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MO DAU

Vaén dé phan tich ham phan hinh, ham nguyén la mot trong nhirng van
dé quan trong cla ly thuyét ham va gidi tich phtc, cd nhiéu (ng dung trong ly
thuyét hé dong lwc. Trong nhitng ndam gan day, cac két qua va cong cu clia ly
thuyét Nevanlinna dwgc 4p dung réng réai vao bai toan phan tich cac ham
nguyén va ham phan hinh.

Muc dich ctia luan van latrinh bay co s& ly thuyét Nevanlinna, dac biét
|a nhi*ng phan lién quan dén bai toan phan tich ham phan hinh va trinh bay
mot sd két quad gan day trong ly thuyét phan tich ham nguyén va ham phan
hinh.

Noi dung luan van gébm 2 chwrong:

Chuwong 1: Co s@ ly thuyét Nevanlinna, trong chiong nay trinh bay cac
dinh ly co ban, quan hé sd khuyét va mot s6 vi du (rng dung.

Chuong 2: Phuong trinh ham P(f)=Q(g), trong chwong nay trinh
bay vé s ton tai nghiém f,g ddi véi phuong trinh ham P(f)=Q(g), khi
P,Q la2 dathtrc thuée C[z].

Dé hoan thanh duoc luéan van nay, tac gia xin bay to long kinh trong va
biét on sAu sac toi GSTIKH Ha Huy Khodi, nguoi thay da tan tinh day bao,
hwéng dan tac gia trong subt quéa trinh hoc tap va nghién ctru.

Tac gia xin tran trong bay té long biét on dén cac thay co giao trong
treong Bai hoc su pham Thai Nguyén, Dai hoc si pham Ha Noi, Vién toan
hoc Viét Nam da gidng day va giup d& tac gia hoan thanh khodé hoc.

Pong thoi tac gid xin chan thanh cdm on S¢ gido duc va dao tao tinh
Bac Giang, trwong THPT Luc Ngan s6 2 Bic Giang, gia dinh va cac ban
dong nghiép da tao diéu kién giup d& vé moi mat trong sudt qua trinh tac gia
hoc tap va hoan thanh luan van.

Tha Nguyén thang 9 nam 2008
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CHUONG 1
CO SO LY THUYET NEVANLINNA

1.1. Ham phan hinh
1.1.1. Binh nghia. Diém a duoc goi la diém bat thwong cd lap clia ham
f(z) néu ham f(z) chinh hinh trong mdt lan can nao d6 cla a, tri ra tai chinh
diém do.
1.1.2. Binh nghia. Diém bét thuong cd 1ap 2 =a cla ham f(z) dwgc goi la
a) Diém bat thuong khir dwgc néu ton tai gidi han hiru han cta f(z) khi
z dan dén a.
b) Cuc diém clia f(z) néu Limf(z) =00.

c) Diém bét thuwong cot yéu néu khong ton tai lim £(z).

1.1.3. Binh nghTa. Ham f(z) chinh hinh trong toan mét phéng phirc C duoc
goi la ham nguyén.
Nhu vay, ham nguyén |a ham khdng cé céc diém bét thwong hiru han.
1.1.4. Binh nghia. Ham f(z) dugc goi la ham phéan hinh trong mién D c C
néu né laham chinh hinh trong D, trlr ra tai mot sO bat thwong la crc diém.
Néu D =C thitandi f(z) phanhinhtrén C, hay don gian, f(z) laham phan
hinh.
* Nhan xét. Néu f(z) la ham phan hinh trén D thi trong |an cin clia moi
diém ze D, f(z) co thé biéu dién dwoc dudi dang thuong clia hai ham chinh
hinh.

Vi cac phép toan cong va nhan cac ham sb théng thudng trén 16p céc

ham nguyén va phan hinh, tap hgp cac ham nguyén s£ tao thanh mét vanh va
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goi lavanh cac ham nguyén, ki hiéu la A (C). Tap hgp cac ham phan hinh £
tao thanh modt trvdng va goi latruong cac ham phan hinh, ki hiéu la M (C).

1.1.5. Binh nghia. Biém z, goi la cuc diém cdp m >0 cla ham f(z) néu

trong lan cén cla z,, ham f(z) = h(z), trong d6 h(z) la ham chinh

1
(2 —z)"
hinh trong 1&n can cla z, va h(z,) #0.
1.1.6. Tinh chat. N&u f(z) 12 ham phan hinh trén D thi f(z) cling 12 ham
phan hinh trén D . Ham f(z) va f'(z) cling c6 céc cuc diém tai nhitng diém
nhv nhau. Bong thoi, néu z, la cuc diém cdp m >0 cla ham f(z) thi 2, la
cuc diém cap m +1 cla ham f'(z).
* Nhan xét. Ham f(z) khong c6 quéa dém dwoc céc cuc diém trén D .
1.1.7. Tinh chat. Cho ham f(z) chinh hinh trong C, diéu kién can va da dé
f(2) khong co6 cac diém bt thuong khéc ngoai cuc diém la f(z) la ham hiru

ty.
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1.2. Binh ly co ban th& nhét

1.2.1. Cong thirc Poisson — Jensen

Binh ly: Gid st f(z) # 0 la mjt ham phan hinh trong hinh tron {|z| < R} voi
O<R<o. Gid st a, (n=12,..,M) la cac khong diém, mdi khong diém
dwoc ké mot s6 1an bang boi ctia nd, h (v=12,...,N) la cac cuc diém cla
f trong hinh tron do, mdi cwc diém dwoc ké mot s6 1an bang boi cta né. Khi

donéu z=re®, (0<r<R), f(2) =0 f(z) # o thi:

1 on /_ RZ_TZ
lo =—| log|f(Re® d
0l C) =, logl/ (e )‘RZ—ZRTCOS(O “oyere ™
L |RGe-a)| & |R(z-,)
log———=+—- ) lo == 11
+; ? RZ—EHZ IZ:; g‘ R?—bz (1)

Chirng minh.
*Truwong hop 1. Ham f(z) khéng c6 khong diém va cwc diém trong
{|2|< R} . Khi d6 ta can chiing minh

R*—7r?
—2Rrcos(® —¢) +r?

logl () =5 [, Tool(Re)| d. (113

*Trudc hét ta S8 chirng minh ¢ong thitrc ding tai z =0, nghia la can chirng
minh
10gl/(0)] == log|f(Re")|db .
2 70
Do f(z) khong cé khdng di€ém va cuc diém trong hinh tron nén ham log f(z)

chinh hinh trong hinh tron dé. Theo dinh ly Cauchy ta co:

109/(0) = [ 109 ()= == ["log f(Re*)ip
I\ Ln z

Lay phan thuc tathu duoc két qua tai z=0
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_ 1= i0
logl/ () =, log| /(R e")|ds-
*V6i z tuy y, ching taxét &nh xa béo giéc bién || < R thanh |w|<1 vabién
¢ =2 thanh w=0. D ladnh xa

_R(E -2
R*-z¢

nhu vay [¢ |= R twong tng véi w=1.Trén ||=R, tact:

logw = Iog (C C) logR +log(¢ —2) —log(R* -zC),
Nén d_w: dC-, n jdc_,_ _ (2R2:‘Z‘2)d(; - (1*)
w C-z R -z (R°-ZC)(C -2)
Do log f(z) lachinh hinhtrong |z| < R, theo dinh Iy Cauchy ta cé
_ L dg

Iogf(z)—2 CIRlogf(C)C . (2*)
o . i EdC _ 1 —dC %
Mt khac ngleogf(C)Rz_EC - szR"’gf(“C @

RZ RZ .
—|>R nghia la difm — nam ngoa vong tron
z

Do [z|=|z|<R suy ra
Z

c|=R, nén ham logf(;)

> la ham chinh hinh. Nhu vay tich phan
{-
z

trong vé bén phai clia (3*) bang 0. K&t hop vai (1*) va (2*) taco:

* |
I = lo
09 () = QIR gf(C)( —z@)(@—z)

Honnita, trén [(|=R, { = Re® ,d{ =iRe®dd va

(1.2)

(R*-Z0)(C —2)=R(R—1e ") (Re® —re®) =
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= Re® {R® - 2Rrcos(¢ -0 )+r? }.
két hop voi (1.2) tathu duoc

(R? =)
2_2Rrcos(p —0)+r?

1 e2n .
logf(:) =], logf(Re*)— (13)

|4y phan thuc hai vé clia dang thirc (1.3) taduoc

(R°—r")dd
R?*-2Rrcos(¢ -0 )+7r*

log|(2) :% [ tog|f(re™)

Pay ladiéu can chirng minh.

*Truwong hop 2. Ham f(z) khong cé khoéng diém va cuc diém bén trong
{|2|< R}, nhung c6 hitu han khong diém va cyc diém ¢ trén bién |C|=R,
Véi 8 >0 nhd tuyy, tadat:

D={jz]<R}-U{[¢ —¢,|<5},

Goi I',, lachu tuyén cia D va vy, lacéc cung I6m vao trén T',,. Nhw vay
mién T, bao gdm nhitng phéan trén duong tron |C|= R cung véi c&c phan 16m
vao clia dwong tron nhod ban kinh & vatam la cac khong diém hoac curc diém
f(z) trén |C|=R. Gid st z=re” trong mién |z|< R, ton tai § di nhé sao

cho z e D . Khi do:

_ 1 (R - |")de
log f(2) = Zmrfl)'ogf@)(}zz—%)(@ ~2)
1 1
:%FD\J;Y5 +Z%Y'[ . (12a)

Gia slt z, 1a mdt khong diém hay cwc diém cla f(z2) trén |z|=R vay,
lacung tron (ng voi z, trén I',,. Khi do trény,,

f(2)=clz—2))" +...



www.VNMATH.com

trong d6 m >0 néu z, lakhong diém va m <0 néu z, lacuc diém. Suy ra
log| f(z)\:()(log%) khi 5 0.

Nhu vay

:O(Iogé).M.S,

trong d6 M |lamot dai lwvgng bi chan. Tathay

0(|og61).M.5 0 Khi 5 -0
Cho & — 0 trong cong thtrc (1.2a), tinh tich phan thi nhat s8 dan dén tich
phan trong vé phai clia (1.3) , tich phan thit hai s8¢ dan dén 0. Nhu vay ta cling
thu duoc cdng thirc (1.3) trong truong hop nay vatlr dé suy ra (1.1).
*Truong hop 3. Bay gio ta xét truong hop tong quét, tic la f(z) cd cac

khong diém vacyc diém trong |z|< R dat

O= )=y T (14
ERZ—%C '

Hién nhién ham y () khéng c6 khdng diém hodc cuc diém trong |¢ | < R.
Nhu vay ching ta cé thé dp dung cong thirc (1.1a) cho ham y (£). Hon thé
nlra, néu ¢ = Re® thi:

RG -a,)|_|RE ~a )| . _ _
(R -ag | \c(c—m\ R -5¢ | [c@-D)

F@)]=[w@)-

RZ_TZ
d
R*—2Rrcos(® —¢) +1° ¢

vay Iog‘w(z)‘ = %Jjn |09‘¢(Rei¢)‘
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_1 [ anog‘f(Re"’) R 1" dy. (15)
2m 70 R?*—2Rrcos(® —¢) +1r°
Mt khéc
10g[1:(2)|=10g](2)| log 3 |2~ %)
| BT —a,z

M R(z—a,)| &
= -y Ly
og|f(2) ; i +Z e

Thay log|y(2)| véo (1.5) tathu duoc két qua.

