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MO PAU

Luan vian trinh bay mot sé két qua co ban cta Ly thuyét Nevanlinna va
tmg dung cua n6 d6i véi phuong trinh ham P(f) = Q( g ) trong truong p -
adic .

Noi dung luan van gém ba chuong .

Chuwong 1: Trinh bay mot s kién thic co ban vé truong dinh chuan
khong Acsimet , truong s p - adic , va mot sb tinh chat dic biét vé ham phan
hinh trén truong khéng Acsimet ap dung cho chuong sau .

Chuong 2: Néu dinh nghia , mot sé tinh cht vé cac ham dic trung
Nevanlinna , hai dinh ly co ban cia Iy thuyét Nevanlinna va mot s6 két qua veé
bai todn xac dinh tap duy nhat cuia ham phan hinh trén truong p - adic .

Chuong 3: Trinh bay mot s6 két qua vé phuong trinh ham P(f) = Q(g)
trong truong p - adic .

Két qua cua luan vin :

Cho P, Q la cac da thirc thuoc K[x] véi P'Q = 0. Xét hai ham phan biét
f, g giai tich hodc phan hinh trong dia |x-a|<r ( twong ung trong K ), thoa
man P(f) = Q(g) . Sir dung Iy thuyét phan phdi gia tri ham phan hinh
Nevanlinna , dua ra cac diéu kién du vé céc khong diém cua P ,Q défvagbi
chin trong dia |x—a| <r (‘hodc tuong tmg 13 hing sd ) .

Truong hop dac biét khi degP = 4, xét truong hop riéng
Q=4P (1eK)va dua ramot sd diéu kién dic trung cho sy ton tai ctia hai ham
phan biét khac hang f, g phan hinh trong K thoa man P(f)=AP(g).

Luan vin dugc hoan thanh dudi sy huéng dan va chi bao tan tinh cta
GS . TSKH Ha Huy Khodi . T6i xin bay to 10ng biét on sau sic va thanh kinh
nhat dén Thay , Thay khéng chi huéng dan tdi nghién ctru khoa hoc ma Thay
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con thdng cam tao moi diéu kién dong vién toi trong sudt qua trinh 1am lun
van .

T6i xin chéan thanh cam on khoa Toan , khoa sau Pai hoc truong dai hoc
su pham Thai Nguyén , Vién toan hoc Viét Nam da gilp d& va tao diéu kién
dé ti hoan thanh luan van nay .

Cubi cung t6i xin chan thanh cam on ban giam hiéu truong CDCN Viét
Puc , dic biét 1a cac dong nghiép trong khoa KHCB , gia dinh va ban be t6i da
hét strc quan tdm va gilp d tdi trong thoi gian hoc va hoan thanh luén vin .

Trong qué trinh viét luan van cling nhu trong viéc xtr Iy vin ban chic
chan khéng tranh khoi nhitng han ché va thiéu s6t . R4t mong nhan duoc su

gop Y cuia cac thay ¢, cac ban dong nghiép dé luan vin dugc hoan thién hon.
Théai Nguyén , thang 8 nam 2007

Hoc vién

Pao Thi Thanh Thuy
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Chuwong 1
Kién thirc co s6
1.1.Truwomg dinh chuan khong Acsimet.
Pinh nghia 1.1.1. Gia st K 1a truong , chuan trén K 12 ham
| . | 1K > Ry thoamén:
)| =0 <x=0,
i) [xy| =[x |y, v XxVyeK,
i) x+y| <|x +1y, vxyeK
Chuan | . | dugc goi 1a chuan khdng Acsimet néu thoa mén diéu kién
V) [x+y| <max{x, |y}, vXxyeK
Mbt chuan | .| trén K cam sinh mot ham khoang cach d duoc dinh
nghia boi
dix,y) = [x-y|, vXx,y € K.
Néu chuan | . | 1a khdng Acsimet thi métric cam sinh d thoa méan:
d(x,y) < max {d(x,z) ,d(z,y)}, vX,y,z € K.
métric img v&i chuan khong Acsimet duogc goi la siéu métric.
Vidy 1.1.2. Xét ham

| .| K> R,
1 néu x#0
X [x =
0 néu x=0.
Khido, | . | 1a mot chuan khdng Acsimet trén K va métric cam sinh
d: KxK > R,

1 néu x=y

(xy) = d(xy) =

0 néu x=y.
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la mot siéu métric. Métric ndy duoc goi 12 métric tim thudng .
Ta xét mot sd dic trung cta topd sinh bai chuan khong Acsimet théng
qua céc hinh cau nhu sau:
Véi r R, ta dinh nghia hinh cAumé , dong tdma, ban kinhr la :
K@ar) = { xe K| dixa)<r }
Klar] = { xe K| d(xa) <r |
Ménh d@é 1.1.3. Gid su K |1& truong dinh chudn khong Acsimet . Ta ¢ :
i) Neub e K(a:r) thi K(ar) =K(b:r)
ii ) Hinh cdu K(a;r) 1a tdp mo va ciing 12 tdp déng.
iii ) Hai hinh cdau mé (hinh cdu déng) hodic roi nhau hodc chira nhau.
Truong so p - adicl. 2.
Véip e Z, p lasd nguyén té thi moi sé nguyén a = 0 c6 thé biéu dién
duy nhat du6i dang:
a =pva,voip khéngchiahét a , a e Z\{ 0 }.

Kihiéu:v =v (a) .Vaytacoham:
v,:Z\{ 0} N
a - v, (a).
Ta mé rong ham v véi x = %e Q nhu sau . bat:

v, (@) -v,(b),néu x#0

v (0= {

Véi mbi sé nguyén p , xét
v,:Q > RuU +{»n

+o0, néu x=0

X = X, = plv , voi v =v (X).
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Khido, | . |, 1a mot chuan khong Acsimet trén Q va duge goi la chuan
p - adic.

Ménh dé 1.2.1(Ostrowski). Moi chudn khdng tam thuong trén Q deu
twong dwrong véi mét trong hai chudn sau

1) Chudn p - adic , véi p 14 so nguyén 16;

2) Gid tri tuyét doi thong thurong.

Nhu vy ta c6 hai hudng 1am day trudng cac s6 hiru ty Q.

+ Lam day theo gi4 tri tuyét dbi thong thuong ta thu dugc truong cac sb
thuc R

+ Lam day theo chuan p - adic ta thu duoc truong cac sb p - adic.

Cu thé I, ching ta c6 thé xdy dung Q, ddy du hod cua Q theo chuan
| . |p nhu sau.

Day {x,} dugc goi la ddy Cauchy theo | . [, néu ve>0, 3 ng e N sao
cho vm, n>no thi[x,-x| <e. Hai ddy Cauchy {x,} , {y,}duoc goi la
twong duong néu |x, - Yal, 0. Véi {x,} laday Cauchy theo | . |, taki hi¢u
{x,} la tap cac ddy Cauchy twong dwong véi {x,} . Dat Q  Ia tap tt ca cic 16p
twong duong theo chuan | . -
Trén Q , trang bi cac phép toan nhu sau.

Véi {x,}, .} € Q, , tadinh nghia:
Kb+ v = oy s ) = oy

Ta thay dinh nghia trén khdng phu thudc vao phan tir dai dién cua 16p

tuong duong . Khi do , Q , la mot truong va la truong dinh chuan véi chuan | . ,-

Pinh nghia 1.2.2. Véi 1c Q, va {x,} ¢ Q saocho {x,} = 4 thitaxac
dinh -
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|ﬂb|p = Iim|xn|p.

ChU y rang dinh nghia trén x4c dinh theo tinh chat sau cta chuan p -
adic.

Mgnh dé 1.2.3. Q, & day dii hod cia Q theo chuan | . | va tdp gid tri
cia QVa Q theo | . | latring nhau, do 1a tgp {p".n <z {U{0}.

Tuong tu nhu qua trinh ddy du hod Q theo | . | , ta nhan dugc mot
truong Q, day du nhung khdng dong dai s6 . Nguoi ta da giai quyét van dé
nay bang mot mo rdng truong nhu sau

Xét mo rong chuan tic Q , = Kvanhém Galois G(K/ Q) . bat:

Nejg, 1K = Q,

a = NK/Qp(a) - HO‘(CZ),

oeG(K/Qp)
vol o latu déng chu trén K gilt nguyén cac ph?m ttcua Q, .Chay rrfmg néu
bac cua mé rong truong [K:Q ] = n thi Ny (o) = @" , Vae Q,.
Ménh dé 1.2.4. Gid sir K/ Q, lamo rong chudn tdac bdc n . Khi dé ton

tai duy nhdt mot chuan khong Acsimet | . | trén K mo réng chudn p - adic

X =4Nero, 9]

Va truong K day dii véi chuan | . |.

trén va diroc Xac dinh nhw sau -

Dt Q, la truong dong dai sé cia Q, . Trén Q, ta trang bi mot chuan
khong Acsimet nhu sau :

V61 moi X e Q_p , tOn tai mot mo rong chuén tic bac n sao cho x e K, khi

|x|:n/NK,Qp(x)‘p :

7
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va chuén x| khong phy thudc vao su tdn tai cta K .

Ta c6 két qua sau

Mg¢nh dé 1.25. Ham | .| : Q, — R. Xac dinh nhu trén | chudn
khdng Acsimet duy nhdt mé réng chudn p - adic trén Q. Tuy nhién, Q,
khéng day dii theo chudn | . |.

Ta ddy du hod Q, theo ménh dé sau.

Ménh dé 1.2.6. Ton tai mot truong C, voi chudn khong Acsimet| . |
sao cho:

i) Q,tri mdt trong C,va chudn khong Acsimet | . | 1a mo rong ciia
chudn trén Q, ban dau;

i) dedy dii véi chudn | . | va C,la mot truong dong dai s0.

1.3 Ham chinh hinh trén trwong khong Acsimet.

Ta ki hiéu K 13 truong dong dai sé , ddy du v6i chuan khéng Acsimet
| . va co dic sd 0.

Cac khai niém vé day , vé chudi va sy hdi tu ctia day, cua chudi gidng
nhu trong trudng dinh chuan Acsimet. Tuy nhién véi chuan khoéng Acsimet
ta cd mot sd tinh chat dic biét sau.

