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LOI NOI PAU

Co thé noi, sb hoc, ly thuyét s6 12 mot trong nhirng kién thirc toan hoc
lau doi nhat. T trude toi nay, ngudi ta thudng coi Iy thuyét sé nhu mot linh
vuc dep, nhung thuin tay 1y thuyét, ciia toan hoc. Vi su phat trién cua khoa
hoc mdy tinh va cong nghé thong tin, 1y thuyét s6 da dong gép nhiing tng
dung thyc té bat ngd va quan trong, dic biét trong linh vyc mi hoa théng tin.

Nhiéu khia canh khac nhau ctia ma héa thong tin duoc cac nha toan hoc
va tin hoc quan tdm. Thuong thuong thong tin dugc ma hda qua day cac chir
s6 trong hé dém co sd 2, co s6 10, hoic co s6 p nao d6. Trong qua trinh
truyén tin hodc nhan tin, vi nhiéu Iy do, thong tin c6 thé bj sai léch. Thi du,
mot tin nhin dugc ma hoa trong co sd 2 khi truyén di bi sai mot 16i (16i don)
thi diéu nay c6 nghia la chir sb 1 tai vi tri nao d6 da bj doi thanh chit sd 0 hodc
nguoc lai. Mot trong nhitng vin dé can giai quyét 13 phat hién ra cac 15i sai va
stra chung.

Vi yéu cau thyc tién do, 1y thuyét ma stra sai da ra doi, phat trién va c6
nhirng tng dung thuc tién quan trong. Dé xiy dung 1y thuyét ma sira sai, cac
nha todn hoc va khoa hoc may tinh da st dung nhiéu thanh tyu cua toan hoc
hién dai (sé hoc, toan roi rac, dai sd tuyén tinh,...,) dac biét 1a sb hoc trén tap
s6 nguyén, trong d6 co 1y thuyét dong du.

Lu4n van ndy c¢6 muc dich tim hiéu va trinh bay nhirng kién thic co
ban nhat cia Iy thuyét ma sira sai trén co so 1y thuyét dong du va 1y thuyét
truong hiru han.

Luan vin gdm hai chuong.

Chuong 1 trinh bay cac kién thirc co ban nhét cta 1y thuyét dong du
va 1y thuyét truong hitu han, chu yéu dua theo tai liéu [2], c6 tham khao thém

cac tai licu [4] va [6].
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Chuong 2 trinh bay mot s6 van dé co ban cua mi sira sai: khoang cach
Hamming; phat hién va stra 1i; cdc thut toan giai mi; ma hoan hao; ma
tuyén tinh va ma tran kiém tra, xdy dung ma tuyén tinh,...

Noi dung ctia Chuong 2 trinh bay chil yéu dira theo tai liéu [6], c6 tham
khao thém céc tai liéu [1] va [7]. Ngoai ra, chiing tdi cling quan tim dén khia
canh thuc té cua van dé: ma vach, ma hang héa, ma sach ti€u chuin quéc
té,.... Chung toi ciing ¢ ging tim hiéu, tuy chua dugc ddy du, cac mi hang
hoa, ma vin hoa pham cua Viét Nam va kiém nghiém cac tiéu chuan giai mi
cho céc vi du cu thé cta cic ma nay.

Luan vin duoc hoan thanh dudi sy huéng dan khoa hoc cua PGS TS Ta
Duy Phuong. Xin duoc to 10ng cam on chan thanh nhat t&i Thay.

Tac gid xin cdm on chan thanh té1 Truong Pai hoc Khoa hoc Thai
Nguyén, noi tac gia da nhan dugc mot hoc vén sau dai hoc cdn ban.

Va cudi clng, xin cdm on gia dinh, ban bé, ddng nghiép di cam thong,

ung ho va giup do trong suot thoi gian tac gid hoc Cao hoc va viét luan van.

Ha Ngi, ngay 19 thang 9 nam 2009

Tac gia

Nguyé;n Trong Nam
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Chuong 1
LY THUYET DONG DU
§1. Quan hé dong duw

1.1. Pinh nghia dong du

Ki hiéu O 1a tap hop céc sb nguyén.

Dinh nghia

Cho m 1a mét s6 nguyén duong, a va b 13 hai s6 nguyén. Ta néi a va b
dong dwr véi nhau theo médun m néu trong phép chia a va b cho m ta duoc
cuing mot s6 du, nghia 1 c6 cac sd nguyén q,, 9,, F véi 0<r <m sao cho

a=mg,+r va b=maq,+r.

Khi a va b ddng du v6i nhau theo mddun m, ta viét a = b(mod m).

Néu a khéng dong du voi b theo modun m thi ta viét a $b(m0d m).

Dinh Iy

Cac ménh dé sau 1a twong duong.

l.avab déng du véi nhau theo modun m;

ii. @ — b chia hét cho m (ki higu la m|(a—b));

iii. TOn tai s nguyén t sao cho a = b+mt.

Chirng minh

i=ii. Tacéa =b(mod m) < a=mag, +r, b=mq, +r vdi
q, 0, rell,0<r<m.Suyra a—b=m(q,—q,). Do g,—q, el nén
m|(a—b).

ii=iii. Gid st m|(a—b). Khi 4y ton tai s6 tel sao cho a—b=mt,
ticla a=b+ mt.

iii= 1. Gia str c6 sd tel] sao choa=b + mt. Goir 1a sé du trong phép

chia a cho m, nghia laa=maq,+ r véi g, reld, 0<r<m.Khiay:
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b+mt=a=mg, +r hay b=m(q,—t)+r, trongdo g, —tell, 0<r<m.
Chung t6 s6 du trong phép chia b chom ciing 1a r, tac 1a a= b(mod m).
1.2. C4c tinh chét ciia quan hé dong dw

a. Quan hé dong du 13 mot quan hé twrong duong trén tap [

i. Véimoi aell :a =a(mod m);

ii. Voimoi a,bel] : a= b(mod m) khi va chi khi 5 = a(mod m);

iii. Voi moi a,b,cell: a=b(modm), b=c(modm) suy ra
a=c(mod m).

Chirng minh

i. Vi a—a chia hét cho m nén a=a(mod m).

ii. Tr a=b(modm) ta c6 ml(a—b). Do d6 m|(b—a)=b
a(mod m).

iii. Tacé @ = b(mod m) va b = ¢(mod m) nén m(a—b) va m|(b—c).

Khi d6 m|((a—b)+(b—c)) hay m|(a—c). Vay a = ¢(mod m).

b. Ta c6 thé cong hodc trir ting vé ctia nhiéu dong du thirc theo clng
mot modun. Cu the 13, néu a =b,(mod m) va a, =b,(mod m) thi ta co:

a £a,=h +b,(mod m).

Chirng minh

Tu a =b(mod m), a,=b,(mod m) suy ra ton tai t,t,el sao cho
a=b+mt, a,=b,+mt,. Do do a ta,=b b, +m(t*t,) voi t +t,ell.
Vay a ta,=b £h,(mod m).

¢. Ta ¢ thé nhan timg vé ctia nhiéu dong du thiic theo cing mot modun.
Cu thé 13, néu @ =b,(mod m), a, =b,(mod m)thi a,a, =bb,(mod m).

Chirng minh
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T a,=b(mod m), a =b,(mod m) suy ra ton tai t,t,el] sao cho
a=b+mt, a=b,+mt,.

Do do aa, =bb, +m(bt, +bt, + mtt,), bt +bt, +mtt, el .

Vay aa, —bb, chia hét cho m hay aa, =hb,(mod m).

d. Hé qua

1. a = b(mod m) khi va chi khi a+c¢ =b+c(mod m).

Thét vy, ta ¢ a = b(mod m) va c¢=c(mod m).

Vay atc =b+c(mod m).

2. a +c = b(mod m) khi va chi khi a=(b—c)(mod m).

That vy, ta c6 a = b(mod m), ¢ = ¢(mod m). Vay a=(b—c)(mod m).

3. a=b(mod m) khi va chikhi a +km = b(mod m) véimoik €Ll .

Thét vdy, a = b(mod m), km = 0(mod m). Vay a +km = b(mod m).

4. a=b(mod m) khi va chi khi ac = be(mod m).

Tacé a=b(mod m), c=c(mod m). Vay ac=bc(mod m).

5. a=b(mod m)= a"=b"(mod m) ¥Ynel , n>0.

Tacé a=b(mod m); a=b(mod m); ...; a=b(mod m)

Suyra a"=b"(mod m).

6. Gid st f(x) 1a mot da thirc v6i hé s0 nguyén va = S(mod m). Khi ay

f(er) = f(8) (mod m)

Dic biét, néu f(o) = 0(mod m) thi f(a + km) = 0(mod m) v6i moi k el .

Chirng minh

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn




www.VNMATH.com

6

That vy, gid st f(X) = a, +ax+...+a,Xx,. T gia thiét a = f(mod m)

suy ra aa' =a,4' (mod m), i=1,2,..,n. Dodo
a, a0t .. +tao =a +aB+..+ap (modm),

nghiala f(a) = f(5) (mod m).

bic biét, vi a =(a +km)(mod m) vk el nén f(a)=f(a + km)(mod m).

Nhung (o) =0(modm) nén ta cé f(e + km)=0(mod m) véimoi k L] .

e. Ta c6 thé chia hai vé ctia mot dong du thic cho mdt udc chung cua
ching nguyén t6 v6i médun m:

ac = be(mod m)va UCLN (¢,m)=1=>a = b(mod m).

Chirng minh

Ta c6 ac = bc(mod m)=> m|(ac - bc) hay m|c(a - b). Nhung (m,c)=1
néntacé m/(a—b)=a = b(mod m).

f. C6 thé chia hai vé va mdédun ciia mot déng du thirc cho mot udc
chung duong cua ching:

a=b(mod m), 0< & ell,5|UCLN (a,b,m) = 2 zgimod mj.
o O o

Chirng minh

Tu gia thiét d|(a, b, m), ta dit a = da, b = b, m=3m, véi a, b,
m, €], m, >0. Mit khic, a = b(mod m)=a =b + mt, tell . Ta cé:

da,=8b, +6m =a =b +mt=a =b(mod m) hay%zg(mod gj

g. Néu hai s6 dong du v&i nhau theo mét moédun thi chung ciing dong
du theo modun 13 udc cia modun Ay:
a =b(mod m), 5lm, >0 =a =b(mod m).

Chirng minh
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Tira = b(mod m)=>m|(a - b), ma éjm = d|(a - b)=a = b(mod 9).

h. Néu hai s6 ddng du v&i nhau theo nhiéu médun thi chung dong du
v&i nhau theo modun I boi chung nho nhat ciia cac moédun Ay:

a=b(modm,), i=1,.,k=a=b(mod m) véi m=BCNN(m,,m,...,m,).

i. Néu hai sd dong du véi nhau theo mot modun thi ching cé cung
UCLN v6i modun ay:

a = b(mod m) thi UCLN(a, m) = UCLN(b, m).

§2. Thing dw

2.1. Tap cac l6p thang duw

Cho m 13 s6 nguyén duong. Theo tinh chit ctia dong du thirc, quan hé
ddng du 14 quan hé twong duong trong tap trong tip sd nguyén 0 . Ta noi, cac
s6 nguyén ava b cung thudc 16p tuong duwong A néu ching dong du véi
nhau. Nhu vay, 0 c¢6 thé dugc phan thanh cac 16p theo quan hé tuong duong.
NOGi cach khac, ton tai tip thuong [ trén quan hé tuong duong. Ta co

Dinh nghia

Tap thuong cua tdp hop sb6 nguyén 0 trén quan hé dong du theo modun
m dugc goi 1a tdp hop cdc I6p thang duw moédun m, ki hi¢u la [J .

MJi phan tir A cta [ duoc goi 1a mot lop thang dw médun m.

Tir dinh nghia, hai 16p thing du médun m hodc bang nhau hoic khong

giao nhau va [ _ 1a hop cua tat ca cac 16p thing du modun m roi nhau.

Gia sir Aell, va ae A, Khidy A={xel :x=a(modm)}.

Phan tir a duoc goi 13 dai dién cia 16p thing du A va ciing dugc goi 1a
mot thang dw mdédun m,

Nhiéu khi ta ciing viét A=a={xell :x=a(modm)} dé thé hién a la
dai dién cho lop thaing du A=4a.
2.2. Cac tinh chit cia 16p thing duw
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Tinh chét 1

Tap 0 _c6m phan tir.

Chirng minh

Xét cac 1op thang du modun m: 6, i, ey m—1. Ta sé& chung minh
chting gdm: m 16p phan biét ctia [ _ va mdi 16p X ctia [J _ phdi tring véi mot

trong m 16p da néu, do d6 [1 ={6, 1., m—1}.
That vay, v6i i# j (0<i, j<m-1) thi O<|i—j|<m-1néni-j =0,
nghia 1a i# j(mod m) hay T#J(modm). Nhu vay 0,1,..,m-1 1a m Iép
thing du phan biét, ching tao nén mot tdp con X gébm m phan tir ctia [ .
Gia st Xell  va x=mq+i, i,qel), 0<i<m-1 thi x=i(mod m)
nén X =7 € {(_), 1 .., m——l}: X.Vayll =X= {6, 1, m——l} c6 m phan tir.
Tinh chét 2
Mdi 16p phan tir ciia [ 1a tap hop ctia k phan tir phan biét ctia [J

k>1.
Chirng minh

km ?

Gia st A=ael] . Ta s& chirng minh A 14 hop ctia k phan tir (k > 1)
do1 mot khong giao nhau cua [, Xac dinh nhu sau:

A, =a(mod km), A=a+m (mod km), .., A_,=a+(k—1)m(mod km).

Trude hét, véi i #j, (0<i,j <k-1)tacd 0 < |(a+im)—(a— jm) <km

néna+im#a+ jm(mod km). Suyra A = A;. Dodo A NA =/

k-1
Taco A=JA.

i=0
That vy, gid st xe A=a(modm). Tacoé x=a(modm) nén x=a+mt, tel.

Chiatchok, giasatt=kg+i(g,ieZ, 0<i<k-1). Taco:

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn




www.VNMATH.com

9

x=a+mi+mak =(a+mi)(mod km) nén xea+im=A eUA .

k-1 4 \ 4 .
Nguoc lai, gia sit x e JA . Khi 4y ton tai s0 nguyén i (0 <i<k-1)sao

20
cho xe A, tic 1a x=a+mi(mod km) nén x = (a + mi)(modm). Do do
k-1

x =a(modm), tic 1a x €A. Vay A= JA vataco diéu phai chimg minh.
i=0

2.3. Tap cac 16p thing du nguyén t6 véi modun

Nhan xét

Tat ca cac thing du cua cung mét 16p thing du cd cung udc chung 16n
nhat véi modun.

That vy, gia st Aell  vaa, beA. Khidy a = b(modm) nén theo tinh
chat i. ctia dong du thic ta c6 UCLN(a, m) = UCLN (b, m). Tir day ta co

Dinh nghia

Ubc chung I6n nhdt cia mot 16p véi médun m 13 uée chung 16n nhat
cua mdt thang du tuy y cta 16p d6 véi modun m.

Vé6i A= a(modm), ta dit UCLN (A, m) = d néu UCLN (a, m) = d.

Khi d =1 ta néi 16p thing du A 12 I6p nguyén t6 voi mdodun m.

Tap hop cac 16p [ nguyén t6 voi modun dugce ki hi¢u boi 7 . Ta co:

0" = {AED .

UCLN(Am)=1}={Aell,

UCLN (a,m)=1ae A}.
S6 cac phan tir ctia tap [ duoc ki hiéu 1a p(m).
Vi [l = {6, 1., m—l} nén(l” = {aeD .[0<a<m-1,UCLN(a,m)=1}.
Vay @(m) chinh 1a s6 cac sb tu nhién khong vuot qua m—1 va nguyén
t6 cuing nhau vai m.
2.4. Vanh cac 16p thang dw
Phép toan trong [
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Trong UJ , ta dinh nghia phép cong va phép nhan nhu sau:

Giastr a,b el ,tadat a+b=a+b va ab=ab.

D3 kiém tra dugc cac phép toan trén 13 hoan toan xac dinh.

Pinh Iy

Tdp hop [ cadc lop thang duw médun m cung voi phép cong va phép
nhadn xdc dinh theo qui tac trén la mét vanh giao hodn.

Phan tir kha nghich

L&p thing du A médun m 1a phan tir kha nghich ctia vanh [J _ khi va chi
khi A 14 16p nguyén t6 v&i modun m.

Chirng minh

Gia st A=a la kha nghich, khi iy ton tai Bell  sao cho
AB=E=1(modm), tirc la a.b=1(modm). Néu A la 16p khong nguyén t
v6i mddun m, tire 13 (@,m)=1 thi ton tai cac s6 g =1, a, m, nguyén sao cho
a=ga,va m=qgm,. Khi 4y ab=gab va (ab,m)=q=1. Vo ly. Vay (A, m) =
(a, m)=1.

Nguoc lai, gia st (A, m)=1va A= a,ticla(a, m)=1

Khéng giam tong quat, co thé coi 0<a<m-—1.

Tap {0,a,2a,...,(m—1)a} chira phin trr ab sao cho ab =1(modm).

That vy, néu véi moi 0<b<m tacé ab#1(modm) thi theo nguyén
ly Dirichlet phai c6 hai phan tir ab, va ab, (0<b, #b, <m) cing c6 s6 du khi
chia cho m, nghia la ab, —ab, =a(b,—b,)=km. Nhung 0<|b, —b,|<m nén
(a,m)=1, v0 Iy. Nghia 1a ton tai 0<b<m sao cho ab =1(modm).

PatB=b,tacé ab=a.b=1hay AB = E, nghia la A kha nghich.

Tinh chat cia ph?m tir kha nghich
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Gia sur A, B la nhitng 16p thang du cta vanh [] va A kha nghich. Khi
X chay qua tat ca cac 10p thing du cta vanh [ _thi AX + B ciing chay qua tat
ca cac phan tir cua [ _va AX ciing chay qua tat ca cac phan tir kha nghich cua
0, tuc la:
0L {AX+BIX el fvan, ={AX|X el }.
Ki hi¢u @(m) 1a s6 cac phan tir kha nghich cua vanh [ cac 16p thing

du moédun m, hay ¢(m)=card((1 ).

Ta biét rﬁng 0 = «{6,1 é, ...,m—l} , tr do ta co
0= {ﬁeD Josn<m-1(n, m):l}.

Nhu vay ta duge (m)=card(1 )= > 1, nghia 1& ¢(m) 1a ham s6
0<n<m-1
(n,m)=1

biéu thi cac s ty nhién khong 16n hon m—1 va nguyén t clng nhau vai m.
Ta ciing c6 thé viét [ o= {I,E,...,m} , khi 4y
1,={mel fi<n<m,(nm)=1}.

Nhu vay ta duge p(m)=card(Z )= > 1, nghia la @(m) la ham s
1<n<m
(n,m)=1

biéu thi cac s6 ty nhién khac khong, khong 16n hon m va nguyén tb vai m.
H¢ qua
@(1) =1 va néu p 13 s6 nguyén t6 thi ta c6 thi ta co p(m)=p-1.

§3. Hé thing dw day di - Hé thing dw thu gon

3.1. H¢ thing du diy du
Cho m 13 mot sb6 nguyén duong. Tap H gdm nhiing sé nguyén lay ra &
moi 16p thing du cta [ - mot va chi mot s6 duoc goi la mot Ahé thang du ddy

du modun m.
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Nhu vay: Tap hop H gdm nhing sé nguyén 1a mot hé thing du day du
modun m khi va chi khi:

- Cac phan tir ciia H d6i mot khong ddng du v6i nhau theo mddun m.

- Mbi s nguyén déu dong du theo mddun m véi mot sé nao do thude H.

Mdi mét sd nguyén cua H dugc goi la mot thang du.

thing du day du gia tri tuyét doi nho nhat.

Téng qudt

+)H ={0, 1, ....., m - 1} 1a mot hé thing du day di médun m va no 1a hé
thing du day du khong 4m nho nhat.

+) V6im 1a mot sd 18, ta co

e [_m-1._m-1 . m-1
2 2 2

13 mot hé thing du diy du modun m duogc goi 14 hé thing du day du gia tri
tuyét d61 nho nhat.
+) V6im 1a mot sd chin, ta co

H= —m;—anl;...;m hay H = —m+1;—m+2;---;m
2 2 2 2 2 2

14 hé thang du ddy du gid tri tuyét d6i nho nht.
Tinh chét 1
MJi hé thing du diy du médum m déu gdm m phan ti.
Chirng minh
Hién nhién vi tap [] _ ¢6 m phan tir.
Tinh chét 2
M&i hé gdm m sb nguyén d6i mot khéng déng du véi nhau theo moédun

m déu 12 mot hé thang du day dt moédun m.
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Chirng minh

Gid st H={a, a,,..,a,} 1a mot h¢ gdm m s6 nguyén d6i mot khong
ddng du v6i nhau theo moédun m. Khi 4y tap cac 16p thing du theo médun m
{él, a, ... ﬁm} gdm m phan tir d6i mot phan biét va 1a tdp con cua [ . Nhung
vi [ _ ¢6 m phan tir va tap con {51, &y ﬁn} cling c6 m phan tir do6i mdt phan
biétnéntacé {a, a,..., a,} =L ,.
Tel,={a,a,. a} tadugc H={a,a,,..,a,} la mot h¢ thing du day du
modun m.

