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MOT SO KY HIEU DUNG TRONG LUAN AN
L (N - 15 tap hop cac toan tir tuyén tinh lién tuc trén W
A" : ma tran chuyén vi cua ma trin A
im(A) : anh cua A
ker A: khong gian khong cua A
A" nghich ddo Moore — Penrose A
det A: dinh thuc cua ma tran A
rank A: hang clia ma tran A
ind A: chi s6 ctia cip ma tran A
ind (A, B): chi s6 ctia cip ma trin (A, B)
diag(m, N) : ma tran cheo

I,: ma tran don vicap r

C\ = {x € C(—: tap cac vec to ham lién tuc trong H xic

dinh trén 1R

C' (NI tap cac ma trin ham kha vi lién tuc trong [l va xac dinh trén [l

G=A+BQ
A =A+B,Q
B, =B — AP

Q, =QA'B=QG"B: la phép chiéu chinh tic 1én N(t) doc S(t)
P =1 -Q, 1a phép chiéu chinh tic 1én N(t) doc S(t)

Span P(t) : bao tuyén tinh cua P(t)

S(t):={z < I <im A(t)}

<X,y > tinh vo hudng
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MO DAU

Trong khoa hoc va tng dung thuc tién hién nay c6 nhiéu bai toan, chang
han mo ta hé dong luc, hé théng mang di¢n, nhitng bai toan diéu khién ,... doi hoi
phai giai va xét tinh chat nghiém nhimg hé phuong trinh dang: Ax'+Bx=0 trong
d6 A BeL(llll hoac ABeL(l,IN -0 goi la hé phuong trinh vi phan dai
s6. Mot trong nhitng 16p don gian nhédt ctia cic hé phuong trinh dai sb 1a hé
phuong trinh vi phin dai s6 chi s6 1. Truong hop det A=0 ta dé dang dua hé trén
vé hé x'=A’'Bx (nhitng phuong trinh ndy dugc coi 1a co chi s 0), nghia 1a hé
phuong trinh vi phan thuong dugc xem la mdt truong hop riéng ctia h¢ phuong
trinh vi phan dai s6. Rat nhiéu bai toan va két qua ciia hé phuong trinh thuong
duoc xét doi v6i hé phuong trinh vi phan dai s6. Trong luin vin nay, ching toi
trinh bay cac két qua cia cac tac gia René Lamour-Roswitha Marz and Renate
Winkler, Pao Thi Lién, Pham Vin Viét vé 1y thuyét Floquet d6i véi cac hé
phuong trinh vi phan dai s6 tuyén tinh chi sé 1, tir d6 tac gia dua ra tiéu chuin 6n
dinh cta nghiém tuan hoan cta hé phi tuyén. Trong bai bao “How Floquet
Theory Applies to Index 1 Differential Algebraic Equations”, René Lamour-
Roswitha Marz and Renate Winkler, nhiéu két qua chua dugc chimg minh hodc
chi ching minh van tit. Luin vin ndy di chi tiét cac chimg minh va dua ra
nhirng vi du minh hoa cho céc két qua quan trong trong bai béo. Ngoai mé dau,
két luan va tai liéu tham khao. Luan vin gém 2 chuong:

Chuong 1. Cac kién thirc co s
Noi dung chuong nay 1a hé thong cac két qua cua 1y thuyét Floquet d6i voi hé
phuong trinh vi phan thuong va cac kién thic co ban vé hé phuong trinh vi phan
dai s6.

Chuong 2. Ly thuyét Floquet ddi v6i hé phuong trinh vi phan dai s6 chi s6 1.
Pay 1a ndi dung chinh cua luan vin. O day cac khai niém duoc 1iy vi du minh

hoa, cac két qua dugc chirng minh chi tiét va c6 vi du ap dung.
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LOI CAM ON

Tac gia chan thanh cdm on TS Pao Thi Lién, truong Pai hoc Su pham -
Pai hoc Thai Nguyén, ngudi ¢ huéng dan tac gid hoan thanh luan vin nay. Xin
dugc cam on Truong Pai hoc Su pham-DPai hoc Thai Nguyén, noi tac gia hoan
thanh Chuong trinh Cao hoc dudi su giang day nhiét tinh cua cac thay, c6 gido.
Xin chan thanh cdm on S& Gido duc va Dao tao Tuyén Quang, truong THPT
Thuong Lam-Na Hang-Tuyén Quang da tao moi diéu kién dé tac gia hoan thanh
chuong trinh hoc tap. Va cudi cing, xin cam on gia dinh va ban bé di tao moi
diéu kién thuan loi, dong vién, gitp d& tac gia trong subt thoi gian hoc tap,

nghién ctru va hoan thanh luan van nay.
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Chuong 1. KIEN THUC CO SO
1.1 HE PHUONG TRINH VI PHAN THUONG
1.1.1 Cac khai niém co ban
Dinh nghia 1.1.1. H¢ phuong trinh vi phan thuong (ODE) 1a hé phuong
trinh dang:

dy. .
R RANGER) | (11.1)

trong d6 t 1a bién doc 1ap (thoi gian); y,,..., y, 1a cdc ham can tim, f, 1a cac ham
xac dinh trong mot ban tru

T=1xD,, I ={ty <t <oo}.
va D, la mot mién mé thuoc Il

Pinh nghia 1.1.2. Hé phuong trinh vi phan thudng tuyén tinh c¢6 dang

d

% =a (1)1 + ()Y ++ a5 (O Y, + fi(1)

d

glltz = 81 (1) Y1 + 5y () Yy + ...+ B (1) Yy + Fo (1) (1.1.2)
d

% =y (D) Y1+ 8np ()Y + o8 (D) Y + 1 (1)

trong do t 1a bién doc lap va y;(t),..., y,(t) la céac 4n ham can tim, cic ham ay; (t)
va f;(t) 1an luot duoc goi 1a cdc hé s6 Va hé s6 tw do ctia hé. Ching dugc gia
thiét 14 lién tyc trén khoang | =(a, b) = ] nao do.

Dung ky hi¢u ma tran, co thé viét hé (1.1.2) duéi dang thu gon

%: A + F(t) (1.1.3)
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trong do A(t) = (g; (t)) la ma tran ham cép nxn, f(t)=(f(),... f, ()" la vector cot.
Néu f(t)=0, ta goi hé trén 1a hé tuyén tinh thuan nhat, nguoc lai, ta goi hé trén
|a hé tuyén tinh khong thudn nhat.

Pinh nghia 1.1.3. Nghiém Z=Z(t) (a<t<ow) cuahé

dy
“LoF@,Y 1.1.4
5= T LY) (1.1.4)
Y1
trong d6 Y = N (Y1 Yn) s
Yn

F(t,Y)=colon[ f,(t,Y),..., f,(t,Y)]

d—Y:coIon(%,%,...,%j
dt dt dt

dt
duoc goi 1a 6n dinh theo nghia Lyapunov khi t —+oo (hay ngin gon 1a 6n dinh),
néu voi moi £>0 VA t, e(a, ), ton tai § =5(e, t,) >0 sao cho:
1. Tt ca cac nghiém Y =Y (t) cta hé (1.1.4) (bao gdbm ca nghiém Z(t))
thoa man diéu kién Y (to)-Z(tp)| < S (1.1.5)
x4c dinh trong khoang [ty,+), tirc 1a Y (t) e Dy Khi te[ty, «).
2. Béi voi cac nghiém nay bat dang thirc sau théa min
IY(®)-Z(®)|<e Kkhi ty <t<oo (1.1.6)
Pinh nghia 1.1.4. Nghiém Z=Z7(t) (a<t<ow) duoc goi la on dinh tiém
cdn khi t — o0, néu:
1. N6 6n dinh theo Lyapunov va
2. V6imoi t, € (a, ) tdn tai A = A(ty) >0 sao cho moi nghi€ém Y (t)
(ty <t <) thoa man di¢u kién |V (t,)—Z(t)] <A thi

lim|¥ (©)-Z()] =0 (1.1.7)
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1.1.2. Tinh 6n dinh ciia h¢ phwong trinh vi phin tuyén tinh

Xét hé vi phan tuyén tinh (1.1.2), dudi dang ma tran (1.1.3), trong do
ma tran A(t) va vécto F(t) li€n tuc trong khoang (a, ).

Gia st X(t) = [xij (t)] (det X (t) = 0) (1.1.8)
la ma tran nghi€m co ban (tuc 1a hé nghi¢ém co ban duoc viét dudi dang (nxn)-
ma tran) ctia hé vi phan tuyén tinh thuan nhat tuong tng

dy
o =AY (1.1.9)

tirc 1a ma trdn gom n nghiém doc 1ap tuyén tinh cta (1.1.9):

X @D (t) =colon [Xll(t)’ ey an(t)];

XM (1) = colon[ Xy, (1), e, Xon (1)]:

Néu ma trdn nghiém co ban X (t) 12 chudn héa tai t=t,, tic 1a X (t;) =1, thi

Y ()= K(t, t)Y (ty) (1.1.10)
Vi K(t,t,) = X ()X (t,)
co dang

Y (t) = X ()Y (ty) (1.1.11)

Pinh nghia 1.1.5. Hé vi phan tuyén tinh  (1.1.3) duoc goi 1a 6n dinh
(hoic khong 6n dinh) néu tit ca cac nghiém Y =Y(t) cua nd twong tng 6n dinh
(hoic khong 6n dinh) theo Lyapunov khi t — oo,

Pinh nghia 1.1.6. Hé vi phan tuyén tinh (1.1.3) duoc goi 13 on dinh
tiém cdn néu tat ca cac nghiém cia nd 6n dinh tiém can khi t — +oo.

Pinh Iy 1.1.1. Piéu cin va di dé hé vi phan tuyén tinh (1.1.3) én dinh
Véi $6 hang tw do bat ki F(t) la nghiém tam thuwong

Yo=0 (t, <t<oo, t; e(a,x))

ciia hé thuan nhat twong g (1.1.9) 6n dinh.
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Pinh Iy 1.1.2. Hé vi phan tuyén tinh (1.1.3) 6n dinh tiém cdn khi va chi
khi nghiém tam thuwong Y, =0 ciia hé vi phdn tuyén tinh thudn nhdt twong ing
(1.1.9 on dinh tiém cdn khi t — +o.

Xét hé vi phan tuyén tinh thuan nhat (1.1.9), trong d6 A(t) lién tuc trong
khoang (a, «).

Pinh Iy 1.1.3. Hé vi phdn tuyén tinh thuan nhdt (1.1.9) én dinh theo
nghia Lyapunov khi va chi khi méi nghiém Y =Y (t) (t, <t <o) ciia hé d6 bi chan
trén nua truc ty <t <.

Dinh ly 1.1.4. H¢ vi phan tuyén tinh thuan nhat (1.1.9) 6n dinh tiém cén
khi va chi khi tdt ca cdc nghiém Y =Y (t) ciia né dan t6i khéng khi t — oo, titc la

limY (t) = 0 (1.1.12)

t—>o0

Xét hé (1.1.9) trong do A= [aij} 13 ma tran hang (nxn).

Pinh Iy 1.1.5. Hé vi phén tuyén tinh thudan nhdt (1.1.9) véi ma trdn
hing A 6n dinh khi va chi khi tat cd cdc nghiém ddc trung 4 = A (A) cia A déu
c6 phan thyc khéng dwong.

Re4(A)<0 (i=12,..n)
Va Cac nghiém ddc trung c6 cdc phan thuwce bang khéng déu cé wéc co ban don.

