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TOM TAT

Muc dich chinh cta luan an nay la khao sat moi quan hé gitta phép tinh

tich phan va phép tinh vi phan trong giai tich khong tron va ly thuyét t6i wu
dua trén viéc nghién ctru hai bai toan sau day va cac tng dung cua ching:
1) M rong cong thitc Newton-Leibniz khi dao ham Fréchet dugc thay béng
dudi vi phan Clarke (hodc dudi vi phan Mordukhovich) va tich phan dugc xét
theo nghia Aumann; 2) Tinh todn va u6c luong dudi vi phan Mordukhovich
ctia cac phiém ham tich phan. Chi ra tng dung cta cac két qua thu duoc trong
1y thuyét toi uu.

Luan 4n c6 4 chuong: Chuong 1 nhic lai mot so khdi niém va tinh chat
co ban trong ly thuyét vi phan suy rong va ly thuyét tich phan ctia cac anh
xa da tri. Chuong 2 nghién cttu bai toan tinh todn hoac udc luong tich phan
ctia cac anh xa dudi vi phan. Chuong 3 nghién ctu bai toan tinh dudi vi phan
Mordukhovich ctia phi€ém ham tich phan. Chuong 4 nghién ctu mién gia tri
clia anh xa dudi vi phan Fréchet.

Cac két qua chinh cua luan 4n bao géom: 1) Cong thiic biéu dién tich
phan Aumann ctia anh xa dudi vi phan Clarke va cta anh xa dudi vi phan
Mordukhovich, cac diéu kién can va du dé tich phan nay 1a tap gébm mot diém.
2) Mot dang tuong tu cta cong thic Newton-Leibniz c6 dién cho trudng hop
tich phan da tri. Chiing minh méi cho dinh 1y da biét vé kha nang dac trung
ham s6 cua anh xa dudi vi phan Clarke. 3) Cong thic tinh chinh xac duéi vi
phan Mordukhovich cua tich phan bat dinh. 4) Cong thic tinh chinh xac dudi
vi phan Mordukhovich ctia phiém ham tich phan trén khong gian L,(2; F).
Cong thiic nay kéo theo mot tiéu chudn ton tai nghiém dia phuong clia bai todn
toi uu khong rang budc, v6i ham muc tiéu la phi€m ham tich phan. 5) Mot s6
dac trung ctia khong gian Banach phan xa va mot diéu kién di dé mién gid tri
ctia 4nh xa dudi vi phan Fréchet tri mat trong X *. 6) Hai dinh 1y v€ su ton tai
di€ém dimg ctia bai todn nhiéu cia mot bai todn t6i wu phi tuyén trong khong
gian vO han chiéu dudi tic dong cta nhiéu tuyén tinh. 7) Hai ménh dé vé su
ton tai nghiém cua bai toan nhi€u ctia mot bai todn qui hoach 16i trong khong
gian vo han chiéu duéi tic dong cta nhiéu tuyén tinh.



ABSTRACT

The main purpose of this thesis is to investigate the relationships be-
tween the generalized differentiation and the set-valued integration in nons-
mooth analysis and optimization theory. We focus on the study of the following
two problems and their applications: 1) Extend the classical Newton-Leibniz
formula to the case where the Fréchet derivative and the Lebesgue integral are
replaced, respectively, by the Clarke (or Mordukhovich) subdifferential map-
ping and the Aumann integral; 2) Compute or estimate the Mordukhovich subd-
ifferential of integral functionals and apply the obtained results to optimization
theory.

The thesis has 4 chapters: Chapter 1 recalls some basic concepts and proper-
ties from generalized differentiation and set-valued integration. Chapter 2 deals
with the problem of computing or estimating the integral of the subdifferen-
tial mappings. Chapter 3 studies the problem of computing the Mordukhovich
subdifferential of integral functionals. Chapter 4 investigates the range of the
Fréchet subdifferential mapping.

The main results of the thesis includes: 1) Representation formulae for the
Aumann integral of the Clarke (and Mordukhovich) subdifferential mapping,
and necessary and sufficient conditions for this integral to be a singleton. 2)
An analogue of the classical Newton-Leibniz formula for the case of set-valued
integral. New proof for a known theorem on the possibility of the Clarke sub-
differential mapping in characterizing functions. 3) A formula for computing
exactly the Mordukhovich subdifferential of indefinite integrals. 4) A formula
for computing exactly the Mordukhovich subdifferential of integral function-
als on L1(€; E'). This formula implies a new criterion for the existence of
local minimizers of an unconstrained optimization problem with the objective
function being an integral functional. 5) Some characterizations of reflexive
Banach spaces and a sufficient condition for the density of the range of the
Fréchet subdifferential mapping in X*. 6) Two theorems on the existence of
stationary points of the perturbed problem of an infinite-dimensional optimiza-
tion problem under linear perturbations. 7) Two propositions on the solution
existence of the perturbed problem of an infinite-dimensional convex program-
ming problem under linear perturbations.
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N

Mo dau

Ham s6 khong tron va tap c¢6 bién khong tron xuat hién thuong xuyén va
dugc biét dén tir lau & trong todn hoc va cac khoa hoc ting dung. Vi ly thuyét
vi phan ¢ dién khong con phit hop cho viéc khao sat cac d6i tuong d6 nén cdc

1y thuyét vi phan suy rong da duoc xay dung.

Tu d4u thap nién 60, da c6 nhiéu nd luc nghién ctu nham xay dung mot 1y
thuyét vi phan suy rong cho cdc ham xac dinh trén cac khong gian vécto thuc
va nhan gi4 tri trong tap céc so thuc suy rong dé co thé phan tich thau ddo cdc
bai todn toi vu v6i dit lieu khong tron. K&t qua bude dau ctia qua trinh nay 1a
1y thuyét vi phan suy rong cho ciac ham 16i. V&i nhitng cong hién quan trong
ctia R. T. Rockafellar va cac nha toan hoc khéac, quy hoach 16i - dua trén giai
tich 16i - da trd thanh mot phan quan trong va dep dé cta ly thuyét téi vu (xem

[4], [9], [301, [39], [53D).

Nam 1973, F. H. Clarke dua ra nhitng khai niém co ban dau tién dan dén ly
thuyét vi phan suy rong cho ham s6 Lipschitz dia phuong. Day la mot budc tién
quan trong cua giai tich khong tron. Ly thuyét nay bao ham duoc ly thuyét vi
phan c¢6 dién va ly thuyét vi phan suy rong cho ham 16i Lipschitz dia phuong.
Cudi thap nién 70 dau thap nién 80, 1y thuyét vi phan suy rong Clarke da dugc

R. T. Rockafellar, J.-B. Hiriart-Urruty, J.-P. Aubin va mdt s6 nha toan hoc khac



phat trién cho cdc ham nhan gia tri thuc suy rong. Chi sau 10 nam (1973 -
1983), 1y thuyét vi phan suy rong Clarke da dat dugc nhi€u thanh tuu quan

trong ca vé mat ly thuyét cling nhu vé tng dung (xem [23], [24], [25], [55]).

Trong nd luc dé thu dugc cac diéu kién can cuc tri clia bai toan diéu khién
toi wu c6 tap rang budc di€ém cudi duge cho duéi dang hinh hoc, nam 1976
B. S. Mordukhovich da dua ra dinh nghia nén phap tuyén va dudi vi phan qua
gi6i han [41]. Day la moc danh dau su ra doi cua mot ly thuyét vi phan suy
rong mai: ly thuyét vi phan suy rong Mordukhovich. Giai doan 1993 - 1996,
¢6 nhiéu két qua quan trong cta ly thuyét nay dugc cong bo (xem [42], [43],
[44], [45], [47], [48], [49]). Tieu chuan Mordukhovich cho tinh lién tuc Aubin
cua céc anh xa da tri tr& thAinh mot cong cu hitu hiéu dé nghién ciu tinh 6n
dinh nghiém cua cic phuong trinh suy rong. Ngay nay ly thuyét vi phan suy
rong Mordukhovich vén ti€p tuc phat trién va déng mot vai trd trung tam trong

giai tich da tri va bién phan (xem [14], [46], [56], [61]).

Nam 1965, R. J. Aumann dinh nghia tich phan ctia anh xa da tri nhu la tap
hop cdc gia tri tich phan cta cac 14t cat kha tich clia dnh xa da tri d6 [6]. Du6i
vi phan cua mot ham s6 1a mot anh xa da tri dac biét, c6 vai tro tuwong tu nhu
dao ham & trong 1y thuyét vi phan c6 dién. Trong 1y thuyét tich phan Lebesgue
[57, tr. 167], ngudi ta da ching minh rang néu [ : [a,b] — R (a,b € R) 1a mot
ham so Lipschitz (hoac, tong quat hon, 12 ham lién tuc tuyét doi) thi cong thiic

Newton-Leibniz
b
/ F(t)dt = f(b) - f(a)

nghiém ding. Véan dé dugc dat ra & day la: Vé phdi cuia cong thiic nay sé nhu



thé nao néu dao ham Fréchet f'(-) va tich phdn Lebesgue tuong ting duoc thay
bdi dudi vi phdan Clarke 0°' f(-) (hodc dudi vi phdn Mordukhovich Of(-)) va

tich phdn Aumann?

Phi€ém ham tich phan 1a mot khéi niém co ban xuét hién trong nhiéu huéng
nghién cttu 1y thuyét va ting dung toan hoc (nhu phuong trinh vi phan, bao ham
thire vi phan, giai tich ham co s, ly thuyét toan tir, quy hoach toan hoc, bai

todn bién phan, diéu khién t6i vu). D6 1a ham s6 ¢6 dang

G() = / 9(w, £)du(w),

v6i g la mot ham s6 xac dinh trén €2 x U, U la mot tap con mé cua mot khong
gian Banach va (€2, 1) 1a mot khong gian c6 do do. Dai véi 1y thuyét tdi uu,
viéc khao sat tinh kha vi 1a mot khau quan trong trong nhiéu van dé nhu: tim
nghiém t6i wu, nghién cttu do nhay va cdc tinh chat 6n dinh clia nghiém, phan
tich su hoi tu cta cac thuat toan,... Chinh vi vay, viéc nghién cttu cac tinh chit
vi phan ctia phiém ham tich phan 1a mot dé tai thu hit duoc su quan tam cla
nhiéu nha todn hoc (xem [9], [23], [25], [33], [35], [36], [38], [39], [50]).

Dé 1am rd hon y nghia clia viéc nghién ctu céc tinh chat vi phan clia phi€m
ham tich phan, ching ta cAn nhic lai mot két qua co ban trong 1y thuyét toi uu,
do 12 qui tdc nhdn tir Lagrange. Xét bai todn qui hoach todn hoc

(P) min{f(x) |z e X, gi(x) <0Viel, hj(r)=0VjeJ},
¢ d6 X 1a khong gian Banach, [ va J 1a céc tap hitu han cic chi so, f, g;, h; 1a
cac ham xac dinh trén X, nhén gia tri trong tap soO thuc suy rong.
Qui tac nhan tir Lagrange 1 (xem Clarke [23, Theorem 6.1.1]). Néu z la

nghiém dia phuong ciia (P) va néu f,g; (i € I),h; (j € J) la Lipschitz dia



phuong tai T, thi ton tai cdc nhdn tir Lagrange \o > 0, \; >0 (i € I), yuj € R

(j € J) khong dong thoi bang 0 sao cho
0 € 0 L(z,\ 1) 0.1)

va

Xigi(Z) =0 Vi€, (0.2)
¢ dé

-L(x A ﬁL '_'AOf +_j£:'Xd% +‘§E:ﬁ%}%(x)

el Y=ol
la ham Lagrange ctia bai todn(P) va 05 L(Z, \, i) ky hiéu dudi vi phdn Clarke

cua ham s6 L(-, \, 1) tai T.

Qui tic nhan tir Lagrange 2 (xem Mordukhovich [46, Theorem 5.24]).
Néu X la khong gian Asplund, T la nghiém dia phuong cua (P), va néu
f,9: (i € I),hj (j € J) la Lipschitz dia phuong tai , thi ton tai cdc nhan tit
Lagrange \o > 0, \; >0 (i € I), i; € R (j € J) khong dong thoi bang 0 sao
cho bao ham thiic

0 € D, L(Z, \ 1), (0.3)
voi Oy L(Z, A\, ) ky hiéu duci vi phdin Mordukhovich cua ham Lagrange
L(-, A\, ) tai &, va diéu kién do léch bu (0.2) duoc thod man.

Néu f,g; (¢ € I),h; (7 € J) la Lipschitz dia phuong tai z thi, theo [23,

Corollary 2, tr. 39],

OS'L(x, A\, 1) € M0 f(2) + ) X0 gi() + > ;0 (7).

el JjeJ

Do do, ta c6 thé viét phuong trinh Fermat suy rong (0.1) du6i dang yéu hon



nhu sau:

0€ 209 f(2) + > N0%gi(@) + > 11,09 h;(@). (0.4)

1€l jeJ
Tuong tu, néu f,g; (i € I),h; (j € J) la cdc ham Lipschitz dia phuong tai 7,

thi theo [46, Theorem 3.36] ta co

OpL(Z, N, 1) C MOf(Z) + > N0gi(Z) + > 9(phy)(x)

el Y=ol

Vay ta c6 thé viét diéu kién (0.3) dudi dang giam nhe nhu sau:

0 € Xf () + > Xidgi(T) + > psh; (0.5)

iel jet
RO rang rang khi mot hodc mot s6” ham xdc dinh bai todn (P) la phiém ham
tich phdn thi chiing ta chi cé thé sit dung duoc hé diéu kién cdan cuc tri (0.2)
va (0.4) (tuong iing, hé diéu kién cdan cuc tri (0.2) va (0.5)) néu ta biét cach
tinh todn chinh xdac hodc voc luong trén dudi vi phdn Clarke (tuong ving, duoi

vi phdn Mordukhovich) cia phiém ham tich phdn.

Bai toan udc lugng dudi vi phan Clarke ctia phi€ém ham tich phan da dugc
nghién ctu trong [23, Section 2.7]. Véan dé dugc dat ra ti€p theo la: Tinh todn
hodic uéc lugng dudi vi phdan Mordukhovich cia G(-). Trong trudng hgp téng

quat, bai toan nay cho dén nay van chua cé 16i giai.

Muc dich chinh cua luan an nay la khdo sdt moi quan hé giita phép tinh tich
phdn va phép tinh vi phdn trong gidi tich khong tron va 1y thuyét toi uu trén co
s& nghién ciu hai bai toan dat ra & trén. Viéc nghién citu theo dé tai luan an
duoc thuc hién bang cdch sir dung mot so kién thic va k§ thuat cta 1y thuyét
toi uu, giai tich ham, giai tich khong tron, giai tich da tri va bién phan.

Ngoai phan md dau, luan 4n géom 4 chuong, phan két luan, danh muc cac



cong trinh cuta tac gia co lién quan dén luan an, va danh sach 63 tai liéu tham

khao.

Chuong 1 nhac lai mot s6 khai niém va tinh chét co ban trong 1y thuyét vi
phan suy rong va ly thuyét tich phan cua cac anh xa da tri. Cac kién thiic nay

la co s& cho viéc khao sat duoc trinh bay & nhitng chuong tiép theo.

Chuong 2 nghién ctu bai toan tinh todn hoac udc lugng tich phan cta cac
anh xa dudi vi phan. Muc 2.1 dugc danh cho tich phan cua anh xa dudi vi phan

Clarke. Muc 2.2 xét tich phan Aumann ctia anh xa duéi vi phan Mordukhovich.

Chuong 3 nghién cttu bai todn tinh dudi vi phan Mordukhovich cua phi€m
ham tich phan. Muc 3.1 khao st dudi vi phan Mordukhovich 0F(Z) cua tich
phan bat dinh

Fa) = [ s,
a
6 day f la mot ham bi chan cot yéu. Muc 3.2 gidi thiéu cac cong thic tinh
dudi vi phan Fréchet va dudi vi phan Mordukhovich cua cac phi€ém ham tich

phan c6 dang

Flu) = [ fou@)dute) (ue L B)),
& day (€2, A, 1) 1a mot khong gian c¢6 do do khong nguyén tir o —hitu han day
da, E 1a mot khong gian Banach kha ly va f : Q x E — R 12 mot ham s6
A ® B(E)—do dugc. Cac két qua d6 dan dén mot tiéu chudn ton tai nghiém
dia phuong ctia bai toan t6i uwu khong rang budc, v4i ham muc tiéu l1a phi€m

ham tich phan.