Tinh chat 3

Gia sir a la mot s6 nguyén té véi m va b 1a mot so nguyén tuy y. Khi
ay xét X chay qua mot hé thing du ddy dt modun m thi ax+b ciing chay qua
mot hé thing du diy du moédun m.

Chirng minh

Gia sur X chay qua mot hé thang du modun m la {Xl, Xyyees Xm} . Ta chiing
minh {ax _+b,ax, +b,...,ax, +b} ciing la mot hé thing du day di moédun m.

Theo Tinh chit 2 & trén ta chi can chimg minh rang voi 1<i# j<m
thi ax +b#(ax; +b)(modm). That vay, néu ax,+b=ax; +b(modm) thi
ax, =ax,;(modm). Vi a nguyén t6 véi m nén x =x, (modm). Vo Iy vi x va
X, 1a 2 thing du khac nhau cua mot hé thing dw day di modun m.

Vay {ax +b,ax,+b,..,ax, +b} ciing la mot hé thing du day du
modun m.

3.2. H¢ thang du thu gon
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Cho m 1a mot s6 nguyén duong. Tap hop K gom nhirng s6 nguyén duoc
léy ra & mdi 16p nguyén t6 v&i médun m mot va chi mot sé duoc goi 1a mot Aé
thang duw thu gon moédun m.

Vay mot tap hop K gdm nhing s6 nguyén duoc goi 1a mot hé thing du
thu gon moédun m néu va chi néu:

- Céc phan tir thuoc K d6i mot khong dong du v6i nhau theo mddun m.

- Céc phan tir thudc K nguyén to voi modun m.

- Mdi 86 nguyén tiy ¥ nguyén té véi modun m déu dong du v6i mot sb
nao do thudc K.

Nhan xét

MBJi hé thing du day du déu chtra duy nhat mot hé thing du thu gon.

H¢ thang du thu gon khong am nho nhéat {rl, [ r(p(m)} la hé thang du

thu gon gdm cac phan tir O0<r <m,i=12,..., (p(m) nguyén td cling nhau véi m.
Ta c6 khai niém h¢ thang du thu gon modun m ¢6 tri tuyét ddi nho nhat.
Vi du
Khim=8tacé {1, 3,5, 7} 14 mot hé thing du thu gon khong 4m nho nhét.

He {-3,,-10,1 3| la mot h¢ thing du thu gon gid trj tuyét ddi nho nhat
Néu m=p la mot sé nguyén tb thi {1, 2, ..., p—l} la h¢ thang du thu

gon khong 4m nho nhat va néu p>2 thi {_DT—l’ ..—2,-1,0,12, .., DT—l}
14 hé thiang du thu gon gia tri tuyét ddi nho nhat.

Tinh chit ciia hé thiing du thu gon

Tinh chit 1

MJi hé thing du thu gon médun m gém ¢(m) phan tu.

Chirng minh

Hién nhién vi tap hop 1", ¢6 p(m) phan tir.
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Tinh chit 2

M&i hé gdm ¢(m) s6 nguyén to voi m va doi mot khong dong du véi
nhau theo moédun m déu 12p nén mot h¢ thang du thu gon modun m.

Chirng minh

Gia so K = {al, 8y, 8, } 13 mot hé gom (p(m) s6 nguyén nguyén to

(m)
v6i m va d6i mot khong dong du vai nhau theo moédun m.

Vi a, &,y B nguyén t0 vdi m nén ta co tap hop {a‘l, a,,...,a }Céc

p(m)

16p theo modun m 1a mot tap con cua [1°, gom (o(m) phan tir, nghia 13 c6 sb

phan tir bang s6 phan tir ciia [, do d6 ta co {51, 52,...,§w(m)} =27 .

Tw [ = {51, f_iz’---’f_i(p(m)} ta dugc K :{31’ a2""’aq;(m)} 1a mot hé thang

du thu gon moédum m.

Tinh chét 3

Gia si a la mot s6 nguyén t6 v4i m. Khi 4y néu x chay qua mot hé
thang du thu gon médun m thi ax cling chay qua mét hé thang du thu gon
modun m.

Chirng minh

} modun m. Khi
p(m)

Giad st X chay qua hé thang du thu gon {Xl,xz,...,x
ay {axl, ax,,..., axw(m)} cling 1a mot h¢ thang du thu gon médun m.

That vay, {axl,axz,..., axw(m)} 14 mot hé gdm ¢ (m) sd nguyén nguyén td
voim vi UCLN(a, m) =1 va UCLN(x, m)=1, (i=1, 2, ..., ¢(m)). Theo tinh
chit 2 & trén, ta chi cAn ching minh rang voi i# j,1<i,j< go(m) thi

ax, #ax; (mod m). Gia st nguoc lai, ax =ax, (mod m). Do UCLN(a,m)=1 ta

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn




www.VNMATH.com

16

c6 x, =X, (mod m), 1<i, j <¢(m). Pi¢u niy mau thuin véi gia thiét voi X, X,
la hai thang du khac nhau ctia mot hé thang du thu gon.
Vay {axl, Ay ey ax(p(m)} cling 1a mot h¢ thang du thu gon moédun m.

3.3. Cac dinh li quan trong
DPinh ly Euler
Gia sir m 1a mot sb tu nhién 16n hon 1 va a 1a mot sé nguyén t6 cling
nhau v&i m. Khi ay ta c¢6
a"™ =1(mod m).
Chirng minh

Ta cho X chay qua hé thing du thu gon modun m khéng Am nho nhat
{rl, [, ..., Q,(m)}- Khi 4y theo tinh chat 3, tap hop {arl,arz, arw(m)} ciing la

mot h¢ thang du thu gon moédun m.

Gia su s,S,,..., S ) 1a céc thing du khéng Am nho nhat twong Ung

o(

cing 16p véi ar,,ar,, .., ar, ., ticla 0<s <m,1<i<p(m) va

ar, =s,(mod m); ar, =s,(mod m); ...;ar, , =s_ (mod m). (3.1)

Khi ay {Sl, ST S(p(m)} cling 1a hé thang du thu gon moédun m khéng am
nho nht.

Vi {r My ey I‘(p(m)} va {Sl, S,y eeny Sw(m)} cung la h¢ thiang du thu gon

172

modun m khong 4m nho nhat nén ta co [r,..I,  =Ss,...
o(m) 1-2

o(m) *

Nhan vé véi vé ¢(m) dong du thirc (3.1) ta duge

_;
Il

S,S,...S

Ly = 888,00 (

mod m).

Vi (r,m)=1,(i=1,2, .. ¢m)),nén a"™ =1(mod m).
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Dinh ly Euler dugc chirng minh.

Dinh ly Fermat

Cho p 1a mot sé nguyén t6 va a 1a mot sé nguyén khong chia hét cho p.
Khi 4y ta c6: a”* =1(mod p).

Chirng minh

Theo gia thiét ta c6 p(p) = p—1 va (a, p) = 1.

Theo dinh 1y Euler ta c6: a”* =1(mod p).

Pinh ly (Dang khac cta dinh ly Fermat)

Cho p 1a mot s6 nguyén to va a 1a mot s tuy y. Khi 4y ta co

a’ =a(mod p).

Chirng minh

Néu a la mot sé nguyén chia hét cho p thi hién nhién a° = a(mod p).
Néu a khong chia hét cho p thi a**=1(mod p). Do a=a(mod p)nén nhan

hai dong du thirc ta duge a° = a(mod p). DPinh ly dugc chirng minh.

§4. Phwong trinh dong duw

4.1. Cac khai niém chung

Ki hi¢u [J[x]1a tap cac da thirc mot bién vé6i cac hé sb nguyén.

Giasu ¢ (X) va h(x) 1a nhiing da thirc mot bién X véi cac hé s6 nguyén
va m 1a mot s tu nhién 16n hon 1.

Céc phuong trinh chira bién (4n) X dang

g(x)=h(x)(modm)
hay
fx)=(g(x) — h(x))(modm) (4.1)

duoc goi 1a phuong trinh dong dw modt an.
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Nhan xét rang, & ddy, phuong trinh (4.1) chi 13 mot trudng hop riéng
clia phuong trinh dong du nhiéu an (X, X,,...X ) V&i f(X,X,,.... X )1a mot
da thirc nhidu bién véi hé sb nguyén.

Sau day ta s& nghién ctru phuong trinh dong du mot an.

Phuwong trinh dﬁng du twong duwong

Cho f(x)el][x]. Néu véi x=x, €[] ta co f(x,)=0(modm) thi ta n6i x,
nghi¢m ding phuong trinh f(x)=0(modm).

Giai mot phuong trinh dong du 1a tim tip hop cac gia tri nghiém ding
phuong trinh dong du do.

Gid st g(x), f(x) [1[x]. Hai phuong trinh dong du

g(x)=0(mod m,)

f(x)=0(mod m,)
twong dwong véi nhau néu nhu tap hop cac gia tri nghiém ding phuong trinh
nay bang tap hop céc gid tri nghiém dung phuong trinh kia.

Khi 4y ta viét: g(x)=0(mod m,) < f(x)=0(mod m,).

Dinh nghia

Phép bién d6i mot phuong trinh déng du thanh mot phuong trinh dong
du khéc twong duong voi nd duoc goi 13 phép bién doi tirong dwong.

Hién nhién hai phuong trinh dong du cing twong duwong v6i phuong
trinh dng du tht ba thi twong duwong véi nhau.

Ciac phép bién ddi twong dwong thwong gip

a) Cong hay trir hai vé ctia mot phuong trinh dong du ciing voi mot da
thirc c6 hé sb 13 nhitng s6 nguyén thi duge mot phuong trinh méi twong duong.

b) Néu ta thém hay b6t & mot vé cua mot phuong trinh dong du theo
moédun m moét bdi cua mdédun m thi ta dugc mot phuong trinh méi twong duong

¢) Xét phuong trinh déng du

f (x) =0(modm)
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voi
f(x)=ax"+ax"+..+a,ael,i=0,1,...,n.

Néu ta nhan cac hé s cua f(X) v6i mot s6 nguyén, nguyén t6 véi modun
m thi ta dugc mdt phuong trinh mad1 twong duong.

Néu ta chia cac hé so cua f(x) cho cling mét wéc chung nguyén té véi
modun m thi ta dugc mot phuong trinh madi tuong duong.

Néu ta nhan cac hé s6 cua f(x) va moédun m véi cing mot sé nguyén
duong thi ta dugc mot phuong trinh méi tuong duong.

Chia céc hé s cua f(x) va médun m véi cing mot ude chung duong cua
ching thi dugc mdt phuong trinh méi tuong duong véi1 phuong trinh da cho.

Bic ciia phwong trinh dong du

Xét phwong trinh dong du

f(x)=0(modm) 4.2)
voi f(x)=ax"+ax'+..+a,aell,i=0,1,...,n.

Néu a, #0(modm) thi ta ndi n Ia bdc ciia phuong trinh dong dur (4.2).

Vi du

Cho phuong trinh: 15x° —8x* + x* +6x+8=0(mod 3)

Ta thiy 15= O(mod 3) nén bac cua phuong trinh khong phai 1a bac 6.
Phuong trinh trén twong duwong voi phuong trinh —8x* + x* +2=0(mod 3).
Vi —80(mod 3) nén bac cta phuong trinh 1a n=4.

Chay

- Trong phuong trinh (4.2) ta c6 thé gia thiét a, khong chia hét cho m.

That vay, néu a,=0(modm) thi ta c6 thé bo sd hang a,x" & phuong

trinh (4.2), ta van duoc mot phuong trinh twong duong véi phuong trinh (4.2).
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- Trong phwong trinh (4.2) ta c6 thé dua cac hé s6 a,,a,,...,a vé cac sd
nguyén khong am nhé thua m.

That vay, vo1 a, chéng han, ta chia a, cho m ta dugc: a,=mq+a; ,
q,a, €, 0<a) <m. Khi 4y, phuong trinh (4.2) twong dwong v&i phuong
trinh a) x"+ax"" +...+4a =0(modm), 0<a) <m.

Nghiém ciia phwong trinh déng duw

Téap cac gia tri nghiém ding cia phuong trinh f(x)=0(mod m) thuong
dugc phan chia thanh nhitng 16p theo médun m va dugce goi la nhitng nghiém
cua phuong trinh do.

Pinh Iy

Néu X =¢ 1a nghiém ding phuong trinh (4.2) thi moi s6 nguyén thudc
16p thing du & (modm) déu nghiém dung phuong trinh (4.2).

Chirng minh

That vay, theo gia thiét ta c6 f(ar)=0(modm). Gia sit S & (modm),
nghia 13 B =« (modm). Theo tinh chat ctia ddng du thirc ta dugc

f(f)=f(a) (modm).Suyra £ cling la nghiém cta phuong trinh (4.2).

Dinh nghia

Khi s6 nguyén a nghiém dung phuong trinh (4.2) thi ta goi 16p thiang
du a (modm) la mot nghiém cta phuong trinh (4.2).

Khi & (modm) 1a mot nghiém cua phuong trinh (4.2) thi ta ciing viét
X =« (Mmodm) va goi X 1a mdt nghiém cua phuong trinh (4.2).

H¢ qua

S6 nghiém cua mot phuong trinh dong du theo médun m khong vuot
qua m. Do d6 dé giai phuong trinh dong du ta lan luot cho x ldy cac gia tri

trong mot hé thing du ddy du va tim cac gia tri nghiém dung phuong trinh do.

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn




www.VNMATH.com

21

Vidu

Giai phuong trinh - 2x* +4=0(mod 5).

Cho x nhan lan luot céc gié tri hé thing du day du [1, ={0,1,2,3,4}, ta thy:
X=2=2x’=-4(mod 5).

Vay X =2 la nghiém duy nhét ctia phuong trinh da cho.

H¢ phuong trinh dong duw

Cho hé phuong trinh

f,(x)=0(mod m,)

) :(x)=0(mod m,) (4.3)

f (x)=0(mod m)
Néu vé6i s6 nguyén x =X, ta co r dong du thie f (x) =0(modm,) ding
voimoii=1,2,...,r thitanoi x, nghi¢ém ding h¢ phuong trinh (4.3).
Giai mot hé phuong trinh dong du 13 tim tap hop cic gia tri nghiém
dung hé phuong trinh dong du do.
H¢ phwong trinh twong dwong
Hai hé phuong trinh déng du
f(x)=0(mod m),i=1,2,....r;
g,(x)=0(mod n), j=1,2,...,s
duoc goi 1a fwong dwrong néu tap hop cac gia tri nghiém ding hé phuong
trinh nay trung voi tap hop cac gia tri nghi€ém ding hé phuong trinh kia.
Do vay, néu trong mot hé ta thay thé mot sé phuong trinh nao d6 bang
nhitng phuong trinh twrong duong thi ta s€ duoc mot hé méi twong duong véi
hé di cho. Do d6, viéc bién d6i tuong duong cac hé phuong trinh thuong dua

vé viéc bién doi twong duong ting phuong trinh.

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn




www.VNMATH.com

22

Pinh Iy
Cho m 1a mét sb tu nhién c6 dang phan tich tiéu chuan m= p p...p*
va f(x) 12 mot da thire véi hé s6 nguyén. Khi ay ta c6 phuong trinh dong du
f(x) = 0(mod m) 4.4)

tuong duong voi hé
f(x)=0(mod pi"“)%,i=1,2,...,k. 4.5)

Chirng minh
That vay, gid st X, nghiém dung phuong trinh (4.4), nghia la
f(x,)=0(modm).

Khi d@6 vii =1, 2, ..., k cO p* la wéc cia m nén ta co
f(x,)=0(mod p;/*), néi khac di x, nghi¢m ding h¢ (4.5).

Nguoc lai, gia st X, nghi¢m ding hé phuong trinh (4.5), nghia la ta c6
dong du thue f(x)=0(mod p*),i=1,2, ...,k

Do m= p®p&...p* nén ta cling c6 dong du thie f(x)=0(mod p*),
tirc X ciing nghi¢m diung phuong trinh (4.4).

Nghiém ciia hé phwong trinh dong dw

Cho hé phuong trinh

[ f,(x)=0(modm,)

f,(x)=0(modm,) (4.6)

f (x)=0(modm.)
v&i m 1a boi chung nhé nhat caa m,m,,...,m .
DPinh ly
Néu X =« nghiém dung hé phuong trinh (4.6) thi moi sb nguyén thudc

16p @ (modm) déu nghiém dang hé phuong trinh do.
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Chirng minh
Theo gia thiét ta c6 r dong du thirc
f(x)=0(modm),i=1,2,...,r. 4.7)
Gia st fea (modm) nghiala f=a(modm), vi vay do m, 1a udc cia
mi=1,2,..,r néntacé f=a(mod m).
Theo tinh chét ctia dong du thirc ta duge r dong du thuc
f(f)=f(ex)(modm),i=1,2,...,r. (4.8)
Tur dong du thirc (4.7) va (4.8) taco f(B)=0(modm),i=1,2, .., r,
nghia la £ nghiém dtng hé phuong trinh (4.6).
Dinh nghia
Khi sé nguyén o nghiém dang hé phuong trinh (4.6) thi ta goi 16p
thang du a(modm) la nghiém cia hé phuong trinh (4.6).
4.2. Phwong trinh va hé phwong trinh dong dw bac nhat mét an
4.2.1. Phwong trinh dong dw bic nhit mét dn
ax+b=c(modm), a=0 (4.8)
Trwong hgp 1: a=1
Khi a =1 phuong trinh (4.8) tr¢ thanh
x+b=c(mod m) & x=c(mod m)-b < x=(c—b)(mod m)
& X=C—b+mt voi t 1a mot s6 nguyén bat ky.
Trwong hop 2: b=0
Khi b =0 phuong trinh (4.8) tré thanh
ax=c(mod m). 4.9)
Dinh ly
Phuong trinh (4.9) ¢6 nghiém khi va chi khi u6c chung 16n nhit d cta a
va m la udc cua c. Khi (4.9) c6 nghiém thi né c6 d nghiém.

Chirng minh
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Gid st phuong trinh (4.9) c6 nghiém, nghia la c6 X, €[l sao cho
ax,=c(mod m). Vi d = (a, m) nén d|a va d|m. Suy ra d|ax, va d|m.

Theo tinh chat cia dong du thtc, d phai 13 mot udc sb cua
UCLN(ax,,m)=UCLN(c,m) hay d la udc cua c.

Nguoc lai, gia str (a,m)=d la udc cia C.

bita=a=ad, c=cd, m=md . Phuong trinh (4.9) twvong duong vdi

ax=c, (modm,), (4.10)
trong do (al, m) =1. Do (al, m) =1 nén khi cho x chay qua mot hé thing du day
da moédun m, thi a,x ciing chay qua mot hé thing du day da modun m,.

Do d6 tim duoc duy nhat mot gia tri X, sao cho a, x,cung 16p voi c,,
nghia 1a a x, =c,(mod m).

Vay phuong trinh (4.10) c6 nghiém duy nhat 1a 16p X, (modm,). Vi
phuong trinh (4.10) twong dwong voi phuong trinh (4.9) cho nén 16p
X, (mod m,) cling 1a tap hop céc gia tri nghi¢m dung phuong trinh (4.9). Theo
tinh chat 2 §2 cua dong du thic, 16p X, 1a hop ctia d 16p thing du modun m,

d6 chinh la d nghiém cua phuong trinh (4.9):

X, (mod m), x,+m (mod m),..., x, +(d —1)m, (mod m) .
Cac phwong phap tim nghiém cta ax =c(mod m)
Theo Pinh 1y trén, ta chi can tim nghiém cta phwong trinh (4.9) voi
didukién (a, m)=1val<a<m.

Phwong phip 1: Xac dinh nghiém bing cach chia ca hai vé cho a

A hY A r 2 N A 9 \ \ C
e N¢u a la mot udc cua ¢ thi nghiém ctia phuong trinh la: x =—(mod m).
a
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e Néu a khong phai 13 mot wéc sb cua ¢ thi do (a, m) = 1 nén ton tai sb
nguyén k (1<k <a—1) dé ¢ + km chia hét cho a. That vay, gia sir voi moi k
(1<k <a—1), c+km chia hét cho a. Khi 4y theo nguyén 1i Dirichlet phai ton
tai hai s6 0<k #k,<a—1sao cho c+kmva c+k,m chia cho a cé cung sb
du, tic 1a (k —k,)m=(c+km)—(c+k,m) chia hét cho a. Nhung (a, m) = 1
nén (k —k,) chia hét cho a. Vo livi 0<|k —k,|<a.

Nhu vay, phai ton tai sé nguyén k (1<k <a—1) dé c+km chia hét cho
a. Khi ay phuong trinh (4.9) twong duong véi phuong trinh ax=c+km(modm)

+km

nén no c6 nghiém la X = (mod m).

