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MG PAU

Nhiéu van dé khoa hoc, cong nghé, kinh t€, sinh thai,..... dan dén viéc
gidi cdc bai toan ma nghiém cua ching khong 6n dinh theo dit kién ban
ddu, tic 1a mot thay déi nho cua cdc dit kién (sai mot ly) ctia cac dir kién
c6 thé dan dén su sai khdc rit 16n (di mot dam) ctia nghiém, tham chi 1am
cho bai toan trd Ién vo nghiém hoac vo6 dinh. Nguoi ta néi nhiing bai toan
do6 dat khong chinh (ill-posed).

Do cdc s0 liéu thuong duge thu thap bang thuc nghiém (do dac, quan
trac...) va sau dé lai dugc x{r 1y trén mdy tinh nén ching khong tranh khoi
sai s6. Chinh vi thé, yéu cdu dat ra 12 phai ¢6 nhitng phuong phap gii 6n
dinh cdc bai toan dat khong chinh, sao cho khi sai s cua dit liéu cang nhd
thi nghiém xap xi tim dugc cang gan véi nghiém ding clia bai toan xuit
phét. Nhitng ngudi c6 cong dat nén méng cho 1y thuyét bai toan dat khong
chinh 1a Tikhonov A. N., Lavrent'ev M. M, Lions J. J., Ivanov V. K....

Trong khuon khd ctiia ban Iuan vian nay, ching toi s& dé cap dén mot bai
toan dat khong chinh ma né c¢6 tng dung 16n trong cac bai toan phat sinh
tir Ki thuat.

Do la phuong trinh tich phdn tuyén tinh Fredholm loai I:
b
[ K s)(s)ds = fute). 1€ lend),
—o<a<b<H4oo,—x0<c<d< 40

d day nghiém la mot ham xy(s), vé phdi fo(t) la mot ham sé cho trudc va
nhan (hach) K (t, s) cia tich phdn cing véi 0K /0t dugc gid thiét la cdc ham
lién tuc cho truoc.

Luan van s€ nghién cttu phuong phap hiéu chinh va téc do hoi tu cua
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nghiém hiéu chinh va nghiém hiéu chinh khi da duoc xap xi hitu han chiéu
cho nghiém cua phuong trinh tich phan tuyén tinh loai I trén sau dé dua ra
két qua s6 minh hoa.

Noi dung luan van gom 2 chuong, phan két luan va cudi cung la phan
tai liéu tham khao.

Chuong I sau khi da trinh bay mot s6 khai niém co ban cua giai tich
ham, ching toi trinh bay khai niém v€ bai todn dat khong chinh va chi ra
rang bai todn tim nghiém cua phuong trinh tich phan Fredholm loai I 1a bai
toan dat khong chinh. Cu6i cuing chiing toi trinh bay tém tit viéc xay dung
phuong phép hiéu chinh téng quat dé giai bai todn dat khong chinh.

Chuong II trinh bay vé nghiém hiéu chinh cua phuong trinh tich phan
tuyén tinh loai I, t6c do hoi tu ctia nghiém hiéu chinh, x4p x1i hitu han chiéu
va toc do hoi tu ctia nghiém hiéu chinh hitu han chiéu dong thoi chi ra khi
nao toc do hoi tu la tot nhat. Cudi cing ching to6i dua ra mot s6 két qua
bang s6 minh hoa.

Toi xin bay to long biét on chan thanh va sau sic nhat t6i PGS. TS
Nguyén Buong, ngudi da tan tinh chi bao, tao di€u kién va giip dd toi c6
thém nhiéu kién thiic, kha niang nghién ciu, téng hop tai liéu, nhd dé6 ma
toi ¢6 thé hoan thanh dugc ban luan van nay.

Toi cling xin guti 101 cam on chan thanh tGi TS. Nguyén Thi Thu Thuy,
Khoa Toén - Tin, Truong Pai hoc Khoa hoc da nhiét tinh giang day va gidp
dd toi trong suot qua trinh 1am luan van.

Toi xin bay to long biét on tGi tat ca cac thiy co gido da truc tiép giang
day va trang bi cho t6i nhitng ki€n thiic co ban trong sudt qua trinh t6i hoc
tap tai truong, cac thiy co gido trong b6 moén Toan - Ly, va cac thiy co
trong Khoa Khoa hoc Co ban truong Dai hoc Nong lam Théi Nguyén da

tao nhi€u di€u kién thuén loi, giip d6, dong vién toi trong sudt qua trinh
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hoc tap va cong téc.
Nhitng 161 cam on cudi cung t6i muon gui tGi nhitng nguoi than yéu
nhét trong gia dinh to6i da gitp dd, chia sé, cling nhu dong vién toi rat nhi€u

dé toi vuot qua khé khan va dat dugc két qua trong hoc tap va cong tac.

Thai Nguyén, thang 10 nam 2009

Tdc gia

Mai Thi Ngoc Ha
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Chuong 1

Mot so kién thic co ban

1.1 Mot so kién thirc co ban cua giai tich ham

Cac khai niém, dinh ly, vi du va cac két qua trong muc nay dugc tham

khdo & tai liéu [1] va [2].
1.1.1. Khong gian métric

Pinh nghia 1.1.1. Khong gian métric 1a mot cap (X, p), trong dé6 X 1a mot
tap hop, p : X x X — R 1a mot ham x4c dinh trén X x X thoa man céac
diéu kién sau:

1) V6i Va,y € X: p(x,y) > 0,p(z,y) =0 =y,

2) Vé6ivVz,y € X: p(x,y) = p(y, z),

3) p(z,y) < plz,2) + p(z,y),Vo,y,2 € X

Ham p dugc goi 1a mot métric ctia khong gian X. Méi phan tir cia X dugc
goi 12 mot diém clia khong gian X, s6 p(z,y) duge goi 1a khoang cdch gifta

hai di€ém x va y.

Pinh nghia 1.1.2. Tandi day {z, } _, nhiing phan ti cha khong gian métric
(X, p) hoi tu dén phan t xy € X néu:

lim p(x,,xy) =0,

n—oo

ki hiéu la lim z,, = x.
n—oo

Pinh nghia 1.1.3. Day {a:n}zo:l C X duoc goi la day cosi hay day co ban
néu:

Ve > 0,3ng € N sao cho Vi, j > ng ludn c6 p(x;, x;) < €.
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Khong gian métric (X, p) dugc goi la khong gian day du néu moi day
cosi trong X déu hoi tu dén mot phan tir thudc X.
Dinh nghia 1.1.4. Mot tap con M trong khong gian métric X duoc goi la
tap compac néu moi day {ZEn}Zozl C M déu c6 chita mot day con {xnk }Zozl
hoi tu dén mot diém thuoc M.

Trong khong gian C, ;) mot tap M 1a compac né€u thoa mén dinh ly sau:

Dinh ly 1.1.1. (Dinh ly Arsela - Ascoli) (xem [3])
Tdap M C Clayp) la compac khi va chi khi né gidi ngi déu va lién tuc dong

bdc.

1.1.2. Khong gian Banach
Pinh nghia 1.1.5. Gia st K 1a trudong s6 thuc R. Tap hop X khéc rong
cung v6i hai dnh xa (goi 1a phép cong va phép nhan vo huéng):
Phép cong, ki hiéu: +
XxX—-X
(z,y) —z+y
Phép nhan vo hudng, ki hiéu: .
RxX—X
(o, ) — a.x
goi la khong gian tuyén tinh trén R (hoac khong gian véc to thuc) néu hai
phép toan cong va nhan vo huéng thoa man céc tinh chat sau:
DHVe,ye X;o4+y=y+z;
D Vr,y,ze X, o+ (y+2)=(x+y) + 2
3) Véiphantt 0 € X taco: Ve € X, 2 +0 =0+ x;

4) V6i mbi x € X, ton tai phan tt —x € X : x + (—x) = 0;
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5) Vo, e RV € X : a.(f.x) = (a.0).x;

6)Vr e X : 1.x = z;

NHVa,feRz e X tact: (a+ f).x =a.x+ [.a;

YV eR,z,ye X : B.(x +y) =F.x+ [y.
Dinh nghia 1.1.6. Gia st X 1a mot khong gian tuyén tinh trén R. Ham s6:
I.||: X — R dugc goi 1a mot chuén trén X néu nd thoa man cac di€u kién
sau:

D ||lz|| > 0,Vx € X;||z|| =0« = 0;

) Ve,y € X - ||z +yll < el + lyll;

VB eR; Ve € X 1 ||B.x|| = |B].

Mot khong gian dinh chudn 1a mot khong gian tuyén tinh X cling véi mot

).

chuén trén né.