Pinh Iy 1.1.6. Hé vi phén tuyén tinh thudan nhat (1.1.9) véi ma trdn
hc%ng A 6n dinh tiém cdén khi va chi khi tat ca cac nghiém dac trung % = % (A)
ciia A déu cé phc?n thuc am, tuc la

Re4(A)<0 (i=1..,n)
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1.1.3. Ly thuyét Floquet
Xét ODE véi hé s tuan hoan
X (t) ~W () x(t) =0, (1.1.13)
trong d6 W e C(HINNEEEEER) -\ (1 +T) voi vic] gia st (1.1.13) c6 ma tran
nghi¢m co ban X (t), vi
X'()-W ()X (®)=0, X(©0)=1I..
Pinh ly 1.1.7. (dinh ly Floquet [8]). Ma trdn nghiém co ban X(t)cua
(1.1.13) c6 thé viét dwéi dang
X (t)=F(t)e™, (1.1.14)
rong d6 FeC' I @ FKhong suy bién, F@E)=F@{+T) véi
vt < I
Pinh ly 1.1.8. (dinh ly Lyapunov [9]). (i) Gia su F <C*(IlIIEEI2
khéng suy bién va T-tuan hoan. Khi d6 x=FE(t)x bién (1.1.13) thanh ODE tuyén
tinh thuan nhdt véi mot ma trgn hé sé T- tuan hoan, nhéan tir ddc trung cua
chung trung voi nhdn tr dac trung cua (1.1.13).
(i) Ton tai FeC (NN /hong suy bién, T-tuan hoan (
F e C' (N */6ng suy bién, 2T-tuan hoan) véi F(0)=1_ sao cho phép bién
doi x=F@t)x bién (1.1.13) thanh mét hé tuyén tinh thuan nhdt véi hé sé hang.
Pinh nghia 1.1.7. Cac gia tri riéng A (i=1,2,..,n) cia ma tran W, tic la
nghiém cta phuong trinh det (W, —A1)=0, dugc goi 1a cic s6 mii dic trung cia
h¢ (1.1.13).
Pinh nghia 1.1.8. Cac gia tri riéng p, (i=1 2,...,n) cia ma tran X (T),
tuc la nghiém cta phuong trinh
det[X(T)—pl]=0 (1.1.15)

duoc goi 1a cdc nhan tu.
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Pinh 1y 1.1.9. Véi moi nhén tir p ton tai mét nghiém khéng tam thuwong

E(t) ciia hé tuan hoan (1.1.13), théa man diéu kién
Et+T)=p&(t) (1.1.16)

Nguroe lai, néu doi véi mot nghiém E(t) khéng tam thuong ndo dé diéu
kién (1.1.16) duoc thoa man thi s p S€ la nhan tir cua hé da cho.

Hé qua. Hé vi phan tuyén tinh tuan hoan (1.1.13) ¢6 nghiém tudn hoan
chu ki T khi va chi khi c6 it nhat mét nhan tie p ciia né bang 1.

Pinh ly 1.1.10. H¢ vi phdn tuyén tinh vé&i ma trgn hé sé lién tuc va tuan
hoan la kha qui.

Pinh Iy 1.1.11. 1) Hé vi phdn tuyén tinh thuan nhdt tuan hoan véi ma
tran lién tuc \& on dinh khi va chi khi tat ca cdc nhdn tie p, (i=1,2,..,n) cia né
nam trong hinh tron don vi déng |p|<1 va cdc nhan tir nam trén dwong tron
|| =1 déu c6 wée co ban don.

2) H¢ tuan hodn 6n dinh tiém cdn khi va chi khi tat ca cdc nhan tr cia
né déu nam trong hinh tron |p|<1

Pinh Iy 1.1.12. Néu hé tuan hoan thuan nhdt twong iing ciia (1.1.3) 1a
(1.1.9) khdng c6 nghiém tam thwong T —tudn hoan, tirc 1a tdt cd cdc nhdn tir clia
n6 khac 1(p, #1, Vi), thi hé (1.1.3) c6 nghiém tuan hoan duy nhdt véi chu ki T .

Pinh 1y 1.1.13. Néu hé (1.1.3) ¢é mot nghiém gi6i ndi Y (t) (t=0), thi

no co nghiéem T —tuan hoan.
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1.2. HE PHUONG TRIiNH VI PHAN PAI SO

1.2.1. Mt s6 khai niém co ban

Pinh nghia 1.2.1. Phép chiéu P < L(J (viét gon 12 P< L(ID 12
mot (Mxm) - ma tran sao cho P? =P . Ddi vdi mdi phép chiéu P ta ludn co hé
thirc sau

imP®kerP =}

Nguoc lai, vdi mdi mot sy phan tich [l thanh téng truc tiép cua hai khong gian
con

luén ludn ton tai duy nhat mot phép chiéu P sao cho imP=U va kerP=V .
Khi d6 phép chiéu P duogc goi 13 phép chiéu 1én U doc theo V . Rd rang rang
Q=1—P 1a phép chiéu 1én V doc theo U .

Phép chiéu Q.,, 1én ker A doc theo S dugc goi 1a phép chiéu chinh tic.

Pinh nghia 1.2.2. [5] Cip ma tran (A B) duoc goi la chinh qui néu ton
tai z<[ll sao cho det(zA+B)=0. Truong hop nguoc lai, ta goi cap (AB) la
khong chinh qui.

Cha y. Néu ciap ma tran (A B) chinh qui thi det(cA+B)=0 v&i hiu hét
giatrice i

Pinh nghia 1.2.3. V&i mbi (Mxm)-ma trin A, chi s6 ctia ma tran A 12
s6 tu nhién k €[ nho nhat sao cho ker A“ =ker A“* va duogc ki hiéu nhu sau

ind (A):=min {k < D = ker(A)].

Pinh nghia 1.2.4. [5] Néu cip ma trdin (AB) chinh qui va
det(c A+B) =0 thi ind((cA+B)™*A) dugc goi la chr s6 clia cap ma tran (A, B), ky
hiéu ind (A, B) = ind ((cA+B)A).

ChU y. Trong [5] d4 chi ra ring chi s6 ctia cip ma trin (A B) khéng phu

thudc vao viéc chon s6 ce|l}.
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Mot 6 tinh chat ctia cip ma tran chinh qui (A B) (xem [5], [11]):

(i) Néu cip ma tran (A B) chinh qui thi cip ma trin (A B+sA) ciing
chinh qui véi moi se[fva ind (A B)=ind (A B+sA)

(i) Néu cip ma train (AB) chinh qui, ind (A B)=k va
rank((cA+B) A =r thi tdn tai cdc ma tran S,T < L(Jl kha nghich sao cho

A=Sdiag (I,,N)T, B=Sdiag (M,I,_)T,

trong @6 N*=0, N' #0 v&i moi | <Kk.

(iii) Néu A(t), B(t) eC(J, L(HE va
n(t,A) =det (1A®M)+B(t)) =a, (1) A% +...+a (t) 1 +a,(t), v6i a, 0 trén J, thi ton
tai cac ma tran kha nghich S, T < (J, LIl sao cho

0 N(b)

m—d

S(t)A(t)T‘l(t):(IOI 0 M@ 0 ]

| sosor -y,

trong d6 N(t) la k-liy linh tc¢ 1a N(t)=0 trén J va N'(t)=0 v&i moi |<Kk.
Ngoai ra néu A(t), Bt)eC'(J, (Nl (i=0,12,...n) va

degdet(AA+B) =rank A=r véi moi teJ
thi ton tai cac ma trdn kha nghich S(t), T(t) e C'(J, L(Hlll sao cho

M@ 0
|

I, O
S(t)A(t)Tl(t){ (j Oj, S(t)B(t)Tl(t){ 0

j (xem [11]).

Pinh 1y 1.2.1. [5] Gid sir A< L(Ill ld ma trdn suy bién, B < L(IIl khi
dé 7 ménh dé sau twong drong
(i) Cap ma trgn (A,B) chinh qui chi s6 1;
(ii) Tir xeker A va BxeimA keéo theo x=0;
(iii) Cap ma trdn (A, B) chinh qui va degdet (1A+B) =rank A;
(iv) Cdp ma trdn (A B+AW) chinh qui va ind(A B+ AW)=1 vdi mdi ma
tran W < L(IIH

(v) Ma trdn G:=A+BQ khéng suy bién véi méi phép chiéu Q lén ker A
10
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(Vi) Voi s:={x:BxeimA} ta co hé thirc S@ker A=

(vii) Nhdn vao bén trdi véi ma tran khéng suy bién thich hop E < (Il

B . . . .
sao cho EA:(QJ, EB :[ lJ, rank A=rank A fa nhdn duoc mot ma tran khong

2

suy bién [Qi ] cL(IN

2
Pinh nghia 1.2.5. [5] Ma trin A" < L(lll thoa man cac tinh chat
(i) A'y=xeim(A") vbi yeim(A) ma Ax=vy,
(i) A'y=0 v&i yeker(A"),
duoc goi 1a nghich dao Moore — Penrose ctia ma tran A< L(JI
Pinh Iy 1.2.2. [5] Gid stt A< L(E, khi do
(i) A'AA" = A" VA AA'A=A,
(i) AA" la phép chiéu vuéng géc lén im (A) doc ker(AT) va A*A la phép
chiéu vuong goc lén im (A") doc ker(A).
Pinh 1y 1.2.3. [5] Néu ind(A) =k, rank(A*) =T,
im(A*) = span(s,,...,s,)
ker(A“) = span(s,,,...,S,) V& S =[s,,...,S,]
thi A=S diag (M,N)S™, trong dé M 14 (rxr)- ma trdn khéng suy bién va N 14 k
-lity linh.
Pinh nghia 1.2.6. Gia sir cic ma tran (A B) < L(Jlll cO ind(A B) =1, khi
do S:={x:BxeimA} duoc goi la khong gian lién hop cta cap (A B).
Ménh dé. [5] Néu cdp ma trdgn (A B) chinh qui, ind(A,B)=1 va Q la
phép chiéu lén ker A thi cdc dang thirc sau ddy la ding G*A=1-Q, G'BQ=Q

va QG'B=Q,_,, trong déo G:=A+BQ.

Pinh ly 1.2.4. [5] Gid sit cdp ma trdn (A B) chinh qui chi sé 1 khi dé

cac hé thuc sau thoa man
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S=im((cA+B)"A) va Q_, =1 -[(cA+B)"A]°(cA+B) A
trong do c < sao cho cA+B khd nghich va A° la nghich dao Drazin cia A.

1.2.2. H¢ phwong trinh vi phan dai s6 tuyén tinh

Pinh nghia 1.2.7. Phuong trinh vi phan dai s6 tuyén tinh 1a phuong
trinh dang

A)x'+B@t)x= @), t< G-, (1.2.1)
trong do A(t), B(t)  C (NG () = <m voi moi t e[,
va N(t) =ker Att) ¢6 sb chiéu la m—r véi moi t <[}

Pinh nghia 1.2.8. Phuong trinh vi phan dai s6 tuyén tinh (1.2.1) dugc
0i 14 chinh qui chi sé 1 néu cip ma tran hé s6 (A B) chinh qui chi s6 1.

