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LOI NOI PAU

CO6 thé ndi hé dém lali thuyét todn hoc dau tién xuat hién do nhu cau thuc
tidn cua cudc sdng, duoc hinh thanh va phét trién song hanh véi sy phét trién caa
van minh nhan loai. Trong cudc sbng ta luén phai sir dung hé ¢ém (co s 10) dé
tinh todn. Hé dém co sb 2, cling véi cac hé ¢ém co sb 10, co s 8,... la co so lam
viéc cia may tinh dién to. Li thuyét hé ¢ém (co sb bat ki) con lién quan dén
nhiéu linh vic khéac caa todn hoc: 1i thuyét chia hét, todn roi rac, phuong trinh

nghiém nguyén va phuong trinh ham, qui nap toan hoc, cac bai toan tro choi,...

Mic du hé dém déng vai tro rat quan trong trong cudc song hang ngay
ciing nhu trong hoc tap, nhirng kién thic vé hé dém con it duoc quan tAm giang
day trong truong pho théng. Vi vay phan 16n hoc sinh ¢6 thé sir dung thanh thao
nhitng tng dung caa hé ¢ém (mdy tinh dién tir, may anh sb, may nghe nhac,...)
nhung khéng co céc kién thirc so dang vé hé dém. Thi du, phan 16n hoc sinh biét
sir dung may tinh dién tr khoa hoc dé lam céc phép toan, khéng chi cac phép
todn sd hoc, ma con céc phép toan cao cip (Iay modulo, tinh theo cdng thirc truy

hdi...), nhung khdng hiéu co ché thuc hién céc tinh toan trén may.

Luan van Hé dém va i#ng dung trong toan phé théng cé muc dich trinh
bay céc kién thirc co ban caa hé dém va mot s6 ung dung cia hé dém trong giai
toan phé théng (céc tiéu chuan chia hét trong hé dém bét ki, phuong phép hé

dém giai mot |op céc bai todn thi vo dich quéc giavaquc té).
Luan vian gom hai chuong.

Chuong 1 trinh bay céc kién thirc co ban cua hé dém va tinh toén trén
méay: Khéi niém hé dém, d6i biéu didn cua mot sb tir hé dém co sd ndy sang hé
dém co sb khac, tinh toan sb hoc trong hé dém co sb bat ki; Sir dung may tinh
khoa hoc (Caculator, Vianacal Vn-570MS, Casio fx570MS, Casio fx-570ES....)
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va phan mém tinh todn Maple dé d6i biéu didn cua mot so tir hé dém co sb nay
sang hé ¢ém co sb khéc va tinh toan sd hoc trén hé ¢ém co sb bat ki. Cudi
chuong trinh bay so lugc nguyén |i trao doi théng tin trén may tinh dién ta.

Chuong 2 trinh bay hai &ng dung caa hé d¢ém trong todn phd thong. Mot sb
tinh chat chia hét trong hé dém co s 10 dugc md rong sang cho hé ¢&ém co sb
bat ki trong §1 cua Chuong. Diéu ndy cho phép nhin lai c&c qui tic vatiéu chuin
chia hét trong hé dém co sb 10 va ing dung dé giai mot sb bai toén chia hét. Ung
dung cua hé dém trong giai todn dugc minh hoa boi nhiéu bai toén thi hoc sinh
gioi Quéc gia va Quéc té trong §2 caa Chuong, qua day ta ciing thay rd mdi
quan hé gitta hé dém véi cac van dé khéac caa toan phd théng (phuong trinh ham,
phuong trinh nghiém nguyén, day truy hdi,...). Nhirng bai thi vé dich da cé trong
[7] va [8] khong duoc trinh bdy & day. Vi vay, két hop § nay véi [7] va[g], sb
lwong bai toan 1a da nhiéu dé co thé coi Hé dém nhu mot phwong phap giai céc
bai toan gap trong phuong trinh ham, phuong trinh nghiém nguyén, ...

Luan van duoc hoan thanh dudi s hudng dan khoa hoc cua PGS TS Ta

Duy Phuong. Xin duoc to 10ng cdm on chan thanh nhat toi Thay.

T&c gia xin cam on chan thanh téi Truong DPai hoc Khoa hoc Thai Nguyén,
noi t&c gia da nhan dugc mot hoc van sau dai hoc can ban.

Va cubdi cling, xin cdm on gia dinh, ban bé, ddng nghiép da cam théng, ang

ho va gilip d& trong subt thoi gian téc gia hoc Cao hoc va viét luan van.
Ha Noi, ngay 18 thang 9 nam 2009

Tac gia

P6 Thi Thao
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Chwong 1
HE PEM
§1. Khéi niém hé dém véi co sb bat ky

1.1. Mé dau

Trong cudc song hang ngady ching ta thudng st dung cac sb trong hé dém thap
phan. T4t ca cac sb cua hé thap phan duoc tao nén tir cAc chir sd tir 0 dén 9. Hé
dém thap phan, hay con goi 1a hé dém co sb 10 (decimal system, duoc viét tit |
Dec trén cac may tinh dién tir khoa hoc—Scientific Calculator, thuong dugc dich
la méy tinh cam tay hoic méy tinh bo tdi va may tinh Calculator duoc cai dat
trén Window).

Hé dém thap phan xuat hién dau tién & An d6 vao thé ky 5 sau cong nguyén.
Pén nim 1202 nho tac pham Liber Abaci cua L. Fibonacci, mot nha todn hoc va
thuong gia nguoi Y, thi khoa hoc A rap vahé ¢ém co sd 10 méi dugc truyén ba
vao chau Au. Véi sy phat minh ra nghé in vao thé ki 15 thi 10 chir s6 méi ¢o
hinh dang cb dinh nhu hién nay.

Céc sb viét trong hé thap phan gdbm 2 phan: Phan nguyén va phan thap phan
dugc ngan cach boi dau phay hoic diau chim. May tinh dién tir vacac nudéc trén
thé gigi str dung dau chim, nhung & Viét nam thi sir dung diu phay.

Hé dém thap phan chi sir dung 10 ky tu lan luot 12 0, 1, 2, 3, 4, 5, 6, 7, 8, 9.
Hé dém thap phan 1a hé ¢ém theo quy tic v; tri. Gia tri cac ky tu giong nhau
hoan toan khéc nhau néu né dirng ¢ nhirng vi tri khac nhau: gap 10 thi thém mot
nic (du 10 thi thém 1 don vi vao hang bén trai no), hay con goi la hé thdp tién.
Do tinh thap tién nguoi ta biét ring mdi chir sd dung bén tré bing 10 Ian chir s

dung bén phai né néu hai chix sé 6 1a nhu nhau. Diéu ndy khéc véi hé LaMAa
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Nguoi ta ciing cb 1y giai tai sao hé dém thap phan lai duoc da sd cac nudc
trén thé giéi sir dung dén nhu vay. C6 nhiéu ly giai duara nhu do hai ban tay co
10 ngén, do d6 ta dé dang ¢ém trén 10 ngon tay. Va khi dira tré dau tién tap dém
thi chiing thudong dém trén dau céc ngon tay.

Ngoai hé¢ dém thap phan liéu con co céc hé dém khéc hay khdng? Ching ta
ctng nhin lai mot chat vé cac hé ¢ém véi co sb khac nhau ma cac nuéc, cae dan
toc trén thé gigi da sir dung.

Hé dém co sb 60 cua nguoi Babilon xuat hién sém va cho dén ngay nay chiing
ta van dung dé do goc va thoi gian: Mot do co 60 phit, mot phit cé 60 gidy,...
Tai sao ngudi Babilon lai thich sir dung hé dém co sb 60 dén nhu vay? Cho dén
nay ¢ nhiéu gia thuyét khac nhau vé van dé ndy. Mot giai thich 1a do sy hiéu
biét cua nguoi Babilon vé hé mit troi: Nguoi Babilon d& quan sét thay chu ki caa
trél dat quay quanh mit troi 1& 360 ngdy. CO gia thuyét cho riang vi 60 cé nhiéu
uée sd: 2, 3, 4, 5, 6, 10, 12, 15, 20, 30, 60 nén khi thuc hién phép chia thi s2 thu
dugc nhiéu sd chin (nguyén). Con sb 10 chi c6 2 wdc 1a 2 va 5 nén khi thuc hién
phép chia thi s3 thu dugc nhiéu sb ¢ (phan sb). Bé biéu dién s6 trong hé dém co
sb 60 thi ta phai sir dung 60 ky tu. Vatrong hé dém nay thi mdi chix sb dirng bén
tré bang 60 |an chir sb dirng ngay bén phai nd néu hai chir sd d6 gidng nhau.

Hé dém co s6 5 Thoi ¢b dai céc bo toc nguyén thay thuong ding hé d&ém co sd
5, nd tuong @ng véi viéc dém trén nam ngon tay. O hé ¢ém ndy thi ct dugc 5 thi
thém mot nac (du 5 thi thém mot don vi vao hang bén tréi nd). Nhu vay trong hé
dém co sb 5 nguoi ta phai sir dung 5 ky tu 0, 1, 2, 3, 4. Vaciing gidng ¢ c&c hé
dém khéc, mdi chir sb ding bén tréi bang 5 1an chir sé dung bén phai né néu hai
chit sb d6 gidng nhau. Hién nay nguoi Trung Québc va nguoi Nhat Ban van con
duing céc ban tinh gay dwa trén hé ¢ém co sb 5.

Hé dém co sb 20 C6 nhitng dan toc dung ca 10 ngdn chan va 10 ngon tay dé

dém va duoc 20 thi ho thém mot nac (da 20 thi thém mot don vi vao hang bén
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tré nd). Chinh vi vay ma c6 hé dém co sb 20. Hé ¢ém ndy dugc ngudi Maia ¢b
sir dung. Cho dén ngay nay & Ban Mach va & Phép ngudi ta van sir dung hé dém
co s6 20. Vé6i ho 60 dugc hiéu la 3 1an 20; 80 dugc hiéu 1a 4 1an 20 (quatre
vingts-quatre=bén, vingt=20 tiéng Phap); 90 dugc hiéu 1a 4 1an 20 rudi; 93 dugc
hiéu |a thém 3 vao 4 1an 20 rudi.

Céch n6i don vi trudc khi néi hang chuc trudc thé ky 18 rat phd bién o chau Au,
cho dén nay & Btrc van con st dung.

O hé dém co sb 20 ta phai sir dung 20 chir s6, ngodi céc chir s tir 0 dén 9 nguoi
ta con dua vao cac chir céi thay cho cac giatri so tir 10 dén 19. Vaciing giéng &
céac hé dém trén thi mdi chir sé diing bén tré bang 20 1an chir sb ding bén phai
né néu 2 chir sb d6 gidng nhau.

Trong do ludng ngudi ta con sir dung nhiéu hé dém khéc nira

Hé dém co sb 12 duoc sir dung & nhiéu nudce trén thé gisi va cho dén ngay nay
van duogc sir dung nhiéu & Anh, va nhiéu noi trén thé gisi ciing van con sir dung
hé ¢ém co sb 12. Mot thudc Anh khong phai 1a 10 tac Anh ma la 12 tic Anh.
Chuing ta van hay dung don vi inch, 18 inch khéng phai 1a mot thuéc va 8 tic ma
la mot thuéc Anh va 6 tic Anh. O Anh nguoi ta con ding don vi “t&” gbm 12
chiéc, 12 “t&’ goi la mot “r& . CO I8 nguoi Trung Quéc ciing da str dung hé dém
co sb 12 vahé dém co sb 60 (chu ki cia 12 con gidp,...).

Tuy theo yéu cau thuc té ma nguoi talai dung cac hé dém véi co sb méi.