Nhgn xét 1.1.1. Neu dat: p(x,y) = ||z — y|| thi (X, p) tr6 thanh khong gian
métric.

Pinh nghia 1.1.7. Khong gian Bannach 1a khong gian dinh chudn day du.
1.1.3. Khong gian Hilbert

Pinh nghia 1.1.8. Cho X l1a mot khong gian tuyén tinh trén R. Mot tich vo
hudng trong X 1a mot anh xa (.,.) : X x X — R thoa man cac diéu kién
sau:

D) (xz,z) >0, Ve #0; (z,2) =0 x=0;

2) (z,y) = (y,x), Yo,y € X;

3) (ax,y) = alx,y), Y,y € X, Va € R;

4 (x+y,2)=(x,2)+ (y,2), Vr,y,2 € X.
Khong gian tuyén tinh X cuing véi tich vo hudng (., .) duoc goi la khong

gian tién Hilbert.
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Nhén xét 1.1.2. V6i ham ||z|| = /(z, ) thi X tré thanh khong gian dinh
chuan.

Pinh nghia 1.1.9. Khong gian tién Hilbert ddy du duoc goi 1a khong gian
Hilbert.

Vi du 1.1.1. 1) Khong gian cac ham L,[a, b] trong d6 mdi phan tir 1a cac

ham do dugc x(s) ¢6 2”(s) kha tich v6i chudn dugc xdc dinh nhu sau:

|z, = {/b !x(S)!pdS}l/p< +00 (1.1)

la khong gian Bannach, v6i p =2 ta c6 khong gian Hilbert.
Dic biét, khong gian Sobolev W, gém nhitng ham f € Ls[a,b] sao cho
[’ € Lsla,b], v6i chuin

1Ay = 1AL, + IFNZ, < oo

la khong gian Hilbert.

2) Khong gian cac ham x(s) lién tuc trén doan [a, b] va

[zlley, . = max |2(s)] (1.2)
s€la,b]

l1a khong gian Bannach.

1.1.4. Su hoi tu trong cac khong gian

Pinh nghia 1.1.10. Cho X 1a khong gian dinh chuin. Day {xn} C X dugc
goi 12 hoi tu manh dén mot phan tir xy € X khin — oo, néu ||z, —xz¢|| — 0
khi n — oo. Hoi tu theo chudn dugc goi 12 hoi tu manh.

Ki hiéu: lim z, = xy hoac z,, — xy.
n—oo

Pinh nghia 1.1.11. Cho X 1a khong gian dinh chuin, X * 1a khong gian lién
hop ctia né. Ta néi day {z,} C X hoi tu yéu dén 2y € X, néu Vf € X*

c6 f(x,) — f(xg), khi n — oo. Ki hiéu: x,, — .

10
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Tir hoi tu manh suy ra hoi tu yéu, ngugc lai tir hoi tu yéu suy ra hoi tu
manh chi khi X 1a khong gian dinh chuén hitu han chiéu hodc {z,} C M
v6i M 1a mot tap compac trong X.

1.1.5. Toan tir trong cac khong gian

Pinh nghia 1.1.12. Cho X va Y la hai khong gian tuyén tinh bat ki. Toan
tt A: X — Y goi la tuyén tinh néu:

1) A(z +y) = Az + Ay v6i Vo, y € X;

2) A(ax) = aAz v6i Vo € X,Va € R.

Néu f : X — R la mot toan tu tuyén tinh thi ta néi f 1la mot phi€m
ham tuyén tinh.
Pinh nghia 1.1.13. Gia sir X va Y 1a hai khong gian dinh chudn, mot todn
tu tuyén tinh A : X — Y goi la lién tuc néu tir z,, — ¢ luén luoén kéo theo
Ax, — Ax.
Pinh nghia 1.1.14. Toan tu tuyén tinh A goi la bi chan (gidi ndi) néu co
mot hing s6 K > 0 dé cho

(Vo € X), [[Az|| < K||z|

Mot toan tlr tuyén tinh A bi chan thi lién tuc va nguoc lai.
Pinh nghia 1.1.15. Toan ti tuyén tinh A : X — Y véi X va Y la cac
khong gian dinh chuén, duoc goi 1a toan tir hoan toan lién tuc (todn tir
compact), néu né bién mdi tap dong bi chan thanh tap compact nghia la
néu ||z, || < K(n=1,2,....) kéo theo su ton tai mot day { Az, } hoi tu.

Ki hiéu K (X,Y") la tap tat ca cac todn tlr hoan toan lién tuc tir X vao Y.
Dé nhan thdy K (X,Y) C B(X,Y), 6 day B(X,Y) la tap tat ca cac toan
tu tuyén tinh lién tuc tir X vao Y.

Trong khong gian vo han chiéu, n€u A 1a mot toan tir hoan toan lién tuc

11
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thi A~! khong lién tuc.

Bo dé 1.1.1. (B6 dé Tikhonov) (xem [1] va céc tai liéu dan)
Cho Xva Y la cdc khong gian Bannach. Cho todn tu A : X — 'Y dua tdp
Xo C X lén Yy = A(Xy). Néu A la mot song dnh, lién tuc va X la mot tip

compact cua X, thi A~! ciing la mot dnh xa lién tuc tir Yy lén X,.

Pinh nghia 1.1.16. Bai todn tim cuc ti€u phi€ém ham f(z) trén khong gian

Bannach X nhu sau: Tim phan tit =y € X sao cho

f(xg) = inf f(x). (1.3)

reX
Day {z,} duoc goi 1a ddy cyc tiéu hod cho bai toan cuc tiéu trén (cla
phi€ém ham f), néu

lim f(z,) = f (o)

n—oo

Di€u nay tuwong duong véi:

Ve > 0,3N(e) : Vn > N(e), f(zg) — € < fxn) < fxg) + €.

1.1.6. Giai hé phuong trinh dai so tuyén tinh

Pé tim nghiém mot hé phuong trinh dai s6 tuyén tinh, ton tai nhiéu
phuong phép s6 khac nhau.Tuy dic diém cta tiimg ma tran hé s6, ta ¢ thé
chon phuong phap nao cho c6 1gi hon ca. Khi tim nghiém hiéu chinh da
duoc roi rac hod cua bai toan khong chinh, ta thuong st dung tinh doi xing
va tinh khong 4m ctia ma tran hé s6. Trong muc nay, ching toi gii thiéu
phuong phép cin bac 2, cac phuong phap khac c6 thé xem trong [2].
e Phuong phap can bac 2

Cho h¢ phuong trinh dai s6 Ax = b v6i A 1a mot ma tran vudng cap n
doi xing va xdc dinh duong. Céc thanh phan cua A dugc ki hiéu 1a a;; va

b = (b1, by, ....,b,)T 1a chuyén vi ctia vécto hang. Ta c6 thé biéu dién ma

12
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tran A = U*U véi

U1 U2 U113 ... Uin

0 U929 U223 ... Up

U = O 0 Usz ... Usp
0 0 0 ... Uy

va U* 1a ma tran chuyén vi ciia U. Céc thanh phén w;; dugc xdc dinh 14n
lugt theo cong thic sau

aij .
U = \/an, Uy = =, ) = 2,3,

)
U1

1—1
— E 2 .
Uiy = Qi — ULy 2—2,3,....,71,
k=1

1 - - o
wij = —(a;; — Zukiukj), i< 7 u;=0,1>7.
Ugj 1
Do dé hé phuong trinh Ax = b duoc chia lam hai hé phuong trinh U*y = b
va Ux = y. Lan luot giai hai hé phuong trinh dai s6 v4i ma tran tam giac

ta c6 nghiém x.

1.2 Khai niém vé bai toan dat chinh va bai toan dat khong chinh

Khdi niém vé bai toan dat chinh duoc J. Hadamard dua ra khi nghién
cttu vé anh hudng cua céc diéu kién bién 1én nghiém cta cic phuong trinh
elliptic ciing nhu parabolic (xem [6]).

Dinh nghia 1.2.1. Gia sir X va Y la hai khong gian metric véi cdc do do
tuong ung 1a px (x1, z2) ; py (f1, f2) va A la toan tur tir X vao Y. Xét phuong

trinh:

Ar = f, fevY, (1.4)

13
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Bai toan tim nghiém x € X theo dit kién f € Y duoc goi la bai toan dat
chinh trén cap khong gian métric (X, Y") néu:

DVfeY dovye X : A(zy) = f;

2) x duoc xdc dinh mot cich duy nhat;

3) xy phu thuoc lién tuc vao f.