Chuong 4 nghién cttu mién gia tri ciia 4nh xa dudi vi phan Fréchet. Muc 4.1

dugce danh cho truong hop khong gian Banach phan xa, ¢ day cac dac trung cua



khong gian phan xa s& duoc dua ra. Muc 4.2 khao st mién gi4 tri cua dnh xa
dudi vi phan Fréchet cho truong hop khong gian Asplund. Muc 4.3 trinh bay
mot s6 két qua vé su ton tai diém dimg va su ton tai nghiém clia bai todn nhiéu
ctia mot bai todn toi uu phi tuyén trong khong gian vo han chiéu duéi tic dong

cta nhiéu tuyén tinh.
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- Xémina phong Giai tich s6 va Tinh toan khoa hoc, Vién Toan hoc.
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Chuong 1

Cac kién thic chuan bi

Chuong nay trinh bay mot s6 khai niém va tinh chat co ban s€ dugc st dung
O cac chuong ti€p theo. Muc 1.1 dugc danh cho cac 1y thuyét vi phan suy rong
cua F. H. Clarke va B. S. Mordukhovich. Muc 1.2 diém qua mot vai su kién

lién quan dén tich phan Aumann.
1.1 Vi phan suy rong

Cho X 12 mot khong gian Banach thuc va f : X — R := [—o0, +00] la mot
ham s6. Ta ky hiéu khong gian d6i ngau topd cua X bdi X* va cap doi ngau
gitta X* va X boi (z*, x). Hinh ciu don vi dong trong khong gian X va trong
khong gian d6i ngdu X* dugc ky hiéu tuong ting boi By va By-. Dai v6i anh
xadatri G: X = X*, ky hi¢u

w*
Juy, — x, x; — 27,

Limsup G(z) := {x* e X*

uUu—x

i € Gluy) Yk = 1,2,...}
duoc dung dé chi gidi han trén theo ddy theo nghia Painlevé-Kuratowski trong
topo sinh bdi chudn cia X va topo yéu* (dugc ky hiéu bang chit w*) clua
X*. Céc ky hiéu u L 2 doi véi mot ham f: X — R va u 2 4 doi

v6i mot tap 2 C X tuong Gng c¢6 nghia la u — = v6i f(u) — f(z) va
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u — x v6i u € Q. Cdc ky hieu t — tJ vat | to tuong dng c6 nghia 12

t—tyvoit >tygvat — tyvoit > t.

Dinh nghia 1.1.1 (xem [23, tr. 25-27]). Gia st f 1a mot ham sO Lipschitz dia
phuong tai z € X; nghia la ton tai £ > 0 (duoc goi 1a hang s6 Lipschitz cta f

tai ) va lan can U cua x sao cho
|f(z1) = f(z2)| < lf|z1 — 2] Vaq,22 € UL

Pao ham Clarke theo huéng v € X cua f tai x dugc xac dinh boi cong thic

fO(JU;U) = limsup f(a" +tv) — f(a:’)

' —x, t—0T t

Duoi vi phdn Clarke cia f tai x la tap hop
0 f(x) = {€ € X (€ 0) < [(wv) Wwe X},

Pao ham Clarke va dudi vi phan Clarke la nhiing khai niém co ban cua ly
thuyét vi phan suy rong dugc F. H. Clarke dé xuét nam 1973. Su xuat hién cta
ching danh dau mdt budc dot pha trong giai tich khong tron. Nura cuoi thap
nién 70 va nira dau thap nién 80 ctia the ky XX Ia giai doan phat trién manh
mé nhat cta 1y thuyét vi phan suy rong Clarke. Nhi€u két qua quan trong bao
gdm cédc qui tac tinh todn, dinh 1y gid tri trung binh, cdc tng dung trong ly
thuyét t6i vu, 1y thuyét bao ham thic vi phan, 1y thuyét diéu khién t6i wu,...
da duoc thiét 1ap trong giai doan nay. C6 thé tim hi€u thém chi tiét v€ lich st
phat trién va nhiing két qua quan trong cta ly thuyét vi phan suy rong Clarke
o trong cudn sach chuyén khao [23] va cac tai liéu [10], [21], [22], [24] [25],
[35], [46], [49], [55], [56], [59], [60].
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Chiing ta cAn nhic lai mot s6 tinh chét co ban ctia dao ham Clarke va dudi

vi phan Clarke.

Pinh 1y 1.1.1 (xem [23, Propositions 2.1.1-2.1.2, Theorem 2.5.1]). Néu f la
ham s6 Lipschitz dia phuong tai x véi hang so Lipschitz (, thi
(1) v — fO(z;v) la mot ham 16i thod man | fO(x;v)| < C||v|| véi moi v € X;
(ii) (u,v) — fO(u;v) la ham nia lién tuc trén tai (z,v), v — fO(x;v) la ham
s0 Lipschitz trén X voi hang so Lipschitz ;
(iii) 0" f(x) la tdp con 16i khdc réng va compact yéu* ciia X* thod mdn
1€%(] < € véi moi £ € O f(x);
(iv) voi moi v € X, fO(z;0) = max{{€", v} | € € 3 F(x)}
(v) néu X = R™ thi dnh xa da tri 9°' f(-) la nita lién tuc trén tai x va
O f(x) = co{limf’(ask) | o — 2,1 € S, 2 € Qf},

o day Qy = {u € R" | f khd vi Fréchet tai u}, S la tdp con bdt ky ciia R"
c6 do do Lebesgue bang 0, "co" ky hiéu "bao 161", va tinh niia lién tuc trén ciia
dnh xa da tri F(-) := 0°' f(-) duoc hiéu theo nghia Berge: véi bdt ky tdp md
W C R"™ thod mdan F(x) C W, ton tai ldn cdn U cia x sao cho F(u) C W
voi moi u € U.

Pao ham theo huong v € X cua f tai x la

Fle) = lim L&) = @)

t—07t t ’

néu giGi han & vé& phai ton tai.
Dinh nghia 1.1.2 (xem [23, tr. 39]). Cho f la mdt ham s6 Lipschitz dia phuong

tai x € X. Ta ndirang f 1a chinh qui Clarke tai x n€u v6i moi v € X dao ham

f'(z;v) ton tai va f'(z;v) = fO(z;v).
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Cé4c ham s6 kha vi lién tuc va cdc ham 16i lién tuc déu la chinh qui Clarke.
Ton tai nhitng ham s6 Lipschitz va kha vi Fréchet nhung khong chinh qui
Clarke, chéng han f : R — R cho boi cong thic f(0) = 0 va f(z) = 2?sin 1
néu r € R\{0} la mot ham Lipschitz va kha vi Fréchet tai 0 nhung khong

chinh qui Clarke tai 0.

Pinh 1y 1.1.2 (xem [23, tr. 75-76]). Cho (2, A, i) la mét khéng gian cé dé do,
U la mét tdp con md cua khong gian Banach khd ly X. Gia su g, : U — R,
w € Q, la mot ho cdc ham s6 thod man cdc diéu kién sau:

(i) voi moi v € U, dnh xa w — g,(v) la do dugc;

(17) ton tai k() € L1(Q2,R) sao cho

19w (V1) — gu(v2)| < k(w)||vr — veo|| Yovi,ve € U, Yw € Q.

Gia su F(v) = /gw(v)du(w) dugc xdc dinh va hitu han tai mot diém
Q

vo € U. Khi doé F duoc xdc dinh hitu han va Lipschitz trén U va

O F(v) C / 9% g, (v)du(w) Yv e X. (1.1)
Q

Néu voi moi w € Q ta cé6 ham g,,(-) la chinh qui Clarke tai v, thi F la chinh
qui Clarke tai v va bao ham thitc (1.1) c¢é ddu bang.
Tich phan [, 9“'g,,(v)du(w) & v€ phai cha cong thic (1.1) duge hiéu la tich

phan Aumann-Gelfand; nghia la

£ e / 0% g (v)dp(w)
Q
néu va chi néu £ € X* va ton tai anh xa w — & tir 2 vao X* sao cho
¢ € 0%g,(v) hau khap noi, va v6i mdi z € X, w +— (£*,z) 1a ham s6 kha

w?

tich trén § thoa méan (£, ) = [,(&, z)du(w).
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Gitta thap nién 70 cua thé€ ky XX, B. S. Mordukhovich dua ra nhitng khai
niém dau tién cua ly thuyét vi phan suy rong Mordukhovich, bao gom ndn
phdp tuyén qua gidi han cua céac tap dong va dudi vi phdn qua gidi han cta
cac ham ntra lién tuc dudi nhan gia tri trong tap s6 thuc suy rong. Nhitng khai
niém nay cho phép thiét 1ap cédc di€u kién can cuc tri trong cac bai toan diéu
khién t6i uu c6 tap rang budc diém cudi duoc cho dudi dang hinh hoc (xem
[41], [46]). Nhicu két qua quan trong cua ly thuyét vi phan Mordukhovich bao
gom hé thong qui tac tinh todn, cdc tng dung trong viéc khao st tinh chat lién
tuc Aubin, tinh chat chinh qui métric, tinh chat phu va tinh chat mé dia phuong
cla cdc anh xa da tri, cdc tng dung trong 1y thuyét diéu khién t6i uu,... duoc
cong bo trong khoang thoi gian tir nam 1993 dé€n nam 1996 (xem [42], [43],
[44], [45], [47], [48], [49]). Ngay nay, huéng nghién cttu nay van dang phat
trién va ti€p tuc dua dén nhitng thanh qua méi. Lich sir phat trién va céc két
qua quan trong cua ly thuyét vi phan suy rong Mordukhovich, cting v6i nhiéu
ung dung, da dugc trinh bay trong bo sach chuyén khao hai tap "Variational
Analysis and Generalized Differentiation" cta GS. B. S. Mordukhovich [46].
Trong cudn "Gido trinh Gidi tich da tri" cta GS. Nguyén Dong Yén [3] cling

c6 mot chuong vé van dé nay.

DPinh nghia 1.1.3 (xem [46]). VGi m6i € > 0, e-dudi vi phdn Fréchet cla f tai

z € X ma f(z) € R 1a tap hop

~

O-f(x) = {:z:* e X*

lim inf flu) = Jlo) = &% u = ) > —5}.

U=z lu = ]

Néu |f(z)| = oo thi dat d.f(z) = 0. Khi e = 0, tap O f(2) duoc ky hiéu boi
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~

Of(x) va duge goi la dudi vi phdan Fréchet cua f tai z. Tap hop

Jf(x) := Limsup é;f(u)
’(,Li>$
€l0
dugce goi 1a dudi vi phdn Mordukhovich (hay dudi vi phdn qua gioi han) cua
ham f tai z. Nhu vay, z* € Jf(x) khi va chi khi ton tai cac day wuy EA x,

er 1 0, vaxy € 5Ekf(uk) sao cho ¥} = z*.

Dudi vi phan Fréchet Of () 1a mot tap 16i dong yéu*. Trong khi d6 dudi vi
phan Mordukhovich 9 f(z) 1a ¢6 thé khong 16i va khong déng, va hién nhién
ta c6 Of (z) C Of (x). Mot trong nhitng khé khan 16n clia viéc tinh todn hodc
udc luong dudi vi phan Mordukhovich néi riéng, va tng dung 1y thuyét vi phan
suy rong Mordukhovich néi chung, 1a do tinh chat khong 16i cua dudi vi phan
Mordukhovich mang lai, bdi vi khi d6 nhiéu k§ thuat quan trong cua giai tich
16i - da dugc 4p dung thanh cong cho céc loai dudi vi phan 16i - tré nén khong
con phu hop.

D6i v6i cde dudi vi phan, qui tic tinh dudi vi phan clia mot tong cac ham so
bao gio cling dugc xem la mot trong nhiing két qua quan trong nhat trong hé
thong cdc qui tac tinh todn. Chang han, Pinh 1y Moreau-Rockafellar vé dudi
vi phan cla tong hai ham 16i dugc xem 12 mot trong nhitng dinh 1y trung tam
cua giai tich 16i (xem [46, tr. 133]). Sau day 1a mot qui tdc tong (a sum rule)
cho du6i vi phan Fréchet.

Dinh Iy 1.1.3 (xem [46, tr. 112]). Gid su f va g la hai ham so tir mot khong

gian Banach X vao R, hitu han tai x. Néu f la khd vi Fréchet tai x, thi

~

A(f + g)(x) = f'(x) + dg(x).
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Nhan xét 1.1.1. Dé thdy rang néu g = 0 thi 5g(x) = {0}. Tu Dinh 1y 1.1.3 ta
suy ra O f () = {f'(z)} néu f kha vi Fréchet tai x. Néu dudi vi phan Fréchet
B) f(x) 1a tap mot diém thi f khong nhat thiét 1a kha vi Fréchet tai 2. Chang

han, xét ham so
f(z) = |z|(sin(ln|z|) +1) néuz#A0 va f(0)=0;
xem [14, tr. 44]. Ta c6 5f(0) = {0}, nhung f khong kha vi Fréchet tai = = 0.

Ham chi cta mot tap Q2 C X dugc cho bai cong thitc §(z; Q) = Onéuz € ()
va §(x; Q) = 400 néu z € X\ Non phdp tuyén Fréchet va non phdp tuyén
qua gidi han (non phdp tuyén Mordukhovich) cua () tai x € X tuong tng dugc

~

dinh nghia boi N (z: Q) := 96(x; Q) va N(z;9Q) := 98 (x; Q).
Dudi vi phdn Fenchel cua f tai x € X véi f(x) € R la tap hop

ofFenf(x) .= {a* € X* | f(u) — f(x) > (z*,u —z) Yue X}

Chd ¥ réng néu f 1a ham 16i chinh thudng thi 9f(z) = 0f(z) = OF " f(z).

Ham f : X — R duoc goi la nla lién tuc dudi tai diém x € X néu

f(z) < liminf f(u), & day liminf f(u) := sup inf f(u) v6i N (z) 1a ho
U—T U—T UeN (z) uel

tat ca cac tap md& ctia X c¢6 chia x. Ta néi f nua lién tuc dudi dia phuong

tai x néu ton tai U € N (x) sao cho f nira lién tuc dudi tai moi u € U. Néu

topo sinh bdi chudn ctia X duoc thay bing topo yéu ctia X thi tuong ting ta ¢

cac khai niém nifa lién tuc dudi yéu tai mot diém va nita lién tuc dudi yéu dia

phuong.

Khong gian Banach X dugc goi 1a khong gian Asplund (hodc khong gian co

tinh chdt Asplund) néu moi ham 16i lién tuc f : U — R xdc dinh trén mot
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tap 16i mé U C X 1a kha vi Fréchet trén mot tap con tri mat cua U. Khong
gian Banach c6 ham chuén kha vi Fréchet tai moi diém khdc 0 1a khong gian
Asplund. Khong gian Banach phan xa la khong gian Asplund. Néi riéng ra,
cac khong gian Euclide hitu han chiéu va cac khong gian Hilbert déu c6 tinh
chat Asplund. Cac khong gian ¢4, C|0, 1], L1[0, 1] khong c¢6 tinh chat Asplund.
Mot tinh chat topo quan trong ctiia khong gian doi ngau cia mot khong gian
Asplund 1a hinh cau don vi déng B+ trong khong gian doi ngau topéo X * cua
mot khong gian Asplund X la compact theo day doi véi topd yéu*. Tinh chat
nay dugc su dung rong rai trong 1y thuyét vi phan suy rong Mordukhovich.
Nhiéu tinh chét khac cua khong gian Asplund dugc trinh bay trong céc tai liéu
[27], [28], [46], [49].

Ky hiéu £S(z) 1a tap tat ca cac cap ham (fy, f2), 6 day f; : X — R
(¢ = 1,2) la cdc ham chinh thudng, sao cho f; la Lipschitz dia phuong tai
x € domf; Ndomf, va fy la nira lién tuc dudi dia phuong tai z.
DPinh 1y 1.1.4 (xem [46]). Néu X la mot khong gian Asplund, thi

(1) vdi bdt ky tdp dong Q2 C X va bdt ky x € ,

N(x;€) = Limsup ]\7(u, Q);
u—x

(i1) voi bdt ky ham f : X — R nita lién tuc duéi dia phuong tai © € domf,

f(z) = Limsup df (u);
Uu i> X

(1ii) voi bdt ky (f1, f2) € LS(x), e = 0va~y >0,
0.(fi+ f2)@) CU{0h(e) +fales) |2 € v +7B,

| fi(wi) = fi(x)| < v,0=1, 2} + (e +v)B*.
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Meénh dé (i) trong Dinh 1y 1.1.4 12 mot qui tdc tong mo (a fuzzy sum rule).
Ngoai céc ting dung truc ti€p, qui tic tong md con déng vai trd trung gian trong

viec thiét lap qui tdc tong cho dudi vi phdn Mordukhovich.

Két qua sau day vé moi quan hé gitta dudi vi phan Clarke va dudi vi phan

Mordukhovich da dugc B. S. Mordukhovich va Y. Shao chitng minh trong [49].

Dinh 1y 1.1.5 (xem [46], [49]). Gid su X la mdt khong gian Asplund va f
X — R la mot ham Lipschitz dia phwong tai x. Khi dé 0°' f(x) = co* 0f(x),
d ddy "¢6"" ky hiéu "bao 16i déng theo tépo yéu*".

Néu X 1a khong gian hitu han chiéu thi ddu bao déng & trong cong thiic trén
c6 thé bd di duoc. Nhur vay, trong trudng hop nay duéi vi phan Clarke 9 f (x)
la bao 16i cua dudi vi phan Mordukhovich 0 f (z). Thuc ra, két qua vé mai lién
hé gitra dudi vi phan Clarke va dudi vi phan Mordukhovich dat duoc trong [49]
0 dang tong quét hon, & d6 cdc tdc gia thu dugc khong nhitng cho cdc ham
Lipschitz dia phuong ma con cho cdc ham nua lién tuc dudi. Xét vé phuong
dién 1y thuyét, ching toi cho rang [49] 12 mot trong nhitng bai bdo quan trong
nhat cta ly thuyét vi phan suy rong Mordukhovich trong cac khong gian vo
han chiéu. Ching ta c6 thé tim thay & day mot hé thong céc qui tic tinh toan
phong phd, cong thic vo hudng hod, cong thitc udc lugng dudi vi phan cua
ham gi4 tri t6i wu, dudi vi phan ham hop, dinh 1y gia tri trung binh xap xi, va

cac ung dung.
1.2 Tich phan Aumann

Cho (92, A, 1) 1a mot khong gian ¢6 do do o —httu han day dava G : Q@ = R"

1a mot 4nh xa da tri tir Q vao R™ ¢6 gia tri déng khac réng. Ta ndi rang G
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1a do dugc néu G (W) := {w € Q| Glw)NW # 0} € A v6i moi tap m&
W C R™ G 1a gidi ndi khd tich néu ton tai mot ham khong am k() € L1(Q)
sao cho G(w) C k(w)Bg~ hau khap noi trén 2, 6 day L;(Q) 1a khong gian cic

ham kha tich tu 2 vao R.