Hé dém co sb 2 hay hé ¢&m nhi phan (binary system, dugc viét tit |a Bin trén
cac may tinh khoa hoc va may tinh Caculator dugc cai dat trén Window). Khi
méy tinh dién tir xuét hién, nguoi ta st dung hé dém nhi phan. D6 1a hé ¢ém chi
sir dung hai ky ty 1 va 0. Mdi ky tu ditng bén tréi bang hai 1an ky tuy ding bén
phai N6 néu céc ky tu d6 1a nhu nhau. Viéc st dung hé ¢ém nhi phan voi hai ky
tu 0 va 1 rat gan véi logic vi ménh dé chi c6 thé nhan mot trong hai gia tri ding

hodc sai twong tng véi giatri 1 hoac 0. NO ciling tuong trng véi viéc mot mach
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dién chi c6 thé & mot trong hai trang thdi d¢éng hoic mg. Phép ¢ém nhi phan
cung vai phép toan logic la co so hoat dong cua may tinh.

Do chi ¢6 hai ky tu nén viéc biéu dién cua mot s trong hé ¢ém co sb 2 rat dai,
vi vay trong may tinh con sir dung hé dém co sb 8 va hé dém co s 16, rat thuan
tién trong biéu dién céc sd vi 2 lawdc cua 8 va 16.

Hé dém co' sb 8 hay hé béat phan (octal system, dugc viét tit |a Oct trén cac may
tinh khoa hoc va may tinh Caculator). Pay la hé dém sir dung 8 ky tu 0, 1, 3, 4,
5, 6, 7. Mdi ky ty dung bén tré bing 8 1an ky tu diang bén phai né néu hai ky tu
d6 giéng nhau.

Hé dém co sb 16 (hexadecimal system, duoc viét tit 1a Hex trén c&c mdy tinh
khoa hoc va Caculator). Néu chi sir dung 10 ky tu tir 0 &én 9 nhu ¢ hé dém thap
phan thi chua du dé biéu dién cac sb trong hé dém co sd 16. Vi vdy ngudi ta dua
thém vao céc ky tu: A, B, C, D, E, F tuong ang véi 10, 11, 12, 13, 14, 15. Nhu
vay ¢ hé dém ndy tas dung 16 ky tu: 0, 1, 3,4,5,6,7,8,9, A, B, C, D, E, F.
Madi Ky tu dirng bén trd biang 16 lan ky tu ding bén phai n6 néu hai ky tu d6
gidng nhau.

Thuc rathi hé &ém co sb 16 ciing d& ¢ ¢ Trung Qudc tir xua, vi thoi truéc 1 can
cua Trung Québc co t6i 16 lang (bén tam lang bén nira can, bang nhau).

Hé dém co s6 24 dung dém sb gio trong 1 ngay.

Hé dém co sb 30 dém sb ngay trong thang.

Hé dém co s6 3 (hé tam phan) gdmbachir s 0, 1,2 hay 0, 1,1. Hé dmco s6 3
ding dé dém sb théang trong qui. C6 dan toc da sir dung hé &ém co sb 3 trong
thoi gian dai. Véi nhitng sb 16n hon 3 thi ho duing tir vai hodc nhiéu. Do tinh chat
dbi xang nén hé dém co sb 3 o nhiéu tinh chit tha vi vatién dung trong nghién
ctru, Vi vay & mot sb phong thi nghiém dac biét nguoi ta sir dung may tinh ma
thiét ké duatrén co sd 3. Tuy nhién loai méy tinh nay it duoc sir dung rong réi.

Hé dém co sb 7 dém sd ngay trong tuan,...
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Nhu vay c6 thé khai quét rang: chiing ta co thé dém hoic viét cac sb theo mot co
s6 hay mot quy tic nao do.
Tir day ta co thé hiéu mot sd dugc viét theo co s k c6 nghia la gi? Giatri thap
phan ctia no la bao nhiéu?
1.2. Hé dém véi co sb bat ky
Pinh nghia
Cho b 1a s hiru ty dirong, k 1 so tir nhién, néu b c6 dang

b=b " k"+b , k"™ +..+b  k'+h k°+b, k'+b, k?+..+b "~k
(0£ £k- 1,2 0;i =-mn) thi bla ss dwocviét trong h¢ démco ss kla:

b=(b, ,..bh.bb,.b ),
trong d6 k 1& co so ciia hé dém, b (i =- mn) 1a céc chir s6 cia b, b b, ;..o
|a phdn nguyén, b.,b,..b . 1a phdn |é (dwoc goi la phan phan).
Thi du
1. (2354.12),,= 2" 10° +3" 10> +5" 10"+4” 10° +1" 10" +2" 10%;

2. (2354.12), = 2° 6°+3 6°+5° 6'+4° 6° +1” 6 +2° 6'22692%%9 :
Qo

3. (3576587612356123),= 3" 9° +5° 94 +7" 92 46" 92 +5° 9 +8" g
+7° 9+6" 9*+1° 9'+2° 9° 437 9° +5” 9'+6” +1" 9° +2° 9437 ¢°
= (751732772433382),,;

4. (3576587612356123),,=3" 12"°+5~ 12"+7" 12°+6" 12¥+5" 12"+8" 12"+
7 12°+6° 12°+1° 12'+27 12°+3" 12°45° 12*+6” 12°+1" 12*+2" 12'+3" 12°
= (53447355208631113)
Tur thi du trén ta thdy hai sb viét bai nhitng chit s6 nhu nhau trong hé dém co

s6 khéc nhau thi gid tri thap phan caa nd hoan toan khac nhau, ta ciing dé dang
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ching minh duoc s viét nhu nhau trong hé ¢ém véi co sd [on hon thi gia tri
thap phan caa no 16n hon. Vatrong mot s thi nhitng chix sé gibng nhau dtng &
nhirng vi tri khac nhau thi c6 giatri hoan toan khac nhau.

Nhu vay khi viét cac sd di & hé dém co sd nao thi né ciing bao gém hai phan:
phan nguyé&n va phan phan (hay con goi la phan |¢), gitra hai phan dy duoc ngan
céch véi nhau boi dau “,” hodc diu “.”. Phan dang bén tré caadau “,” hoic“.”
dugc goi 1a phan nguyén, phan dtng bén phai caa dau “,” hoic “.” duoc goi la
phan |é hay phan phan. Néu sd ¢6 phan ¢ bang 0 thi khéng can dung dau “,”
hodc “.” niravasd do goi lasé nguyén.

Néu sd b viét trong hé ¢ém co sd 10 thi khong can viét co sb kém theo.

Van dé dit ralanéutacd sd b viét trong hé dém co s6 k thi ta co thé chuyén
nd sang cac hé dém vai co sd khéac duoc hay khong? Lam thé ndo dé doi biéu

dién cuané tir hé dém co sb ndy sang hé dém co sd khac?

§2. Qui tac doi biéu dién cia mét sb tir hé dém co' b nay sang hé

dém co sb khac

Viéc chuyén biéu didn caa mot sd tir hé dém co s6 ndy sang hé dém co sd
khac duatrén cac dinh ly sau.
Pinhly 2.1
Cho b va k 1a nhitng s tir nhién. Khi @6 ton tai duy nhdt cac s6 tw nhién a, r
voi O£a<b; O£r <k,saocho b=ka+r.
Néu b chia hét cho a thi r =0.
Chwng minh
Néu b<k thi a=0; 0£r =b<k.

Néu b3 k. Theo tién d¢& Archimedus ton tai s a saocho ka£b£ (a+1k.
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Pit r=b- ka.Khidy O£r =b- ka<k vab=ka+r.
Gia sir ton tai cap (a,,r,) cingthoa b=ka +r, véi 0£a <b;0£r, <Kk.
Tass chang minhrang a, =a; r, =r.
That vay, néu O£r<r, thi r-r,=k(a - a) suy ra r-r, chia hét cho k ma
Ofr,r,<knén r-r =0.Suyraa =a; r=r.
Vay cip a,r laduy nhit thoa man biéu dién b=ka+r.
Pinh ly 2.2
Cho hai sé tir nhién b:k . Khi do ton tai duy nhat biéu dién cia b dudi dang da
thirc cua k ¢0 dang:
b=bk"+b K"'+..+bk'+hk°,
trong d6 ca&c b, thoi mandiéukién O£h £k-1,i=0;n, b >0.
Chwng minh
Tu Dinh ly 2.1 tacé: Dem chia b cho k tadwoc duy nhét cap (a,;h,) thod mén
b=ka,+b,,trongdd O£b £k-1L0£a,<b.
Néu b<k thi a,=0 suy ra b ladathirc bacO.
Néu b>k thi a, >0, khi d6 talai chia a, cho k ta duoc duy nhat cap (a;h)
sao cho: O£h £k- L 0£q <a,<b thoamin a, =ka+b thi b=k(ka +b)+h,
hay b=ak2+hk +h,.
Néu a, <k thi a =0 va b ladathtc bac nhat véi k.
Néu a, >k thi a >0 khi d6 talai chia a cho k tadugc duy nhat cip (a,;b,)
saocho: 0£b, £k-10£4a,<a <a,<bthéaman a =ka, +Db,.
Do d6: b=(ka, +b,)k*+bk + b, =a,k’® +bk*+bk +h,.

Qua trinh trén cir tiép tuc nhu vay vatass thu dugc ddy a thoa mén:

10
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Ofa, <a, <..<a<aEb.

Sau n+1budctaco
b=bk"+b k™'+.. +bk"+bk°
thoa man didu kien O£b £k-1vsi i=0;n, b >0.
Tacd thé tinh duoc bac ciada thirc theo b va k:
Vi b=bk"+b k" +..+bk'+hk’ thoa man diéu kien O£b £k-1 voéi
i=0;n, b >0nén
K'<bE (k- D(K"+k" " +...+k+D)=k"™ - 1<k™

tic 1a k" <b<k™. Suy ra n<log,b<n+1 hay n=[log,b|, trong d6 [q] ki

hiéu |a phan nguyén caa q (sé hguyén I6n nhat khéng vuot qué q).
§3. Poi biéu dién ciia mot sb tir hé co s6 nay sang hé co s6 khac

3.1 Poi biéu dién cia mét sb tir co' s6 10 sang co sé Kk
3.1.1 Trwong hop b 1a s6 nguyén
Céch 1 (dung phép chialién tiép)

Theo Pinh Iy 2.2 ta thdy viéc dbi biéu dién cia mot sb b tir hé dém co s 10
sang hé dém co sd k thuc chat chinh Ia viéc chiasd b cho k 1y du, duoc két
qua lai chia cho k ldy du,... Qué trinh c tiép tuc cho dén khi két qua 1a sb
khong chia dugc cho k thi ding lai. Khi d¢6 sb b trong hé ¢ém co s6 10 c6 biéu
dién trong hé ¢m co sb k chinh la thuong sau cuing va céc s du viét theo thir
tu tir dudi 1én trén.

Chuing ta s xét mot vai thi du sau.
Thi du 3.1.1
Chuyén biéu dién cua s6 1850 tir hé dém co s6 10 sang hé d¢ém co sH 2.

11
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Thyc hién phép chia 185
=3
=
1 }Eﬁ 2

1'57|2
1128 2
T
0'7

2

L E@
11

Vay: 1850 = 1.2°+ 1.2° + 0.2" +0 .2° +1.2° + 1.2* + 1.2°+ 0.2 +1.2'+0.2°

nén 1850 = (1100111010),.

Thidu 3.1.2

Chuyén biéu dién cua s6 1850 sang hé dém co sb 3.

Thyc hién phép chia 1850 |3

2 1616 | 3
o
1'68| 3
i
'F

Vay 1850=2.3* +1.3 +1.3' +2.3° +1.37 +1.3' + 2.3°, hay 1850 = (2112112)s.

Thi du 3.1.3
Chuyén biéu dién cua sd 1850 sang hé dém co s 7.

12
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Thuc hién phép chia 1850
37 }>

Vay: 1850=5" 7°+2" 7°+5  7'+2" 7° nén 1850=(5252), .
Céch 2 (Biéu dién qua tong céc liy thira caa K)

Néu khong thuc hién phép chia thi ta ciing c6 thé phan tich dugc sb b théng

qua tong céc liy thira caa k. Tir d6 cd cach viét sb b trong hé dém co sb méi k.