Bo6 dé 1.3.1 Gid sir {x,} 1a mér ddy trong K . Day {x,} 1a ddy Cauchy
néu va chi néu !Lrpo|xn+l -x,| = 0.

Chirng minh

Diéu kién dt hién nhién theo dinh nghia ddy Cauchy.

Ta chirmg minh diéu kién can véimoin, p eNtaco:

X X, = |X

X, pq + X

n+p ~ “n+p-

Xoop g + et Xy — X

n+p-1 ~ “n+p-

n+p ~ n n

< max {Ixn+p — X xmpfl—xn+p72|,...,|xn+l—xn|}

n+p—l|’

8
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Vi lim ., —x,| =0 nén suy ra diéu phai chimg minh. O

Tir céc tinh chat trén va theo dinh nghia su hoi tu cua chudi sé , chudi

lu§ thira , ta cO cac tinh chat sau:

Ménh d& 1.3.2. Chudi Ya, ,a, ¢ K hoi tu khiva chikhi lima,=0.

n—o0
n=0

Khi do ta co:

2.2,
n=0

< max|a,|
n

Chudi luy thira f(z) = ianz”, a, € K hoi tu tai z khi va chi khi
n=0

lim =0.

n—o0

a,z"

Ménh dé 1.3.3. Pat p = , khi dé ta co

1
i) Néu p =0 thi f(2) chihditutaiz=0.
i) Néu p = +oo thi f(2) héi tu véimoiz < K.
i) Néu0 < p < 100 VA [a,|p" — O thi  (2) hgi tu khiva chikhi [z]<p.
V) Neu0 < p < +0Va [a,p"  Othif(z) hoitukhiva chikhi |z<p.

Khi @6, p duoc goi la ban kinh hoi tu ctia chudi luy thua f (z) .

Tap c4c chudi luy thira f(z) =>a,z" ,an € K thoa man voi cau tric

10
cong va nhan hai luy thira 1a mét vanh , ki hiéu la A (K) .
bat A(K) = A_(K) - tap cac ham nguyén trén K, va
A(K)= {f(2) |bankinh hgitu p < r }.
Taco:
AK) = o A(K)

9
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Pinh nghia 1.3.4. Véi f(2)= Yaz" € A(K)va 0<r < p ,ta
n=0
dinh nghia s6 hang 16n nhat : u(r, f) = r?%x|an|r”

va o(r,f) = max {n||an|rn = u(r, f)} la chi s ung voi
s6 hang 16n nhat (r, f) .
Véir =0, ta dinh nghia :
(O, 1) = Iim u(r, 1) 5 o0(0,f) = limo(r,f) .
Tir dinh nghia cta s hang 16n nhat , ta c6 két qua sau.
Ménh dé 1.3.5. V6i r>0,ham u(r,) : A(K) > Ry thod man:
i) w(r,f) >0 ; w(r,f) =0khivachikhif=0;
i) p(r, fg) = pu(r, f) u(r,9) ,dodo u(r,A f) = |A| w(r, f) ,voi 2 € K;
i) w(r, f+9) < max {u(r, f); wu(r.0)};
Khi d6 , u(r,) 1& mét chudn khong Acsimet trén A (K) va
iV) A (K)ddy dii véi chudn  u(r,);
V) Vanh da thirc K[z] tru mdt trong A, (K) theo u(r,.).
Pinh li 1.3.6 (Pinh |i Weierstrass). Voi f e A(K)\ {0}, r>0 , ton
tai mot da thue .
g@ =bo+biz+...+b,z" € K[z] vdi v = o(r,f)
Va mét chuéi luy thira -

h[zZ] =1+ Yc,z" ,cn € K.
n=1

thoa man :
i) f(z) =h(2)9(2),
H) u(r,g) = P,

iii)h <A (K),

rv,

10
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iV) w(r,h=1) <1 va pu(r,f—g) < u(r, ).
Pinh nghia 1.3.7. V41 U < K latdp m¢o, ham f: U — K duoc goi la
kha vi tai z; € U néu ton tai :

|imf(zo+h) _f(zo) — fl(zo)

h—0
Ham f duoc goi 1a kha vi trén U néu f kha vitaimoiz e U .

Ta c6 mdi lién hé gitta ham f va dao ham ' nhu sau:

Ménh dé 1.3.8. Gid sir chudi f (2)=3 a,2" c6 ban kinh hgi tup = 0 va

n=0
ze K. Néuf (2) héi tuthi f'(2) ton tai va :

f'(z) = D naz"".

n>1

Hon nira fva £ cd cung ban kinh agi tu p va thod man :
u(r,f) < %,u(r, f) WOo<r<p.
Mé¢nh dé 1.3.9. Véiday {z,}c K. : |z,| — oothitich vd han
f@) =[]~

la mét ham nguyén.
Ngueoe lai , gia sie T 1a mét ham nguyén khac da thire thi f cO thé biéu

dién dang
f(z) =az" f[(l—zi)
n=1 n

voim>0,aeK ,z,20,z| > «vaf(z,)=0.

Hé qua 1.3.10. Néu f 1a ham nguyén khac da thire thi f cd vo sé khong
diém

Néu f1a ham nguyén khdng c6 khong diém thi f 1a ham hdang;

Tén tai wée chung Ién nhat ciia mot ho hitu han cac ham nguyén.

11
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Hé qua 1.3.11. Gia sirf, g e A(KK)\{0} . Néu fg la ham hang thi fva g
|& nhitng ham hang.
Gid sirf, g e A(d(a, 1))\ {0}. Néu fg bi chan thi fva g |a nhitng ham bj chin.
DPinh nghia 1.3.12. Gia st D la tap v0 han trong K, R(D) la tap cac ham
hitu ti h khéng cé cuc diém trong D . Khi d6 , v6i moi h eR(D) dit :
[l = supln(z)

Ki hiéu , H (D)la day du hoa cua R(D) theo t6 pd sinh boi chuan hoi tu
déu trén D.

MB&i phan tir cua H (D)duogc goi 1a mot ham giai tich trén D

Khi d6 , H (D)la mot K - khong gian véc to va mdi ham giai tich trén D
la gidi han déu ciia mot ddy cac ham hiru ti € R(D).

Ménh dé 1.3.13. Véir e Ry, taco H (K [0;r]) = A (K).

Chirng minh
Vi vanh cac da thire K [z] tru mat trong A (K) néntasuyra:

A (K) < H(K[O;r]) (*)
Nguoc lai, véi v a e K\K[0;r] , k e Z, taco:

1w 1
) =« Z())

nOa

330, € AK), véibn e Z..
a no a
Vi |a|>r nénsuy ra:

bﬂ

r_( )—>0.

E
Do do: (Tla)k e A(K) hayR (K[0:r]) < A (K). (**)

Mat Khac , vi p(r, f) lién tuc tai r nén ta suy ra:

12
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sup|f(z)| = w(r, ) ,voi 0 <r<p.

J2lsr

Do @6 ta co:

I llkporg= we(r, f) , T e A(K).

Vi A (K)ddy da véi chudn u(r,) nén A (K)ciing day du véi chuan
| k- DO @6 tir (**) tasuy ra A (K) > H (K [0;r]) . Két hop véi (*) ta
duoc diéu phai chimg minh. 0

Pinh nghia 1.3.14. Gia st D < K khong c6 diém c0 1ap .

Hamf: D — K dugc goi la giai tich dja phuong néu véi mdi a D,
3reR:, {a,}]c K saocho:f(z) = ian(z—a)n , Vz e DnK[a;r]
n=0

Ménh dé 1.3.15. Néu ham f gidi tich dia phirong trén tdp mé D thi nd
c6 dao ham moi cdp trén D . Piém 2o e D 1& nghiém béi q ciia f néu va chi
néu: T (z)=0, vn < qva f@()=0.

Pinh nghia 1.3.16. Vi tap D = K khong co diém cd lap .

Ham f : D » Ku{wo}duoc goi 12 ham phan hinh trén D néu ton tai mot
tap dém dugc S = D, S khéng ¢6 diém gidi han trong D sao cho f 1a ham
chinh hinh trén D\ S

Ki hiéu M (D) la tap cac ham phan hinh trén D

Pinh nghia 1.3.17. V&i tap D < K khdng c6 diém co lap .

Ham f: D - Ku{wo} duge goi 13 ham phén hinh dia phuong trén D néu

vé6ivaeD,reR:, ge Z.vaan eKsao cho:

f(z) = ian(z—a)n , Vze DnKJ[a; r].

Vay mdi ham phan hinh 1a mot ham phan hinh dia phuong.
Dit M, (K) = M(K(0; p)) . Taco két qua sau :

13
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Mg¢nh @é 1.3.18. Gid si: f € M, (K) , khi d6 ton tai g , h e A, (K)

saocho f= 2 va:

h
r,f) = Mr,9) 0<r<p .
u(r, ) () p
Pac biét .
1 1
/u(r’T) - y(r,f) '

Mg¢nh dé 1.3.19. V6i 0 <r<p,ham u(r, .): M(p(K) >R, thod man :
i) u(r, f) = 0khivachikhif=0.
i) w(r, fo+ f) < max {u(r, f,), u(r, f,) }.

“I) p(r, f.8,) = p(r, ) ou(r, ).

14
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Chwong 2
LY THUYET NEVANLINNA TREN TRUONG
P-ADIC

Trong chuong nay , ta xét K I truong dong dai s6 , day du v6i chuan

khong Acsimet c6 dic s6 0.
2.1 Cac ham dac trung Nevanlinna .
Dinh nghia 2.1.1. Giasit f ¢ A (K),0<p<w va f(z)= Zw:anz“ :

(m=>0,am = 0),a e K. Tadinh nghia :
fl " {ZE K[O : r] :f(z)—a:O} la ham dém s6 khong diém
(ké ca boi ) cua f - a trong dia K[0;r] .

1 ) 1a ham dém sé khong didm phan biét cua f - a trong dia

) =

+ n(r,

\:
n(r. f-a
KI[O;r].
+Véi 0< p, < p, ham::
L)
N (=) = jfdt (py<r<p)
Po

duoc goi la ham gié tri cua f - a trén dia K [0;r] .