Vi du
Giai phuong trinh 5x=2(mod 7)
Vi UCLN(5,2)=1 nén ton tai s6 k=4 sao cho 2+Xk.7 chia hét cho 5.

Khi 4y 5x =2 + 4.7(mod 7) ta duwoc nghiém 13 xE3—;s6(mod 7) hay

X=6+7K.

Chay

Cach xac dinh nghiém nay la don gian nhung chi dung dugc trong
truomg hop a 1a mot s6 nho hodc truong hop dé thdy ngay sé k.

Phuong phap 2: Xac dinh nghiém bang cich vin dung dinh li Euler

Vi (a, m) =1 cho nén theo Pinh ly Euler ta ¢c6 a”™ =1(mod m).
Tir ddy suy ra a""b=b(modm) hay a| ba"""* | =b(mod m).
Do (a, m) =1 nén x=ba”™"*(mod m) 14 nghiém cua phuong trinh.

Truwong hop 3 b=0
Khi b #0 thi phuong trinh (4.8) tré thanh

(4.8) < ax=c(mod m)-b < ax=(c—b)(mod m).
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Trd vé phuong trinh dang (4.9) xét trong Trudng hop 2.

Quan hé giira phwong trinh dong dw bic nhéit va phwong trinh
Diophantus bac nhat hai 4n ax + by = ¢

Coi b > 0. Néu phuong trinh Diophantus ax + by = ¢ c¢6 mot nghiém

nguyén (X,, Y, ), nghia 1a ta c6 dang thirc ax,+by, = c thi suy ra:

ax, =c(mod b) va y, = = o

Dao lai, néu c6 s6 nguyén x, sao cho c6 dong du thirc ax, =c (mod b)
thi ¢—ax, =0(mod b), nghia 1a c6 s6 nguyén y, dé ¢ —ax, =by,. Tir d6 suy ra
ax, + by, = c, tirc phuong trinh da cho c6 nghiém (X,,y,).

Vay diéu kién phuong trinh Diophantus ax + by=c cé nghiém nguyén
tuong duong v6i diéu kién phuong trinh dong du ax =c(mod b) co nghiém,
tire 13 udc chung 16n nhat cua a va b 13 mot ude coa . Giai phuong trinh
Diophantus ax+by=c dugc dua vé giai phuong trinh dong du ax =c(mod b).

Vi du

Tim nghi€ém nguyén ctia phuong trinh 1998x + 2003y =1945.

Ta xét phuong trinh dong du

1998x =1945(mod 2003)

< —5x=1945(mod 2003) <> —5x =11960( mod 2003)

Do (5, 2003) = 1 nén x=-389(mod 2003) < x =—389+2003t, tell .

Khi 4y ta duoc:
_1945-1998x _ 1945-1998(-389+2003t) 00 100
2003 2003

Vay nghiém tong quat ctia phuong trinh 13
{X =—-389 + 2003t

 (t=0, £1,...)
y =389 —1998t

4.2.2. Hé phwong trinh dong dw bic nhit mot an
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Xét hé phuong trinh ddng du bac nhat mot an ¢ dang
X =D (mod m,)

x=h,(mod m,) (4.11)

Xx=Db (mod m,)
véi m, m,, ..., m la nhitng sé6 nguyén 16n hon 1 va b, b,, ..., b 13 nhitng s6
nguyén tay y.

Pinh Iy

Néu hé phuong trinh (4.11) ¢ nghiém thi n6 c6 nghiém duy nhat.

Chirng minh

Gia sir o va £ nghiém diang hé phuong trinh (4.11), ta co:

a=b(modm)va f=b(modm) véimoii=1,2, ...,k

Suyra a=pg(modm) véimoii=1,2, ...,k

Do d6 a= f(mod m), trong d6 m = BCNN(m,m,,....,m, ), tic 1a cac
nghiém x = a(mod m) va x = g(mod m) ctia hé phuong trinh (4.11) la trung nhau.

Pinh Iy Trung Hoa vé thing du

Néu céc m, m,, ..., m_doi mot nguyén t6 cung nhau thi hé phuong
trinh (4.11) ¢6 nghiém.

Chirng minh

Theo gia thiét m, m,, .., m doéi mét nguyén tb cung nhau nén boi
chung nho nhét ciia chiing & m=mm,..m . Dit m=mM, vé&i i =1,2,...k.
Khi d6 ta c6 (m, M,)=1va M, =0(mod m) néu i= j.

Vi uéc chung nho nhat (mi, M. ) =1 nén t6n tai s6 nguyén M/ sao cho
MM/ =I(mod m),i=1,2,..., k.

bat x,=MM/b +M M b, +..+M M/ b,.

Vi M, =0(mod m) va M; M/ =1(mod m) v&imoi i= j nén
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X, =b(modm),i=1,2, ...k

Vay x, thoa man hé (4.11), hay (4.11) c6 nghiém la x = x,(mod m).

Chuay

*) Trong trudng hop tong quat, ching ta c¢6 thé chimg minh dugc rang:
Piéu kién can va da dé hé phuong trinh (4.11) c6 nghiém 13 wdc chung 16n
nhét (m, m,) chia hét b —b; voi i j (1<i, j<k).

*) Gia sit m= pp:...p~ 1a phan tich tiéu chuan ctia m. Khi ay phuong
trinh déng du f(x)=0(mod m) twong duwong v4i hé phuong trinh dong du
f(x)=0(mod p*),i=1,2, ...k

Tir d6 suy ra rang néu X = bl(mod p ) la mdt nghiém cia phuong trinh
f(x)=0(mod p*),i=1,2, ..., k. thi nghiém ctia hé phuong trinh déng du

x=b,(mod p;*)
x=b,(mod p;*)

x=Db (mod p*)
cho ta nghiém cta phuong trinh f (x) =0(mod m).
Vay trong truong hop tong quat gidi mot phuong trinh dong du dan dén
gidi h¢ (4.11). Vi cac modun m, m,, ..., m_doi mot nguyén t6 ciing nhau.
Thuc hanh giai hé¢ phwong trinh
Truwdong hop hé hai phwong trinh

x=b, (mod m,)
x=h,(mod m,)

Véi gia thiét d = (m,, m,) chia hét cho b —b,. Trudc tién ta nhan xét

rang, moi s6 X = b,+mt, tell la nghiém cua phuong trinh thu nhit. Sau d6
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ta tim cach xéac dinh t sao cho x nghi¢m ding phuong trinh thtr hai, nghia 1a
h¢é hai phuong trinh trén twong duong v61 hé phuong trinh
X=Db +mt
{bl +mt=b,(mod m,)
Vi gid thiét d =(m,, m,) la uéc b, —b, nén phuong trinh
b, + mt =b,(mod m,)

tuong duong v&i phuong trinh:

My b, —b, (modﬂj.
d d d

Nhung (%, %j =1 nén phuong trinh dong du nay cho ta nghiém

m 2 2 m
tEto(moszj, la tap hop tat ca cac so nguyén t =t +F2u’ uell.

Thay biéu thtrc ctia t vao biéu thire tinh X ta dugc tip hop céc gia tri cua

x nghiém dtng ca hai phuong trinh dong du dang xét 1a:

m mm
x:b1+m1(to+fu):bl+mlto+ ;I U,

hay X=X, + muvéi X, =b +mt, m=BCNN(m,m,).

Vay x=x,(modm) la nghiém ctia hé hai phuong trinh déng du
dang xét.

b. Truwong hop hé gdm n phwong trinh

Pau tién giai hé hai phuong trinh nao d6 ctia hé da cho, roi thay trong
hé hai phuong trinh da giai bang nghiém tim thay, ta s& duoc mot hé gom n —
1 phuong trinh twong duong véi v6i hé di cho. Tiép tuc nhu vay sau n — 1
bude ta s& dugc nghiém can tim.

Vi du
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x = 26(mod 36)
x =62(mod 60)
x =92(mod 150)
x =11(mod 231)

Giai hé phuong trinh

H¢ hai phuong trinh

x = 26(mod 36) {X:26+36t

{x:(sz(mod 60) 26+ 36t = 62(mod 60)’ tetl-

Phuong trinh:

26+ 36t =62(mod 60) <> 36t =36(mod 60) <>t =1(mod 5).

Vay nghiém cua hé 1a x =26+ 36.1(mod 180) hay x =62(mod 180).
Do d6 hé phuong trinh da cho twong duong véi hé

x =62(mod 180)
x =92(mod 150)
x =11(mod 231)

Ta tiép tuc giai hé phuong trinh

{x = 62(mod 180) {x =62 +180t

& Ctell.
x =92(mod 150) 62 +180t =92(mod 150)

Ta c6: 62+180t =92(mod 150) <>180t =30(mod 150).
< 6t=1(mod 5) <t=1(mod 5).

Vay nghiém cua hé 1a:

X =62 +180.(1+)(mod 900) <> x = 242(mod 900).

x =242(mod 900)

H¢ da cho tuong duong voi { x =11(mod 231)

Hé nay c6 nghiém X =242(mod 69300), va day ciing 1a nghiém cua hé

da cho can tim.
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Vidu
Tim cac sb nguyén chia hét cho 5 va khi lan luot chia cho 2; 3; 4 déu co
s du 1a 1.
Giai
Goi X 1a s6 can tim. Theo gia thiét ta c6 hé phuong trinh:
x =0(mod 5)
x =1(mod 2) x =0(mod 5)
x=1(mod 3) = {x —1(mod 12)
X =1(mod 4)

Suyra:1+ 12t = 0(mod 5) < 2t = -1 = 4(mod 5) = t = 2(modb).
Vayt=2+5k kez vadodé: x=1+12t=1+(2+5k)=25+60k.

4.3. Phwong trinh ddng duw bic cao theo médun nguyén t6
4.3.1. Nhdn xét

a) Gia st f(x)=a,x"+ax" " +..+a_ la mot da thic voi hé s6 nguyén
va m 1a s6 ty nhién c6 dang m= p*p...ps . Khi d6 phuong trinh dong du
f (x) =0(mod m) tuwong dwong véi h¢ f(x)=0(mod p*),i=1,2, ...,k Vi
vy giai phuong trinh f (x) =0(mod m) dugc dua vé giai phuong trinh dang
f(x)=0(mod p“), véi p 13 s6 nguyén td, va « 13 sé tu nhién khac khong.

Néu mot trong cac phuong trinh ctia hé f(x)=0(mod p*),i=1,2, ...,
k khong c6 nghiém thi phuong trinh f (X) =0(mod m) cling khong ¢6 nghiém.

Con néu phuong trinh f (x) =0(mod p*) ¢6 s. nghiém (i=1, 2, ..., k) thi
hé: f (x) =0(mod p;*), i =1, 2,..., va do d6 ca phuong trinh f (X)=0(modm) co
S=SSs,...5, nghiém.

b) Néu sb nguyén x, nghiém ding phuong trinh f(x)=0(mod p*), a
>1 (1) thi x, cling la nghiém ding cta phuong trinh f(x)=0(mod p”),
£=12,.,a-1
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Tir d6 suy ra rang khi giai phwong trinh (1) ta chi cin tim cac nghiém
cua nd trong cac 16p la nghiém cua phuong trinh f (x) =0(mod p*™).
Dbi véi phuong trinh méi nay ta lai 4p dung két qua do6 dé dua vé

a-2

phuong trinh voi moédun p*? va ct thé tiép tuc 1én ddi voi phuong trinh
f(x)=0(mod p).
c) Gia su x =x,(mod p) la mdt nghiém cua phuong trinh
f (x) =0(mod p) va dao ham f’(x,) khong chia hét cho p khi ay trong 16p

X, (mod p) gom p“* 16p theo mddun p* c6 ding mot 16p 1a nghiém clia
phuong trinh f (x) =0(mod p“).

Qua nhitng nhan xét & trén, ta thiy rang van dé co ban trong viéc giai
phuong trinh dong du con lai 1a giai phuong trinh déng du theo modun
nguyén t6 p: f(x)=ax"+ax"" +...+a =0(mod p) véi az0(mod p).

4.3.2. Phwong trinh béc cao theo médun nguyén t6
Dinh ly
Phuong trinh dong du theo médun nguyén to
f(x)=aXx"+ax"" +...+a =0(mod p) (4.13)
v6i n>1, a, #0(mod p), hodc nghi¢m diung véi moi s nguyén hoic tuong
duong véi1 mot phuong trinh ¢6 bac nhé hon p.

Chirng minh

Thyc hién phép chia f(x) cho x” —x ta dugc f(x) = (x” —x)g(x)+ r(x),
trong d6 g(x), r(x) la nhirng da thirc voi hé sé nguyén, r(x) hoic bang khong
hodc c6 bac nho hon p. Phuong trinh (4.13) tré thanh

(x? —x)g(x) + r(x)=0(mod p).
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Vé6i moi xell ta déu c6 X" —x=0(mod p) nén phuong trinh (4.13)
tuong duong véi phuong trinh r(x) =0(mod p), & do6 hoac r(x)=0 hoac c6 bac
nho hon p. D6 14 diéu can ching minh.

Chuay

Theo dinh 1y trén, trong phuong trinh (4.13) ta c6 thé gia thiét n< p.
Hon nita ta con c6 thé gia thiét a, =1. That vay, vi UCLN(a,, p)=1 nén ton
tai s6 nguyén a sao cho a,a =1(mod p) va UCLN(a, p) = 1. Do d6 khi nhan
hai vé ctia phuong trinh (4.13) v6i a ta dugc mot phuong trinh twong duong
v&i phuong trinh (4.13) ma hé s6 x" bang 1.

Pinh Iy

Phuong trinh dong du theo médun nguyén to

f(x)=aXx"+ax"" +...+a =0(mod p) (4.14)
voin>1, a,#0(mod p), c6 khdng qua n nghi¢m.

Chirng minh

Gia sir nguoc lai rang phuong trinh (4.14) c6 it nhat n+1 nghiém khac
nhau la x=x,,X,...,X (mod p).

Chia da thirc f(x) cho da thitc X —x, dugc f(x)=(x—x) f.(x)+r,, trong
d6 1a da thuc bac n-1 voi hé s6 nguyén, voi hé s6 cia x™* la a, va
r,=f(x)=0(mod p). Do d6 phuong trinh (4.14) twong duong véi

(x—x,) f,(x)=0(mod p). (4.15)

T gia thiét X, 1a nghiém dung phuong trinh (4.14) ta c6 dong du thirc

(x,—x) f,(x,)=0(mod p).

Nhung X, —X #0(mod p) va p 1a sb nguyén to nén tir dong du thirc

trén ta suy ra f,(x,)=0(mod p). Chia da thac f,(x) cho da thic x—X,, gia

st ta duoc f (X) = (x- x,) f,(X)+r,, trong d6 f,(x) la da thirc bac n — 2 voi
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hé s nguyén, voi hé s6 ciia x"? 1a a, va r,= f,(x,)=0(mod p). Tur day vi
r,=0(mod p) phuong trinh (4.14) va do d6 ca phuong trinh (4.13) ciing
twong duong vdi phuong trinh:
(X- x)(x - x,) f,(x)=0(mod p).
Cr tiép tuc qua trinh trén nhu vay sau n budce ta duge phuong trinh
(X- X )(X - %,)...(x-x, ) f,(x)=0(mod p)
tuong duong véi phuong trinh (4.14). Nhung f (x) 1a da thic bac khong ma
hé s6 clia s6 hang bac cao nhat 1a a, nén f (x)= a, va vi viy phuong trinh
(4.14) twvong duong voi phuong trinh
a,(x- X)(X- X,)...(x-X, )=0(mod p). (4.16)
Theo gia thiét x= xo(mod p) la nghi¢m ctia phuong trinh nén no6 ciing
13 nghiém ctia phuong trinh (4.16), nghia 1a ta c6 déng du thic:
a, (X- X)(X- X,)...(x -x, )=0(mod p).
Tir dong du thirc nay véi X, —x £0(mod p), Vi= 1,2, ...,nvap la s
nguyén to suy ra a, = O(mod p) , diéu nay mau thuin voi gia thiét.
Hé¢ qua
Néu phuong trinh
f(x)=aXx"+ax"" +...+a =0(mod p) (4.17)
VGin < p va p 1a mot s6 nguyén to ¢4 quéa n nghiém thi cac hé s6 cua nd déu
l1a bdi cua p.
Chirng minh
That vay, tir gia thiét lap lai cach chirg minh dinh 1y trén ta c6
a,=0(mod p) nén phuong trinh twong dwong véi

ax" +ax" +..+a =0(mod p).
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Phuong trinh nay co nhiéu hon n — 1 nghiém, lai béng cach lap luan
twong tw nhu trén ta s& ¢ a, =0(mod p).

Cu tiép tuc nhu vay, cudi cung ta duogc tat ca cac hé sd a,,a,...,a déu
1a bdi cua p.

Pinh li Wilson

Véi s6 nguyén to p, ta co ( p —l)!+lE O(mod p) :

Chirng minh

Dinh 1i hién nhién dtng véi p = 2, vi vy dé chig minh ta gia thiét
p> 2.

Xét phuong trinh dong du

(x—1)(x=2)...(x— p+1)—(x"*-1)=0(mod p).

Phuong trinh c6 khong it hon p — 1 nghiém doi mot phan biét va vé trai
cua né la mot da thue bac nho hon p — 1 vi vay theo hé qua trén thi tat ca cac
hé s6 ctia da thire déu 14 bdi cua p va riéng hé sd tu do ciling 12 boi ctia p. Hé
s6 tw do do 1a: (—1)(-2)...(—(p-1))+1=(p-1)i+1.

Vivay taco (p—1)4+1=0(mod p).

Chay

Dinh ly Wilson cho ta diéu kién can dé mot s tu nhién p>11a mot sb
nguyén td, song diéu kién d6 ciing 1a diéu kién du.

That vay, néu p=pg, 1 < q < p thi (p—1)!=0(mod q) boi vay
(p—1)! +1#£0(modq) nhung vi p=0(mod q) nén tir (p—1)!+1£0(mod q)
ciing ¢6 (p—1)+10(mod p).

Hay néu (p —1)!+ 1£0 (mOd p) thi s tu nhién p > 1 1a mot sb

nguyén to.
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Chuong 2
UNG DUNG CUA LY THUYET PONG DU
TRONG MA SUA SAI
81. Khai niém ma

Phan 16n cic san phim ma ta mua trong siéu thi déu c6 ma vach
(barcode), gibng nhu Hinh 1.1 dudi day. Cac vach nay dugc doc tai cac ban
thu ngan boi hé thong quét laze dé chuyén d6i nhirng vach mau den va tring
v6i do day dam khac nhau thanh nhitng con sé duoc in bén dudi. Mdi san
phém khi éy duogc xac dinh bdi mot chudi nhitng con sb, duoc goi la tir ma
(codeword).

[SBN 388053101-3

(Exp Date)

819346021001078
Hinh 1.1. Ma vach Hinh 1.2. ISBN

MTO3ERONSI1016

O bia sau hau hét cic quyén sach ta ciing tim thay cac ma vach khac
nhau, thi du nhu trong Hinh 1.2. Con sd phia trén dugc goi 14 s6 sdch tiéu
chuén quéc té (International Standard Book Number, viét tat 1a ISBN), va mdi
nha xuat ban sach déu co thé dugc dong nhéat véi mot ma sé theo cach nay.

Khi xtr Iy hodc truyén thong tin dudi dang tir ma, cac 1i co thé xay ra
do su c¢b dién, su can thiép tir bén ngoai nhu sét, birc xa, 16i do con ngudi
hodc nhitng 16i k¥ thuat khac. Vi cac nguyén nhan d6, mot sé chit sé trong tir
mi c6 thé bi thay ddi, do d6 can phai tim c4ch chinh xac hoa lai hodc it nhat 1a
phat hién ra 16i. Can mot sé chir s kiém tra (check digits), thi du, chit s6 8

va chir s6 3 & ngoai cing bén phai trong tng trong Hinh 1.1 va Hinh 1.2 dé
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nhin vao d6 chiing ta co thé biét chic chin san pham ta cin mua hodc clra
hang gui dén dang quyén sach ta da dat. Cac chir s6 ndy dugc chon bang cach
tan dung mot s6 tinh chit co ban cua cac sb trong day $6.

Ching ta da quen thudc véi ngdn ngit n6i hodc ngdn ngi viét, trong d6
chtra rat nhiéu cau tric cau gitp chung ta doan duoc chinh xac ¥ nghia cua
cAu noi (cAu viét), mic du cdu van chira 16i chinh ta hodc nhing 16i khac. Thi
du, néu ta nhan dugc tin nhian: “Meat me at fore p.n. tomorrow”, ta van co thé
hiéu duoc ding nghia cta tin nhin nay. Viéc phat hién va stra 1i trong truyén
tin cling tuong tu nhu vay.