Thi du 3.1.4

Chuyén biéu dién cua sd 2345 sang hé dém co sb 2.

Taco:

2345 = 2048 + 256 + 32 +8 +1

=" +22+2°+42°+2°

=1.2"+02°+0.2°+1.22+0.2" +0.2° +1.2° +0.2* +1.2° + 0.2° + 0.2" +1.2°.
Vay: 2345 =(100100101001),.

Thidu 3.1.5
Chuyén s6 123456 sang hé dém co sb 3.
Taco:

123456 = 2° 59049+2° 2187+729+243+9+3

=2 342" 3 +3+3F+3F+3

=23°+03+03F+23 +1.3 +1.3+0.3' +0.33 +1.3 +1.3' + 0.3°.
Vay 123456 = (20021100110)s.
Tuy nhién ca hai cach trén déu c6 nhugc diém:

Céch 1 rat don gian, dé van dung nhung lai rat dai. N6 chi phi hop véi nhiing

sd trong pham vi nho. Con & Céch 2 thi viéc phan tich hozc 1a phai sir dung phép

13
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chia nhu Céch 1 rdi méi rdt ra duoc két luan hodc ciing phai mo mam thi méi
tim duoc da thirc theo bién k, do d¢6 né ciing chi phi hop véi c&c sb va co sb
dém trong pham vi nho.
Céch 3 (Phwong phap logarit héa)

Chung ta co dinh nghia log,m=nU m=a". Tir Pinh ly 2.2 ching ta ciing

biét cach tim bac ciia da thic theo co 6 k 1a n=[log, b|. Va tir cach biéu dién

cua b suy ra
i b b, b . b
b=bk"+b k"'+..+bk*+bk° U —=b +-™L1+ + +2
n n-1 bl bO kn n k kn-l kn
Ching to
ébu_¢g b, b  buo_,  éb, b .k
=3 +-"+14+  + b+A +...+ + 2
&k gb k”‘1 k"H g k k™ k"H

Ma O£hb £k- 1 v6i moi i =0;n nén

O£bn-1+ bll bo ( )(kn1+ +l)£(k_l)(kn_l) <1.
k K" K" k" k-1

Dy 4 B BU_§ g =6PU
gk e el Y P g

Vay dé tim dugc biéu dién cua b qua tong céc liy thira cua k ta lan luot 1am

Vay

nhu sau:
- Tim n=[log, b]. Diéu ndy cb thé thuc hién dé dang trén méy tinh khoa hoc
Casio fx-570ES. Con v¢éi Casio fx-570MS, Calculator hoac cac may tinh khac co

_lgb

chtrc nang tuong duong thi ta phai s dung cong thirc d6i co sb log, b= aa
g

In , X X . X X z A
hoac Iogab=|—b, trong do Igb va Inb lalogarithm co s6 10 va co so ty nhién
na

e cuab.
14
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- Tim hé sd b, (hay lachir sb dau tién trong biéu dién cia b theo hé¢ d&ém co s6

LA , ébu
k) tor cong thic b, = %FH

Ldy b- b~ k" =b(. Khi ¢6 talai tiép tuc tim sd mii n- 1 cia k vahé sb b, coa
k™* nhu hai phan trén.

Moi thao tac ndy cd thé 1am duoc dé& dang trén cac may tinh.

Thi du 3.1.6

Chuyén sb 34563215400 thanh sb viét trong hé dém co sb 6.
Tinh trén méy:

6345632154000 .
& f2P =2

- 34563215400~ 2° 6°= 8441827368, Soroo/308U_5 o3
8 612 H 2

[log,; 34563215400 =13;

- 8441827368~ 3' 6=1911480360; o T00_g b, =5;

8 611 H

- 1911480360- 5  6'=97495080:; %ézl b b,=1;
637028904
' =3 p
§ o f°F°B
667958161
~—— =4 p =4,
A
7735201 _
g 6 H
6773521
~——-=10p =1,
o

P b =3;

- 97495080- 1" 6" =37028904; =3;

- 37028904 - 3" 6°=6795816;

- 6795816- 4 6° =77352; 0 p b =0;

- 77352- 0 6’ =77352;

63069611_
g 6 H
673680
€6 H

- 77352-1 6°=30696:;

- 30696 - 3 6°= 7368 5 b b,=5;

15
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€888( _
86 f

€24y
yasu—=0 P b =0;
86’ "

€241
Gof% P b4

- 24-46=0;p h,=0.
Vay: 34563215400 = (23513401354040)s.

- 7368 - 5 6=888; =4 b b=4;

- 888-4 6’=24

- 24- 0 6°=24;

Thidu 3.1.7
Chuyén s 98765001234 thanh sb viét trong hé dém co sb 18.
698765001234
g 18 H
610605316626 ()
g 18 f
61975760820

SO 5 b =5
g 188 f °
627514962

CETPU_ 14 b b= 14
g 18 H >
27514962 - 14° 18°= 1061010; S001010U_ 10 1 10

g 18" H
é112500
8§18 H
§54128§ =16 p b, = 16;

- 5418- 16" 182=234 b €330 13 p =13
g18 H

- 234- 13" 18=0P by = 0.

Céc chir sb tir 0 dén 9 chua biéu dién du 18 ky tu trong hé dém co s6 18, nén ta
dat thém cac ky tu: A =10, B =11, C=12, D =13, E =14, F =15, G =16, H =17.
Vay 98765001234 =(8H5EA1GD0) 5.

[log,, 98765001234] =8; =8 b bg=8;

98765001234 - 8" 18 = 10605316626; =17 b b, =17;

10605316626 - 17 18’ =197576082;

197576082- 5° 18° = 27514962;

- 1061010- 10" 18*=11250; 1 b by=

- 11250- 1° 18°=5418;

16
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Céch nay cho phép ching ta chuyén d6i sb tir hé dém co sb 10 sang cac hé ¢ém
co sb khéac ddi vai cac sb ¢ pham vi 16n hon nhung phai 6 sy hd tro caia may
tinh va viéc chuyén di ciing mat nhiéu thoi gian.
Cach 4 (K hai trién nhi thirc Newton)
Taco nhi thirc Newton cho 2sd avab: (a+b)"=Q C*~ a™ " b“. Do vay b
k=0
s3 duogc biéu dién qua tong céc liy thira caa 10, con céc liy thira cia 10 s& dugc
biéu dién qua céc liy thira cua k. Ghép céc két qua trén lai véi nhau ta s3 thu
dugc két qua can tim.
Thi du 3.1.8
Chuyén 105 sang hé nhj phan.
Taco:
105=1"10°+5"10°; 10=2°+2"; 5=2*+2°
nén
1712 o= 100 —1- (93 2 2, ~0)~
105=1"10°+5 10°=1" (2°+2') +(2°+2°)" 1
=22+2" 27 242242+ 2°
:26+25+23+20
=1 2°+1" 2°+0" 2°+1 2°+0" 2'+1" 2°
= (1101001), .
Tuy nhién c&ch nay chi sir dung duoc khi s6 b nhd, k = 2 con véi sb va co sb
lén hon thi rat khé van dung, nén cach ndy it c6 tng dung thuc té.
3.1.2 Truwong hop b 1a sb thap phan
Sb thap phan bao gom hai phan: phan nguyén va phan thap phan. Béi véi
phan nguyén chiing ta da biét cach chuyén d6i co sb & muc 3.1.1. Vay phan thap

phan c6 thé chuyén doi co s gidng nhu phan nhu phan nguyén dugc hay khéng?
17
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Truéc hét taldy mot vi du: (0.5) = 1/2=1" 2 = (0.1),. Ma 0.5 hay 1/2:2 khong

dugc thuong vasd du lamot sd nguyén nén ta khéng thé theo phan 3.1 duoc.

Xét phan sb — (m<n) vatim cach chuyén n6 sang h¢ démco sb k.

n
Néu ta viét duoc

m=a_1’ k'+a, k?+..+a,~ k™" (1)
n

véi Ofaa,.a ., £k-1thi ﬂﬂ":(o.a_la_z...a_m)k.

Céché sb a,a,,...,a , dugc xac dinh nhu sau. Tu (1) taco
a,= Ll (a_zk'1+...+a_mk‘”‘+1) 2)
ng

ma

O£a k +.+a k m+1£(ll<<m il-)(km2++l)£ (lr(r;il') (kzl_ll) <1

a, = %jgk €)

ng g
Pt | kg =P thi hoan toan tuong tu tatinh duoc
I q

Pyl (4)
u

Qua trinh trén ct tiép tuc nhu vay cho dén khi ching ta xac dinh duoc tit ca céc
hesd a,a,,..a,.
Chuing ta hay xét moét vai thi du sau.
Thi du 3.1.9
Chuyén 0.835 sang hé dém co sb 2.
0835 2=1670 p a,=1, 0670 " 2=1340 p a,=1,

18
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0.340 " 2=0680 b a,=0; 0.680 " 2=1360 b a,=1;
0360 2=0720 b a,=0; 0720 ° 2=1440 b a, =1
0440~ 2=0.880 p a,=0; 0.880 © 2=1.760 b a,=1;
0.760 ~ 2=1520 b a,=1;...

Vay 0.835 = (0.110101011...),.

Thi du 3.1.10
Chuyén 0.3478 sang hé¢ dém co s6 7.

03478 " 7=24346 b a,=2 04346~ 7=3.0422 b a,=3;
00422 " 7=0.2954 p a,=0; 02954~ 7=2.0678 b a,=2
0.0678 " 7=0.4746 p a.=0; 04746 " 7=33222 p a, =3;...

Vay: 0.3478 = (0.230203...);

Thi du 3.1.11
Chuyén 485.35 sang hé dém co s6 6.

Trudc hét chuyén 485 sang hé dém co sb 6 bang céch chialay du:
485 }i
5180 | 6
2 }Ts }67
1'2

Taco 485 = (2125).
Sau d6 d6i 0.35 sang hé dém co b 6.
Taco
0.35" 6=210; 0.10° 6=0.60; 0.60" 6=3.60; 0.60" 6=3.60;...
nén 0.35 = ( 0.2033...)s. Viy 485.35 = (2125.2033...)s.
Nhu vay dé chuyén mot sb tir hé dém co s6 10 sang hé dém co s6 k thi ta
phai cht y dén viéc chuyén riéng phan nguyén va phan thap phan sang hé dém

co sd k theo muc 3.1.1 va 3.1.2 ¢&néu & phan trén.

19
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3.2. Chuyén biéu dién cia mét sb tir hé dém co s6 k sang hé dém co sb 10

Thyc chat la ta viét sb d6 duéi dang tudng minh qua tong cac liy thira cua k
vatinh tong ay.
Thidu 3.2
(4356); =4 7°+3 7°+5 7'+ 6 7°= 1560;
(3845A)6 =3 16" +8" 16° +4° 16 +5° 16" +10" 16° = 230490;
(32.13), =3 4'+2 4°+1" 41 +3 42 = 14.4375;
(1210.0121); = 1" 3*+2° 3+1 3'+0" 3°+0° 31 +1" 32+2" 3°+1" 3*=48.1975.

Ching ta s& dé cap téi cac céch khac dé chuyén biéu dién caa b tir hé dém co
s6 k sang hé co sb 10 sau khi dé cap t6i cac phép todn trong céc hé co sb k.
3.3. Chuyén biéu di&n ciia mgt sb tir hg dém co s k, sang h¢ @ém co' sb k,

Pé chuyén biéu dién cia mot so trong hé dém co s6 k, sang hé démco sd K,
(k., k, * 10), chiing ta s& sir dung hé dém co s 10 lam trung gian.
Bwéc 1. Chuyén s6 tir hé dém co sd k, sang hé dém co s6 10 (nhu & muc 3.2).
Bwéc 2. Chuyén sb tir hé dém co sd 10 sang hé ¢ém co s6 k, (nhu & muc 3.1).
Thidu 3.3.1
Chuyén s6 (456); sang hé dém co sb 3.
Buécl (456);=4 7°+5 7*+6 7° =237.
Bwéc2 237=2"81+2 27+2°9+1" 3+0° 1

=2 32 3+2 3+1 340 3° = (22210),.