*Y nghta. Cong thirc Poisson-Jensen chi ra rang, néu biét giatri cia modulus
f(2) trén bién, cac cyc diém, khong diém clia ham f(z) trong |2|< R, thi ta
c6 thé tim duoc giatri clia modulus f(z) bén trong dia 2| < R.

*Nhan xét. Mot truong hop quan trong clia cong thirc Poisson-Jensen la khi
z=0.Cho z=0 trong dinh ly (1.2.1) tathu dwoc céng thirc Jensen.

Iogf(O):%J‘;ﬂog‘f(Reﬂdq) +§Iog%—glog% (1.6)

voi gia thiét f(z) #0,00. Khi gid thiét khong thda man, tic la f(z) co tai 0
cuc diém hodc khong diém cdp %, chi can thay d6i cong thic thich hop bang
céch xét ham f(z2)/2".
1.2.2. Ham dac trung
1.2.2.1. M6t sO khai niém

Phan nay trinh bay khai niém ham dém, ham xap xi, ham dac trung va
cac tinh chat clia ching. Trwéc hét ta dinh nghia:

log” z = max{logz,0} .

R& rang néu z >0 thi logz =log” z —log*(1/ ).
Nhu vay:
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3 toalr e s =5 log

) 1 p2n .
f(Re*)dp ———[ " 1og

0

1
f(Re") }dd) '
Tadat

(R, = [ og” |f(Re*)ds @

Goi 17,7,,...,7y, la c&c md dun cla cac cuc diém b,,b,,...,b, cla f(z) trong

|2| < R. Khi d6

N
> log

v=1

kR
b,

:ZIogTE:J.ORIog§dn(t,f). (1.8)

trong d6 n(t, f) 1asd cuc diém cla ham f(z) trong |z|<t, cuc diém bac ¢
dwgc dém ¢ lan.
That vay, tredc hét bang phuong phap tich phan tirng phan ta co:

[, 1og=tan(t, 1) =log-Ln(t, 1) = nte, pdlog= = [nt. S @

Mat khéc khdng mét tinh tong quét tagid st 0<r, <7, <..r, < R.Khi d6

R dt ¢ dt  n dt R dt
[ n(t,f)szo n(t,f)7+jﬁ nt.f) S+t [ a7
Tathdy rang:
0 wvéit<rm
1 Vol <t<r,
n(t,f)=<2 véir,<t<n
N  voinrg<t<R
Nén
R dt 1 dt 2 dt R dt _
[ n(t,f)T:jo n(t,f)7+j.rl n(t,f)7+...+J.mn(t,f)7—
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R e R

=logt |* +2logt [* +...+ Nlogt !

=logr, —logn, + 2(logr, —logr,) +...+ N(logR —logr,)
=NlogR + (logr, —logr, +..+logry,)

=(logR—-logn) + (log R —logr,) +...+ (log R —log )

=Z|og§. (b)
Tw (a) va (b) ta cé duoc (1.8).
Ta dinh nghia
N(B.f)=Ylog | = [0 ) 19)
1, & |R| (r . 1 .dt
N(R,?) =;|ogg =j0 n(t,?)T. (1.10)

Vi cach dinh nghta nay thi cong thirc Jensen (1.6) sé duoc viét lai nhw sau
log|f(0)|=m(R, f) ~m(R1 f)+ N(R, )~ N(R1/ f),
hodc
m(R,f)+ N(R,f)=m(R,1 f)+ N(R1/ f)+ Iog|f(0)|.
Bay gi0 ta dat:
T(R,f)=m(R,f)+ N(R,f). (1.112)

Khi do6 cong thirc Jensen dwoc viét lai mot cach rat don gian la

T(R,f)= T(R,%) +1og|f(0)|. (1.12)

Gia tri m(R,f) la ham xdp xi do I6n trung binh clia log|f(z)| trén

|2|=R trong d6 |f| 1alén. Giatri N(R,f) c6 quan hé véi cac cuc diém. Ham

10
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T(r,f) dwgc goi la ham ddc trwng cla f(z). N6 dong vai tro quan trong chi
yéu trong ly thuyét clia ham phén hinh.
1.2.2.2. Mot 6 tinh chat ciia ham dac trung

Ching ta tiép tuc nghién clru mot sb tinh chat don gidan cla ham
m(R,f), N(R,f) vaT(R,f). Chuy rdng néu a,,...,a, lacéc sb phirc thi

ﬁav < Zpllog+
v=1

v=1

+
log a,

va

log”

b
2.4,
v=1

Ap dung céc bat déng thikc trén cho ham phan hinh L) f,(2) vast

<log" (p max la,|) < Zp:log+ la,|+logp.
o= v=1

..... P

dung (1.7) ching tathu dwoc céc bat dang thic sau

1) m T,ifm(Z)J < im(%ﬁ)(z» +logp,

2l n[1460) )< St

9 N r 310 |< TN,

R BEID RN
s dung (1.11) tathu dwoc

5) T(niﬁ,(z)}siT(r,mz»Hogp,

v=1

v=1

0 (146 |s 760

11
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Trong trwong hop dac biét khi p=2, f(2) = f(2), f,(2) =a= constant, ta

suy ra T'(r,f+a) <T(r,f)+log" la|+10g2. Vatlr d6 ching ta co thé thay thé

a
f+a,f boi f,f—a vaa boi —a,suyra

T (r,f)=T(r,f-a)|<log"|a|+10g2. (1.13)
1.2.3. Binh ly co ban thr nhat clia Nevanlinna

1.2.3.1. Dinh Iy

Gia st f lahamphan hinh, a 1a mdt s6 phirc tuy y, khi do ta cé

m(R,ff j+N(R,f%j ~T(R, f)~10g|f(0) — a| +& (a.R)..

trong dé [ (a,R)|<log"|a| +log2.

Ta thuong dung dinh ly co ban thr nhat dwéi dang

m(R,ffa}N[R,fl J:T(R,f)+0(1),

—a
trong d6 O(1) la dai lwgng gidi ni.
*Y nghta. V& tré trong cong thitc cliadinh ly dosd 1an f=a va f gan a, V€
phai laham T'(r, f) khéng phu thubc vao a, sai khac mét dai lvgng gi¢i ndi.
Chirng minh.
Theo (1.11) va (1.12) ta co:

m(R,ffaj+N(R,ffaj:T(R,f—iaJ:T(R,f—a)+log\f(0)—a\

Tl (1.13) ta suy ra T(R,f-a)=T(R,f)+&(a,R) Vi [e(a,R)|<log"|a|+

log2. Twr d6 taco

m(R, ff j+ N(R,f%j ~T(R, ) +10g|f(0) — a|+£ (. R),

V6i [e(a,R)|<log"

a|+1og2. Binh ly dwgc chirng minh xong.

12
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*Nhan xét. Néu ham f c0 dinh, tacé thé viét m(R,a),N(R,a),n(R,a),T(R)

lan luot thay cho m(R,——), N(R, ) n(B—), T(R.f) néu a 13
f-a f- f-a

hi*ru han va m(R,»), N (R,»),n(R,») thay cho m(R, f), N(R,f), n(R,f).

NéEu chiing tacho R bién thién thi dinh ly co ban thir nhit ¢ thé duoc
viét dudi dang nhu sau:

m(R,a)+ N(R,a)=T(R)+0(1),

vGi mOi a la hiru han hay vo han. S8 hang m(R,a) dan téi trung binh nho
nhét cd thé duoc clia f —a trénvong tron |z|= R, s hang N(R,a)dan dén sb
nghiém clia phuong trinh f(z) =a trong |2|< R. V&i mdi gidtri cla a, tong
clia hai s0 hang nay c6 thé xem la khong phu thudc vao a .
1.2.3.2. MOt s vi du
Vidu 1. Xét ham hitu ty

2P+
f(z)=c———= % , trong dé ¢ = 0.
2'+..+0b

q
Pau tién gid st p>q. Khi dé f(z) - o khi z— o0, nhw vay khi a hiru
han m(r,a)=0 v&i moi r >, nao do. Phuong trinh f(2)=a c6 p nghiém

sao cho n(t,a) = p(t > t,), vanhu thé
r dt .
N(r,a) :j n(t,a)—=plogr+0@1) khi r— oo

Nhv vay, khi 7 — o
T(r,f)=plogr+0Q),

va N(r,a)=plogr+0@), m(r,a)=0(), VOi a#o.
Néu p<gq, T(r,f)=qlogr+0(1),
N(r,a)=qlogr+0@), m(r,a)=0(Q), VoI a=0.

13
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Néu p=gq , N(r,f)=qlogr+0Q),
N(r,a)=qlogr+0@), m(r,a)=0(Q), VOi a+#c.
V@i tinh toan trén day ta thdy rang trong moi truong hop
T(r,f)=d.logr+0(),
N(r,a)=d.logr+0@), m(r,a)=0(Q), VOi a # f(0).
trong dé d = max(p,q).

Nhu vay trong treong hop nay, m(r,a) labi chan khi » — c ngoai trir
mot gia tri cla ala f(). Néu phwong trinh f(2) =a c6 nghiém bdi o tai
oV0oi O<a <d, thi

m(r,a)=alogr+0@), N(r,a)=(d-a)logr+0(Q).
Vidu 2. Xé ham f(2) =e* =e" @) vai z=re” . Khi do

r oSO a+irsind + _rcosd
e e

=log

f(reée)‘ =log"

log” |f(2)| = log"

B {loge”cos’e vGi cosd >0

0 vOi cosH <0

3 loge”®®  véi-n/2<0 <m/2
0 Vol m/2<0 <31/2

7 COSO VOl -mt/2<0 <7t /2
0 VoL T/2<0 <32

Tuw do tacod

nl/2
f(re®)|do =% j rcos0dd =r/x .

-n/2

m(f.0) = [ log’

Do ham e khéng cd khdng diém trong |2| < nén N(r,f)=0. Tir d6 tacod
T(r,f)=m(r,0)+ N(r,o)=r/r.
Nhv vay T'(r,f)~rln.

14
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Vidu 3. Xét P(z)=az’ +...+a, lamdt dathtc va f(z) =" Khi do
F(2) =" = o
Nhwvay T(r,f)<T(r,e™)+..+T(r,e”) ~pT(r,e”)+log" e
=p.T(r,e” )+ 0(1).
Bay gi0 tast tinh T(r,e™’). Ddt g=¢""'
T(r,g)=m(r.,g)+N(r.g).