Ngoai khai niém anh xa da tri do duoc nhu trén (do dugc yéu), nguoi ta con
st dung cac khai niém do dugc khac nhu: do dugc manh (moét anh xa da tri
dugce goi la do dugc manh néu nghich anh ctia mot tap dong 1a tap do duoc),
do duoc theo d6 thi (d6 thi 1a mot tap do duoc). Nhiéu tinh chét quan trong cta
anh xa da tri do dugc cling nhu moi quan hé giita cac khai niém do dugc cua
anh xa da tri dugc trinh bay & Chuong 3 ctia [16], Chuong 8 cta [5], Chuong 14
cua [56]. Vé tai liéu tiéng Viét, ¢ thé tham khao théem Chuong 3 trong cu6n
sach "Gido trinh Gidi tich da tri" cua GS. Nguyén Dong Yén [3] va Luan van

Thac si toan hoc ctia Nguyén Huy Chiéu [1].
Dinh 1y 1.2.1 (xem [5, Theorem 8.1.4]). Gid s G : Q2 = R", g ddy 2 la mot
tdp con do duogc Lebesgue cua R", la mot dnh xa da tri dong co gia tri khdc
rong. Khi dé G la mot dnh xa da tri do duoc Lebesgue.
Ky hiéu tap tit ca cdc lat cat kha tich cua G 1a G, nghia la
G = {g € Li(QRY) | g(w) € G(w) hkn. trén Q}

DPinh nghia 1.2.1 (xem [5, tr. 327]). Tich phan cta G trén € la tap hop gom

tit ca cac tich phan cta céc 14t cat kha tich cta G :

AGsz{ly@Mgeg}

6®Ihmw=(km@wwﬁﬂM@vﬁmmg=@nw%)
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Khdi niém nay duogc R. J. Aumann dé xudt nam 1965 (xem [6]). NG la su
md& rong tu nhién cua khai niém tich phan cua cac ham don tri cho cac anh xa
da tri. Ly thuyét tich phan Aumann khong nhitng duoc phat trién cho trudng
hop khong gian anh cta dnh xa da tri hitu han chi€u ma con cho céc dnh xa da
tri nhan gia tri trong cdc khong gian Banach vo han chiéu (xem [5], [16]).
Nhan xét 1.2.1. Néu X = R” thi tich phan & v€ phai cia cong thiic (1.1) chinh
la tich phan Aumann.

Sau day la mot s6 tinh chét cta tich phan Aumann s€ dugc sitr dung & cac
phan tiép theo cua luan an.
DPinh 1y 1.2.2 (xem [5, tr. 327 - 330]). Gia su Q) la mot tdp con do duoc
Lebesgue cua R™, G : Q = R" la mét dnh xa da tri do duoc, gioi ndi khd tich
va ¢ gid tri dong khdc rong. Khi do:
(4) [ G(w)dp la mot tap con 16i déng clia R" va [, G(w)dp = [, o G(w)dy;
(i4) véi méi v € R, 0( [, Gw)dp(w), v) = [ 0(Gw),v)du(w), & day
o(K,v) :=sup{(z*,v) | z* € K} la ham tya cua tdp K.

C6 thé tim hiéu thém thong tin vé 4nh xa da tri do dugc, 14t cat va tich phan

clia cac anh xa da tri & trong cac tai liéu [3], [5], [6], [16], [39], [54], [56].
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Chuong 2

Tich phan cua anh xa duéi vi phan

Cong thitc Newton-Leibniz 1a mot két qua quan trong chi ra moi quan hé gitra
tich phan va vi phan. Chiing ta c6 dinh ly sau: Néu f : [a,b] — R (a,b € R)
la mot ham Lipschitz, thi f; f'(t)dt = f(b) — f(a), g ddy tich phdn o vé trdi
la tich phdn Lebesgue [57, tr. 167]. Trong chuong nay, mot dang mé rong cla
cong thic trén cho truong hgp dao ham Fréchet f’(¢) va tich phan Lebesgue
dugce thay thé tuong tng boi dudi vi phan Clarke va tich phan Aumann sé dugc
thiét lap. K&t qua tuong tu ciing ding cho anh xa dudi vi phan Mordukhovich.
Cac két qua cua chuong nay da duoc cong bo trén Journal of Mathematical

Analysis and Applications (bai [17]) va trén Nonlinear Analysis (bai [20]).

2.1 Tich phan cua anh xa duéi vi phan Clarke

Chiing ta s& ching minh cong thiic biéu dién tich phan Aumann-Gelfand cta
dnh xa du6i vi phan Clarke, cac diéu kién can va du dé tich phan nay 12 don tri,
va mot dang tuong tu cua cong thic Newton-Leibniz ¢6 dién cho trudng hop
tich phan da tri. Cong thic dang Newton-Leibniz & day cho phép dua ra mot
chiing minh méi cho két qua da biét vé kha nang dac trung ham s6 clia anh xa

dudi vi phan Clarke (thuong dugc goi la dinh 1y vé tich phan ctia dnh xa dudi
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vi phan Clarke [the integration of the Clarke subdifferential mapping]).

Két qua dau tién ctia muc nay dugc phat bi€u nhu sau.
DPinh 1y 2.1.1. Cho X la mot khong gian Banach khd ly, (X, A, ) la mot khéong
gian ¢6 do do, ¢ dday A la moét o-dai s6 chita tdt cd cdc tdp mo cua X. Gid su
f U — R la mét ham Lipschitz trén tdp mo U C X va Q) C U la mét tdp

con do dugc c6 11(Q)) < oo. Khi do,

00 &)d) = P (0)
2.1)
= [am € X' | e 0) < fp fleso)du(e) Vo e X},

ddo F(v) = [, fO(z;v)du(x).
Chitng minh. Gia str ¢ 12 mot hang so Lipschitz cta f trén U. Véiméiv € X,
theo Pinh 1y 1.1.1, ham fY(;v) 1a nira lién tuc trén & trong U. Vi A la o-dai
s6 chifa tat c cdc tap m& cha X, nén véi méi v € X, fO(-;v) 1a ham do dugc.
Theo Dinh 1y 1.1.1, v6i méi x € Q, f°(z;-) 1a mot ham 16i hitu han thod man
bat dang thic

10> 01) — fO>zy00)| <O lvr — || Vor,vs € X,
bit k(z) = ¢ v6i moi z € Q. Vi u(2) < oo nén k(-) € Ly(R2). Ta c6

1O (25 01) — fO>z;01)| < k(2)||vr — va|| Vor,vg € X,Vz € Q.

bat g,(v) = f(z;v). Chd y rang F'(0) = 0. Do d6 g, thod man cdc gia thiét
cua Dinh 1y 1.1.2. Hon thé, g, 1a chinh qui Clarke tai moi diém v € X boi vi

#9(z; ) 1a ham 16i. Theo Dinh 1y 1.1.2,

I F(v) = / 0% F0(z; ) (v)du(z) Yo € X.
Q
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Vé6i v =0taco

Mat khac,
o f(x) =o€ X | (@, 0) < fOzv) Vo€ X}

=" € X* | (z*,v) < fOx;v) — fO2;0) Vo€ X}
= 9 fO(a;-)(0).

Do d6 ta c¢6 dang thiic thi nhat trong (2.1). Vi F(+) 1a ham 16i va F(0) = 0
nén

9C R (0) = {x € X* | (z*,0) < F(v) — F(0) Yo e X}

= {x* € X* | (z*,v) < /Qfo(x;v)du(x) Y € X}.
Ta c6 diéu phai chiing minh. O
Dinh nghia 2.1.1. Cho f : X — Y la mot anh xa tir khong gian Banach X
vao khong gian Banach Y.

(i) Ta néi rang f khd vi chat Hadamard tai xo € X néu ton tai mot 4nh xa

tuyén tinh lién tuc D f(zg) : X — Y sao cho

lim 7' (f(x +tv) = f(2)) = Dsf(0)(v)

r—xo, t—07F
va su hoi tu 1a déu theo v trén méi tap con compact cia X . Khi d6 D, f ()

dugc goi la dao ham chdt Hadamard cua f tai xg; xem [23, tr. 30].

(ii) Néu ton tai mot anh xa tuyén tinh lién tuc f'(xg) : X — Y sao cho

L @) = fla) = F o) = )l

=0,
320 |z — |

thi ta né6i f 1a khd vi Fréchet tai xq. Khi d6 f'(xq) dugc goi la dao ham Fréchet

cua f tai xo; xem [46, Vol. I].
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(iii) f dugc goi la khd vi chdt Fréchet tai xy néu ton tai mot anh xa tuyén
tinh lién tuc f'(xp) : X — Y sao cho

1f () = f(2) = ['(wo)(x — =)

[z — 2|

lim
/a:;é:c’
2" "= x0

Khi d6 f'(z() duoc goi 1a dao ham chdt Fréchet cua f tai xg; xem [46, Vol. I].

= 0.

Nhan xét 2.1.1. Tr Dinh nghia 2.1.1 suy ra rang néu f 1a kha vi chat Fréchet
tai xo thi f kha vi chat Hadamard tai xo va f’(z¢) = Dsf(zo). Chi€u nguogc lai
ciing ding néu X la khong gian hitu han chiéu. That vay, gia st f kha vi chat
Hadamard tai xo va X 1a mot khong gian hitu han chiéu. Ta ¢c6 Bx la compact.

Lay ¢ > 0 bat ky. Khi d6 ton tai v > 0 sao cho
[t (f(a+tv)— f(z))—Dsf(xo)v|| <& V€ zo+vBx,t € (0,27),v € By.

Do d6, v6i moi z, 2’ € xg +yBx (v # 2') ta co

If(2") = f(z) = Do f(wo)(a' —x)|| _ [t 1(f(z + tv) — f(2)) — Dsf(xo)v]|

|2/ — x|
<eg,

6day t = ||z — 2/|| vav = t71(2/ — x). Diéu nay chiing t6 riang f 1a kha vi
chat Fréchet tai xo va f'(xg) = Dsf ().

Néu X 1a mot khong gian hitu han chiéu, thi ching ta s€ sit dung thuat ngit
"khd vi chdt" thay cho cac thuat nglt "khda vi chdt Fréchet" va "khd vi chdt
Hadamard".

Bo dé 2.1.1. Gid su f : U — R la mot ham Lipschitz xdc dinh trén mot tdp md

U cua R™, Q C U la do dugc va c6 do do Lebesgue 11(S2) < oo. Khi do,

/Q fl(z)du(z) € /Q O f(x)du(x).
Ching minh. Gia sir ¢ 1a mot hang s6 Lipschitz cua ham f trén U. Goi Q)

1a tap tat ca cdc diém z € Q sao cho f kha vi Fréchet tai . Theo Dinh ly
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Rademacher (xem [25, tr. 148] hoac [56, tr. 403 - 408]), ta c6 p(2\Q2f) = 0.
Véi mbi i € N vamdi k € N, xét ham g/, : Q — R cho bdi cong thiic

f(x + k‘_lei> — f(x)
1

gi(z) = (z €Q),

& day e; 1a vécto don vi thit ¢ trong R™. Ta ¢6 gi(-) 1a cdc ham do dugc va

klim gi(z) = g—g(x) v6i moi z € 2y T d6 suy ra gg (+) 1a do dugc v6i moi

i =1,2,...,n. Diéu nay chiing t6 rang f'(-) 1a mot ham do dugc. Vi () < oo

va || f'(x)|| < ¢ hau khap noi trén 2, nén f'(-) € Li(92;R™). Mat khac, theo

Dinh ly 1.1.1, f'(z) € 0% f(x) v6i moi z € Q. Do dé,

/ F(@)du(z) € / 09 f () dp(x).
Q Q

Ta ¢6 di€u phai chiing minh. O

Nhan xét 2.1.2. Cho f : X — R la mot ham Lipschitz dia phuong tai x.
Theo [23, tr. 33], tap 9" f(z) 12 tap hop gdm mot diém khi va chi khi f 13 kha
vi chat Hadamard tai z. Khi d6 0 f(x) = {D,f(x)}. Mat khéc, néu f vira
kha vi Fréchet vita chinh qui Clarke tai = thi 0 f(z) = {f'(z)}. Do d6 néu f
vira chinh qui Clarke va vira kha vi Fréchet tai x thi f 1a kha vi chat Hadamard
tai © va Dsf(z) = f'(x). Ching ta chd y rang, ngay ca trudng hop X = R,
chi riéng di€u kién f chinh qui Clarke tai x hoac chi riéng diéu kién f kha vi
Fréchet tai x 12 khong di dé ddm bao f kha vi chat tai . Chang han, xét ham
s6 f : R — R dugc cho boi cong thic f(z) = |z|. Ta c6 f 1a Lipschitz trén R

va chinh qui Clarke tai x = 0, nhung khong kha vi chat = = 0. Dat

z
0 néu x = 0.

z2sind néux #£ 0,
f(a) = { ’

Tacod f: R — R la mot ham s6 Lipschitz trén R va kha vi Fréchet tai « = 0,
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nhung khong kha vi chat tai = = 0.

Pinh 1y 2.1.2. Dudi gid thiét cia B dé 2.1.1, cdc tinh chdt sau ddy la tuong
duong:

(7) / O f(x)du(x) la tap hop gom mot diém;

(i) véi méi v € R™, (f'(z),v) = fO(x;v) hdu khdp noi trén ;

(i12) f la chinh qui Clarke hdu khdp noi trén );

(iv) f la khd vi chdt hdu khdp noi trén Q.

Néu mot trong cdc tinh chdt (i)-(iv) nghiém ding, thi

/ 0 f () / 7' (@)dp(a

Chitng minh. C6 dinh mot hang s6 Lipschitz £ > 0 cua f trén U.

(i) = (7). Gid st [, 0" f (x)dy 1a tap hgp gébm mot diém. Theo BS dé 2.1.1,

/ 0% F () dpa( / 7(@)d( 22)

Vi f 1a Lipschitz v6i hiang s6 Lipschitz ¢ trén tap mé U C R™ va Q C U nén,
theo Pinh 1y 1.1.1, ' f(-) 1a mot 4nh xa da tri nla lién tuc trén & trén 2 va
1€ < £ v6i moi £ € 9% f(z) va x € Q. Vi u(Q) < oo va o—dai s6 cic
tap do duoc Lebesgue chita tat ca cac tap md ctia R™, nén tir d6 ta suy ra rang
9° f(-) 1a 4nh xa da tri do duoc gidi noi kha tich va c6 gid tri 16i déng; xem [4,

tr. 311]. Theo khang dinh (iv) trong Pinh 1y 1.1.1 va theo Dinh 1y 1.2.2,

(/amﬂ /j@xvdu Vo eR™.  (2.3)

Tu (2.2) ta suy ra

4AWWWM@Q:AW@WMM)WGW.
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Két hop diéu dé véi (2.3) ta c6

/fo(x;v)d,u(x) = /(f’(x),md,u(x). (2.4)
Q Q
Vi f/(x) € 3 f(x) v6i moi x € Qf nén

foz;0) = (f(x),v) Vo€ Qp, YveR™ (2.5)

Do (2.4) va (2.5), v6i v € R™, (f'(x),v) = f°(x;v) hdu khép noi trén (.

(17) = (ui1). Gia st (i7) xay ra. LAy mot day vécto {v;} tri mat trong R”™.
Khi d6, v6i méi i € N ton tai mot tap do duge ; C € sao cho f kha vi
Fréchet trén €;, u(Q\Q;) = 0, va fO(x;v;) = (f'(x),v;) v6i moi z € ;. Dat
Qo = N2 Q. Tacod fOz;v;) = (f'(x),v;) v6i moi x € Qp vamoi i € N. Lay
bat ky = € Qy va v € R". Do {v;} 1a day trt mat trong R", ton tai ddy con
{v;, } cta {v;} sao cho v;, — v khi ix — oo. Vi cdc ham f%(z;-) va (f'(z),-)
la lien tuc va fO(z;v;,) = (f'(x),v;,) v6i moi ix, nén fO(x;v) = (f'(x),v).
Do d6 f 1a chinh qui Clarke tai moi diém thudc Qg. Vi u(Q2\Qy) = 0 nén f 1a
chinh qui Clarke hau khap noi trén €.

(1i1) = (iv). Gia st (ii7) nghiém ding. Khi d6, ton tai mot tap do dugc
Qo C Q2 sao cho u(2\Q) = 0 va f chinh qui Clarke tai moi diém thuoc 2.
Vi f 1a kha vi Fréchet va chinh qui Clarke tai méi z € Q := Qy N 7, nén f
1a kha vi chat tren Q véi p(Q\Q) = 0.