Vay (456); = (22210)s.
Thi du 3.3.2

Chuyén s6 (3450.234) sang hé dém co s 9.
Buéc 1
(3450.234)6=3" 6°+4" 6°+5 6'+0" 6%+2" 67+3" 6+4" 6°= 822.4351852.

20
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Buéc2 822| 9
3 }E }i

1 o9

A
0.4351852 © 9= 3.9166668; 0.9166668 * 9= 8.2500012;
0.2500012° 9=2.2500108;  0.2500108 * 9 =2.2500972;

0.2500972 - 9=2.2508748;  0.2508748 ~ 9= 2.2578732,
0.2578732 © 9=12.3208588;...

Viy 8224351852 = (1113.3822222...),.
Suy ra: (3450.234) =822.4351852 = (1113.3822222...)e.

Ching ta s& d& cap téi cach khéc chuyén doi biéu dién caa b tir hé dém co sb k,
sang hé dém co sb k, sau khi dé cap toi cac phép toan trong hé dém co s k.
Pac biét

Néu ta chuyén doi so tir hé dém co sd 2 sang hé dém co sb 4, 8, 16,..., 2" thi
ta c6 thé 1am nhanh nhu sau.

Téch sb d6 thanh tirng nhém ¢6 tuong @ng 2, 3, 4,..., n chix s tir phai qua tréi
(nhdm cudi cing c6 thé khdng du 2, 3, 4,..., n chit s6) rdi chuyén mdi nhém dé

thanh chir sb trong hé dém co s6 4, 8, 16,..., 2"

Thidu 3.3.3

1. S6 (111011100), dugc phan tich theo nhém 1|11 | 01 | 11|00 va dugc doi
thanh 1 3 1 3 0 trong hé dém co sd 4 nén tacé (111011100), = (13130)..

2. S6 (111011100), duoc phan tich thanh 111 | 011 | 100 vadugc doi thanh

7 3 4 tronghé dém co sb 8 nén ta co két qua (111011100), = (734)s.

3. S6(111011100), dugc phan tich thanh 1 | 1101 | 1100 va duoc d6i thanh
1 D C tronghé dém co sb 16 nénta co két qua (111011100), = (1DC)ss.

Ngwec lai ta ciing cd thé ddi biéu dién cuamot sb tir hé dém co s 4, 8, 16,..., 2"

sang hé ¢ém co sb 2 bang cach chuyén mdi chit s6 cua sd d6 thanh s ¢o tuong
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tng 2, 3, 4,..., n chir sb trong hé dém co sb 2 ké tir phai qua tréi thi ta s8 dugc

két qua (néu khong du thi viét thém sb 0 vao phia bén tré).

Thidu 3.34

1. Sb (43756)g duocphantich 4|37 |5 |6

va dugc doi thanh 100] 011] 111] 101| 110 trong hé dém co sb 2
nén ta co két qua (43756)g = (100011111101110), .

2. S6(2386D)ys dugcphantichthanh 2 | 3 | 8 | 6 | D
vaduoc doi thanh 0010 0011 1000 0110 1101

trong hé dém co sd 2 nén taco (2386D);6 = (100011100001101101),.
Hoan toan twong tw nhu trén ta cd thé chuyén d6i mot sb tir hé dém co sb k"

sang hé ¢ém co sb k vanguoc lai.

Thidu 335
1. Sb (12002102111211200); duoc phan tich thanh cac nhom:

1] 20]02|10|21]11 |21 |12 |00
vaduoc doi thanh 1 6 2 3 7 4 7 5 0
trong hé ¢ém co s 9 néntacd (12002102111211200)5 = (162374750)s.
2. Sb (12002102111211200)3 dugc phan tich thanh cac nhém:

12 | 002 | 102 | 111 | 211 | 200

va duoc doi thanh 5 2 11 13 22 18

trong hé dém co sb 27 nén ta c (12002102111211200); = (521113 22 18),,

8§4. Sir dung may tinh dé d6i biéu dién caa mét sb tir hé dém co sb

k, sang hé dém co’ sb K,

4.1 Sir dung may tinh khoa hegc Casio fx-570ES (hoic cac loai may tinh khac

cO chwrc nang twong dwong)

Céc may tinh khoa hoc (Scientific Calculator) duoc trang bi bon hé ¢ém lahé
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dém co s6 10 (decimal, viét tit 1a Dec), hé dém co sb 2 (binary, viét tat 1a Bin),
hé dém co s 8 (octal, viét tit 1a Oct) va hé dém co sb 16 (hexadecimal, viét tit
la Hex). Do vay ta co thé chuyén biéu dién cua mot sb nguyén duong (trong
pham vi 10 chir 5) giita céc hé dém cd co sb 1a 2, 8, 10, 16. Mic du con mdt sb
han ché, céc may tinh khoa hoc tuong déi thuan tién cho viéc d6i co sd.

Dé chuyén d6i biéu dién cua mot sd trén may tinh khoa hoc Casio fx-570ESta
bam phim [MODE] 4], khi d6 trén man hinh xuét hién chit Dec, tuc 1a ta dang &
he dém co sb 10. Ta nhap sb trong hé dém co sé 10 va 4n phim [=]. Mudn
chuyén sb d6 sang hé ¢ém co s6 ndo thi ta bim phim twong ung ta s& duoc két
gua hién trén man hinh.

Thi du 4.1.1
Chuyén s6 1234567898 thanh s trong hé d¢ém co sb 8.

V&0 chuong trinh ddi co sb:

Chuyén sb 1234567898 tir co sd 10 sang co b 8:

11234567898 =||OCT| (11145401332)
Vay (sb trong ngoic 1a dap sd trén man hinh): 1234567898 = (11145401332)s.

Thidu 4.1.2
Chuyén s6 (11101010011110), thanh s trong hé dém co s6 8.

V&0 chuong trinh 1am viéc véi co sb 2: [MODE| 4| BIN|
Khai b&o va chuyén (11101010011110), sang co sb 8:

111101010011110| =| OCT|(35236)
Vay: (11101010011110), = (35236)s.

Thidu4.1.3
Chuyén s6 (12365470123)g sang hé dém c6 sb 16.

V&0 chuong trinh 1am viéc véi co sb 8:|MODE| 4| OCT|
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Khai béo va chuyén (12365470123)g sang co sb 16:

112365470123| =| Hex| (53D67053)
Vay: (12365470123)g = (53D67053)1s.

4.2 Sir dung may tinh Calculator dwoc cai dat trén Window

Calculator dwoc cai dat san trén Window nén rt tién st dung. Caculator dugc
trang bi bén hé dém la hé dém co sb 10, hé dém co s6 2, hé dém co s 8 va hé
dém co sd 16. Calculator cho phép doi biéu dién caa mot s nguyén duong giira
céc hé ¢ém c6 co sb 14 2, 8, 10, 16 véi nhirng sd 16n (trong pham vi 33 chir sb)
ma may tinh khoa hoc khéng 1am dugc. Céch thyc hién céc thao tac chuyén doi
gidng nhu véi may tinh khoa hoc.

Thi du 4.2.1

Chuyén s 123456789098 thanh sb trong hé dém co sb 2.
Vo Calculator va khai béo 123456789098 trong hé ¢ém co s 10:

Start | Programs| Accessories| Cacul ator | Dec||123456789098|

Chuyén sang hé dém co s6 2:
(1110010111110100110010001101001101010)
Vay: 123456789098= (1110010111110100110010001101001101010)s.

Thidu4.2.2
Chuyén s6 (1234567076543211234567)g thanh s trong hé dém 16.
V&0 Calculator va khai béo (1234567076543211234567)g trong hé dém co s6 8:

Start | Programs| Accessories| Caculator | Oct|

Khai béo (1234567076543211234567)5 va chuyén sang hé dém co sb 16:

| 1234567076543211234567| Hex | ( A72EE3EB1A253977)
Vay: (1234567076543211234567)s =(A72EE3EB1A253977) 6.
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Céc may tinh khoa hoc va may tinh Calculator déu chi chuyén d6i mot sd
nguyén duong giira cac hé dém véi co sd 1a 2, 8, 10, 16. Mubn chuyén d6i sd
gitra cac hé dém véi co sd bat ky va chuyén doi sb thap phan thi ta phai sir dung

céc chuong trinh cao cap hon, thi du, phan mém Maple.
4.3. Sir dung Maple dé chuyén doi biéu dién cia mét sb

Maple la phan mém toan hoc véi nhiéu tién ich. N6 ¢6 kha ning tinh toén trén
céc sb rat 1on. Maple cho ta mot cong cu tét dé trién khai céc thuat todn co do
phtrc tap cao ma khéng mot meo muyc thi cdng ndo co thé thay thé duorc.

So lwoc vé Maple
Cum xir ly (Execution group)

Day |a thanh phan tinh toan co ban trong méi truong lam viéc cua Maple. Moi
tinh todn déu duoc 1am viéc ¢ day. N6 chira cac 1énh caa Maple cling voi céac két
qua tinh toan ké ca do thi,.... C6 thé dé& dang nhan biét mot cum xu ly bang dai
ngoic vudng bén tréi caa dau nhic 1énh.

L énh caaMaple

Lénh caa Maple dugc dwa vao trang cdng tac sau diu nhic 1énh trong cac cum
xt ly. Lénh thuc hién cac phép toan va céc biéu thic sb hoc dugc viét tryc tiép
nhu trong cac van ban théng thuong.

Trong Maple thi
phép nhan biéu thi bang diu : “ * ",
phép chia biéu thi bang dau: “ /7,
phép lity thirabiéu thi bang dau: “ ~ ",
phép khai can bac hai biéu thi bang chudi ky tu: “ sqrt ”.
bic biét két thic dong 1énh bang dau “ ; ” va lénh dugc thyc hién bang céch

nhan phim “Enter” khi con tré dang ¢ trén dong lénh.

25
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4.3.1 Sir dyng Maple dé chuyen doi sb tir h¢ dem co so 10 sang h¢ dem co sb
2,8, 16

Khai bao cau lénh:

> convert(a, binary);

Hoac

> convert (a,octal);

Hoac

> convert (a, hex);

va két thac bang cach bam phim “ Enter”, trong d6 a 1a s6 trong co sb 10.

Thidu4.3.1

> convert (1234567890989865431209876543, bi nary) ;
111111110100110101111010110111100101111111100101001010001 110010

oloio1iii00ooniiinoool1iill

Vay:

123456789098986543120987654 3=

(1111211101001101011110101101111001011111111001010010100011100100

10101111000001110000111111),.

Thidu 4.3.2
>convert (123456789098986543120987654334567, oct al ) ;
30261746831 5621 046056057431 10464241 47
Vay:
123456789098986543120987654334567=30261 74631 5621 0460 56057431 10464241 47g.
Thidu 4.3.3
>convert (0.1234567898765432, oct al ) ;

007715335165
Vay: 0.1234567898765432 = (0.07715335165)g

26

S6 héa bdi Trung tam Hoc liéu — Dai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com

4.3.2. Sir dung Maple chuyén ddi sb tir hé dém co' s6 10 sang hé dém co' sb K
Khai bao cau Iénh:
>convert (a, base, k) ;
va két thiic bang cach bam phim “Enter” dé duoc két qua.
Trong trudng hop ndy két qua duoc hién rala cac chir sd tir hang thip dén hang
cao, cho nén khi viét két qua ra giay ta phai viét theo thir ty nguoc lai véi tha tu
hién ratrén man hinh.
Thi du 4.3.4
> convert (12345678987654321, base, 16);
[.11,4, 151,98 2.6, 4 512,13, 11, 7]
Vay: 12345678987654321 = (2BDC546291F4B1) 6.

