6 ¥ kién cua hoc sinh)

Miec dj thich thu

Stt Noi dung Khong | BT Thich Rat
thich
1 | Baitoan chiing minh, tinh todn 4 14 7
2 | Baitoan quy tich. 10 15
Tinh tong cac bi€u thuc lrong
3| 1 10 14
giac.

Phuong phap sir dung sO phuc
4 | .g PP © p 3 12 10
dé giai phuong trinh lugng giac.

(SO trong cac 6 1a s6 y kién cua hoc sinh)
Nhu viy, qua viéc tong hop cac ¥ kién ctia hoc sinh & phiéu tu danh
gia, két hop voi trao doi cung cac em, cO thé dua ra mot s6 nhan dinh sau.
Pa s6 cic em (chiém khoang trén 60%) déu c6 kha ning linh hoi dugc

nhiing ndi dung co ban cuia so phurc, biét ing dung cac kién thire d6 giai mot
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sb dang toan co ban cua hinh hoc phfmg nhu: Quy tich, chiing minh,... va mot
s6 bai toan vé lugng gidc co chira cung bdi nx . Trong sb cic van dé dugc hoi,
cho théy cac em da nhan thic ré6 dugce hi¢u qua cua vige ung dung sb phtc
vao giai cac bai toan quy tich, cac bai toan tinh tong ma lau nay van 1 bai
toan kho véi cac em. Doi voi viée giai phuong trinh Iwong giac, do cac em da
qua quen voi viée bién ddi, phan tich nén khi giai bang sé phirc cac em chua
thyc sy thich thi. Tuy nhién, nhiéu em da thiy duoc su khac biét giira giai
phuong trinh luong gidc bang s6 phirc véi phuong phép bién doi, phan tich
quen thudc.

Sau dot thir nghiém, cac em thdy thich thu hon v&inhimg van dé vé sé
phtc; thiy rang s6 phic khong phai 1a cai gi d6 qua xa la, qua phuc tap. Pic
biét, niang huc giai cac bai toan hinh hoc phang vé quy tich, dung hinh; ning
luc giai cac bai toan vé lugng gidc duoc nang lén rd rét.

Tong hop ¥ kién trong cau hoi 2 trong phiéu tham do cho két qua:
24/25 chon phuong an tra 161 1a: Lwa chon phuong phap giai (dung kién thirc
lugng giac 16p 11 hodc sb phiic) tiy theo dic diém cia tirng bai (chiém gan
98%). Nhu vay dung trudc mdt bai toan hoc sinh da co6 sy linh hoat, ty tin dé
lwa chon mot phuong phdp gidi phu hgp; nho d6 ma nang lyc gidi toan cua
cac em ciing dugc phat trién.

@® V& két qua thr nghiém.

» Sau dot thtr nghiém, chung t61 da tién hanh kiém tra danh gid hoc sinh
qua mot bai kién tra viét véi thoi gian 60 phut. D& kiém tra gdm 3 bai, v6i ndi
dung nhu sau.

BAI KIEM TRA (45 PHUT)
Cau 1. Giai cac phuong trinh sau.

1) cosx +cos3x +cosbx = 0. 2) sin 3 = sm5x.

3 5
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Cau 2. Tinh gioi han sau.

|im(sin on + sin 4r + ... 4+ Sin dnz j
n—>c0 2n +1 2n +1 2n +1
Cau 3. Trong mat phang OXy cho hai dudng thang A, vaA, c¢6 phuong trinh
la

A;:mx —y +m =0, A (I-m?)x +2my —(1+m?)=0.

1) Tim toa do giao diém | ctia A, VA A, (mg v&i mdi m.

2) Cho m thay di tim tap hop céc giao diém d6.

> Két qua: 84% bai dat diém tir trung binh tré Ién, cu thé nhu sau.

biém 10 9 7,8 5:6 duoi 5
So hoc sinh 1 1 10 9 4
Ti1é (%) 4 4 40 36 16

» Nhiing két luan rat ra qua bai kiém tra cua HS.

+ Nhin chung cac em déu tich cuc, cd gang lam bai kiém tra.

+ Pa sd cac em déu c6 kha ning phién dich bai toan sang ngdn ngit sb
phuc dé giai quyét bai toan.

+ Qua bai 1am cua HS thay cac em nam viing kién thirc co ban vé sd phiic,
biét trinh bay 1oi giai 16 rang, mach lac, biét suy luan va van dung linh hoat
cac kién thirc vé sb phiic vao giai toan. Mot s6 em biét két hop giita sd phirc
va phuong phap tong hop thong thuong dé giai quyét bai toan do d6 co 1oi
giai gon gang, ngan gon. Nhu vy ning luc tng dung sé phic vao giai toan
hinh hoc phéng va lugng giac & cac em da dugc phat trién.