Pinh nghia 1.2.9. Gia st N(t):=ker A(t) 1a tron, nghia 1a ton tai phép
chiéu Q e C'(NENEEEE 1én N(t), P=1-Q. Ham x(t)eC duoc goi 1a nghiém cua
phuong trinh (1.2.1) trén [l néu hé thirc AQ)((PE)X(1)) — P'(©)x(1)) + BE)x(t) = q(t)
thoa man voi moi t [}

Hon nita d6i v6i phuong trinh vi phin dai s6 tuyén tinh thuin nhat chinh qui chi
s6 1
AX +BMt)x=0, tc|lll (1.2.2)
thi S(t)=imP,, 1a khong gian nghiém cua (1.2.2), khong gian nghiém cta (1.2.2)
c6 s6 chidu 13 r(r =rank A®t)). Noi mot cach chinh xac, v6i mdi x, €S(t,), €O
dung mot nghiém ciia (1.2.2) di qua x, vao thoi diém t,.
Nghiém cta phuong trinh thudn nhat (1.2.2) dwoc xac dinh bai
X(t) = P, (tu(t), trong d6 u(t) eimP(t) 1a nghi€ém ctia phuong trinh
u'=(P'-PA™By)u. (1.2.3)
Pinh nghia 1.2.10. Phuong trinh (1.2.1) duoc goi 1a chuyén dugc

(transferable) trén Ml néu N(t) 1a tron va ma trin G(t) = A(t)+ B(t)Q(t), trong d6
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Q(t) < I |2 phép chiéu 1én N(t), c6 nghich déo bi chan trén mdi doan
[0.T]lc Il
Dinh nghia 1.2.11. Hai phuong trinh
u'=(P'-PA'B,)u (1.2.4)

va

u’ = (P'(t) P, () — P(t) G2 (t) B(t))u(t) (1.2.5)
duoc goi la phuong trinh vi phan thuong tuong ing cua phuong trinh vi phan
(1.2.2) dudi phép chiéu P.

Pinh nghia 1.2.12. [12] Phuong trinh (1.2.1) v&i cac hé sd

A B e C (I duoc goi 1a phuong trinh vi phdn dai s6 dang chudn tdc

7. 2 A /( r A A ;{ 4 I O b
Kronecker voi chi s6 1 néu cadc ma tran h¢ so c6 dang A(t) = (OS ] (t)j va

B(t):(wét) 0 j, trong do, J(t) la k -liiy linh va ker J(t) =ker J(0).

Pinh nghia 1.2.13. M6t ma trdn vudng X (t) cap m duogc goi la ma
trdn nghiém co ban (FSM) cua (1.2.2) néu r véc to cot dau tién ctia nd 13 cac
nghiém doc 1ap tuyén tinh cua (1.2.2) va m—r véc to cot con lai ctia X (t) 1a cac
véc to khong.

Chl y. Moi nghiém x(t) cua (1.2.2) déu thuoc khong gian nghiém
imP, =S(t) c¢6 sd chiéu 1a r, do d6 ta c6 nhiu nhat r nghiém doc lap tuyén
tinh. Vay, tdp hop tat ca cac nghiém cua (1.2.2) 1a khong gian tuyén tinh co s6
chiéu <r. Hon nira, trong [5] da chira réng, néu p,(j=1...r) la r véc to cot doc
1ap tuyén tinh ctia im P(0) va cac véc to u ; (), x;(t) dugc suy ra tir h¢ phuong trinh
trang thai x(t) =P, (Yu(t) voi diéu kién dau u ((0)=p; (j=12,..,r), khi do cac véc
to x(t),..x () & doc 1ap tuyén tinh va imP(t)=span (u,(t),...u (1),

S(t) = span (X (1),.... x (t)). Do do, tap hop tat ca cac nghiém (1.2.2) 1a khong gian
13
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con tuyén tinh ¢6 6 chiéu 1a r . Nhu vay moi ma tran nghiém co ban cua (1.2.2)
déu co dang X(t) =[x(t),...,x(t),0,...,0]. bé don gian, ta viét ma tran nghiém co
ban mot cach ngén gon nhu sau: X, (t) =[x (t), RNGc_0N;
Dbac biét, ma tran nghiém co ban X, (t) la chudn héa khi t=t,, thcla X,(t,)=1,.
Chung ta xét DAEs tuyén tinh thudn nhét twong tng cta (1.2.1)
A)X(1) + BU)x()=0, (1.2.6)
trong d6 A B < C (I
Gia st rang khong gian hach N(t):=ker A(t) 1a tron, nghia 1a n6 1a bao tuyén tinh
cua nhirng ham co s& kha vi lién tuc.
Trong trudng hop A(t)co hang khong dbi, ro rang, tat ca cac nghiém cua (1.2.6)
thudc vé khong gian con S(t) ={z < I
Gia str (1.2.6) c6 chi s6 1, nghia a s¢t) INC}
Khi d6, c6 dung mot nghiém qua mdi diém cua S(t) tai thoi diém t (xem [5]). St
dung bat ky ham chiéu Q(t) thudc 16p C* 18n N(t) va P(t):=1 -Q(t), bai toan gia
tri ban dau (IVPs) la dung vai diéu kién dau P(0)(x(0)-x°)=0
(1.2.7)
Bai toan gié tri ban dau (IVP) (1.2.6), (1.2.7) c6 nghiém duy nhét véi vx° < [l
Céc nghiém cua DAE (1.2.6) phai thugc vé khong gian ham C}, =={xeC:PxeC'}.
Diéu nay dé dang hiéu dugc nhd cac dong nhat thirc
Alt)=ADPWR), ADQ() =0, Al)X'(t) = Aft)P(t)X'(t) = AM) {(PX)'(t) - P'()x(t)} -
Do tinh chinh quy cua nghiém, cac hé sé A(t), B(t) phai tron.
Tiép theo, cho xeCY, ching ta hiéu biéu thae At)x'(t) la viét tat cua
A(t) {(PX)'(t) - PR)X(t)! . (1.2.8)
Can phai nhian manh rang, khdng gian ham C va gia tri cta biéu thic (1.2.8) 1a

doc lap véi viéc chon ham chiéu. Ttc 13, voi hai ham chiéu P, P thudc 16p C* da
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cho. Ca P(t) va P(t) chiéu doc theo N(t). Néu xeC,PxeC' thi Px=PPx thudc
vé I6p C*, vi P va Px ciing nhu vay. Ngoai ra, ching ta tinh:
A®){(PX)'(1) - P'©X()} = AR)P(R) {(PX)'(®) - P'(®)x(t)}
= AW {(PPX)'(t) - P'(1)P()x(t) - P(t) P'())x(1) |
= A {(PPX)'(t) - (PPY () (1)}
=AM {(PX)'(©) - P'O)x(®)}.
Nho ma tran nghiém co ban X (t)ctia VP

AGD)X'(©)+BO)X (t) =0
{P(O)(X(O)— 1)=0

chling ta c6 thé viét cac nghiém cua (1.2.6), (1.2.7) 1a 1 x(t;x°) = X (t)x°
Chiing ta sir dung dang biéu dién cta ma tran co ban X cta DAE, st dung ma

tran co ban U cua ODE (xem [5])

1 ’ 71 —
{u +[-P"Pgy + P(A+BQ)BJU =0 (1.2.9)
U(0) =1 LN
O day, P, (t) 1a phép chiéu chinh tic doc theo N(t)Ién S(t). Khi do
X (t) = P, (OU ()P(0) . (1.2.10)

Ta nhan manh rang X(t) 1a doc lap v6i phép chiéu dic biét P duoc ding &
(1.2.9) va (1.2.10). Trong bat ki trudmg hop ndo, ching ta co : X (0) =P, (0) .
Hon nita, trong khi U eC*, n6i chung phép chiéu chinh tic P_ (t) 1 lién tuc
nhung khong thudc 16p C*.

Trong phan sau ching ta bién d6i DAES tuyén tinh véi hé s6 tuan hoan vé
hé sb hang s6 DAES.

Ap dung phép bién ddi dai s6 x=Ft)x, F <C'(IlllllllVa E. F khdng suy
bién, DAE (1.2.6) bién thanh:

AD)X (1) +B(t)x(t) =0, (1.2.11)

véi A=EAF, B=E(BF+ AF). (1.2.12)

15
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Phuong trinh (1.2.11) goi la c6 dang chuan tic Kronecker néu:

' o)

Hé thirc gitra khdng gian con riéng va phép chiéu chinh tic c6 thé md ta bing

N(t) = F X ®)N(), S(t)=Ft)S(t) VA Pen(t)=F ()P, (t)F(t). Vi dang chuin tic

Kronecker phép chiéu Ién S(t) = {[? j: z, = o}

2

o={z)2

|a Pean(t) = diag(l,0). Do d6, bit dau voi hé chi sb 1 dang chuan tic Kronecker va

doc theo

st dung phép bién d6i F thudc I6p C* ching ta thu duoc DAES vé6i nhitng phép
chiéu chinh tic kha vi lién tyc. Nhu mot hé qua, coi dang chuan tic Kronecker
thay cho DAES véi hé s lién tuc, chiing ta 4p dung phép bién doi dbi voi mot
I6p rong hon. Trong phan sau, ching ta thay I6p CL 1a phi hop dbi véi phép bién
doi F.

Pinh nghia 1.2.14. H¢ phuong trinh Ax'+Bx=0 duoc goi la chinh qui

chi s6 k néu cip ma tran (A, B) la chinh qui chi s6 k.

=) )

B6 dé. Khi cip ma train (AB) l1a chinh qui chi s6 k va

rank[(cA+ B)‘lA]k: r thi tdn tai cAc ma tran kha nghich W,T sao cho
I 0\, A
A=W T, U lak liy linh
0 U

B=W {_Bl ° jT‘l,
O Im—r
Pinh nghia 1.2.15. Gi4 tri phirc 1 =00 dugc goi la gid tri riéng hitu han

cua cdp ma tran (A, B) néu det(1A+B)=0.

16

56 héa b&i Trung tdm Hoc liéu — Pai hoc Thdi Nguyén http://www.Lrc-tnu.edu.vn




www.VNMATH.com

Néu 4 13 mot gid trj riéng hitu han thi c6 mot véc to x=0 sao cho
AAx=—-Bx. Véc to x nhu thé duoc goi la véc to riéng cla cap ma tran (A, B)
tuong ing vo1 gia tri riéng A .

Dinh nghia 1.2.16. Cdp ma tran (A, B) duoc goi la co gia tri riéng A=
néu c6 mot véc to x=0 sao cho Ax=0. Véc to x nhu thé goi la véc to riéng cua
cdp ma tran (A B) ing v&i gid tri riéng A=o0.

Pinh nghia 1.2.17. Nghiém tam thuong x=0 cia Ax'+Bx=0 duoc goi la
6n dinh theo nghia Lyapunov néu v&i mdi phép chiéu P di biét doc theo khong
gian con bat bién cyc dai cia cip (A B) lién hgp voi céc gia tri riéng hitu han,

AX'+Bx =0,

voi moi Xq cllco mot nghiém
P(x(0)—x)=0

bai toan gia tri ban dau (IVP) {

X(t,Xy) x4c dinh trén [0,:0).
Hon nita, véi mdi &>0, 36 =5(¢) >0 sao cho [x(t, xo)|| <& v&i Vt=0 va vx; <[l
thoa man [|P(x,)[ < &, thi ta cd x(t,x)) >0 khi t —»oo.

Pinh 1y 1.2.5. Nghiém tam thwong x=0 ctia AX'+Bx=0 ld én dinh tiém
cdn néu va chi néu tat cd cde gia tri riéng hitu han cia cdp ma tran (AB) CO
phan thiee am.