Thidu 4.35
> convert (12345678987654321456758, base, 9);
[£,8 57,3, 2,6,6,56 2, 1,85 5265 1,474,353 1]
Vay: 12345678987654321456758=(134741562558126566237588)..
4.3.3. Sir dung Maple dé chuyén déi biéu dién cia mat sb tir hé dém co s6 k
sang hé dém co sb 10
Khai bao cau Iénh:
>convert (a, deci mal , k) ;
va két thic bang phim “ Enter”.
Can chy rang néu trong biéu dién caaa co chir s 16n hon 10 thi ta phai viét a
trong du “a” hoic“a”.
Thi du 4.3.6

>convert (123450545432123450005401234500055544433321234, deci nal , 6) ;
24RE25A0ETA501 Ba4R 5380 7R= 502055835190
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Vay:
(123450545432123450005401234500055544433321234)6 =
2495540272501 B4R 520T92308055351 90

Thidu 4.3.7
>convert (~ 1234567890ABCD1234567890ADCBBBCCDDA , deci nmal , 14) ;
107E25TT223TA052 730523508 26T91 3634064676
Vay:
(1234567890ABCD1234567890ADCBBBCCDDA) 14 =
1072577223 T6052T3052350826791 3634066676
Thidu 4.3.8
> convert(111000. 10101, deci mal , bi nary);
56 65625000
Vay: (111000.10101), = 56.65625000.

4.3.4. Sir dung Maple chuyén déi sb tir h¢ dém co sd k, sang h¢ aém co sb k,

Céch 1

Khai bao cau Iénh:

>convert ([a], base, k1, k2);

két thic bang phim “Enter”.

O day a dugc viét trong ngoiac vudng véi céc chir sb bat dau tir hang thip dén
hang cao; gitra mdi chit sé dugc ngin céach bai diu phay. Két qua 1a sd viét tur
hang thap téi hang cao; gitta mdi chit sb ciing dugc phan cach boi diu phay, do

vay khi viét két qua thi phai viét theo tht tu nguoc lai véi thi tu trén man hinh.

Thidu 4.3.9

>convert([1,2,3,4,56,6,5,4,3,2,1,0,0,4,3,2], base, 7,9);
[3, 20,68 1,0,3,2, 7,3, 3,7, 53]

Vay: (23400123456654321); =(357337230186083),

28

S6 héa bdi Trung tdm Hoc liéu — Dai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com

Thi du 4.3.10
>convert([1,2,3,4,5,6,7,8,9,0,0, 11, 15, 5], base, 20, 6);
[1,0,0,1,40 1,3 1,342, 1,4 1,22, 1,423 3 3]
Vay: (5FB00987654321),, = (33324122141243131041001).
(3déytadétA:1O,B:11,C212,D:13,E:14,F:15,G:16,H:17J:18,K:19
Céch 2
Bwéc 1 Chuyén a tir hé dém co sb ky thanh sb b trong hé ¢ém co sb 10.
Bwéc 2 Chuyén b tir hé dém co sb 10 thanh sb ¢ trong hé dém co s k,.
Thi du 4.3.11
> convert (1234567876543210076, deci mal , 9) ;
129043513071 24] 669

> convert (189963513971841669, base, 12);

[ 050,3, 2,34 11,79 0,2 511,30, 1]
Vay: ( 1234567876543210076) = (103B58097B4323059)1 .
Trong d6 A=10, B = 11.

Nhan xét

Maple c6 vu diém 1a c6 thé chuyén nhitng sd rat 16n tir hé dém co s ndy sang hé
dém co sd khéc tly y, khong nhat thiét 122, 8, 10, 16 va c6 kha nang chuyén doi
sb thap phan. Diéu ndy may tinh khoa hoc va Calculator khdng thuc hién duoc.
Nhung Maple ciing ¢d nhugc diém 1a khdng chuyén duoc sb thap phan tir hé
dém co sb ndy sang hé dém co sb khadc mot cach tily ¥ ma chi chuyén dbi duoc

sb thap phan (trong hé dém co s6 10) sang hé dém co sb 2, 8 vanguoc lai.
4.4. Sir dung cac phan mém c6 sin trén mang I nter net

Trén mang Internet cd rat nhidu phan mém gidp ching ta co thé dé dang doi biéu

didn cia mot sd tir hé dém co sb ndy sang hé dém co sd khéac. Cac phan mém nay
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dugc viét bang tiéng Viét hoic tiéng Anh. Tuy nhién cac phin mém duoc viét
san ciing ¢ nhitng nhuoc diém 1a khéng chuyén duoc sb tir hé ¢ém co sb tly y
ndy sang hé dém co s tiy y khéc, gidi han s dugc chuyén doi khéng qué lén
tiy y. Duéi day ladiachi mot sb phan mém doi co sb khé thuan tién:

1) http://trunghieusoftware.t35.com/BaseSystem Converter.html

2) http://wims.unice.fr/wims/en_tool~number~baseconv.en.html

3) http://www.convertit.com/go/convertit/cal culators/math/base converter.asp

Phian mém 3) c6 thé chuyén ddi mot sd tir co sb 10 sang co s6 bat ki tir 2 dén 36.
§5. Tinh toén sb hoc trong hé dém co sb bat ky

Chlng ta ¢4 thanh thao véi bén phép toan cong, trir, nhan, chia trong hé dém
co sd 10 (hé thap phan). Trong phan ndy ching ta s5 dé cap téi cac phép toan

cong, trir, nhan, chiatrong hé dém véi co sd tly V.
5.1. Phép cong

Dé thuc hién phép cong trong hé dém co sb k ta phai thuc hién:

- Cong theo cot.

- Codng céc sd theo tirng cot nhu trong hé dém co s6 10 rdi chuyén sang hé dém
co sd k.

- Néu két qua 16n hon mot “chuc” thi viét don vi va sd nhé chir sb hang “ chuc”
dé cong sang hang bén tré no.

- Nhé bang cong néu can.

Bang cdng co’ Sb 2

+ |0 |1

0O ([0 |1

1 |1 |10
30
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Bang céng co' Sb 5

+ (o123 4
0|0 |1 |2 |3 |4
11 |2 (3[4 ]10
2 (2 |3 |4 [10]11
3 (3 |4 |10[11|12
4 |4 [10|11]12]13
Bang céng co' S6 8
+ |0 (1 |2 |3 |4 |5 |6 |7
O |01 |2 |3 |4 |5 |6 |7
1 |1 |2 |3 |4 |5 |6 |7 |10
2 |2 |3 |4 |5 |6 |7 |10[11
3 |3 |4 |5 |6 |7 [10]11 |12
4 |4 |5 |6 |7 |10]11]12 13
5 5 |6 |7 |10|11 12|13 |14
6 |6 |7 |10|11 |12 13|14 |15
7 |7 [10|11 12|13 14|15 |16
Bang cong co' b 16
+ |0 |1 |2 |3 |4 |5 |6 |7 |8 |9 |A[B |C |D |E |F
0 |0 |1 |2 |3 |4 |5 |6 |7 |8 |9 |A|B|C|D|E |F
1 |1 |2 |3 |4 |5 |6 |7 |8 |9 |[A|B|C|D|E |F |10
2 |2 |3 |4 |5 |6 |7 |89 |[A|B |C |D|E |F 10|11
3 |3 |4 |56 |7 |8 |9 |A|B|C|D|E |F [10[11 12
4 |4 |5 |6 |7 |8 |9 |A|B |C |D |E |F |10 |11 |12 |13
5 |5 |6 |7 |8 |9 |A|B |C |D |E |F |10 |11 |12 |13 |14
6 |6 |7 |8 |9 |A|B |C|D |E |F |10 |11 |12 |13 |14 |15
7 |7 |8 |9 |A|B |C |D |E |F |10 |11 |12 |13 |14 |15 |16
8 |8 |9 A |B |C|D|E |F |10 |11 [12 |13 |14 |15 |16 |17
9 |9 |[A B |C |D |E |F |10 |11 |12 |13 |14 |15 |16 |17 | 18
A |A|B |C |D |E |F |10 |11 |12 |13 |14 |15 |16 |17 | 18 | 19
B |B |C D |E |F |10 |11 |12 |13 |14 |15 |16 |17 |18 | 19 | IA
C |C |D |E |F |10 |11 |12 |13 |14 |15 |16 |17 |18 |19 | 1A | 1B
D |D |E |[F |10 |11 |12 |13 |14 |15 |16 |17 |18 |19 |1A|1B|1C
E |E |F |10 |11 |12 |13 |14 |15 |16 |17 |18 |19 |1A|1B|1C|1D
F |F |10 11|12 |13 |14 |15 |16 |17 |18 |19 |1A|1B|1C|1D|1F

V6i céc he dém véi co sb khéc chiing ta hoan toan ¢ thé 1ap bang cong néu thay

can thiét.
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Thidu5.1.1
Thuc hién phép cong (1234043)s + (23400432)s ta viét theo cot nhu sau:

1234043
+ 23400432
30140030

Vay: (1234043)s + (23400432)s = (30140030)s.

Thidu5.1.2
Thuc hién phép cong (123458909)4; + (238765).1 ta viét theo cot nhu sau:

123458909
+ 238765
123696573

Vay: (123458909),; + (238765)1; = (123696573)11.

Thidu5.1.3
Thuc hién phép cong (1EA.67B)¢ + (347F.B5C) 46 ta viét theo cot nhu sau:
1EA.67B
347F.B5C
366A.1D7

Vay: (1IEA.67B)1s + (347F.B5C) 16 = (366A.1D7)16
5.2. Phép trw

Pé thuc hién phép trir can trong hé d¢ém co sb k chiingtacan chiy cac diém sau
- Tru theo cot.

- Bonvi lon thi trir dugc don vi nho hon.

- Pon vi nhd hon muén trir don vi 16n hon thi phai 1ay (muoen) 1 “chuc” cua
hang bén tré dé trir, nhung phai d6i s d¢6 sang hé co sd k dé thuc hién phép tru.
- Nhé bang trir néu can.

Bang trir trong hé dém co sb 2

-[o]J1
0] 01
1]wl|0
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S5 ¢ trong ngoic 1a sb phai muoen cua hang bén tré no.

Bang trir trong hé dém co s6 5

- 0 1 2 3 4
0 0 1 2 3 4
1 |wh| O] 1] 2| 3
2 w3 oA | 0] 1] 2
3 w2 @3 w4 | O] 1
4 @l @2 @3 w4 ] O

S5 ¢ trong ngoic 1a sd phai muoen cua hang bén tré no.

Bang trir trong hé dém co s6 8

- 0 1 2 3 4 5 6 7

0 0 1 2 3 4 5 6 7

1 ol 0 1 2 3 4 5 6

2 @b | @ 0 1 2 3 4 5

4 @4 | @wS |@wb | a’ 0 1 2 3

S @3 @4 |@ @b |/ | O] 1] 2

6 @2 @3 |@4 @ |@wb |@w/ | O] 1

7wl @2 @3 o4 @ @b @/ | O

S5 ¢ trong ngoic 1a sb phai muoen cua hang bén tré no.
Bang trir trong hé dém co sb 12

- 0 1 2 3 4 5 6 7 8 9 A B
0 0 1 2 3 4 5 6 7 8 9 A B
1 0B |0 |1 |2 |3 4 5 |6 |7 |8 |9 |A
2 |wA @B |0 |1 |2 |3 [4 |5 |6 |7 |8 |9
3 |9 |wA |wB |0 |1 |2 |3 |4 |5 |6 |7 |8
4 (1)8 (1)9 (1)A (1)B 0 1 2 3 4 5 6 7
5 | w7 |w8 |9 |wA |wB |0 |1 |2 |3 |4 |5 |6
6 |6 |7 |8 |9 |wA | @wB |0 1 2 3 4 5
7 J@wo |6 ol @8 |@d |@wA |@B |0 |1 |2 |3 |4
8 w4 | |@wb |/ @8 |@9 |wA @8 |0 |1 |2 |3
9 |3 |4 @ |6 |/ |@8 |@9 |@wA |@B |0 |1 |2
A 102 |@3 w4 |05 |6 |/ w8 |@9 |@wA @B |0 |1
B ol @2 |@3 |4 |@d @6 |/ |@w8 |@9 |@wA |@wB |0

S5 ¢ trong ngoic 1a sd phai muoen cua hang bén tré no.
O day tadat A =10, B = 11.
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Thidu5.2.1
Thuc hién phép trir (765432043)g- (34571076)gta viét theo cot nhu sau:

765432043
- 34571076
730640745

Vay: (765432043)s- (34571076)g = (730640745)s.