Ménh d22.1.2. V6if(z)= Ya,z" € A(K) ,u(r, f) |2 chi s6 (mg véi sb

hang 16n nhét u(r, f) ,taco:
n(r,%) = o(r, f).

Chirng minh
Theo dinh Ii 1.3.6 (dinh Ii Weierstrass) ton tai mot da thirc

15
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g@)=bo+bizz+...+bz" € K[z] voi v = o(r,f)

va mot chudi luy thira

h [z] =1+icnzn ,cn € K.
n=1

thoa man :
Nf@=h@4g@,
i) p(r.g) =1p,| r”,

iii)h < A (K) ,

iv) u(rh-1) <1 .

Pé chig minh n(r,%) =u(r, f), ta chung minh véi e K: g(a) =0
thi |o|<r vanéutontai peK :h(g)=0 thi B> .

Giastt e e K:g(a)=0 , khidé ton taii < vsao cho

byl = (e, 9) 2|b, o]
Suy ranéu |o|>r thi:

loi| = o, [ >[o,] r*,
Tac la:

b,Jr' > |o,| r*r" =|p,|r* (mau thuln véi i) .
Vay Ja|<r (1)

Mit khac , gia strton tai BeK :h(8)=0.Khi do, ton tai n > 0 sao cho

c,|8" =1. Do dé néu || <rthi o, = —

Z

-1
rl’l

Tu do suy ra:

16
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c,|r" zrinr” =1,

diéu ndy mau thuin voi u(r,h-1) <1 . Vay 0 - diém cua ham h khdng thudc
dia K[O;r]. (2)

Tu (1), (2) tasuy ra n(r,%) =o(r, f) . O

Ménh dé 2.1.3. Gid sirf € A (K)cOk O - diém (ké ca béi ) trong K[O;r],
k >1.Khidévéib e f(K[0;r]) thi f-b ciing cdk 0 - diém (ké ca béi) trong
KI[O;r].
Chirng minh
Gia sit f(z)= Ya,z" . Theo dinh li 1.3.6 ta co :

K =o(r, f) va |a|r" <[a|r* ,vn<k ; [a,|r" <[a|r ,vn>k .
Véi b e f(K[0;r]),taco:
la, —b| =] f (0) —b| < pu(r, f (z) —b) =|a,|r".
Do d6:  o(r, f —b)= K = o(r, f).Theo dinh Ii 1.3.6, thi f-bcok O - diém
trong dia K [0;r] . O
Tir ménh dé 2.1.3 , ta suy ra mot s tinh chat vé ham gia tri cia ham
phan hinh nhu sau:
H¢ qua 2.1.4. Gid suf e A, (K), (0<p<o) khOng bi chanvab e K,
ta co:

1

N (r,
( f-b

)= N(r,%)+0(1), (r = p).

Hé qua 2.1.5. Gid sit f 1a ham nguyén khac hang vab e K, ta co:

1

N (r,
( f-b

):N(r,%)+0(1), (r—p).

17
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Ta xay dung cac ham dac trung cho ham phéan hinh
Cédinhr,0<r< p<ow vafe M, (K). Khido, ton tai fo, fie A (K),

vai fy , f; khdng c6 nhén tir chung trong vanh A (K) sao cho f = %

Pinh nghia 2.1.6. Véia € K U{w} , ta dinh nghia :

+ Ham dém sd 0 - diém (ké ca boi) cua f - a trong dia K [0;r] duoc X4c
dinh b1 .

1 .
I’l(r,f):n(r,—), I’léu a =0

1 ) = 0
f—-a 1 .
), néu a# oo

(r,
n(r F—df,

n(r,

+ Ham gia tri cua f - a trén dia K [0;r] duoc xac dinh boi :

N(r f)=N(r) . néi a=w
1 7,

f-a 1 P
), néu a+ o

N(r,
fi—df,

N(r,

Ménh dé 2.1.7. Véi f e M, (K),tac:

NG, T) - NG, 1) = logar, )~ logu(p,, ) V610 < p,<T < p.

(Cong thirc Jensen)
Chirng minh

Véi e Ap(K), takihiéu:

rn(t!fl )_n(o’fl
N(r, f =a) =£ —4 t i dt+n(0.—=)logr, v6i 0 <r< p.,
Khi d6 ta co:
N(r,f =a) - N(p,, f =a) = N(r, 1 ) >0.

f-a

18
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Theo ménh dé 2.1.2 , ta co:

nt,5)-n©, 1)
_ f f 1
N(r, f=0) = | n dt-+n(0, ) logr

0

= j”(t’ f);”(o' D dt+ 00, ) logr

0

= log u(r, f)—log f*(0)| .

Suyra:

N(r,%) N(r, f =0) - N(p,, f =0)

= logu(r, f)—logu(p,, f) .

Gid st f Z%e M (K) , véi T, fo e Ay (K) taki higu :
0

N(r,f,=0) , néua=owo

N(r,f =a) =
N(r,f, —af,), néua#owx

Khi dotaco:

N(r, f =0) - N(r, f =o0) = N(r, f, =0) - N(r, f, =0)

log z(r, f,) —log

f,7(0)-log (. f,) + log

fy (0)

g1 _ o 1130

wu(r, fo) fo*(O)‘
= logu(r, f)—log f"(0)
Tudosuyra:
N(r,%) - N(r, f) = logu(r, f)—logu(p,, f) ,voi0< p,<r<p. O

19
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Dinh nghia 2.1 8. Gia st f € M(, (K) , véi r <p tadinhnghia:
+ Ham xap xi ctia ham f trén dia K [0;r] duoc Xac dinh boi :
m(r,f)= log u(r,f) =max {0,logu(r, f)}.
+ Ham déc trung :
T(r,f)=m(r,f)+N(,f).
Chay :
1
u(r, )

Taco: log u(r, f) = log'u(r,f) - log’

:m(rj)-nun%).
Do d6 cong thirc Jensen c6 thé viét lai nhu sau:
1
T(R?) =T(r, f)—logu(p,, f).
Hay
1
T(r,?) =T(r, f)+0(Q) .

Tir dinh nghia cta cac ham dic trung , ta c6 mot sé tinh chat sau .

Ménh dé 2.1.9. Véi fie M, (K) ,i=1,....k var >0,taco:

N(r,zk:fi)szk:N(r, f), N(r,ﬁfi)gzk:N(r, f.);

m(r,Zk:fi)Srlggi(m(r, f), m(r,ﬁfi)szk:m(r, f.);

T(r,zk:fi)gzle(r, ), T(r,ﬁfi)s_zk:T(r, f.).
20
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Ménh dé 2.1.10. Gia si f 1a ham phan hinh trén dia d(0,r) sao cho
f(0)= 0,00 .Khido,fbichantrén dia d(0,r) khi va chi khi T(p, f) bi chan
trén [O;r) .

Ménh dé 2.1.11. Gid si f 1a ham phan hinh trén dia d(0, r), P 1a da
thire bac n trén K . Khi do:

T(p,P(f))=nT(p, f)+0OQ)

Hé qua 2.1.12. Gia su f la ham phan hinh trén dia d(0, r), P la da thic
trén K . Khi dé , f bi chan trén d(0, r) khi va chi khi P(f) bi chan trén d(0, r).

Hé qua 2.1.13. Gia su P, Q la da thirc trén K , f va g la cac ham phan
hinh trén d(0, r) thod man P(f) =Q(g) . Khi dé , f bi chan trén d(0, r) khi
va chi khi g bi chan trén d(0, r) .

2.2 Céac dinh i co ban vé phan phai gia tri ham phan hinh .

Pinh li 2.2.1 (Pinh |i co ban thir nhit).

Gid si f 12 ham phan hinh khac hang trén K(0, p) . Khi dé , véi moi
aeKtaco:

L )+ N(r, L
-a f-a

m(r, ; )=T(r,f)+0Q), (r—>p)

Chirng minh
Theo dinh nghia ham dac trung va ap dung cong thirc Jensen ta co:

LNt

m(r,
f-a f—a

1
)=T(r,ﬁ)

=T(r,f-a)+0(Q) .
Mait khac , vi :

T(r,f—-a)<T(r, f)+T(r,—a)

21
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=T(r, f)+m(r,—a)+ N(r,—a)
=T(r,f)+log'la ,  (ViN(r,-a)=0).
Hay:
T(r,f—-a) < T(r,f) + O0Q) khir—p
Tuong tu ta ciing €O :

T(r,f) < T(r,f—a) + OQ) khir—p

Do do :

T(r,f-a)=T(r, f) + o) khir—p
Vay:

m(r, ! )+ N(r, ! ) =T(r,f—a) + OQ)

f-a f-a
=T(r, f) + 0Q) khir—p . O

Pinh i 2.2.2 (Pinh |i co ban thir hai).
Gia si f 1a ham phan hinh khac hang trén K(0, p);vaay, ..., a4 la cac

diém phan biét thugc K . Pinh nghia:

5= min{l,‘ai —aj‘} , A= miax{1,|ai|}.

i#]

Khidovoi 0<r< ptaco:

(9-1) T(r, T) gzq:N(r, 1a )= N(r, f)+ N(r, f')—N(r,%)—Iogr+Sf

f_J
1

f—aj

_ Q@ _
<N(r, £)+ D N(r, y—logr+S, ,
-1

. g . A
voi  S; = logu(p,, f —a;)—logu(p,, f )+ (@-Dlog— .

j=1

22
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Chirng minh

Giasar :p,<r< p, f:f—l voi f,f, e A (K) vafy, fo khong co
0

nhan tad chung. batF,=f,, Fi=f,-aify,v6ii=1,2,...,q .
Khi do: fi=Fi+aif, vé6i moi i=1q.
Dodo:  [f<max{F| . [a] |}

< amax{F| , |F,]

1<i<q
Suy ra:

< Amax|F| . R} ,voik=01.