(iv) = (). Gia st f la kha vi chat hdu khap noi trén Q. Khi do,
0“ f(z) = {Dsf(x)} hau khap noi trén Q. Do d6, [, f(z)du(z) 1a tap

hop gbm mot diém. O

Két qua ti€p theo 1a mot dang tuwong tu cong thitc Newton-Leibniz c6 dién
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f; f'(t)dt = f(b) — f(a) (xem [57, tr. 167]). Ching ta thu dugc & day cho
trudong hop dao ham Fréchet f/(x) va tich phan Lebesgue tuong ting dugc thay

bang dudi vi phan Clarke 9! f(z) va tich phan Aumann.

Pinh 1y 2.1.3. Néu f : [a,b] — R (a,b € R, a < b) la mot ham Lipschitz, thi

b
£(b) — fla) € / 69 f (x)da 2.6)

a

va ddng thirc
/a 5w )de = {10) - S}
nghiém diing khi va chi khi f la khd vi chdt hdu khdp noi trén |a, b).
Chitng minh. Lay Q = [a,b] va U = (a — 1,0+ 1). M& rong ham so f
lén U bang cach dat f(z) = f(b) néu z € (b,b+ 1) va f(x) = f(a) néu

r € (a —1,a). Khi d6 f 1a mot ham Lipschitz trén U. Theo B6 dé 2.1.1,
b b
/ f(z)dz € / O f(x)d.
Mat khac,
b
| 7@ = 50) - fta).
Do d6, (2.6) nghiém ding. Theo Pinh Iy 2.1.2, [ 97! f(z)dx 1a tap hop gom

mot diém khi va chi khi f kha vi chat hau khap noi trén [a, b]. Két hop su kién
nay véi cong thic (2.6) ta ¢6 di€u phai chiing minh. O

Tap hop & vé€ phai cia cong thiic (2.6) c6 thé chita vo han phan ti.
Vidu 2.1.1. Gia st {ry }ren 12 tap tat ca cac so hitu ty trong khoang (a, b) C R,

a < b. V6i moi k € N, 14y ;> 0 sao cho

(ri — Op, i 4 0) C (a,b) va 0, < 2753 (b —q).
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A= Uzozl(?“k _5k77"k+5k:) va P = [a,b]\A

Vi A la mot tap m6 trong R nén P la mot tap déng va A = U2, (ay;, b)),
voi {(a;,bj)}jen 1a mot day cac khodng mé doi mot roi nhau. Xét ham s6
f : la,b] — R dugc cho bdi cong thitc

0 néu x € P,

O O e s I B BRI

Ta c6 f la Lipschitz trén [a, b] vaZ := fab Ol f(t)dt 1a mot tap hop c6 qud dém
dugce phan tir. That vay, vi tap cac s6 hitu ty 1a tri mat trong R nén P 1la mot

tap hop khong dau tru mat. Ngoai ra,

u(P) = pla,b]) — p(A)
=((b—a)— uoguzozl(rk — O, Tk + O))
> (b—a) = Y p((re — Ok, 7 + 65))
k=1
:(b—a)—225k>0
k=1

Tiép theo ching ta s€ tinh f'(z). Ldy . € Pvat € (x,b]. Tacod f(z) = 0. Néu
te Pthi f(t) = f(z) =0.Néut ¢ P thitontai j € Nsaochot € (a;,b;) va

xr < aj <t. Vivay,

f(t) = f@)
t—:c

< (t—a))(t = by)?
< (t—a)(b—a)?® Vte (z,b].

T d6 suy ra f' (z) =0, 6 day f (x) := lim . Ly luan tuong tu,

tacéd f/(x) = 0vé6i f'(z) := lim . Do d6, f'(x) = 0 v6i moi
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x € P.Néu x € Athiton tai j € N sao cho z € (aj,b;). Vi thé,

1
Ql’—aj—bj 1

f'(z) =2(z —aj)(xr —bj)(2x — a; — b;) sin (b — )@ —a))(z — b))

bj —a; (bj — aj)(z — aj)(z — b;)

2.7)
Do f'(x) la bi chan trén [a,b], f la mOt ham Lipschitz trén [a,b]. Lay
T € PN(a,b) vae > 0. Vi f'(x) = 0 trén P nén, theo (2.7), ton tai v > 0 sao
cho |f'(x)| < 1+ ¢ v6imoi z € (T —~,T + ) N [a,b]. Do do,
9° f(z) = co {klim f'(x) | {z} C la,b], 25 — x} Cl[-1—¢,1+¢].
Vi e > 0 duoc lay tuy y, ta suy ra 9°' f(z) C [—1,1].
Truong hop 1. T = a;. Lay

) o )2 4
aj + b \/(bj a;)? + (aj —b;)2k
2

T =

véi k du 16n. Khi d6 z, — aj+ khi £ — oo. Thay z = x; vao (2.7) ta cé

f'(z1) — 1 khi k — 0o. Do d6 1 € 9% f(a;). Lay

. o 2 4
R R e e

2

7 =
v6i k da 16n. Khi d6 xf, — a; va f'(z) — —1. Do d6 —1 € 9 f(a;). Vi
9% f(a;) C [~1,1] 1a mot tap 16i chia {1, —1} nén 9 f(a;) = [-1,1].
Truong hop 2. x = b;. Lap luan tuong tu nhu trong Truong hop 1, ta co
o (by) = [~1,1].

Truong hop 3. T € P. Vi tap P la khong dau tri mat nén ton tai mot day {cy},
trong do

cpefa;|j=1,2,..30{b; | j=1,2,..} Vk
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sao chocy — 7. Ldy o, = a € [~1,1] = 0% f(c). Viagy — avacg, — T
nén a € 99 f(z). Do d6 9 f(z) = [—1, 1]. Ngoai ra, 0% f(z) = { f'(z)} véi
moi x € A. Nhu vay ta c6

_ [[-1,1] néuze Pn(a,b),
8le(x) = {{f’(l‘)} néu z € A. (2.8)

Xét 14t cat kha tich ¢ : [a,b] — R ctia 9" f(-) duoc cho boi

N 1 néut € P,
9(t) = {f’(t) néu t € [a, b\ P

Chd ¥ ring f \» f(t)dt =0, ta cé

Lg@ﬁ:?ﬁﬁ+fmwf@ﬁ
= pu(P) + jl[a,b]\P f(t)dt
= u(P).

Tuong tu, v6i lat cat g; : [a,b] — R cha 9°'f(-) dugc cho bdi cong thic
g1(t)=—1néut e Pvag(z)= f'(t) néut € [a,b]\P, ta cod

f gi(t)dt —fP dt+fab Pf/ )
P)+ Jis \Pf
= —u(P)-
Vi —u(P), u(P) € T va 7 la tap 16i nén [—my(P), m1(P)] C Z. Do (2.8) va

do su kién f[a b\P ft)dt =0,7 = [—u(P), u(P)]. Vi u(P) > 0nén Z la mot

tap hop qua dém dugc.

Nghién cttu kha nang dac trung ham s6 cta cac loai anh xa dudi vi phan la
mot van dé quan trong cla giai tich khong tron. Van dé nay da va dang thu
hit duoc su quan tdm cua nhiéu chuyén gia trong nganh (xem [7], [26], [40],
[51], [52], [53], [59], [60], [62]). Ngudi ta da danh nhiéu thoi gian dé nghién
cttu bai toan sau: Cé phdi hai ham s6 cé dudi vi phdn trung nhau thi chiing chi
sai khdc nhau mot hang s6 cong? Dudi nhiing diéu kién nao thi cdu trd 10i la

khding dinh?
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Dinh 1y 2.1.3 cho phép dua ra mot chiing minh méi cho mot két qua da biét

vé dic trung ham s6 Lipschitz dia phuong ctia dudi vi phan Clarke.

Dinh ly 2.1.4 (xem [60]). Gid su X la mdt khong gian Banachva f,g : X — R
la cdc ham Lipschitz dia phuong. Khi doé, néu f la chinh qui Clarke tai moi
diem va 0%g(x) C 0% f(x) véi moi x € X, thi ton tai « € R sao cho
f(z) =g(x) + avéimoi v € X.

Dé ching minh Dinh 1y 2.1.4, chiing ta cin két qua bé tro sau day.
Bo dé 2.1.2. Gid sit X la mot khong gian Banach va f : X — R la mot ham
Lipschitz dia phuong. Khi dé, néu f la chinh qui Clarke tai moi diém, thi voi
moi a,b € X, ham s6 fo XA : R — R, vdi A(t) = a + t(b — a), la khd vi chdt
hdu khdp noi trén [0, 1].
Chitng minh. Lay bat ky a,b € X. Vi f 1a mot ham Lipschitz dia phuong nén
ham hop f o A la Lipschitz trén (—1,2). Lay ¢ty € [0,1] va u € R. Ta c6

(Fo Nty ) = limsup LN+ = (o N

t—to, 0—07F 0
sy ZU0 0= ) 0000 ) ot )
t—to, 0—07F

< fOa+to(b — a); u(b — a))

f'(a +to(b—a) p(b—a))
f(la+1to(b—a)) +0u(b—a)) — fla+to(b—a))

= lim
0—0+ 0
" o N+ 00) = (F 0 M)
0—0+ 0

= (f o A) (to; )
Vi f la chinh qui Clarke nén

fola+to(b—a);ub—a)) = f'(a+to(b—a); u(b—a)).



Tir d6 suy ra
(f o M) (to; 1) < (f o N)'(to; p).-
Mat khic,
(f o N (to; 1) < (f 0 N)*(to; ).
Do d6,

(f o X)°(to; ) = (f o N)'(to; ).

Diéu nay ching t6 rang f o A 1a ham chinh qui Clarke trén [0, 1]. Theo Dinh
Iy 2.1.2, ham f o A 12 khé vi chat hau khdp noi trén [0,1]. O

Chitng minh DPinh 1y 2.1.4. Lay bat ky xp € X. Xét ham s6 A : R — X cho
boi cong thic \(t) = tzg v6i moi t € R. Do f 1a chinh qui Clarke, theo B6
dé 2.1.2, ham f o A 1a kha vi chat hau khap noi trén [0, 1]. Vi f va g l1a céc
ham Lipschitz dia phuong trén X nén f o A va g o A 1a cdc ham Lipschitz trén

0, 1]. Theo Dinh 1y 2.1.3,

/Olg(ﬂ(f o N(®dt = {(f o N (1) = (fo MO} = { f(wo) = F(0)}.

Chidng ta chd ¥ rang ham ) 1a kha vi chat va D A(t) = X véi moi ¢ € [0, 1].
Theo [23, Theorem 2.3.10],

0% (f o N)(t) = 07 F(A(E)) DsA(2)

0 (g o N)(t) € 0g(A(£)) DA(t).
Két hop diéu nay véi gid thiet 9% g(x) € 9° () véi moi x € X, ta c6

U UgoN)(t) c 0 foN)(t) Ytelo1].
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Do d¢,

/O 0% g o N)(t)di C / o (fo N0t = { fla) — FO)}. @9)

Theo (2.6),

g(z0) — 9(0) = (g0 N)(1) — (g0 N)(0) € / o go N (t)dr.  (2.10)

Tu (2.9) va (2.10) ta suy ra
Jy 9°g 0 (@)t = { glo) — 9(0) } = { F (o) = F(0) }.
Vi zp € X duge lay tuy y nén g(x) = f(x) + a véi moi x € X, & day

a := g(0) — f(0). Dinh Iy da duoc ching minh, O

Néu X la khong gian hitu han chiéu thi cac gia thiét f l1a "chinh qui Clarke
tai moi diém" va "9 g(z) C 9°' f(x) v6i moi z € X" & Dinh 1y 2.1.4 c6 thé

giam nhe duoc.

DPinh 1y 2.1.5. Gid sit f, g : R™ — R la cdc ham s6 Lipschitz dia phuong. Néu
f la chinh qui Clarke va 0% g(x) C 0°' f(x) hdu khdp noi trén R", thi ton tai

a € R sao cho f(x) = g(x) + o véi moi x € R".

Ching minh. Liy p 1a mot s6 duong tuy y. Chd y rang f va g la cdc
ham Lipschitz trén B(0,p) = {xr € R" | ||z]| < p}. Vi f la chinh qui
Clarke hau khap noi nén, theo Dinh 1y 2.1.2, ta ¢4 f 1a kha vi chat hau khap
noi trén B(0, p). Do d6 9 f(z) = {f’(x)} hau khép noi trén B(0, p). Mat
khic, ¢'(z) € 9%g(z) va 0%g(x) C 9 f(x) hau khap noi tréen B(0, p).
Do d6 (f — ¢g)'(z) = 0 hdu khap noi trén B(0, p). Theo Dinh 1y 2.1.4,
O°lf — g)(z) = {0} v6i moi x € B(0,p). Vi p > 0 duoc 14y tiy y nén

ta suy ra 9°'(f — g)(z) = {0} v6i moi x € R™. Theo Pinh Iy 2.1.4 (v6i f — g
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va 0 tuong ung déng vai tro cua g va f trong Dinh 1y 2.1.4), ton tai o € R sao

cho f(x) — g(z) = o v6i moi x € R™. Ta c6 diéu phai ching minh. O

2.2 Tich phan cua anh xa duéi vi phan Mordukhovich
Trong muc nay chiing ta s&€ nghién ctu tich phan Aumann cua anh xa dudi
vi phan Mordukhovich. Két qua chinh dugc phét biéu nhu sau.

Dinh ly 2.2.1. Gia si f : U — R la m¢ét ham Lipschitz xdc dinh trén mot tdp
mo U C R™ va Q) C U la mét tdp con do dugc c¢6 dé do Lebesgue 1(2) < oo.

Khi do,

Jo, 0f ()dp(x) = {:c ER | (2%, 0) < [, fOz;v)dp(z) Vo € R"}.
(2.11)

Chitng minh. Gia str / 12 mot hiang s6 Lipschitz cia ham f trén U. Ta c6 dnh
xadatri 0f(-) : U = R" la déng (xem [14, tr. 199]). Do d6 0f(x) la dong véi

moi x € U. Theo khang dinh (iii) cia Dinh 1y 1.1.1 va theo Dinh 1y 1.1.5,
@ Of(x) = 0" f(z) #0 VxeU.

Tur d6 suy ra 9f(z) # O v6i moi x € U. Theo Pinh 1y 1.2.1, 9f(-) 1a mot 4nh
xa do duogc. Do ;(2) < oo va ||z*|| < ¢ v6i moi z* € Of (z) vax € U, df(+)

la anh xa da tri giGi ndi kha tich trén 2. Theo Pinh 1y 1.2.2,
[ os@inte) = | @or@auo)
Chi y ring €60 f(x) = 0% f(x) véi moi = € . Do d6,

[ or@ynta) = [ 8 sw)aute) 2.12)
Q Q
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Theo Dinh 1y 2.1.1,

[y U f (2)dp(z) = {:c ER | (2%, 0) < [, fOziv)dp(z) Vo € R”}.
2.13)

Tir (2.12) va (2.13) ta suy ra (2.11). D6 1a diéu phai ching minh. O
Sau day la mot vi du minh hoa cho két qua thu duge ¢ Dinh 1y 2.2.1.
Vi du 2.2.1. Xét ham s6 f : [a,b] — R & trong Vi du 2.1.1. Theo (2.8),

[—1,1] néuz e PN(a,b),
0% (x) {{f(:v} néu z € A.

Vi vay, v6i moi v € R,

0/ N v néux € PN (a,b),
/ (I’”)_geg%?ﬁx)@ {{f Jo} néux € A.

Cha y rang [, f'(z)dz = 0. Ta c6 fa fUz;v)de = [, |vlde = p(P)|v]. Do

do, theo DBinh 1y 2.2.1,
b
[ or@n = {z" € R | " 0) < ulPIlo| Vo€ R} = [-u(Phu(P)
Hé qua 2.2.1. Néu f : [a,b] — R (a,b € R,a < b) la mét ham Lipschitz, thi
b
a) € / Of (x)dx (2.14)
va ddng thirc
b
| or@s = {1 - )} (2.15)
xdy ra khi va chi khi f la ham khd vi chdt hdu khap noi trén [a, b].

Ching minh. Vi f 1a mot ham Lipschitz trén [a,b] C R, nén f la kha vi

Fréchet hiu khéap noi trén [a, b] va f(b) f f(x)dz. Dat

D = {xz € [a,b] | f kha viFréchet tai z}.
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Ta co

([, b\D) =0 va (f'(z),v) < f'(x;v) VeeD va veER, (2.16)
o day p 1a do do Lebesgue trén R. Do do,

b b b
</ f'(z)dz, v> = / (f'(z),v)dz < / fY(z;v)dr Vo € R.
Theo Pinh Iy 2.2.1, f(b) — f(a) € [ 8f (x)dx. Néu f 12 kh vi chat hau khip
noi trén [a, b], thi 9 f () 1a don tri hdu khap noi trén [a, b]. Do d6 (2.15) nghiém
dung. Tiép theo, gia st (2.15) nghiém didng. Vi mdi v € R, tir (2.11), (2.15)
va (2.16) ta suy ra (f'(z),v) = f(x;v) hdu khap noi trén [a, b]. Dat
Q= {zeD| )= P}, @a={seD]| - fla) = Pz -1)}.
Ta co
(f'(x),v) = foz;v) Ve eQ:=0NOQ_4,YveR.