Thidu5.2.2
Thuc hién phép trir (AB56789009)1,- (5699A98997)4, ta viét theo cot nhu sau:

10 11 56 78 900 9
- 5 6 99109 8 99 7
5 4 78 8110 2 32

Vay: (AB56789009)1,- (5699A98997)1, = (54788B0232)1».

Thidu5.2.3
Thuc hién phép trir : (357A . 49A)1, — (A39 . A12)4, taviét theo cot nhu sau;
357A.49A
A39.A12
2740.6 88

Vay: (357A . 49A)1, — (A39 . A12),, = (2740 . 688)15.
5.3. Phép nhan

Pé thyc hién phép nhan trong hé dém co sd k thi phai thuc hién theo yéu cau:

- Nhén theo hang.

- Cong theo cot.

- Nhan véi sb dang bén tré so da nhan thi két qua phai viét I0i sang bén tréi
mot hang so véi két qua da da viét caa phép nhan ¢ sd ngay truéc do.

- Khi nhan 2 sb véi nhau thi ta nhan theo bang ciru chuong trong co s6 10 sau

d6 chuyén két qua sang hé dém co sb k. Néu két qua |6n hon “10” trong hé dém

co sd k thi viét don vi vanhé chir sb hang chuc sang hang bén tré né.

- Nhé bang nhan néu can thiét.
34
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Bang nhan trong hé dém co' sb 2

0 1
0 0 0
1 |0 |1
Bang nhan trong hé dém co'sb6 5
0 [1 |2 [3 |4
0 0 0 0 0 0
1 0 |1 |2 |3 |4
2 (0 |2 [4 |11 [13
3 |0 |3 |11 |14 |22
4 |0 |4 [13 |22 [31
Bang nhan trong hé dém co sb 8
0 1 2 3 4 5 6 7
0 0 0 0 0 0 0 0 0
1 |0 |1 |2 '3 |4 |5 |6 |7
2 (0 |2 |4 |6 |10 (12 [14 |16
3 |0 |3 |6 |11 |14 |17 |22 |25
4 |0 |4 |10 |14 |20 |24 |30 |34
5 0 5 12 17 |24 |31 36 |43
6 0 6 14 |22 |30 36 44 | 52
7 0 7 16 25 |34 |43 52 61
Bang nhan trong hé dém co s6 11
0 1 2 3 4 5 6 7 8 9 A
0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 2 3 4 5 6 7 8 9 A
2 (0 (2 |4 |6 |8 |A [11 [13 [15 [17 |19
3 (0 |3 |6 |9 |11 |14 |17 [1A [22 |25 |28
4 |0 |4 |8 |11 |15 |19 |22 [26 |[2A [33 |37
5 |0 |5 |A |14 |19 |23 |28 [32 |37 |41 |46
6 0 6 11 |17 |22 |28 |33 |39 |44 |4A |55
7 0 7 13 |1A |26 |32 |39 |45 |51 |58 |64
8 0 8 15 |22 |2A |37 |4 |51 |59 |66 |73
9 0 9 17 |25 |33 |41 |4A (58 |66 |74 |82
A 0 A 19 |28 |37 |46 |55 |64 |73 |82 |91

Thi du 5.3.1

Thuc hién phép nhan (12765406)s * (654)s ta viét 1an lugt nhu sau:
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12765406

654

53726030

+ 66713436
101701044

11133167010

Vay: (12765406)g (654)g = (11133167010)s.

Thidu5.3.2
Thuc hién phép nhan (12340580)1;" (972)1; taviét 1an luot nhu sau:

12340508
' 9 7 2
10 1 5
5 1
6

Qoo N
W R b
~oOo O
— w 0
o N O

+ 8
10 9
1074961910 25

Vay: (12340508)1;" (972)1:=(10749619A25),, (O day tadat A = 10).
Thidu5.3.3
Thuc hién phép nhan (1234.63)s" (34.2)g taviét 1an luot nhu sau:

1234.63
_34.2
247146
+ 516314
372631
44715406

Vay: (1234.63)s" (34.2)s = (44715.406), .

Nhu vay, nhan cé&c sb phan trong hé dém co sb k duoc thuc hién theo quy tic
hoan toan giéng nhu dbi véi phép nhan céc sb thap phan trong hé dém co s6 10.
5.4. Phép chia

Pé thyc hién phép nhan trong hé dém co sd k thi phai thuc hién theo yéu cau:

- Chiatheo cot.

- Nh¢ bang nhan.

36
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- Nh¢ bang tru.
Céch thuc hién phép chia giéng nhu céch chiatrong hé dém co sb 10.

Thidu5.4.1
Thuc hién phép chia (4423340627)g: (455)s ta viét 1an lugt nhu sau:

4423340627455

4073 7560123

03303

-2741

3424

- 3416

000606

- 455
1312

- 1132
1607

- 1607
0000

Vay: (4423340627)s: (455)s = (7560123)s.
Thi du 5.4.2
Thuc hién phép chia (3343425225)¢: (232) taviét 1an luot nhu sau:

3343425225232
-232 12304034
1023

- 504
01154
-1140
001425
-1412
001322
- 1140
01425
- 1412
0013

Vay (3343425225): (232)s = (12304034)¢ du(13)s hay ta con viét:
(3343425225) = (232)s (12304034)¢ + (13)e.
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§6. Thuc hién cac phép tinh sé hoc trén may tinh
6.1 Thuc hién trén may tinh khoa hoc Casio fx-570ES va cac may khac co
chérc nang twong dwong

Cac may tinh khoa hoc chi thuc hién dugc cac phép toan cong, trir, nhan va
phép chia hét dbi véi céc sb nguyén & cac hé dém véi cée co sb 2, 8, 10, 16.

Thi du 6.1.1
Tinh (10011101000), + (111000111001111),- (11100011110010), .

Vao hé dém co sd 2 trén Casio fx-570ES. |MODE||4||BIN|

Thuc hién phép cong trir trén Casio fx-570EStrong co b 2:

110011101000| +/111000111001111] - | {11100011110010| =|(11110111000101),.

Thidu6.1.2
Tinh (345C56)16 (AB)16

V&o hé dém co s 16 trén Casio fx-570ES: [MODE|4| HEX |

Thuc hién phép nhan trén Casio fx-570EStrong co s 16:

s

1345C56|" || AB|=|(22FOAD72)
Vay: (345C56)15° (AB)1s = (22F9AD72)s.

6.2. Thuc hién tinh toan sb hoc trén may tinh Vinacal Vn-570MS

Thao tac trén may tinh gia dinh Vinacal Vn-570MS duogc cai dat trén may vi
tinh hoan toan giéng nhu Casio fx-570ES va cac may tinh khéc co chac ning
tuong duong. Tuy nhién c&c budc thao tac duoc hién thi truc tiép trén man hinh
Vi vay rat tién dung trong trinh bay va huéng dan céc qui trinh tinh toan.

Lwuy
Pham vi tinh toan cia may tinh gia dinh nay hep hon Casio fx-570ES nén cung

day phép toan nhu nhau thi may tinh loai ndy co thé s& béo 16i.
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Thidu6.2.1
Pé tinh (10011101000), + (111000111001111), - (11100011110010), (nhu trong
thi du 6.1.1) talan lugt thuc hién céc thao téc Vinacal Vn-570MS:

| MODE| MODE 3| BIN|10011101000] +|[111000111001111] - [11100011110010|

Man hinh bdo: Math ERROR (ky hiéu b&o 16i toan hoc) nén phép toan
(10011101000),+(111000111001111),-(11100011110010),

khong thuc hién dugc trén Vinacal Vn-570MS,

Thidu 6.2.2

Tinh (345C56)16~ (AB)16 trén Vinacal Vn-570MS:

IMODE||3|HEX || 345C56|" | AB|=|(22F9AD72)
Vay: (345C56)15" (AB)1s = (22FO9AD72)1s.

Thidu 6.2.3

Tinh (234567)g" (234)5:(11)g trén Vinacal Vn-570MS:

MODE|MODE| 3| Oct||234567|" | 234]|. |[11] =|(5234544)

6.3. Thuc hién cac phép tinh sb hoc trén Calculator cai dit trén Window

Calculator cho phép thuc hién dugc cac phép toan cong, trir, nhan va phép
chia hét véi céac sd nguyén duong véi cac sb ¢ dén 33 chir s6, trong khi d6 méy
tinh khoa hoc chi c6 thé 1am viéc véi céc sb ¢6 10 chit sb.

Thidu 6.3.1
Tinh (12345670007654)s" (765430012)g trén Calculator.

Vao hé ¢ém co s 8 trén Calculator: [Start|Programs| Accssories|Calculator | Oct]

Thyc hién phép nhan:

112345670007654|" | | 765430012 =| (170505360624536156270)
Vay: (12345670007654)s  (765430012)s = (170505360624536156270)s.
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Thi du 6.3.2
Tinh (1234567890ABCDEF) 15 (AB87654321),+(123456789000987) 5.

Va0 hé dém co sb 16 trén Calculator:

Start| Programs| Accssories| Caculator | Hex|

Thuc hién phép toan:

11234567800ABCDEF| " | AB87654321| +]123456789000987| =| ( 612234D56E562256 )

Nhung khi kiém tralai trén Maple thi ta c6 két qua sau:

> convert( 1234567890ABCDEF , deci mal , 16) ;
131 1T6E46T20420063 5

> convert( AB87654321" , deci nal, 16);
36710962097

> convert (123456789000987, deci mal , 16) ;
21925520205229959

> 1311768467294899695* 736710968097+81985529205229959;
PEAEF421 T4A002 5422625165 260574

> convert (966394217460025422623165260374, base, 16):
6,52 26 5 146513432216 142 15 8 6,9,2. 3 17]

Nhu vay ta co két qua:
(1234567890ABCDEF).¢ (ABS7654321) 16+(123456789000987)16 =
(C32968F8E612234D56E562256) 16 .
Nguyén nhan la khi thuc hién céc phép toan qua I6n thi Caculator khéng hién

thi duoc hét két qua trén man hinh din téi tathu duoc két qua khdng chinh xac.
6.4. Thuc hién cac phép tinh sb hoc trén phan mém Maple

Pé s dung phan mém Maple trong tinh toan s hoc, ching ta phai doi cac sb &
hé dém véi co sd k thanh sb trong hé dém co s6 10 rdi méi thue hién phép todn,
khi duoc két qua talai doi lai thanh sb trong hé ¢ém co sb k. Bac biét phan mém
Maple cho phép ching ta thyc hién duoc cac phép toan dbi véi cac sb rat 16n ma

cac may tinh khoa hoc va Caculator khdng thuc hién dugc.
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Thidu 6.4.1

Tinh (1234560009A AB6789),,+(986765432BA),-(567812B1),, trén Maple.
Doi céc sH tir co sd 12 sang co sH 10:

> convert( 1234560009AAB6789 , deci nal , 12);

2200270621 6621 1449
> convert( 986765432BA" , deci mal , 12);

A1 3E448°2056
> convert( 567812B1 , deci mal , 12);

102024205
Thuc hién tinh toan trong co s6 10:
> 220027069166911449+601384482286- 198984805;
2A0027TaT0352402930
Poi két qua tir co s6 10 sang co sd 12:
> convert (220027670352408930, base, 12);
G, 9, 7,8 7,8 10,11, 6,8 9.6 5 4, 3, 2, 1]
Vay néu dit A =10, B =11 thi:
(1234560009AAB6789) 1, + (986765432BA) 1, - (567812B1)1, =
(123456986BA878796)1,.