Pinh nghia 1.2.18. H¢ phuong trinh vi phan dang: A(t)x'(t)+B(t)x(t) =q(t)
trong d6 ABeC(I,L(HIl. g lién tuc trén I, detA(t)=0 vbéi vtel goi la hé
phuong trinh vi phan dai s6 tuyén tinh véi hé s6 bién thién.

Truong hop A Be L(Illl ta goi hé trén 13 hé phuwong trinh vi phdn dai sé

tuyén tinh voi hé so hang.

r_ :0
Vi du 1. Xét hé {Xl T el (@)
tx,—x,=0
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rank A=1
A—l 0 . . B -1 0
lto A[Xl}{xl} S (|
X, tXx

w%ﬁ It
vo-sern={(0 Q) -{5)-(6) = o )

S()={z < I A

{2 oo ) <o

N I — hé (o) di cho 1a chinh qui chi s6 1.

Pu=0, VueN
P.. 1a phép chiéu chinh tic 1én S doc theo N tiic Ia . ue (*)
Pv=v, WeS
Pu Pz |0 }2{0}, vx, < Il
P, P L Par P | % 0
bat Pcan_|: . 12} *)
n P _p ) __x1 "
s }{ } vx <l
| P2 P | 1X 19
{plzxzzo U e o, =0
DX, =0" 7 - P2, Lo
= X, + Protx =X =Fa=l1 0
{plll ok 1, vx < NG, =1
(P21 + P2t) X =¥

=Q. =I1-P_= 00
can can__l 1

so-me{; oo o3

1 0) (0 O 1 0
= + = =detG=-120,Vte|}
t 0) \1 - t+1 -1
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=G'= 1o
el 1

Dung cac phép chiéu P, Q. nditrén hé ()

X% =0
PcanX’+PcanGilBPcanX:O Xﬂt—xi =0
= =

Qcan +QcanG_lBPcanX:0 {0X1+0X2 =0

—tx, +X, =0

That vay,

o ol e e o))
oo s S0 )

1.2.3. Hé phwong trinh vi phan dai s6 phi tuyén
Pinh nghia 1.2.19. Hé phuong trinh vi phan dai s6 phi tuyén 1a hé
phuong trinh c6 dang
f(X'(1), X(t), ) = 0. (1.2.13)
trong d6 ham f:Gx | duoc gia thiét 1a lién tuc va co
Jacobians f/(y,x,t), f/(y.xt) phu thudc lién tuc vao céc dbi s cua ching cua
ching. Hon nita, khong gian hach cua f/(y,xt) dugc coi la doc lap véi (y,x),
nghia la
ker f,(y,xt) = N(t),
va bién thién tron theo t. Hon nita, P(t) 12 ham chiéu bat ky 16p C! doc theo

N(t). Gia sir (1.2.13) c6 chi sb 1, nghia la
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N (t) I
trong d6 S(y,x,t):={z < X )z <im f/(y,xt)}. Khi do, nhu trong truong hop
tuyén tinh chi sé 1, IVPs dugc phat biéu chinh xac véi diéu kién dau
P(0)(x(0) = x°) = 0. (1.2.14)
nghi¢m cua (1.2.13) thudc C},
Gia str rang c6 mot nghiém  x, eCL([0,0)) clia (1.2.13), (1.2.14), diéu ma chlng
ta s& quan tdm dén 1a tinh 6n dinh cua nghiém. Nhu trong trudng hop tuyén tinh,
chi phan P(0)x° cuia diéu kién dau anh hudng toi nghiém x(t;x°). Piéu d6 duogc
phan anh trong dinh nghia sau cua tinh on dinh (theo nghia Lyapunov) cua
nghi¢m cia DAE:s.
Pinh nghia 1.2.2 [13]. Nghiém x, ctia phuong trinh (1.2.13) 1a 6n dinh
theo nghia ctia Lyapunov néu c¢6 7>0 va, vdi mdi >0, 5=3(¢)>0 sao cho
(i) wx° voi ‘P(O)(&(O)—x”)‘ <7 (1.2.13), (1.2.14) c6 nghiém x(t;x°) Xac
dinh trén [0,) va
(i) wx° vai |P(0)(x,(0)-x")| <& ching ta cd [x(t;x°)-x,(t)|<e vt>0.
Hon ntra, x, dugc goi 1a on dinh tiém cdn theo nghia ctia Lyapunov néu né 1a 6n
dinh va ¢c6 o <(0,7) sao cho

(iii) !Lrg”x(t;xo)—x*(t)H:O, vx® véi [PO)(x.(0)-x")| <o

20

56 héa b&i Trung tdm Hoc liéu — Pai hoc Thdi Nguyén http://www.Lrc-tnu.edu.vn




www.VNMATH.com

Chwong 2: LY THUYET FLOQUET POI VOI
HE PHUONG TRINH VI PHAN PAI SO

2.1. LY THUYET FLOQUET POI VOI HE PHUONG TRINH VI
PHAN PAI SO TUYEN TiNH

Bo dé [13]. Phép bién doi an ham x(t)=F(t)x(t) véi FeCl, F khong
suy bién, bién DAE (1.2.6) thanh (1.2.11), véi

A=AF, B=BF+AF' (2.1.1)

la lién tuc va A c6 khéng gian hach trom.
ChU ¥ ring, chling ta hicu AF’ nhu 1a sy rdt gon ctia A{(PF)'~P'F} véi P bat ki.

Chirng minh.

Tur (1.2.6) A()X'(t)+B(t)x(t) =0 thé truc tiép

x=F()x(t) ta duoc A(t)[F(t)?(t)] +[BE)F (t) + AQ)F'()]x(t) =0

< ADX(t)+B(t)x(t) =0, & ddy A B 1a lién tuc vi

A BeC va FeC.

+ Chirng minh A ¢0 khong gian hach N tron.

Xét phép chiéu tryc giao P, doc theo N. Lay P 1a phép chiéu tron doc
theo N thi N =ker AF =ker PF

That vay:

o Vxeker AF <> AFx=0 <> FxekerA=N, lai vi P 1a phép chiéu doc theo
N = PFx=0 = x e ker PF

e VXekerPF < PFx=0= APFx=0,do AP=A = AFx=0= xeker AF

+ Tu N=kerPF =P =(PF)"(PF) (Xem [5]) ma PF tron =P, tron
— N tron.

Chiiy 1. Néu P 1a mot phép chiéu tron doc theo N, khi d6 F'PF Ia

mot phép chiéu doc theo N, nhung trong truong hop tong quat F*PF 1a khdng
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tron. Néu ching ta chon phép chiéu truc giao P=P., thi F*P,F néi chung la
khdng tron va khdng truc giao.
Cha y 2. Thyc hién phép bién ddi dai s6 x=F(t)x Vi FeCLva F

khéng suy bién, ta c6 nhitng két qua sau:

—N(t) = ker A(t) = FN(t);

-X(t) =F ()X ®)F (0);

-S(0):={z < I <im A} = F(OS(t);

—Pean(t) = F ()P, (D F (1).

o Ta chirng minh N(t) =ker A(t) = FN(t):
vx e ker AF <> AFx=0<> Fxeker A<>xeF " ker A
Ta cO N(t) =ker A=ker EAF =ker AF (Vi E khong suy bién), theo chimg minh
trén thi ker AF =F'ker A = N(t) = F *ker A= FN(t) .
o Ta chirng minh S(t) = F*(t)s(t):
+ Néu zeS(t) < Bzeim A hay Bz=Ax, x < ll= E(BF + AF")z = EAFx
< BFz=A(FX—F2)eimA = FzeS < ze FH(1)S(t), tic 1 S(t) = F'S(t). (*)
+ Nguoc lai, néu ze FY()S(t) = Fze S(t) ©BFzeimA < BFz=Ax, xR
<> BFz+ AFz = A(x+F7) < E(BF + AF')z = EA(X+ F'z) = EAFF *(x+ F2)
< Bz=A(F X+ FF2) eimA < zeS(t), tire 1a FL(t)S(t) = S(t) (**)
Tu (*) va (¥*) suy ra: S(t) =F *(t)S(t).
o Chirng minh Pea(t) = F ()P, (1)F(t):
- Trudc hét ta chirng minh F(t)P, (t)F(t) 1a mot phép chiéu.
That vy [F )P, O FOF = F ()P, OF ©).F ()P, OF )
=F 7 (t)P,,(1).Po, OF (1)
=F "O[P.,OF F()
=F ()P (1).F (1)
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- Tiép theo, ta ldy xeN(t)= x=F(t)x, xe N(t)
= (F ()P, OF )X = (F (P, () F ) F *(t)x
= F 7 (t) P ()X
=F'(t).0 (Vi xeN(t))
=0
- Bay gi0, ta ldy yeS@t) = y=F'(@t)y, yeS(t)
= (F ()P, OF D)y = (F ()P, OF)F *(t)y
=F ()P M)y
=F7(M)y (Vi yes())
-y
Vay, FL(t)P,, ()F(t) 1a phép chiéu lén S(t) doc theo N(t) tuc la
Pean () = F (1) P (OF (1)
Vi N(t) . ph<p bién doi DAE (1.2.11) la chi sb
1 néu va chi néu (1.2.6) ciing 1a chi s6 1 . R rang, (2.1.1) goi y cho ta vé& mot
quan hé twong duong d6i voi DAEs tuyén tinh v&i hé s6 lién tyc. Tir d6 chung ta
s& quan tAm dén tinh tiém cin, ching ta ap dung khai niém su twvong duong cia
Iy thuyét 6n dinh ODE vao DAEs duoc xét ¢ ddy. Su twong dwong khong lam
thay d6i tinh 6n dinh ctia nghiém.
Dinh nghia 2.1.1 [13]. DAEs (1.2.6) va (1.2.11) da n6i ¢ trén 1a twong

diwong néu ton tai cdc ma tran ham khong suy bién F eC, E<C thoa man

sup|F (t)| < oo, sup|F(t) | <
te

(1.2.12) va

23
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2.1.1. Ma tran co ban
Chung ta xét DAEs tuyén tinh thudn nhét véi hé s6 tuin hoan
A)X'(t) + BO)X(t) =0, (2.1.2)
trong 46 A, B < C () = At+T), B(t)=Bt+T) voi vic|l}
Viéc ap dung dinh 1y Floquet va dinh 1y Lyapunov cho DAEs c6 y nghia nhu thé
nao? Ching ta s€ di trd 101 cau hoi nay.
St dung phuong phap phan ra tu nhién
I ©S ()
cho DAES chi s6 1. Chl y rang, N(t)va S(t) déu la T-tuan hoan vi hé s6 A(t) va
B(t) 12 T-tuan hoan. N(t)duoc gia thiét 1a tron, tic 1a N(t) 13 bao tuyén tinh cta
cac ham thudc 16p C!, T-tuan hoan;
N(t) =span{n, . (t),...n, ()}, r=rank A(t).
S(t) chi lién tuc va S(t) 1a bao tuyén tinh ctia cac ham lién tuc, T-tuan hoan:
S(t) =span{s,(t)....,s, (t)}.
Tiép theo, chiing ta chon mot phép chiéu P(t) doc theo N(t), nhu vy P khong
chi tron ma con tuan hoan. Vi phép chiéu P, 18n sdoc theo N, ching ta c6 biéu
dién
Pcana):va)('f Ojvla),
Vo1
V(€)= [5,(6), oS, (), 1o (O, (0] € LONEL
Nhu trrong hop ODE, ching ta cO X(t+T)= X (t)X(T), trong d6 X(T) la ma tran
don dao cua DAEs.