Pinh nghia 1.2.2. Néu mot trong ba di€u kién trén khong thoa man thi bai
toan da cho goi la bai toan dat khong chinh.
Chiiy 1.1.1.

i) Doi v6i cdc bai toan phi tuyén thi di€u kién thit hai hau nhu khong
thod méan. Do vay hau hét cac bai toan phi tuyén déu la bai toan dat khong
chinh.

ii) Bai toan tim nghiém x phu thuoc vao dit kién f, nghia la v = R(f),
duoc goi 1a 6n dinh trén cap khong gian (X,Y) néu véi mdi € > 0 ton tai

mot s6 d() > 0 sao cho tr py (f1, f2) < d(e) cho ta px(x1,z9) < €, & day

iii) Mot bai todn ¢ thé dit chinh trén cip khong gian nay nhung lai
dat khong chinh trén cap khong gian khac.

Trong nhiéu tng dung thi v€ phai ctia (1.4) thuong duoc cho bdi do
dac, nghia la thay cho gid tri chinh xac f, ta chi biét x4p xi fs cua n6 thoa
man || fs — f|| < §. Gia sit x5 1a nghiém cuta (1.4) v6i f thay boi f5 (gia
thiét rang nghiém ton tai). Khi 6 — 0 thi fs — f nhung vdéi bai toan dat
khong chinh thi 25 n6i chung khong hoi tu dén z.

Vi du 1.2.1. Bai todn tim nghiém cua phuong trinh tich phan Fredholm loai
I 1a bai toan dat khong chinh.

14
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Xét phuong trinh Fredholm loai I:

/ K(t,s)x(s)ds = fo(t), t € [a,b], (1.5)
—00 < a<b< 400
& day nghiém 1a mot ham x4(s), v€ phai fy(¢) 1a mot ham s6 cho trude va
nhan (hach) K (¢, s) cta tich phan cung véi 0K /0t dugc gia thiét la cic
ham lién tuc cho truge. Ta xét hai truong hop sau:

e Truong hop 1

x(s) — fo(t) /Kts

Su thay déi vé€ phai dugc do bang do léch trong khong gian Ls[a, ], tic 1a
khoang cdch gilta hai ham f1(t) va fy(t) trong Ls[a, b] dugc xdc dinh bai

1/2
PLofad) (1, f2) = {/ | f1(t) |dt} .

Gia st phuong trinh (1.5) ¢6 nghiém x(s). Khi d6 v6i v€ phai

b
fi(t) = fo(t) + N/ K(t,s)sin(w.s)ds
Phuong trinh (1.5) ¢6 nghiém z1(s) = zy(s) + Nsin(w.s). V6i N bat ki,
w du 16n thi khoang cach giira hai ham f;, f1 trong Ls[a, b] 1a

2 71/2
PLofap) (fo, f1) = | V| [/ (/ K(t,s)sin(w. s)ds) dt]

c6 thé 1am nho tuy y. That vay, dat:
Ko = max  |K(t,s)]
s€la,b] tela,b]
Ta tinh duoc

b 1 2
PLofap(Jo, [1) < |N| [/ (Kmax;.cos(w.s) |Z> dt]

2
1/ . \N|.Km.c0.
w

15
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. ; N _ .,
o day ¢y la mot hang s6 duong. Ta chon N va w 16n tuy ¥ nhung — lai nho.
w

Khi doé:

Pc[ab](fﬂo,l“l) = sm% [zo(s) — x1(s)| = | V]|
c6 thé 16n bat ki.
e Truong hop 2

A: L*la,b] — L*[a,b]

x(s) — fo(t) / K(t,s)x

Khoang céch gifta hai nghiém zg, z1 trong Ls[a, b] cling ¢ thé 16n bat ki.

That vay,

/2 b 1/2
PLalap) (To, 1) [/ |zo(s) — 1(s)] ds] = |N| [/ Sin2(w.3)ds]

mn(w(b—a)).cos(w(b+ a)).

Dé dang nhan thay ha1 sO N va w c6 thé chon sao cho pr, 4 (fo, f1) rat
nho nhung van cho két qua pr,(, (%o, 1) rdt 16n. Nhu vay su thay doi nho
cua dit kién ban dau din dén su thay déi 16n vé nghiém. Do d6 bai todn tim
nghiém ctia phuong trinh tich phan Fredholm loai I 1a bai toan dat khong
chinh.

1.3 Khai niém vé thuat toan hiéu chinh
Xét bai toan
Ar = fo, (16)

trong d6 A la mot toan tir tir khong gian metric X vao khong gian métric
Y va fy € Y. D€ tim nghiém xap xi ctia (1.6) trong trudng hop tong quéat
A.N. Tikhonov da dua ra mot khai niém mdéi. D6 1a phuong phap hiéu chinh

16
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dua trén viéc xay dung todn tlr hiéu chinh va cach chon mot gia tri cia mot
tham s6 méi dua vao (xem [4] — [5]).

Gia sit A~! khong lién tuc va thay cho fj ta biét f5 : |fs — fo| <6 — 0.
Bai todn dat ra 1a dua vao thong tin vé (A, f5) va mic sai s6 J, tim mot
phan tir xap xi nghiém chinh x4c . R3 rang la khong thé x4c dinh phan
tlr x4p xi 5 theo quy tic x5 = A~'.f5, vi thit nhat 1a A~! ¢6 thé khong xdc
dinh v6i f € Y, thit hai 1a A~! khong lién tuc nén A~! f5 néu ton tai, cling
chua chic da xdp xi A71f.

Tham s6 § chi cho ta mitc do sai s6 v€ phai cta (1.6). Vi vay van dé
dat ra 1a ¢6 thé xay dung phan tir xap xi phu thudc vao mot tham s6 nao d6
va tham s6 nay dugc chon tuong thich vé6i d sao cho khi § — 0 thi phan tr
x4p X1 nay hoi tu t6i nghiém chinh xac xy.

Nhu vay, ton tai mot todn tlir tic dong tir khong gian Y vao khong gian
X theo quy tac v6i méi f5 € Y ta c6 phan tlir x4p xi thudc X.

Pinh nghia 1.3.1. Toan t& R(f, ), phu thuoc tham s6 «, tic dong tir V'
vao X duoc goi 1a mot toan tlr hiéu chinh cho phuong trinh (1.6) néu:

1) Ton tai hai s6 duong d; va «; sao cho toan tir R(f, «) xac dinh véi
moi o € (0,cq) vavéimoi f €Y : py(f, fo) <9, € (0,61);

2) Ton tai mot su phu thudc o = a( f, ) sao cho Ve > 0, I5(¢) < 07 :
VieY, py(f, fo) <0 <9 = py(xa,z0) <€ 6day z, € R(f, a(f,9)).
Chiiy 1.1.2.

i) Trong dinh nghia nay khong doi hoi tinh don tri cua toan tt R(f, ).

ii) Phan tir z, € R(fs,a) dugc goi 1a nghiém hiéu chinh cia phuong
trinh (1.6), & day a = a(f5,d) = «(d) dugc goi la tham s6 hiéu chinh.

Dé dang nhan thay tir dinh nghia trén nghiém hiéu chinh 6n dinh véi dix

kién ban dau.

17



www.VNMATH.com

DPinh nghia 1.3.2. Nhu vay viéc tim nghiém xap xi phu thuoc lién tuc vao
v€ phai cua (1.6) gom hai budc:

1) Tim todn ti hiéu chinh R(f, a).

2) Xac dinh gia tri ctia tham s6 hiéu chinh « dua vao thong tin cta bai
todn vé phan tir f5 va sai so 0.

Phuong phép tim nghiém x4ap xi theo quy tac trén goi 1a phuong phap

hiéu chinh.

Vi du 1.3.1. Phuong phap nay da duoc st dung tir thoi Newton cho bai todn
df (t)
dt
Pao ham z tinh dugc dua vao ty sai phan:

flt+a) - f(t)

cO dién: Tinh gid tri z = (trong metric C), khi f(t) chi biét gan diing.

R(f, o) =

Néu thay cho f(¢) ta biét xdp xi cta n6 1a fs(t) = f(t) + g(¢t), 6 day
lg(t)| < 4 v6i moi t, khi d6,

flt+a)— f(t) N g(t +a) —g(t)

R(fs,a) =

Cho a — 0, ta nhan duoc

ft+a) - ft)

— z.
o
S6 hang thit 2 dugc danh gia boi
ot +0) —glt) 20
o ~ o

) )
Néu chon o = E, v6i n(6) — 0, khi § — 0, thi 2— = 2n(§) — 0. Vi
n a

vay voi,
a=a1() = n—, R(fs5,1(9)) — =z.