Thi du ma don gidn

Dé minh hoa c6 thé st dung céc con sb dé tao ra mot ciu tric chat ché
nhu vén c6 trong ngdn ngit, ta xem xét vi du sau. Gia st ta va mot ngudi ban
truée khi giri di tin nhin di théa thudn gan nhan cho chin tin nhan khac nhau
nhu: “meet me at four p.m. tomorrow” (ban stra lai ding cta tin nhan trén),
hodc “See you at dinner tonight” boi cac sd 1, 2, ..., 9 twong tGng. Tiéc 1a ta
khong thé gtri di mot trong nhitng s6 nguyén d6 boi vi nhitng van dé ky thuat
gay ra toi £2 131 trong luc truyén tin. Do d6, vi du, néu ta nhan duogc sb 3 thi
ta khong thé biét ngudi ban da giri tin nhin ndo. C6 kha ning 13 1 (vé6i 161 1a
2) va 4 (v6i 18i 1a — 1). Tuy nhién, ta c6 thé bat chot nay ra y tuong: nhan sb
clia tin nhan véi 5 va guri di két qua. Vi du: Néu tin nhan ta mudn giri cho mot
ngudi ban c6 nhin 14 4 thi ta gri 4x5 = 20. Néu 16 truyén di 16n nhéat van 1a
+2, thi tin nhin ludn c6 thé dugc hiéu dung hoic duoc giai ma (decode) nhu
sau. Gia sir ngudi ban nhan dugc s6 22 thi anh ta suy ludn dung rang ta di gui
20 v&i tin nhin truyén di sai 1a + 2. Vi vay tin nhin chi c6 thé 1a 20:5 = 4.
Tuong tu, néu sd nhin dugc 1a 38 thi ta khang dinh rang nguoi ban chi co thé
dd giri 40 v6i 161 1a — 2. Vi thé 40:5=8 1a nhén cua tin nhin. Ta c¢6 thé nhan

thdy rang moi tin nhin 14 duy nhit (mdi tin nhin duoc gidi ma thanh mot sb
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trong tng v4i nd) va dugc giai ma (sira 15i) theo quy tic: lam tron 1én (38
thanh 40) hodc lam tron xudng (22 thanh 20) sé nhan duoc dé duoc sé gan
nhat 13 boi ctia 5, sau d6 chia s6 da 1am tron cho 5 dé dugce nhén cua tin nhén.
Str dung mé dé truyén va sir Iy thong tin mot cach chinh xac tbi da 1a
mot phan thiét yéu ctia cudce séng hién dai. Chang han, ngoai ma vach trén cac
san pham, ma PINs (Personal Identification numbers) dugc sir dung trén céc
thé linh tién ty dong (cashcard); cac ho chiéu trong khdéi EU mang céac s
nhan dang dé chdng gia mao; Cac mi sira sai (error-correcting codes) dugc six
dung trong truyén dir liéu tir CAC mang toan cdu nham bu lai nhitng khoang
cach 16n hodc kha ning gii han cua cdc may truyén tin. Cudi ciing nhung
khong kém quan trong, moi dia compact (CD) mang dong chir “DIGITAL
AUDIO” (&m thanh sb). CD duoc dua vao str dung nim 1982 va da duoc st
dung dé tai tao &m thanh va luu trit théng tin dudi dang s6. Nhitng 4m thanh
nay dau tién dugc phan tich thanh nhiéu thanh phan rat manh va dugc chuyén
thanh cac s6 nhi phan. Pé nghe dugc ban nhac, c4c bit dugc doc trén dia CD
boi tia laze, va mdi gidy c6 1.460.000 bit cia thong tin 4m thanh dugc xur 1y.
D6 dai cia mdi doan ghi chira khoang 20 ti bit va thAm chi v&i phuong phap
san xudt can than nhit, nhitng sai s6t van c0 trén cac dia CD. Ly do tai sao
nhitng sai s6t nay khong anh huong dén nhac, ma nhitng am thanh ndy con rat
chinh xac va khong c6 tiéng “click ”, “ hiss” va nhiing tiéng 6n khong mong
mudn khac, d6 13 do khoang 2/3 thong tin chira trén dia CD la khong danh
cho thong tin 4m thanh. Nhitng thong tin thém nay dugc sir dung dé xa 1y &m
nhac truéc khi né truyén toi tai nguoi nghe nham dat duoc nhirng am thanh
cudi cung thuc su hoan hdo. Trong thuc té nhém dir liéu bao gém 588 bit
dugc st dung, trong d6 192 bit la chira thong tin &m thanh va khong nhé hon

64 bit 13 nhitng bit kién tra va stra 15i.
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Trong chuong nay chdng toi trinh bay mot s6 noi dung co ban ctia ma
stra sai theo tai liéu [6], c6 tham khao thém cac tai liéu [1] va [7], dva trén y
tuong st dung sd hoc ddng du va cac trudng hiru han da duoc trinh bay trong
chuong I.

§ 2. Nhirng vi du vé ma

2.1. Ma lap

Vidu 2.1 (Bon lénh)

Gia sir ta mudn diung mot diéu khién tir xa dé gui 4 1énh khac nhau cho
may video (video cassette recoder, VCR). Nhitng 1énh nay c6 thé duoc biéu

thi boi cac tir ma nhi phan (binary codewords) nhu sau:

Lenh Dirng Choi Tua di Tua lai
cn

) Stop play | Fastforward (FF) Rewind (REW)
Tu ma 00 01 10 11

Tuy nhién, thim chi mdt 16i don gian xay ra trong truyén tin (thi du 0 bi
thay bdi 1 hoac 1 bi thay boi 0), thi 1€nh sai s€¢ dugc thuc hién bdi vi VCR
khong c6 cach dé nhan biét 18i da xay ra. Vi du néu ta gii 10 nhung bi truyén
sai thanh 00 thi VCR durng lai thay vi tua di.

Trong ngdn ngit hang ngay néu ta khong hiéu ai d6 nodi, ta thuong dé
nghi ho nhic lai. Boi vay mot cach tu nhién dé stra cac 15i 1a nhic lai mdi tir

da duogc truyén di, vi thé ban ma héa trd thanh:

Lénh Stop Play FF REW

Tur ma 0000 0101 1010 1111

Bay gio néu ta truyén 1010 va mot 16i don gian xay ra trong bit du tién
thi VCR nhan dugc 0010. Bay khong phai la tr md ma duoc goi don gian la
tir (word). Vi hai chit sé dau tién 1a 00 khac véi cip tha hai 13 10, VCR phét

hién mot 15i d3 xay ra trong qua trinh truyén tin. Tuy nhién VCR khong thé
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stra 18i ndy vi khong c6 cach nao dé biét 0010 1a 1010 (13i trong bit dau tién)
hodc 14 0000 (13i trong bit thir 3). Mic dau vay, di c6 mot sy cai tién vi VCR
khong thuc hién dugc 1€nh nhung da xac dinh dugc thong tin sai.

Ta ciing c6 thé thiy mot dang ma lap trong cong viéc ciia ngudi thu
ngan trong siéu thi. Néu vi mot vai 1y do nao d6 may quét doc sai ma vach,
mot thong tin “16i” s& dugc hién thi trén may kiém tra va nguoi thu ngan sé
thie hién lai thao tac dé nhap ma, théng thuong bang cach dung tay.

Néu nhic lai hai 1an thi cac tir ma s Ia:

Lénh Stop Play FF REW

Tur ma 000000 010101 101010 111111

Bay gio néu ta mudn truyén 101010 va lai mot 161 don xay ra, thi du
trong bit thr hai 1a 1 va thong tin nhan dugc 1a 111010. Ta khong chi phat
hién ra 16i nhu trudc day ma con cé thé sira 16i. Pidu nay duoc 1am béi cach

cach “dém vuot” (majority count), dau tién cho mdi cip bit, nhu sau:

l l l Bit nay phaila 0
1 11 010
T T T Nhitng bit nay la 1

Bit thir hai phai 13 0 boi vi s6 0 da xuat hién 2 trong 3 lan.
Vay tir nhan dugc s€ dugce giai mé la 101010.
Qua trinh nhan duoc tir ma (codeword) theo tir (word) da dugc chuyén
di duoc goi 1a giai ma (decoding).
Trong vi du trén VCR c¢6 thé quyét dinh ngay rang 1énh Ia 10 va 13 tua di.
M3 lap stra nhitng 15i truyén don gian gibng nhu trong vi du trén. Tuy
nhién né ciing cho nhitng kho khin riéng I théng tin gbc duge truyén di ba
lan. Piéu nay khong nhitng dit ma con c6 thé kho thyc hién vi, chang han

dung luong thong tin thudng bi gidi han boi dudng truyén.
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Ta ciing thay rang, nhitng thong tin bd xung (thong tin ldp) ban than
no6 cling co thé bi 181, do d6 viéc gidi ma cé thé khong duge dam bdo. Vi du
tin nhin nhan duoc ¢ trén 111010 ¢6 thé 1a 111111 véi 2 181 & bit th tu va
thir sau.

Trong sudt chuong nay ta gia thiét rang, nho su tin cdy cua thiét bi dién
tir, xac suat xay ra mot 161 don 14 rat nho, dén murc xac suat xay ra mot 16i don
cling chang khac hai hodc nhiéu hon cac 16i nhu vay. Muc tiéu cta ta 1a lam
ting xac sudt tin nhan nhan dugc dung cang cao cang tot.

Y tuong nay md rong thanh khai niém giai ma 1an cin gin nhat
(nearest-neighbour decoding). Ngudi nhan ¢6 duge mot danh sach day du céc
tir ma. Néu tir nhan duoc khong phai 1a tr ma thi mgt hoac nhiéu céc 16i dugc
phat hién ngay. Dé hiéu chinh 151, ta chon tir ma gibng nhat véi tir di duoc
truyén di bang cach so sanh nhitng tir nhan duoc voi danh sach da co va lua
chon tir md ma sai khac véi tir dd nhan dugc véi s6 16i nhé nhat. Vi dy, véi

ma 13p 6 bit trén néu nhan dugc 101111 thi so sanh véi 4 ma tir cho ta:

Ma tir 000000 010101 101010 111111
Lbi 101111 101111 101111 101111
- FYYYVY A44° % A4 A

S8 18i 5 4 2 1

Tin nhin vi vay dugc gidi ma 1a 1111111, vi d6 1a 1an can gan nhat véi
tir nhan duoc, chi sai khac 1 bit.
2.2. M chin 16

Vidu 2.2 (Mi co s6 2-mi nhi phan)

Mot ma don gian nhung hitu ich cho viéc stra sai la m&@ nhan boi cach
n6i thém 1 bit don bd xung vao mdi tin nhin chra nhitng thong tin dugc
truyén di. Bit ndy duogc lwa chon sao cho tir ma két qua chia s6 chin chir s6 1.
Piéu ndy dan dén ma chin 1é (even parity code). Tuong tu, néu bit b xung,
duogc goi 1a bit kiém tra chén 1é (parity-check bit), hodc don gian 1a bit kiém

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn




www.VNMATH.com

42

tra (check bit), duoc lua chon dé tir ma két qua chira sé 1é chir s 1 thi ma két
qua dugc goi 1a ma 1€ (odd parity code).
Chéng han, xét ma dau tién trong vi du 2.1 va dit hoac s6 0 hodc s6 1

vao cuoi moi tr ma dé moi tir ma madi la mot sé chan.

Lénh Stop Play FF REW

Tur ma 000 011 101 111

Néu, thi du, 101 dugc giri di va mot 16i don xay ra thi tir nhan duoc sé 13
mot trong cac s6 001, 111, 100. Mdi tir ndy chira s6 1¢ chir s 1, vi thé 16i da
duogc phat hién. Tuy nhién nd khdng thé xac dinh dugc bit ndo can dugc sira.

Trong trudong hop téng quat, gia s tin nhin géc gom n — 1 bit
X, X,, ..., X, dwoc goi 1a cac bit thong tin (information bits). Mot bit bo xung
X, duoc goi la bit kiém tra, dugc lua chon dé tir ma 1a chin. Nhu vay, cac tir
ma chira mot sb chén cac chir s6 1. Vi thé

X, +X, +...+X, =0(mod 2). (2.1)

Cac tor ma dugc truyén dila x, X,,...,X , trong d6 x la 0 hodc 1, va dd
dai (length) cta cac tir ma, hodac cua ban than ma, dugc dinh nghia 1a n. Gia
str mot 18i don xay ra trong qua trinh truyén tin ¢ bit tha i. Diéu ndy nghia 1a
néu x =0 thi bit thir i clia tir nhan duge 1a y,=1 va tuong tu y,=0 néu x =1.
Piéu nay co thé biéu dién nhu sau:

y, =(x +1)(mod 2) (2.2)

Vi tir nhan duge 1a r=XX,...X_,Y.X_,...x. . Tinh chén Ié ctia r nhan dugc bang

i+1""
cach cong cac chir sd ctia nd theo déng du 2, dugc cho boi

X +X 4o+ X Y X, et X

=X +X +..+ X, +(X+D)+X,, +...+X (mod 2)

=1(mod 2).

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn




www.VNMATH.com

43

Diéu nay chi ra rang r co tinh 16. Ta c6 thé dé dang thdy rang trong
truomg hop tong quat, néu mot sé 1 cua 16i truyén tin xay ra thi tinh chén 1¢
ctia r=1. Noi cach khac, néu tir nhan dugc c6 tinh 1é thi da x4y ra mot sb 1¢
16i. Tuong tu, néu tir nhan duge cé tinh chan thi ¢ d6 phai c6 mot sb chin cac
16i (hodic khong co 16i).

Gia sir rang xac suat ctia mot 16i don bat ki 12 rat nho. Khi ay néu tur
nhan duoc ¢o tinh 1é thi hau nhu chi c6 dung mot 161 da xay ra; va néu tir nhan
dugc c6 tinh chin thi hau nhu khong c6 18i. Hon nita, voi gia thiét ¢ trén, ma
kiém tra tinh chin phat hién moi 16i don. Nhung n6 khong thé stra chira 15i
don boi vi khong ¢ cach xac dinh bit nao trong tir nhan duoc la sai.

Xét mot vi du khéc, gia sir tinh chin cia ma can kiém tra c6 d6 dai 5 da
duoc str dung va tin duoc giri di 13 0111. Pé thoéa man (2.1), bit kiém tra phai
la x.= 1, vi thé tir m duoc truyén di 1a 01111 c6 tinh chan. Gia sir tbi thicu
c6 mot 16i trong qué trinh truyén tin, khi 4y néu nhan dugc 01111, thi tir nay
c6 thé sira duoc bdi vi n6 co tinh chin. Sau khi bé bit kiém tra, giai ma tin
nhin 14 0111. Tuy nhién, néu tir nhin duoc, thi dy, 1a 10101, thi vi n6 c6 tinh
1¢, nén mot 16i da xay ra, nhung khong xac dinh duogc bit nao trong tir nhan
duoc 1a sai. Tir nhan duoc duogc giai ma béng cach thong bao “16i’.

Mot vi du khac. Xét ma 7 bit ASCII. N6 thuong dugc md rong cho ma
8 bit bang cach ndi thém 1 bit kiém tra chdn. Tir ma 7 bit 1000001 cho chir A
chd thanh 1000010 va mdt vai tr ma 8 bit dugc cho trong bang dudi day:

Ki tu A B C a b c

Trma | 10000010 | 10000100 | 10000111 | 11000011 | 110000101 | 01100011

Vidu 2.3 (Ma co sé 3-ma tam phan)
Trong mé tam phan cac tor ma la xx,...x X , trong dé x la 0, 1 hoac 2.
S6 kiém tra X, dugc chon sao cho:

X, +X, + ...+, =0(mod 3) (2.3)
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L&i e trong chit s6 x. bat ki c6 thé 1a 1 hodc 2. NGi riéng, néu chi co

mot 16i don & chit s6 thir i, thi tir nhan duge 13 z = XX,...X | y.X

i+1""

X, trong do
y, =(x +¢ )(mod 3).
Trong trudng hop ndy, tong cac sb cia z 1a

XX o+ X, + Y+ X o+ X

=X +X ot X, +(X +€)+ X, +...+ X, (mod 3) =¢ (mod 3)

Vi thé, gia st c¢6 mot 161 don xdy ra trong truyén tin thi ma phat hién
tat ca cac 10i d6 boi vi tong cac chir s6 ctia tir nhan duoc khong chia hét cho 3.

Thi du, xét thong tin gri di 1a 10210. Chit s6 kiém tra x, dugc chon
sao cho (2.3) dugc thoa man, nghia 1a 1+0+2+1+0+ X, EO(mod 3). Suy
ra x,= 2. Do d6, tir ma dugc truyén di 1a 102102. Néu tir nhan duoc la
112102 thi téng cac sb cua no la l+l+2+1+0+251(m0d 3), chi ra rang
mot 161 di xay ra.

Pung hon, tir “chan 1&” (parity) chi 4p dung cho “tinh chan” (even-
ness), hodc “tinh 1¢” (odd-ness). Ma chan 1¢ dugc mé rong tu nhién cho ma
v6i co sb p bat ki véi tong cac chir s cua mdi tir ddng du véi O theo
modun p.

2.3. Ma vach

Vi du 2.4 (S6 hiéu hang héa Chau Au-European Article Number)

Ma vach trong Hinh 1.1 1a vi du cia m& nhan dang hang hoéa dugc su
dung rong rai va dugc goi la EAN (European Article Number), dugc cong
nhan 13 chuan vao nim 1976. N6 da duoc phat trién tir ma san pham chung
UPC (Universal Product Code) dugc st dung & My tir nam 1973.

Xét Hinh 1.1. Mdi s6 bao gom 13 chir sé thap phan. Hai hay ba s6 dau
tién 1a phan ving quéc gia, chang han 30 1a Phép, 49 1a Nhat, 50 1a Anh, 80 1a
Italia, 888 la Singgapor, 885 la Thai Lan ... va 893 1a Viét Nam. Bbn hoic
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nam s tiép theo 1a cac sd cta nha san xudt, va ta c6 thé thay trong Bang 2.1,
thi du 4980 dong nhit v6i nha xuat ban gido duc va 6009 1a cong ty thubc 1a
Sai Gon. Nam s6 ké tiép dua ra con s6 duy nhat xac dinh cac san pham, chang
han 42679 va 05015 tuong tng cho sach sé hoc va thude 14 Vinataba. Chit s6
cubi cung 13 s6 kiém tra ma may tinh luu trit c6 thé kiém tra Xem so trén san
pham c6 dong nhat vai s6 ctia nha may khong.

Bang 2.1. Mot s6 EAN

San pham Ma hang
Sach S6 hoc cia NXB GD 8934980426791
Vinataba ctia CT thudc 14 SG 8936009050154
V& ghi Hai Tién 8936014823033
Tesco plain flour 5000119101594
Abbot Ale 5010549000213
Maille Provencale mustard 3036817800295
Sacla pesto sauce 8001060375109
Book in figure 9780138340940

Cht y ring, gid cua san phim khong phai mot phin ciia mi vach.
Thong tin nay Iuu trong bd nhé may tinh cua ctra hang va théng bao cho may
thu ngan dién tur gia ctia mat hang ma mé vach cua né da quét duoc.

M4 EAN cho vin hoa pham (ISBN) duogc bat dau véi chir s6 978 hodc
979. Chin chir s6 tiép theo 1a chin chit s6 dau tién ctia ISBN (Hinh 1.2).

Néu mot EAN duoc ki higu bdi X X,...X, X, X, trong d6 X, |a cAc chit s6
thap phan, thi chir s6 kiém tra X, 1a dugc tinh sao cho tong kiém tra:

S =X 4 X+ X X, Xy X, +3(X, + X, + X + X+ X +X, )+ X, (2.4)
13 boi ctia 10, nghia 1a S thoa min phuong trinh kiém tra:

S =0(mod 10). (2.5)
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Vi du, thanh phan dau trong Bang 2.1 khi thay thé vao (2.4) cho ta:

S=8+3+9+0+2+7+3(9+4+8+4+6+9)+1=150=0(mod10).

C6 thé d& dang kiém tra cac diy khéc trong Bang 2.1 luén thoa man
(2.5).

Néu mét 16i trong dai lugng e Xéy ra tai mot chit sd X nao do thi S
trong (2.4) thay d6i thanh e hodc 3e tuy theo chi s i 1a chin hay 1é. Trong
treong hop khac, vi (0 <e< 9) , su thay doi trong S s& khong con dong du voi
0 theo mddun 10, vi thé (2.5) s& khong thoa man. Do d6 mi EAN phat hién
moi 16i don, tuy nhién khong sira duoc cac 16i don vi khong biét chit sé nao
cua EAN Ia sai.

Mot loai 16i phé bién xay ra khi nhap cac chit sd tir ban phim, hodc khi
doc ching, 14 hai chir s6 ké nhau bi v6 tinh d6i chd. Néu, chang han, khi d6
trong chit s6 thir ndm X, va thtt sau x, & mot EAN duoc ddi chd, thi trong
tong kiém tra (2.4) x, dugc thay thé boi x, va 3 x, boi 3 x,. Su thay doi trong
tong kiem tra khi d6 la —x +X —3%X +3% =2(X—X,). Do d6 néu
X, — X, =15 thi sy thay d6i trong tong kiém tra s& 1a +10, vi thé tong kiém tra
s& dong du v6i 0 theo moédun 10 va 151 s& khong bi phat hién. Rd rang diéu
nay c6 thé ap dung twong tu dbi véi sy doi chd cta hai chit s6 1ién ké bat ky
sai khac bai 5 don vi (khong nhat thiét phai la vi tri x, va x,). Tuy nhién, tat
ca cac 18i nay khi doi chd hai chit sé lién ké s& dugc phat hién. Chang han,
néu ma cho san pham thudc 14 Vinataba trong Bang 2.1 doc khdng chinh xac
la 8934980426791 (nhiing chit s6 x, =7 va x, =6 da dugc doi chd) thi tong
kiém tra (2.4) tro thanh

S=8+3+9+0+2+6+30O0+4+8+4+7+9)+1=151
va vi vay S zl(mod 10), 16i da xay ra. Tuy nhién néu, chang han mé cho
Vinataba cta cong ty thude 14 Sai Gon doc khéng ding 1a 8936009500154 thi
téng kiém tra (2.4) tré thanh:
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S=8+3+0+9+0+1+39+6+0+5+0+5)+4=100
=0(mod 10).