Do ¢ chinh hinh nén

N(r,g)=0 suy ra T(r,g) =m(r,g) =m(r,e”).

a,('re’¢ )p

d

az’y _ 1 2n +
m(r,e )—EJ'O log”le

1
27t

i |Og ‘a‘r Cos(pd))dd)
2n

n/2p

j a7 .cos(p)dd

- /2p

|Og+ ar COS(p(]))HSln(pd)))‘dd)

o

jalr”

— —\a\ rrsn(po) [, =

Nhv vay T'(r, g)—‘ ‘ suyraT(r,f)= ‘ ‘r "+0(Q).
TP T

Vidu 4. Gid st rang f(z) =e¢° khi d6 taco thé chitng minh duoc rang

T(r,f)~ W

(vi du nay duoc dvarabdi Arakeljan).

Vidu5. Gidslrang f(z) lamdt ham phan hinhtrong |2|< R, va

15
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af +b
cf +d’

9(2) =

trong d6 a,b,c,d 1a céc hang s3 thda man ad—bc=0, va néu f(0) =0,
9(0) = oo thi

T(r,f)=T(r,g)+0@Q), Vvoi O<r<R
That vay, ta xét cac ham s sau day:

Jo=fih=lotdlc fzzc-Ji;Jg=1/f2;f4:w,

g=fi=f,+alc,
Theo céc tinh chét clia s6 hang T'(r, f) tacd
T(r,f+c)<T(r,f)+T(r,c)+log2="T(r,f)+log"|c|+10g2,
nén T(r,f+c)=T(r,f)+0Q);
va T(r,cf)<T(r,f)+T(r,c)=T(r,f)+log"|c|,
do d6 T'(r,cf)=T(r,f)+O(@), v6i f(z) laham phan hinh trong |2|< R, cla
hang sB. T d6 ching tathu duoc, néu ¢ = 0 thi
frf)=T(r,f)+0@Q), (v=0.4).
Nhw thé: T'(r,f)=T(r,£,)=T(r, ) +O0Q) =T(r,f,) +OQ
=T(r, L) +0Q)=T(r.f)+0Q) =T(r,f;)+ 0D
=T(r,q9)+0().
Taduoc diéu phai chitng minh.
1.2.4. Binh ly Cartan vé dong nhat thic va tinh 16i
Bay gi0 ching ta st phét biéu va chirtng minh mat so dinh ly clia H.Cartan

1.2.4.1. Dinh Iy Gia st f(z) 1a mdt ham phan hinh trong |2| < R. Khi do:

T(r,f) = % " N(re")do + log"

f(0)|, voi (O<r<R).

16
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Chirng minh. Ta 8p dung cbng thirc Jensen (1.6) cho ham f(z)=a—2z v0i
R =1 vathu duoc:

i Iog‘ e” }df) {

Nhuw vay trong moi truong hop tadéu co:

% IOg‘a e )de

IOQM né’u‘a‘ >1

IOQM - |Og‘a‘ =0 né’u‘a‘ <1

Bay gi0 chiing talai 8p dung (1.6) chohamsd  f(z) —e® vaco:

log|£(0) —¢”| :%joz” log|f(re®) —e®|dp + N (r,0) - N (r,e”).

Lay tich phan hai vé theo bién 0 vathay dai thi tv [ay tich phéan trong

tich phan vé phai ta co:
%J.OznIog‘f(o)_eﬁ‘:%jozn(ij‘jn|Og‘f(7’-€7¢)_e7ﬁ‘d¢jd9+

1 2n 1 2n 0 _
+EI0 N(r,oo)de—gjo N(r,e®)do =

_ 1 2n 1 2n 0 o0 1 o .
EL (zfo logl(re*) ¢ \d@)dmmmo)—gjo N(re")db

Ap dung cong thtc (t) ta co:

1 ¢2n
el

N ‘. 1 2n
T do: N(r,»o)+ EJ.O

*|db + N (r,0) _% [N (re®)ds,

0

i 1 (o
o=,

S N+ f)= o[

@T(r,f)z%.[ozﬂN(r,eie)de +log"|f(0)|, v6i (O<r<R).

Vay binh ly dwgc chirng minh.

17
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1.2.4.2. Hé qud 1 Ham dac trung Nevanlinna T'(r, f) la mot ham16i tang cua
logr v0i O<r<R.
Chirng minh. Tathdy rang N(r,e”) hién nhién |aham ting, 16i clia logr nén
tasuy raham T'(r, f) cling c6 tinh chat nhw vay va bd dé duoc chirng minh.
Trong treéng hop nay ching ta cé:
d 1 ¢2n -
TET(r’f) :E.[o n(r,e”)do .
1.2.4.3. Hé qua 2. Trong moi trudng hop ching ta déu co:
1

o Ozn m(r,e®)dd <log2.
T

Chitrng minh. Sk dung dinh Iy co ban thir nhdt cho ham f(z) v6i a=a®
chung ta co:
T(r,f)=m(r.e’)+ N(r,e”) +log|f(0) —e” |+ G(@),

trong d6 G(0) <log2. Lay tich phan hai vé theo bién 0 taco:

1 ¢2n _ 1 ¢2n " 1 ¢2n "
%jo T(r,f)de—zj.o m(r,e®)do +%j0 N(r,e®)do +

+% [ 1og7(0) - "o +% INEOE
St dung dinh ly (1.2.4.1), cbng thtrc (t) ta s8 thu dwoc:
T(r.f) :% [ m(r.e*)dd +T(r, ) ~log' |f(O)|+log" |£(0) +% [ G©)do.
Nhu thé
1

2n o _ 1 2n 1 2n .
o) m(r,e®)do _—%jo G(0)dd ngo log2do =log?2.

Hé qua 2 duoc chirng minh.

18
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1.3. Binh ly co ban thi hai
1.3.1. Gidi thiéu:

Trong muc tredc chung ta da dinh nghia ham dac trung Nevanlinna va
co dwoc dinh ly: véi moi s8 phirc a, m(R,a) + N(R,a) =T(R)+O0(). T d6
ching ta cling thay rang téng m + N ¢o thé xem laddc 1ap v6i a . D6 chinh 1a
két qua clia dinh Iy co ban thit nhat. Binh 1y co ban th hai s& cho tathdy rang
trong trwong hop tong quét sO hang N(R,a) chiém wu thé trong tong
m+ N va thém nita trong N(R,a) chiing ta khéng thé lam giam tong do
nhiéu néu cac nghiém bdi duoc tinh mét 1an. Tu két qud nay cling suy ra
dinh 1y Picard, néi rang ham phan hinh nhan moi gia tri, trir ra cung lam la
hai giatri.

Trong phan nay, ching téi s trinh bay dinh ly co ban thtt hai cla
Nevanlinnavadwaramot s (rng dung tric tiép cta dinh ly do.

1.3.2. Bt dang thirc co ban

Dé don gian, chang ta st viét m(r,a) thay cho m(r,1/ f —a) va m(r,o)
thay cho m(r, f).
1.3.2.1. Binh Iy. Gia st f(z) 1a ham phan hinh khac hang s6 trong |z|<r.

Gia s ay,a,,...,a, 12 cAc s6 phirc hitu han riéng biét,d >0 va |a, —a,|>3

Vi 1< p <wv<q. Khi do:
m(r,)+ Y mr.a,) < 27(r, f) - Ny(r) + S(r),
=1

trong d6: N,(r) dwong va dwgc dinh nghia boi:

N,(ry=N(@r1 fY+2N(r,f)—N(r,f"), va

S(r) :mir,§j+m(n§f§’ J+qlog+§+I092+log%O)‘.
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Chirng minh. V&i c&c sO phan biét a,; (1<wv<q), taxét ham:

1
o= Z(f(Z) a,)

=1

a) Gia sl rang véi mot 0 v nao do.|f(z) — a,| <8 /3¢ .Khi d6 v6i p v, taco:

d 2

‘f(Z)—a,H‘Z‘(JLM —-a, —‘f(z)—a,v‘zés —5255 _

Bai vay, voi u=v

1 _3_1 1
f(2)-a,| 25 2
Nhu thé ta co:
1 1 1 q—1J
F > — > 1- >
) £(z)-aq, ;f(z)—au\ - ( 2
Tw doé taco:

1
>log————log?2.
Y@ —a] 2

v

Trong truong hop nay:

. 1 2
> log* —qlog"=-1log2
p=1 6

f(z)—aq,
L + 1 +3q
> > lo —qglog"—-log2.
2 log O i T
BGi vi, vOi p#v
1
log* —_Iog —_Iog —
HORN
nén ta co:
log* log”
Z \f() \ \f( Z \f(z) a,|

20
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+ 1 _ +E
<log —‘f(z)—av +(¢-1log 5
suy ra
log” <(q- 1)Iog —
Z \f()— |
tir do ta co:
1
IOg+‘f(Z)‘ZIOg+m—|Og2:
=> log* og" —log2
Z \(z) a,| Z \f(z) a,|
2
I —Dlog"—-log2
>zog ‘f()— ‘ —(q )098 0g<,
L 1
suy ra: Iog*\F(z)\ZZ;Iog*W qlog" ——IogZ
H= B

Vay (*) dadugc chirng minh.
Nhu vay néu ton tai mot gidtri v<q dé |f(z)—a,|<8 /3¢ thi (*) hién
nhién dung.

b) Nguoc lai, gid st |f , khi d6 c6 mot diéu hién nhién la:

log" |F(z)|> Zlog ! qlog*gq log 2.
/() -a,|
BGi Vi, do |f(z) —a,|>5 /3¢ Vv nén W+£3q/6 Yo sy ra
Iog*#<log*3q/6
\f(Z)—aU - ’

suy ra Zlog <qlog3¢/5 +log2.

7 fe)-a) (
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Ti do: log” |F(z)|> 0= Zlog

\f() ‘qlog*Sq/S—Iogz.

Nhu vay trong moi tredng hop ta déu cé duoc:

qlog+ﬁ—log2

\f() a,|

V6i z=re® |dy tich phan hai vé ching ta suy ra:

> ZK( y log” ! lo +ﬁ—lo 2}4
o | 219 [ —a) 19 70

q

Nén m(r,F)SZm(ﬂ%)—lO@%—logZ. (1.14)
v=1

mat khéc, ta xét:

m(r,F)= m(r,%fif'Fj < m(r,%j - m[r,%} +m(r, f'F). (1a)

Theo cong thirc Jensen (1.12) ta co:

T(r,f)=T(r,1/ f)+1og|f(O),

T(r,ij:T(r / j+ o9~ /O
f ! F'Of

(B A o
B A (Bl

vangoai rataco:

, hay

/(0)
/'(0)

Suy ra

f(0)

2
o A

T(r.f)= m(r%} + N[r,%) + IOg‘f(O)‘

Hay

22
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1 1
m(r,?j =T(r,f)- Er —j +log—— ‘f(O)‘

K&t hop (2a) va (3a) thay vao bat dang thic (1a) ta duoc:

m(r, FY<T(r, )= N ( 1j+log‘f(o)‘ [r f'J+

+N[r,ij—N( fj+|og /(0
f f 1(0)

B4t dang thirc trén két hop véi (1.14) ching ta s co:

+m(r, f'F).

Zm(r a,)+m(r,o) <m(r,F)+m(r, f)+q|0g+3q+|092

<T(r,f) —N(r,%j + N[T,"%J —N(r,%j + m(r,]%j +

—— f’F)+Iog‘f(1 )‘+T(r =N, f)+q|og+3q+|og2.