1<i<q
Ki hiéu W = W( fy, f1) la dinh thire Wronskia cua fyva f; . Khi d6 ta co:
= W(FO, Fl) =W.
Vi f 1a ham phan hinh khac hiang nén ton taiz eK [0; r J\K[0; po] sao

cho:
W), fu(2) Fi@ =0 , i=0,1,...,q.
Chon j={,2,..., q} sao cho:
F, (@)= min|F, (2)].
Ta co:
fo(z) = |FI(|Z) §J|(Z)| =|F(z) ,voii= j .

Khong mat tinh chét tong quat, ta gia sir:

O<max{5 f,(2)] . |F; (@) }s|F1(z)|g
<|FL@)|<[Fu@|< ... <[F,@)| <

Do dd,voik=0;1taco:

23
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A A . —
|fk(z)|sgmax{5|fo(z)| , ‘Fj(z)‘}£g|Ft(z)| VoL vt=1q ,i#],

Suyra: F(z)‘:rl(rl_%?f|fk(z)|£§|Ft(z)| , VoL vt=1lq ,i#] ,

véi T =(fo, f1 ) K > K® la mot biéu dién cua ham f .

Vi Wj=W néntaco:

Iog‘FO(Z) - Fq(z)‘ =log []F (2)-logD,(2)
[\N(Z)| t=1,q,t%] :
wip@- PR bogs:
j ‘Fon‘ Fj F,
Iogt}}:t (2)|=log ‘FO (Z)M/ '(Z')|Fq (Z)‘ +logD; (z).
Suyra:
(@-Dlog T(2) < (q-Dlog +log [TF(2

\Fo(z) ... F (z)\
g

W (@)

s(q—l)? + lo +logD;(z) .

Dit r = ||, theo ménh d¢ 1.3.8 ta co :

1
<—.
r

{\Fj'(z)\ \Fo(z)\}
D; () < max

IFi (@) [Fo(2)
Hay:

logD,(z) <-logr .
ap dung cong thirc Jensen , ta co :

logF, (2)] = log u(r, Fy) = log u(r, f,)

24
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1
N(I’,f—) +logu(p,, fo)

0

N(r, f)+log (o, fo)

logW (2)| = log ze(r,W) = log u(r, fy f's— £, ;)

N(r. ) +l0g oy W)

1 .
N(r o) +10g(py. 1)+ 2log ey, ).

logF, (2)] = log (1, F,) = log a(r, , ~a, ;)

1
f—a

= N(r, )+logu(p,, f —a)+logu(p,, fy)

N 1 1 .
VI N(r,——)=N(r,——) , Vi=1] .
(VNG =) =N ) q)

Mat khac , do:
log f (2)] = log u(r, T) =T(r, ) +log u(ps., f5)
nénsuyra:

(q=DT(r, f) < N(r, f)+qu;N(r’f+aj)_N(l’vi\/)_logwsf ,

.. “ . A
véi S, =Y logu(p,, f —a;)—logu(p,, f )+ (@-Dlog= .
j=1

Vi W=f+ff, —f f="f>f nén:

1, _ 1 1, .
n(r,V—V) =2 n(r,f—o) + n(r,T) n(r, f)

=2 n(r, f) + n(r,%) “n(r,f) ,suyra:

25
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N(r,Wi) =2 N(r, f) + N(r,%) - N(r, ) .

Suyra:

1
f—

1

f—aj

q l _ q _
n(r, f)+JZ;n(r, 2 )—n(r,W) <n(r, f)+;n(r, ) .

Do dotaco:

(q—l)T(r,f)SZq:N(r, 1a )—N(r,f)—N(l,%)+N(r,f')—logr+Sf .

f_J

J— q
<N(r, f)+ D ON(r, L )—logr+S, ,
= f-a
7. d ' A
v6i S, =) logu(p,, f —a;)—logu(p,, f )+(q—1)|093- U
i1

2.3 Téap xac dinh duy nhét cac ham phan hinh .

Gia st K 1a truong déng dai sb, dic s 0, diy du v6i chuan khong
Acsimet. Véi f 1a ham phan hinh khac hang trén K, aeK u{wo}, S <K uUiw}.
Ta dinh nghia:

DPinh nghia 2.3.1. Pai luong x."(z) la giatri bdi cia f - a tai, tic 12 :

a+(z-z)"h(z) , néu a # o

pi(Zg)=me f(20)=1h(z-120)
(z-120)"

néu a = oo
vo1 h(z,) #0.
£ (8)= U " (.2 | 2<K].
E©)=UleK | u@>0].
aeS
Ham f va g duoc goi la chung gia tri ké ca boi (khdng ké boi) néu:

E,(@=E,(a (Ei(@=Eq(@), t.u).

26
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Néu f va g c6 chung gia tri ké ca boi (khong ké boi) , ta viét f va ga - CM
(fvaga-IM, tuong ung).

Tap S Kujwo! dugc goi la tap xac dinh duy nhat cac ham phan hinh
(URSM) néu voi bat ki f, g 1a hai ham phan hinh khac hang trén K thoa man
E((S)=E,(S) kéotheo f =g .

Tap ScKu{wol duge goi 1a tap xac dinh duy nhat cadc ham nguyén
(URSE) néu véi bat ki f , g la hai ham nguyén khac hang trén K thoa man
E((S)=E,(S) kéotheo f =g .

Va0 nhiing nim 1920 , nhu 14 mot tng dung cua Ly thuyét Nevanlinna ,
chinh Nevanlinna da chimg minh rang mot ham phan hinh khac hang trén mit
phang phurc xac dinh duy nhat bai nghich anh ctia 5 gié tri phan biét ké ca boi,
nghia 12 v6i f, g 12 hai ham phan hinh khac hang trén C thoa man :

Ei(a,)=Es(a,), Vj=1,2,...,5.
thi f=g.

Khi xét trén truong p - adic , bai toan xac dinh tap duy nhat caa ham phan
hinh , ham nguyén di dugc nhiéu tac gia quan tam . Adams - Straus da chung
minh duogc két qua sau :

Pinh |i 2.3.2. Gid siz f, g 1a hai ham phan hinh khac hang trén K va a, ,
a,, s, a4 phan biét thuéc K U{w} sao cho:

Ei(a;)=Eq(a;) , Vj=1,2,...4.

Khido f =g .
Chirng minh

Gia st f khéng trung véi g theo dinh li co ban thir hai ta c0 :

27
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3T(r,f)+|ogr£ﬁ(r,f)+z4:N(r,f ! Y+0O(1) .

= — 4,

Vi T(r, f)=N(r, f)>N(r, f) nénsuyra:

2T(r,f)+|ogr§iﬁ(r, 1a )+0() .

f- j

Mit khac,do Ef(a,)=Es(a;) , ¥j=1,2,...4 nénsuyra:

4 _
> n(t, ! )Sn(t,i) , vt<r
= t—-g

f—aj
Hay:
3 — 1 1
N(r, <N(G—
2NC o) <N
Do d6taco:
2T(r,f)+|ogr£N(r,flg)+0(1)
<TA(r, )+0@)
f-g

=T(r, f)+0(1)
<T(r,f)+T(r,g)+0(Q) .
Tuong tu , ta cling €0 :
2T(r,g)+logr <T(r, f)+T(r,g)+0() .
Suy ra: 2log r <O() , diéu nay mau thun khi r — o .
Vay f =g. O
Tir phép chimg minh trén , ta suy ra rang néu hai ham nguyén trén K

chung nhau 3 gia tri phan biét khéng ké boi thi ching triing nhau . Tuy nhién,

Adams - Straus da chimg minh duge mot két qua manh hon nhu sau.

28
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Pinh |i 2.3.3. Gia sit f, g 1a hai ham nguyén khac hang trén K va a; , a;

1a hai diém phan biét trén K sao cho :

Ei(a,)=Eq(a,), Vj=1,2.

Khido f =g.
Chirng minh

Khéng mat tinh chat tong quat , chon {z,}cK:r, =|z,| > sao cho
1f(z,)=]9(z,)| va |f(zn)|>maxﬂal|,|a2|} vn>1.

bat :

_ f(i-g)
Vo ta)(f-a,)

Vi Ei(a)=Eq(@,), Vj=1,2nén moi 0 - diém ké ca boi cla
(f-ay)(f-ay) déulao-diémcua f(f-g),dodo y khdng co cuc diém . Vay

w la ham nguyén . Nhung do :

@) @) -9@)| |F'@) 1
|l//(zn)|: < <—
|f(zn)_a1||f(zn)_a2| |f(zn)| ry

nénsuyra y=0hay f=g. [

Ménh dé 2.3.4. Gia si f, g 1a hai ham phan hinh khac hang trén K va

ton tai ba diém phan biét a, , a, , az thuéc K U{w} sao cho :

Ei(@)=E,(@;), Vj=1,2 va Ei(a,)nEg(a,) =D

Chirng minh
Giasir a,a,c K dit Fo+—% =973 et
f_az g-a,
29
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F_f-a g-aq

G g-a f-a,

Vi E((a;)=E,(a;),j=1,2 nén g khong c6 cuc diém va ciing

khéng c6 0 - diém . Vay g la ham hang. Do d6 , ton tai ¢ eK. : g =c
f(z)_al =c g(z)_al (*)

hay : f@)-a, 9()-a,

Vi Ei(a,)nEq(a,) =< nén chon duge z, e Ef(a,) NEg(a,) .
Khi d6: f(z,)=a, va g(z,)=a,. Tu (*) va z=z,tasuyrac=1.

f-a, |1 A oA
L la ham nguyén trén

Néu a; hoic a, br?lng w0, gid st a; = « . Khi do

1
K va khdng c6 0 - diém.Tuong tu nhu tréntasuy ra f = g. O
Hé qua 2.3.5. Gid si T, g la hai ham nguyén khac hang trén K va ay ,
a, 12 hai diém phan biét thuée K thod man :

Ef(al):Eg(al)’ Ef(az)mgg(az)i &
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Chuong 3
PHUONG TRINH HAM P(f)=Q(g)

TRONG TRUONG P - ADIC
Ta xét K 12 truong dong dai s6 day dico dac s60.Choa e Kvar>0,
ki hiéu M( K ) (twong ung M( Kr)) la truong cac ham phéan hinh trong K
(twong ung trong K(a ; r)) va A( K) (twong ung A( K;)) la vanh cac ham giai
tich trong K (twong ung trong K(a ; r)) . Trong A( K, ) , ta ki hiéu Ay( K;) la
vanh con cac ham f € A(K;) bi chan trong K(a ; r) ; Au(K;) = A(K;) \ Ay( Kp)
Tuong tu, trong M( K,) ta ki hiéu My( K;) la truong con cac ham f ¢ M(K))

codang £ Vi g, v e A(Ke) s Mu(Kr) = MK )\ My(K,) .
7

Pinh i 3.1. Cho P, Q € K [x] vdi deg P = deg Q = 2. Gia sw a la mot
khéng diém ciia P' va b 1a mét khdng diém ciia Q .