Vi thé su d6i chd cua chit s6 thw thir bay va thir tim (X, =0, X, =5,
X, — X, =—5) khong dugc phat hién.

Dang rat ngan 12 chir sé va 8 chir s6 hinh thirc ciia EAN ciing duoc
str dung, va mot s6 chudi cira hang ban 1é cling c6 hé théng mi vach riéng
cho minh.

Vi du 2.5 (Thu chuyén tién cta buu dién M)

Thu chuyén tién phat hanh bdi hé théng dich vu buu dién nuéc My
(USPS) dong nhat v6i s6 XX,...X,X, v&i X 14 cac chit s thap phan. S6 kiém tra

X,, dugc dinh nghia nhu 1a phan du theo modun 9 ctia s6 gdm 10 chir sb, d6 1a:

X, X, ... XX, =X, (mod 9). (2.6)
Do d6 0< x, <8. Chang han, s6 10 chit s6 3844809642 chia cho 9, ta dugc:

3844809642 = 9 x 427201071 + 3.
Vi vdy, x,= 3 va mi tir la 38448096423. Mot cach tinh toan don gidn s6 kiém
tra x,, la thay (2.6) boi dang thirc dong du twong duong:

Zx = x,(mod 9). 2.7)
St dung (2.7) véi s6 ¢6 10 chir s6 ¢ trén cho ta
3+8+4+4+8+0+9+6+4+2=48 =3(mod9).

Chimng té rang X,= 3, nhu trén.

Néu mot 151 xay ra tai mot chir sé ndo d6 trong mudi chir s6 dau thi dé
dang thiy rang phuong trinh dong du (2.7) s& khong con ding, trir khi 0 duoc
thay thé bai 9 va 9 bai 0. Vay, ma phat hién tat ca cac 16i don trong cac chix
s6 X dén X, trir hai trudng hop trén. Chang han, néu x, = 0 trong s6 ¢6 10

chit s6 ¢ vi du trén bi thay bai 9 thi tong & vé trai trong (2.7) cua s moi nay
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séla 48 +9 =57 53(mod 9). Diéu nay chi ra rang s6 kiém tra khéng thay
d6i, vi thé 151 trong chir s6 thir sau khong bi phat hién.

Néu 18i chi xdy ra & chir sb kiém tra X, thi n6 s& bi phét hién vi (2.7) s&
vi pham. Trén thyc t& khoang 2% sb cac 16i don s& khong bi phat hién.

Tuy nhién, kha ning cia mi phat hién ra cac 16i & trong viéc d6i chd
giita hai chit s6 thap phan x. va x_, 1a rat kém. That vay, néu i <9 va hai chit
s6 lién ké ddi chd thi tong bén vé trai trong (2.7) khong thay doi va do d6 chir
s6 kiém tra khong thay do6i. Ldi khong bi phat hién.

Kha ning con lai c6 thé 1a khi X, va X, d6i chd. Trong trudng hop nay
tong mai clia C4C chir sd trong vé trai cua (2.7) Ia:

X, X e Xg Xy =X AKXy X F (X, — Xo)

= X, (mod 9)+(x, — X, )(mod 9)

= X, (mod 9) +(2x, —2x, )(mod 9).

Biéu thirc cubi cung nay khong thé dong du véi XlO(mOd 9) trir khi
X, =X, bOi vi X, <8 nén (2x, —2x,)#0(mod 9). Diéu nay chi ra rang tir
X X,... X, X, Khong phai la mot tr ma, trir khi x, = X, trong truong hop do su
d6i chd ciia x, va x, la khong phan biét. Vi vay mi chi phat hién cac 15i
truyén khi ching chua chir s6 kiém tra.

§ 3. Khoang cach Hamming

Bén 1énh trong vi du 2.1 dugc biéu dién bai 00, 01, 10, 11. Néu co6 mot
16i don trong truyén tin thi 1énh sai s& dugc thuc hién. D6 1a boi vi bdn 1énh
00, 01, 10, 11 chira toan bd cac kha nang cé thé cua to hop hai s6 0 va 1, do
d6 mot 16i trong mot bit cia mot tir ma sé chuyén nd thanh mot tr ma Khac —
cac tr ma d6 “qua gan nhau”. Y tudng nay di dugc khai quat hoa béi nha

toan hoc va khoa hoc may tinh nguoi My R.W. Hamming nam 1950.
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Ki hi¢u [J | 1a tap hgp cac $6 nguyén 0, 1, 2, ..., p— 1 (dai dién ctia cac
16p dong du modun p). Mot xau cac chit s6 X =XX,...x X , trong d6 mdi X,
thudc [ | duoc goi 1a mét tir c6 df dai n. Vimdi X, c6 thé nhan p gid tri cho
nén téng cong cd p" tr. Mot p-ma C chiéu dai n 1a mot tap hop cac tir nhu
vy, va néu x € C thi x dugc goi 1a mot tir ma.

Truong hop riéng, néu p =2 thi x. bang 0 hodc 1 va C 1a mdt ma nhij
phan. Néu p =3, thi x bang 0, 1 hoic 2 va C la ma tam phan.

Trong chuong ndy ta chi xét CA&C MA ma tat ca cac tir mi c6 cung do dai.
Gia st X va y 1a hai tir c6 d6 dai n. Khi 4y khoang cach Hamming d(x, )
giita chung 1a sb cac vi tri ma x va y 1a khac nhau.

Thi dy, v61 ma tam phan ¢6 d6 dai 5 thi d(01221, 10211) = 3 vi hai tur
nay khac nhau tai cac vi tri tha 1, 2 va 4.

Co6 thé thay d(x, y) chinh la s6 nho nhit cic chit s6 cua X phai thay doi
dé nhan dugc y.

Thuat ngir “khoang cach” dugc st dung, boi vi d(X, y) thdéa man ba tién
dé cua khoang cach. Hai tién dé dau tién suy ra ngay tir dinh nghia:

(1) d(x,y) =0 néuvachinéux =y, nghiala x =y. véii=1,2,....,n.
Néu nguoc lai thi d(x, y) > 0.

(2) d(x, y) = d(y, x).

(3) Tién dé bat dang thirc tam giac:
Véi bt ki tir thtt ba ndo z=2,...2,, ta co:

d(x, y) <d(x, z) +d(z, y). (3.1)

Pé chirng minh (3.1), gia st X thay d6i thanh y bang cach di qua z. S&
chir s6 thay d6i tir x dén z 1a d(x, z) va tir z dén y 1 d(z, ), cho ta tong chit s6
thay doi: t = d(x, z) + d(z, y). Tuy nhién, d(x, y) 1 s6 nho nhat c6 thé cac chir
s6 can thay d6i dé x tré thanh y, va vi thé khong thé vuot qué t, bat ding thirc

(3.1) duoc thoa man.
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Khai niém giai ma l4n can gan nhét gigi thiéu & vi du 2.1 by gid c6 thé
dugc giai thich lai nhu sau: coi tir md dé truyén di 1a tir md gin nhét véi tir
nhan duoc, theo nghia khoang cach Hamming gitta hai tir 1a nho nhat.

Mot tham s quan trong anh huong dén viéc phat hién 15i va tinh chat
stra sai ctia mot ma C 1a sy “gan giii toan bd” (overall closeness) ciia CAc ti,
dugc do bang khesdng cach t6i thiéu 5(C). N6 dugc dinh nghia nhu I3 gia
tri nho nhat ctia cac d(x, y) voi moi X, y trong C v&i X #V.

Vi du 3.1 (Khoang cach bé nhat cho vi du 2.1)

M3 dau tién duoc st dung trong vi du 2.1 4 C, :{00, 01,10,11}, va
khoang cach gitra tit ca cac cip c6 thé co cta tir mi I

d(00, 01) =1, d(00,10)=1, d(00,11)=2,
d(01, 10) =2, d(01,11) =1, d(10,11) =1.

Do d6 khoang cach toi thiéu la §(C,) =1, va co6 thé giai thich 1y do tai
sa0 md C, khong thé phat hién nhitng 16i don. That vay, dbi véi bat ky ma C
voi §(C) =1 s& co it nhat hai tir md a va b ma d(a, b) = 1. Néu a dugc truyén
di v6i mot 16i a bi thay do6i thanh b, khi 4y ta nhan dugc tir b. Nhung do
d(a,b)=1 nén b ciing 1a tir mé, tin nhin duoc coi a dung, vi vy khong c6 cach
phat hién 16i da xay ra.

Bay gid Xét ma thir hai trong vi du 2.1, trong d6 mdi tin nhan dugc truyén
hai lan, tao thanh C, = {a,b,c,e} voi a=0000, b =0101, c=1010, e=1111.

Khoang cach Hamming gitta cac ma tur bay gio 1a d(a, b) = 2, d(a, c) =
2, d(a, €) = 4, d(b, c) = 4, d(b, €) =2, d(c, €) = 2. Do d6 khoang cach tbi thiéu
la 5(C,)=2, vado d6 mi C, c6 thé phat hién tat ca céc 16i don.

Ma lap thir ba trong vi du 2.1 la C,={a,, a,, &, a,} v&i a =000000,

a,=010101, a,=101010, a,=111111. Khoang cach gilta cac tr ma la
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d(a,,a,)=3, d(a,,a,)=3, d(a, a,)=6, d(a,,a,)=6, d(a,,a,)=3, d(a,,a,)=3 va
khoang cach t6i thiéu la §(C,) = 3. Do d6 ma nay c6 thé sira duge tat cd cc
16i don.

Vi du ndy minh hoa két qua quan trong dué6i ddy, chi ra tai sao khoang
cach tbi thiéu xac dinh duogc 15i va cac tinh chit sira sai ctia mot ma.

Pinh ly 3.1 (Phat hién va sira 161)

Gia str C 13 mot mi c6 khoang cach tdi thiéu 13 §, va gia thiét nhing tir
nhan duoc duoc giai ma bang nguyén 1y 1an can gan nhat. Khi ay:

(1) C sé& phat hién e 15i voi diéu kién

o>e+l. (3.2)
(2) C s& sira cac 161 e voi diéu kién
o0>2e+1. (3.3)

Chirng minh
(1) Theo dinh nghia cua khoang cach téi thiéu, moi cip tir md khac
nhau & it nhat & vi tri. Theo (3.2), cac cip tir ma khac nhau & it nhate + 1
vi tri. Gia str mot ma x da dugc truyén di va nhiéu nhat e 18i xay ra trong
qué trinh truyén. Khi y, tir nhan duoc s& khac voi x trong nhiéu nhat 1a e
vi tri, va vi vay khong phai 1a mot tir ma. Do d6 nhiéu nhat e 15i truyén
duoc phat hién.
(2) Gia stir mot 1an nita ring mot tir mé X da dugc truyén va nhiéu nhét e
18i xay ra, do d6 tir nhan dugc z khac véi x o tbi thiéu e vi tri, nghia 13,
d(x, z)<e. (3.4)
Néu y 1 tr ma bat ky, khac v&i tir ma x, khi d6 theo dinh nghia cua
khoang cach tbi thiéu:
d(x,y)>6 >2e+1. (3.5)
Thay thé (3.4) vao bat dang thirc tam giac (3.1) cho ta:
d(x, y)<e+d(z,y).
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Két hop diéu nay véi (3.5) ta duoc
d(z,y)>d(x, y)-e>2e+1l-e=e+1l.
Diéu nay cho thiy khoang cach giira tir nhin duoc z va bat ky tr ma y
(#x) tbi thiéu 1a e+1. Do d6 theo (3.4), tir ma gan nhat d6i v&i z 13 X, vi thé
theo nguyén 1y lan can gan nhat, tir nhan duoc duoc giai ma 1a x, ti da e cac

18i truyén di dugc sira.
Céc bat dang thirc (3.2) va (3.3) duoc viét laila e<s—1,va e < %(5 -1).

Pinh 1y ¢6 thé phat biéu lai nhu sau:

Néu mot mad C c6 khoang cach tdi thiéu 12 §, thi C c6 thé dugc st dung

. e x. . 3 1 .
hodc la d¢ phat hién toi da o -1 101; hoac dé stra nhi€u nhat 5(5 —1) 10i n€u &

la 1€, hoac %(5 — 2) néu & 1a chén.

Khi nhitng 18i dugc phat hién, nhung khong thé stra duoc thi ngudi
nhan yéu cau giri lai tin nhin.

Vi du 3.2 (Nhitng tng dung ctia dinh 1y)

(a) Ap dung dinh 1y vao ba mi trong vi du 3.1 cho ta bang duéi day

Ma ) S6 16i dwoge phat hién S6 16i dugc sira
C, 1 0 0
C, 2 1 0
C, 3 2 1

Céc két qua nay phu hop véi khang dinh khi xét cdc ma lap lai trong Vi
du 2.1. Cht ¥ ring bay gid Vi bd xung thém m3 C, (khi tin nhin duogc nhic lai
hai lén) nén né co thé stra mét 16i hodc phat hién hai 15i, boi vi khoang cach
gilta cc tir ma it nhat 12 3.

(b) Xét mot ma nhi phan c6 d6 dai 5

C :{11001, 01110, 10100, 00011}
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Dé& dang thiy rang khoang cach tdi thiéu 1a & = 3. M4 hodc c6 thé phat
hién tdi da hai 16i, hodc sira dugc 15i don. PEé minh hoa hai truong hop nay,
trude hét gia s réng mot tor r =10010 1a nhan dugc. Khoang céach ctua no voi
bbn tir ma 1a d(r, 11001) = 3, d(r, 01110) = 3, d(r, 10010) = 2, d(r, 00011) =
2. Vi céac tir ma thir ba va tht tu 13 bang nhau, theo nguyén 1y 1an cin gan nhat
thi khong thé xac dinh duoc tir ma nao dugc truyén di, co6 nghia 13, nhitng 16
khong thé dugc stra. Tuy nhién, hai 16i di dugc phat hién, do d6 chang han r
c6 thé 1a tir 10100 voi nhitng 10i trong céc bit thir hai va thi ba, hay tir 00011
v6i 16i trong bit dau tién va cudi cling.

Thi du khac, gia st nhan dugc 11100. Nhitng khoang cach t&i nhitng tir
ma tuong ung la 2, 2, 1, 5 chira réng te ma tha ba 1a gﬁn nhét t&i tir nhan
duoc. Theo nguyén 1y 1an can gin nhat ta két luan rang tir ma tha ba 10100 d3
duoc truyén di, qua d6 stra chita 16i don (trong bit thir hai).

§4. M4 tuyén tinh
4.1. M& nhij phan tuyén tinh

Dinh nghia tong hai tir ma nhi phan X=XX,..X Va y=Y,y,..y. la

z=x+ymaz=x+y(mod2),i=1,2,..,n.

C6 nghia 13, cac bit dugc cong theo quy tic cong modun 2:

0+0=0, 1+1=0, 1+0=1=0+1. 4.1)

Tir(4.1)tacd z =0 néu x =y,,va z, =1 néu X #Y,.

M3 nhi phén tuyén tinh 13 mot ma C c0 tinh chét tong cta hai tir ma
bat ky ciing 13 mot tir mA.

Nghia la, néu x va y thuoc C thi z=x+Yy ciling thudc C. Dac biét, néu
X =y thibitthoricua x+x la X +x =1+1=0, hodac x +x =0+0=0.

Diéu nay chi ra ring moi ma nhi phan tuyén tinh bat ky ludn ludn chia

tir ma 0 (cO tat ca cac bit déu 1a chit s6 khong).
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Vi du 4.1 (M3 tuyén tinh va ma phi tuyén)
(a) Xét ma nhi phan C = {000, 100, 101, 001}. C4c bit cta téng 100 +
1011a1+1=0,0+0=0,0+1=1,dodo, 100+ 101 =001 cling thudc C.
Tuong tu, nhitng tong khac cua nhitng cip tir ma 1a:
000 + 100 = 100, 000 + 101 = 101, 000 + 001 = 001,
100 + 001 =101, 101 + 001 = 100.
Tat ca la tir m&, vi vay C la ma tuyén tinh.
(b) M3 nhi phan chn 1¢ trong vi du 2.2 1a mot mi tuyén tinh. That vay,
bét ky hai tir md x va y thoa min cac diéu kién (2.1)

dx =0y, EO(mod 2). Do d6 tong céc bit cia z=x+Y la:

Dz =) (x+Yy)=2%+2.y,=0(mod 2).

Diéu nay cho thiy riang z ciing théa min (2.1), va do d6 ciing 1a mot
ttr ma.

(c) M& C = (0000, 1010, 0111) 14 khong tuyén tinh, boi vi:

1010+0111=1101 khoéng phai la mgt tor ma.

Theo Pinh 1y 3.1, ta can phai tinh khoang cach t6i thiéu § cho mot ma
dé xac dinh 151 va xtu 1y 161 d6. Mot 1y do ma tuyén tinh quan trong boi vi gia
tri ctia § c6 thé tim thiy dé dang bang cach tinh khoang cach giita tit ca cac
cap c6 thé cua cac tir ma.

Ta dua vao dinh nghia:

Trong s6 w(X) ctia mét tir ma nhi phan x 1a sb cac sé 1 trong x.

Xét tong z ctia hai ma tir x va y. Dé thy rang z.= 1 khi x. #y., do do,
s6 cac chir s6 1 trong z bang vé6i sb nhitng vi tri ma x va y khac nhau.

Do @6 tir dinh nghia cua d(x,y) suy ra w(z) = w(x + y) thdéa man:

w(x+y)=d(x y). (4.2)
Pit y = 0, (4.2) cho thay rang véi moi tir ma X, trong sb cta nd dugc
cho béi: w(x)=d(x, 0). (4.3)
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Nhu vay mdi quan hé giita khoang cach tdi thiéu va trong s6 duoc thiétt
lap béi dinh 1y dudi day.

Pinh ly 4.1

Khoang cach tdi thiéu & cho mdt ma nhi phan tuyén tinh C bang trong
s6 khac khong nho nhat ciia cac tir md, nghia 13,

& =min w(x). (4.3)

0

Chirng minh

Ky hiéu w* 13 gia tri nho nhat cua w(x) trong (4.3), va dé cho u 1a mot
tir md ma w(u) = w*. Tur (4.2) suy ra w =d(u,0). Boi vi ca hai u va 0 1a tir
ma nén tir dinh nghia khoang cach tdi thiéu ta ciing suy ra & < d(u, 0). Két
hop cac két qua nay ta dugec § < w.

Mit khac, & > w*. Vay § =w’, hay (4.3) duogc ching minh.

Vi du 4.2 (Ung dung cua dinh 1)

(@) Trong sb cua cac tir ma khac khéng trong ma 4.1a) 13 w(100)=1,
w(101)=2, w(001) = 1. Do d6 theo (4.3) thi khoang cach t6i thicu la & = 1.

(b) Dé dang kiém tra ring ma C = (000000, 010101, 101010,
111111) 13 tuyén tinh. Céac trong sd 1a w(010101) = 3, w(101010) = 3,
w(111111) = 6, nhu vay theo (4.3) mi c6 khoang cach tbi thicu & = 3.

4.2. Biéu dién ma tran ciia cac ma nhi phan

Vi du 4.3 (Phuong trinh kiém tra)

Xét mot mi nhi phan C, d6 dai 3 ma cac tir md xX,X, théa man diéu
kién x +x,=0. C6 tdm tir nhi phan chiéu dai 3 1a 000, 001, 010, 011, 100,
101, 110, 111. Chon tir 8 tir d6 cac tir thoa man diéu kién trén thi ta c6
Cl={000, 001, 110, 111}. Vi 6 (Cl) = 1 nén ma tham chi khong phat hién
dugc nhing 16i don. Néu thém mét diéu kién 1a x +x,=0 thi chi c¢6 tir md dau

tién va cuoi cung trong C, thda man dicu kién nay, vi vay ma théa man ca hai
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diéu kién 1a C,={000,111}. R3 rang &(C,)=3, vi vy ma ndy c¢ thé sira chita
moi 16i don.

Cac phuong trinh trén dugc goi la phuong trinh kiém tra tinh chéin 1é
(hay don gian 1a phuong trinh kiém tra).