18
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1.4 Su ton tai toan tir hiéu chinh

Gia st (1.6) c6 mot nghiém duy nhit z, khi v&€ phai f; cho chinh xac.
Néu v€& phai f5 chi biét xap xi py (fs, fo) < d — 0 thi viéc tim phan tir x4

xap xi nghiém x( dugc gidi han trong tap
Qs = {z € X, py(Az, f5) < 5} (1.7).

do zy € Q5. Pé tim dugc phan tir 25 véi mdi § sao cho thod man: x5 — x
khi 6 — 0, ngudi ta dua ra mot nguyén ly dua trén quy tic cuc tiéu phiém
ham dac biét, duoc goi 1a phi€ém ham 6n dinh (xem [1]).
Dinh nghia 1.4.1. Phiém ham Q(z) > 0 xdc dinh trén X; C X; X| = X,
duoc goi 12 phiém ham 6n dinh néu:
1) zp € D(£2), mién xac dinh cua €,

2)Vdy > 0, Xfo = {z € X1:Q(2) < do} 1a mot tp compact.

Khi di c6 mot phiém ham nhu vay ta cé thé tién hanh viéc tim nghiém
xap xi zs dua vao viéc giai bai toan:

Qz5) = ierg1 Q(2), Q5 = Qs N X1, (1.8)
z 5

Phén tlr 25, n€u no ton tai, c6 thé coi nhu 1a két qua clia mot su taic dong
len f5 € Y boi mot toan tir R nao d6 phu thudc tham s6 6, c6 nghia 1a
z5 = R(fs,6). Khi d6 R(f5,d) 1a mot toan tir hiéu chinh cho phuong trinh
(1.6) (xem [1]).

Khi X = H 1a mot khong gian Hillbert, B 1a tap dong cua H, f(z) la
mot phiém ham khong am lién tuc trén H.

Xét phi€ém ham phu thudc tham so:

Qz) = f(2) + a.Q(2),a >0 (1.9)

Khi do ta cé
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Pinh 1y 1.4.1. (xem [1]) Ton tai phan tw Z € B N X, sao cho

Q%) = nf Q(z) (1.10)

Su ton tai phan tlr z; ctia bai toan (1.8) duoc suy ra tir dinh 1y trén khi 14y
f=0vaa=1(xem [1]).

1.5 Xay dung thuat toan hiéu chinh

Dinh nghia 1.5.1. Phi€ém ham
Mz, f5] = p¥(Az, f5) + a.Q(2) (1.11)

goi l1a phi€m ham lam tron, trong d6 py (Az, f5) goi 1a do khong khép cua
phuong trinh Az = f5 va (z) 12 mot phi€ém ham 6n dinh.
Xét bai toan cyc ti€u phi€m ham M|z, f;] trong d6 tham s6 o dugc xac
dinh tir diéu kién:
py (Az, f5) = 0. (1.12)

Rl(f(;,a) = {25 : Mo‘[z(;,f(;] = Zigl’l)?1 Mo‘[z,f(;]}. (1.13)

Ta s€ chiing to R ( f5, o) 1a mot toan tir hiéu chinh cho phuong trinh Az = f.

Dinh ly 1.5.1. (xem [1]) Cho A la m¢t todn tu lién tuc tu khong gian Hill-
bert H vao khong gian métric Y, (z) la mot phiém ham on dinh xdc dinh
trén X1 C H. Khi dé voiNf € Y va a > 0 ton tai phdn ti z,, lam cuc tiéu
phiém ham M|z, f] c6 nghia la:

M®za, f5] = inf M°|z, f5] (1.14)

ze€Xq
Nhu vay voiNf € Y va voi Ya > 0 xdc dinh mét toan ti Ry(f, o) ¢6
anh thugc vao X = H sao cho phdn tik z, = Ri(f, «) lam cuc tiéu phiém
ham M*®|z, f].
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Chitng minh: Vi M“ [z, f] khong &m nén ton tai

Mi* = inf Mz, f].

zeXq
Do d6 ton tai day{z2} C Xy : Mg := M®[z2, f] — M{ khi n — +o00. Ta
cO danh gia
a.Q(2) < pi (A% f) +a.Q(2%) = M < C, Vn
C

Q(zY) < — =
= (zn)_Q r

Vi vay day {zf{} thudc tap X 1a tap compact. Do vay tu day do ta c6
thé rit ra mot day con {zf{k} hoi tu téi phan tir z, € X;. Khi do:

Mg = M5, f] — MOz, f] = M{

Vay z, € Mz, f].
|

Ki hiéu: T3 la mot 16p cdc ham khong am, khong giam lién tuc trén
doan |0, 9].

DPinh ly 1.5.2. (xem [1]) Cho A la mét todn tu lién tuc tir X vao Y voi xg
la nghiém duy nhdt cua phuong trinh Ax = f. Khi dé voi Ve > 0 va hai
ham (31(0), $1(9) ¢6 dinh tix lop Ty, sao cho (35(0) = 0 va
52
B1(9)
t0n tai mot s6' 0y = 0o(e, 1, 32), dévdimoi f € Y vad < &y : py(f, fo) <0

va o thod man:

< B(5) (1.15)

52

DOR

ta co px(Za, o) < €, 0ddy zZ, € Ri(f, ).

< a < 5(9) (1.16)

Chirng minh: Vi phi€m ham M° [z, f] nhan gid tri cuc tiéu khi z = Z, nén

M®(Za; f] < M®[zq, f].
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Do 46,
a.QZ) < M®[Za, f] < Mo, f]
= py (Azo, f) + o.Q(x0)
— (o, ) + 0.0ao)
< 6%+ a.Q(xg) = oz{%z + Q(CUO)}

2 2
31(6) Sa— % < B1(8) < B1(81). Do d6 ta c6:

2
% + Q(z0) < 51(01) + Qo) =: do(dy = const).

Tir gia thiét:

Vay Q(z,) < dy va Q(zg) < dy. Suy ra Z,, xg thudc vao tap compact
X,

Ta ki hiéu: Yy, = AX{lO. Do A 1a mot anh xa lién tuc tir X fo vao Yy,
nghiém cua phuong trinh Ax = f, f € Y}, la duy nhat va X fo 1a mot tap
compact ctia X nén theo bé dé Tikhonov, 4nh xa nguoc A~! tir Yy, len X
cling lién tuc.

biéu d6 c6 nghia 1a: Ve > 0 tim dugc s6 y(e) > 0 sao cho tir:

pY(flan) < 7(6)7]617]62 S Yvdo

suy ra ¢6 px(z1,x2) < €, 6 day f1 = Axy, fo = Azy. Hon nilta doi véi
f., = Az, thi
pgf(faa]?) = p%;(AEa, f) < Ma[gomf]

< M®[x, f] = py(Azo, f) + .Q(z0) = py-(fo. ) + a.Q(xo)
< 6% 4 a.Q(xp).

T o < (35(0) dan dén

oy (Four F) < {02 + Ba(8) Q(x0)}? = (0). (1.17)

22



www.VNMATH.com

Dé thay ¢ € T5, va ¢(0) = 0, hon nita:

py (far fo) < py (far F) + oy (£, fo)
< o(8) + 8 = 1(6) (theo gid thiét va ( 1.17))

& day (8) c6 tinh chdt nhu cta (). Dat 5y = ¥ 1(y(e)) véi = (y) 1a
ham ngugc cta ham y = ¢(J) va st dung tinh lién tuc clia anh xa ngugc
Al yd X{lo ta nhan duoc py (f, fo) < 6 < dy v6i moi o thoa mén bat

déng thic trong dinh 1y. Dinh 1y duoc chitng minh.
O

Phén chiing minh dinh 1y cho ta thay khi xay dung thuét toan hiéu chinh
dua trén viéc cuc tiéu phi€ém ham lam tron M?|z, f5], tham s6 hiéu chinh
a = «a(d) duge xdc dinh khong duy nhat. Su phu thudc « vao ¢ ciing ¢6 thé
duoc xac dinh tir nguyén 1y do léch, tic tham s6 o dugc xac dinh tir dicu
kién:

py (Aza, f5) = 0. (1.18)

Viéc lam cach nao tim ra su phu thuoc d6 hoan toan dua vao cic thong
tin tién nghiém cta bai toan.

Trong truong hop don gian khi A 1a toan tir tuyén tinh trong khong gian
Hillbert H. Tikhonov da xay dung phi€ém ham lam tron dang:

Mz, fo] = | Az — foll* + e]|]| (1.19)

T d6 xac dinh toan ti hiéu chinh R®[x, fy] cho bai todn Ax = f va

dua ra phuong phap chon tham s6 hiéu chinh «.
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Chuong 2
Hiéu chinh cho phuong trinh tich phan

tuyén tinh loai I

2.1 Nghiém hiéu chinh cua phuong trinh tich phan tuyén tinh loai I

Cac két qua, dinh ly trong phan nay dugc tham khao chu yéu trong tai

liéu [1] va cdc tai liéu dan.
2.1.1. Co s6 1y thuyét

Xét phuong trinh tich phan Fredholm loai I

Ax_/ K(t,s)x(s)ds = fo(t), t € [c,d], 2.1

—oc0o<a<b<+4+oo,—0<c<d< 400

& day nghiém 1a mot ham z((s), v€ phai fj(¢) la mot ham s6 cho trude va
nhan (hach) K (¢, s) cta tich phan cing v6i 0K /0t dugc gia thiét la cac

ham lién tuc cho trudc.