Sk dung cong thirc Jensen cho ham = f ta co:

f() 1 fre®) [ 1
log gf log|- ¢)d¢+N( 7) N(r,fj
Suy ra
I YL gz flre®)| 1 f(0)
N(r'fj N(r’f'J‘Zn Jo 1085y lgf(O)

:%LG Iog‘f(re“’)‘dd) —log|f(0)|

2 70
= N(r,%j —N(r,f) —N(r,%j +N(r,f).

23
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Cubi cuing chiing ta nhan duoc:

Zq:m(r,av) +m(r,0) < 2T(r, f) - {ZN(T,f) —N(r,f)+ N(r,%)}

+m(r,f7'j+m(r,f’F)+log +qlog” —+Iog2.

Chay ring m(r, fT)zm[r,Zq:ff jvadét

v=1J T Yy

Ny(r)=N(r 1/ f)+2N(r,f) =N (r.[),

va S(T):m(r,]%jer( Zq:ff’ j+qlog+3q+log2+log
a

K —1 v

khi dé taco:
S in(ra,) + m(r,) < 27(r, f) - Ny(r) + S(r).

Pay ladiéu can chirng minh.
1.3.2.2. Nhan xét
N, (r) trong dinh ly (1.3.2.1) ladwong vi:

L R
N(r,f)zZIogb—,
v=1 v

trong tong trén néu b, la cuc diém bdi & thi duoc tinh & 1an. Gia st b,,...,b,
la c&c cuc phan biét clia f(z) voi cap lan luot l& k..., k, . Xét tai diém b, ta

thdy khai trién clia f(z) st c6 dang:

f@)=—t s
z) = s
(z—b,)"
Khi d6 f'(z) s c6 khai trién |&
f(2) —#‘F

24
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Tacla b, 8 lacyc diém cép &, +1 cla ham f'(z). Nhu vay b,,...,b, S8 lacéc
cwc diém cla f'(z) v6i cp lan luot 1a k, +1,...,k, +1. Tat nhién f'(z) khong
c6 cuc diém nao khac. Nhu vay:

R N
- va N(rf)=>(k +Dlog

v=1

h
b )

N(r,f) =§:kvlog

v v

Nen: 2N(r, )~ N(r, /) =32k, log

v=1

N
= > (k, +1)log
v=1

h
bﬂ

v

- i (2, - (k, +1)log

v=1

h
b

v

N
= > (2k,-1)log|—|>0.

v=1

k
b

T do taco:
N,(r)=N(r1 fY+2N(r,f)—-N(r,f)=0.
1.3.3. Binh ly co ban thi hai ciia Nevanlinna
Binh ly.
Gia st f la mdt ham phan hinh khac hang trén C va (0,00, |12

¢ > 2 diém phan biét. Khi d6

(q—l)T(r,f)SN(r,f)+iN(r, ; 1GJ—N1(r,f)+S(r,f)

1
’f—a,]_
trong do S(r, f) = o(T(r,f)) khi r— oo,  nam ngoai modt tap cd do do hiru

han, N,(r,f)=N(r 2/ f)+ 2N (r,f) = N(r,f") va N,(r, 2/ f") 1& ham dém tai

S]V(r,f)+zq:]\7{r J—No(r,f)+5(nf)-

cac khong diém cta f méa khong phai la khdng diém cta f —a,, voi j=1..q..
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1.3.4. Quan hé s6 khuyét

Chang ta ki hiéu lai: n(t,a) =n(t,a,f) la sO cac nghiém clia phuvong
trinh f(z) =a trong |z|<¢, nghiém bdi duoc tinh ca bdi va ki hiéu 7 (t,a) 1a
8 nghiém phan biét clia f(z) =a trong |2|<t. Tuong tng tadinh nghta:

n(t,a) — n(O a)

N(r,a)=N(r,a,f)= I dt +n(0,a)logr,

”““)7“0@ﬁ+ﬁm@ﬂqy.

N(r,a)=N(ra,f)=]
Nhuv trwdc day, chang ta £ ki hiéu N(r,f), T(r,f) twong tng thay cho
N(r,o,f), T(r,o,f). Ching ta st gia si¥ rang f(z) la ham phan hinh trong
|2| < Ry, vanhw thé: T(r,f) >+ khi r — R,
Theo dinh ly (1.2.3.1): m(r,a)+ N(r,a)=T(r,f)+O@), khi r— R,.
Chung ta dinh nghra:

m(r,a) _1_fim V() N(r,a)

szamﬁzggzwo >k T(r)

N(r a)
—’Ro T(T)

0(a)=0(a, f) = JHE)N(r,a;ZTJ)V(T,a) .

O(a) =0(a,f)=1-

Hién nhién, cho cho ¢ >0, v6i r di gan R, ching taco:
N(r,a)-N(r,a)>{0()-e}T(r), N(r,a)<{1-8(a)+e}T(r).

vatlr dotacod: N(r,a)<{1-5(a)-6(a)+2¢ }T(r),

nhw vay: O(a)>0(a)+6(a).
Luong & (a) duoc goi lasd khuyét clia gia tri a, 0 (a) goi labac cla boi.
Bay gio ching ta chirng minh mot két qua co s cla ly thuyét Nevanlinna

DBinh ly sau day dwoc goi laquan hé s6 khuyét.
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1.34.1. Binh ly. Gia st f(z) |&ham phan hinh khéc hdng s trong || < R,.
Khi do6 tap hop céc gia tri clia a ma ©(a) >0 cung 1am la dém duoc, dong
thoi ta co:
D {5(a)+6(a)}<> O(a)<2.
Chiing minh. S(r,,f)=o0{T(r,.f)} khi r, > R;.
Chuing ta chon mot ddy {r, }, sao cho r, > R, khi n —> . Xét ¢ diém

khéc nhau a,,a,,...,a,. Theo bét déng thirc co ban ta co:
q
m(r, ,0) + Zm(rﬂ,av) <2T(r,,f)—=Ny(r)+o(T(r,,[)).
v=1

Cong thém dai luvong N(r, oo)+ZN (r,a,) vao hai v& cla bét déng thic

trén, taco:
TG, f) +aT (0, f) S 20(r,, f) + N, ) + vi;N(rn,av) ~Ny(r) +o(T(r,. ).
Suy ra _
{(q—l)T(rn,f>+o(T(rn,f»}sN(rn,oo)ézv(rn,aq,)—Nl(rn) .
Mét khac tabiét: N,(r)=N(r,, 1/ f)+2N(r,,f) - N(r,,f') . Dit:

A=N(r, oo)+ZN( a)-N(@r U f)=2N(,[)+N(,f) .

n’

Khi d6 bét dang thirc trén dwoc viét lai la:
{g-DT 0. f)+o(T(r,, [)}<A . (1.19)

Gid st f co cyc diém cp k tai a,, khi do:

f(2) =

+...

€
b
(z—-a,)
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Fle) =St

Goa it
Do d6 a, st lacuc diémcap k+1cla f'.
Gia st b; v=1p lacéc cuc diém phan biét cia ham f, véi bdi tuong

v

tng la k,,k,,....k, Khi do:

N(,.0) =N, f) = 3k, log

; N(r,f) =Zp:(k’p +1)log

/r;], Tn
b, b,
Tw do

N(r,,0) = 2N(r, . f)+ N(r,. ) = 3 (k, ~ 2k +k, +1)log

v=1

= Zp: log
v=1

Nhu vay (1.15) c6 thé viét lai nhu sau:

T
b

v

=N(r,,).

T
b’U

fg-1+o@T(r,, /) < N a,) + N(r,,0) - N(r, 1 ).

Ching ta thdy rang mdt nghiém clia phwvong trinh f(2) =a, c6 bac p thi
n6 cling la khéng diém bac p—1 cla f'(z) vanhuw thé né déng gép mot lan
vao n(t,a,)—n(t,d/ f'). Nhw vy ching ta co thé viét lai bt dang thirc trén

nhuv sau:

-1+ 0@YT(r, )< Y N(r0,) + N(r,,0) - No(r 1 f).  (L16)

v=1
Trong d6 N,(r,,1/ f') dugc tinh tai nhitng diém la khong diém cla [

nhwng khong phdi la nghiém ctia phwong trinh f(z)=a,, v6i v=1..q. Chay

v !

rang N,(r,,1/ f") > 0 nén tir (1.16) tacod

{01+ YT, ) < Y N (r,00,) + N (1, ). 117)
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Chiacé hai vé clia (1.17) cho T'(r,, f) vabd quadai lvgng o() taco:

N(ua)  Noe) |
Z?Nnj) T

L&y gi¢i han khi », — R, tasuy ra

L N a) (o)
Z; o AT, S Th

. N(r,.a -—N(T1 o)
h Fl) Ty M) o g
id ST ey 2
tirc 12 {1-©(a,) 1 +1-O(0) 2 g~ 1,
hay 3 0(a,) +O(®) <2,

Do ¢ bét ky nén dinh ly dwgc chirng minh xong.

Ching taco dinh li sau, lahé qua truc tiép clia quan hé s6 khuyét.
1.3.4.2. Binh ly Picard. Gia st f(z) la ham phan hinh, khéng nhan 3 gia tri
0,1,00Khi d6 f |a ham hang.

Chirng minh. Gia st f khéng phai 1a ham hang. Khdng mét téng quat, c6 thé
xem f(z) khéng nhan 3 gia tri 0,1,0. Tir d6, N(r,0)=0; N(r,1)=0;
N(r,f)=0.

Suy ra ©(0)=1 0@ =2106(xo)=1, nén Z@(a)23: diéu nady mau thuan

aeC
v6i quan hé 3 khuyét. Vay f(z) phai 1aham hing.
1.4. M6t s6 (rng dung cua cac dinh ly co ban
1.4.1. MOt s6 vi du:
Vidu 1l Gid st f(z) =a vb nghiém. Khi dé tacé N(r,a)=0, Vr suy ra

3(a) =1.Chang han: f=¢* = &,(0) =1.
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Vi du 2: Gid st €6 N(r,a) = O(T(r,f)) = & (a) =1 (S5 khuyét bang 1 khi s5
nghiém cla phwong trinh qua it so v6i cap tang clia no).

Vidu 3: cho f lamdt ham phan hinh, khi do6 tap hop cac giatri cla a sao
cho phrong trinh f(z) = a gdm toan nghiém bdi ¢6 khong qua 4 diém.

That vay, néu moi nghiém ctia phuong trinh f(2) = a déu la nghiém boi

thi ta co:
N(ra) < %N(T,a) < %T(r,f)
_ N(r,a) 1 B —N(r,a) _ 1
Suyl‘a. WS§:>®(G)—1—I|mT(r’f)ZE

Theo dinh ly s khuyét taco > ©(a) < 2 nén s6 céc diém o dé phuong

trinh f(z) = a gdbm toan nghiém bdi st khong qua 4 diém.