Vi du nay minh hoa mdt y tuéng tong quat trong viéc xdy dung ma
tuyén tinh. Muc tiéu 1a thém cac diéu kién dudi dang cta nhitng phuong trinh
kiém tra tuyén tinh nham lam ting khoang cach tdi thiéu gilta cac tir ma, va
do d6 c6 thé cai thién kha ning xu 1y 16i. Nhung diéu nay s& lam giam bét so
luong cac tir mé, va boi vay lam giam bst kha ning truyén thong tin cua ma.
Chang han, C, chtra bdn tin nhian nhung chi ¢6 hai tin nhan c6 thé duoc gui
bang cach sir dung C, (vidy, “co” va “khong”).

Noi chung, nhitng diéu kién ma cac bit ctia tir m phai thoa min co
dang phuong trinh tuyén tinh, nén st dung ngdn ngit cia ma tran 13 tién loi.
No6i mdt cach chit ché, nhitng “phuong trinh” 13 nhitng phuong trinh biéu
dién dong du theo mddun 2, nhung dé tién loi ta biéu dién chung nhu nhiing
phuong trinh thong thudng.

Mot phuong trinh kiém tra

ax +ax,+.+ax =0
co thé dugc viét duéi dang thu gon ax = 0, véi a=[a, a,,..., a,] la vécto
hang voi thanh phan 1a &, a,, ..., a ; x la vécto ma
X=X, X0 s X, | (4.4)
va
ax = aX +ax,+..+ax (4.5)
1a tich vo huéng ctia a va X, T 1a ki hiéu chuyén vi ma tran.
Chu ¥ rang vécto ma (4.4) duoc viét nhu mot cot véi nhitng chit s cua

fir M& X =X X,...x, doc tir tri sang phai va dugc dit tir trén xudng dudi.
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Néu c6 nhiéu phuong trinh kiém tra, thi ching ¢ thé duoc viét dudi dang;

(a a,..a] [0]
b b, ..b 0

X= hay Hx=0.
- - _O_

O day H la ma tran kiém tra, cic hang ctia no 13 cac hé sb ciia Cac
phuong trinh kiém tra, va 0 13 vecto khong.

Chu y rang voi cac mi nhi phén, tat ca cac thanh phan trong H 1a 0
hodc 1, va H duogc goi 1a mot ma tran nhi phan.

Vi du 4.4 (Ma tran kiém tra)

St dung (4.5), hai phuong trinh kiém tra trong vi du 4.3, cu thé 13

Ix +1x, +0x, =0,  1x +0x,+1x,=0

c6 thé duogc viét nhu nhitng tich vé hudng

[1 1 0]x=0, [1 0 1]x=0, (4.6)
trong do X:[X1 X, X3]T.
Két hop hai biéu thire trong (4.6) cho ta

110 0
x=| [=0. (4.7)
1 01 0
Biéu thtic (4.7) ¢6 thé dugc viét gon nhu sau
Hx = 0 (mod 2) . (4.8)
Ma tran kiém tra ld ma tran nhi phan
110
H= : (4.9)
1 01

T md xX,X, dugc xac dinh nhu 13 nghiém ctia cac phuong trinh kiém tra
(4.8), nd da dugc tim thiy trong vi du 4.3 12 000 va 111.
Gia s X va y la hai tor mé trong mot ma C théa man cung mot hé

phuong trinh kiém tra dudi dang ma tran:
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Hx=0, Hy=0.
Néu z =x +y, thi
Hz=H(X+y)=Hx+Hy=0+0=0.

Piéu nay chi ra rang z ciing thoa man hé phuong trinh kiém tra, va do
do cling thude C. Vi vay, theo dinh nghia, C 1a mdt ma tuyén tinh. No61 cach
khac, mot ma nhi phan tuyén tinh C 12 tip cac tir ma thoa man diéu kién

Hx = 0(mod 2), (4.10)
trong d6 x la vécto ma.

Néu c6 m phuong trinh kiém tra thi H trong (4.10) c6 m hang va n cot,
va dugc goi la co kich thwée mxn, hay 1a mot ma tran mxn,

Vi du 4.5 (Tao mdt ma tuyén tinh)

Nhitng vi du 4.3 va 4.4, cic tir ma da nhan dugc bang cach don gian 14
tim trong tap tt ca cac tir o chiéu dai 3 cAc tir thoa min cic phuong trinh
kiém tra (4.8). Phuong phap niy s& phuc tap néu n qua 16n. Dudi ddy mé ta
mot cach tim cac tir mi cho truong hop n bat ki.

Gia st ma tran kiém tra 1a

1010
H = , (4.11)
0111

Nhitng phuong trinh kiém tra tuong tng v6i (4.11) nhan duoc bang
cach viét cac hang ctia H nhu nhiing hé s6 ctia phuong trinh. Chang han, hang
dAu tién cua H cho 1x +0x, +1x, +0x, =0, hoic

X +Xx =0. (4.12)
Tuong tu dong thir hai ctia H cho
X, +X,+X,=0. (4.13)

Céc tor ma 1a cac nghi€ém cua (4.12) va (4.13). Phép cong nghich dao

trong I, la—0=0, -1 =1, do d6 trong [/, cling cho ta: —x =X . Phuong

trinh (4.12) c6 thé duoc viét lai nhu sau:

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn




www.VNMATH.com

59

X =% =% (4.14)

va (4.13) c6 dang
X, ==X, =X, =X, +X,. (4.15)
Céc bit x_ va x, bay gio di dugc biéu thi dusi dang X, va x, duoc coi

13 hai bit doc 1ap, va chiing nhan gid trj 0 hodc 1. Tat ca c¢6 bdn kha ning sau

X X X

2 3 4

| | o ol X
O i P, O

0 0
0 1
1 0
1 1

D6i v6i mdi cdp gid tri clia X, VA X,, gia tri twong ng clia X, VA X,
trong hai ct dau tién duoc chon theo cong thirc (4.14) va (4.15). Vidu x, =1,
X,=0thi x =x,=1, X, =X, +X, =1.

Tir bang ndy c6 thé thiy rang c6 bdn tir ma 0000, 0101, 1110, 1011. St
dung (4.3), khoang cach téi thiéu 1a & = min[w(0101), w(1110), w(1011)] = 2.

Vi X, va X, c6 thé chon tiy y nén chung duge goi la cac bit thong tin.
Hai bit x, va x, dugc goi la cac bit kiém tra, va cac bit nay dugc xac dinh
duy nhit boi cac bit thong tin, nhu duge chi ra trong bang trén. Thdng tin tin
nhdn x, x, duoc goi 1a ma hoa (encoded) thanh tir ma X X, X, X, .

Vi du trén minh hoa bai toan xay dyng mét mi tuyén tinh dugc thuc
hién bing cach chon mot ma tran kiém tra pht hop. Chu ¥ ring cac phuong
trinh (4.12) va (4.13) dé dang giai duoc vi bit kiém tra X_chi xuat hién trong
phuong trinh dau tién va bit kiém tra X, chi xudt hién trong phuong trinh thir
hai. Tuong tu, ta xét ma ¢6 ba bit kiém tra cho mot ma chiéu dai 5, v6i cac

phuong trinh kiém tra dang:
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X+ ax, +a,% =0;
X, + bx, +b,x, =0; (4.16)
X, +CX, +¢,X =0,
trong d6 X, va x, la nhitng bit thong tin. Nhu vi du 4.1, hé c6 thé dugc viét lai
bang cach sir dung mOdun 2 dé biéu dién cac ma kiém tra nhu sau
X =aX, +a,%
X, =bX, +Db,X, ¢. (4.17)
X, =C,X, +C,X,
Trong ky hi¢u ma tran, (4.16) trd thanh Hx = 0, trong d6:
1 0 0 &a a,
H={0 1 0 b b, x=[x % x x x]. (4.18)
0 01 c c
Ba cot dau tién cua H trong (4.18) tao thanh ma trdn don vi 3%3,
dugc ky hiéu la 1,. Cac cot con lai cua (4.18) tao thanh mot ma tran A sb
chiéu 3 x 2,

Tuong ty, ma trén kiém tra (4.11) c6 thé duogc viét 1a H = [1,A] véi:

SIS

Tong quat, dé xdy dyng mdt ma nhi phan tuyén tinh chiu dai n vdi m
bit kiém tra, ma tran kiém tra la: H =[ImA], véi A 13 ma trn c6 sb chiéu
mx(n—m). Cac tr Md X = XX,...X, théa min phuong trinh kiém tra Hx = 0.

Céac bit kiém tra X X,...x_ duoc tinh nhu sau:

(X ][ X ]

X X

2= Al ™. (4.19)
_an _Xm+n_
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Chang han, (4.17) duoc viét thanh:
X « a 8,
X, :A{ 4]'[rongd() A=|b b,
X
X ° c C

3 1 2

Cotatca k=n-m bitthdng tin X, ...,X,. B&i vi cac bit nay c6 thé nhan gia

tri 0 hay 1 doc lap, téng cong co tat ca 2° tr ma. Sb k duoc goi la s chiéu
clia ma, con ma dugc goi 14 mot [n,k] ma. Pé mi hoa mdt tin nhan chira
X1 - X, » don gidn ta thém vao dau né nhing bit kiém tra XxX,...x, dugc tinh
bang cach sir dung (4.19).

Vidu 4.6 (Xay dung mot ma tuyén tinh)

Pé xay dung ma chiéu dai 7 véi ba bit kiém tra, ta chon ma tran kiém tra

1 001101
H=|0 1 01 1 1 0|=]l
0 010111

A. (4.20)

3

Cic hang cta ma trdn A trong (4.20) don gian 1a nhitng hé sd cua
nhirng phuong trinh trong vé phai cta (4.19). Vi m = 3, cac bit kiém tra 12
X, X, X;, do d6, vi du, dong diu tién cua A trong (4.20) cho
X, =1X, +1x, +0x, +1x,, co nghia la: X =X, + X, +X,.

Tuong ty, dong thir hai va thi ba ctia A trong (4.20) cho
X, =X, + X + X, X, =X, + X, +X,.

Nhu trong vi du 4.5, lua chon tat ca cac gia tri co thé co cua cac bit
théng tin x,,X., X, X, Cho tap tat ci cac tir ma. Vi dy, néu x,=1, x.=0, x,= 1,
X, = 0 thi:

x=1+0+0=1, X,=1+0+1=0, x,=0+1+0=1.

Vi vay, tu ma tuong trng 1a 1011010.
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M4 chiéu dai 7 xdy dung nhu trén c6 kich thuéc 1a k =7-3= 4, va

cO tit ca 2* = 16 tir ma. Bon tir ma khac vai 1011010 duoc liét ké trong

bang sau.
CA4c bit kiém tra CA4c bit théng tin
X, X, X, X, X, X, X,
1 1 0 1 0 0 0
1 1 1 0 1 0 0
0 1 1 0 0 1 0
0 0 1 1 1 0 0

Phat hién 18i don

DPéi véi mot ma nhi phan, mot 16i don cé nghia 1a mot bit 0 duoc nhan
1a 1, hodc bit 1 dugc nhan 12 0. Theo Pinh 1y 3.1, dé ma phat hién tat ca cac
16i don khoang cach t6i thiéu & it nhat phai la 2. Tuy nhién theo Dinh 1y 4.1,
d6i vdi mot ma nhi phan tuyén tinh, & bang s6 nho nhét cia tat ca cac trong
s6 ctia tir ma khac khong. Vi vay trong trudng hop nay doi hoi § > 2, suy ra
rang khdng c6 tir ma nao ¢o trong s6 1. Néu e 14 tir ¢6 trong s6 1 thi nd c6 moi
bit bang 0 trir mot bit th i, tc 1a e = [0...010...0]T . Tr e nhu vay khong la tir
ma thi n6 phai thoa man He = 0.Tuy nhién, vecto tich He chinh 1a ¢t thu i
ciia H, vi vay suy ra khong c6 cot ndo cua H co thé bang khéng. Néi cach
khac, ma tran kiém tra H ctia ma tuyén tinh nhi phan phat hién 156i don (single-
error-detecting) khéng cé cot ndo bang 0.

Vi du 4.7 (Hai ma tran kiém tra)

(@) Ma tran kiém tra H trong (4.11) khong c6 cot s6 nao co tat ca cac
phan tir bang khéng va do d6 tao ra mot ma phat hién tt ca cac 16i don. Piéu

nay c6 dugc do 0 = 2 cho ma nay.
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o O O
R P O

1 1
(b) Matrankiémtra H =| 0 1 | co cot thir hai bang 0. Do d6
1 0
0100, vo1i chi bit thtr hai khac khong, 1a mdt tr ma c6 trong sb 1. Khoang cach
t6i thiéu do d6 1a 6=1, v mi véi ma tran kiém tra H khong nhan dién dugc
nhitng 16i don.

Stra chira 16i don

Trong §3 ta biét rang, dé stra duoc nhitng 16i don thi §> 3, nghia 1a
khong c6 tir ma nao co trong sb 1 hodc 2. Néu e 1a mot tir nhi phan co trong sd
2 thi e chi c6 hai bit khac khong tai vi tri i va j va khi ay He # 0. Tuy nhién,
diéu nay dan dén cac cot h, h, tha i va thir jcua H thoa man diéu kién
h+h =0 (vi h+ h=He), tac la h# h,, béi vi -h=h,(mod 2). N6i cach
khac, H 13 ma tran kiém tra ctla ma nhj phin tuyén tinh stra duoc 18i don
(single-error-correcting linear binary code, viét tit: s.e.c) thi khéng c6 ¢t ndo
ctia H 14 0 va khong c6 hai cot ctia H bang nhau.

Vi du 4.7 (M3 stra dugc 16i don)

(a) Ma tran kiém tra H trong (4.11) c6 cac cot thir hai va the tu bang
nhau, va do d6 khong phai 1a ma tran kiém tra ciia mot mi s.e.c. Piéu nay
phu hop voi cac két qua truéc da chi ra rang khoang cach téi thiéu cho ma
nay la 2.

(b) Néu ma chi c6 hai bit kiém tra, thi ma tran kiém tra thoa man cac
(DN [N 5 X 5 r A 1A 1 0 1 0 e N A A A
di€u kién stra 1oi don chi co thé la H = 0 1 1l boi vi ba ¢dt trén cho thay

chi c6 cot khac khong 1a nhitng cot voi hai phan tir. Nhu di nhan xét ¢ trén,
hoan vi cac cot cia H (vi du, dé sinh ra ma tran H trong (4.9)) khong sinh mot

ma khac.
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(c) Khi c6 ba bit kiém tra, chi c6 duy nhat mot lua chon dé cac cot cua
ma tran A khac véi cac cot ctiia |, la ma tran da dugc chi ra trong (4.20). Ma
tran H trong (4.20) khi 4y 13 ma tran kiém tra cho mot mi s.e.c. chiéu dai 7.
Tuong tu, chon bat ky mét, hai hodc ba trong s6 cc cot ctia A trong (4.20) va
phu thém chung vao cac cot cua |1, két qua trong ma tran kiém tra s.e.c. cho

ma chiéu dai 4, 5 hodc 6 tuong tng. Thi du, mdi ma tran

10011 10001
H,={0 1 0 1 1|, H,=[0 1 011 (4.21)
00101 00111

sinh ra mdt ma s.e.c. chiéu dai 5 v4i ba bit kiém tra va hai bit thong tin.

Cha ¥ rang trong mdi trudng hop ba cot dau tién (co6 nghia 13, l,) duoc

gitr lai.
1 00110
(d) Matrankiémtra H=|{0 1 0 1 1 1| co cac cotthe hai va thir
0 01010

sau bang nhau. Vi x=010001 véi chir s6 1 trong cac vi tri thi hai va thi sdu
thoa man Hx =0 nén x 1a mot tir mi co trong sd 2. Do d6 mi twong tng véi H
c6 khoang cach t6i thiéu 2, vi vay khong stra dugc 18i don. Vi H khéng co cot
chi gdm toan cac chit s6 0 nén mai khong phat hién dugc nhitng 16i don.

Phan (c) cua vi du 4.7 d3 chi ra ring mot ma s.e.c. voi ba bit kiém tra
c6 chiéu dai tdi da 1a 7. No6i chung, cho mot ma chiéu dai n véi m bit kiém tra,

ma trn kiém tra s& 1a H = [Im A} m hang.

mc6t  n—m c6t
Boi vi mdi phan tir trong m phan tir cia mot cot cia A c6 thé 1a 0 hodc
1, nén c6 nhiéu nhat 1a 2™ cot khac nhau cho lya chon A. Nhung dé mi co
tinh chét s.e.c., c6t 0 va m cot cua | phai bi loai ra tir A. Do do tong s cac
cot ¢6 thé chon chila 2™—m - 1. Nghia 13, d6i v6i mot ma nhi phan s.e.c, sb

(n-m)cdtcia A phdithéamin n-m<2"-m-1.
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Do d6 chiéu dai ctia cAc ma ndy thoa méin cac diéu kién n < 2™ — 1. Khi
n=2" -1 thi md duoc goi 13 hoan hao (perfect). Vi du, khi c6 bdn bit kiém
tra, ma s.e.c hoan hao c6 chiéu dai 2*-1 = 15, va sb bit thdng tin la 15-4=11.
Cé4c mé s.e.c khdng hoan hio voi bon bit kiém tra c6 it hon 11 bit thong tin.
4.3. Thuat toan hgi chirng gidi ma cho cac ma nhi phan

Tur trude dén nay ta di giai ma bang cach tim khoang cach Hamming
giita mot tir nhan duoc r va mdi tir ma. Khi 4y nguyén tac 1an can gan nhat
chon tir ma gan nhat v&i r dé gia dinh 1a tr ma da duoc truyén di. So d6 giai
ma nay khéng thuc té khi c6 mot sé luong 16n tir ma. Thay vao do, cach tiép
can tryc tiép str dung ma tran kiém tra H 13 thich hop hon. Tuy nhién, nguyén
ly “lan can cuc dai (maximum likelihood) van c6 hiéu luc — Nguyén tic nay
gia thiét tr nhan duoc khong c6 18i 13 gan hon tat ca cac tir khac va tir nhan
duoc véi mot 16i 1a gﬁn hon tir ¢6 hai 16i hodc hon, v.vi,...

Néu r 1a mot tir ma, theo dinh nghia né théa mian Hr = 0. Néu khi
truyén tin xay ra mot 16i don & vi tri thir i thi r=c+e, trong d6 e 1a mot tir co
e =1, va e =0 v&i moi i khac. Trong trudng hgp niy mot lan nita Hc =0,
nhung do He=h la cot thori cia H nén

Hr=H(c+e)=Hc+He=0+ h=nh.

Piéu nay chi ra rang néu mot 16i don xuat hién trong truyén tin thi Hr
béng mot cdt cua H. Vi vai tro cta no6 trong viéc xac dinh tor ma da duoc
truyén di, cac véc to cot Hr (nhan duoc béng cach nhan ma tran kiém tra va
vécto cOt I tao thanh tur tr nhan dugc r) dugc goi 1a hdi chirng (syndrome)
ctia r. Tén goi nay xuat phat tir viéc str dung thudt ngir y khoa v&i nghia 1a
“triéu chting” (symptom).

Pé giai md mot tir nhi phan nhan duoc r, ta str dung thuat toan sau day.

Thuat toan hgi chirng gidi ma cho cac ma nhj phan

Budc 1: Tinh hdi ching s = Hr (mod 2).
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Budc 2: Néu s=0 thi coi r 1a mot tir ma va 151 truyén khong xay ra.

Budc 3: Néu s= cot thu i cua H, gia su mot 16i don da xay ra trong
bit thir I, va tir ma da truyén di la r+e da nhan duoc béng cach sua r
thanh r + 1.

Budc 4: Néu s # 0, s khac cot thir i cua H, thi gia thiét rang nhiéu hon
mot 10 dd xay ra, va doi hoi truyén lai tin nhan.

Vidu 4.8 (Ung dung cua thuit toan)

Xét ma s.e.c. chiéu dai 5 véi ma tran kiém tra 1a ma tran H, trong (4.21).

(@) Néu tir nhan duoc 1a r = 11001 thi hoi chimg s=H,r 1a

1
1 1.1+0.1+0.1+1.0+1.1 0
0/=/01+1.1+0.0+1.0+1.1|=|0
0 1
1_

w

Il
o o K
o+ O
, O O
o K K
=

0.1+0.1+1.0+0.0+1.1

So sanh s v&i H, trong (4.21) cho thay rang né bang véi cot thi ba cia
H,. Do d6 theo budc 3, mot 16i truyén xay ra trong bit th ba, do d6 e =
00100. Bit thir ba cua r dugc stra thanh 0 + 1 = 1, do do, cac tr ma da truyén
la ¢=11101. Vi H,c=0 nén c thuc sy la mdt tur ma.

(b)  Néu tir nhan dugc 1a r = 10100 thi hoi ching 1a:

1
1 0 0110 1
s={0 1 011}1|=0/.
0 0 101)0 1
_O_

R6 rang s khong phai 1a cot ciia H,, do dé, theo budc 4, ¢6 nhiéu hon
mot 161 d4 xay ra. Ta c6 thé kiém tra trong trudng hop nay céc tir ma da duoc

truyén di co thé 1a 00000 v&i nhitng 13i trong bit dau tién va thir ba; hodc
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11101 v&i nhirng 16i trong cac bit thir hai va bit thi nim; hoic 00111 véi cac
16i trong bit thtr nhét, thir tu va thr nim. Ma khong thé sira cac 161 boi ny.