Thidu 6.4.2

Thuc hién phép toan sau trén Maple:

(12345600000654321000654321);" (12345600065432123);.

Doi céc sH tir co sd 7 sang co s6 10:

> convert (12345600000654321000654321, deci nal , 7);
1225242006 1 135680550523

> convert (12345600065432123, deci mal , 7) ;

4523135485011
Thuc hién phép nhan trong co sb 10:
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> 1825248096173560559523*45231354850811;
22558444322 T03521061 7461 17350323153

Doi két qua tir co sb 10 sang co Sd 7:

> convert (82558444328793521061746117350323153, base, 7) ;

[31,1,31,4,50,2,6,2,2,4,0,4,6,4,2,2,0,05,4,3154,36,01,4,4,6,354,2,5,6,51]

Vay:

(12345600000654321000654321);" (12345600065432123)7 =
(156524536441063451345002246404226205413113);.

Thidu 6.4.3

Thuc hién phép todn (1234567.34567654)s  (7654321765067.23456)s.
Doi céc sH tir co sd 8 sang co s6 10:

> convert (123456754. 345676, deci mal , 8) ;

.
2191306845 10
> convert (7654321765067. 23456, deci mal , 8) ;

S 3E53AA04 1|:|1 1
Thuc hién phép nhan trong co s 10:
> 21913068. 45*0. 5385365694e12;

1 1200971 1|:|1SI
Doi két qua tir co sb 10 sang co s 8:
> convert (0.1180098871e20, octal);

21
1217054213 10
Vay: (1234567.34567654)  (7654321765067.23456)5 =1.217054213° 10%.

Nhan xét
- Néu chi thuc hién céc phép tinh sb hoc ¢ nhitng sé nguyén duong nho trong
pham vi 10 chitr sd & céc hé dém véi céc co sb 2, 8, 10, 16 thi chiing ta nén si

dung cac may tinh khoa hoc.
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- Néu thyc hién céc phép tinh sb hoc ¢ nhitng s6 nguyén duong lén trong pham
vi 30 chir s6 & c&c hé dém véi céc co sd 2, 8, 10, 16 thi ching ta nén thuc hién
trén Caculator duoc cai dat trén Window.

- Néu thyc hién céc phép toan sb hoc d6i véi céc sb nguyén duong lén trong céc
hé dém véi co sd bat ky hoic sb thap phan trong hé dém véi co sb 2, 8, 10 thi ta
phai sir dung phan mém Maple hoic cac phan mém c6 kha nang lap trinh khéc.

- Déi véi sd nho trong cac hé dém véi co sd bat ky thi ching ta cé thé thuc hién

tinh todn bang tay ma khdng can sy hd trg cua may tinh.

§7. Sir dung phép chia dé doi biéu dién ciia mét sb tir hé dém co s

k, sang hé dém co’ sb K,

7.1 Sir dung phép chia lién tiép dé dwa mot sb tir hé dém co b k sang hé

dém co s 10

O céac phan trén ching ta da biét chuyén biéu dién caa mot sb tir hé dém co sd
k sang hé ¢m co sd 10 bang céch biéu dién qua céc liy thira cua k hoic dung
phan mém Maple. Dic biét néu k 142, 8, 16 thi ta cé thé sir dung may tinh khoa
hoc hoic Caculator. Trong phan ndy ching ta s& dé& cap téi viéc st dung phép
chia dé duamot s tir hé dém co sb k sang hé ¢ém co s 10.

Chung ta d& biét st dung phép chia dé dua mot sb tir hé dém co sb 10 sang hé
dém co sd k. Hoan toan tuong tu dé chuyén s a tir hé ¢ém co s6 k sang hé
dém co sd 10 bang céch chia a cho 10 (nhung sé 10 d& duoc chuyén thanh sb
trong hé ¢ém co sd k) lién tiép va lay du. Két qua sb nhan duoc chinh la thuong
cudi cling va cac sd du viét theo thir tu dudi 18n trén (chl y ring c&c sd du phai

dugc chuyén sang hé d&ém co s 10).

Thidu 7.1.1
Chuyén (234765003)g thanh sb trong hé ¢ém co s6 10 biang phép chia.
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Vi 10 = (12)g nén ta lam phép chia trong hé ¢&ém co sb 8:

234765007 12
11'17545231| 12
7 1443565 LZ____

11120276 |12
0 10023 |12

5 633 | 12
1| 51 'Lz
114

Ma (11)s = 9 nén ta co két qua: (234765003)g = 411509709.

Chuing ta hoan toan cé thé kiém tra tinh dlng dan cua céc két qua trén nho phan

mém Maple:

> convert (234765003, deci nal , octal ) ;
41150973

Thidu7.1.2

Chuyén s6 (123400432100)5 sang hé ¢ém co s 10 biang phép chia.
Taco 10 = (20)s nén talam phép chiatrong hé ¢ém co s 5

123400432100
0 | 3420021330

0 ' 143223314 |20
1414411140 20
10 ’M4 20
14 'ﬁ 2
12

20
300 (20
10 '12
Ma (14)s = 9: (12)s=7; (10)s =5 nén (123400432100)s=75795900.
Hoan toan cd thé kiém tra céc két qua trén nho phan mém Maple:
> convert (123400432100, deci mal , 5) ;

THTR5900
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7.2. Sir dung phép chia lién tiép dé chuyén biéu dién ciaa mét sb tir hé dém
co sb k, sang h¢ dém co sb k,

Hoan toan twong tu nhu muc 3.1 ta cd thé dwas tir he dém co s6 k, thanh sb
trong hé dém co sd k, bang céch sir dung phép chialién tiép.

St dung dinh ly 2.2 ta thiy chi can chia a cho k, (k, dd dugc doi sang hé co
sd k,) lién tiép va lay du. Két qua chinh la thuong cudi cing va céc sd du viét
theo thir tu tir dudi |€n trén (sb du d& dugc chuyén thanh sb trong hé co s k,).
Thidu 7.2.1
Chuyén (2347603)g thanh sb trong hé dém co sb 12 bang phép chia

Taco 12 = (14)s nén tathuc hién phép chiatrong hé dém co sb 8:

2347603| 14
13‘I505T2_
” ﬁa%
01564 (14
0 |37 14
71 2

Ma (12)8:(10)12:A, (13)8:(11)12:B nén (2347603)8:(27OOAB)12
CO thé kiém tratinh ding din cua céc két qua trén nho phan mém Maple.

> convert([3,0,6,7,4,3, 2], base, 8,12);
[11,10,0,0,7,4]
Thidu 7.2.2

Chuyén s6 (12340004321)s thanh sb trong hé dém co sb 11.

Taco 11=(21)s nén tathuc hién phép chiatrong hé dém co sd 5:
12340004321 |21

2 1323043034

21
1 [13002023[21
11W
2 53120 01
1’@1 21
11[13
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Ma  (11)s=(6)u, (13)s=(8)u nén (12340004321)s=(8612612)y;.

Hoan toan cd thé kiém tratinh ding dan cua céc két qua trén nho Maple:

>convert([1,2,3,4,0,0,0,4,3,2,1], base, 5, 11);
[2.1,6.2. 1,68

Thuc chat cuaviéc 1am trén chinh la van dung dinh ly 2.1va 2.2 & §2.

§8. So lwgc vé itng dung ciaa hé dém trong may tinh dién ti

Ngay tir muc md dau ching ta da biét viéc s dung hé dém vai céc co sb khéc
nhau & do nhu cau thyuc té. Hé ¢ém c6 nhiéu tng dung trong thuc té va trong
todn hoc, thi du trong cac bai toén tro choi, céc bai toén I6gic,.... Trong phan ndy
ching ta chi dé cap dén nhirng nét so lugc vé tng dung cua hé dém co s 2, 8, 16
vao may tinh dién tir - mot céng cu khéng thé thiéu trong cudc séng hién dai.

Do ¢6 uu diém tinh todn don gian, d& dang thuc hién vé mat vat Iy, ching han
nhu trén ca&c mach dién tir, hé nhi phan tré thanh mot phan kién tao cin ban trong
c&c may tinh hién dai. Cac may tinh co thé thuc hién duoc hang triéu phép tinh
trong mot gidy duoc thiét ké dua trén cac linh kién dién tir. Cac linh kién dién ta
dugc dic trung boi hai trang théi: “déng” néu c6 dong dién di quava“md” néu
dong dién khong di qua. Nguoi ta qui wéc “dong” tuong tng véi sb 1 va “mo”
tuong tng véi s6 0. Do vay céc linh kién dién tr ndy hoat dong cé nguyén tic
nhu ¢ trong hé dém co s 2. Chinh vi Iy do d6 mahé dém co sb 2 duoc st dung
gan nhu tuyét ddi trong cac mdy tinh dién tir thdng dung hién nay. Hon nira gia
thanh cua céc loai may tinh ndy ré hon rat nhiéu so véi céc loai méay tinh sir dung
cac hé dém vai co sd khéc.

8.1. Hé dém hdn hop

Trong cudc sdng thudng ngdy ta ding hé dém co sb 10, vay ta chuyén né vao
trong may tinh thi dwong nhién may tinh phai c6 b phan chuyén no sang hé ¢ém

co sd 2 (ngdbn ngit May), va may s 1am viéc trong hé ¢ém co sb 2. Sau d6 méay
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tinh lai phai chuyén tir két qua c6 duoc ¢ hé dém co s6 2 sang hé ¢ém co sb 10
hién ratrén man hinh ma ching ta nhin thay.

Nhung mot sb viét trong hé d&ém co sé 10 khi chuyén sang hé dém co s 2
thuong rat dai nén mat nhiéu thoi gian va bo nhd, do d6 né 1am giam kha ning
tinh todn ciia mdy. Chinh vi vay ma nguoi taviét mdi chir sé cia sd viét trong hé
dém co sb 10 thanh mot nhém 4 chix s trong hé dém co sb 2. Khi @6 xuat hién
nhitng khé khan nhat dinh trong viéc thuc hién cac phép toén. Vi khi ta thuc hién
céc phép todn s3 xuat hién nhitng bo 4 ky tue ma khdng biéu dién chir s6 nao
trong hé ¢ém co sd 10 twong &ng.

Do d6 nguoi ta dua vao hé ¢ém hdn hop co sb 2-8. Mot sb viét trong hé ¢ém
co sb 10 duoc chuyén thanh sb viét trong hé dém co s 8, sau d6 mdi chir sd d6
lai dwgc chuyén sang hé dém co sb 2. Do chi ¢6 8 ky tw nén mdi chir sd trong hé
dém co sd 8 & twong tng v&i 1 nhém 3 ky ty 0 va 1, va sy twong tng nay 1a 1-1,
nén khong c6 bo 3 ky tu 0 va 1 ndo ma khodng biéu dién 1 chit sb trong hé ¢&ém
co sb 8. Mit khac ngudi ta ciing chirng minh dwoc rang biéu dién caa 1 sb trong
hé dém co sb 2-8 triing véi biéu dign caa sb d6 trong biéu dién theo co sb 2.