Dé xay dung mdt phép bién doi dic biét, ching ta chon phép chiéu P sao
cho P(0)=P,,(0). Ap dung (1.2.10) cho ma tran co ban (xem (1.2.9)),
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X(t) = R (DU (HP(0)

can

= Pan (DU ()P, (0)

can can

:V(t)(l 0]vl(t)u (tv (0)(I Ojv ~(0) (2.1.3)

=V (1) [Z ®

0jV‘l(O),
trong d6 Z <C () - | , va ma tran don dao
X(T) =v(T)(Zm OJvl(O) =v<o>(zm Ojvl(O). (2.1.4)

Tu rank X(t)=r 1 hang s, z(t)< LMl 1a khong suy bién vai moi t<[l]. Theo
dai sb tuyén tinh (xem [10]), ta biét tit ca cac ma tran khong suy bién C < L(iill

c6 thé bicu dién duoc dudi dang:

C=e" v6i W e L(II
va

ci=¢" véi W e L(IIl
Bay gio, gia st

Z(M)=e™, W, cL(il (2.1.5)
va

z@2T)=2zT)* =", W, <L(Ill (2.1.5%)

tuong ung. O day Z(2T)=2(T)? tir tinh chat twong ung cua X va hé thic
V(2T) =V (T) =V(0).

Thay phép dbi bién (1.1.14) trong dinh ly cta Floquet cho ODES ching ta
co

Fe® ::V(t{z“’e_ o j

(2.1.6)

:X(t)V(())[e‘Wo | ]W(t)[o | j 2.1.7)

25
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Tir (2.1.6) ching ta thay phép bién doi nay la khdng suy bién.

Néu chiing ta coi cac ODE (1.1.13) nhu mot truong hop dic biét cia DAE
(2.1.2), ching ta c6 thé chon V(t)=1__. va khi d6 (2.1.6) tring véi (1.1.14). Chd
y rang, phép bién dbi (2.1.6) cd thé 1a khdng tron. Vi S(t) khong tron va
V(t), X(t) cling vay.

Pinh ly 2.1.1 [13]. Ma trdn nghiém co bin X(t) ciia DAEs tuyén tinh
thuan nhat (2.1.2) ¢6 dang

X (t) = F(t)(e ° JF(O)%

trong do F <C. (I o khong suy bién va T-tuan hoan.
Chirng minh

Truéc hét, xét

ORI

—tW, 0
_vy| F0e I]+V(t)( J

v *" Oj[e Oj+v<t)[° J

:V(t)(z(t) OjV(O)l.\/(O)[etWO Oj+va)[0 I]

—tW, 0
:X(t)V(O)[e 0]+V(t)( J

Lay F(t)=F (t) thi vi

—tW, —tW, tW, 0 tWo
F(t)[e OJF(O)lzxa)V(O)(e oj{e OjF(O)HV(t)( J(e OJF(O)l

O Wy
:X(t)V(O)(I OJF(O)1+V(t)( Ij(e OJF(O)l

= X (t)V (0)(I Ojv (0)™*
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Mat khéc, tir X (t) =V (t)(z(t) OJV (0)"

— X (t)V(0) =V (t)(z(t) Ojv (0)"V(0)

=V(t)(Z(t) szv(t)(za) ojl OJ

:X(t)V(O)(I OJv(o)‘lzva)(Z“) 0 (' ojV(O)1

:v(t)(z(t) o VO =X

Wo

Vay, X(t)= F(t)(et OJF(OV

+ Ta chung minh: X({t+T)=X{t)X(T), Vtell}
Tur X(t):V(t)[I o)vl(t)U(t)V(O)(l 0jvl(O), vtell

I I
= X(T)=V() OjV’l(T)U (T)V (O)( OjV’l(O)

I
=V(0) JV RON W)Y (0)[ OJV (0)

s

:>X(t+T):V(T)(I ojvl(t+T)U(t+T)V(O)(l o]vl(O)
| |

=V(t)( Ole(t)U(t)U(r )V(O)( ole(O)

1 I -1
OJV (U (t)V(O)[ Ojv (0)

:xmxm:va)(
~V (0) ( ! Ojv “(0)U (T)V(0) ( ! O}V (0)
:V(t)(l OJvl(t)U(t)ucr)V(O)[' ojvl(O)
Vay, X({t+T)=X{)X(T)

27

*)

(**)

56 héa b&i Trung tdm Hoc liéu — Pai hoc Thdi Nguyén http://www.Lrc-tnu.edu.vn




www.VNMATH.com
+ Ta ching minh F 13 T- tudn hoan:

F(t+T)= X (t+T)V (0)(‘9“”)% 0j+V(t +T)[O J
— X (DX TV (0)[‘3“”)% oj Vit +T)(O J

:X(t)V(O)(Z(T) OJ+V(O)1V(O)(GM)WO 0]+V(t+T)[O J

TW, —(t+T )W, 0
:X(t)V(O)[e oj(e OJ+V(t)( J

:X(t)V(O)(e“NO OJ+V(t)£O J _F(), vt<ll
That viy, (PF)(t):P(t)X(t)V(O)[etWO 0)+ P(t)V(t)(O I]

Ma P(t)X(t) la tron va P(t)V(t)(O I]:O

+ Ta ching minh F e C;, (I llllllnghia 1a det F #0.

Vi F(t) =V(t)(z(t)etwo J nén

det F(t) = detV/ (t) det[z(t)etwo | j

= detV (t) det(Z (t)e ™)
= detV (t) det(Z (t)) dete ™ = 0.

Nhan xeét
. , X A Z (t)e’tW‘J \ A <X
(i) Phép bien doi F =F, (t)=V(t) | la khong suy bién, nhung F

c6 thé khong tron vi S(t) c6 thé khéng tron =V (t) ¢ thé khong tron.
(i1) KerX(t)=N(0), vt}
That vay, X(t)=P,, (U (t)P,,(0)

can can

28
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- Chon phép chiéu P: P(0)= P..(0)
+ Néu zeker X(t) thi X(t)z=0, Wt

< P QU (R, (0)2=0

an

= U (t)P,, (0)z < ker At) = N(t)

=P, (0)z=0

< R (PO X(H)F,,(0)z2=0

an

< P (X (1)R,,(0)2 =0

an

& X (t)P,,(0)z e ker At) = N(t)

an

= P(t)X (t)P,,(0)z=0

an

< U ()P, (0)z=0 Vi detU(t) =0

néntasuyra P, (0)z=0< zekerP, (0)=ze N(0) (i)
+Néu zeN(©) =P_(0)z=0

< P QU (DR, (0)2=0

S XM)z=0 <= zekerX(t) (i)
Tir (1) va (i1) = ker X (t) = N(0)

Cha y. Tir chitng minh trén, ta thiy ma tran don dao X(T) ¢6 m—r gié tri
riéng khéng tmg vai N(0) la khdng gian riéng, r gia tri riéng khac khong cua
X(T) Gng véi khong gian véc to riéng S(0).

Cac gia tri rieng khac khong cua ma tran don dao X(T) cho biét nhan tur
dic trung cua (2.1.2) va céc gié tri riéeng ciia W, < LIl 12 s6 mii dic trung cia
(2.1.2). Nhu trong truong hop cia ODE, chdng ta co hé thuc

A=¢e
gitta mot nhan tir dic trung 4 va mot sé mii dic trung tuong tng .
Vidu 2.

{xl’ +(cost)x, =0

X +3%, =0 A
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10 cost O
A= B[ Y rank(A)=1 detA=0
0 0 1 3

ey 1) -

{XG_m A}

{HT M)
e
] R

Dung cac phép chiéu P, Q.. nditrén hé (B) trd thanh
X +(cost)x, =0
—%x{—%(cost)xlzo {xﬁ(cost)xlo (B

=

0x, +0x, =0 %x1+x2:0 (B 2)

%x1+x2:0

That vay,

10 cost O
G=A+BQ-= +
00 1 3

LOL Y

|G|=3+0= G kha nghich.

30
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Qcan X=

Wl
= o
N—

(cost)x, (cost)x,
[ J[——(cost)xi] (—%(cost)xl}

Xét P, x'+P_G'BP_x=0

can can

X, +(cost)x, =0
= < X +(cost)x, =0 (B

1,1 B
—gxl—g(cost)xi—o
00 1

(cost)x,
N b
3 3
0 0] (cost)x, J 0
1|1 (o)
3 1 —g(cost)x1 0

Q.. x+Q.G'BP x—0 +0—0<:>1 +x,=0 (B2)
can can can 1X1+X2 0 - 0 3X1 2

Wl O

Qcan G 1B Pcan X [

Xét phuong trinh vi phan x + (cost)x, =0.
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e—sint
—sint
X, =" =>X=

X2

—sint
—matrancobanla U= € 0
0 X,

—sint
théa man U@Q)=1 la: U(t):( 9;) (ﬂ
Ma trén co ban cua () thoa min diéu kién P(0) (X(0)—1)=0 la

X (1) = (U (P (0))

L 0) am gL O
X (t) =
oL v

1 0 e—sint 0 e—sint O

X{t)=| 1 )
() _= 0 _1 O _%e—smt O

Mat khac, ta c6 N = span {Gj}

A R
oY o3l SH

Z(t) (10} 10
( 0]—( v (t)U(t)V(O))(0 OJ

(@)

Wik Wik
|_\

e o
| S
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B 1 O e—sint O B e—sint 0
o o)l —e®™41 0] | 0 o0
Laivi z(T)=e™, T=2z=¢"" =" =W, =0

—tW, -3 0 —sint __np-sint
= I:k (t) :V(t)(Z(t)e 1} :[ 1 1} ° 0 ij =[ ::esint (:zj

—sint

=z(t)=e

1 esint
-— 0 —
Ffl B 1 1 0 3 3e—smt B 3 0
k (t) T assint —sint —sint - -
3e —e -3e 1 1 1 1
3 3

R6 rang: F (t) khong suy bién va 2z —tuan hoan.

I
S F0)=| 3
=1
3
Ly
tW, __nn-sint tw 5
xet ES ClEro=[ T O &7 0 3
0 0 e™ 1)l o o) 1,
3

_3e—sint 0 _l 0 e—sint 0

=l 3 1 = X(t)

e sint l __e—smt O
0 O 3

Nghia 1a ma trn co ban X(t) cua (B) biéu dién dugc duéi dang

Wo

X (t) = F(t)(e OJF*(O)

—sint
trong d6 F(t) :(—Besm 2} thoa man:
e
(i) FeC\ (N
33
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(i) F khong suy bién
(iii) F 1a 27 tudn hoan; W, =0.

Ma tran monodromy X(T) cua (5) la

1 0
XM=X@n=| 1
3
1-1 0 _
IX(T)-Al,|=] 1 =0@F1_0
3 - A, =1

=veS

A r 4 * A 4 r.* r A O
= Ma tran X (t) co gia tr1 riéng A, =0 Ung vo1 vec to riéng v =(
V2

jeN va X(t)

Vi

cO mot gid tr1 4, =1 ng v&i véc toriéng v= 1 |eS
-Zv
3 1

= Nhan tir dac trung cta hé (p) la 1=1.
S6 mil dic trung cua (B) 14 £=0 Vi W, =0 = gid tri riéng caa W, la 0

Khi d6, 1=¢"*" =1, luon dung.
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2.1.2. Bién d6i twong dwong tuin hoan
Tiép theo, ching tdi gi6i thiéu khai niém tuong duong tuan hoan cua hai DAES
tuyén tinh v&i hé s6 T-tuan hoan va mot dinh 1y tong quat ctia Lyapunov.