Khi d6 , ba ménh dé sau |1a twong dwong

i) Ton tai f, g e A(K)\ K thod man P(f)=Q(g).

i) Ton tai f, g € Au(Kr)\ K thoda man P(f)=Q(g).

i) P(a)=Q(b).
Chirng minh

Vi deg P =deg Q =2 va ala mot khdng diém ciia P', b 12 mét khong
diém ctia Q' , nén ta cd thé viét

P(x)=a’(x-a)’ +P(a) ,

Q) =A% (x=b)*+Q() , a ., BeK\{0} .
(i) < (iii) : Tagiastt P(a)=Q(b)vachofe AKK)\K .Dit:

g =%(f —-a)+b
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suyra g e A(KK)\K va:
Q(9) = A%(g —b)* +Q(b)
= p% (f —a)’ + Qb
ﬁﬁz( a)” +Q(b)

= a?(f —a)> + P(f) =P(f).

Nguoc lai , gia str P(a) = Q(b) va gia sirton tai f,g e AK)\K thoa man:
P(f)=Q(g).Cho 1e K thoaman 22 =Q(b)-P(a)vadat:

§=2(1-2) w=§(g—b>.

suyra ¢, € A(K)\K vataco:

# vt = (1 -2 —/j—z(g—b)z
—_ 1 2 2 2 2
= Slat(f -2 - (g -b)’]

= %[P(f)— P(a) - (Q(g) - Q(b))]

= l—lz[Q(b)— P(a)] = 1.

suy ra (g—p)@+w) =1 nén (p—y) va (p+w) lahang sé . Vay ¢y 13 hiang sb

tic 14 f, g 12 hang s6 , mau thuin vai gia thiét f, g e AK) \K.

Vay P(a)=Q(b).
(ii) < (iii) Tuwong ty nhu trén , ta gia st P(a) =Q(b)valiy f e
Au(Kr) bat:

g:%(f—a)+b

suyra g € Au(Kr) va P(f)=0Q(g).
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Nguoc lai , giasit P(a) = Q(b)vagiast tontai f,ge Au(Kr) thoa
man
P(f)=Q(g).Cho 21e K thoaman 2> =Q(b)-P(a)vadat:

§=2(f-2) w=§(g—b>.

suy ra g € AUu(Kr) vata co : ¢°-y’=1 < (p-p)(p+w)=1. Vay
(p—w) va (¢+w) bi chin trong Kr , do d6 ca ¢ va v déu bi chan trong Kr
mau thuan véi gia thiét g, e Au(Kr) .

Vay P(a)=Q(b). N

Pinh nghia 3.2. Mot da thic P e K[x] duoc goi la thoa man Piéu kién
( F) néu véi bat ki hai khéng diém phan biéta , b cua P, tacd P(a) = P(b)
(tire 14 han ché cua P trén tap cac khong diém ctia P 1a don anh ) .

Bo6 dé 3.3. Cho P e K[x] véi deg P = 4 va gid sit n6 khéng thod man
Diéu kién (F) .

Khi d6, P’ c6 ba khong diém phan biét .

Chirng minh

Vi P khdng thoa man Diéu kién (F) nén P khéng thé c6 khong diém boi
ba duy nhat . Gia sir, P' chi ¢ hai khdng diém phan biét.
Bang phép doi bién, P' ¢ dang:

AX*(x=b) , A,beK.

Suy ra 0 va b 1a hai khong diém phan biét cua P'. *)

Khi d6 P c6 dang :

4 3

20X y4d , dek
4 3

Vi P khong thoa man Piéu kién (F) nén :
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P0) = P(b) < d=/1(%—%)+d

suy rab =0, mau thuan voi (*) .

Vay P'c6 ba khong diém phan biét . 0

B6 dé 3.4. ChoP e K[x] vdi deg P = 4 va hé s6 cao nhat1a 1 .

Khi d6 , hai ménh dé sau 1a tiong dwong

(i) P khéng thod man Piéu kién (F) .

(i) P cOdang [(x-a+1) (x-a- 1P +AvéiAecK,le K"

Chirng minh

(i) = (ii) : Gia s (i) duoc thoa man , tic 1a P khang thoa man Diéu kién
(F) . Theo b6 @& 3.3 thi P’ ¢6 ba khéng diém phan biét ¢, ¢, , Cs .

Trude hét , ta gia st P(c1) = P(C,) = P(cs) . Vay P - P(cy) ¢ ba khong
diém 14 c1, C,, C3 cdp > 2, mau thuan voi gia thiét deg P =4 . Do d6 , ta c6
thé gid stt:  P(cy) = P(c) # P(ca) .

Suyra :

P - P(Cl) = (X_Cl)51 Rl(x) ) (Rl(cl) #0, S >2)
= (X_Cl)sl(x_cz)s2 Rz(x) ' (Rz(cz)?&o » S, Z2)-

Vi degP =4, hésbcaonhitciaPlalnéns; =s, =2, Ry(X)=1.

Suyra:
P=(x-c)*(x-c,)*+P(c,)=[(x—a+)(x—a-D]*+A .
Hon nita , Vi P ¢6 ba khdng diém phan biét nén | = 0, ttc 1a (i) duoc

chung minh.
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(ii) = (i) : Dung phép d6i bién ta c6 thé dua P vé dang :
P=x"+bx’+c.

VileK nénb=0.Taco:
P =4x3+2bx=2x(2x*+b).

Néu b < 0, P cd hai khong diém phan biét Ia i\/\/_; , nhung

(g) P(- \/;) tire 1 P khong thod man Dicu kién (F) .

ivb

Néu b >0, twong tu nhu trén , P’ c6 hai khong diém phan biét 1a + = 7

ivb ivb
P(- tiee 1a P khong thoa man Diéu kién (F
7 )=P( il —) g (F).

Vay (i) dugc ching minh. O
Ménh dé 3.5. Cho f, g € M(K,) va P, Q e K[x] va gid sit f va g thod

nhung P(—=

man :
P(f)=Q(9)

Khi @ , f bi chan trong K khi va chi khi g bi chan trong K .

Chirng minh

Vi f bichin, néntheo ménh dé 2.1.10 T(p, f) bichan.Patp=degP .

Néu p = 0 thi P 1a hang s6 nén P(f) bi chin .

Néu p > 0 theo ménh d¢ 2.1.11 taco:

T(p,P(f))=pT(p, 1)+0Q).

Vi T(p, f) bichan, suyra T(p,P(f)) bi chan. Do d6 P(f) bi chan hay

Q(g) bichan, tac la g bi chan. 0
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Ménh dé3.6. ChoP,Q e K[x] véi PQ =0 vachop=deg P, q=deg
Q, thoda m3n 2<min(p,q) . Gid st ton tai cac khdng diém phan biétc,, C, , . .
Cx ciua P sa0 choP(c)#P(c;), Vi=]j va P(c)=Q(d) , Vi=1..k voi moi
khéng diém d ciia Q .

Gid s ton tai hai ham phan hinh f, g € My(K,) thod man P(f ) =Q(g).

Khi do , taco :

N(p, f)z%np, £)+0@) .

Ho’nnﬁa,gidsd’z—;)<q thi k<2 .Thémnﬁa,néup¢ gthik=1,cla

mét khdng diém don ciia P va hodc q<p , hodc (9,p) = q-p.
Chirng minh
Pitw=(p,q)va p=wp , q=wq . Khdng mat tinh tong quét , ta cO thé
gia st f'g' =0 .Mit khac , c¢d thé gia str a = 0 va khong ham phan hinh dwoc
xét nao dat 0 hoac « tai 0. Ki hiéu I (twong tmg J ) la khoang c6 dang [l ;+x)
(twong ung [l ; log r) ) va biéu dién hai ham ¢ , r xac dinh trong | ( tuong
tmgtrongJ): 0=7+0@) néu & — ¢ labichan trong | (twong ung trong J) .
Theo ménh dé 2.1.10 ta ¢ :
T(p,P(f))=pT(p, )+0Q) ,
T(p,Q(9))=0qT(p,9)+0OQ) .
Vi P(f ) =Q(g)nén: T(p,P(f))=T(p.Q(g)) . Do do:
pPT(p, £) =0T (p,9)+0Q)

= pT(p, f) =0T (p,9) +O() (1)
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Cho b 14 cuc diém cap k cua f . Vay b 1a cuc diém cap | ciia g thoa mén :

Vi (p,q)=1 nén g chia hét cho k , nghia 12 mdi cuc diém bodi cua f déu

1a cuc diém boi it nhat 12 q . Do d6:

N(p, f)2aN(p, f) (2)
Vi ci la mot khong diém cua P (véii=1,...,k)néntaco:
P—P(c,)=(x—¢,)"R.(x)
voi Si>2, R eK[x], degR, =p-s,, R(c;)=0.
Do do:

(f-c)*R(f)=P(f)-P(c)=Q(g)-P(c) , (i=1,...,k) (3)

k

S=>(s;-1),

i=1

Vi s >2, Vi=1.,k ,nén S>k .