Trong thic té€ ton tai ham phan hinh ma cé 4 gia tri clia « dé phuwong
trinh f(2) =a gdom toan nghiém bdi 2. B4 chinh Ia ham elliptic Weiestrass
(), laham thoa mén phuong trinh:

©'(2)? = (9(2) - a)(9(2) — az)(9(2) — as)
VOi ay,a5,a3 la cac sO phic hiru han phan biét. RO rang '(z) =0 khi
@(2) = a, vOi v=12,3. Nhr vdy, moi nghiém ctia 3 phuong trinh ¢o(2) = a;
@(2) = ap; (z) = ag déu la nghiém bdi. Ngoai ra ham elliptic Weiestrass c6

cuc diém bodi 2 tai . Dét F = {ay,a,,a3,00} Tt do6 tasé co:

0O nfuagkhk
O(a) =
(@) l néfuack
2
Va
Z@(a):Z.
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Vi du 4: Gia st f la ham nguyén, khi d6 f khong c6 cuc diém nén

®(w) =1. Nhu vdy ) ©(a) <1. Tl d6 suy ra phuong trinh f(z)—a =0 c6
aeC

nghiém v&i moi « trong méat phang phtrc, trir ra cuing 1&m mét gia tri. Chéng
han ta thdy ham f{z)=e* la chinh hinh trén C va ©(0) =5 (0) =1, nhuv thé
ham e* = a <8 6 nghiém véi moi a = 0.

MOt sO van dé dat ra la cé bao nhiéu gia tri clia o« dé phuwong trinh
f(2) —a =0 gdbm toan nghién bdi . Cau tra 10i 1& cung I&m co 2 giatri, bdi vi
gid s tai a; va a, phuong trinh  f(z)—a;, =0; f(2)—a, =0 gbm toan
nghiém bdi. Khi d6 ©(a;) = ©(ay) =1/2, thé thi ©(a;) + O(ay) + O(x) = 2
nén voi tat ca cac giatri a khac a;;a, phwong trinh f(2) =a déu phai co
nghiém don. Chéng han xét ham f(z) =sinz, v6i a; =1, a, = -1 tathdy: khi
sinz=11 thi (sinz)'=cosz=0 nhu thé nghia la cac phwong trinh

1

Sinz=a;Sinz =a, déu gdbm toan nghiém bdi. NEu @(—1)29(—1)=§;

00)=>6(0) =%, suy ra phuwong trinh sinz =a 8 ¢6 nghiém don voi moi a
khac -1 va+1.

Vi du 5: Truéc hét tadinh nghia: Giatri e dwoc goi labdi it nhat m(m > 2)
néu c&c nghiém clia phrong trinh £(z) = a bdi 16n hon hodc bang m . Bay gid
tagia st f(z) laham phéan hinh va gia st {a, } latap hop cac giatri boi it
nhét {m, }. Khi d6 taco:

1 N(r,a,) < !

]\_f(r,av) <
m’U mU

T(r,f)+0@Q.

tlr d6 ta s c6: O(a,) > 1- —. Theo dinh Iy Nevanlinna vé 5 khuyét ta &
m

v

co:
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Z(l—mi) < 2.

Madt khéc do m > 2 nén ta co: (1—ij > % Nhu vay ta thdy rang doi véi
m?}

ham phan hinh thi chi c6 nhiéu nhét 4 giatri « manghiém cta phwong trinh
f(2) = a O bdi 16n hon hodc bang 2.

+) Trong truong hop c6 4 giatri clia a thod man, khi d6 m, =2. Vidu
cu thé clia ham loai nay chinh laham elliptic Weiestrass.

+) Trong tredng hop ¢6 dung 3 giatri cla a thoa mén, do

231(1— ! ):3—(i+i+ij£2

v=1 m’U 7n/.|. m2 m3

.1 1 1 o X s s pa
nén —+—+—2>1. Khi do chungta st cd cac bd (my;m,;m3) nhu sau:
m mo mg

(Z2m) (233 (234 (239
(236) (244) (333.

Truong hop (2;2;m) ton tai vavi du cu thé vé né laham f(z) la sing;
cosz. VOi f(z) ==+1 gbm toan nghiém bdi 2 va f(z) =« . Trong cac truong
hop khac, van dé ndi chung la rat khé va da duoc nhiéu nha toan hoc nghién
clru va cho két qua trong treong hop tong quét (Christoffel-Schwarz, Lé Van
Thiém, Drasin...).

1.4.2. Binh ly 5 diém cla Nevanlinna

1.4.2.1. Binh nghta. Gia s f & ham phan hinh trén C, a e C. Ta dinh
ngha: Ef (a) ={zeC|f(2) =a} (tap cac nghiém phan biét clia phuong trinh
f(z)=a).

1.4.2.2. Binh ly. Gia st rang £(2), f-(2) a cac ham phan hinh trén C. Néu

ton tai 5 diém ay,a,,a3,a4,a5 SA0 cho:
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Efl(aj) = Efz(aj) vj=1..,5
Khi d6 hoac £, va f, lahang s6 hoic f, = f,.
Chitng minh. Ta gia sk rang £, f, 1& cac ham khéng dong thoi 1a cac ham
hang va cling khdng ddng nhat vai nhau. Goi ay,a,,as,a4,a5 1a céc S5 phic

phan biét sao cho: E;(a;) = B4 (a;)  Vj=1..,5. Khi d6 taviét:

_ — 1 — 1 .
N;(r) —N(T,HJ—N(T,JE_%) (7=1...,5)

*) Gia st mot trong hai ham f;, £, 1a ham hang, khéng mét tinh téng quét ta

gia s fi=const, khi do f; khac it nhat 4 giatri trong 5 giatri a; (j=1...,5),
khéng mét tinh tong quét ta cd thé gid sir cac gia tri do la aq,a,,a3,a4, N

thé:

N(r, ! J: 0, Vj=1.4.
fl—aj

V1 thé:

N(r,fz }aj j =0, Vj=1.4.
nghia la f,(z) khdng nhan 4 giatri a,a,,a3,a4, theo dinh ly Pical  f,(z) phai
|& ham hang.
*) . /> lacéc ham khéc ham héng, sir dung bat déng thirc co ban cho ham f

voi 5diém ay,a,,a3,a4,0a5 ta st co:

5
m(r,0) + Zm(r,aj) <2T(r,f) - N(r,fil,) —2N(r,f)+ N(r, £) +S(r).
=1

Cong thém vao 2 vé& bét dang thic trén mdt dai lvong 1a

5
N(r,»)+ Y N(r,a;), taduoc:
=1
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5
67 (r, ) < 2T (r, i) + D (N,a;) = N(r,1/ ) + N(r,o)
j=1

=2N(r, )+ N(r, )+ S(r).

5 5
Do > N(r,a;)—N(r/f) =Y N(r,a;) = No(r/ f'), (No(r,1/ f') do céc
J=1 g=1

cyc diém cla 1/ f* ma khong phai 1a khong diém cta f—a; va N(r,o) =

N(r,f). Suy ra
5
4T (r, f) < Z]\_f(r,aj) — No(r, 1/ f)=N(r,f)+ N(r, )+ S(r)

~
[=Y

o1

= ]\_f(r,aj)—No(r,llf')+]V(r,f1)+S(r)
=1

<
Il

]V(r,aj) +N(r f)+S(r) <

IA
LM

J

5
<S N (r)+ T(r, ) + O(T(r, f)-
=1

J
Nhv vay:
5
3T (r,f) < Z]Vj(r) +o(T(r,f).
=

Hoan toan tvong tu ta co:

5
3T(r,fo) < D N;(r) +o(T(r. )
=

Béy gio ching ta st xét: T (r ) Theo dinh ly co ban thir nhat ching

1
h-F
1
h=1

tas3 o6 T(r, j=T(r,ﬁ—fz)—Iog|<ﬁ—f2)(0>|+s(a,r)

=T(rh-L)+0Q)
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<T(rf)+T(r.fr)+0@Q)

5
< :—]3'2_: i(r)+o(T(r,h)) +5 ZN] (r)+o(T(r,5)+0Q)
2 5
< §Z (r)+o(T(r,f)+T(r,f).

Tathdy rang, néu z langhiém chung clia cac phuwong trinh £, =a,f, = a thi z

langhiém cla phuong trinh f; — f, = 0, néntasuy ra:

g_jmw( 5 )<y o

Nhu vay:

_j(T)-

.
[
[y

lagi¢i ndi khi  — oo, diéu ndy mau thuan vi £, f, khéc ham hang.
Nhuv vay dinh ly dwoc chitng minh.

*Nhan xét: Nghich anh clia 5 diém dd dam bao xé&c dinh mdt ham phan hinh.
SO 5 d6 latot nhat va khong thé thay thé bdi so nhd hon. Ta cod thé 1ay vi du
dé chitng td diéu nay. Xét ham f=c*;g=¢*. V6i c&c diém o, =0;
ap, =1 az =-1, a4 = o. Thiy rang:

Ef(ag) = Ey(@) =0,

Ei(ap) = E,(ap) = {2kn1, ke Z},

Ef(az) = E,(az) ={(2k+Dni, ke Z}.

Et(aq) = E,(a) = 0.

Nhung f # g valacéc ham khéc hang trén C.
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Chuong 2
PHUONG TRINH HAM P(f) = Q(9)
2.1. Gigi thiéu:

Trong phan nay, chiing ta s& nghién clru sy ton tai nghiém f,g do6i voi
phuong trinh ham P(f) = Q(g), khi P,Q a2 dathtrc thudc C[z].

Tanhéc lai Bai toan thir 10 ndi tiéng ctia Hilbert: tim thuat toan chi ra
tat cad nghiém nguyén cla phuong trinh F(z,y) =0, khi F(z,y) la mot da
thirc. Thue d& chiing minh dugc rang phuong trinh F(z,y) =d chi ton tai
mot sO hiru han nghiém nguyén, khi F(z,y) la dathtrc thuan nhat bac n >3
vOi z,y nguyén, F(z,y) bat khd quy trong mién hiru ty. B6i voi ham F(z,y)
khong thuan nhat, van dé s kho xr ly hon. Cho dudng cong y xac dinh béi

phuong trinh bac 3: 32 =23

—nz —m, trong d6 m,n déu nguyén. Dinh ly
Mordell-Weil [4] n6i rang: ton tai mot tap hop hiru han diém (z,,,y,,) trény
sao cho moi diém (z,y) khac matoa do déu lacéc so hitu ty cd thé nhan duoc
tir tap hop trén bang phwong phép tiép tuyén day cung .

Mot cach tu nhién, nguoi ta nghién clru twong tw van dé thir 10 cla
Hilbert d6i voi cac ham phan hinh. Bac biét hon, ching ta dat cau hdi doi voi
phwong trinh F(z,y) =0, (F ladathitc véi = va y la cac bién): co hay
khong nghiém f, ¢ khéc hdang s8, thoda man F(f,g) = 0? Dau nhirng ndm
1920, s dung ly thuyét phan phdi gia tri, Nevanlinna d& chirng minh rang
mdt ham phan hinh khéc hang s6 dugc xéc dinh duy nhét bai nghich dao clia
5 giatri phan biét .