Su thay d6i ctia v€ phai dugc cho bing do do trong khong gian Ls|c; d],
tic 12 khoang céch giita hai ham f;(¢) va f(¢) trong Ls|c; d] duge x4c dinh

1/2
PLyfed)(f15 [2) = {/ | f1(%) (1)] dt} .

Nghiém z(s) dugc gia thi€t thudc vao 16p cac ham lién tuc trén [a; b] véi

boi

khoang cach

pefat) (1, 2) = max [01(s) — 22(s)].
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Ki kiéu
X! = {a:(s) € Cla,b]: 32/(s), /b 2/(s)|2ds < +oo}.
X":{()GC[ab] Jzk /\x \ds<—|—ool<k<n}

Gia st phuong trinh (2.1) c¢6 nghiém z4(s) € X! theo nghia thong
thudng va dé cho don gian ta coi nghiém nay 1a duy nhat. Dong thoi, thay

cho v€ phai fy(t) ta c6 fs5(t) théa man

/\fa — ol < 6 < /Ifa )2dt.

Khi d6, dva vao phuong trinh

/Kts $)ds = f5(t)

ta chi c6 thé tim nghiém x4p xi cho cho x((s) ma thoi.

Dé tim xap xi cho z¢(s), trude tién ta xac dinh tap
0} = {ate) € X* s preatan. 9 < 5.

Tiép theo tir Q} chon mot phan tit #5(s) lam cyc tiéu phi€m ham

o) = [ b{q<s>x2<s> £ p(s) (fl—)}d

& day p(s) va g(s) 1a hai ham lién tuc, khong am va p(s) > py > 0. Ta c6
két qua sau.

Pinh Iy 2.1.1. (xem [1]) Véi méi 6 > 0 va f5(t) € Ls[c;d] thod man

PLofed (f5: fo) <0, ton tai T5 € Q}s sao cho

Q(Zs) = inf Q(z).

xEQ};

Dé ching minh dinh 1y nay, ta xét b6 dé sau.
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Bo6 dé 2.1.1. Véi méi dy > 0, tdp @ = {x € X1 : Q(x) < dy} la mét tdp

compact ciia Cla; b].

Chitng minh: Tir Q(z) < d suy ra

Bat dang thic (2.2) cho ta

d
Ve € @ dsg € [a,b] : v/q(s0)|z(s0)] 0

Néu khong nhu vay, thi

Vi@ les)| > 52, s € fa,b].
b b
/ q(s)z*(s)ds >/ bcﬁ)ads = dp.

Diéu nay trai v6i bat dang thitc (2.2). Mt khéc,

@‘
Q

Khi do,

Vs1, s9 € [a,b], (s > s1), JJEJ)

|z(s2) — x(s1)| ‘/

Stt dung bat dang thic Cauchy-Byniakovskii ta duoc

d
[
< sy — 31|pi0 /Slszp(s) (2—?) 2d8
< sy — Sl'pio /abp(s) <Z—i) st

< sy — 51|—O.

|(s2) — x(s1)]* < |s2 — 51

(2.2)

(2.3)
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C6 nghia la
d
[2(s2) — 2(s1)| < V/[s2 — 51 p—o-
0

Diéu d6 ndi lén rang @ 1a ho cdac ham lién tuc dong bac.

Bay gi0, néu ldy s; = s, thi v6i moi s2 € [a, b] ta cé

2(s2) — 2(s0)| < v/]52 — 0] ;l—
RO rang
2(52)] < Jx(s2) — (s0)] + |(s0)]

/d d
< \/lSQ_S()‘ ])_2+ ﬁ/ql/Q(so).

Di€u nay chiing t6 @ la tap cdc ham gidi noi déu. Theo dinh 1y Arsela -
Ascoli ton tai {x,(s)} C @ hoi tu deu trén [a, b] d&€n mot ham & va 7 cling
lién tuc trén [a, b]. Tic 1a @ 1a mot tap compact cta C|a, b].

Bay gio tro lai Dinh 1y 2.1.1. Trudc hét ta chiing minh dinh 1y trén &
dang don gian. Xét tap

b
Q3 = {x c X?: / (z")2ds < M},
QY = Qi N Q3y.
Ta ching minh rang

Vfs € Lalc,d] : pryjea(fs; fo) <6,
dzs(s) : Qxs) = inf Q(z)

re@3M
va x5(s) c6 dao ham lién tuc trén [a, b].

That vay, do 2(x) khong am, cho nén ton tai

Qy = inf Q(z)

reQ2M
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va diy cuc tiéu hod {x,(s)}, 2,(s) € Q*, sao cho

lim Q(z,) = Q.

n—oo

Ta c6 thé gia thiét
Q(xn) S Q(xn_l) S S Q(.Il) = Ml.

Nhu vay, Q(z,) < M, Vn. Theo B6 dé 2.1.1 ta ¢6 day con {x,,} hoi tu

deu trén [a, b] dén mot ham Z5(s) nao do6, khi k — oo va

lim Q(x,,) = Qo.

k—o00

Mat khéc,
b
JRCIERICI T
’ b
/ (2 )?ds < M.

bat d = max(M, M;). Theo B6 dé 2.1.1 ton tai mot diy con {x/, (s)} cha
{7, } hoi tu déu trén [a,b] dén x4(s) nao d6. Do {z,, } hoi tu dén 7s(s),

cho nén z;(s) = s(s). D& dang nhan thdy #5(s) € Q} va

lim Q(z,,) = Qzs5) = Q.

m—0o0
biéu d6 c6 dugc nho qua gidi han duéi dau tich phan do {z,,} va {z] } hoi

tu déu.

Bay gi¢ ta ching minh DPinh ly 2.1.1. Xét tich vo huéng <x1, ;c2>1 trén

X1 duge x4c dinh nhu sau
b
(w1, 19), = / {q(s)xl(s)xg(s) +p(s)a:'1(s)x’2(s)}ds

v6i chudn ||z]|; = \/(z,x), va khoang cich py(x1,22) = |1 — 221 Day
chinh 14 chuan ctia khong gian W7,
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Do Q(z) > 0 ton tai
Q= inf Q(z)

xEQ};

va ddy cuc tiéu hod {7,(s)}, ,(s) € Q}, sao cho

n—oo
bat , = Q(z,,). Khi do, ta c6 thé gia thiét 1a 2, < Q,,_1, Vn. Theo B
de 2.1.1, ton tai day con {Z,, } hoi tu déu trén [a,b] dén mot ham Z nao
d6, v6i mbi § ¢6 dinh. Ta ching minh rang Z,, hoi tu dén & theo chuédn

Nhu vay, ton tai mot s6 £y nao dé va day s6 nguyén {m}, {p,} sao cho

1. Gia st nguoc lai, tic 1a ||z, — Z||; khong dan t6i 0, khi £ — oo.

Hjm T 53m+pm 1 Z 50

Dit B = G — Ty, Xét day En = 0,5(@m + Zmsp, ). RO rang
fm = Iy — 0, 5ﬁm = fm—i—pm + 0, 5ﬁm va

Q&m) = 1Zmllf = (Zm. By +0.25]1 Bl = Q0.
Do ||Z||? = Q&) va Q(Z,,) — Qo khi m — oo, cho nén
—~(&m, B ), +0,25]Ball; = —A, (2.4)
&6 day A, = Q(z,,) — Qo va A, — 0, khi m — oo.
Tuong tu, st dung &, = T4y, + 0,506, ta cd
Uém) = 1Zmrpnlli = (Emspns B )y + 0,25 87 = Q0.
Suy ra
(Zntpns B )y + 0,25 Bl = A7, (2.5)

o day A = Q(Znap, ) — Qo va A — 0, khi m — oo. Cong hai bt déng
thifc (2.4) va (2.5) ta duoc

_<~im - Cz'm—&-pmaﬁm>1 + O; 5“6m”% 2 _(A;n + A;;z)
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hay
—0,5(Bnllf > (A%, + A%).