Pinh nghia 2.1.2 [13]. Hai DAEs tuyén tinh thuan nhit, T-tuan hoan
duogc goi 1a twong dwong (tudn hoan) néu:

A=EAF va  B=E(BF+AF), (2.1.8)
trong 36 F eC, E<C la T-tuan hoan va khdng suy bién.

Pinh ly 2.1.2 [13]. i) Néu hé hai phwong trinh vi phédn dai so tuyén tinh
thuan nhdt, T- tudn hoan la twong dwong (tudn hodn) thi cac ma trdan don dao
ciia chiing dong dang. Vi vy cdc nhéan tiv déic trung ciia chiing bang nhau.

ii) Néu cac ma trgn don dao ciia hai hé phwong trinh vi phdn dai sé
tuyén tinh thuan nhat, T- tuan hoan la déng dang thi chiing twong dwong tuan
hoan.

iii) Hé phwong trinh vi phdn dai sé: A)X(t) + BE)x(t) =0 twong dwong
tuan hoan véi mét hé tuyén tinh T- tuan hoan dang chuan tac Kronecker véi hé
6 hang sé.

Chirng minh

i) Goi X(t) va X (t) lan luot 1 cac ma tran co ban ciia hai hé
AD)X () +B()x(t) =0 va A(t)X'(t)+B(t)x(t) =0 thi
X(M)=F*MX(T)F(©0) =F (X (T)F(0)

— X (T) v& X(T) la ddng dang
Mit khéc, det(X(T)+A1)=0

& det(F(0)X (T)F(0) + A1) =0

& det(F(T)F(0)+F*(0)A1F(0)) =0

< det(X(T)+ 1) =0
Suy ra cac nhan tir dac trung ctia chting trung nhau.
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ii) Thuc hién phép bién dbi x = F (t).x(t)
(trong d6 F(t)=F, (t):V(t)(Z(t)e 0 Ij)

Tacod: A=AF; B=BF+AF'

N =ker A(t) =F ' (t)N(t)

_ (etWo z—l(t) I JV ) (t) N (t)

Vavi Vv*i(t)n (t)=e, Vk=r+1..,m

= N(t)=span{e,,,,...e,} =1{0} <l
Tuong tu

S(t)=F(1)S(t)
_ [etwo 2 | ]v (1)S(t)
Viv>i®s,. () =e, Vk=12..r
= S(t) =span{e,...e | = NGcTIN
Phép chiéu chinh tic Pew 18n S doc theo N 13: Pea =[Ir Oj
Tiép theo ta tim E phu hop:

A -1 0
Lay E=G ; G=A+BQ.; Qcanzl—Pcan:( I]

-G cling T- tuan hoan va khong suy bién, vi hé (2.1.2) la chinh quy chi s6 1.

{ - , - I
Ap dung E=G ' taco: A=EA=G lA=|:>can=( r OJ

L= - Bu B A e = —
VA B=EB=G B=|_ = _° ; ta can xdc dinh cac khoi B (i, j=1,2)
Bar B
St dung PG BQ,, =0

36
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(lr j{gn ElzJ(O j
& _ =0
0){Ba Bz L
Bu B (0 ]
R
R

Il
o

SI':I‘ dung Qcan G h B = QCan
(0 J Bu B {0 ]
P _ _ =
Im—r BZl BZZ Im—r
0 O (0 j
| — _ =
B2 Bz .

Bz =0 — (Bu O ]
= < B=
Ba=1__ 0 .

Mit khac, X (t)= X (t)=F(t)X (t)F(0)
. etwO . ~ etw0
=F (t)F(t)[ OJF (OF(0) —( oj

Thay vao phuong trinh: AX'+Bx=

0
) — (1 - (B
Vol A=| ' : B= Bu
0 Im—r

o (7
0 0 |,

<:>W0e“’v° +Bue™ =0

(2.1.9)

o
-
Il
o

_ — (W,
< Bu=-W, ©Bu= |

Vay (2.1.2) tuong duong voi (I Oji(t) J{_WO ]x(t) =0-day la phuong trinh

m-r
vi phan dai s6 dang chuan tac Kronecker vdi h¢ s6 hang.
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ii) Gia str (2.1.2) va (2.1.9) 1a hai hé phuong trinh vi phan dai s6 tuyén
tinh thudn nhat T- tuan hoan c6 hai ma tran don dao X (t) va X (t) dong dang. Ta

chtrng minh ching trong dwong tudn hoan. Theo ching minh trén 3E,F; E,F

sao cho (2.1.2) @(I OJx'(t){_WO ]x(t)zo

m-r

va(2.1.9)@(' OJ;’(t)+[_WO | ]i(t):O

MJi phuong trinh tuong tng c6 mot ma train don dao X(T) va X(T) dong dang
=W, va W, ciling d6ng dang
Ki hiéu D 1a phép bién doi dong dang thi W, = D*W,D

D 7 _ o y
Dit; @_( J; E=E 9E;, F=F9'F =EF lakhong suy bién.
.- . | e (1 (1 N\
Ta co: A=EAF Vi EAF:( oj Vva EAF:( o] —~ A=E 1( OJF '

=]
Mit khac, EAF =E [ D (EAA)[D JE

I

m

N
7\
o

7|

N

Ta ciing c6 B =EBF +EAF'. That vay,

Z _Wo ’ -1 _Wo
Taco E(BF + AF') = | —BF+AF'=E |
Vi E(BF + AF) =[—W° J

38

56 héa b&i Trung tdm Hoc liéu — Pai hoc Thdi Nguyén http://www.Lrc-tnu.edu.vn




www.VNMATH.com

—a(D —1(-W, —a1_(D* —-1 ——1
= | E.E | F F | F —EAFF'F

—-1 ——
—E(B+AF'F )F-EAFFF

[ —4 (D' = D —
—EBF +EA|FF 1F[ JF 1.(F’£ Ij—F’F)F 1}

_(D* D =
— EBF +EA F'( IjF‘l—F’( JF 1+F}

=EBF + EAF’

Vay (2.1.2) va (2.1.9) 1a twong duong tuin hoan.

Nhan xét

1.Tuong ty nhu hé phuong trinh vi phan tuyén tinh thudng véi hé sd
lién tuc tudn hoan, moi hé phuong trinh vi phan dai sb tuyén tinh chinh quy chi
sb 1 v6i hé s6 lién tuc, tudn hoan déu kha quy.

2. C6 thé bién d6i moi hé phuong trinh vi phin dai sb tuyén tinh chinh
quy chi s6 1 v&i hé sb lién tuc tudn hoan thanh hé chinh tic Kronecker véi hé sd

FO)=V()

hang nho 1
E()=G (t)

X, +(sint)x, =0 *)
X +2X, =0

(1 OJ (sint O]
A= . B
0 0 1 2
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eCOStfl 0

Dé dang tim duoc X (t) = (Ilam tuong ty vi du 2)

1 _
- ecost 1

1 0
Chon E=1,, F-= _ eC,
0 sint+2

RO rang E, F khong suy bién, 27— tudn hoan va

- 1 0)(1 01 o0 10
A=EAF = _ =
(o 1)(0 0](0 S|nt+2] (o oj

B =E(BF +AF ') = E(BF +(AF)' — A'F)

—E(BF +AF) (vi A 13 hing nén A =0)

G B 2o ameal(o S wet))
{o T zames

_sint 0
L1 26int+2)

tire 1a ta thu dugc hé phuong trinh vi phan dai s6 tuyén tinh 27— tuan hoan
AX(t)+Bx(t)=0
T+ (sint)x. =0
= {% + (2(sin)t +2)x2 =0 )
RS rang (*) va (**) 1a tuong duong tuan hoan
Bay gio, ta bién doi dé (*) trd thanh hé c6 dang Kronecker chuan tic hé sb hang:

_ZeCOSt—l O
eCOStfl 1

1 O . cost-1 . cost-1
A AF — 2e 0 _ 2e 0
0 0 gttt 1 0 1
sint 0)(—=2e“** 0) (1 0)(2sint-e“* 0
B=BF + AF'= + )
1 2 ettt 1 0 0)\—sint-e®* 0
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_(-2sint-e”* 0 . 2sint-e®* 0} (0 0
0 2 0 0 0 2

b [ O] o (00

“lo o @ o 1

D@ thay

Khi d6 G=A+BQ

can

~2e*t 0 . 0 0)0 O
0 0 0 2)\0 1
_2ecost—1 0 . 0 O B _2ecost—1 0
o o/ 02 | o 2

cost—1 O

I4
A

=G = 2 1 , lay E=G
2
— A=EAF = A=EA

cost-1 0

B _Ee _Zecost—l 0 ~ 1 0
- 0 0o o0) \0 0O

cost—1 O

N |-

1
- ¢ 00

Vi B=E(BF+AF)=EB=
1o 2

0 _

2

0 0) (-W, O
= S =W, =0.
01) Lo 1

— Hé (*) tuong duong tuan hoan voi hé Kronecker chuan tic:

[1 o](ZJ{o oJ Xt N X =0
0 0)x) \0 Uik X2 =0

Cha y. Béi véi dinh 1y 2.1.2 (i), ching ta ciing c6 thé viét dudi dang phép

bién d6i dai s6 cua F d6 la su bién d6i X (t) thanh X (t). Véi ki hiéu twong tng

dbi voi (2.1.9), chling ta c6
41
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Z(T)

X(T)ZV(O)( Ole(O),

Y(T)=\7(0)(Z(T) 0]\7‘1(0),

trong d6 z(T) va z(T) la ddng dang. Gia st Z(T)=D"'Z(T)D Vvéi D < L(Iillkhdng
suy bién. Khi do

Z(t)DZ ()"

F(t):=V (t)[ | ]\7 t)™

thoa man cac diéu kién cua bai toan.
Trudc hét, ching ta chd y rang, F 1a khéng suy bién.
Tha hai, F 1a T-tuan hoan, tr v va vV 1a T-tuan hoan va
Z(t+T)DZ(t+T) =Z(@t)Z(T)DZ(t+T)™
=Z(t)DZM)Z({t+T) =Z(t)DZ(t)™
Thir ba,

_ (7 -17 (1)1 7 D _
F(t)‘1X(t)F(O)=V(t)[z(t)D Z(®) IJV(t)*V(t)( ®) OJXV(O)-W(O)[ JV(O)‘l

_v (t)(z(t) 0]\7 0 = X (1),

Bay gio, ta xét hé phuong trinh vi phan dai s6 tuyén tinh
AX +B(t)x =0 (2.1.10)

trong do A<, -0, rank A=r

B(t) « L(IIII hoac B(t) < L(IIIIEGNEG
Gia st W Va T 1 cdc ma trdn hang kha nghich sao cho

A=W (diag(l.,0))T
Khi d6 hé (2.1.10) duoc viét thanh

W (diag(l,,0))TX + B(t)x =0,
va h¢ nay tuong duong véi hé
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diag(l,,0)&"+G(t)&' =0 (2.1.11)

trong do E=Tx,G(t) =W 'B(t)T .
Vi céc tinh chit nghiém cta cac hé (2.1.10) va (2.1.11) 1a nhu nhau nén khéng
mat tinh téng quat , & day ta chi xét hé dang (2.1.11)