Ngoai ra, 4([a,b]\Q2) = 0. Tr d6 suy ra f vira kha vi Fréchet vira chinh qui
Clarke tai moi di€ém z € €. Vi vay f 1a kha vi chat tai moi diém z € . Ta c6

diéu phai chiing minh. O
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Chuong 3

Dué6i vi phan cua phiém ham tich phan

Trong chuong nay, ching ta sé thi€t [ap mot s6 cong thiic tinh dudi vi phan
Fréchet va dudi vi phan Mordukhovich ctia cac phi€ém ham tich phan. Muc 3.1
duoc danh dé nghién cttu dudi vi phan Mordukhovich F(Z) cua tich phan bat

dinh
ﬂ@:/mﬂww

6 day f 1a mot ham bi chan cot yéu. Muc 3.2 dua ra cong thic tinh dudi vi

phan Fréchet va dudi vi phan Mordukhovich ctia phi€m ham tich phan c6 dang

FW%iLﬂ%M@MMW (u € Lo(S; E)),

vGi (2, A, 1) 1a mot khong gian ¢6 do do khong nguyén tir o —hiu han diy
dd, E 1a mot khong gian Banach khdly va f : Q x E — R 1a A ® B(E)—do
dugc. Cac két qua d6 dan dén mot tiéu chuén ton tai nghiém dia phuong cla
bai toan t6i wu khong rang budc, v6i ham muc tiéu la phi€ém ham tich phan.
Ngoai cac hé qua 3.1.2, 3.1.3, va 3.2.2 la nhiing két qua duoc trinh bay lan dau
tién ¢ day, cac két qua con lai cua chuong nay da duoc cong bo trén Journal

of Mathematical Analysis and Applications trong cac bai bdo [17] va [19].
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3.1 Dudi vi phan cua tich phan bat dinh

Chung ta s€ dua ra cong thic tinh duéi vi phan Mordukhovich cua tich phan

bt dinh
Fa) = [ o G.1)

& d6 f la mot ham bi chan c6t yéu trén doan [a,b] C R. Mot s6 vi du minh
hoa s€ dugc dua ra. Cac vi du nay ciing cho thay su tién 1gi khi sit dung cong
thiic ctia ching ta dé tinh OF (x). Két qua tinh todn ching té rang néi chung
tap OF (x) c6 thé 16i hodc khong 16i. Mot diéu kién kién di dam béao dudi vi

phan Mordukhovich OF (z) 1a tap 16i s& dugc chi ra.
Két qua quan trong sau day thuoc vé J. M. Borwein va S. P. Fitzpatrick.

Dinh ly 3.1.1 (xem [10]). Gia si g la mét ham Lipschitz dia phuong trén

(a,b) CR, x € (a,b), va 0%g(y) = [a(y), B(y)] véi moi y € (a,b). Khi dé,

Jdg(x) = | liminf a(y), lim sup ﬁ(y)} U {lim inf a(y), limsup G(y)|,

y—x y—>x+ Yy—r~ Yy—x

+

oddyy — x vay — x~ tuong ung co nghiala y — x véi y > xvay — x

voi y < x.
Ham do duoc f tir [a,b] C R vao R dugc goi 1a bi chén cot yéu trén [a, b]
néu ton tai M > 0 sao cho |f(x)| < M hau khap noi trén [a, b] (xem [57]). Ky

hiéu L |a,b] 1a tap gom tat ca cdc ham bi chan c6t yéu trén [a, b]. Dat

fH(z) =inf{ M | 3 & > 0sao cho f(2') < M hkn. trén [x — 5,x+5]},
ff(z)=inf{ M | de > 0saocho f(z') < M hkun. trén [z, x —|—€]},
f(z) =supy M | 3 > 0saocho f(z') > M hkun. trén [x —5,x+5]},
fZ(xz) =supy M | 3> 0saocho f(z') > M hkn. trén [x —s,x]}.
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Dé thdy riang
frla) < fo@) < ff@) va fo(2) < fi) < fH().

Do do |~ (x), f1(x)| U [ /2 (@), /*@)] € £ (@), fH(@)].

Két qua chinh ctia muc ndy dugc phat biéu nhu sau.
Pinh 1y 3.1.2. Gia sit f € Lo|a,b], F la ham cho boi cong thic (3.1), va
x € (a,b). Khi do,

OF (x) = |~ (@), f1 @) U [F= @), £ ). (32)

Chitng minh. Do f € L[a,b], F' la mot ham Lipschitz trén [a, b] va

0 F(y) = [f‘(y),fﬂy)} (3.3)
v6i moi y € (a,b) (xem [23, tr. 34] hoac [25, tr. 96]). Theo Dinh 1y 3.1.1,

OF (z) = {lim inf f~(y), limsup f+(y)}

o vt (3.4)
U [lim inf f~(y), lim sup f+(y)}
Yy—x— Y—x

Tu (3.3), (3.4) va Dinh 1y 1.1.5 ta suy ra

f(x) =liminf f~(y) va f*(z) =limsup fT(y). (3.5)

Yy—x Yy—x

Tiép theo, ching ta s& chiing minh rang

[ (x) = limsup f*(y). (3.6)

y—at
V6i moi & > 0 ton tai M € R va e > 0 sao cho

f(z') < M hkn. trén [z, 2 + €]

va

@) +6 > M.
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Do d¢,

f(2) < fi(z)+ 0 hkn. trén [z, 2+ €]. (3.7)
Véi moi y € (x,x + ¢) ton tai ¢’ > 0 sao cho
ly—e y+e] Clr,x+el
Theo (3.7),
fT(y) < fi(z)+ 0 véimoiy € (z,z +¢).
Do do,

limsup f*(y) < fi(z) + 0.

y—xt

Vi o > 0 duoc lay tuy y nén

limsup f*(y) < fi(2). (3.8)

y—at

Gia str (3.6) khong ding. Theo (3.8), ton tai g > 0 sao cho
lim sup fTy) < fi(z) = do.
Yoz
Do d6 ton tai € > 0 sao cho
fHy) < fi(x) — 0y v6imoiy € (z,z + ¢). (3.9)
Bay gid chiing ta sé& ching minh rang

f(2) < fi(z) — 6o hkn. tren (z,2 + ). (3.10)

Tur (3.9) suy ra rang v6i mdi y € (z,z +¢) ton tai e, > 0 va M, < f(x)—d
sao cho

Vy = (y_gyay+5y) - (:c,x—i—s)

f(z")y < M, hkn. trén V.



43

Do d¢,

f(2) < fi(z) —dp hkn. tren V. (3.11)

Vi{V,| vy € (x,x +¢)} la mot pht mé cua (z, z + €) nén ton tai mot phu con
dém duoc {V,,| j = 1,2,...} cua {V,| y € (z,x + ¢)} pha khodng (z,x + ¢).

Vi vay, (3.10) dugc suy ra tu (3.11), va do do

fi(x) < fi(x) = do.

Pay 12 mot diéu mau thuin. Ta da ching té ring dang thitc (3.6) la ding.
Tuong tu, ta c6

f=(z) = liminf f~(y). (3.12)

Yy—x

Tu (3.4)-(3.6) va (3.12) ta suy ra

OF (@) = |~ (@), @) [/ @) @)
D6 la diéu phai ching minh. O
Dé chitng minh (3.6), ngoai cdch 1ap luan cua ching to6i nhu trén (da trinh
bay trong [17]), PGS. TS. Huynh Thé€ Phung (Pai hoc Hué) c6 cach lap luan
khac nhu sau: Dat

S PAC) néu y > x,
T\ fi(@) =1 néuy <.

Ta c6 )
ft(y) néuy >,
fi(z) néuy =,
fi(:z: )—1 néuy <.
Vi vay, theo (3.5), f1(z) = g*(z) = limsup g™ (y) = limsup f*(y).

Y—T y—>:c+
Sau day la mot s6 vi du minh hoa viéc tinh du6i vi phan Mordukhovich

OF (x) bang cach st dung cong thic (3.2). Cac vi du nay ciing cho thdy rang
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néu f € Ly[a,b] va F' 1a ham cho boi cong thic (3.1) thi OF (x) 1a mot doan
s0 thuc, hoac 1a hgp cua hai doan s6 thuc roi nhau. (Nhu thuong 1€, ta qui uée

rang doan so thuc c6 thé suy bién thanh mot diém.)

Vidu 3.1.1. Lay E la mot tap con do dugc cta [0, 1] ¢6 tinh chit sau: giao cla

mot khoang md khac réng bat ky cua [0, 1] v6i £ va véi [0, 1]\ E déu ¢6 do do

Lebesgue duong. Nhing tap nhu thé 1a ton tai (xem [58, tr. 307]). Dat f(t) =

néut € E, f(t) =0néut € [0,1]\F. Xét ham F(x ff )dt (x € [0, 1]).

Tacod f € Loof0,1] va fH(z) = ff(z) =1va f(z) = f:(x) = 0 v6i moi
€ (0,1). Do d6, theo Dinh Iy 3.1.2, dF (x) = [0, 1] véi moi « € (0, 1).

Nhan xét 3.1.1. Vi 0F (z) = [0, 1] v6i moi « € (0, 1) nén theo DPinh 1y 1.1.5,
O F(z) = [0,1] v6imoi = € (0,1). Cong thitc nay di duoc thiét lap boi

R. T. Rockafellar (xem [14, tr. 191]).

Vi du 3.1.2. Lay tap F nhu trong Vi du 3.1.1. Gia st zp € EN (0, 1) va

1 néut e[z 1]NE,
(1) = 0 néut € [z, 1]\E,
)2 néute(0,z0))E,
3 néute0,z0)\F.
bat F(z) = [ f(t)dt (z € [0,1]). Tacé f € Loo[0,1] va fF(zg) = 3,

fi(:l?o) =1, f—(xo) =0, f__(xo) = 2. Theo Dinh 1y 3.1.2,

OF (z) = [0,1] U [2,3].
Hé qua 3.1.1. Ngoai cdc gid thiét cua Pinh ly 3.1.2, gid si rang é\F(:U) # ).
Khi do ta cé

OF (z) = |~ (@), ()],

va do dé OF (z) = 0'F(x).
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Chiing minh. Gi st 9F(z) # (). Ldy z* € OF(x). Ta ¢6

( [ F()dt

xT

lim inf

J umrt u—x (3.13)

. T
lim sup
\ u—z~ u—2x

Véi 6 > 0 duoc 1ay tuy y, ton tai ¢ > 0 va M € R sao cho
M < ff(x)+dva f(a') < M hkn trén [z,z+ €]

Tu do suy ra
f(2) < fi(z)+ 0 hkn. trén [z,2 + <.

Do do,

u

[ f(t)dt

. . T +
hurggrlf — < fi(x)+6.

Vi § > 0 duogc 14y tuy y nén
[ ft)dt
lim inf = < fi(2). (3.14)

u—zxt U— X

Tuong tu,

| F)dt
f=(z) < limsup ©

U—T~ u—x

(3.15)
T (3.13)-(3.15) ta suy ra f~(z) < f{(z). Do d6, theo Dinh ly 3.1.2,
OF (z) = [f_(x), fT(z)|. Ta c6 diéu phai ching minh. O

Nhan xét 3.1.2. Tir Hé qua 3.1.1 ta suy ra rang néu dudi vi phan Mordukhovich
OF (x) 1a mot tap khong 16i thi OF (z) = 0.

Vi du 3.1.3. Xét ham s6 f : [a,b] — R & trong Vi du 2.1.1. Nhu chdng ta da

biét, f 1a mot ham s6 Lipschitz trén [a, b] va kha vi Fréchet tai moi di€ém thuoc
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khodng (a,b). Pat F(z) = [ f/(t)dt (z € [a,b]). Tac f(z) = f(a) + F(z)

v6i moi x € [a, b]. Do dé,

O F(z) =0 f(x), OF(x) = 0f(x),

OF (x) = 0f (x) = {f'(x)}
v6i moi x € (a,b). Vi f 1a mot ham Lipschitz trén [a, b] nén f'(x) € Loo|a, b].
Theo He qua 3.1.1, 0F (x) = 0/ F(x) véi moi € (a,b). Tt Vi du 2.1.1 ta c6

[—1,1] neuxEPﬂ(ab)
0% (x) {{f(x} néu z e A

Do do,
[—1,1] néu z € PN (a,b),
0f(z) = {{f } néu z € A.

Hé qua 3.1.2. Gia sit p : I — R la mét ham so Lipschitz dia phuong trén mot

khodng mé I ciia R, x € I, va Op(x) # 0. Khi db, dp(z) = 0% ().

Chiing minh. Vi [ 1a mot khoang m& cua R nén ton tai a,b € I sao cho
a < x < b. Do ¢ la Lipschitz dia phuong trén I, ¢ la Lipschitz trén [a, b] va
ton tai dao ham ¢’ hdu khép noi trén [a, b] (theo Dinh 1y Rademacher). Tir d6 ta
suy raring f = ¢’ € Loo[a,b], p(u) = p(a) + F(u) (v6i F(u) = [ f(t)db),

() = 0%p(z), OF(z) = Op(z), va OF (z) = Op(x) # 0. Theo
He qua 3.1.1, 0p(z) = 0%p(z). O

Ky hiéu dudi vi phdn doi xiig (symmetric subdifferential) cua ham s6 ¢ tai
z boi (1) 1= dp(z) U [-0(—p)(x)] (xem [46, tr. 84, tap 1]). Vi Op(x) C
p(z) C 9%p(x) va néu ¢ 1a khé vi Fréchet tai = thi dp(z) = {¢/(z)} # 0,

nén tr Hé qua 3.1.2 ta thu lai duoc két qua thd vi sau day cua J. M. Borwein
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va X. Wang.

Hé qua 3.1.3 ([13, Theorem 1]). Cho I la mét khodng mo cuia R va o : [ — R
la mot ham khd vi va Lipschitz dia phuong. Khi dé, 0p(z) = 0%p(z) =

p(z).
3.2 Duéi vi phan cua phiém ham tich phan trén khong gian L, ((); F)

Néu khong néi gi thém, (€2, A, 1) 1a mot khong gian ¢6 do do khong nguyén
tt o —hitu han ddy du, F 12 mot khong gian Banach khaly va f : QO x £ — R
la mot ham A @ B(E)—do duoc.

Két qua chinh cua muc nay la cac cong thic tinh chinh xac dudi vi phan

Fréchet va dudi vi phan Mordukhovich cua phiém ham tich phan cé dang
Flu) = [ fwu)dutw) @eL@E). 610
Q

Luu ¥ rang bai toan tinh todn hoac udc lugng dudi vi phan Mordukhovich

OF(u), v6i u € Ly(2; E) (p > 1), cho dén nay van la mot bai todn ma.

Gia st F 1a mot tap con clia Lo(€2; R)—khong gian cdc ham do dugc tir

vao R. Theo [31, tr. 65], ham infimum cot yéu (essential infimum) ess i]pf v
veE

ctia F 1a mot ham do duoc tir 2 vao R thod mén cic diéu kién sau:
(i) v6i mdi u € F, essinf v < u hau khap noi;
veF

(4i) néu @ :  — R 1a mot ham do dugc sao cho v6i méi v € F tacéd @ < u

hau khap noi, thi @ < ess i}lf v hau khép noi.
ve

Su ton tai va tinh duy nhat cia ham ess i;_lf v cho truong hop p 1a do do hitu
ve

han da dugc ching minh, vi du nhu & trong [63, tr. 43 - 44]. Tu két qua nay
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ta suy ra ngay su ton tai va tinh duy nhéat cta ess i}lf v cho truong hop do do u
Ve

12 o—hitu han. C6 thé tim hi€u thém thong tin chi tiét vé ham ess i}lf v VA cac
Ve

ung dung cua nd & trong cac tai liéu [15], [31], [63].

Néu ton tai mot phan tir vg € F sao cho v6i mdi v € F ta c6 v > vy hau

khap noi, thi hién nhién ess inf v = vy hau khép noi.
veF

Pinh nghia 3.2.1 (xem [31]). (i) Ham s : 2 — E dugc goi 1a ham don gian

néu né c6 thé biéu dién dugc dudi dang
m
5 = E CiX A,
i=1

6daymeN, ¢ e B, A, € A =1,2,...,m) doi mot roi nhau, Q = (J A,
i=1
Xalw) =1néuw € Ava xa(w) =0néuw e X\A.

(i) Ham v : Q — E duoc goi la do dugc manh néu ton tai mot day cac ham

don gian s; : @ — E sao cho

klim |sk(w) —u(w)||p =0 hkn.

(iii) Ham don gian s :  — FE dugc goi 1a kha tich Bochner néu ta cé thé
biéu dién n6 dudi dang

m
s = § CiXA;»
=1

6daymeN, ¢ € B, A, € A =1,2,...,m) doi mot roi nhau, Q = (J A;,
i=1
¢; = 0néu p(A;) = o0o. V6i mdi A € A, tich phan Bochner ctia s trén A duge

dinh nghia bdi cong thic

/ sdp = Z n(ANA;)e,
A

i=1
Gday (AN A;)e :=0néuc; =0vapu(ANA;) = oo,
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(iv) Ham do duoc manh u : €2 — E dugc goi la kha tich Bochner néu
ton tai mot ddy cdc ham don gian s : Q — E kha tich Bochner sao cho

klim Jo lIsk — ul|dp = 0 va klim |sk(w) — u(w)||g = 0 hau khap noi.

Vé6i A € A, tich phan Bochner cua u trén A dugc dinh nghia boi

/udu = lim [ spdup.
A k=00 J 4

Ky hiéu bdi L1 (Q2; E') khong gian tat ca cic ham v : {2 — F kha tich Bochner
trén 2 va dugc trang bi chudn ||ul| == [, ||u(w)||dp v6i moi v € Li(Q; E).