Phan (b) cua vi du 4.7 chi ra réng c6 thé nhan duge mot hoi chiing
khong phai 1a mot cot ctia ma tran kiém tra. Diéu nay c6 nghia raing khong c6
tir md nao ma khoang cach Hamming dén tir nhan duoc 1a 1. Tuy nhién, néu
ma 12 hoan hao thi diéu nay khong thé xay ra — mot hoi ching s& bang mot cot
ctia H. N6i cach khac, mdi tir nhan dugc co thé duoc coi la nhan duoc tir mot
tir md duy nhat v6i nhiéu nhét 1a mot 16i. Dé giai thich tai sao, ta nhd rang
mot ma hoan hdo véi m bit kiém tra c6 dd dai n = n=2"-1, va chira 2" tir
ma, vdi kK =n—m. C6 chinh xac n tir ma khoang cach Hamming 1a 1 dén tur
ma 00...0, 1a cac tor ma 10...0, 010...0, 0...010...0, 0...01 (sai khac voi tor ma
00...0 duy nhat 1 bit). Tuong tu 4p dung cho mdi tir ma khac. Nhu viy tong
s6 clia cac tir o chiéu dai n ma khoang cach bang 1 dén mot tir ma 1a:

2n=2(2"-1)=2"-2".

Boi vay, 2" =2 + 2", trong 46 2" 14 tong sb nhing tir c6 d6 dai n; 2*
|2 s6 nhitng tir m&; 2“n sb nhitng tir c6 khoang cach bang 1 dén tir ma.

V&i mdt ma3 hoan hao, mot tir c6 chidu dai n hodc chinh néd cling 1a mot
tir m&, hodc ¢ khoang cach 1 dén mot tir mi. Trong truong hop nay Budc 4
ctia thuat toan khong ap dung duoc, diéu ndy giai thich tai sao cic ma nhu thé
duogc goi 1a “hoan hao™. Tét ca diéu nay gia dinh rang toi da 1a mot 13i truyén
xay ra. Vi du, co thé d6i v&i mét tir ma duoc truyén di, va nhan dugc mot tur
ma khac boi mot s6 18i xay ra. Thuat toan hoi ching giai ma chi co thé két
luan "khong co 16i” trong truong hop nay.
4.4, Ma nhi phan Hamming

Mot bat lgi cua thuat toan trong phan trude 13 mot hoi ching phai dugce

so sanh voi cac ¢t ctia ma tran kiém tra. Vao nam 1950, Hamming da nghi ra

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn




www.VNMATH.com

68

mot luge dd, theo d6 vi tri cua céac 16i don c6 thé nhan duoc truc tiép tir hoi
chtng. Nhé lai ring ma tran kiém tra cho mdt ma nhi phan s.e.c phai khdng
chtra moét cot gém toan chit sd 0, hodc hai cot giéng hét nhau. Hamming chi ra
rang, con duong tu nhién dap ung diéu kién nay 1a chon biéu dién nhi phan
clia cac sb nguyén 1, 2, 3, 4,... nhu la cac cot H.

Vi du 4.9 Ma Hamming chiéu dai 5

Biéu dién nhi phan cta nhitng s6 nguyén tir dén 5, sir dung ba bit 1a:
S6 thap phan 1 2 3 4 5

Nhi phén 001 010 011 100 101

Nhiing sb nhi phan nay loai trtr 000 va tat ca déu khac nhau, do do, viét
chung nhu céac cdt cia mdt ma tran kiém tra, ma thuc chat s& tao ra mot ma
s.e.C. ¢o ba bit kiém tra.

Nhu truée day, nhitng bit duge doc tir trai sang phai, va dugc xép tur

0

trén xuéng dudi, do dé, vi du, 001 tré thanh | O |. Thuc hién diéu nay cho mdi
1

s0 nhi phan dan dén ma tran:

00011
H={0 1 100 (4.22)
10101

Pay 13 ma trdn kiém tra cho mét md Hamming nhi phan [5,2]. Chi y
rang H trong (4.22) khong con c6 dang ma ba cot dau tao nén ma tran 1, c6
s6 chiéu 3x3, nhu trong (4.20). Thay vao dé, chung 1a nhitng cot thir nhat, thir
hai va thir tu trong (4.20) va chi chira mot s6 1, twong tng v&i biéu dién nhi
phan ciia 1, 2 va 4. CAc bit kiém tra 1a x5, X, V& X4. Viét lai cAc phuong trinh

kiém tra Hx = 0, trong d6 X = X,X,X,X, X, cho:
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Xa+ X5=0, Xo+ X3=0, X;+X3+Xx5=0.
Do x =—x. trong hé co s0 2 nén hé trén c6 thé duoc sép Xép lai nhu sau:
X=K1X%, X=X, X=X

Chon tét ca cac gia tri co thé cho cac bit thong tin x3 va x5, ta dugc

bang sau:
Bit kiém tra Bit thong tin
X, X, X, X, X
0 0 0 0 0
1 1 0 1 0
1 0 1 0 1
0 1 1 1 1

Viét cac bit theo thir tw XX, XXX, s& dugc bén tir ma 00000, 11100,
10011, 01111.
Bay gid xét giai ma bang cach sir dung thuit toan hoi chirmg trong Muc
4.3. Néu mot 16i don xay ra thi hoi ching bang mot cot cua H. Tuy nhién,
khong can phai kiém tra H trong (4.22) dé xem né la cot ndo. Vi du, gia st
mot tr d3 nhan duoc 1a r = 01101, khi 4y hoi ching Ia:
1
s=Hr=|0
0
Chuyén vécto cot s thanh sé nhi phan s = (100),, nhu vy sd nay trong
hé thap phan 1a 4, do d6 18i & bit thu tu, va tir ma duoc truyén 13 r +00010 =
01111. X6a céc bit kiém tra Xy, X, V& X4 , tin nhin duoc giai mi 1a 11. Diéu
nay minh hoa tinh chit co ban ctia c&c ma nhj phan Hamming: biéu dién nhi

phan ctia hoi chitng ngay 1ap tic chi ra bit 16i.
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Néu c6 nhiéu hon mot 16i xuat hién thi Budc 4 cua thuat toan hoi chiing

giai ma khang dinh rang hoi ching nay khong phai 1a cot cia ma tran kiém
1

tra. Vi du, néu r =11010 thi s=Hr =|1|. Chuyén sang s6 nhj phan (111), =
1

7. Mi c6 chiéu dai chi 1a 5, do d6 khong thé c6 16i ¢ bit thir bay: két luan 1a

nhiéu hon mot 16i di xay ra.

Ngiu nhién, mi trong vi du nay cé thé duoc sir dung dé guri bén tin
nhan 1a 00, 10, 01, 11 va 1a cai tién ctia ma 1ap trong Vi du 2.1 vi & day chi
yéu cau nam bit dé stra cac 16i don, trong khi d6 ma lip trong Vi du 2.1 yéu
cau sau.

4.5. C4c tinh chit ctia mi nhi phdn Hamming [n,k]

(1) M3 c6 d6 dai n, kich thuéc k va m = n - k bit kiém tra. Néu
n=2"—1 thi ma 14 hoan hao, néu n < 2™ - 1 ma la rat ngin (shortened).

(2) Voi i1=1,2, ..., n, cot thir i ctia ma tran kiém tra H kich thuéc mxn
14 vecto ¢t duoc tao thanh tir biéu dién nhi phan cta i str dung m bit.

(3) Céc bit kiém tra & nhitng vi tri, noi ma cac cot ctia H chi chira mot

chit s0 1, cu the 1a X, X, X,, X;,...., X, V6 p=2""

(4) Theo cach xay dung, mi stra duoc moi 16i don, va do d6 c6 khoang
cach toi thiéu 1a 3. Thatra, & thuc su 1a bang 3.

(5) Bé giai ma mot tir nhan duoc r, ta tinh cac hoi ching s = Hr. Néu
s=0 thi coi tir ma r da duoc truyén di. Nguoc lai, néu (s), =(j), <n thi gid
str mot 161 don xay ra trong bit thir j; néu j > n thi ¢6 nhiéu hon mot 16i xay ra.

6) Pbi v6i md Hamming hoan hao, mdi hoi ching (ngoai trir 0) xuat
hién nhu 1a mot cot ciia ma tran kiém tra, va do do twong (g voi mot 16i don

stra dugc. P6i voi ma Hamming rat gon, mot s6 hoi ching chi ra cac 16i kép.
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Vi du 4.10 (Ma Hamming hoan hao [7, 4])
O day s6 bit kiém tra m =7-4 =3, va n =2°- 1. Biéu dién nhi phan
6=(110), va 7 = (111), cho hai cot bd sung s& duoc ndi thém vao (4.22). Do

d6 ma tran kiém tra 3x7 Ia;

0001111
H=01 10011 (4.23)
1 010101

Vi dy, gia st mot tir da nhan dugc la r = 0110111, va t6i da mot 151

x4y ra trong truyén tin. Hoi chung la:

0

1
0 001 1 11|12 1
s=Hr={0 1 1 0 0 1 1{/0|=|0{.
1 0101 01|1 1

1

_1_

Diéu nay dan dén (101) =5 chi ra rang 161 xuét hién tai bit thir 5 va khi
ay tir ma da duogc chuyén 1a 0110011. Loai cac bit kiém tra x,x,,X, dan téi
tin nhin duoc giai ma 1a 1011.

4.6. Cac p-ma Hamming

Mot p—ma C c6 d6 dai n da dugc dinh nghia trong 83 1a mot tap hop
cac tr ma X=XX,...X, voi X, €[l . Dudi day ta chi xem xét cac ma véi p la
mot sd nguyén td, do do [ , 1& mot truong hiru han. Dinh 1y 3.1 vé phat hién
va sira 18i trong §3 dugc ap dung cho bat ky p-mi nio, nhung dinh nghia
tuyén tinh trong muc 4.1 can stra d6i theo cach sau.

tong z=x+y co6 cac chir so

n’!

Cho hai p—tr md x va y=y\y,..y

z,=(x+y,)(mod p),i=1,2, ...,n. Khidy C la tuyén tinh khi va chi khi
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(i) x+yeC,voimoix,y eCva

(i)ax eCvoimoia ell .

Doi v6i ma nhi phan, diéu kién (ii) tr& thanh luén ding vi [, ={0,1}.

Trong sb ciia p—tir md bay gid 1a s cac chit s6 khac khong cia nd.

Véi dinh nghia mo rong ndy, Dinh 1i quan trong (4.1) van con dung, tirc
13 khoang cach t6i thiéu ciia mdt ma tuyén tinh bang trong s6 nho nhat cia tir
ma khac khong.

M3 tuyén tinh c6 kha niang stra moi 16i don it nhat phai c¢6 khoang cach
t61 thiéu 1a 3. Piu ndy tré vé yéu cau dau tién 13 ma tran H phai khong c6 cot
gdm toan céac s6 0, gidng nhu trong ma nhi phan; yéu cau thir hai trudc kia
trong ma nhi phan 14 khong c6 hai cot cia ma tran kiém tra bang nhau, bay
gid duoc thay thé boi diéu kién 13 khong cé cdt ndo 12 béi khac 0 cia cot

khac; bdi nay dugc xac dinh bang cach nhian mdi phan tir cia vécto X véi
X CX,

X CX
cell ,dola c| *|=| *|(mod p).

Phuong trinh kiém tra (4.10) bay gio trd thanh Hx = 0 (mod p).
Vi du 4.11 M3 tuyén tinh tam phén

011 2

Ma tran kiém tra L 0 2 J khong phai 1a ma tran cho mt ma tam

phan s.e.c., bai vi cac cot thir tu 13 bang 2 1an cot thir ba, d6 13,

2" = 2|=]  |(mod 3 4.24
MRS 29

Tuy nhién, ma tran kiém tra

0111
H (4.25)
1012
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X4c dinh mdt ma tam phan tuyén tinh s.e.c, bai vi khong c6 cot ndo 13 boi cua
cac cot khac. Pé xac minh diéu nay, ta chi cAn viét ra tit ca cac boi khac
khéng ciia cac cot va xac nhan rang khong c6 cot ndo 1ap lai. Déi voi ma nay,
fir Mid X=XXXX, dugc bang cich giai cic phuong trinh kiém tra
HXx EO(mod 3) v&i H trong (4.25). Piéu nay cho
X, + X, +X,=0; X + X, +2x,=0.

Lay x, va X, 1a chit s6 thong tin, nhitng chit s6 kiém tra c6 thé dugc

biéu dién nhu sau (vi -1 = 2, - 2 = 1 theo mddun 3):

{><1=—x3—2x4 =2X, + X,; (4.26)
X, ==X, — X, =2X, + 2X,.

Céc chir sb X, va x, doc lap co thé 1dy gia tri 0, 1, 2, vAy co 32 =9t
ma. Nhu d6i véi cac mi nhi phan tuyén tinh, cic gia tri ctia cic chit sd kiém
tra nhan duogc tir (4.26), theo médun 3. Vi du, khi x3 =1, X4 = 2 thi x;=2 +2
=1, x, =2+ 4 =0, va cac tor ma tuong tng la 1012. Mot sb tr ma khac duoc

cho trong bang sau:

Chir s0 kiém tra Chir so thong tin
X, X, X, X,

1 2 0 1
2 1 0 2
2 2 1 0
1 0 1 2

Cac mi dugc xac dinh bai ma tran kiém tra H trong (4.25) thuc su la
mdt ma tam phan Hamming chiéu dai 4 v6i hai bit kiém tra va hai bit thong
tin. Ghi cc cot ctia H nhu nhitng s6 trong hé co 6 3:

(01),=1  (10),=3, (11), =4, (12), =5, (4.27)

ta théy cac cOt cua H thda man cac didu kién quy dinh cho mot ma s.e.c.
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4.7. Cac tinh chit ciia p-ma Hamming [n,k]

(1) M& c6 chiéu dai n=(p"-1)/(p—1), m chir sé kiém tra, kich
thuéc k =n—m, va chira p* tir ma.

(2) Cac cot clia ma tran kiém tra H kich thuéc mxn 1a cac véc to cot
tao bai cac s6 co so p vai m chit s6 dau tién, trong d6 chit s6 dau tién khac
khéng la 1. Nhiing s6 nay dugc chon theo chiéu ting ctia bién do, nghia la:

00..01, 00...010, 00..011, 00...012, ..., 00...01(p - 1), 00...0100,...

(4.28)

(3) Cac chir sb kiém tra & tai cac vi tri ma tai d6 nhiing cot ctia H ¢6
cac s6 khac 0 don bang 1.

(4) Mai c6 khoang cach tdi thiu 3, stra duge moi 161 don, va 13 hoan hao.

(5) Dé giai md mot p-tir r =rr,..r nhan duogc, ta tinh cac hoi ching
s=Hr(mod p). Néu s = 0 thi coi tir m& r da dugc truyén di. Nguoc lai, thi
s=eh, trongd6 e # O va eel] o va h 1a cot thir i cia H. Mot 16i don bién
dd e duoc coi 1a tai chir s6 tha i, va chir s6 duoc sira 1a r—e.

Khing dinh ma 13 hoan hao trong (4) cAn duoc chimg minh. Ta phai chi
ra rang mdi hoi chimg khac 0 13 bang e 1an mot cot nao d6 cia H, trong d6 e #
Ovaeell .

Bat ki hoi chirg khac khong s c6 m phan tir, va co6 thé dugc viét trong
dang chuyén vi

[0,0,...,0,s1,S2, ..., Sm—ql, (4.29)
c6 q sb6 0, trong d6 0<g<m va s, la sé dau tién khac 0 ctia s, v&i moi

s el ,. Pé s=e 1an mot cot cua H thi cot ctia H phai co6 dang:

[0,0,..,0L¢,, Cppn G, |- (4.30)

1M 31" m-p
So sanh mdi phan tir trong (4.29) vdi e 1an phan tir tuong Gmg trong
(4.30) cho:
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S, =€, S, =€C,, s,=eC,, ..., S __=€C_ . (4.31)

1 m—q m—q

Khi p Ia s6 nguyén t6, moi phan ti ctia [1 = déu c6 so nghich ddo. Noi
rieng, e =s;" el , do d6 (4.32) c6 thé duoc giai dugc:

C,=S,'S,, €, =85, ..., C, . =SS, .

Piéu nay chi ra rang, (4.30) thuc su biéu dién cot cua H hay ma I
hoan hao.

Vidu4.12 Céac p-mad Hamming

a) Khi p=5 va m=3, chiéu dai cia mi duogc cho bai tinh chat (1) Ia:
n=(5-1)/(5-1) vak=31-3=28.

Céc s voi ba chir s6 trong co s 5 nhan dugc tir (4.28) 1a:

001, 010, 011, 012, 013, 014, 100, 101, 102, 103, 104, 110, 111, 112, 113,
114,120,121,122,123, 124, 130, 131, 132, 133, 134, 140, 141, 142, 143, 144.

Ta c6 thé kiém tra rang trong hé thap phan 31 sd trén tuong duong véi
cac s 1,2,7,9, 25, 26, ..., 48, 49, xac nhan réng nhiing sb nay da duoc sép
xép theo thir tu ting dan.

Chung duoc st dung nhu cac cot clia ma tran kiém tra 3x31 tuong tng
v6i 001, 010, va 100, va c6 5° = 3.73x10% tir ma.

b) Khi p =3, m =2 mi c6 chidu dai n=(3-1)/(3-1)=4. Cac sb
(4.28) dugc liét ké trong (4.27), va ma tran kiém tra H 1 (4.25).

Gia st mdt tir nhan duoc 1a r =1200. Theo (4.24) ta co

1 1
2| |0 11 1(2| [01+1.2+1.0+1.0 2 1
s=H — — =| |=2| _|(mod5).
0 1 01 2 1.1+0.2+1.0+20| |1 2

0 0

Hoi chimg nay gap 2 1an cot thir tu cua H, boi vay, theo tinh chat (5) thi
c6 mot 16i e=2 & chit sd thir tu. Chit sd can sta cua tir nhan dugc 1a

r,—2=0-2=1(mod3), do d6 tir ma dugc truyén di 1a 1201.
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2
) -1
c) Khi p=5va m = 2 chiéu dai cha ma la n:( ):6 va

(5-1)
k=6-2=4.
Nhitng s6 co sb 5 trong (4.28) v&i hai chir s6 theo thu tu ting dan 1a:
01, 10, 11, 12, 13, 14. Chuyén nhiing s6 nay thanh nhitng cot theo cach thong

thuong tao ra ma tran ki€m tra

011111
H= . (4.32)
10123 4

Gia str tr da nhan dugc la r=202123. St dung H trong (4.32), hoi

chung la:

101234

)7 _
0

Y 2 {O 1111 1} }(modS).
1 1.2+00+1.2+21+3.2+43| |4
2
3_ L

57
0
2| 102+10+1.2+1.1+1.2+13 3
{1 H
2
3_

N C 1 x .
D¢ dang thay rang s = 3{3} =3h,. Vi vay, c6 mot 10i e = 3 trong chir s0

thir nim cua r, duge stra thanh 2 — 3 = —1= 4, tir ma duoc truyén di 13 202143.
d) Khi p =3, m = 3 mi tam phan Hamming c6 chiéu dai
(3°-1)/(3-1)=13, kich thuéc k = 13 — 3 = 10. Dbi cac so trong (4.28) dé

nhan duoc cac cOt cia ma tran kiém tra

0000111111111
H=0 1 11 000111 2 2 2|.
1012012012012

Céc chit s6 kiém tra 1a X, , X, VA X, va c6 3 =59.049 tir mi. Néu mot

tir r=1102112100112 nhin duoc thi ta c6 thé kiém tra rang s = Hr, = 0, do
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do, cac tir ma r, da duoc truyén di. Néu mot tir khac r, = 1000101220120

0
nhan dugc, ta c6 thé tinh s=Hr, =1 |= h,.
1

Chir sb tht ba cua r, duogc stra chira l[a 0—-1=2, tr ma duoc truyén di
la 1020101220120.

§5. Ma thap phin

Mot s6 ma thap phan di dugc gip trén s6 hidu hang héa chiu Au
(EAN) (vi du 2.4), ngan phiéu M¥ (vi du 2.5), ma s&ch tiéu chuin quéc té
(ISBN). Piém dic trung chung cua ching 13 cic chir sb cta tir mi thudc
{1, 2,...,9} (ngoai trir cac chir sb6 kiém tra), mac du s6 hoc modula rat khac
nhau giita dong dur 9 va 10 hodc 11 tuy theo nhitng ma dic biét.