Theo gia thiét , vi Q- P(c,)khdng triét tiéu tai moi khdng diém cua Q'
nén n6 khdng c6 khdng diém boi va do d6 c6 thé phan tich né duéi dang :

q

[[x-b,),(i=1,...,k)

j=1
véi b, 1a cac diém khac biét véi mdi i c6 dinh . Suy ra:

)= N(p—

N(p,
(o Q-P(c)) = X=Db

), (i=1,...,k) (4)

Mit khac , ch ¥ rang b, #b,, v6i (i, j)=(m,n). That vay , gia st
bi;= bn. V61 (i,J)=(mn) nao d6 . Vay i=m , do do P(c)=P(c,) , nén
(Q-P(c,))- (Q-P(c,)) 12 mot hang sé khac 0 . Nhung vi b ;= b,, nén:
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Qb ;) —P(c)) - Qb ;) - P(c,)) = Qb ;) - P(c;)) - Qb)) -P(c,)) =0,

suy ra b, ; 1a mot khdng diém cua (Q - P(c,)) - (Q-P(c,)) , mau thuan . Do dé,
tat ca cac diém b, laphanbiét (i=1,...,k ; j=1,...,0q).

4p dung dinh If co ban tht hai cua Nevanlinna cho g tai cac diém b, ; v6i moi
i=1,...,kvaj=1,...,9 taduoc:

1
g-b

1]

(a-DT(5.9) <3 N(p——)+N(p.9)~logr +O() (5)

Do do , theo (4) tacé :

(ka—1)T (p,9) < Zﬁ(p )+ N(p,g)—logr +0(1) (6)

1
'Q(9)-P(c))
Nhung tur (3) va (6) ta co :

— 1 — 1
N(p,——) = N(p,
P a@-rey NP ey R

)

1
"Ri(f)

sﬁ(p,ﬁwﬁ(p )+0() .

Vi degR, =p-s, taco:

Nmﬁ)ST(p,Ri(f»=(p—si)T(p, £)+0() .

ap dung dinh li co ban thir hai ciia Nevanlinna cho ham phan hinh f ta dugc :

1

N ’
(p ¢

)ST(p,f%C)ﬂ(p,moa) .

Tu do suy ra:

N( y<(p-s +DT(p, f)+0@ ,([i=1,...,k)

I
" Q(g)- P(c;)
<(p-1T(p, f)+0(1) (7)

Mait khac N(p, f)=N(p,g) . Do d6, tur (2) ta co:
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N(p, f)=N(p.0) s%N(p, f)S%T(p, ).

Tuw (5) va (7)taco:
1
R.(f)

N(p. )= (9 -3 (0.9) - YN (o, —— )+ N(p, 9]+ log p+0()

> (ka-1)T(p,9)-T(p, f)Z(p —s;+1)+logp+0(Q)
> (ka—-)T(p,9) =T(p, T)(kp—S)+log o +O(1)

> (kq—l)gT(p, £)=T(p, F)(kp—S)+logp+0() ,

do do:

N(p, )= Sqq‘ PT(p, ) +1ogp+0Q) . (8)

Vi k<S, nén bét ding thic N(p, f)> qu_ P1(p, f)+0@) duoc chimg

minh .

Tir (1) ta co thé viét :
kg—-1
(ka-1)T(p,q) =“T pT(p, £)+0(1) ,
do do , tir (2) , (5) , (6) va (7) ta thu duoc :

% pT(p, ) = (ka-DT (p,9) +OQ)

1 P
P,m) +N(p,g9)—logp+0(1)

< (p=s, +DT(p. 1)+ N(p, 1) ~log p+OQ)

<3 (p-s +DT(p, 1)+ ZN(p, 1) ~logp+0(1)
q

i=1
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suyra:

qu 1pT(p.f)<(Z(p 5, +1)+—)T(p £)—logp +O(1)

<(Z(|0 S, +1)+—)T(p,f)+0(1) 9)

i=1
Khi dé , vi f eM,(K,)nén theo ménh d& 2.1.9, T(p, f) 1a khong bi chin
trong Kr .
Chia ca hai vé cua (9) cho T(p, ) ta dugc :
K
(ka—1)p<qgkp—qD s, +ak+w . (10)
i=1

Suyra:

_ _ _ _
(kg—L)p<ckp—-q> s, +ok+1.

i=1
_ k _
Nhung Vi qp=qp ,nén > (s, -1)q< p+1.
i=1
Suy ra:

Sq<p+1. (11)

Do d6 , ta thay hoic q<p, hoic q=p+1 , suy ra (p,g)=q-p Va
S=1=Kk.

That vay, néuq>p,thi gq>p = Sp<Sq<Sp+1 = (S-1)p<1,vayS=1

va p<q<p+1,nghiala q=p+1.

Bay gio gia st p <3 thl p<= q .Dodotr (11)taco:

%SB<B+1 (12)

nén s<2 .
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Giasir S =2, theo (12) tacé p=1 hodc p=2 . Néu p=2, Vi Sq< p+1
va (g, p)=1 = q=1, mau thuin véi gia thiét p<3?q .Suyra p=1,dodop=q.
Vivay,néup = q thiS=1nénk=1,s; =2, ¢, la mot khdng diém don
cuaP . O

Hé qua 3.7. ChoP,Q € K[x] vdéi PQ =0 va thoa man deg P =deg Q.
Gid sir ton tai hai khong diém phan biét ¢, , C, ciia P’ thod man P(c,) = P(c,)
va P(c,)=Q(d) (i=1,2) véi moi khong diém d ciia Q .

Khi dé , néuhai hamf, g e AKK,) thoamanP (f)=Q(g) thi f,ge A (K,).

Chirng minh

Pit q=deg P =deg Q, gia sir két luan trén |a sai . Theo ménh dé 3.5 ca

f va g déu khéng bi chin . Theo ménh dé 3.6 ta cd :

N(p, f)Z%T(p, £)+0M) =T (p, f)+0O(Q) .

Vi f khdng bi chan nén T(p, f) khéng bi chan . Do d6 :

lim N(p, f)= lim T(p, ) +O(1) = +o .
p—>+0 p—>10

Nhung Vi f € A(K,) nén N(p, f)= 0, suy ra diéu trén la vo Iy. 0

H¢ qua 3.8.Cho P, Q ¢ K[x] vdi PQ =0 vadeg P =deg Q = 3. Gid su
ton tai hai khong diém phan biét ¢, , ¢, cia P thoa md3n P(c,)# P(c,) Va
Pc)= QM) (i =1, 2) vdi moi khdng diém d ciia Q'. Khi dé , néu hai ham
f,g eAK,) thoamdnP (f)=Q(g) thi f,geA(K,).

Chirng minh

Gia st P(c;) = P( ¢, ) .Vay P - P(c; ) c6 hai khong diém ¢, , ¢, la cap
>2, mau thudn véi gia thiét deg P = 3. Suy ra P(c,) = P(c,) .
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Gia str két ludn trén 14 sai , tic 12 hodc f hodc g khéng bi chin trong Kr .
Theo ménh dé 3.5, ca f va g déu khong bi chin trong Kr . Theo ménh dé 3.6,
taco:

Nip, )2 2373

T(p, f)+OQ) =T(p, f)+O().

Vi f khong bi chan nén T(p, f) khdng bi chan . Do d6 :

lim N(p, f)= limT(p, f)+O(1) =+ .
p—>+00 p—>+0

Nhung Vi f € A(K,) nén N(p, )= 0, suy ra diéu trén [a vo 1y . 0

Hé qua 3.9. ChoP,Q e K[x] véi PQ =0 vadeg P =deg Q =4 . Gid
st P thoa man Piéu kién (F) VA ton tai hai khdng diém phan biét ¢, , ¢, cia
P" thod man P(c,)=Q(d) (i=1,2) véi moi khong diém d ciia Q .

Khi d6 , néuhaihamf, g e AKK,) thoamanP (f)=Q(g) thi f,g e A (K,).

Chirng minh

Vi P thoa man Piéu kién (F) va Vi ¢;, ¢, 1a hai khéng diém phan biét
cua P nén P(c,) = P(c,) .

Lap luan tuong tu hé qua 3.7 ta cd diéu phai chtrng minh. O

H¢ qua 3.10. Cho P, Q € K[x] véi PQ =0 vadeg P < deg Q . Gia su
tén tai mét khdng diém ¢ ciia P'sao cho P(c )=Q(d) vdi moi khdng diém d
cia Q. Khidé, néuhaihamf, g eAK,) thoamanP (f)=Q (g) thi f,g
e A(K,).

Chirng minh

bat p =deg P, g =deg Q va gia st f hoac g khong bi chan . Theo ménh
dé 3.5 ca fva g déu khong bi chin . Theo ménh dé 3.6 ta co:
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N(p, f)> q; PT(p, f)+0Q) .

Dop<qsuyrag-p>0 nén:

g-p

lim N(p, f) > lim T (p, f)+O(1) = +o .
pP—>+0 pP—>+0

Nhung vi f e A(K,) nén N(p, )= 0, suy ra diéu trén la vo ly . O

H¢ qua 3.11. Cho P, Q € K[x] véi PQ =0 vap =deg P, g =deg Q
thod Man p=q va 2p < 3q. Gid sit ton tai hai khdng diém ¢, Va ¢, ciia P'sao
cho P(c,) = P(c,) va P(c,) = Q(d) (i = 1, 2) vdi moi khong diém d ciia Q .

Khi dé, néu hai ham f, g e M (K, ) thoa man P(f)=Q(g) thi f,geM,(K,).

Chirng minh

Dat k 1a sb khéng diém ci cua P'sao cho P(c)=P(c;) Vi=j Vva
Pc,)=Q() (i=1,2) véi moi khdng diém d cia Q . Vay k >2 . Theo ménh
dé 3.5, néu mdt trong hai ham f va g e M, (K,) thi ca hai ham déu e M (K,).
Vivay , néufvag e M, (K,) thi theo ménh dé 3.6 va gia thiét 2p < 3q , ta c6
k =1, mau thuan .

Vayf,g eM,(K,). 0

Hé qui 3.12. Cho P, Q e K[x] véi PQ =0 vadeg P =3, deg Q >3
Gid st ton tai hai khdng diém ¢, VA ¢, ciia P'sao cho P(c,)=Q(d) (i=1, 2)
véi moi khdng diém d ciia Q.

Khi d6, néu hai hamf, g e M (K, ) thoa man P(f)=Q(g)thi f,geM,(K,).