Xét hé (diag(l,,0))x'+ B(t)x=0 (2.1.12)
v6i cac gia thiét sau

i) Hé (2.1.12) 1a chinh qui chi s6 1 v6i vt (xem [5]).

i) Bt+o)=B(@t), Vi< B <C (Il

< . B, (t t
bat A=diag(l,,0), B(t):( ) Bl )],
BZl(t) BZZ (t)
vGi By, (t) 1a ma trdn vudng cp r, B, (t) 12 ma tran vudng cip m—r, diag(l,,0) la
ma tran hang cdp mxm VA x =colon (x®,..., x™), trong d6 x® 14 thanh phan thu i

cua x(i=12,..,m). bat Q=diag (0,1,,), P=1,-Q=diag (I,,0), khido Q la phép

chiéu 1én ker A doc theo imAVva P 13 phép chiéu 1én imA doc theo ker A

vataco A(t)=A+B(t)Q :[Ior Slzigj (2.1.13)

Do d6 hé (2.1.12) 1a chinh qui chi s6 1 khi va chi khi gia thiét ma tran
A (t) 1a kha nghich, voi vit, tic la
det A (t) =det B, (t) #0, Wt (2.1.14)
Str dung cac phép chiéu P, Q & trén, ta dua hé (2.1.12) vé hé

X1’ + [Bll - B ] Bz_zl ®) B, (t)xl =0 (a)

(2.1.15)
X, + Bgzl ®) BlZ (t)x1 =0 (b)

(xem [5], [11]): {

trong d6 x =colon (x®,x?,...,x"); x, =colon (x"*?,...,x™) va x=colon (x,X,) .

xét h¢ X +[Byy (1) — By, ()]B,; (1) B,y (t)x, =0 (2.1.157)
Day la h¢ phuong trinh vi phan thuong trong lll. R0 rang, ma tran co ban

chuan hoa tai t=0 ctia hé (2.1.15) ¢6 dang
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X,(t) = pv)e", (2.1.16)

trong do X,(0)=1; ¢t)eC', detg(t)=0, Vt;

H(t+ o) =p(), HO)=1,; Pémxl(w);

X,(w) 1a ma tran don dao cua (2.1.15°)
Tir hé (2.1.15”) ta thdy rdng ma trdn nghiém co ban cta (2.1.12) twong tmg voi

ma tran X, (t) la

B X, (t) 0
0 _[—Bzéa)Bn(t)xl(t) 0] (@1.17)

trong d6 X, (t) c6 biéu dién (2.1.16)
Ta c6 hé qua sau cta dinh ly 2.1.1
Hé qua [2]. Ma trdn co ban bat ky X (t) ciia hé (2.1.12) déu dwoc viét
duoi dang
X (t) =y (t)e* (2.1.18)
trong d6 w(t+w)=y@t), v@t); wt)P<C (M va A ld ma trin hang.
Céc nghi¢m cua phuong trinh
det(1-A1,)=0 (2.1.19)
duogc goi la cac gié tri riéng ctia hé (2.1.15”) va cac nghiém cta phuong trinh
det (X,(@w)—pl,)=0 (2.1.20)
duogc goi la cac nhan tir cua hé (2.1.15”).
Ki hiéu 4;(j=12...,r) va p;=@2,..,r) la cdc nghiém tuong Gng cua

phuong trinh (2.1.19) va (2.1.20). Khi d6
[ T3 =det X, @) =exp( ], Sp(Bua() - Bo OBZDBA()C
j=1

va A 1 P :1[|n|pi|+i(argpi+k27z)],
w w
trong d6 j=12,...r va kel}
44
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Pinh nghia 2.1.3 [2]. Ta goi cac nghiém cta phuong trinh (2.1.19) va
(2.1.20) twong ung la cac gia tri riéng va cac nhan tir cua hé (2.1.12).

Dinh ly sau day 1a két qua tuong ty dinh ly 1.3.1.

Pinh Iy 2.1.4 [2]. Véi méi nhén tir p, ton tai nghiém khéng tam thuwong
E@) cia (2.1.12) théa man diéu kién E(t+w) = p&(t) (2.1.21).
Nguwoc lai, néu nghiém khéng tam thuwong &) ndo dé cia hé (2.1.12) théa man
diéu kién (2.1.21) thi p lamér nhan ti ciia hé nay.

Chirng minh

Gia st x° =colon(x, x,) <[}, trong do

X* =colon (", ', I
2 =colon (¢, x2"**

Tu (2.1.15, a) ta cd nghiém x(t) cta hé (2.1.12) thoa man diéu Kkién dau

PX(t,) = Px, la:

( X,(0)%] J

xO=| ;

_Bgz (t) B21 (t) Xl(t)xl

trong d6 X,(t)x° 1a nghiém cua (2.1.15, a) théa man diéu kién dau x° =x,(0).

Gia str £,(0) théa méan X,(@)&,(0) = p& (0)

Khi d@6, &(@t)=X,(t)&(0) la nghiém cua (2.1.15a) théa man & (t+w)=pé&(t).
Nghiém &(t) =0 cua (2.1.12) thoa mén diéu kién dau

P£(0) = colon(&,(0),0) la §(t):( B & j
—B,, (1)B, ()&, (1)

Tur d6, ta co &(t+w) = p&(t)

Nguoc lai, néu hé (2.1.12) c6 nghiém khong tam thuong &t) thoa méan

E(t+w) = p&(t) thi p la nghiém cua phuong trinh

det(X, (@) - pl,) =0
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Hé qua [2]. (i) Hé (2.1.12) ¢6 nghiém tudn hoan khi va chi khi hé nay
c6 it nhdt mot nhan tir bang 1.

(i) Hé (2.1.12) ¢6 nghiém tudn hoan khi va chi khi hé (2.1.15, a) c6
nghiém tuan hoan.

2.2. AP DUNG LY THUYET FLOQUET POI VOI HE PHUONG TRINH VI
PHAN DAI SO PHI TUYEN

Xét DAEs phi tuyén dang dic biét
AX'(t) + Bx(t) + h(X'(t), x(t),t) =0, teJ:=[t,,x), (2.2.1)
v6i phan tuyén tinh c6 hé sé hang s6 A Be L(Hlll VA phan phi tuyén tinh nho.
Chinh xac hon, chdng ta gia st h:GxJ — || 1a lién tuc va co Jacobians
h,(y,xt), h(y,x,t) phu thudc lién tuc vao cac dbi sb cua chung. Gc N 12
mo. Hon nira, gia st
N :=ker Ackerh/(y,x,t), (y,xt)eGxJ, (2.2.2)
sao cho vai phép chiéu bat ki P < L(Jll doc theo N va dong nhat thirc
h(y, x,t) =h(Py, x,t)
la ding.
Bo dé [13]. Gid sir 0eG va vdi méi £>0 ton tai 5(¢)>0 sao cho
(v, x, 1) eGxJ, |Py|+|X<5(e)
= |h(y, x,t)| < e(|Py| +|x]) (2.2.3)

= |hi(y,xt)|<e,

h(y.xt|<e, (2.2.4)
Gia sur cap ma tran {A B} la chinh quy chi s6 1 va tdt ca cdc gid tri
riéng hitu han cua no nam ¢ A, nghia la (det(AA+B)=0= 1<l Khi do,
nghiém x,(t)=0 ciia hé (2.2.1) la 6n dinh tiém cdn (theo nghia Lyapunov).
Chirng minh:
Hién nhién h(0,0,t)=0= x,(.) =0 thoa man (2.2.1)
Tir (2.2.4) =h(0,0,)=0 V& h(0,0,t)=0
46
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Khong mat tinh tong quat ta chon P =P,_ 1a phép chiéu chuan tic 1én S doc theo
N.DPit Q=1-P=Q_, va G=A+BQ,_, tacod: G'A=P_; G'BQ,; Q. =Q.G'B
Tu hé (2.2.1): AX' +Bx+h(x,x,1t)=0

< APX +BQPX +Bx+h(x,x,t)=0

< (A+BQ)PX +Bx+h(x,x,t)=0

& PX'+G'Bx+Gh(x',x,t)=0

& (PX)+ PG 'BPx+QG 'BPx+G 'BQx +G 'h(x,x,t) =0

< (Px(t)) + PG 'BPx(t) + Qx(t) + G *h(x’, x,t) =0

& (Px(t)) + PGBPx(t) + (P + Q)G *h(X', x,t) + Qx(t) = 0

& (PX(t)) + PG 'BPx(t) + PG 'h(X, x,t) + Qx(t) + QG *h(x’, x,t) =0
Vi S®&N =[] nén hé tuong duong:

(PX(t)) + PG 'BPx(t) + PG *h(X’, x,t) =0
Qx(t) + QG *h(x/, x,t) =0

bat u=Px({t), v=0Qx(t) =U(,)=Px(t,)eimP; x=u+w.
Tir gia thiét h(x, x, t) = h(Px, x, t)

=h((Px), x,t) (Vi P hing).

=h(u’,u+v,t)
Khi d6 hé da cho (2.2.1)
u'(t)+ PG'Bu(t) + PG *h(u'(t), u(t) +v(t),t) =0 (2.2.5)
= v(t) + QG *h(u’(t), u(t) +v(t),t) =0 (2.2.6)
u(t,) € imP (2.2.7)

Néu u(.) eC', v(.) eC nghiém dung (2.2.5) - (2.2.7) trén khoang [t,,T] thi

{u(t) = Pu(t)
v(t) =Qv(t)

va x(.)=u()+v(.)eC, thoa man (2.2.1)
Hién nhién (2.2.5) — (2.2.7) ¢6 nghiém tam thudng u,(t) =0, v,(t)=0
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Tu (2.2.6) = v=-QG*h(u'(t), u(t) +v(t),t) ( trong d6 u’,u < ll).
St dung dinh 1y ham 4n ta tim dugc ham
v B(0.¢,)xB(0.5,)xJ > B(0.,)
thoa man 6 tinh chat sau:
(1) w(',u,t)=QG™h(u",u+w (' u,t),t) moi |u|<h, |u'|<h,, ted,
(2) w(0,0,t)=0,
(3) wu',u,t) =Qu(U,u,t),
(4) v lalién tuc cung véi dao ham riéng /., v/,
(5) w(0,0,t)=0,1,.(0,0,t) =0,

(6) v6i mdi £>0 c6 mdt o,()>0 sao cho |u’

+|u[<o,(s) kéo theo

u’|+u)) déu véi ted.

|y (u',u,t)] < &(

Tiép theo, ta viét lai (2.2.5), (2.2.6) dudi dang twong duong sau

u'(t)+ PG'BU(t) + PG *h(u’,u +v(u’,u,t),t) =0 (2.2.8)
v(t) =y (u'u,t) -
=u'(t) =g(u(t), 1) (2.2.9)

ham g:B(0, p,) xJ — B(0, p,) €O 6 tinh chat sau:
(i) g(u,t)+PG'Bu+PG*h(g(u,t),u+w(g(u,t),u,t),t =0 V&i ue B(0,fi,), teJ,
(ii) 9(0.t)=0,
(iii) g(u,t)=Pg(u,1),
(iv) g la lién tuc cung véi dao ham riéng g, cuia no,
(V) g/(0,t)= -PG™B,
(vi) v&i mdi & >0 cd mot o, (¢)>0 sao cho |u|<o, () suy ra
‘g(u,t)+ PG‘lBu‘ <elul déu véi vtel.
bat g(u,t) =g(u,t)+ PG'Bu, nho (2.2.9) ta co
u't)=g(u,t)-PG™.
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=-PG'Bu+g(u,t) (2.2.10)

bit M =—-PG™'B thi MP=PM =M.