Str dung Dinh 1y 3.8 & [15] trong truong hop X = L1(; E)vaM : Q=3 F

la dnh xa da tri cho bdi M (w) = F v6i moi w € €, ta ¢6

uee%Sl‘(lél;%)f(U)(w) = elg]gf(w, e) hkn., (3.17)

6 day f(u)(w) = f(w,u(w)).
V6i mbi u € Li(Q; E), dat
Ir(u) = [q flw,u(w))dp

(3.18)
- inf{fgv(w)d,u v e Li(R), v(w) > fw, u(w)) h.k.n.}.

Néu w — f(w,u(w)) 12 mot ham kha tich trén © thi hién nhién [¢(u) =

F(u), & d6 F(u) duge cho bdi (3.16).

Céc phiém ham tich phan c6 dang (3.18) da va dang dugc nhiéu tic gia quan
tam nghién ctiu (xem [15], [16], [23], [25], [30], [31], [32], [33], [34], [35],
[36], [54], [56] va céc tai liéu dan ra trong d6). N6i riéng ra, nhiéu két qua thd
vi v€ phiém ham tich phan dang (3.18) c6 & trong cac cong trinh cua E. Giner.

Sau day la mot trong s6 nhitng két qua nhu vay.
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Pinh 1y 3.2.1 (xem [32]). Gid sit x la mot diém cuc tiéu dia phuong cua phiém
ham 1¢(-) trén L1(Q; E) va f(x) € L1(Q;R). Khi do, véi moi v € L(€; E),

ta cé f(w,z(w)) < f(w,u(w)) hdu khap noi.

Ham v : Q — E* duoc goi la do duogc yéu* néu v6i moi e € E, ham sO
Q35 w— (v(w),e) la do duge; xem [28, Definition 2.101(iii)]. Ky hiéu bai
LY (Q); E*) khong gian tit ca cdc ham do dugc yéu* v : 2 — E* sao cho
ham 2 5 w — ||[v(w)|| thudc L (2;R). Khong gian LY (2; E*) dugc trang bi

chuan ||v||py (;5+) = esssup [lv(w)]], & day
weld

esssup ||v(w)|] = inf{a > 0 | ||v(w)|| < @ hk.n.};
we

xem [31, Definition 2.111].

Két qua sau day da dugc 1. Fonseca va G. Leoni phét biéu va chitng minh
trong [31]. Tuy nhién, ching minh & d6 khong chat ché. Vi vay, dudi day s€
trinh mot chiing minh méi cua tac gia luan an. (Ching minh kha dai nay da
duoc Gido su I. Fonseca va Gido su G. Leoni cong nhan va dua lén c4c trang
web lién quan dén cudn sach ndi trén: http://www.math.cmu.edu/~ leoni/ book1,
http://www.math.cmu.edu/~ leoni/Typos.pdf, http://www.math.cmu.edu/~ leoni

/notes.pdf.)
Pinh 1y 3.2.2 (xem [31, Theorem 2.112]). Gid su (2, A, j1) la mot khong gian
co do do o—hitu han va E la m¢t khong gian Banach khd ly. Khi do:

(1) Néu T € (L1(2; E))* thi ton tai duy nhdt mot phan tir v € LY (§2; E*)
sao cho

T(u) = / (0(w), u(w))dp (3.19)
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vai moi u € L1($2; E). Hon thé,

Tl = vl e ;64

(12) Moi phiém ham T ¢6 dang (3.19), 0 dé v € LY (Q); E*), la phiém ham
tuyén tinh lién tuc trén L,(S); E).
Chitng minh. (i) Lay 7" € (L1(€; E'))*. Vi E la khong gian kha ly nén ton tai
{en} € E\{0} sao cho {e,} = E. V6i méi n € N, dit 7,(u) = T(ue,) véi
moi u € L1(2) = L1(2;R). Tacd 7, € (L1(£2))* va

T(ue,
HTnH(Ll(Q))* = sSup M enl|E < 00.

< Tz, (2.E))"
wervnor el @ (Fa(@:5))

Theo [28, Corollary 2.41], ton tai duy nhét v., € L (£2) sao cho
T(ue,) = /Qven(w)u(w)du Vu € Li(Q). (3.20)
Ta co
[veull 2o () = 1Tl i@ < T Mz @im))llenllE- (3.21)

Tuong tu, véi méi «, 3,y € Q vamdi ¢,j,k € N, ton tai duy nhat phan ti

Vaei+Bej+ver, € Lioo(§2) sao cho
T(u(oe; + Be; + ver)) = / VaeitBej e, (W)u(w)dp  Vu € Ly(€2).
Q

Ta €6 |[vae+ge,4verll o) < N Tl (Li(0sm))+[lves + Bej + ver|[s. Vi phan tir

Vae;+Bej e, 12 duy nhét va T 1a tuyén tinh nén

Ve, (W) + Be; (W) + Ve, (W) = Vaes+ej4ve, (W) hken, (3.22)

Do do,

|ave, + Bue; + Vel L) < T2y ) l|lve; + Bej +vyerlls. (3.23)
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Dit

O = {w e | ave(w) + Bu, (@) + 100, () = Vaert ey 170 (@)
00, () + B, (@) + 10, (@)] < Ty e + Be; + yexll e,
Vi,j €N, Va,8 € @}.

Tir (3.22) va (3.23) suy ra Q € A va u(Q\Q) = 0. Ly e € F bat ky. Vi
{en} trit mat trong F nén ton tai mot day {e,, } hoi tu dén e. V6i méi w € Q,
{ve,, (w)} 1a mot day Cauchy trong R. Do d6 {v, (w)} hoi tu dén mot phan

tr U (w) € R. RO rang 7.(w) khong phu thudc vao viéc chon ddy {e,, }, mién

12 {e,;} hoi tu dén e. Viw € Qnén |ve, ()| < ||z, k) llen, ||z voi moi

e||r v6i moi w € Q. Do

j € N. ChO] — 00, ta co ‘QNJG(W)‘ < HT||(L1(Q,E))*
d6 Ve € Loo(Q). V6i e = ae, + Ben, 0 day a, 0 € Q vam,n € N, ta c6
De(w) = Vae, 4 ge,, (w) V6i Moi w € . That vay, ldy w € Q va gia sk {en, } 12

m(f)tdﬁyh@itudé'ne:aen—l—ﬁemkhij—>oo.\ﬁw€(~2nén

|Uenj (CU) - (Oé'Uen(W) + /Bvem(w)” S HT”(LI(Q,E))* enj - (aen + /Bem)HE v]

Tu d6 ta suy ra lim v, (w) = ave,(w) + Pue, (w). Di€u nay ching to
joo

De(W) = Vae,tgen (W) V6i moi w € Q. N6i rieng ra, U, (w) = Ve, (W) V6i
moi w € . V6i mbi e € E, dat

Ue(w) néuw € Q,
0 néu w € Q\Q.

Liy e,é € E bat ky. Gid st cdc day {ey, } va {e;,} tuong ting hoi tu dén e

Ve(w) =

va é. Ta ¢6 [ve, (w) — Ves, )] < Tz, :8))|len; — €a; ]| 2 v6i moi j € N va

mol w € Q. Cho j — oo, ta nhan duogc

e—é|lp Ywe Q. (3.24)

[Ve(w) — va(w)| < [T ||(1,(02:8))"

T d6 suy ra rang v6i méi w € Q, E 3 e — v.(w) la ham lién tuc. Vi

a, f € R, ton tai (o, ;) € Q x Q sao cho (¢, 5;) — (e, 3) khi j — oco. Lay
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ty ¥ w € Q. Ta cé jve, (w) + BjVes, (w) = Vasen;+Bjen, (w) v6i moi j € N.
Vi E > e — v.(w) la ham lién tuc nén 14y gi6i han & hai vé€ cta déng thiic
trén khi j — oo, ta thu dugc av,(w) + Brs(w) = Vaetpe(w). Nhu vay, véi moi
weQ F>er Ve(w) 12 mot dnh xa tuyén tinh lién tuc. Trong cong thiic

(3.20) thay n boi n; va cho j — oo, ta ¢

T(ue) = /Qve(w)u(w)du Vu € L1(9). (3.25)

Xét ham v : 2 — E* dugc cho bdi cong thic v(w) : E — R, e — v.(w). Do
v6i mdi w €  dnh xa v(w)(-) 12 tuyén tinh lién tuc va do tinh tril mat ctia day

{e,} trong F, tir (3.21) ta suy ra rang

o) en] _ o))

+ = sup
n llenllE

v6i moi w € €. Mat khéc, véi mbi e € E dnh xa Q 3 w — (v(w), e) = v,(w)

la do dugc. Do do, v la do dugc yéu*. Ta co

[Ve, (W)

= esssup (sup Tenls ) < 7Tz, :E))

||| L (2 +) = esssup [|v(w)
w

Vi {e,} trit mat trong E nén, theo [31, Theorem 2.110 (i)], tap hop S goém

cac ham don gian kha tich ¢6 dang
s=)  Xrtici (3.26)
=1
6vGic, e RvaF; € A(i=1,...,n), la trt mat trong L,(2; £). Do do,

Tl
1Tl (Ly@py)- = sup
sesvioy sl puesm)
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Lay bat ky s € S ¢6 dang (3.26). Theo (3.25) va bat dang thitc Holder,

szezdﬂ‘ < E fF |CZ| HGZHEWQ(W)'

leill e

< fQ (;Xﬂ(w) |Cz| H€ZI|E> Sup |1|}|Zk(\| )|d,u

S ||8HL1(Q;E) €SS sup (Sup |||;kk(||E)|)
w

Vi vay,

T(s Ve, (W
1Tl (Ly(:E))- = sup & < esssup (Sup Ve )l) = ||v]| L ()

seS\{0} HSHLl(Q;E) w ko lleklle
bieu d6 ching 6 rang [|T|(z,o;m) = [[vllze 5.
Gia st s € S ¢6 dang (3.26). Do v6i mbi w € , dnh xa E 3 e — v,(w) 12

tuyén tinh,

T(s) = 3 Jretal)dn = 3 Ji, o (@) = 2 [ v ()

— o sty (@) = foy o) ()t = fofo(w), 5() )
Lay bat ky v € Li(€2; £). Khi d6 ton tai {s;} C S sao cho

lim ||s; — u|/z,(0.5) = 0.
j—00

Ta co

T(u) = lim T'(s;) = lim [ vy, (w)dp.

J—00 j—oo Jo

Tu (3.24) suy ra

[0 () (@) = Vuge) ()] < T (W) —u(w)le

v6i moi w € Q. Do d6
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va (i) dugc chiing minh.

(17) Gia st v € LY (92; E*) va T la phiém ham c6 dang (3.19). Khi do,
phiém ham tuyén tinh 7" 1a lién tuc trén L,(Q2; £). That vay, viv € LY (Q; E¥)
nén ton tai M > 0 sao cho ||v(w)|| g+ < M hau khap noi. Do d6,

T(w)] = | folow) u@))dn| < Jy 10(w). uw)ldp

< Jo lv()lle: l[u(w)llpdp < Mlul|
v6i moi u € L(Q; E). Diéu nay ching t6 7' 1a mot phi€ém ham tuyén tinh lién

E*

tuc. Ta c6 di€u phai ching minh. O

Nhan xét 3.2.1. D€ chiing minh phan (i) ctia Dinh 1y 3.2.2 chiing ta da ding
y tudng cua phép chiing minh trong [31, Theorem 2.112(i)]: dua vao tinh chét
kha ly ciia khong gian E va dinh ly biéu dién Riesz cho trudng hop £ = R
dé xay dung v € LY (Q, E*) thoa man yéu cau cta dinh ly. Khi chiing minh
v(w) € E*, céc tac gia cua [31] da khang dinh tinh tuyén tinh trudc va sau dé
suy ra tinh lién tuc ctia v(w) (khong c6 chimg minh chat ché), trong khi d6 &
day tac gia luan 4n ching minh tinh lién tuc trudc va st dung tinh lién tuc dé

chiing minh tinh tuyén tinh.
Ménh dé sau day déng vai tro then chét trong chiing minh Dinh 1y 3.2.3.

Ménh dé 3.2.1. Gid sir [;(-) : L1(; E) — R la ham s6" dugc cho bédi cong
thite (3.18) va x € L1(2; E) thod man f(z) € L1(2;R). Khi dé
5€If(x) = {x* e LY (92 E*) | eigggg(w,e,x*(w)) >0 hk‘n}
- {x € LU (% B | Ip(u) — Ip(x) — (x*,u — ) (3.27)
> —¢|lu—z|| Vue Ll(Q;E)},
VOi g-(w, e, e*) = f(w,e) — fw,z(w)) — (", e —x(w)) +elle—x(w)|, w € Q,

ecb,efe " ¢>0.
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Chitg minh, Gia stt ¢ > 0 va 2* € d.I¢(z). Véi mbi k € N, ton tai 6 > 0

sao cho
Iy(u) = Iy(z) = (@",u— ) + (e + k7 1) [lu — 2] > 0,
voi moi u € B(z,0;) :={v € Li( E) | ||[v— x| <} Tacod

(Lm) = L2 E) ) = [ )t

voimoi u* € LY (Q; E*)vau € L1(Q; F). Do f(x) € L1(Q; E),  1la mot cuc
tiéu dia phuong clia ham I(-) xéac dinh boi
I(u) =1Ip(u) = Ip(x) = (z*,u—x) + (e + k7" |Ju -z
= [ h(w,u(w))dp (u € Li(9; E)),
o day
h(w.e) = flw,e) = flw,2(w)) = (z"(w), e — x(w)) + (e + k71 [le — z(w)]

v6i moi (w,e) € 2 x E. Vi f lamot ham A ® B(E)—do duogc, nén h cling la
A ® B(FE)—do dugc. V6i méi u € L1(Q); F), theo Dinh 1y 3.2.1 ta c6

h(w, z(w)) < h(w,u(w)) hkn.

V6i moi u € Ly(€2; E), nho tinh chat A ® B(F)—do dugc cua h, ham s6
Q>wr h(u)(w) = h(w,u(w)) la A—do duge. Do do,
ug%?(lél%) h(u)(w) = h(w, z(w)) hk.n.

Theo (3.17),

ug%?(l(lzl;fE) h(u)(w) = ;gg h(w,e) hk.n.

Tur d6 suy ra

inf h(w,e) = h(w,z(w)) hkn.,

eckE
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nghia 13, v6i mdi k& € N ton tai Q € A, u(Qx) = 0, sao cho
flw,e) = fw,z(w)) = (a"(w),e —z(w)) + (e + &) e — z(w)]| = 0,
v6i moi w € Q\Qy, e € E. Dat Q. = kUNQk. Ta c6 pu(Qyp) =0 va
€
flw,e) = flw,z(w)) — (& (w),e —z(w)) + (e + &) ]e — z(w)]| = 0,
v6i moi w € Q\Qy+, e € E, k € N. Cho k — o0, ta thu dugc
flw,e) = f(w,z(w)) — (27 (w), e — z(w)) +elle — z(w)]| = 0
v6i moi w € Q\Q,+, e € E. Do d6,
612;[; ge(w,e,2"(w)) >0 hkn.
Diéu nay ching to rang
é;ff(:z:) C{z" € LYL(Q, EY) | ggggg(w,e,x*(w)) >0 hkn.}.

Tiép theo, chiing ta s& chiing minh rang tap hop & vé€ phai ctia bao ham thitc

nay la tap con cua tap hgp cudi cung & trong (3.27).

Lay bat ky «* € {a* € LL(Q, E*) | in}fggg(w,e,a:*(w)) >0 hkn.}. Khi
ec

do, ton tai .- € A ma p(2,+) = 0 sao cho
flwe) = fw,z(w)) = (7 (w), e = z(w)) +elle = z(w)[| = 0
v6i moi w € Q\Qy+, e € E. Do d6, v6i moi u € L (2 E) ta ¢6
flw,uw)) = flw, 2(w)) = (" (W), u(w) —z(w)) +elju(w) —z(w)| = 0 hkn.
Vi f(z) € L1(;R) nén

Ie(u) — Ip(x) — (", u—2x) +¢llu—z|| >0 (3.28)
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v6i moi u € Lq(£2; F). Diéu nay c6 nghia l1a 2* 1a mot phén tir ca tap hop
cudi cang & trong (3.27). Néu z* € LY (Q; E*) thoa man (3.28) thi hién nhién
¥ € (/ilf(:z:). Ta c6 di€u phai ching minh. O

Két qua chinh ctia muc ndy dugc phat biéu nhu sau.
Dinh 1y 3.2.3. Gid sit f : Q x E — R la mot ham A @ B(E)—do duoc thod
man f(u) € L1(2;R) vdi moi uw € L1(; E), va F la ham sé cho bdi cong
thiic (3.16). Khi dé

OF (z) = OF (z) = OF " F(x)

= {x* e LY (2 EY) | injfggo(w,e,x*(w)) >0 h.k.n.}, (3.29)
ec

vai go(w,e, e*) = flw,e) — f(w,z(w)) — (e —z(w)), w € Q, e € E,

et € E*vax e Li( F).

Chitng minh. V6i méi u € L (€ E), vi f(u) € L1(Q;R) nén F(u) = I;(u).

Theo Ménh dé 3.2.1,

OF (z) = F " F(z) = {a: € L B) | inf go(w, e, 2"(w)) > 0 h.k.n.}.
ec

Hién nhién OF (x) C OF (x). Bay gio chiing ta s& chiing to rang

OF (z) C 0F"F(z).