Nam 1982 Gross-Yang [1] d& m& rong bang cach xem xét nghich anh
ctia mot tap hop, tirc laxét van dé khi nao thi véi tap S diéu kién:
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F4S) =g X(S) dbivai 2hamkhéching f va g suyra f=g? Lién quan
dén van dé trén, Li- Yang[3] dua ra khai niém sau:
2.2. Ba thirc xac dinh duy nhat ham phan hinh

Trong phan nay, chung ta s8 sir dung mét 6 ki hiéu sau: mg lamot sd
nguyén dwong hodc bang oo, C Ia khong gian xa &nh mot chiéu trén C, F
lamdt ho ham nao d6 xac dinh trén C, lay giatri trén C.

2.2.1. Binh nghfta.

Pa thirc khac hang P(z) duoc goi la da thirc xac dinh duy nhét néu
diéu kién P(f) = P(g) v&i hai ham f va g khac hiang s kéo theo f = ¢.
2.2.2. Binh nghia.

Pathitc khac hang P(z) e C[z] duoc goi lada thirc xac dinh duy nhét
manh (hay da thirc duy nhat manh) déi véi ho ham F néu déi véi cac ham
khac hiang f,ge F va hang s khéc khong c e C, thod man diéu kién
P(f) =cP(g) thi f=g.Tuong tw, dathtc khac hing P(z) € K[z] duoc goi
la da thirc xac dinh duy nhat yéu (hay da thirc duy nhat yéu) cho F néu doi
vGi cac ham khéc hang f,g € F thod man diéu kién P(f) = P(g) thi f=g.
*Cha y: T&r nay néu khong néi gi thém, ta hiéu da thirc duy nhat manh (hay
da thirc duy nhat yéu) la da thirc xac dinh duy nhat manh (hay da thic xac
dinh duy nhét yéu) cho cac ham phan hinh.

2.2.3. Binh nghia. Gid siv P(z) ladathtc bac ¢ va P'(z) cé dang:

P/(2) = (z = )" (2 = dp)...(z = di)"
trong d6 ¢, +q, +...+q, =qg—1. Khi d6 £ dwgc goi la chi s6 dao ham cla
P(z). Noi cach khéac chi sb dao ham clia P(z) lasd nghiém phan biét ctia da

thirc dao ham cla da thirc do.
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*Nhan xét:
Gid siv P(z) ladathtc xac dinh duy nhat cac ham phan hinh. Khi d6 chi
sO dao ham ctia P(z) phai I6n hon 1.
Chtrng minh. Gia st chi s6 dao ham clia P(z) bang 1, nghia la
P(2)=q(z—d) ™ = P(2)=(z—-d)! +C.
Taldy bt ky ham f(z) khéc hang ndo do va dit ham:
9(2)=Cf(z)+(@-C)d,trongdd £ €C; L?=1.
Hién nhién f(2) # g(z). Nhuwng khi d6:
Plg)=Cf+QA-C)d-ad)!+C=(C(f-d)'+C
=Ci(f-d)' +C =(f-d)' +C = P()).
V@i nhan xét nay, tr nay vé sau khi xét dén da thirc duy nhét ching ta s8 chi
xét cac dathtrc co chi sb dao ham 16n hon hoic bang 2.
2.2.4. Vidu.
Xét dathtrc: P(2) =22+ 22" 24 .+ 2% +a.
Xé& ham f(z) bat ky va g¢(z)=-f(z). Hién nhién f(z) # g(z) nhung
P(f)=P(g). Nhv vay P(z) khdng phai la da thirc xac dinh duy nhat ham
phan hinh.

MOt van dé dat ralalam thé nao dé co thé tim duoc cac dathic lada
thirc duy nhét. Rat nhiéu nha toan hoc da nghién ctru vé van dé nay va da dua
ra dwoc rat nhiéu diéu kién dai sO dé mot da thirc 1a da thirc duy nhét. Tiép
theo t6i S8 trinh bay mot trong s diéu kién dai s6 do.

2.2.5 biéu kién (H) (Hirotaka Fujimoto).
2.2.5.1. Binh nghia. Bathitc P(z) c0 P'(z) = q(z — d)%(z — dy)%...(z — d}, )%
duoc goi lathod man diéu kién (H) néu:

P(d;) # P(d;), Vi#j.
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2.2.5.2. Binh ly. Gid st P(z) la da thirc thod man diéu kién (H) va c6 chi s6
dao hamI&n hon hoéc bang 4. Khi d6 P(z) la da thirc xac dinh duy nhat ham
phan hinh.
Chirng minh.

Gid st P(z) thod méan diéu kién (H) va chi s dao ham Ién hon hodc
bang 4, nghiia |& P'(2) = q(z — d) (2 — dy)®...(z — d;.) %, VGi k > 4.
Khi d6 P(z) & c6 béac Ién hon hoic bang 5.

Giad st P(z) khong phdi la da thic xac dinh duy nhét, tic 1a ton tai cac
ham phan hinh f(z2) # ¢g(z) khéc hang dé P(f) = P(g). Dat ham

1 1

YO =79

Khi d6:
T(r) < T(r,%) N T(r%) <T(r.f)+T(r.g) + O(0).

Ap dung bét dang thirc co ban clia Nevanlinna cho k diém d;,d,,...,d, va

thwe hién twong tw nhw trong chirng minh dinh ly 5 diém, chiing ta sé co:

j—N(r,f)—No(r,%j+5(T)’ *)

k
= 1
(k=1T(r,f) S;N[T,f_dj

trong dé No(r,%j dwoc tinh tai nhitng diém la khéng diém cla f ma
khong phai 1a nghiém ctia phuong trinh f(2) —d;. Xuét phét tr P(f) = P(g),
dao ham 2 vé tathu duoc:  f'P'(f) = g'P'(g),
hay

fa(f =)™ (f = d2)®..(f = )" = g'q(g — di)" (g — d2)*...(g — d}, )™
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T d6 tathdy rang, khi f nhan mot giatri d; ndo do thi ham ¢ phai nhan gia
tri d; nao do.
Mat khactr P(f) = P(g), tic &
" +af"t+.4a,=¢" +ag" t+...+a,,
suy ra f va g ¢ cung sd cuc diém nhr nhau va cling bdi. Nhw vay, néu z la

mot cuc diém cla f thi nd cling la mot cwc diém cla g nén nd £ la khdng

diém ciia ¢ (2), tic 14z 5 1akhong diém cda %

)

Bay gi0 chung ta xét:

E_ 1
;N(r’f—d»

T (*) chingta st co:

(k=070 f) < ]\_f(r,d—:i'j ; Zk:No(r,l,j _

Tuwong tw tacling co:

k
(k=DT(r,g) < ]\_f(r,ij + ZNO(T’EJ
o) &7y
Cong hai V& clia hai bt dang thirc trén ta dwoc:

(k=DT(r,f)+ T(r,g) < 2N(r,1j —No( 1 j —No(réj £ S0+

—No(r,l,)+ S(r),
g:dj g

b "

+gNo(r,%j +gNo(r,§) **)

g=d; f=d;

Matalai c6: ]V(r,(l—:!') < 2T(r,d) + O(1) < 2T(r, f) + T(r,g) + OQL) ,

Khi d6 (**) s duoc viét lai nhw sau:
(k=3)(T(r.f/)+T(r,g)) <5(r)=o(T(r,f)+T(r.g))
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Vi gia thiét &k > 4 thi bat dang thic trén khdng thé xay ra. Nhuw vay didu gia
st lasai, n6i cach khac P(z) ladathic xac dinh duy nhat ham phan hinh,
Binh ly dwvgc chirng minh xong.

Gan day, Ha- Yang [2] d& nghién ctu tredng hop téng quat bang céch
xét cac cap da thic P(z), Q(z) sao cho chi cd nghiém f,g thod man
P(f) = Q(g) lacac nghiém f=const, g = const; va st dung chi yéu ly thuyét
ky di va kha niém giong clia duong cong (trong hinh hoc dai s6 ). Ho da
chtrng minh céc dinh ly sau day:

2.2.6. Binh ly. Cho 2 da thic (P,Q), phwong trinh ham P(f) = Q(g) khéng
co nghiém trong tap ctia ham phan hinh khac hang s6, néu p(= degP) va
q(= degQ) thod man mdt trong cac diéu kién sau:
) (pg)=1p>q=22vap25
i) (p,g)=2, p=6;
i) p=q¢>4.
2.2.7.Dinh ly. Cho P(z) va Q(z) nhu dugc xac dinh & Binh ly 2.2.6. Cho
P'(2) = a(z —d))™..(z = d}.)™,
Q'(2) = calz —l)™..(z = [})",
VOI pr+po+.+p=p—1Va ¢ +qp+..+¢ =q—1. Gia thiét thém rang
P(dy) # Q(l;) voi i=1,2,....,k va j=12,..,t va p,q thod man mot trong cac
diéu kién cla Pinh ly 2.2.6. Khi d6 ddi véi cac ham f,g phuong trinh
P(f) = Q(g) chi conghiém f va ¢ lahang s6.
*Nhan xét. Mot két qua ndi tiéng clia Picard’s [6] khang dinh rang néu giéng
cla dudng cong xac dinh b&i phuong trinh F(z,y) = 0 16n hon 1, thi khong
tén tai ham phan hinh f,¢ khéc hang s8 nao dé F(f,g) =0. Vi vay Dinh ly

2.2.6 chll yéu c6 duoc bang céch tinh toan giéng clia duong cong xac dinh boi
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phuong trinh P(z) — Q(y) = 0. Tuy vay, khdng dé dé tim ra dugc giéng cla
duong cong nhu vay.