Chirng minh

Gia st P(c1) = P( ¢, ).Vay P - P(c, ) c6 hai khdng diém ¢, , ¢, 1a cap >2,
mau thuan véi gia thiét deg P = 3. Suy ra P(c,) = P(c,) .
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biat g = deg Q va gia sur f hodc g khéng bi chin trong Kr.Theo hé qua 3.5
ca f va g déu khong bi chan trong Kr . Theo ménh dé 3.6 , ta c6 :

20-3

N(p, f)> T(p.f)+0(1)=(2—%)T(p,f)+0(1)-

Vi q>3,nén N(p, f)>T(p, f)+O() ,suy radiéutrénlavoly . O

Hé qua 3.13. ChoP,Q e K[x] véi PQ =0 vadegP =4,4 = degQ > 3.
Gid sit P thoa man Piéu kién (F) va ton tai hai khong diém phan biét ¢, , C,
ciia P’ thod ma8n P(c,)=Q(d) (i=1, 2) vdi moi khdng diém d ciia Q.

Khi d6, néu hai ham f, g e M (K, ) thoa man P(f)=Q (g ) thi f,ge M, (K,).

Chirng minh

Pit k 1a s6 khdng diém ci ctia P’ sao cho P(c,) = P(c;) , Vi=j .Vic =c,
va P thoa man Piéu kién (F) nén P(c,) = P(c,), dodd k=2 .

Gia st f hodc g khong bi chin .Theo ménh dé 3.5, ca f va g déu khdng bi
chin. Patq=deg Q,vadegP =4 ,deg Q >3 nén 2p < 3q, theo ménh dé 3.6
tacok <2.Vayk=2.

Vi q # 4 nén theo ménh dé 3.6 suy ra k = 1, mau thuan, tac 1a diéu gia
st trén 12 vo 1y, 0

Hé qua 3.14. Cho P, Q € K[x] vdi PQ =0 vap =deg P, q=deg Q
thod man q-p=(p,q) V& p < q . Gid sit ton tai hai khdng diém ¢, Va ¢, ciia
P'sa0 cho P(c,) = Q(d) (i =1, 2) véi moi khdng diém d ciia Q .

Khi d6, néu hai ham f, g e M(K,) thoa man P(f)=Q(g)thi f,geM,(K,).

Chirng minh

Gia st f hodc g khong bi chin. Theo ménh dé 3.5, ca f va g déu khdng bi
chin.Vi p<q nén2p<3q,theo ménh dé 3.6 tacod hoic q < p hoic
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(p,q)=q-p, cahai truong hop ndy déu mau thuin voi gia thiét , nén diéu
giasutrénlavoly . O

Hé qua 3.15. ChoP,Q e K[x] voi PQ =0 vadegP =deg Q > 4. Gid
stk ton tai ba khdng diém phan biét ¢, , ¢,, Cs ciia P thoa méan P(c) # P(c;) ,
Vizj VA P(c,)=Q() (i=1,2,3) vdi moi khdng diém d ciia Q'

Khi do, néu hai hamf, g e M (K, ) thoa man P(f)=Q (g) thi f,g e M, (K,).

Chirng minh

Pit q=deg P =deg Q , gia st két luan trén la sai , tirc 1a hodc f hoic g
khdng bi chin trong K. Theo ménh dé 3.5, ca f va g déu khdng bi chan trong
K, . Theo ménh dé 3.6, taco :

N(p, f)> 3qq‘qT(p, £)+0@) = 2T (p, ) +0(),

Do do :

lim N(p, £)=T(p, )= lim T(p, f)+0() =+ .

VO Iy Vi T(p, f)=N(p, f) nén diéu gia strtrén lavo ly . 0

Hé qua 3.16. ChoP,Q e K[x] voi PQ =0 vadeg P =deg Q =4 . Gia
sit P thoa man Piéu kién (F) va ton tai ba khdng diém phan biét ¢, , C,, C; ciia
P thoa mdn P(c,)=Q(d) (i=1,2,3) véi moi khong diém d ciia Q .

Khi d6, néu haihamf, g e M(K,) thoa man P(f)=Q (g) thi f,g e M, (K,).

Chirng minh

Vi P thoa man Diéu kién (F) vac,, ¢, , C; la ba khong diém phan biét

cua P nén P(c)=P(c;) , Vi=j .

Lap luan tuwong tu hé qua 3.15 ta dugc diéu phai chimg minh. N
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Ménh dé 3.17. ChoP,Q < K[x] vdi PQ =0 va chop=degP,q =deg Q
véi 2 = (p , q) . Gid sit ton tai Cac khdng diém phan biét ¢, , C,, . .., ck ciia
P thoa man P(c)#P(c;), Vi#j va P(c)=Q() (i=1,2,...,K) véimoi
khéng diém d ciia Q .

Gid sit ton tai hai ham khac hang f,9 e M(K ) thoaman P(f)=Q (g).
Khi dé ,tacd q<p va N(p, f)z@ﬁ(p, f)+logp+0(1) . Hon nita
néu §<q thik =1 vac, 1a mét khong diém don ciia P

Chirng minh

Tuong tu ménh dé 3.6 tacod : N(p, f)z@T(p, f)+logp+0O(Q) .
Honnira, Vi logp —+0 khi p—>+0 NéN:

k
(kqa-1)p<gkp—q>_s, +ak +w

i=1
dodd Sq<p+1,tucla: Sq<p (*)
Vi S>1 nén p=xq
Gia s §< q, tir (*) suy ra bat dang thic S >2 1a khong thé xay ra , do

d6: S =k = 1 va ¢, 1a mot khéng diém don cua P O
Heé qua 3.18. Cho P, Q e K[x] vdi PQ #0 va thoda man deg P < deg Q
Gid sir ton tai mét khéng diém ¢ ciia P thod man P(c) = Q(d) véi moi khdng
diémd ciia Q .
Khi do, néu hai hamf, g e A(K) thoamanP (f)=Q(g) thi f va g lahang sé .

Chirng minh
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Pit p=degP,q=degQ vi P =0 vaVvi ton tai mot khéng diém c

cia P' nén p>2 . Giasir f v g khac hang sé .

Theo ménh dé 3.17tacé :

N(p,f)z%T(p,f)+logp+O(1) .

Vig>p ,taco:

lim N(p, f)> lim[logp+0@)] =+ ,
p—>+o p—+0

mau thudn véif e AKK) nén f va g 1a hangsb . N
Hé qua 3.19. Cho P, Q e K[x] vdi PQ =0 va thod man deg P < 2deg Q.
Gid sir ton tai hai khéng diém phan biét ¢, , ¢, ciia P thoda man P(c,) = P(c,)
va P(c,)=Q(d) (i =1, 2) véi moi khong diém d ciia Q .
Khi d6 , néu hai hamf, g e M (K) thoamanP (f)=Q(g) thi fvaglahdang so .
Chirng minh
Pitp=degP,q=deg Q.Vi P =0 vavi ton tai hai khong diém phan
biét ¢, ,c, cia P, nén p>3. Theo gia thiét :

degP _ 3
degQ > >—
9Q > 25

suyra g>2 .Giasaf va g khac hing s6 .Theo ménh dé 3.17 tacé k=1,
mau thuin .Vay f va g 1a hang so. N

Hé qui 3.20. Cho P, Q < K[x] v6i PQ =0 vadeg P =3,deg Q > 2
Gid s ton tai hai khdng diém ¢, va ¢, ciia P'sao cho P(c,)=Q() (i=1, 2)
voi moi khéng diém d ciia Q'

Khi do, néu hai hamf, g e M (K) thod man P(f)=Q(g) thi f va g 1a hingso .
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Chirng minh

Gia st P(cy) = P( ¢, ). Vay P - P(c; ) ¢6 hai khong diém ¢, , ¢, la cdp
>2 mau thuln véi gia thiét deg P = 3. Suy ra P(c,) = P(c,) -

Giastf vag khac hangsé. Patp=degP,q=degQ,tac63=p<4 < 2q
nén theo ménh d¢ 3.17 ta c6 k =1 , mau thuan .Vay f va g 12 hing s6 . [

Hé qua 3.21. ChoP,Q e K[x]voi PQ =0 vadegP =4, degQ > 3.
Gid sit P thoda man DPiéu kién (F) VA ton tai hai khéng diém phan biét ¢, , c,
ciia P’ thod ma8n P(c,)=Q(d) (i=1,2) véi moi khdng diém d ciia Q.

Khi dé , néu hai hamf,g e M(K,) thoa man P(f)=Q (g) thi fvagla hangso .

Chirng minh

Vi P thoa man Diéu kién (F) nén P(c,) = P(c,).

Gia str f va g khéc hang s6. Patp=degP,q=degQ,tac64=p<6 < 2q
nén theo ménh dé 3.17 ta c6 k =1, mau thuin .

Vay fva g 12 hang sb. O

Pinh nghia 3.22. Mot tap con S cua K dugc goi 1a tdp citng afin néu
khong ton tai mot phép bién d6i afin (trc 13 phép bién d6i cd dang
o(x) = ax+b) nao khac ngoai phép dong nhat thoa man ¢(S)=5 .

B6 dé 3.23. Cho S la mét tdp con gom bon phan tir ciia K .

Khi d6 , hai diéu kién sau 12 tuwong dwong :

i) Skhong la tdip cung afin ,

ii) HodcS c6dang {a,a+u,a+wu,a+w?u}, véi w’+w+1=0, hodc 1a S
cO dang {a—h,a+h,a—k,a+k},vdi hkeK".