Suy ra |8} = |Zm — Zimp,, 17 < 2(AL, + A) — 0, khi m — oo. Nhu
vay phai ton tai m(eg) : m > m(eo), |Tm — Tmip, |1 < %. biéu nay mau
thuan véi ||Z,, — Tytp,, |1 > €0. Nhu vay, {Z,,} 1a mot day Cauchy trong
khong gian day du Wy. Do d6 ,,, hoi tu trong ||.||; dn mot ham 7 nao dé.
Tic 1a day {Z,, } hoi tu déu trén [a, b] dén i(s) := 5 € Q}. Dinh 1y duoc

minh.

Pinh ly 2.1.2. (xem [1]) Day {Zs} hoi tu dén x(s), khi § — 0.

Chitng minh: Lay mot day s6 J,, bat ki dan t6i 0, khi n — oo. Tuong tng,
ta c6 day {Zs,} : pryjea(ATs,, f5,) < 0,. V6i moOi n c6 dinh ta c6 tap Q%ﬂ

N

va
Q(z5) = inf Qz), 35, € W,.

xeéén
Suy ra Q(zs,) < Q(z") := d. Theo B6 dé 2.1.1, ton tai mot day con {5, }

hoi tu déu dén z. Do T, € Q};n, cho nén

PLoled)(AZs,,5 f5,, ) < Ony

Vi 5, hoi tu déu trén [a, b] dén 2(s), ta c6 pr,.q (AT, fo) = 0. Phuong
trinh tich phan (2.1), theo gia thi€t chi c6 moét nghiém x(s), cho nén z(s) =
2o(s). Ciing 1y do d6, 75 hoi tu déu dén zo(s), khi § — 0. Dinh Iy duoc
ching minh.

Chii y 2.1.1. Ta c6 thé xay dung phiém ham

o) - | b{kﬁ%qk@ (‘fl—)}d
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& day qi(s), k=0, ...,n lién tuc, khong am va ¢, (s) > ¢ > 0.

Néu thay cho Q} 1dy
Qf = {zr € X" : prypea(Az, f5) < 8}

ta dugc nghiém xap xi Z5(s) c6 do tron bac n (dao ham cép n).
B6 dé 2.1.2.

PLofe,d) (AZs, f5) = 0. (2.6)
Chitng minh: Gia st

PLofed (AZs, f5) = B < 0.
Theo gia thiét
7 < [(nwyra

va 2(0) = 0, cho nén 5 # 0. Do :oén tir tich phan (2.1) lién tuc trén X',

ton tai mot 1an can U (%) cha s sao cho

0—p3

PlLafed) (AT(s), ATs) < , (s) € U(Ts)

PLofed)(Az, f5) < 6,V € U(Zs).

That vay,

PLo[ed) (AT, f5) < pryfea)(Ax, AZs) + pr,je,a(ATs, fs)

S—8 .

C6 nghia la moi ham = € U(Z;5) déu thod man [|Azx — f5||1,.q < 6. Diéu
nay dan dén viéc tim dugc mot ham T5 € U(Zs) sao cho Q(Ts) < Q(Ts).
Bit déng thitc d6 trai v6i két luan 74 cuc tiéu phi€ém ham Q(z) trén Q;. Nhur

vay, bé dé dugc chiing minh.
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Chit y 2.1.2. B6 dé nay ching to viéc tim phan tir #; € Q} lam cuc tiéu

Q(x) tuong duong véi bai toan
Tim z(s) € X' : [|Az — fs| 1yfea) = 0. (2.7)
Bai todn sau cling quy vé viéc tim Z; 1am cuc tiéu

MOz, f5] = pryjea(Az, f5)? + aQ(x), (2.8)

va chon tham s6 a = «(6) sao cho pr,1.q(ATs, f5) =

Ta c6 két qua sau.

Pinh 1y 2.1.3. (xem [1]) Vi moi a > 0 va f € Ls|c, d] ton tai duy nhdt mot

ham x*(s) ¢é dao ham ( "va f ))?ds < 400 sao cho
Mz®, f] = inf M*[z, f]. (2.9)
reX!

Chitng minh: Vé6i méi o > 0 ¢6 dinh, M“[z, f] > 0,Vz € X'. Do dé, tén
tai day cuc tiéu {7%(s)} C X! dé

lim M®[z%, f] = inf M“[z, f].

n=00 zeX!

Ki hieu M® = M*[z%, f]. Ta c6 thé chon day cuc ti€u {7%(s)} sao cho
My < Mg, ¥n. Khi d6, Q(75(s)) < M{*/a, Yn. Nhu vay, theo Bo dé
2.1.1 day {z%(s)} 1a mot tap compact. Do d6, ton tai mot day con, van ki
hiéu 1a {Z%(s)}, hoi tu déu trén [a, b] dén 7°%(s) € X

Bay gi0, ta s& chitng minh day con nay 12 mot ddy co ban trong chuin
ctia X!. Gid st nguoc lai, khi d6 ton tai mot s6 duong va diy so nguyén
{m, pm} sao cho ||Z7,(s) — 27,,,, ()] = eo.
bat g% =z, — . Xét day &5, = 0,5(z%, + 2%, ). Ro rang

m—l—p m—+pm

§n = Ty — 0,88, =2y, + 0,50,

m m-+p
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N

va

Me[en, f1 = A&, = fllZ e + &)
= | A&, — fllLyeaq + alllZn i — (25, 60), +0,25]185,[17]
> M.

Do day {Z;} hoi tu déu dén 2, cho nén || — 2%||cjap — 0 va [|&, —

T || cfap) — 0, khi m — oo. Mt khéc, vi A la mot todn tir lién tuc, suy ra
1AES, = fLoea) < AT = fllLuea +0,51AGE, — 35,4, ) | Lafea + A,
va Al — 0, khi m — oo. Do do,

o= (@, Bn), +0,25(185 1] > M§ — M — |A] | = A7
dday A7 > 0va Al = 0,khim — oo.

Tuong tu, thay £, = 27, + 0,50, ta dugc

o{Z54p,,» By + 0, 25]1 B3 I15] > — A

o day A” > 0va A” — 0, khi m — co. Cong hai bat dang thiic cu6i cliing
ta co
(T = T B )y + 0518511 = — (A7, + A7)
hay
=0,5185[1 = —(A7, + A%).

Diéu nay din dén [|52[2 = |72 — @9, |2 < 2(A%, + A”) — 0, khi

m

m — oo. Nhu vay phai ton tai m(eg) : m > m(e),

- - €0
|z, — x%‘i‘pmHl <5

2

«
m +pm,

1 > €0- Nhu Vay’ {j%} la

mot diy Cauchy trong khong gian day du ... Do d6 xy, ciing hoi tu trong

Bat dang thitc nay mau thuén véi ||7¢ — 7
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|-]l1 dén ham z® nao d6 thuoc X'. Do day {z% } hoi tu déu trén [a, b] dén

T(s) € Q}S Cho nén 7% = z“. Dinh 1y duoc chiing minh.
U

Nhu vay, v6i moi [ € Ls[c,d] va o > 0 ta xac dinh dugc mot todn
tt R(f, ) theo quy tic 2% = R(f,«), & day Z° 1a phan t& cuc tiéu phi€m
ham M°[z, f] tren X', D€ ching td R(f, «) 1a mot thuat toan hiéu chinh
phai chi ra dugc méi quan hé o = a(§) sao cho phan tir 7% lam cuc tiéu
phi€ém ham M%[z, fs] hoi tu dén zy(s) trong X!. Piéu d6 duoc khang dinh

6 dinh 1y sau.

Pinh 1y 2.1.4. (xem [1]) Gid 5t V6 > 0, f5 € Loc, d] va ham 51(6), Ba(5)
thod man diéu kién 32(0) = 0,0% < 31(6)52(9), 6 € (0,81], la cdc ham 6
duong, lién tuc va giam dan t6i khong. Khi dé, voi o = a(6):

52

5 < 0(0) < (o), 210
ta co
m[a>g:] 1740 (5) — zo(s)| — 0. (2.11)

Chitng minh: Vi M|z, f;] dat gi4 tri cuc tiéu tai z = 7%, cho nén
Mz, f5] < M®[xo, f3].
Mat khéc,
afQ(z%) < M®[z%, fs] < M*[xo, fs]
= [|Azo — f5]|7, e + S2:x0)
< |lfo = follZye.q + (o)
< 6% 4 af)(xg) = oa[%z + Q(x0)],
6 day o = a(6). Do 6%/3,(6) < a(6), cho nén

52
- < 61(0) < B1(01)
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%2 +Q(0) < Bi(61) + Qap) :=d.