5.1. M4 s6 sach tiéu chuin qudc té (ISBN)

MJi cudn sach hodc van héa pham xuit ban duge dong nhat boi ISBN
ctia nd, thi dy nhu trong Hinh 1.2, ISBN 13 mdt mi tir gdbm 10 chit sb
X, X,...X,o, trong d6 X, dén x, 1a cac chit s6 thap phan, nhung chit s6 kiém tra
X,, 6 thé nhan thém gia tri x,,, dugc ky hidu 1a X (chit s6 La Ma ¢ gié tri 1a
10). Piéu nay 1a boi vi ISBN dugc xac dinh voi s6 hoc modun 11, dé ma dugc
dinh nghia trén trudng hitu han [J ;. Hang s6 & dudi thap hon trong Hinh 1.2
la s6 hiéu hang hoa chau Au (EAN) cho sach. Nhiing chir s6 dau tién ctia mot
ISBN, duoc goi la 'nhom dinh danh' (Group Identifier), ky hi¢u quéc gia, hoac
nhom cac quéc gia. Vidy, X =0 dugc sir dung cho tAt ca cac sach (cho du Ia
bang tiéng Anh hodc khong) dugc xudt ban tai Hoa Ky, Vuong quc Anh,
Canada. Australia va mot sb nudc khac; x, = 3 chi ra mot cudn sach dugc
xuat ban bang tiéng Pirc; Pan Mach c6 xXx,= 87, va Thuy Dién xx,=90.

Phan thtr hai ctia ISBN, duoc goi 1a "nha xuat ban tién t6" (Publisher Prefix)
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c6 thé bao gdm hai, ba, bon, ndm, sau hoic bay chir s6. Nhiing chit nay dong
nhit v6i nha xudt ban, vi du nhu nhitng chit s6 X,X,=13, la ki hi¢u cua
Prentice Hall. Phan thir ba ctia ISBN c6 thé dai tir mot dén sdu chit s6 va la
"S4 tieu d&" (Title Number), d6 13 sé dugc gan cho nhitng cudn sach cu thé
ctia nha xuat ban, vi du, 053101 trong Hinh 1.2. Chiéu dai cua s tiéu dé phy
thudoc vao dd dai cua cac phﬁn trudec cua ISBN, nhung Identifier Group,

Publisher Prefix va Title Number ludn c6 tong Ia chin chir s6. Chit s6 cudi X,

|2 chir s6 kiém tra, va duoc chon sao cho tong kiém tra
10
S =YX, =X, +2X, + 3X, +... + 10X, (5.1)
i=1

la mot boi s6 cua 11, c6 nghia 13,
S=0(mod 11). (5.2)
Nhitng ddu gach ndi thuong dugc chén vao giita nhitng phan khac nhau
cua ISBN, nhung khong c6 ¥ nghia toan hoc.
Dit tong (5.1) bang khong, va str dung -10 = 1(mod 11) ta di dén biéu dién

X, = Yix (mod11). (5.3)

Diéu nay cho phép tinh chit sé kiém tra theo chin chit s6 dau tién cta
ISBN. Dé dang thdy riang néu tong bén phai cua (5.3) 1a sd thap phan c6 ba
chir s6 abe thi (5.3) dugc rit gon thanh

X, =(a—b+c)(mod1l). (5.4)

Tuong tu, néu trong (5.1) S=(ss,8,),, thi (5.2) twong duong véi

"
s,—S,+5,=0 (mod 11). Tat nhién, d& dang dé tinh toan tong trong (5.1) va
(5.3) bang cach st dung mdy tinh. Tuy nhién, ISBN dugc dua vao st dung
khoang nam 1968, trudc khi cd cac may tinh gia ré, do do6, nguoi ta da tao ra
mdt bang sir dung rat don gian cho cac thi thu. Bang nay chi can lam cac
phép cong ma khong can phép nhan nao. Diéu kién (5.2) duoc kiém tra nhiing

quy tic dudi day:
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(1) Xay dung mot mang vdi ba hang va muoi cot. Cac muc trong dong
dau tién la X, X, ...y Xy, VA trong cOt dau tién 1a Xys Xy X,
(2) Néu cac so trong mot cot 1a a,,a,,a, thi cac sd b,,b, trong cot bén
canh bén phai dugc tinh theo cac miii té€n sau.
Hang dau a, b,
/
a,— b,=a,+ Db
/
a,— b, =a +h
(3) Piéu kién (5.2) twong duong véi chit s6 cudi cing trong dong dudi
cung cua bang la O(mod 11).
Pé kiém tra (3), ta xay dung bang nhu sau:
Xl X2 X3 X4 e X10
e «
X1_>(X1+X2) —> (X1+ X2+X3) (X1+X2+X3+X4) Tl
/
X—>(2Xx %) — BX+2X+X) (AX+3%,+2X,+X,) ... T,
Ta c6 thé kiém tra rang T, = X + X, + X, +...+ X, va sb cudi cling trong
dong dudi cung la T, =10x +9X, +8X, +...+2X, + X, .
Hon nita, ta d& dang thiy ring T,+S=11T, trong do S la tong trong
(5.2), do @6, T,=0(mod 11) khi va chi khi S = 0(mod 11).
Viée ap dung cac quy tic (2) c6 thé lam don gian bang cach thuc hién
tung phép cong riéng 1€ theo mdédun 11 trong qué trinh xay dung mang.
Vi du 5.1 (Kiém tra mot ISBN)
Xét ISBN 3880531013 nhu trong Hinh 1.2. Téng kiém tra S trong
(5.2) la:
3880531013=1x3+2x8+3x8+4x0
+5x5+6%x3+7x1+8x0+9%x1+10x%x3
=3+5+2+3+7+7+9+8(mod11)=0(mod11).

Thoa min diéu kién dung cua ISBN.
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[SBN 388053101-3

5

-~

7938807531016
Hinh 1.2
Str dung nhiing quy tic (1) va (2), mang duoc cau tao nhu sau.
3 8 8 0 5 3 1 0 1 3 «— ISBN
3— 11 19—+ 19 24 27 28 28 29 32
& 7
3— 14, 33—52 76 103 131 159 188 220
S6 cudi cung cua dong dudi cung 13 220 dong du v6i 0 (mod 11).
Phién ban don gian hon cua bang nay st dung phép cdng theo modun 11
trong sudt qué trinh. Vi du, cac muc trong cot thi hai giam thanh 8+3=0,

3+0= 3( mod 11). Bang don gian hon bang trén sé la:
3 8 8 0 5 3 1 0 1 3« ISBN
/

A/ A/
3— 00— 8 8 2 5 6 6 7 10
3—+3—0—8 10 4 10 5 1 11 (5.4)

Va s6 cudi cung 1 11 déng du véi 0 (mod 11), dang nhu trén.
Qui trinh nay ciing cho phép ta dé dang tim duoc chit s6 kiém tra néu
biét cac gia tri cia X dén X,. Trong vi du nay, gia st X, chua dugc biét. Hai

cOt cudi cia mang s€ la:

1 X
7 X, +7
1 X, 18

Va doi hoi X, + 8=0(mod 11) cho gia tr1 X,=3.
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Vidu5.2 (Sua ISBN)

Gia st rang chit sb thtr sau (bang 3) trong ISBN ¢ vi du 5.1 d3 vo tinh
bi mat, do d6, ISBN c6 dang 38805x1013. Hoic 1a tinh S tir (5.2), hodc str
dung cac mang don gian (5.4). Nam cot dau tién (5.4) hoan toan nhu trude,
nhung phan con lai ctia mang d6 bay gio 13

5 X 1 0 1 3
2 X+2 X+3 X+3 X+4  Xx+7
10 x+1 2X+4 3X+7 4x oxX+7
trong d6 cac tong da duoc 1ay dong du theo mod 11. Yéu cau sb cudi clng &
dong dudi la
5x+7=0(mod11). (5.5)
Loi giai la
5x =—7 =4(mod11).
Béi vay
X=5"x4=9x4=36=3.

D6 chinh 1a gia tri ciia cac chit s6 bi mat. Chu y rang do 11 1a s
nguyén to nén ton tai phan tir nghich dao trong [J . Ngoai ra, ta co thé giai
(5.5) chi don gian bang cach thir x=1, 2, 3 cho dén khi nhan duoc gia tri
dung la X =3. Phuong trinh (5.5) trong [/ , cho nghiém duy nhit.

Gia sir nhan duoc sd thap phan gdm 10 chir s thap phan va phat hién
ra nd khong cd trong ISBN. Néu khong biét nhitng chir sé nao 15i thi c6 thé da
dugc truyén di nhiéu ISBN. Tham chi gia thiét thong thuong thich hop nhat 1a
chi c6 mot 16i don trong mdt chir s6, thi cting khong du dé stra mét 13i nhu
vay. Tuy nhién, md ISBN phat hién moi 15i trong d6 hai chit s6 (thong

thudng, nhung khong phai nhat thiét, 1ién ké) ngiu nhién bi dbi chd. Dé thay
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diéu nay, gia su mot ISBN dung x X,...X,, da dugc truyén di, va tur nhan duoc
c6 X,va X, bi doi chd, véi j<k va x, =X, (néu x,=x, thi khong c6 15i).
Cho tir nhin duoc ta c6 téng kiém tra S trong (5.2) chita cac sd hang j X, KX,
thay vi jx,+kX,. D& dang thiy rang tong kiém tra sai khac la (x;-x)(k-])va
tich nay khong thé dong du véi 0 (mod 11) vi mdi s6 hang déu khac khong.
Do d6 tong kiém tra cho tir nhan dugc khong dong du véi 0 (mod 11), vi vay
16i duoc phat hién. Néu nhu biét hai chir s6 lién ké da dugc do6i chd thi 16i nay
c6 thé stra duoc.
5.2. M4 sira 18i don

M3 ISBN hién nay da duoc cai tién dé sira 16i don. M4 nay bao gdbm
cac tir ma ¢6 10 chit s6 X,X,,...,X, théa min véi cac phuong trinh kiém tra

trong (5.1) nhu ma ISBN, cu thé 1a
10
S, = ix =0(mod11) (5.6)
i=1

bd xung thém mot phuong trinh kiém tra tinh chén 1é
10
S,=> % =0(mod11). (5.7)
i=1
Vi ¢6 hai phuong trinh kiém tra nén bay gio c6 hai chit s6 kiém tra x,
Vd X,. Nhitng phuong trinh kiém tra ndy xac dinh mot 11-méa, nhung bé qua
moi tir ma chira chit s6 X (=10), ma két qua chi con chita cac chir sd thap
phan dtng (cac chirsb 1, 2, ..., 9).
Gia st mot 16i don e xay ra ¢ vi tri tha i cia mot tir ma da duoc truyén
di, khi ay tir nhan dugc r c6 r=x +e. Nhu doi véi ma ISBN, v&i tir r nhan
dugc tong kiém tra (5.6) c6 mot s6 hang bo xung ie, vi vay

S, =ie(mod11). (5.8)
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Tong kiém tra thtr hai (5.7) tré thanh S,= e (mod 11). Vi thé bién do
clia 10i nay la e =S, (mod 11), va tir (5.8) vi tri ctia 16i nay la:
i=Se”(mod11)=SS,"(mod1l).
Thuét toan giai ma cho mé nay la nhu sau, trong d6 tit ca cac phép toan
da duogc lay déng du theo mod 11:

S
(1)  Véi tir nhan duoc r, tinh hdi chimg Hr = {SZ} voi

1

(5.9)

H_1111111111
123 4567 89 10|

(2) Néu S,=0, S,= 0 thi khong c6 16i, va tir m3 r da dugc truyén di.

(3) NéuS,# 0va S, =0 thi gia thiét mot 16i duy nhat xdy ra tai chit
s0i=S, S,*, va chit s6 chinh x4c 14 r - S, .

(4) Néu S,=0 hoic S,=0 (nhung khong ca hai) thi it nhat hai 16i da
duoc phat hién.

That ra (4) ludn xay ra khi hai chit s6 duoc ddi chd, nhung khac véi
ISBN, ma nay cé thé phat hién tit ca cic 151 xdy ra trén hai chit s6. Diéu nay
la vi ma c6 khoang cach t6i thiéu 1a 3. Cach d& nhét dé chirmg minh diéu nay
la chli ¥ ring cac ma tran kiém tra trong (5.9) chinh 1a ma tran kiém tra cho
11- m& Hamming

0 11111111111
:L 012345678910]
nhung bo di hai cot dau tién. Diéu nay khong 1am thay d6i khoang cach tdi
thiéu, déu 1a 3 cho cac p- ma Hamming.

Vi du 5.3 (Cac tng dung cia luge d6 giai mi)

(8) V6i mot tir duoc 0206211909 d& dang dé tinh dugc bang cach sir
dung (5.6) va (5.7) la
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S, =213=4(mod 11), S, =30=8(mod 11).
Do d6 theo budc (3) & trén, mot 18i duy nhit d3 xay ra & vi tri thir i, voi
i=4x8"=4x7=28=6(mod 11).

Vi vay chir s6 thtr sau cua tir nhan duogc duoc stra lai 1a
r,—8=1-8=-7=4(mod 11), do d6, tir ma dugc truyén la 0206241909.

(b) V6i tir nhan duge 5764013052 ta kiém tra S =1 va S,=0(mod 11).
Theo budc (4) co it nhét hai 15i trong tor nhan dugc, va yéu cau truyén tin lai.
5.3. M4 sira 16i kép

Cac ma dugc trinh by o trén c6 kha ning, trong trudng hop tot nhat,
stra dugc Cac cac 161 don. Bay gid ta ¢ thé md ta ma sira dugc tdr cd cac 10i
kép, nghia 13, nhirng 15i trong hai chit s6 ctia mot tir mA.

Ta bat dau véi mi s.e.c va chon nhirng tir mi thoa méin ngoai (5.6) va

(5.7) con thém hai phuong trinh kiém tra
10 10
S,=>i’x, =0(mod11) va S,=>i’x =0(mod11). (5.10)
i=1 i=1

Bay gid c6 bén chir s6 kiém tra X, X, X,,X,. Gia sa mot tr ma
X,X,...X,, da dugc truyén va hai 16i xay ra & cac vi tri thir i va tha j véi bién do
e, VA e, tuong tmg, khi dy tr r nhan dugc cO r=x +e, r=x,+e,. Tu cac
biéu dién ctia tong kiém tra suy ra rang trong trudng hop nay:
S, =ie + je,, S,=¢ +e,, } (5.11)
S, =i’ + j’e,, S, =i‘e + j’e,.
Bon phuong trinh trong (5.11) s& giai duge dbi véi bén ansd i, j, e, e, .
Mot s6 tinh todn dai s6 thich hop dan dén két qua 1a i va j (cac vi tri cta 15i)
la hai nghiém cua phuong trinh bac hai:
ax’+bx+c=0, (5.12)

trong do:
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a=S"-S,S,, b=S,S,-S;S,, c=S’-S5S,. (5.13)
Khi i va j 3 duoc tim thiy, thi rat d& dang giai hai phuong trinh dau
tién trong (5.11) dé duoc
e,=(iS,-S,)(i-j)", &=S,-¢,. (5.14)
Luu v 12 néu chi mot 16i xay ra, thi du, voi e 0, e, # 0 thi trong (5.11)
Si=ie;, S, = €y, S3 = i%e1, Sq = i1, va thay thé cac gia tri nay vao (5.13) ta
dugca=0,b=0,c=0.
Nghiém cta phuong trinh bac hai (5.12) c6 dang

L —b++/b*—4ac

I, 5.15
J 23 (5.15)
Céc can bac hai ctia phan tir g (néu ching ton tai) trong [ 4 duoc cho bot:
q 1 3 4 5 9

: (5.16)
\/a 1hoacl0 5S5hoac 6 2 hoac 9 4hoac7 3 hoac8

Thuit toan giai ma cho md nay nhu sau, trong d6 tit ca cac tinh toan

s6 hoc duoc lay theo mddun 11:

S,
S
(1) V6i mét tir r nhan duoc, tinh hdi chimg S=H.r = Sl , trong do
3
1S,
11 1 1 .. 1]
1 2 3 4 .. 10
H=l] o 2 o 0| (5.17)
120 3 & 10° |

(2) Néu S =0 (co6 nghia 14, S; = S, = S3 = S, = 0) thi gia thiét khong c6

16i, va tir ma r da duogc truyén di.
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(3) Néu S#0vaa=Db=c=0, thi c6 mot 16i don xay ra tai chit s6
i=S.S,", va chir s6 dugc sira la r;—S,.

(4)Néu S#£0va a#0,c#0,va q=b’—4ac c6 mot gia tri can bac
hai trong [, theo (5.16), khi do gia thiét 1a ¢ 161 & cac vi tri th i, j cho bai
(5.15). Céac chir ) nay duogc sua la ri —eq, rj—€;, trong do e; va e; dugc cho
baoi (5.14).

(5) Néu céc diéu kién (2), (3) hoic (4) khdng thoa man, thi 6 it nhat ba
16i d3 dugc phat hién. Tir (5.16) ta thdy rang diéu nay bao gom ca cic truong
hop (4) khi g nhan mét trong gia tri 2, 6, 7, 8, bdi vi céac sd nay khong c6 can
bac hai trong [ ,.

C6 thé chi ra rang ma c6 khoang cach téi thiéu 1a 5, do d6, theo Pinh 1y
trong §3, ma nay stra duoc tat ca cac 18i kép.

Vi du 5.4 (Ung dung cua thuat toan giai ma)

(@  Gia str mot tir dugc nhan 1a 3254571396. Cac téng S1,S,, S3va Sy
trong (5.6), (5.7) va (5.8) dugc tinh toan véi sé hoc modun 11. Pé thuan tién

cho viéc tinh toan ta dua ra bang sau:

X 3 2 5 4 5 7 1 3 9 6
[ 1 2 3 4 5 6 7 8 9 10
i2 1 4 9 3) 3 3 5 9 4 1
i° 1 8 3) 9 4 7 2 6 3 10

Trudc tién, S,=> % =1, va lay tich theo mAdun 11 cua dong dau tién
clia bang voi cac hang tiép theo ta duoc:
S, =1x3+2x2+3x5+4x4+5x5+6x7+7x1+8x3+9x9+10x6=2
Va tuong tu
S, =Y i*x, =10; S,=>i°x, =3.
Tu (5.13) taco
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a=4-1x10=-6=5 b=1x3-2x10=-17=5; ¢=100-2x3=6.

Vi vay, dai lugng q = b® - 4ac trong budc (2) la:
Q=25-4x5x6=-95=4,

Nghia la \/a =2 trong (5.16). Do d6 cac diéu kién trong budc (4) cia
thuat toan dugc thoa man. Vay c6 hai 16i da duoc truyén di. Tir (5.15) cac 16i
nay xdy ra & cac vitri i, j=(-5+2)10". Vi 10" =10 nén

1=-3x10=-30=3; J=-7x10=7.

Bién d6 ciia céc 18i tinh duoc tir (5.14) la e, = (3x1-2)(3-7) '=7"=8 va
e, =1-8=4. Do d6 céc gia tri chinh x4c ctia cac chit s6 thir ba va thir bay la
r,-4=5-4=1var-8=1-8=-7=4

Tir nhan duogc khi Ay duoc giai ma 1a 3214574396.

Nhén xét rang str dung gia tri J4=9 trong (5.16) ta dugc

i, j=(-5%9)10" =(-5+9)10=-30;40=3;7
nhu trén khi chon gia tri \/Z =2.

Ciing chl Yy rang diéu kién ¢ # 0 trong Budc (4) 1a can thiét cho viéc
sira chita hai 161, vi néu ¢ = 0 thi (5.12) c6 mot nghiém i = 0, vo Ii.

(b)  Gia st mot tir dugc nhan 1a 4063101012. Lap lai nhirng tinh toan
tréencho S, =9, 5,=7, 5,=10, S,=2vaa=0,b=1,c=5 Béivia=0nén
tir Budc (5) cta thuét toan suy ra cO it nhat ba 18i dugc phat hién va yéu cau

truyén tin lai.

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn




www.VNMATH.com

88

KET LUAN

Duya trén co so cta 1y thuyét ddng du va trudng hiru han, luan vin ¢
muc dich tim hiéu va trinh bay nhimng kién thirc, nhitng két qua co ban, so
dang nhat cua 1y thuyét ma sta sai. Ung dung 1y thuyét s6 néi riéng, cong cu
todn hoc no61 chung (dai sb tuyén tinh, hé dém, .. .) cho phép nhan dugc nhiéu
két qua quan trong trong ma sira sai, ciing nhu trong 1y thuyét mat ma. Piéu
nay cé thé xem thém trong céc tai liéu tham khao [1], [6], [7],...

Qua day ta cling thdy rang, nhiéu thanh tyu toan hoc tudng chirng nhu
chi c6 ¥ nghia vé 1y thuyét, lai mang dén nhiing tmg dung quan trong va bat
ngd trong thuc té. Nhiéu kién thirc toan hoc tudng chimng nhu so cip (duoc
giang day trong trudng phd thong, thim chi cip Trung hoc co sé), nhung c6
thé giang day trong mdi lién két voi nhirng thanh tyu tng dung mdi trong tin
hoc va doi song. Hon nita, hoc sinh phd thong hoan toan c6 du kha ning tiép
thu nhitng kién thirc méi c6 nhiéu tng dung nay (hé dém, mi sira sai, 1y
thuyét mat ma, Iy thuyét do thi, toan roi rac,...). Hy vong rang chuong trinh

toan so cap s& duoc bd xung nhirng mang kién thirc toan nay.
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