+ S6 cac em dat diém gidi chua nhiéu, qua d6 ciing cho thay, mic du céc
em c6 kha ning tiép thu, van dung song k¥ ning giai toan con chua that linh

hoat, chua biét suy nghi tim tdi dé c6 mot 101 giai nhanh, don gian.
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+ Mot sb bai kiém tra chua dat diém trung binh cho thiy mirc d¢ nhén thirc
ctia HS trong 16p khong dong déu. Mot sd con phan van trong viée Ira chon
phuong phép gidi, kha nang 4p dung chua linh hoat.

+ Tir két qua ctia nhitng bai kiém tra dudi trung binh ciing cho thiy k¥
ning ng dung sé phic vao giai toan ndi riéng, ky ning giai toan ndi chung
cia mot s em con cham, chua thyc su tich cuc trong viéc van dung céc kién
thirc d4 biét, vi vay chua hoan thanh duoc toan bo bai kiém tra.

3.4. Két luan chuong 3.

Qua dot thtr nghiém, dya trén cac két qua thu duoc co thé két luan rﬁng.

Van dé sir dung s phtrc nhu mot cong cu giai toan hinh hoc phing va
lugng gidc né€u lén trong luan van la co thé thuc hién duoc. Viéc phéi hop va
str dung céc bién phap su pham trong viéc day HS giai mot s bai tdp hinh
hoc phang va luong gidc bang sé phitc ¢ gép phan lam cho viéc hoc méon
hinh hoc, lwong giac va dic biét 1a sé phirc ndi riéng va mon toan ndi chung
trd nén hdp dn, thuc su 161 cudn va gay hing thi cho HS, gop phan lam giam
dang ké nhitng kho khan va sai 1am cua cac em, dong thoi phat trién nang luc
giai toan cho HS, gop phan ning cao chat luong day va hoc. Thir nghiém
buéc dau minh hoa duoc tinh kha thi cta viéc xay dung cac chuyén dé nham
boi dudng ning luc gidi toan img dung s6 phic vao gidi toan hinh hoc phang

va lugng giac cho HS kha gidi & truong THPT.
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KET LUAN

Tir nhitng van dé d3 trinh bay, c6 thé rit ra mot so két luan sau.
1. Luén van da lam sang to6 mot sb khai niém vé nang luc gidi toan cua HS.
2. Luan vin nghién ciru viéc tmg dung sé phitc vao gidi cac bai toan hinh hoc
phang va luong gidc & mot s6 tinh hudng dién hinh nhu: Mot sé bai toan
chirng minh, bai todn tinh toan, giai bai toan quy tich, dung hinh trong hinh
hoc phang; mot sb bai toan tinh tong, giai phuong trinh lugng gidc ¢6 chira
cac cung boi cuia cac ham sb lwong giac.
3. Ludn vin da dé xuat mot s6 chuyén dé nham phat trién ning luc giai toan
cho HS kha gidi truong THPT.
4. Két qua thir nghiém budc dau minh hoa cho tinh kha thi va hiéu qua cta
cac chuyén dé da dé xuat, gia thuyét khoa hoc 1a chdp nhan dugc va nhirng
nhiém vu nghién ctru da hoan thanh.
5. Bbi dudng nang luc giai toan tmg dung sd phirc vao cac linh vuc toan hoc
cho HS kha gié1 & truong THPT 1a mot dé tai m&i mé, néu duoc su quan tam
dtng mirc tir phia cac thiy co gido thi gop phan dang ké trong viéc bdi dudng

nang luc giaitoan cho cac em kha gioi.
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PHU LUC
1. MAu phiéu thim do y kién hoc sinh.
PHIEU THAM DO Y KIEN
Xin em cho biét y kién vé nhiing vin dé sau
(Panh ddu  yvao 6 twong Gmg néu nht tri)
3) Sau khi duoc rén luyén cach st dung sd phiic vao giai toan hinh hoc

phang va lugng giac, em tu danh gid vé cac ndi1 dung nhu sau.

Stt Nei dung Miurc do hiéu bai
Khong co ¥ kien Khong hicu Hicu
1 | Baitoan chimg minh, tinh toan
2 | Baitoan quy tich.
3 Tinh tong cac bi€u thuc lugng
giac.
A Phuong phdp st dung s6 phuc
dé giai phuong trinh lugng giac.
Mburc do thich thu
Stt Noi dung Khong | BT Thich Rat
thich

1 | Baitoan chiing minh, tinh toan

2 | Baitoan quy tich.

Tinh tong cac biéu thic lugng

giac.