Chirng minh
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(i) = (ii) Gia str S khong la tap ctimg afin . Khi d6 , ton tai phép bién doi
afin khac phép dong nhat p(x) =mx+n thod man ¢(S)=S.
Vi S gdm bén phan tir nén ta cé thé dit :
S={ab=a+uc=a+u,d=a+u,}.
Do ¢(S)=S nén ta chia lam hai truong hop :
Truong hop 1 : Ton tai X € S sa0 cho o(x)=x . Gia st @(a) =a, khdng

thé tdntaiy e S,y = athoa min ¢(y) =y. That vay , néu :

p(@a)=a ma+n=a m=1
= =
ob)=Db mb+n=>Db n=0

suy ra ¢ la phép dong nhat , mau thuan . Do d6 , khéng mat tinh tong quét , ta
c6 thé gia sit () =c , p(c)=d , p(d)=b. Taco:

p(d)=a ma+n=a

pb)=c m@a+u)+n=a+u,
p(c)=d < m(a+u,)+n=a+u,
p(d)=b m(a+u,)+n=a+u

n =(1—m)a:(1—lfj—l)a

Ui
m=—
= u

Uz =(a+u1)u—l+(1—a)u—l—(au—l+(1—a)u—lj
u u u u

m(a+uz)+n=a+u

u
n=(1-—)a
u
U1
m=—
u
= U12
Uz =—
u
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bat %:W .Suyra u,=wu, u,=w’u . Taco:
w(a+w’u)+(l—-a)w=a+u
Swu+w=a+u
Vi a=wa+w(l-a),suyraa=w.Dodé:
(W®-u=0 .
Do S gém bdn phan tir phan biét nén w=1, u=0.Suyra:
W +W+1=0
Truong hop 2 : Khoéng ton tai X e S thoa man o(x)=x . Gia su
p(@)=b, p(b)=c , p(c)=d , p(d)=a .
Tac la:
ma+n=>b (1

mb+n=c (2)

mc+n=d (3

md+n=a (4)

Lay (1) trir (2) , (1) trir (3) , (1) trir (4) ta duoc :

b-c
ma+n=>0b m=——-—

a_
m(a-b)=b-c (5 - b_c(a—c)=b—d
m(a—c)=b—d a-b

b-c
—d)=b-— —(a-d)=b-a
m@a-d)=b—-a (6) a_b( )

- (b—c)(a-c)=(b—d)(@a-b) (5 - b?>—-bc—ac+ad—-bd+c*=0 (7)
(b—c)(a-d)=(b—a)(a—b) (6) b?>—ad —ac+cd —bd+a® =0 (8)
Lay (7) trir (8) ta duoc :

ab—bc+ad—-cd +c?—-a’=0
=(@a-c)lbb+d-a-c)=0
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Vi a=zcsuyra b-c=a-d .Tu(6)taco:
(b—c)a-d)=(b—a)@a-b)= (a—d)?+(a-hb)>=0.

Suy ra a=b=d, mau thuin véi gia thiét S gdbm bon phan tir .

Vi vay ta xét: p(a)=b, p(b)=a , p(c)=d , p(d)=c . Tic la:

ma+n=>b (9)

mb+n=a (10)

mc+n=d (11
md+n=c (12

Lay (9) trir (10) ta dugc m=-1
Lay (9) cong (10) duoc n=a+b . Pt a=t+h, b=t-h, c=t+k . Tu
(A1) suyrad=—(t+k)+(@t+h)+({t-h)=t—k .
Viy S={t+ht—ht+=kt—k}. ViS gdmbdnphantirnén hkekK".
(ii) = (i) Néu S c6 dang {a,a+u,a+wu,a+w2u} , VO1 W2 +w+1=0, dat :
o(X) =wx+(L—-w)a .
Khi do , taco:
p(a)=a
pl@+u)y=w(@a+u)+@-wa=a+wu
p(a+wu) =w(@+wu)+(l-w)a=a+wu
p(a+w?u) =w(a+w?u) +(1-w)a=w@a-(w+2u) +(1-w)
=wa— (W +W)u+a—wa=a+u
Néu S c6 dang {a—h,a+h,a—k,a+k} ,voi hkeK",dit:
o(X)=—x+2a .
Khi do, taco:
p(a—h)=h-a+2a=h-a
p(a+h)=—-a—h+2a=a-h
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p(a—-k)=k—-a+2a=a+k
p(@+k)=—a—-k+2a=a-k .
Vay S khong la tap cung afin . O
Ta xét truong hop ring Q=AP (1eK).
Pinh Iy 3.24. Cho PeK[x], degP=n , khéng cd khong diém bgi va
thod man Piéu kién (F) . Cho P'(x) :bf[(x—cj)mi,vm' c,#c; Vi=j,vacho$S
-1
la tdp céc khong diém ciia P . |
Khi d6 , khong ton tai 4 e K va cac ham phan biét khac hang f,g e M(K)
thod Man P(f) = AP(g) néu VA chi néu S |4 tdp cing afin va :
hodgclal=2va min(m,m,)>2,
hodcla 1>3 va P khong thoa méan :
P(c,) _P(c,) _P(c,)
P(c,) P(c;) P(c)
Khi 1=1 khong t6n tai cac ham phan biét khac hang f,9 e M(K) thod
man P(f)=P(g) néu Va chi néu :

n=4, m=m,=m, =1, =W, voi W +w+1=0 .

(n—2)(n—3)>Z|:mj(mj -1 .

Xeét truong hop dac biét khin=4 .

Pinh ly 3.25. Cho PeK[x], degP =4 vdi bon khdng diém phan biét va
cho S 1a tdp cac khong diém ciia no .

Khi d6 , khong ton tai 4 e K va cac ham phan biét khac hang f,g € M(K)
thod man P(f) = AP(g) néu Va chi néu P thod man ba diéu kién

+ Sla tdp cing afin |

+ P’ c6 bakhéng diém ¢, , ¢y, C3 ,

P(c,) _P(c,) _P(c;)

+P khOGng thoa man ding  thire = =
P(c,) P(c) P(c)

Vol 2 +A+1=0 .

Chirng minh

Khong mat tinh tong quat ta c6 thé gia sir P ¢6 hé sé cao nhat bang 1 . Vi
n = 4 nén diéu kién | = 2 va min(m,,m,) >2 trong dinh ly 3.24 khong thé xay
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ra. Theo dinh Iy 3.14 ta chi can chimg minh , néu S 1 tap cimg afin va P' ¢6
ba khéng diém phan biét khong thoa médn P(c,)=AP(c,), P(c;)=AP(c,) ,
P(c,)= AP(c,) , V6i A2+A+1=0 thi khdng ton tai cac ham phan biét khac
hang f,geM(K) thoa man P(f)=AP(g).

Theo dinh Iy 3.24 , Piéu kién (F) chinh Ia hé qua cua gia thiét “S Ia tap
ctng afin” . That vay , theo b6 dé 3.23, S khong c6 dang {a—h,a+h,a—k,a+k},
voi hkeK™. Vi vay P khong c0 dang (x—a—h)(x—a+h)(x—a—k)(x—a+k),
tirc la P khéng c6 dang P = ((x—a)* —1?) + A.

Do d6 theo bo dé 3.4, P thoa man Piéu kién (F). O

Pinh 1y 3.26. Cho PeK[x], degP =4 véi bon khong diém phan biét va
cho S 1a tdp cac khong diém ciia no .

Khi d6 , khong ton tai 4 e K va cac ham phan biét khac hang f,g e M(K)

thod man P(f) = AP(g) néu Va chi néu P thod man ba diéu kién

+ P thod man Piéu kién (F) ,

+ P’ c6 bakhéng diém ¢, , C,, C3 ,

P(c) _Pe) _P(e) _,

= = = . VoI
P(c,) P(c;) P(c)

+ P khong thoa man dang thirc

A +1+1=0.
Chirng minh
Khong mét tinh tong quéat ta c6 thé gia sir P c6 hé sd cao nhat bang 1 .

Theo dinh ly 3.25 ta can chimg minh P thoa man Piéu kién (F) , P’ co ba

P(c) _P(c,) _P() _,

P(c,) P(c) P(c)

khong diém ¢, , ¢y, C5,P khong thoa mdn dang thic

voi 2> +1+1=0, thi S la tap cung afin .

Gia sir S khdng 1a tdp cing afin, theo bd dé 3.23, hoic S c6 dang
{a,a+u,a+Au,a+42uf voi 2 +A+1=0, hodc 1a S c6 dang {a—h,a+h,a—k,a+k}
vol hkeK™ .,

Néu S c6 dang {a—h,a+ha—ka+k} , voi hkeK” thi P c6 dang
P=((x-a)?-1%)+A, v6i a,AeK , leK" theo bd dé 3.4 , P khong thoa man
Piéu kién (F) , mau thuan .

Do d6, S c0 dang {a,a+u,a+}tu,a+/12u} , VOI 2*+A1+1=0, thi P c0 dang
P=(x-a)'-6(x-a),vdi OeK,suyra P =4(x-a)’ -6 .
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Liy peK sao cho u° :% valeKsao cho 22 +4+1=0 , cic khong diém

cia P s la:c =u+a, c,=Au+a , ¢, =Au+a . Khi d6 P thoa min dang
P(c,) _ P(c,) _ P(c,)
P(c,) P(;) P(c)
Vi vay S la tap cung afin . O
Nhéan xét 3.27. Cho P=((x-a)*>-1°)+ A, vdi a,AcK , leK".

thuc:

= A , mau thuan .

Khi dé,P  nhdn ba khdng diém phan biét ¢, , ¢, , ¢; sao cho P(c;) =
P(cs)
|4

Hon nita, P(C1) = - P(Cy) khi va chi khi A= —5

Chirng minh
Tacd:P(x)=4(x—a)[(x—a)*-1%] .
Suy ra a, a-l, a+l la cac khong diém phan biét cua P. CO
P@+l)= AP@)=1"+A .
4

Nhu vay , P(a):—P(a+I)<:>I+A:—A<:>A:—|?. O

Nhén xét 3.28. ChoP e K[x] & da thitc bic 4 , hé s6 cao nhdt bang 1 va
c6 bon khong diém phan biét .
Khi d6 , P’ chi c6 hai khdng diém phan biét khi va chi khi P ¢ dang
(x—a)'-68(x—a)’+B, vdi B,0cK.
Va c6 mot va chi mét khong diém khi va chi khi P ¢ dang (x-a)* +k.
Hon nita , néu P nhdn ding hai khong diém phan biét thi khi dé ton tai
f,geK[x], f =g ,thoa man P(f)=P(g) .
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KET LUAN

Luan van trinh bay co so 1y thuyét Nevanlinna va 4p dung Iy thuyét
nay dé nghién ctru tinh chat nghiém cua phuong trinh ham P(f) = Q( g ) trong

truong khéng Acsimet ¢6 dic s6 0 .
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