Tur gia thiét moi gia tri riéng hitu han cua cédp (A,B) déu eC”
— r gid tri riéng khong tim thudng cia M déu ¢ phan thyc 4m (m—r gid tri
riéng bang 0 vi rankA=r). Khdng gian riéng N c6 sé nhiéu m—r. Theo [7.p.57]
(2,,7,), =<C‘1zl, C‘222> voi C 1a ma tran vudng cidp m khdng suy bién z,,z, <[l
sa0 cho v6i zeimP thi 34>0 dé Re(Mz,z), <-4l (2.2.11)
bat W(u(t) =|u)|; =|Pu®)|. =(Pu(t), Pu(t)),

=(C'Pu(t), C*Pu(Y)), , voi moi t=[t,,T]:

d

d
W) =—{Put), Put))

= %<C1Pu(t),ClPu(t)>2

- <[C1Pu(t)]' , ClPu(t)> +{CPu(t), (CPu(V)),
= 2Re((C*Pu(t))',C*Pu(t)),

= 2Re(C*Pu'(t),C*Pu(t)),

Thay u’=Mu(t)+g(u,(t),t) tacd:
%W(u(t))S2Re<C‘1PMu(t),C‘1Pu(t)>2 +2Re<C’1P.g(u(t),t),C’lPu(t)>2
= 2Re(C"Mu(t), C (1)) +2Re(C gu(®),t), C ()
<-24u@); +2[c | o v], |cut),
<-28Ju(®)|; +2|C | £ ju®), -Ju®),
==2Bu®); +2[C 7 e

= (=2B+ye) ). .

Chon &, dunho: —28+ye)<-28,, 5,>0
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Khido  SW(U()s (24 MOF --28W @)

Tich phan 2 vé =W u(t)) =e*“DW(u(t,)) = u(t) <e ¢ Jut,)|.
V6i reo,(s.), h¢ (2.2.1) v6i diéu kién dau Px(t,) = Px’ =u, =u(t,) c6 nghiém x(t)
xac dinh trén [t,,+o0) .
Lai vi x(t) =u(t) +w (g (u(t),t),u(t),t), tefty, +0) =[x (t)], < K, |u(®)|.

S x)], < Ke |u(t,)]. < [x(t)], < e‘ﬁf’“‘t"’Kl‘pr‘c

< [x(t)], <ePCVK, ‘c’l px‘)‘2

< x@)], <e WK | pxo‘C -0 (t—>+x)
< x, =0 13 On dinh tiém cén (theo nghia Lyapunov).

Bay gio chlng ta xét truong hop phuong trinh phi tuyén tinh dang
f(X'(t), x(t),) =0, (2.2.12)

voi f:Gx I o6 va lién thong, va f(y,x,t)=f(y,x,t+T) voi
V(x,y) €G, telll Gia st rang f va cc dao ham riéng f/, f/ 7, f, " ton tai va
lién tuc trén Ge[l. Ngoai ra, gia sir ker f/(y,xt):=N(t) la tron, gia st P(t) la
tron va 1a phép chiéu tuan hoan doc theo N(t), va gia st rang (2.2.12) la c6 chi
s6 1. Bay gio, gia st x, eCL 1a T-nghiém tuan hoan cua (2.2.12), véi tinh chat 6n
dinh da duoc xét. Bé dat duoc dinh ly giéng dinh Ii da biét cua Lyapunov dbi véi
ODES va dé dam bao rang nghiém tuan hoan Ia on dinh véi diéu kién nhat dinh.

Vi vay, ching ti xét phuong trinh tuyén tinh thuan nhat:

{A(t)X’(t)+B(t)X(t):O (2.2.13)
P(O)(X(0)-1)=0
trong d6 A(t) = f,(X/(t), x.(t),1), B(t) = f,(X.(t), x,(t),t) (2.2.14)

va ma tran don dao X(T).
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Pinh Iy [13]. Gid sir hé phuwong trinh £(x',x,t)=0 véi cdc gid thiét tir (1)-
(6) c6 nghiém tuan hoan x,(t). Néu ma trdn Monodromy X(T) ctia hé

(XX OX (1) + £, (X, (0. X (1) =0
P(O)(X(0)-1)=0

o tat ca cac gia tri riéng thuéc {z <IN th x.(t) la on dinh tiém cdn (theo
nghia Lyapunov).
Chirng minh
e Theo dinh 1y 2.1.2 (iii) ta luén tim dugc ma tran F < C,, (I N
va E < C(I déu 12 T - tudn hoan va khong suy bién, dé bién ddi hé
A()X'(t) +B(t)x(t) =0 (2.2.15)

ve dang Kronecker v&i hé s6 hang:

R X(t) =0
e

« Tiép theo ta 4p dung tuong tu F&E cho phuong trinh phi tuyén tinh:
Ta tuyén tinh hoa phuong trinh
f (X (t)+y, X, (t)+x,t) = At)y + B(t)x+h(y, x,t) (2.2.16)

h dugc xac dinh Vv(x,y) trong mot 1an can cia (0,0), t<|li}

h(0,0,t) =0
h tron nhu f thoa man: <h/(0,0,t)=0, vtell]
h/(0,0,t) =0
va Iy, x D)< C(x[+[y)’ (2.2.17)

h(y, x,t) =h(p(t)y, x,t) ; v&i xeC},
thi h(X(t), x(t), t) = h(P(X)'(t) = P'x(t), X(t), 1))
Ta xét nghiém cua phuong trinh: A(t)x'(t) + B(t)x(t) +h(x’, x,t) =0 (2.2.18)

Véima tran E(t) va phép bién ddi x = F(t)x(t) ta nhan duoc

o1
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(' ij(‘wo I];a)m&',;,t):o. (2.2.19)

h(y, x,t) = E)h(P(t)F (t)y — P(t)F'(t)x, F(t)X, t)
hy(y, x,t) = E@®)h; (POF 1)y - POF ()X, FOx HPE)F (1)
= N=kerAch/(y,xt) (Vi ker f Sker B(t)F(t) =ker A{t)F(t)
=ker A(t) = N)
Tu (2.2.17) = |n(y.x®|<C(x+[P Y]
lai vi X(T) c6 tat ca céc gia tri rieng thude {z < NN
— moi gia trj riéng hitu han ctia cip {A B} déu eC"
Ap dung bd dé trén ddi véi hé thire (2.2.19), thi (2.2.19) c6 nghiém 6n dinh tiém
can (theo nghia Lyapunov)
— nghiém cua (2.2.18) ciing 6n dinh tiém can = x, T-tuan hoan 13 on dinh tiém
can (theo nghia Lyapunov)
— diéu phai chimg minh.
Vi du 4. X¢ét hé phuong trinh vi phan dai sb tuyén tinh

X{ 4+ X =X, =X X; + (X, —=1)sint =0
Xy + X + X, — X, X, + (X, —1)cost =0

X +X+X%-1=0

co nghiém 27 -tudn hoan x.(t) = (sint,cost,0)" .

1 00
f,f(y,x,t)={0 1 0
0 0O
1 -1 sint
£y, x,t)=| 1 1 cost
2%, 2%, 1
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0
ker f (y,x,t)=4|0 |, z
Z3

3 €

1 0 0)(z 0 z,=0
vi vzellltacd {0 1 0|z |=|0|=12,=0
00 0)lz,) (0) |zcH

Zl
=im f,(y,xt)=14| 7, ||z,.2, €
0
0
bat N =ker f,(y,xt)=4|0 |, z¢
Z3
S(x)={z < I )z <im f,(y,x.1)}
:{Z < I 2,2, + 2, :O}'
0
RO rang N — hé da cho chinh qui chi s6 1.
0
sint
Dé dang kiém tra dugc x.(t) =| cost | 1a mét nghiém 27 —tudn hoan cta hé da cho.
0

Ta xét tinh chét 6n dinh tiém cin cua nghiém nay.

Xét hé phuong trinh vi phan dai s6 tuyén tinh

AMX'(M)+B,(t)X(t)=0
P.(0)[X(0)-1]=0 ()
100 1 -1 0
véi A=|0 1 0, B.=| 1 1 0
0 0O 2sint  2cost 1
53
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tacod N, :{ze
23

S, = {z <)z, + (2cost)z, +2, = O}

P, 12 phép chiéu chinh tic 1én S, doc theo N,

1 0 0 0 0 0
tatinhduoc P =| O 1 0|; Q,=| O 0 0].
-2sint —2cost 0 2sint  2cost 1
1 0 0 1 0 0
G.=A+BQ.=| 0 1 0|=G'=| 0 1 0
2sint  2cost 1 -2sint —2cost 1
. Pu'+PG'B,Pu=0 ()
= hé (7)<
Qu+Q,G.'B,Pu=0
. u +u,—u, =0 u =g &M
u, +u, +u, =0 u,=e
e™ 0 0
c6 ma trdn co ban chudn hoa tai t=0 lAU{t)=| 0 e 0
0 0 1
= Ma trdn co ban cua () la:
e—(l—i)’[ 0 O
X (1) =P.(OU©)P.(0) = 0 e ™ 0

—2sinte ) _2coste ™t 0

e—(l—i)27r O 0 e—27r 0 0
Ma tran don dao X(2z)=| O e ol=| 0 e* 0
0 —2e"®h2r 0 2% 0

D& thay X(27) c6 cac gia tri riéng 4 =4, =e ", 4, =0 thudc {z € _

sint
theo dinh 1y trén = x,(t) =| cost | 1 on dinh tiém can theo nghia Lyapunov.
0
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KET LUAN

Ly thuyét 6n dinh 1a mot bd phan quan trong cua ly thuyét dinh tinh
phuong trinh vi phan va n6 dugc ing dung rat nhiéu trong thuc té dic biét la
trong linh vyc kinh té va khoa hoc ki thuét, trong sinh thai hoc va moi truong
hoc,.... Vi thé ly thuyét on dinh duoc rit nhiéu nha khoa hoc quan tam va dang
duoc phat trién manh theo hai huéng tng dung va 1y thuyét. Nhitng két qua va
thanh tyu dat duoc trong linh vyc nay 13 rat nhiéu va sau sac. Trong pham vi clia
ludn van, tac gia c6 gang trinh bay mot sd vAn dé co ban cua viéc 4p dung ly
thuyét Floquet cho phuong trinh vi phan dai s6 dudi dang mot tong quan tuong
dbi day du.

Nhiéu van dé vé 1y thuyét 6n dinh ddi véi phuong trinh vi phan dai s6 con
chua duoc 1am sang to. Vi du: Phuong phap tht nhat cia Lyapunov, phuong
phap th hai ciia Lyapunov cho phuong trinh vi phan dai s6 hoic nhiing &p dung
trong nhiéu bai toan thuc té, ki thuat, hoa hoc, vat ly,....tdc gia hy vong sé tiép
tuc duoc tiép can trong thoi gian toi. Do thoi gian va kién thirc con han ché, nén
luan vin khong tranh khoi nhitng thiéu sot. Tac gia rat mong nhan duoc duoc cic

¥ kién déng gop quy bau ctia cac thiy co gido va cac ban dong nghiép.
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