Phuong phdp st dung s6 phic
dé giai phuong trinh Iwong giac.
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4) Plng trudec mot bai toan tinh tong (hodc giai phuong trinh) lugng giac
co chtra cung bdi nx cua sin (hodc cosin, tang, cotang) em s¢:
I:I C gang giai bang kién thirc luong giac 16p 11.
I:l CH gang giai bang sb phirc.
[ ] Lwa chon phuong phép giai (ding kién thie lugng giac 16p 11 hodc sb
phtic) tuy theo dic diém cua timg bai.
2. Huwong din - Pap s bai tap tw luyén.
Bai 1. Trén mat phang toa do phuc taco
RN? = MQ? + PS?
o e+f-b-c e+f-b-c
- d+e-a-b d+e-a-b + f+a-c-d f+a-c—d
Trdotaco d+e—-a-b f+a-c-d = 0,suyraMQ L PS.
Bai 2. Trén mit phang toa do phirc (nhu hinh v&), ta
c6 toa dd cua cac dinh cua hinh vudng lan luot 13
zA:a—\/E,zB:ﬂi,zc: av2 Z, a 2i.
2 2 2 2

ee a . \ Ao aeR
Giasu z, = > COSX +1SInX la toa dd cua diém P.

Khidd tacod

PA*+PB’+PC’+PD’ = [z, ~7,| +[z, —2,| +[zc — 25| +[z0 ~ 2|

2 a2 a

—42 ZT.E(ZCOSX + ZCOS(X +%j+2cos X+ +2cos(x +37”D+4a—

2

= 2a°+0+a’ = 3’
Bai 3.

4

3) Turgiathiét IS = 1A + IB + IC,suyras+2z = a+b+c. Goi G’
1a trong tam cua tam giac ASA", thé thi
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g' = %a+s+a' = .. = %a+b+c . Suy ra cac tam giac ABC va

ASA' cung trong tam.
4) Ta c0 s-z =a+b+c-3Z =3g-3% =39g-z, ching 1o

IS = 3IG.
Bai 4. Trén mat phéng toa do phurc, goi toa d cua caccs dinh hinh vudng va
str dung tinh chit ta co

AB? + CD? = AD® + BC?

& b-a b-a+d-c d-c = ¢c-b c-b +a-d a-d

Twrdosuyra c—a b—-d = 0,hay AC 1 BD.
Bai 5. Tu gia thiét tinh m-b, n-b, q—d, vap—d; tr d6 suy ra

p+g —m+n =ba-d +cc-d +2d-b +a b—-a +bb-c , nghia

A MP + NQ = aAB + b DA+CB + cDC + 2BD, khong déi.

X
COS—
Bai 6. Bién déi —— = L -1l , ta ¢
1-z 1- cosx +1sinx 2 25in
sin—
2
diéu phai chimg minh.
Bai 7.

* Cach 1. Str dung bién d6i luong gidc quen thudc: nhan ca hai vé cta biéu
T ‘. N , A A 1
thirc v4i sin20° va 4p dung cong thirc nhan doi ta dugc P = g

* Céach 2. Chuyén sang ngdn ngit s6 phic: Cho z =c0s20° +isin20°, biéu
dién cos20’, cos4d va cos80 theo lity thira cta z. Thay vao biéu thirc va

-z"-1 1
rat gontadugc P = ——— = —.
8 -1-z 8
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Bai 8. Bién d6i 1+S +iT = Y.q* coskx +isinkx = >'q" cosx +isinx *,
k=0

k=0

ta duoc

n+l

[1-g"*cos n +1 x —ig

sin n+1 x] 1-qcosx +igsinx
q° —2qcosx +1 '

1+S +iIT =

n+2 n+l

cosnx — cos n+1 X —qgcosx +1
Tudosuyra 1+S = i q2 i
q° —2qcosx +1
. "2sinnx —g""sin n +1 X +qsinx
va T =4 R asnE.
gq° —2qcosx +1

, 72" 1 , N

Bai 9. Ap dung cong thirc sinna = e ta bi€u dién sin3x va sin5x
iz

theo z.

Thay vao phuong trinh tim dugc cac gia tri cia z la:

2°=1vaz® = —% + % Ap dung cong  thic Moivre
cos2x =1
2" =cosnx +isinnx va déng nhit phan thuc ta tim duoc 2,
COS2X = ——
3
X = krz
Suy ra .
4 X = ilarc(—gj + k7
2 3

Bai 10. Ap dung két qua
141 COSX +2%COS2X +...+ " cosnx
r"?cosnx —r""cos n +1 X —rcosx +1.

1—2r cosx +r?

1_1(;035
2 4

1- 2.1cos£+1
2 4 4

1 r 1 V4 1 Nz
ta duoc 1+ —Cc0S— + —C0S— +...+ —CO0S =
2 4 2 2"
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Tu do suy ra

lim|l1 + 1cosz + 1cosZ + o+ ic:osn
2 4 4 2 2" 4

n—+o0
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