Nhu vay, Q(i%) < d,Q(xy) < d. C6 nghia 1a {#°} va x, thuoc . Goi
{(fs,} C Lafe,d), || fs, — follajea) < 6 — 0 khi n — oo. Khi d6, t6n tai
mot day {7} C X! vé6i a,, = a(d,) lam cuc tiéu phi€ém ham M|z, f; |
va Q(i%) < d. Theo B dé 2.1.1, tén tai mot ddy con ctia {7} hoi tu trén
[a, b] d€n mot ham Z(s) nao d6. D€ cho don gian, van gilt nguyén ki hiéu

d6 cho day con, ta c6
0 < [|AZ™ — follLoea) < AT — f5. || Lofe.a) + On
<V Mew[ze, f5,] + 6,
< VMo [z, f,] + 0,
< \/(HAQCO — follLylea) + 0n)? + n€2(x0) + 0y
< /02 4 a,Qz0) + by

Vi a;, < 32(0y,), cho nén

0 S HAjan - fOHLg[c,d] S \/57% + 62(5n)9(x0) + 571 — 0.

Do {Z,, } hoi tu déu trén [a, b] d&€n Z(s), cho nén ||AZ — fyl|1,.q = 0. Tidc
1a

Tir tinh duy nhat nghiém cta (2.1) suy ra & = . Qua d6, dé dang nhan

AZ — fol] = 0. Diéu d6 néi lén rang & ciing 1a mot nghiém cua (2.1).

thdy 12 moi diy con hoi tu ctia {9} déu hoi tu dén zy. Cho nén ca diy

{#*)} héi tu dén z. Dinh 1y duoc chiing minh.,

2.1.2. Thuat toan hiéu chinh trén may tinh

Bay gio, ta xét viéc thuc hién thuat todn trén mdy tinh.

35



www.VNMATH.com

LAy tich phan timg phan ta duogc
0fa) = [ als)o(s)ds = [ a(o)p(s)a’(9)ds
+p(b)z(b)2'(b) — p(a)r(a)r’(a)
<:z: Lx> + p(b)z(b)x'(b) — p(a)z(a)z'(a),

trong d6 Lx(s) = q(s)z(s) — (p(s)x'(s))’ con tich vo hudng

(z,Lz) =/ x(s)Lx(s)ds

a

va

MOz, f5] = /(/ K(t, 8)2(s)ds — f(t )>2dt+a<x,Lx>
+alp(b)z(b)2'(b) — p(a)z(a)z’(a)].

Néu 2 1am cuc tiéu M|z, fs] thi 2% 1a nghiém cla phuong trinh

d
—M®[z + v, f5]

= 0. 2.12
- 0 (2.12)

v=0

{/ K(t,s)[z(s) + yv(s)]ds —f5(t)}2dt

+ a@@c + v, L(z 4+ y))

Tl day suy ra

v=0

+ag (G0 0) - (@i (@) =0
Ki hiéu
Aro(s) = / "Rt spo(t)dt
A" Au(s) = / R Tt
& day
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Diéu kién bang 0 ctia dao ham & trén cho ta

A*Ax + aLx = A* fs

p(B)[w(B)0'(8) + 2/ (B)o(B)] — p(a) (@)’ (a) + @' (a)v(a)] = 0.

Nhu vay, nghiém x4p xi (hiéu chinh) 2% 14 nghiém cta phuong trinh vi

tich phan

a{q(s)2(s) — (p(s)'(5))} + / Kl 0a()dt = g(s),  (2.13)
o day ;
g(s) = / K (1, 5) f(t)de

thoa man mot trong cac di€u kién sau

o z(a)=xz(b) =0,
o z(a)=2a'(b) =0,
o 2'(a) =2(b) =0,
o 1'(a)=12'(b) =

N6 gin giéng nhu bai toan tim nghiém chuén tac cho hé phuong trinh dai
sO tuyén tinh ma ta da xét o trén.
Chii $2.1.3.
1. Diéu kién bién ctia nghiém do tinh chit cta bai toan thuc t€ dat ra.
2. C6 thé dung phép bién déi sau dé€ nghiém c6 diéu kién bién béng O.

- Néu z(a) = z1 va x(b) = o, ta c6 thé dat

x(s) = @(s) + b_Qa(s —a)+ b_la(b— s).

Khi d6, dé dang kiém tra dugc 1a Z(a) = 0 va Z(b) = 0.
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- Néu 2/(a) = my va 2/(b) = mg, ta ¢ thé thé

my mao

x(s) = Z(s) — m(b —5)* + 20— ) (s —a)?

Khi do, cling dé dang kiém tra duoc 1a z’(a) = 0 va 2/(b) = 0.

- Néu z(a) = x1, 2'(b) = may, thi dat

2(s) = #(s) + 21 + Q(b_za)(s —a)?

ta duoc z(a) = Z'(b) = 0. Truong hop con lai ciing xét tuong tu.
2.1.3. Roi rac hoa bai toan dé tim nghiém x4p xi
Bay gio, ta xét qud trinh roi rac hoa dé tim nghiém x4p xi. D€ cho don
gian lay
b
— [26) 4 pla'(5)Pas. (2.14)

& day p 1a mot hing s6 duong. Gia thié€t nghiém chinh xéc z(s) € X' thoa
man diéu kién 2'(a) = 2/(b) = 0. Khi d6, nghiém xdp xi z®(s) xdc dinh

tur phuong trinh

b
/ K(s, Ha(t)dt + a(a(s) — pa(s)) = g(s)

7' (a) =0,

= 2/(
/Ktsfa

Ta chia [a, b] ra 1am n khoang déu nhau véi budc chia h = (b — a)/n va

xét cac moc chia
si=a+0,5h+ (i —1)h, 1=1,2,...,n.

Thay tich phan bang cong thic hinh chit nhat va thay z” bang ty sai phan
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ta duoc

3

— 20, — Ti—1 — Tit
K(Si,tj)hﬂﬁj—f—()ﬂ?i—‘r& ‘ Zhg ! = Gi,

j=1
d
i 1,2 .n gi:/ K(t, s:) f5(t)dt.

Ciing c4n luu y 1a budc ludi chia theo bién ¢ va s ¢6 thé khac nhau. Khi
cho 7 = 1 vd ¢ = n, thi hai tham s6 xy v z,,.1 khong xdc dinh. D€ cho
di€u kién bién thoa man ta 18y xo = 1 va z,.1 = Ty,.

Ki hieu B = [b;],4,j = 1,..,n v6i b;; = K(s;,1;)h, ta c6 hé phuong
trinh dai so tuyén tinh

Byx" = Bx" + aCz" = g", (2.15)
& day vécto 2" va g" 1a cdc vécto cot n chiéu, trong d6 2" = (x1, 23, ..., z,) T

con g" = (g1, 92, -, gn)" VA

a(l+4) -5 0 .. 0 0
& all+7) -5 0 0
aC = : : : :
0 0 0 ... a(l+35) -5
0 0 0 ... =5 al+b)]

Nhu vay, ta ¢ B, 1a mot ma tran doi xing va xac dinh duong. Cho nén hé
phuong trinh trén c6 thé giai bang phuong phdp can bac hai hoic mot s

phuong phéap khac.

2.2 Toc do6 hoi tu cua nghiém hiéu chinh cho phuong trinh tich phan

tuyén tinh loai I

Ta da nghién ctu phuong phdp hiéu chinh dé tim nghiém ctia phuong

trinh tich phan tuyén tinh loai I, dua trén viéc cuc tiéu phiém ham 6n dinh
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hoac phiém ham lam tron Tikhonov. O muc nay, ta ti€p tuc nghién ctiu toc
do hoi tu, xap xi hitu han chi€u cling nhu t6¢c do hoi tu ctia nghiém hiéu
chinh, khi da duoc xap xi hitu han chi€u, cua bai toan nay. Dong thoi, ta
cling chi ra khi nao t6c do hoi tu 1a tot nhat.

Nhu da biét, phuong trinh tich phan

(Ax)(s) :/0 K(s,t)x(t)dt = fo(s), (2.16)

la mot bai toan dat khong chinh, khi Im(A) khong hitu han chiéu. Khi do,
nghiém binh phuong t6i thi€u x((t) khong phu thuoc lién tuc vao v€ phai
fo(s). Ta gia thiét c6 fo(s) € Im(A), tic 1a (2.16) c6 nghiém theo nghia
thong thuodng.

bit A = A*A. Khi d6, ta xét b8 dé sau.

B6 dé 2.2.1. Néu o > 0 va w(t) € Lo [0,1], thi
1 1
(oc[—|—f~l)_1/ K(t, )w(t)dt :/ (ol + A)T'K(t, Jw(t)dt. (2.17)
0 0

Ching minh: That vay, ki hiéu vé trdi va phai ctia dang thiic trén tuong
ting 12 a va b. Do A 12 mot toan tir tu lién hop nén ol + A véi a > 0 1a

toan tu lién hgp va xac dinh duong, ta chi can ching minh
(ol + A)b = (ol + A)a.
Ta bat dau voi
(al + A)b = oz/ol(a] + AR (¢, Jw(t)dt
A/Ol(ozIJr ALK (t, Jw(t)dt.