Trong bai nay, chiing ta sé dung ly thuyét phan phoi giatri dé xét van dé
trén. Hon nita, ching ta c6 thé giai quyét dwoc trwong hop khi ¢ =3 va
p =4 (truong hop nay khdng cé trong Dinh ly 2.2.6). Khi p=¢ =4, mdt O
diéu kién can va di duoc dwara dé dam bao cho siy ton tai clia f,¢ thod man
P(f) = Q(g). Cubdi cung, ching tadvaravai gia thuyét déi véi cac ham phan
hinh twong ty van dé thir 10 ctia Hilbert.
2.3.Bo deé
2.3.1. B6 dé. Cho P(z) va Q(z) la 2 da thic lan lugt c6 bac la p va q
tvong (hng, v&i 2< p <g¢. Néu ton tai khong diém n, cla P'(z) sao cho
phuong trinh Q(z) — P(rp) = 0 khéng cd nghiém boi, va néu ton tai hai ham
phan hinh f,¢ khéc hang s6 sao cho P(f) = Q(g), thi ¢—p =(p,q) (wdc s6
chung I6n nhét clia p va q), va r, la so khong diém cla P’'(z). Hon nira, tat

ca céc bat d&ng thirc sau thod man:

T(r,f) = N(r,rlroj £ S0 f), 2.1)
T(r,g):N(r, — j—kS(r,g), (2.2)
g—a
T(r,f)=N(r,f)+S(r.f), (2.3)
N(r.f) = q%pﬁ(r,ﬁ +8(r.f), (2.4)
9 \_
T(r,f_roj—S(r,f), (2.5)

Khi a e C thi khéng ¢ khdng diém nao clia Q(z) — P(rp).
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Chirng minh. Gia s 7, la mot khong diém cla P'(z) sao cho phuong trinh
Q(z2) — P(rp) = 0 khdng c6é nghiém boi. NEu ton tai 2 ham phan hinh f va ¢
khéc hing s sao cho
P(f)=Q(9), (2.6)
thi ching ta co:
pT(r,f)=qT(r,g9)+0(Q). (2.7)
Piéu nay dan toi S(r,f) =S(r,g) =S(r), véi S(r,f) 1a mdt sd thod man
S(r,f)=o(T(r,f)) khi r — oo , ngoai trir, cd thé, mot tap c6 dd do tuyén
tinh hiru han cta r € (0,0). Cho n lawéc s6 chung [6n nhét clia p va g. Khi
do ton tai 2 s nguyén p; va ¢; nguyén té cung nhau, sao cho
p=pn, q=qn. (2.8)
Gia thiét rang 2z lacuc diémcla f clia bdi k. Khi dé tir (2.6) z, cling
la crc diém clia g bdi [, va kp =g, c6 nghia la kp, =lg;. Do p; va ¢; gan
bang nhau, ching ta thdy rang ¢ chia hét cho % . Tir day bdi clia bat ct cuc
diém nao clia f it nhat la ¢,. Diéu nay cé nghia la:
@N(r,f) < N(r, f). (2.9)
Do 7, la nghiém cla P'(z) =0, ton tai mit da thirc R(z) bac p-s
(s > 2) sao cho R(r) # 0 va
P(z) = P(rg)) = (2 — 10)° R(2). (2.10)
Piéu nay va (2.6) dan dén
(f =10)° R(f) = Q(g) — P(rp). (2.11)
Do Q(z) — P(rp) = 0 khdng c6 nghiém boi, theo dinh ly co ban thiv hai

ctla Nevanlinnata co:

qT(r,g)SN(r;j+N(r, )+]\7(1°,g)+5(7"). (2.12)

"Q(g) — P(p) g-a
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Theo (2.11) ta cé:

) Rl (e R (s DR
<(p—s+DT(r )+ S(r).

Theo (2.9) ta co:
N(r.g) = N(r.f) < = N(r.f) < ~T(r, ).
q1 q1

T céc bat dang thic trén va (2.7) dan dén

T(r,g)—N(r,gfaj+p(qq‘l)T(r,f)s( —s+1+q1jT(r N+,

coO nghia la

Mép—s+l+l.
q il

Do p/q = p,/q, bt déng thic trén twong duong Vi (s —1)g < p +1.
Mdt khéc, theo gia thiét clia B6 dé 2.3.1, ching ta c6 p <gq, va vi vay
m+1<q. Lvu y rdng s>2, ching ta c6 thé suy ra rang s=2 va
¢ = p +1. Do do tat cA cac bat dang thic trd thanh déng thirc. TUr day ta
duwoc (2.1), (2.2), (2.3) va (2.4). Hon nita,q—p = (¢, — py)n =n lathira sO
chung 16n nhét clia p va ¢. T R(r) # 0, tir (2.10) tathdy rang 7, lakhong
diém doncla P'(z).

Béy gi0 cho ¢ laham phan hinh dugc xac dinh béi:

__9 2.13
° =T (2.13)

T (2.1) va(2.3) tadugc

m(r,f)=5(r) va m(r, ) =S5(r). (2.14)

_/ro
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Do do, tr (2.6) taduwgc m(r,g) = S(r) vavivay m(r,g") =S(r). T day
m(r,e) = S(r). Mét khéc, tir (2.4) tathdy rang céc cuc diém clia f khéng la
cuc diém cla ¢ . Tl (2.11), chiing ta cé:

(f =) ()" = Q'(9)g', (2.15)
VOi Ry(2) = 2R(2) + (2 — 1p) R'(2) lamdt dathiic bic p— 2. Gid s rdng z, la
khong diém clia f-ry. Khi do tor (2.11) ta c6 Q(g(z0)) = P(rp). Do
Q(z) — P(r5) = 0 khdng c6 nghiém boi, ta thdy rang Q'(¢(zo)) # 0.Tiép theo
tr (2.15) ta cd z, khong la cuc diém cia ¢ =g /(f-n). Do do,
N(r,p) =S8(r), vatw do (2.5) xay ra
2.3.2. B6 dé. Cho P(z) va Q(z) la 2 da thtc lan lugt c6 bac 1a p va ¢, Voi
2 < p <q. Néu ton tai mot khdng diém boi r, cla P'(z) dé cho phwong trinh
Q(z) — P(rp) = 0 khdng c6 nghiém boi, va néu tén tai 2 ham phan hinh khac
hang s6 f va g dé cho P(f)=Q(g), thi p=q va r, la khong diém cla

P'(2). Hon niva tat ca cac bat dang thirc sau thod man:

T(r,f)zN(r, )+S(r,f),

1
[

T(r,g)z]v(r, )+S(r,g),

T(r,f)=N(@f)+8(r.f),

T[r,L) = 5(r.f),

(f - 7"0)2

VGi a € C khong phai la khong diém clia Q(z) — P(r).

Chirng minh. Do r, la mot khong diém bdi clia P'(z), ton tai mot da thirc

R(z) bac p—s (s>3) saocho R(r) # 0 va

P(2) = P(rp) = (2 — 10)" R(2).
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Twong tw voi phan chirng minh Bo dé 2.3.1, ta cd thé chirng minh duoc
s =3 va p, = ¢; vakét thiic chirng minh Bo dé 2.3.2.
2.3.3. B6 dé. Cho P(z) va Q(z) la 2 da thirc c6 bac lan lugt la p va ¢
tong tng, voi 2 < p < ¢. Néu ton tai hai khong diém khac nhau r va n, clia
P'(z) sao cho mdi phuong trinh Q(z) —~P(r;)=0 (5=212) khong co cac
nghiém bdi, va néu tén tai 2 ham phan hinh f va ¢ khéc hang s6 sao cho
P(f)=Q(g), thi p=g va r; (j=12) la céc khong diém don cla P'(2).

Hon nira tat ca cac bat dang thirc sau thod man

T(T,f)=fv(7“, j+5(7‘,f),j=l2,

1
Y

T(r,g):]\_f(r j+S(r,g),

1g_a

T(’/’,f) = N(’f’,f) +S(7n’f)’

!

9
T\ r,
( (f —m)(f —m
VGi a e C khong la khong diém nao clia ciia Q(z) — P(r;), (j=12).

J=st..

Ching minh. Do r; (j=12) la khong diém cla P'(z), ton tai mot da thic
R;(z) bac p—s;, (s; > 2) saocho R;(r;) # 0 va
P(2) = P(r;) = (z—1;)" R;(2).

Néu P(r) = P(r,) thi ton tai mot da thic R(z) bac p—s,—s, dé
R(r;) =0 va P(z)—P(n) =(z—n)(z — )2 R(2).

Tl day va céc lap luan tvong tw da duoc dung 6 B6 dé 2.3.1, ta co thé
chirng minh duoc:s; = s, = 2, py = ¢, =1, vavi vay ta duoc cac két luan cho
BO dé 2.3.3.
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Néu P(n) # P(r,), thi Q(2)—P(r) va Q(z)—P(r,) khdng co6 khong
diém chung va ca 2 déu khong cé khdng diém bdi. Theo dinh Iy co ban thir 2
clia Nevanlinna, ta co:

RO S
'Q(9) - P(ry)

Tl day ta cé thé chitng minh duoc s, =s, =2, py = ¢, =1, vavi vay ta duoc

)+S(r).

g—a

2
2qT(7’,g)SZ]\7( J+N(r,f)+]\_/(r,
=1

céc két luan cho B dé 2.3.3, theo cac 1ap luan twong tw véi phan chirng minh

& BO dé 2.3.1.

2.4. Sir ton tai nghiém phan hinh cta phuong trinh ham

2.4.1. Binh ly. Gia sir rang P(z) va Q(z) la 2 da thtc 1an lugt c6 bac p va

q. Khi do khoéng ton tai cac ham phan hinh khac hang s6 f va g thoa man:

P(f)=Q(9) (2.16)
néu P(z) va Q(z) thod man mdt trong cac diéu kién sau:

C-1) p<q va q— p khong la wéc sd chung Ién nhét clia p va ¢, va ton tai
khong diém r, clia P'(z) dé Q(z) — P(rp) = 0 khong c6 khong diém boi.

C-2) p<q vaton tai hai khong diém khac nhau n, va r, clia P'(z) sao cho
Q(z) — P(r;) =0, (j =1,2) khdng c6 nghiém boi.

C-3) p < q vatontai khong diém boi r, clia P'(z) saocho Q(z) — P(rp) =0
khong co nghiém boi.

C-4) p<q vatontai khéng diém r clia P'(z) va khong diém boi r, cla
P'(z) (n#m) saocho ca Q(z) - P(r;) =0, (j=12) khong c6 nghiém
boi.

C-5) p <q vaton tai 3 khong diém r;, (=1,2,3) clia P'(z) dé tat ca cac
phuong trinh Q(z) — P(r;) =0, (j =1,2,3) khong c6 nghiém boi.

a7
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C-6) p<gq vaton tai khong diém r, cla P'(z) sao cho Q(z)-P(rp)=0
khong co nghiém boi.

Chtng minh. T B3 dé 2.3.1 ta thdy rang khong ton tai cac ham phan hinh

khac hang s0 f va ¢ thod man (16) khi P(z) va Q(z) thod man C-1) hay

C-3). Néu P(z) va Q(z) thod man C-2), va néu c6 2 ham phan hinh khac

hang s0 f va ¢ thod man (2.16), thi theo B6 dé 2.3.1 ta co:

!

T(r,f{'ﬁj:S(r) vaT(r,ffrzj:S(r).