" ” N . P A . F N *
Lay bat ky 2* € OF(z). Khi d6, tén tai g, | 0, 2, — x va 2§ = r* sao cho

Ty € 0., F () v6i moi k € N. Theo Meénh dé 3.2.1,
F(u) — F(xg) — (g, u — xg) + egl|lu —xk]| >0 Yu € Li(Q; E).
Cho k — oo, ta c6
Fu)— F(x) = (z*,u—x) >0 Yu € L(FE).

Nghia 1a 2* € 9Fe"F(z). D6 1a diéu phai ching minh. O
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Nhan xét 3.2.2. 1) Dudi céc gia thiét ctia Dinh 1y 3.2.3, tir (3.29) suy ra rang

r*(w) € 5f(w, J(z(w)) hkn.
Of (w, )(z(w)) hkn.p,

~

OF () = 0F(x) C {x* e LY(Q; E)

|
Cqx* e LY (G EY) | 2*(w) €
voi moi x € L1(§2; F).

2) Néu E = R" thi L2 (Q; B*) = Loo(Q; R™), va do d6 (3.29) trd thanh

OF(z) = OF(x ) oFen F(x)
:{ Loo(;R™) | mf go(w,e,z"(w)) >0 h.k.n.}.
3) Néu F : Li(Q: E) — R duoc xdc dinh bdi (3.16) 1a mot ham 16i thi, nhu

ching ta da biét,

OF (z) = OF (z) = 07" F(x). (3.30)
Cong thite (3.29) cho thay rang (3.30) van ding khi ta khong gia thiét F' 1a 16i.

Vi du 3.2.1. Cho F la mot khong gian Banach kha ly khong tam thuong
(chéng han, E = ¢, hodac E = L,[0,1], 1 < p < 00). Gid stt Q2 = [0,1], A
la o—dai s6 céc tap do dugc Lebesgue cua [0, 1], i 1a do do Lebesgue trén R,
va f :[0,1] x £ — R 1a ham dugc xdc dinh bdi f(¢,e) = |sin(]le]|)| v6i moi

(t,e) € [0,1] x E. Xét phi€ém ham tich phan
_ /01 Ftu®)dt (e L0, 1]: E)).
Ta c6 cac tinh chat sau day:
(a) F' la mot ham khong 16i;
(b) OF(0) = OF(0) = 8FnF(0) = {0};
© {o* € LE([0,1]; B%) | a*(t) € Bf (t,)(0) hkn.} = Brg om0

d) {33 e L ([0,1]; E*) | 2°(t) € f(t,-)(0) h.k.n.} = Bl o.1:8);
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& day Bry (jo,1;+) = {2 € L ([0, 1] £7) | [[#*|| g o1y 4) < 1}
That vay,

(a) Ldy eg € F sao cho |leg|| = 1. Dat uy(t) = 0 va uy(t) = weq (¢ € [0, 1]).
Ta c6 uy, us € L1([0,1]; E), F(w1) = F(u2) = 0 va F(3u1 + 3uz) = 1. Do d6
F<%u1 + %M) > %F(ul) + %F(m).

Diéu nay chiing té rang F' khong phai 1a mot ham 16i.
(b) LAy bdt ky 2* € 97" F(0). Theo Dinh Iy 3.2.3, ton tai tap Q.- € A ma
1(Q+) = 0 sao cho
|sin(|le|])| > (z*(t),e) Ve € E, Vt € [0, 1]\ Q.
Noi riéng ra,
<x*(t), ie> <|sinw| =0 va <x*(t), —le> < |sinw| =0,
lell el
véi moi ¢ € [0, 1]\, vamoi e € E\{0}. Do d6 x*(¢) = 0 hau khap noi trén
0,1], va 07" F(0) c {0}. Dé thdy thay ring 0 € OF**(0). Tt d6 suy ra
dFen (0) = {0}. Theo Dinh 1y 3.2.3, OF(0) = JF(0) = dFe" F(0) = {0}.

(c) Lay bat ky «* € LY ([0,1]; E*). Ta c6

v*(t) € Df(t,-)(0) hkn. @n@glf‘Sin(||€”)|“;”<x*(t)’e> >0 hkn.

& [lz* @) <1 hkan.
Nghia 12

{x* e L2([0,1]; E) | #*(t) € df (¢, -)(0) h.k.n.} = B o150,
(d) Tt (c) suy ra
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Chu y rang v6i méi ¢ € [0,1], f(¢,-) 1a mot ham s6 Lipschitz véi hang s6
Lipschitz ¢ = 1. Do dé,
{:z:* e 12([0,1], E*) | 2*(t) € af(t,-)(0) h.k.n.} C Bre (joa).6v).
Day 1a diéu can ching minh.

Hé qua 3.2.1. Ngoai cdc gid thiét cua Pinh ly 3.2.3, néu gid sit thém rang F

khd vi Fréchet va Lipschitz dia phuong tai x, thi ta cé
klim |2z — F'(2)]| =0 khi x} € OF (x) ma klim T = .
Do dé, F la khd vi lién tuc néu F la khd vi Fréchet va Lipschitz dia phuong.

Chitng minh. D€ ching minh Hé qua 3.2.1 ching ta s& dung luoc d6 ching
minh cta [8, Proposition 4.7]. Lay bat ky v > 0. Vi F kha vi Fréchet tai x nén

ton tai p > 0 sao cho
Fla+u)— F(z) = (F@),u) < vlull Vo€ pBrys, (3D

6 day By op = {v € Li(GE) | Jju| < 1} VI a) € O0F(xy) nén,
theo Dinh 1y 3.2.3,
(g, x+u—xk) < Fr+u) — F(xg) Yu € L1(Q; F). (3.32)
Chi y rang néu ||z} — F'(z)|| # 0 thi
”ilulgp(ﬂﬁi — F'(x),p" ') = o — F'(2)|| > 27|z — F'(2)]).
Do d6, véi mdi k € N ton tai uy, € Lq(€2; F) sao cho
lurl = p va (af, = F'(x),ur) = 27" pllag — F'(2)]].

Thay u = wu; vao (3.31) va (3.32) ta thu dugc

—Aurll < F(2) = F(z +up) + (F(2), w)
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0 < F(x+ug) — F(xg) — (x), x + up — xp).

Tu do suy ra

—p < Fo) = Flay) + (F(z) - %wc) + (f, 7 — @)
< F(z) = Fay) — 27 pllag — F'(@)l| + (2, 2 — 7).
K&t hop diéu d6 vdi tinh bi chan cua day {z}} (luu y rang F' 1a ham Lipschitz
dia phuong tai x), ta c6 limsup ||z — F'(z)|| < 27. Do v > 0 dugc 14y tuy ¥,
k—o0
limsup ||zy — F'(x)|| = 0. Tt d6 suy ra diéu phai ching minh. O
k—o00
Xét bai todn toi uu
F(z) — inf

(P)
WS Ll(Q; E),

o day F(z) = [, f( Jdpu(w) (x € Ly(Q; E)) 1a mot phi€ém ham tich

phan thoa man cac gia thiét ctia Dinh 1y 3.2.3.

Hé qua 3.2.2. Diéu kién cdn va du dé v la mot nghiém dia phuong cua bai
toan (P) la

min flw,e) = f(w,x(w)) hdu khap noi.
ec

Chitng minh. Gia st x 1a mot nghiém dia phuong ctia bai toan (P). Sir dung
qui tic Fermat, ta ¢c6 0 € JF(x). Do d6, theo Dinh 1y 3.2.3, minecp f(w,e) =
f(w, z(w)) hiu khap noi. Nguoc lai, n€u mineep f(w,e) = f(w,z(w)) hiu
khap noi thi v6i moi u € L1(Q, E), f(w,u(w)) > f(w,z(w)) hiu khap noi.

Do d6 = 1a mot nghiém cua bai toan (P). O
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Chuong 4

Mién gia tri cua anh xa du6i vi phan

Tap gia tri cua bat ky lat cit nao cia mot 4nh xa da tri cling 12 tap con cta
mién gia tri ctia anh xa da tri d6. Gia st (2, A, 1) 1a mot khong gian c6 do do
va F': Q = R" 1a mot anh xa da tri. Nhu ching ta da biét, tich phan Aumann
cta F trén € 12 tap cdc tich phan trén (Q cla céc 14t cat kha tich cta F. Do d6,
viéc nghién citu mién gid tri cia mot dnh xa da tri ¢6 thé cho ching ta nhitng
thong tin hitu ich vé tich phan cta 4nh xa da tri d6. Chang han, néu 1 mot
do do hitu han va mién gid tri cia F bi chan thi moi lat cat do duoc cua F' déu

1a 14t cat kha tich.

Trong chuong nay chiing ta nghién cttu mién gia tri ca dnh xa dudi vi phan
cua ham f : X — RU{+oc} chinh thuong ntra lién tuc dudi va thod man mot
di€u kién bic, & day X 1a mot khong gian Banach. Muc 4.1 dugc danh cho
truong hop f 1a ham ntra lién tuc dudi theo topo yéu. Dinh 1y 4.1.1 dac trung
tinh phan xa cua X qua tinh tran cua anh xa dudi vi phan Fréchet cta f. Két
qua nay bo sung mot két qua twong tu ctia Borwein, Fitzpatrick va Vanderwerff
[11], & d6 cac tac gia da dac trung tinh chat phan xa cua khong gian X qua tinh

tran cua dnh xa dudi vi phan cua cac ham 16i lién tuc & trén X thoa man dicu
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kién bic. Muc 4.2 dugc danh cho truong hgp X 1a mot khong gian Asplund
va f 1a ham ntra lién tuc dudi theo topo sinh boi chuan. Nguyén 1y bién phan
Ekeland va quy tic tong mo (the fuzzy sum rule) cho dudi vi phan Fréchet
trong cac khong gian Asplund 1a nhitng cong cu chinh trong viéc nghién ctru
clia ching ta. Dinh 1y 4.2.1 khang dinh ring mién gia tri clia 4nh xa du6i vi
phan Fréchet Of (+) 1a trt mat trong X*. K&t qua nady md rong mot phan két
qua tuong Ung ctua Borwein va Preiss [12], & d6 cac tac gia da xét cho truong
hop khong gian Banach X ¢6 mot chuén tron twong duong. Muc 4.3 trinh bay
mot s6 két qua vé su ton tai diém dimg va su ton tai nghiém clia bai todn nhiéu
ctia mot bai todn toi uu phi tuyén trong khong gian vo han chiéu dudi tic dong
cua nhiéu tuyén tinh. Ngoai nhitng két qua & muc 4.3 12 méi b6 sung, cac két
qua con lai cta chuong nay da duoc cong bo trén Nonlinear Analysis Forum

[18].

4.1 Truong hop khong gian Banach phan xa

Dinh 1y sau day dua ra hai tinh chat dac trung cho cac khong gian Banach

phan xa.

DPinh 1y 4.1.1. Cho X la mot khong gian Banach. Khi dé, cdc ménh dé sau la
tuong duong:

(1) X la khong gian phdn xa.

(1) V&i bdt ky ham chinh thuong nita lién tuc dudi yéu f : X — R U {+o0}
thod man diéu kién biic

@) _ +00, @.1)
lz]|—oo |||
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ta co U 5f(:1c) = X"
zeX N
(2ii) Voi bdt ky tdp dong yéu va bi chan Q2 C X, ta cé6 |J N(x;Q) = X*.

e

Chitng minh. (i) = (i7). Gia st X 1a mot khong gian Banach phan xa va
f: X — RU{+00} la mot ham chinh thuong ntra lién tuc dudi yéu thoa man
diéu kién (4.1). Lay batky 2* € X*. Pat g(z) = f(x) — (2%, ) (x € X). Vi
f 1a ham chinh thuong ntra lién tuc dudi y€u, nén g cling 1a ham chinh thuong
ntra lién tuc dudi yéu. Do d6 ton tai o € R sao cho

Xpra ={reX|glx) <a}

12 mot tap con déng yéu va khac rdng ctia X. Tir (4.1) va bat dang thiic

F@ o < 29 i moi 1 € X\{0)
] ]
: g(x) _ PN N Z N A A 7,
ta suy ra lim ——= = 4o00. Diéu nay kéo theo X,- , 1a mot tap con khac

Jall—oo [l
rong, déng yéu va bi chan cua X. Vi X la mot khong gian Banach phan

xa, X+ o 12 compact yéu theo Dinh ly Banach-Alaoglu. Do d6, theo Dinh ly
Weierstrass, g dat gid tri nho nhat trén X, , tai mot diém z € X« . T dinh
nghia cta X, , suy ra T cling 12 mot di€ém cyc ti€u toan cuc cta g trén X; do

~

d6 0 € Hg(z). Theo Pinh 1y 1.1.3, dg(z) = df(z) — *. Do d6 z* € Of ().
(1) = (vi7). Gia sit ménh dé (vi) ding va € la mot tap con déng yéu
khéac rong cua X. Dat f(z) = §(z;Q), & day 0(x;Q2) = O néuz € Q va
d(z;Q) = oo néu x € X\ Vi 1a mot tap con khic rong dong yéu va bi
chan cia X, f 1a mot ham chinh thuong nura lién tuc dugi yéu thoa man (4.1).

Do (i), tac6 | J 9f(x) = X*. Mat khac, Of (z) = N(x;Q) véi moi x € X,
reX
va N(z;Q) =0 néuzx € X\Q. Dod6 |J N(z;Q) = X*.

Ay
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(131) = (i). Gia st ménh dé (7i7) dung. Néu X la mot khong gian Banach
khong phan xa, thi ton tai * € X* sao cho (z*,z) # ||z*|| v6i moi z € By
(xem [27, tr. 12]). Khi d6 2 := By 1a mot tap con khac rong déng yéu va bi
chan cta X, nhung z* ¢ | N (x; Q). Pay la diéu mau thuan. Vay X 1a mot

x€eQ
khong gian phan xa. O

Nhan xét 4.1.1. Xét tinh chat sau day:

(74)" V6i moi ham 16i lién tuc f : X — R thoa man (4.1), ta ¢6

U of(=) = x7,

xeX
v6i Of (z) = {a* € X* | f(u)— f(z) > (z*,u—=) Vu € X} ladudiviphan

cua f tai x theo nghia Fenchel trong giai tich 16i (xem Chuong 1).

Ta thay rang (ii) = (i4)’. Khang dinh (i4)’ = (i), mot khang dinh manh

hon (i) = (i), 1a két qua da biét (xem [11]).

4.2 Truong hop khong gian Asplund

Chidng ta biét rang néu ham f 1a ntta lién tuc dudi yéu thi né la nira lién
tuc dudi va dieu ngugc lai la khong ding. Khong gian Banach phan xa la mot
khong gian Asplund. Trong Dinh 1y 4.1.1, néu X la mot khong gian Asplund
va néu tinh ntra lién tuc dudi yéu ctia f dugc thay boi tinh ntra lién tuc dudi,

thi ching ta chi c¢6 thé két luan ring U of (x) la trt mat trong X *.
rzeX
Pinh 1y 4.2.1. Cho X la mét khéng gian Asplund va f : X — R U {+oo}

la mot ham chinh thuong niia lién tuc duci. Néu f bi chdn dudi trén cdc tdp

bi chdn va diéu kién (4.1) diing, thi tdp hop U 5f(a:) la tru mdt trong X*,
reX
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nghia la voi moi x* € X*vae > 0tontait € X va " € é\f(i) sao cho
|z* — x*|| < e.

Chitng minh. Lay bat ky 2" € X* vae > 0. bat g(z) = f(z) — (2%, z) véi
moi x € X. Ta c¢6 g 1a moét ham chinh thuong ntra lién tuc dudi, bi chan dudi
trén cac tap con bi chan ctia X, va thod man dieu kién lim g¢(x) = +00. Do

]| =00

d6 ton tai o € R sao cho
Xoo={x e X|glz)<a} #0.

Vi ¢ 1a ham ntra lién tuc du6i va X la khong gian Banach, X, , 1a khong gian

métric day du. Hon thé, X, , 1a tap bi chan (vi lim ¢(x) = +o0). Do d6

[[]| =00

g bi chan dudi 6 trén X, . Theo nguyén ly bién phan Ekeland (xem [3] hodc

[29]), ton tai y € X, 4 sao cho
9@) + Sllr =yl > gly) V€ Xy
Tir dinh nghia cta tap X, , ta suy ra rang ham
v fl@) = (" a) + Slle — gl
dat gid tri nhd nhat trén X tai y. Do do,

0€ (0= @)+ 51—l ).

Vi X la khong gian Asplund, theo Dinh 1y 1.1.4, ton tai 7,2 € X sao cho
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7=yl <35, ll2" =yl <

£
27

Nghia 13 tén tai z* € Of(Z) thod man ||z* — 2*|| <e. O

Nhan xét 4.2.1. Khi X 12 khong gian Banach ¢6 mot chudn tuong duong kha
vi (tai moi diém khdc 0), két luan ctia Dinh 1y 4.2.1 da duoc Borwein va Preiss
[12, Corollary 2.8] chiing minh. Vi mot khong gian ¢6 chudn twong duong kha
vi Fréchet la khong gian Asplund va ton tai nhitng khong gian Asplund khong
c6 chudn tuong duong kha vi Gateaux (xem [37]), Pinh 1y 4.2.1 md rong mot

phan két qua [12, Corollary 2.8].
Do 5]‘(:1:) C Of(x), tu Dinh 1y 4.2.1 chung ta c6 két qua sau day.