S6 hang thit hai thudc vé€ phai ctia dang thiic trén 1a tich phan boi. Ta c6 thé
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thay déi thit tu cua tich phan nay va nhan duoc

(al + A)b = /1(OJ + A)(al + A)TK(t, w(t)dt

_ / K ()t
0
(o + A)(al + A)7! /1 K(t, w(t)dt
0
= (al + A)a.

g

Pinh Iy 2.2.1. (xem [1]) Néu xzy(t) € Im(A), a = O(9), va ton tai mot
ham hai bién Uy(.) € Ly([0,1]x[0,1]) sao cho k(t,s) = (AU,(.))(s), thi
lzo — 22|, = O(9), (2.18)
¢ day x° la nghiém hiéu chinh ciia phwong trinh (2.16).
Ching minh: Do
lzo — 2|z, < llzo — wallrllza — 2ol L.

s0 hang thit nhat & vé€ phai c6 bac xap xi 1a O(«) = O(9) (xem [1] hoac
xem [6]), theo di€u kién cua dinh 1y nay, ta chi con phai danh gid bac cua
s6 hang thit hai & vé phai clia bat dang thitc trén. Sir dung B dé 2.2.1 ta

duoc
zo — @ = (ol + A)TA(fo(t) — f5(1)

_ /O (al + A) K (1, ) (fo — fi)dt
_ /O (af + A) AU (folt) — f5())dt.

O day fs la xap xi cua f; thoa man

/0 (folt) — f5(t))2dt < 52
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Do ||(af + A)~'A|| < 1 va sir dung bat dang thitc Caushy-Schwartz ta c6

lza — 257, < /1 (/1 (ol + A)TTAU() (folt) — fa(t))ldt)2d8

/(/ (ol + A)LAU,() th/ | fo(t) \%lt)d

< (|Ui(s)3,8%)ds = O(&”).

Dé nghién cttu qud trinh xap xi hitu han chiéu, ta gia thi€t c6 mot day
khong gian con hitu han chiéu V;,, C 1[0, 1] va dat

= [AU = Pp)llL, = |(I = ) A",
o day A* 1a lién hop cua A va P, 1a phép chiéu vuong géc 1én V..

Phan tir [am cuc tiéu phi€ém ham lam tron Tikhonov trén V}, dugc ki

hiéu bing ), , con A,, = Aly,,. Ta c6 két qua sau.

Pinh ly 2.2.2. (xem [1]) Cho xy € Im (A), v = O(a), o = O(5) va tén
tai mot ho ham gioi noi déuU,, ,(.) € Lo([0,1]x[0,1]) sao cho A,(t,s) =
(A Uns()(s). Khi dé,

on - ‘rgn,aHIQ

= 0(5). (2.19)
Ching minh: Ta c6
lzo = 2pallz, < 20 = @allz, + 1€ — TmallL,
+ e = 2yl
va ||Zo — Tm.allz, = O(7m). Hon nita,
Tm.o — xfn’a = (al + flm)_lA;’;l(fO — f5)
= [+ A KG9 0~ o

_ /0 (] + Ay) L AU () (Fo(t) — f3(t))dt
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St dung phuong phap danh gia & trong chiing minh Dinh 1y 2.2.1. va tinh

giéi noi déu cta U, (.), ta nhan duoc

1
| — @ 12, < / U ()|%6%ds = O(62).
0
Diéu nay cho ta
2o — 2, |11, = O(a) + O(8) = O(5). =

Nhu & muc trude ta thay téc do hoi tu cia nghiém hiéu chinh t6t hon
O(6%3) khi Im(A) hitu han chiéu. Két qua sau day 12 mot vi du vé toan tit

c6 mién gid tri 1a hitu han chiéu.

Dinh 1y 2.2.3. (xem [1]) Néu ton tai ham U(t) nhu trong Dinh 1y 2.2.1, thi
Im(A) la khong gian con hitu han chiéu.

Chitng minh: Do K(s,t) = (AU,(t), ta c6

(Af)(s) = /0 AUL(t) f(t)dt
_ / (AU, (0)(Af)(v)dv = (AU, Af)1,.

Goi )\, p; 1a mot hé cdc gid tri riéng va vécto riéng truc chudn tuong tng

cuia A v6i Ay > Ay > ... Do ¢; € Im(A), cho nén

0i(s) = (AU, vj) 1, = Mi{Us, ¢5) 1,

1= <90j7 Spj>L2 - <)‘j<US7§0j>L27 Spj(s)>L2'
Suy ra,
Uiz, =D (Uss),0i())7, = D (1/A)

Nhu vay, chudi bén phai hoi tu. Do d6, todn tir compact A chi ¢ thé cd

hitu han gid tri rieng \;. Suy ra Im(A) hitu han chiéu.
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2.3 Két qua tinh toan cu thé

Xét phuong trinh tich phan sau

1
/ K(t, s)a(s)ds = f(1) (2.20)
0
trong khong gian L2[0, 1] véi

t(l1—s) néut<s,
K(t,s) =

s(1—t) néut>s.
Khi d6 bai toan (2.20) 1a bai toan dat khong chinh.
Néu chon z(t) = sin(2t + 1) thi

f(t) = %(sin(Zt + 1) + t(sinl — sin3) — sinl).

Ta chia [0, 1] ra lam n khoang déu nhau véi budce chia h = 1/n va xét cic
moc chia

si=a+0,5h+ (i —1)h, 1=1,2,...,n.
Khi d6 ta c6 hé phuong trinh (xem (2.15)): (B + aC)x" = g".
Giai hé phuong trinh trén bang phuong phdp lap ta c6 két qua bang s6 nhu
sau:

e Bing 2.1 dugc tinh véi a = 0.001, s6 diém chia n = 5.

Nghiém x4p xi x, | Nghiém chinh xac
0.84403 0.84147
0.98021 0.98545
0.96827 0.97385
0.80378 0.8085
0.51274 0.5155
0.15004 0.14112

Bang 2.1
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e Bing 2.2 dugc tinh véi s6 diém chia n = 5, tham s6 o = 0.0001.

Nghiém x4p xi x, | Nghiém chinh xac
0.84174 0.84147
0.98412 0.98545
0.97215 0.97385
0.80696 0.8085
0.51456 0.5155
0.14204 0.14112

Bang 2.2

e Bing 2.3 duoc tinh tuong tu v6i tham s6 o = 0.0001, s& diém chian = 10.

Nghiém x4p xi x, | Nghiém chinh xac
0.84228 0.84147
0.93148 0.93204
0.98477 0.98545
0.99883 0.99957
0.97309 0.97385
0.90857 0.9093
0.80784 0.8085
0.67491 0.67546
0.51509 0.5155
0.33476 0.33499
0.14302 0.14112

Bang 2.3
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Nghiém x4p xi x, | Nghiém chinh xac
0.84155 0.84147
0.93187 0.93204
0.98519 0.98545
0.99925 0.99957
0.97349 0.97385
0.90894 0.9093
0.80817 0.8085
0.67519 0.67546
0.5153 0.5155
0.33488 0.33499
0.14131 0.14112

Bang 2.4

e Bing 2.4 dugc tinh twong tu v6i tham s6 o = 0.00001, so diém chia

n = 10. Cac két qua duogc tinh todn bang phuong phap lap Jacobi, véi xap

xi ban ddu 2" = 0.5, j = 1,...,n va tiéu chudn dimg ciia ddy lap Ia

max \a:(.mﬂ) — x(‘m)| <107,
1<j<n/ !
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KET LUAN

D¢ tai da dé cap dén cédc van dé sau:

e Nghién ctiu nghiém hiéu chinh cta phuong trinh tich phan tuyén tinh
loai I.

e Nghién citu toc do hoi tu clia nghiém hiéu chinh va nghiém hiéu chinh
khi da duoc x4p xi hitu han chiéu.

e Dua ra mot vi du va két qua s6 minh hoa.

Vi nhitng ting dung quan trong trong thuc t€, nhitng van dé dugc trinh
bay trong dé tai hién da va dang dugc nhi€u nha toan hoc quan tam, di sau
nghién ctu.

Mic du da c6 su ¢ gang va nd luc song chac hian dé tai khong tranh
khoi nhiing han ché€, thi€u sét. Tac gia rat mong nhan dugc y kién déng gép
clia céc thiy co gido va cac ban déng nghiép dé€ dé tai hoan thién hon.

Xin trdn trong cam on!
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