Tl day cé T'(r,f) =S(r), v ly. Twong tw tlr B6 dé 2.3.2 va Bo dé 2.3.3 ta

thdy khong ton tai cac ham phan hinh £ va ¢ khéc hing s, thoa méan (2.16)
khi P(z) va Q(z) thod man C-4), hay C-5), hay C-6).
2.4.2. Hé qua. Giaslrrang P(z) va Q(z) la 2 da thic 1an lwot c6 bac la p
va ¢ twong tng. Néu 2= p < ¢ <4 hodac p = ¢ =3, thi ton tai cac ham phan
hinh khéac hang s6 f va ¢ thoa man P(f) = Q(g).
Chrng minh. Hién nhién cho ¢=2. Néu p=2 va ¢ =3. Khi do ta co thé
viét lai phwong trinh ham P(f) = Q(¢) du6i dang:

(f = a)? = bo(g = br)(g = b2)(g — bs) (2.17)
VGi a,b;, (j=0,1,2,3) lanhiing 6 phtc va by # 0. Néu hai trong cac s0 by,b,
va by bang nhau, chéng han b = b,, thi (2.17) twong Gng vai: h? = b(g — bs)
VGi h=(f-a)l(g—b). RO rang rang, (2.17) c6 cac nghiém phan hinh khéc
hang s8. Néu khong co 2 trong cac s6 by,b, va by bang nhau thi ton tai ham
eliptic thod man:

(9')? =bo(g —b1)(g —b2)(g — b3).
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Do dé, trong trwong hop nay suy ra (2.17) c6 mdt nghiém phéan hinh
khéac hang s0. Néu p =2 va ¢ = 4, thi chling ta cd thé viét lai phuong trinh
P(f) =Q(g) dudi dang:

(f = a)? =bo(g = b1)(g — b2)(g — b3)(g —ba) (2.18)
VGi a,b;, (7 =0,1,2,3,4) lanhiing 6 phtrc va by = 0. Néu 2 trong 4 0 by, b,,b3
va b, bang nhau, chdng han & = b,, thi (2.18) tvong duong véi:
h? = b(g = b2)(g —bs)(g —ba) , Vi h = (f —a)l(g—by).
Do d6, theo két luan cla truong hop ¢ =3, ta thiy rang (2.18) c6
nghiém phan hinh khac hang s0. Gia sl rang khong co cap sd ndo trong 4 sb
by,b5,bs,b, bang nhau. Khi do (2.18) tvong dwong voi:

f12 = co(g1 — c)(g1 — ¢2)(g1 — c3)

voi p=d=e -1
Yg-b)? T gty
co = (bg — by)(bg — b2)(bg — b3),

1
c; = , 1=12,3.
R

Theo két luan trong trwong hop p =2, ¢ =3, tathdy rang (2.18) va vi
vay P(f) =Q(g) co nghiém phan hinh khéc hang s3.
Néu p = ¢ =3, thi P(z) va Q(z) cothé duoc viét lan lugt |a
P(z) = ag(z — a)(2 — a2)(z — ag) va Q(2) = bo(z — br)(2 — b2)(2 — bs),
Cho h= Z(Clogf —bo)(g —b1) + ap(2a1 — ap — a3)912 —bo(2by — by — b3),
a=0-a)l(g-b).
Khi do thi phwong trinh P(f) = Q(g) twong dwong voi:
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A2 = a§(az — az)g; + Aagho (b — by) (by — bs) g7
—2a0bo(2aq — ap — ag)(2h, — by — ag)gf +
+Aagho (a1 — ap)(ay — ag) g1 + b5 (b2 — bs)?.

Duwa vao két luan trong truvong hop p = 2 va g = 4, phuong trinh trén ¢
mot nghiém clia ham phan hinh khéc hing s3. Tir day phuong trinh
P(f) = Q(g) cling c6 nghiém phan hinh khéc hing s0.

Dai véi trvong hop dac biét p =3 va g = 4, taco:

2.4.3. Dinh ly. Gid st rang P(z) = agz> +... va Q(z) = bpz* +... 1an luot 14 2
da thirc bac 3 va 4. Khi do phuong trinh P(f) = Q(g) cb nghiém phan hinh
khéc hang s6 f va ¢ khi va chi khi ton tai khong diém r cla P'(z) sao cho
Q(z) — P(r) = 0 c6 it nhat mot nghiém boi, va

P(2) - P(11) = ag(z = 11)* (2 — ay), (2.19)

Q(2) = P(r) = bo(z = b1) (2 = b2)(2 — bs), (2.20)
VGi ay, b;, (j =1.2.3) lanhiing s phitc dé cho da thirc

agz8 + 2agho (b, + by — 2b) 22 + daghy (1, — a1) 22 + b (b, — b3)?, (2.21)

c6 it nhat mot khong diém bai.
Chirng minh. Cho rva r, la céc khong diém clia P'(z). Néu ca hai phwong
trinh Q(z) — P(r) =0 va Q(z) — P(r») =0 khdng cé nghiém bdi, thi theo
dinh ly 2.4.1 ta thdy rang phuong trinh P(f) = Q(g) khéng c6 nghiém ham
phan hinh khéc hing s6 f va g. Néu c6 mdt trong hai S8 7, va 7», chang han
7, S0 cho Q(z) — P(r) = 0 c6 it nhat mdt nghiém bdi, thi ton tai cac s6 phirc
b;, (=123 va g sa0 cho (2.19) va (2.20) thoa man. Do do phuong trinh

P(f) = Q(g) twong dvong voi:
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ao(f - 7“1)2(f —ay) =bo(g— 51)2(9 —b)(g — b3). (2.22)
Cho: i = 2bog — bobs — bobs + 2hoby — aggs, g =(f—1)(g—b).
Khi d6 (2.22) c6 thé duoc viét lai dudi dang
f2 = a§gP + 2agbo(bp + bs — 2by)gi + dagho(r — a1) g7 + b5 (b, —b3)?. (2.23)
Néu dathtrc (2.21) khong cé khdng diém bdi thi ton tai £ va g, thod mén
(2.23). Do d6 P(f) = Q(g) khdng co nghiém phan hinh khéc hang s3. Néu da
thirc (2.21) c6 it nhat mot khong diém bdi r, thi (2.23) tvong dwong voi:
fz2 = 03(91 —c1)(g1— c2)(91 — c3)(91 — ca),
VOi ¢;, (j=12,3,4) la cac sO phirc va f, = fi/(gy—r). Theo hé qua 2.4.2,
phuong trinh trén c6 mot sd nghiém phan hinh khéc hang s3.
BPinh ly 2.4.3 dugc chirng minh.
Trong trwdng hop p = ¢ = 4, theo dinh ly 2.4.1 valap luan twong ty doi
v(@i phan chirng minh cla dinh ly 2.4.3, tadugc:
2.4.4.Dinh ly. Gid st rang cd P(z) = agz* +... va Q(z) = byz* + ... déu la cac
da thirc bac 4, va P(z) # Q(z) . Khi do phuong trinh P(f) = Q(g) c6 nghiém
phan hinh khéac hang s6 f va g khi va chi khi ton tai mot khong diém o, cla
P'(z) saocho Q(z)— P(ay) =0 c0 it nhat mot nghiém boi, va
P(2) = P(ay) = ag(z — a)?(2 — a)(2 — ag), (2.24)
Q(2) ~ P(ay) = bo(z — b)) (2 — b) (2 — bs), (2.25)
VGi a;,b;, (1=1,2,3) la cac s6 phic dé cho da thirc:
ag(az — ag)z® + dagho(by — by) (b — by) 2"
—2agbg(a + ag — 2a1)(bp + b3 — 2b)2°
+Aagho(az — ay)(ag — ay)z® + b5 (b — bs)?,

cO it nhat mot khdng diém boi.

ol
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2.5. M0t s6 rng dung va gia thuyét
Vi du 1. Khong tn tai cac ham phan hinh f va g khéc hang sd sao cho:
fP-f=g*-y.
DP6i voi cac da thitc P(z)=22—2 va Q(z)=z* -2z, ta thiy rang
P'(z)=0 c6 nghiem 1 =1//3 va r,=-1//3. Dé rang thdy ring
P(z) - P(r;) =0, j =1,2 khong c6 nghiém boi. Tir day, theo dinh ly 2 khdng

tén tai cac ham phan hinh f va g khéc hang sd thod man:

fP-f=9"-yg.
Vi du 2. Khdng ton tai cac ham phan hinh f va ¢ khéc hang s sao cho:
FA(f=a)=g%(g-b), (*)

VOi a,b lacéc s6 phirc khac khong.
T a.b # 0, thdy dathiic

28+ 202% — 4a2% + 0% = (2% - 2V az + b) (2% + 2V az + b)
khéng co cac khong diém boi. Tir day theo Dinh ly 2, phwong trinh (*) khéng
c6 nghiém ham phan hinh khac hang 6.
Vidu 3. Cho

P(2) = (2 —a1)*(z — az) VA Q(2) = (z — b)*(z — bp)?, (2.26)
VOi ag,a,,b Va b, la céc sb phirc. Khi d6 ton tai hai ham phan hinh f va g
khéc hang sd sao cho P(f) = Q(g).
Vidu 4. Cho

P(2) =423 -3z va Q(z) = 2(22%2 -1)? - 1.

Khi do ton tai 2 ham phan hinh f va ¢ khéc hing s8 sao cho P(f) = Q(g).

C6 thé thtr lai voi f(z) = cosz va g(z) = cosgz.
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2.5.1. Binh ly. Gid sir P(z) va Q(z) la 2 da thirc c6 bac lan luot la p(> 2)
va ¢(=2). Néu p # ¢, va néu ton tai mot khong diém q, clia P'(z) sao cho
phwong trinh Q(z) — P(a;) =0 khdng cd nghiém boi, thi ton tai ham phan
hinh f khac hang s6 thod man P(f) =Q(f®) hodc P(f®)=Q(f), voi
k > 2 nguyén duong.
*Nhan xét. Thuc t€ 1a phrong trinh ()2 = (f — b)(f — b,)(f — b3) ¢6 nghiém
phan hinh siéu viét (chdng han cac ham elliptic) d6i voi cac s6 phire thich hop
by,b, Va by. Diéu do chi ra rang diéu kién & > 2 lacan cho dinh ly 2.5.1.
2.5.2. Binh ly Gid st c& P(z) va Q(z) déu la cac da thic c6 bac p (= 2).
Néu ton tai mot khong diém boi ay clha P'(z) dé phuwong trinh
Q(2) — P(ag) = 0 c6 nghiém bdi, hodc néu ton tai 2 nghiém don phan biét a;
va a, clia P'(z) sao cho mbi phuong trinh Q(z2) — P(a;) =0, (j =1,2) khong
cO nghiém boi, thi khong ton tai f ham phan hinh khac hing sd thod man
P(f) = Q(f™) hoac P(f*) =Q(f), v6i k =1 nguyén dwong.

Cudi cuing, chiing téi dan ra gia thuyét ctia C.C. Yang vaP. Li, tvong tw
vOi gia thuyét ndi tiéng clia Mordell nhu sau:
*Gid thuyét

NEu mdt phuong trinh Diophant, F(z,y) =0 (F lamot dathic chia x
va y bac I6n hon 3 voi cac hé sb [a s hitu ty ) khong ¢ hoac hau nhu khong
c6 nhiéu nghiém nguyén xéc dinh, thi phwong trinh tvong (ng F khdng c6
hodc hau nhw khong cé nhiéu nghiém phan hinh khac hang 8 f (= z) va

9 (=y).
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KET LUAN

Luan van trinh bay co s ly thuyét Nevanlinna, dac biét 1a nhiing phan
lién quan dén bai toan pan tich ham phan hinh va (rng dung vao nghién ciru
phuong trinh ham.

Chuwong 1 trinh bay cac dinh ly co ban thi nhét, dinh ly co ban tht 2
ctia Nevanlinna, quan hé sd khuyét va mot so vi du trng dung.

Chuong 2 trinh bay khéai niém va diéu kién dé tim da thirc xéc dinh
duy nhédt ham phéan hinh, sy tén tai nghién f, g déi voi phuong trinh P(f) =
Q(g), khi P,Q la2 dathtc thudc C[z] vamot s (ing dung.

Nhiéu van dé cta ly thuyét ham phan hinh con chua dugc lam sang té.

Hy vong £ dugc quan tam trong thoi gain toi.
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