Hé qua 4.2.1. Dudi cdc gid thiét ciia Dinh 1y 4.2.1, tdp hop U Of(x) la tru

zeX
mdt trong X*.

Néu X 1a mot khong gian Asplund (tham chi X la khong gian Hilbert) va
f: X — RU {+oo} thod man cac gia thiét cha Dinh 1y 4.2.1, thi c6 thé xay

ra truong hop U 5f(x) + X",

reX
Vidu4.2.1. Lay X = {y vae, := (0,...,0,1,0,...), & day phan ta don vi nam
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& vi tri th n. Xét ham s6 f : X — R U {400} cho bdi cong thiic

1+t< 1 1) . (1= t)e, +
— — - — neu r = —1)e e
n+1 n n n+1

f(x) = (t€10,1) n= 1,2,...),
+00 néu x € X\{ L_Jl[en,e%l)},

& day [eg, ent1) 1= {(1 —t)e, +tenir |t €0, 1)} R6 rang cédc gia thiét cua
Dinh 1y 4.2.1 duogc thod méan. Bay gid chdng ta sé€ chiung to rang 0 & |J Jf(z).

zeX
Lay bat ky z € X. Xét cac truong hop sau day.

Truong hop 1. Khong ton tai n € {1,2,...} sao cho T € [e,, €y41). Khi d6
df(z) = of(z) = 0.

Truong hop 2. Ton tai n € {1,2,...} sao cho T € (e, €nt1) = {(1 — t)e, +
teny1 |t € (0,1)}. Dat g(z) = f(z) néu z € (e,, €p41), va g(z) := +o0 néu

r € X\(en, enr1). Tacod g 1a mot ham 16i va

vt e X* | (2%, 1 — 7) < g(z) — g(%), Vz € X}

1 1 1
x*EX*\(x*,en+1—en>:§( ——>}.

0
{

= {aj* e X* | (z%,v—1) < f(x) - f(T), Vo € (en>6n+1)}
{ n+1l n

Truong hop 3. T = e;. Ly luan tuwong tu nhu trong Truong hop 2, & day

(€n, €nt1) duoc thay bang [eq, es), ta co
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Truong hop 4. Ton tai n € {2,3, ...} sao cho = ¢,,. Khi d6

vt € 0f(z) < liminf f(z) = J@) —}:c =) >0
77 |z — z]
o liminf f((l —t)e, + tenH) — flen) — t(z*, eny1 — en) > 0
£10 t|ent1 — enl|

@1( 1 1)><* >
s\nk1 m 2 (27, ent1 — €p).
Do do¢,

87(x) = {2 € X | (2" s — ) < %(n—li—l _ %)}

Vi X 1a mot khong gian Hilbert (do dé6 X 1a mot khong gian Asplund) va f 1a

ntra lién tuc dudi dia phuong tai £ € dom f, theo Pinh 1y 1.1.4 ta c6

0f(z) = Limsup(/‘?\f(a:).
xim_v

. . . o, N .
Chd ¥ rang trong truong hop nay x — z conghiala x — Z v6i x € [ey,, €,41)-

Tur d6 suy ra

N

0F(x) = {2 € X* | (2" s —e0) < %(n—lf—l _ %)}

Dods |J df(z)= U df(x)va0¢ |J of(x).
zeX reX rzeX
Hé qua 4.2.2. Gid sir Q) la mot tdp con khdc rong, déng va bi chdn cia mot
khong gian Asplund X. Khi do tdp | ]/\\f(x, Q) la trix mdt trong X*.
Tl

Chitng minh. Pat f(z) = 0(x; ) v6i moi z € X. Vi Q) la mot tap con khac
rong, déng va bi chan ctia X nén f thoa man céc gia thiét ctia Dinh 1y 4.2.1.

Do do, tap U 5f(x) tri mat trong X*. Mat khac, 5f(as) = N(z;Q) v6i moi
rzeX
r € X vaN(z;Q) =0 néux e X\Q. Tudoé tasuy rarang tap |J N(x;Q) 1a
x€Q
tru mat trong X*. O
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Khéc vé6i truong hop €2 1a déng yéu trong khong gian Banach phan xa, néu
Q) chi déng theo topd sinh boi chuédn trong khong gian Hilbert X, thi ¢6 thé

xéy ra khd nang |J N(z;Q) # X*.

xef)

Vidu 4.2.2. Ldy X =/ vae, := (0,...,0,1,0,...) la vécto don vi thit n. Dat

Q= U len, ent1l, 0 day len, eni1] = {€n+t(€n+1 —en) |t €0, 1]} Dé thay

n=1
(2 1a mot tap con khac réng bi chan cua X. Ta ¢6 €2 1a mot tap con déng cua

X. That vay, gia sit Q khong phai 1a mot tap déng. Khi do, ton tai z € Q\Q.
. 00
Vi cac tap [en, ent1] (n = 1,2,..) la dong, T € Q\Q va Q = | [en, ent1],

n=1

nén ton tai x,, = (1 —ty,)en, + tnnt1s tn, € [0,1] (K =1,2,...) sao cho

lim z,, = 2. Do dé
NE—00

lim (z,,,7) = (z,7) = [|7]* (4.2)

NnE—00
Mat khéc, {e,} hoi tu yéu dén 0 va
<$nk7 j> = <(1 - tnk)enk + lngny+1, j>
- (1 - tnk)<€nk? f> + tnk<€nk+17 f>
Do do

lim (z,,,z) =0. 4.3)

ng—00

Tu (4.2) va (4.3) ta suy ra z = 0. Vi vay,

|l = /(1= t)? + 2, — 0 Khing, — oo.

Day 12 diéu mau thudin vi ||z, || > 1/v/2 véi moi k. Vay Q 1a tap déng. Dit

% = 1
Ty = —2e; — Z E(€m+1 — em).
m=1
R rang zf € lo = X = X*. Chidng ta s€ chiing minh rang = & |J N(z;Q),

€]
dodo zy ¢ |J N(x;Q). Lay batky = € Q.

x€ef)
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Truong hop 1. Ton tai n sao cho T € (e, e,11). Khi d6
N(z;Q) = N(#;Q) = {o" € X* | (z%, eps1 — ) =0}, (4.4)
Truong hop 2. x = e;. Ta cO

N(z;Q) = N(7;Q) = {z* € X" | (z%,e3 — e1) <0}, (4.5)

Truong hop 3. Tén tai n € {2,3,...} sao cho T = e,,. Khi d6
]/\7(37:,9) = {:c* € X* | (x" eps1 —en) <0, (27,651 —€,) < O}.
Theo Dinh 1y 1.1.4,

N(z; Q) = Limsup N (z; Q)

r — T

=" e X" | <x*p€n—|—1 - €n> <0, <Z'*, €n—1 — €n> < O} (4.6)
Uiz e X*| (x*,eps1 —e€n) =0
Uiz* e X* | (z*, e, —en—1) =07.
X AN ~ 2 * 1 N * 2 ~
Dé dang thdy rang (x{,es — e1) = 5 va (x, ent1 — €n) = P néu

n € {2,3,...}. Do do, tir (4.4) - (4.6) ta suy ra rang =, & N(z; Q).

Str dung Hé qua 4.2.2 chuing ta c¢6 thé thu lai dugc Dinh 1y Bishop-Phelps
(xem [27, tr. 3]) cho trudng hop X la khong gian Asplund.
Hé qua 4.2.3. Néu Q la mot tdp con 161 dong khdc réng va bi chdn cia mot
khong gian Asplund X, thi tdp hop gom cdc phiém ham tuyén tinh lién tuc &
trén X va dat gid tri lon nhdt trén Q) la tru mdt trong X*.
Chitng minh. Mot phi€ém ham tuyén tinh lién tuc z* € X* dat gia tri 16n nhat

trén 2 tai © € (2 néu va chi néu 0 € —z* + Nq(x), & day

No(z) = {u" € X* | (u*,u—z) <0 YueQ}.
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A~

Vi 2 1a tap 16i nén Ng(x) = N(z;€). Tir d6 suy ra tap cac phi€ém ham tuyén
tinh lién tuc & trén X va dat gia tri 16n nhat trén €2 chinh la tap hop N (x; ).
e

Do d6, theo Hé qua 4.2.2, ta ¢6 diéu phai ching minh. O

Luu y ring Dinh 1y Bishop-Phelps & trong [27] duoc phét bi€u cho trudng
hop téng quét hon, véi X 1a mot khong gian Banach bat ky.
4.3 Mot vai ung dung
Tir két qua cua hai muc truée ching ta s€ rit ra mot vai dinh 1y vé su ton tai
diém dimg va su ton tai nghiém trong t6i uu phi tuyén.

Xét bai toan

(Po) min{f(z) |z € X},

& d6 X la khong gian Banach va f : X — RU{+o00} la ham ntra lién tuc dudi.

Tanéi T € X 1a diém dimg cta (Py) néu 0 € of (Z). Theo qui tic Fermat
suy rong (xem [46, Proposition 1.114]), n€u x 1a mot nghiém dia phuong cta
(Po) thi né 12 mot diém ding cta bai todn doé.

Pinh 1y 4.3.1. Néu X la khong gian phdn xa, f : X — R U {400} la ham
chinh thuong nita lién tuc dudi yéu, va diéu kién biic (4.1) duoc thod man thi,

voi moi ¢ € X*, bai toan
(Pe) min{f(z)+(c,z) |z € X}

cé tdp cdc diém dirng khdc réng.

Chitng minh. Theo dinh nghia, # 12 diém dimg cta (P.) khi va chi khi

0€d(f + (e, ))(@).
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Theo Dinh 1y 1.1.3, 3(f + (¢, ))(2) = df (&) + ¢. Vi vay, bao ham thic
—c € 0f () (4.7)

1a diéu kién can va du dé i 1a diém dung cta (F.). Do cdc gia thiét ctia chiing
ta, Dinh 1y 4.1.1 suy ra bao ham thic (4.7) ¢6 nghiém vGi moi ¢ € X*. Diéu

d6 ching to v6i moi ¢ € X* bai todn (P,) ¢6 tap diém dimg khac rébng. O

Trong trudng hop f 1a ham 16i, véi mdi z € X, 0f(z) tring vé6i dudi vi
phan cua f tai z theo nghia giai tich 16i. Do d6, tap diém dimg cta bai toan
(P,) tring véi tap nghiém cta né. Hién nhién, néu f 12 ham 16i thi v6i moi
c € X*ham s6 f(x) + (¢, z) cling 1a ham 16i. Ta da biét rang ham 16i f 1a nlra
lién tuc dudi yéu & trén X khi va chi khi n6 1a nira lién tuc dudi & trén X theo
topo sinh boi chudn cua X.

C4c nhan xét vira néu cho thdy ring khang dinh sau 12 hé qua truc tiép cla

Dinh 1y 4.3.1.

Ménh dé 4.3.1. Néu X la khong gian phdn xa, f : X — RU {+oo} la ham
[0i chinh thuong nua lién tuc dudi, va diéu kién biic (4.1) duogc thod man thi

Vi moi ¢ € X* bai todn (P.) cé nghiém.

Nhan xét 4.3.1. Ta ¢6 thé xem (P.) 1a két qua clia viéc 1am "nhiéu tuyén tinh"
bai toan (Py) (tic 1a viéc cong thém ham tuyén tinh (¢, x) vao ham muc tiéu
f(x) ctia (Py)). Theo cach hiéu nay, Dinh ly 4.3.1 la mot khéng dinh vé su ton
tai diém dimg clia bai todn nhiéu cta (Py) dudi tic dong cta moi nhiéu tuyén
tinh, con Ménh dé 4.3.1 1a moét diéu kién da cho su ton tai nghiém bai toan

nhiéu ctia mot bai toan qui hoach 16i dudi tic dong cuia nhiéu tuyén tinh.
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Nhan xét 4.3.2. V& mat hinh thdc, bai toan (Py) dugc xét trong Dinh 1y 4.3.1
12 bai todn t6i wu khong c6 rang budc. Tuy nhién, vi f ¢6 thé nhan gi4 tri +oo,

nén ta dé dang chuyén bai todn t6i uu c6 rang budc
min{p(x) |z € Q},

& d6 X 1a khong gian Banach, ¢ : X — RU{+4o0} 1a ham ntra lién tuc dudi, 2
1a mot tap con dong cua X, vé dang (P) bang cach dat f(z) = ¢(x)+0(x; Q),
v6i 6(+; ) 1a ky hiéu ham chi cta (2.

Néu X chi la mot khong gian Asplund ma khong phai 1a khong gian Banach
phan xa, thi ching ta chi c6 thé thu duoc khing dinh sau day vé su ton tai diém
dimg ctia bai toan nhiéu cua (P() dudi tic dong cua nhiéu tuyén tinh (c, z), v6i
¢ duoc 1ay trong mot tap hop tri mat trong X*. Ching ta luu y rang gia thiét

dat 1én ham f & day nhe hon gia thi€t tuong Gng trong Dinh ly 4.3.1.

Dinh 1y 4.3.2. Cho X la khong gian Asplund, f : X — R U {400} la ham
chinh thuong nita lién tuc dudi va bi chan dudi o trén moi tdp con bi chdn cuia
X. Néu diéu kién biic (4.1) duogc thod man, thi ton tai mét tdp C' tri mdt trong

X* sao cho vdi moi ¢ € C bai todn (P.) ¢é tdp diém ding khdc rong.

Chitng minh. Vi X la khong gian Asplund, f 1a ham chinh thuong ntra lién tuc
dudi, bi chan dudi trén céc tip con bi chan cta X, va thoa man (4.1), nén theo
Pinh 1y 4.2.1, tap |J Of(x) trl mat trong X*. Do d6, tap C := — { U 5f(x)] .
cling tr mat tron?;;((*. Vi v6i méi ¢ € C ton tai & € X sao cho I—GCXE 5f(:i:)

(hay 0 € O(f + (c, -))(#)), nén tap diém dimg ctia (P.) 1a khdc réng moi ¢ € C.

Ta ¢6 di€u phai chiing minh. O

Sau day 12 mot khang dinh vé su su ton tai nghiém clia bai todn qui hoach
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16i dudi tdc dong clia mot tap trii mat (theo topd sinh boéi chudn cia X*) céc
nhiéu tuyén tinh 1én ham muc tiéu.

Meénh dé 4.3.2. Cho X la khong gian Asplund, f : X — R U {+o0} la ham
16i chinh thuong nita lién tuc dudi va bi chdn dudi & trén moi tdp con bi chdn
cua X. Néu diéu kién biic (4.1) duogc thod man, thi ton tai mot tdp C' tri mdt

trong X* sao cho vdi moi ¢ € C bai todn (P..) cé nghiém.
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Céc két qua chinh cta luan an nay bao gom:

1. Cong thic biéu dién tich phan Aumann cta 4nh xa dudi vi phan Clarke va
cua 4nh xa duéi vi phan Mordukhovich, cdc diéu kién can va du dé tich phan
ndy 1a tap gobm mot diém.

2. Mot dang tuong tu cta cong thiic Newton-Leibniz ¢ dién cho trudng hop
tich phan da tri. Chitng minh mdi cho dinh 1y da biét vé kha nang dac trung
ham s6 cua anh xa dudi vi phan Clarke.

3. Cong thitc tinh chinh xac dudi vi phan Mordukhovich cta tich phan bat dinh

Fa) = [ s,
a
v6i f 1a mot ham bi chan cot yéu.
4. Cong thic tinh chinh xac dudi vi phan Mordukhovich cua phiém ham tich
phéan
F(u) = [ o u@)dnte) (ue L))
v6i (€2, A, ) 1a mot khong gian c6 do do khong nguyén tir o-hitu han day
dd, E 1a khong gian Banach kha ly, va f : Q@ x F — R 1a ham A® B(E)—do
duoc. Cong thitc nay kéo theo mot tieu chuén ton tai nghiém dia phuong cta

bai todn toi wu khong rang budc, v6i ham muc tiéu la phi€ém ham tich phan.
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5. Mot s6 dac trung cua khong gian Banach phan xa thong qua tinh chat tran
ctia 4nh xa du6i vi phan Fréchet. Diéu kién di dé mién gi4 tri clia 4nh xa
duéi vi phan Fréchet trii mat trong X* khi khong gian nén X c6 tinh chat
Asplund.

6. Hai dinh 1y vé su ton tai diém dimg cta bai toan nhiéu clia mot bai todn toi
uu phi tuyén trong khong gian vo han chiéu duéi tic dong ctia nhiéu tuyén
tinh.

7. Hai ménh dé vé su ton tai nghiém ctia bai todn nhiéu ctia mot bai toan qui

hoach 16i trong khong gian vo han chiéu dudi tac dong ctia nhiéu tuyén tinh.

Cung véi cong thiic Newton-Leibniz (da duoc khao sat & Chuong 2), huéng
nghién cttu chinh cua luan 4n c6 thé ti€p tuc doi véi cong thic Green, cong
thirc Gauss va cac ung dung. Pa6i véi bai toan tinh toan hoac danh gia dudi vi
phan ctia phiém ham tich phan (Chuong 3 cta luan an), ngoai cac 16p ham da
duoc xét, can ti€p tuc nghién cttu tim ra cac cong thic tinh toan hoac danh gia
duéi vi phan cho cic 16p ham khac va tng dung cac cong thic thu duoc vao
viéc khao sat cac bai toan toi uu cé lién quan dé€n phi€m ham tich phan, dac

biét 1a cdc bai todn diéu khién t6i uu.
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