Thi du 8.1.1

Chuyén sb 2157 sang hé d¢ém co s 2 bang cach chialy du:

2157 2
1 2
0 |539 2
1 269 | 2
1 | 134 | 2
i
1

2

3 2

1 [16 2
0’72
O'T
0

2
212
o1
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Nhu vay ta phai thuc hién 12 phép chiadé tim du thi méi chuyén 2157sang co s
2 vaco két qua 2157= (100001101101),. Diing Maple kiem trakét qua:

>convert (2157, bi nary);
, , 100001101101
Duling hé dém hon hop co so 2-8:

- Chuyén 2157 sang hé ¢ém co sb 8 bang céch chialay du.
2157 8
5 8
5 33
1

Tadugc két qua: 2157 = (4155), bang 4 phép chia

8
4

- Chuyén (4155), sangcosd2: 4| 1 | 5| 5 o 100 |001 |101 |101
Taduoc két qua: (4155),=(100001101101),.
Vay taco két qua giong hoan toan phan trusc 142157 = (100001101101), .

Nhu vay viéc chuyén sb tir hé dém co s 10 sang hé d&ém co sb 2 thdng qua hé
dém hdn hop nhanh hon nhiéu so véi viéc talam tryuc tiép.

Péi vai sd thap phan cach lam trén van ap dung duoc.

Thidu8.1.2

Chuyén s 534.678 sang hé dém co sd 2.

Téch riéng lam 2 phan nguyén vathap phan dé chuyén.

534 |2
o}—mz
1}1@?2
1'@2
JLE
1}—1&2
o'Tz
LT
o}—fz
0 |1
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V4y 534 = (1000010110),.

Chuyén phan thap phan:
0.678 x 2 =1.356; 0.356 x 2=0.712; 0.712 x 2=1.412;
0.412 x 2 =0.824, 0.824 x 2=1.648; 0.648 x 2=1.296;

0.296 x 2=0.592 0.592 x 2=1.184, 0.184 x 2=0.368;
0.368 x 2=0.736; ...

Vay 0.678 = (0.1010110100...),
Do d6 taco két qua 534.678 ~(1000010110.1010110100),.
Kiém traqua phan mém Maple:

> convert (534, binary);

1000010110
> convert (0.678, binary);

0.1010110110
Taco két qua: 534.678=(1000010110.1010110110),

Dung hé ¢ém hdn hop chuyén 534.678 sang hé ¢ém co sb 8:

SMW%%

0.678 x 8 =5.424; 0.424 x 8 =3.392; 0.392 x 8 =3.136; 0.136 x 8 =1.088; ...
Vay taco 534.678 = (1026.5331...),.

Chuyén (1026.5331...), sang hé dém co s6 2

1102 |6 .5] 3| 3 |1lu 001]000|010]110.101|011 |011 | 001
Vay taco két qua 534.678 ~(1000010110.101011011001...), .

Tuy nhién ta ciing thay céc két qua trén chi 1& gan ding nén cac chir sb cudi cua
sd thap phan c6 thé khéng tring nhau.

R rang viéc chuyén mot sb tir hé dém co sd 10 d6i sang hé ¢ém co s6 2 nhanh

hon nhiéu néu ta sir dung qua hé dém co sb 2-8.
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8.2. Sir dung hé dém trong may tinh dién tir

MJi chir sb trong hé dém nhi phan dugc goi 1a mot “Bit” — né |a chix viét tat
cua“Binary digit”.

Nhom 4 “bit” goi 12 mot “ Nibbe' .

Nhom 8 bit goi 1a mot “Byte”. Byte thudng xuyén duoc ding dé thé hién cac
ky tu trén c&c van ban. Vamot “Byte” nhu vy biéu dién dugc 256 giatri tir 0 =
0000 0000 t6i 255 =1111 1111. Nhung mdi mot “byte” nd khéng chi biéu dién
céc so trong hé thap phan ma con biéu dién cac chit (in hoa vain thuong) ké ca 6
trbng. Chang han khi dung trinh NotePad trong Windows dé tao mot file text
chtra céc tir “ Four and seven”, NotePad s3 diing 1 Byte bo nhé cho mdi ky tu ké
ca 1 Byte cho mdi ky tu tréng (space) giira cac tir. Néu luu file vian ban ¢ noi
dung “Four and seven’ nhu trén n6 s€ ¢6 dung lugng 14 Byte. Nhu vay khi ta
nhap dir liéu 1a c&c chit s6 trong hé thap phan va céc chir céi thi may tinh c6 bo
phan chuyén d6i nd thanh céc “byte” va may tinh 1am viéc véi céc “byte” ay. RS
rang la cho dén 10c nay thi may tinh chi lam viéc ¢ hé ¢ém co sb 2. Khi duoc két
qua thi trong mdy tinh lai c6 bo phan chuyén tir cac “byte” két qua thanh céc sb
trong hé thap phan va céc chir cai ma ta nhin thay trén man hinh. Ngoai ra trong
may tinh phai c6 b chuyén ddi tir ngdn ngit thudng vao ngdn ngit may va nguoc
lai — nguoi ta goi d6 1abo méa hoa

Trong bo ky tu ASCII, mdi giatri nhi phan tir 0 dén 127 duoc gan cho mot ky
tu cu thé. 128 ky tu dic biét trén dugc dung dé dai dién cho nhirng ky tu chung
trong cac ngdn ngit. Hau hét cac méy tinh mo rong bo ky tu ASCII dé sir dung
toan bo 256 ky tu co sin trong mot Byte. My tinh dung cac ma ASCII dé luu
trir c&c tai liéu van ban trén bo nhé va d dia. Trén may tinh méi Byte luu mot sb
dang ma ASCI| tuong tng véi ky tu nd thé hién. Chang han véi noi dung van
ban la“Four and seven” thi trén dia, cac ma s¢ la:

F700111ul1l17r11432a97n110d 100 32s115e101 v 118 € 101 n 110.
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Mdi ky tu duoc biéu dién bing céc sb lién tiép hon kém nhau mét don vi
trong bang ky tu ASCII. Luu y rang sb 32 1a ma ASCII caa ky tu tréng (space).
Néu d6i sang méa nhi phan thi ky tu tréng ndy co gia tri 00100000. V&i bo ky tu
ASCII chuan, 32 giatri dau tién (tr 0 dén 31) la cé&c bién diéu khién, ky tu tht
33 latrdng, tiép theo la cac ky tu dic biét, chir 5, chit ca hoa va chit cai thuong.
Céc boi sb cia Byte [a (tén goi viét tat do 16n):

Kilo K 2710 = 1024, Mega M 220 = 1048576; Giga G 230 = 1073741824,
TeraT 20 = 1099511627776, Peta P 250 = 1125899906842624

Exa E 260 = 1152921504606846976;

ZettaZ 270 = 1180591620717411303424;

YottaY 2780 = 1208925819614629174706176.

KET LUAN CHUONG

Qua phan trinh bay trong chuong ndy ta thiy rang néu may tinh da dugc cai dat
phan mém Maple thi viéc chuyén @i biéu dién cia mot sb trong cac hé dém co
s khéc nhau, va thie hién cac phép todn sb hoc dbi véi céc sb & cac hé dém véi
co sd khac nhau hoan toan don gian va chinh xac. Cac may tinh khoa hoc va
Calculator ciing c6 thé 1am dugc cac cdng viéc ndy véi sd nguyén nhé trong céc
hé dém d& duoc ca dat sin. Tuy nhién néu c6 céch ndo d6 dé co thé thyuc hién
céc phép tinh sb hoc trén céc hé dém véi co sd khac nhau ma khéng phai théng
qua hé ¢ém thap phan thi s3 tién loi hon nhiéu. Hon nira phan chuyén d6i hé déém
dbi véi sd thap phan thi phan mém Maple van con han ché chua sir dung duoc
nhu Vi s nguyeén.

Viéc nghién ctru cac nguyén tic, céc cach chuyén doi sb gitta cac hé dém,
céch thuc hién céc phép toan s6 hoc 1a can thiét, mac du c6 may tinh va cac phan

mém hd trg tinh toan.
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Chwong 2

UNG DUNG CUA HE PEM
TRONG TOAN PHO THONG

Hé dém c6 nhiéu tng dung quan trong trong thuc té (dién béo, mat ma,...),
trong cong nghé thdng tin (co so tinh toan trén may tinh dién tir, phan giai mau
trén man hinh,...). Céc bai toan cia hé dém ciing lién quan dén nhiéu linh vuc
khac cta toan hoc: Giai phuong trinh nghiém nguyén, toan 16gic, mé rong tinh
chét chia hét, phuong trinh ham, céc bai toan trd choi,....

Chuong ndy trinh bay hai ttng dung caa hé ¢ém trong todn phé thdng. Trong
§1 chiing téi trinh bay mot sb mé rong céc tiéu chuan chia hét trong hé dém co
sb 10 sang cho hé dém co sb bat ki. Khi trg vé hé dém co sb 10, céc tiéu chuan
ndy ciing soi sng thém céc tiéu chuan da biét. Trong §2 ching téi trinh bay
phirong phép hé dém nhu mot cong cu giai todn, dic biét 1a nhitng bai toan kho
(thi vé dich qubc gia va qudc té). Loi giai caa nhirng bai todn ndy (trén ngdn ngir
hé ¢ém) ciing cho thiy mdi quan hé mat thiét gitta hé dém vai cac vin dé khéc

caatoan hoc (giai phuong trinh nghiém nguyén, phuong trinh ham,...).
§1.Tinh chat chia hét

1.1 Nhic lai cac d4u hiéu chia hét trong hé dém co s 10

Trong hé ¢ém co sb 10 chiing ta da biét cac diu hiéu chia hét:

- Dau hiéu chia hét cho 2 S6 ¢6 chir sb tan cing la s chin: 0, 2, 4, 6, 8.
- Dau hiéu chia hét cho 3 S6 ¢6 tong cac chir sb 1asd chia hét cho 3.

- Dau hiéu chia hét cho 4 S ¢6 2 chit s cudi 1a s chia hét cho 4.

- Déu hiéu chiahét cho 5 S6 ¢6 chir sb tan cuing 1a 0 hoic 5.
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Dau hiéu chia hét cho 6 Sb chiahét cho 2 va 3.

Dau hiéu chia hét cho 7 (chia hét cho 11, 13) Téch s6 da cho thanh ting
nhom c6 3 chir sd tir phai quatréi, nhém cudi cling c6 thé chi c6 1 hoic 2 chix
sb. Lay tong dan dau caa cac nhdm do6 tir phai qua tréi. Néu tong dé chia hét
cho 7 (11, 13) thi sd 4y ciing chia hét cho 7 (11, 13).

Dau hiéu chia hét cho 8 Sb ¢ 3 chir sd cudi 1a sd chia hét cho 8.

Dau hiéu chiahét cho 9 S co tong céc chir sd 1a s chia hét cho 9.

Dau hiéu chia hét cho 10 S ¢6 tan cing 12 0.

Dau hiéu chia hét cho 11 Téng dan dau cac chir sb cuand tir phai quatréi 1a
sd chiahét cho 11.

Dau hiéu chia hét cho 25 Sj ¢6 hai sb tan cuing la sb chia hét cho 25, tic |
céc sb ¢6 tan cuing 1400, 25, 50, 75.

Dau hiéu chia hét cho 125 S c6 3 sb tan cuing 1a sd chia hét cho 125 @6 la
000, 125, 250, 375, 500, 625, 750, 875.

Dau hiéu chia hét cho 37 Téach s6 @4 cho thanh tirng nhém c6 3 chir sb tir
phai qua tréi, nhom cudi cuing co thé chi cé 1 hoic 2 chit sb. LAy tdng cua cac
nhom @6 tir phai qua tréi. Néu tong d6 chia hét cho 37 thi thi sb da cho chia
hét cho 37.

1.2 S6 chin, sb lé

Chung ta d& biét khai niém s6 chén, sb 1¢ trong hé dém co sd 10. Vay néu mot
s6 khong viét trong hé dém co s6 10 thi ¢6 cach ndo dé nhan biét tinh chat chin

& ciasd d6 ma khdng can chuyén sb d¢6 qua hé ¢ém co s 10?

Taco cac dinh ly sau.

Pinh ly 1.2.1

Néu co s6 k chan thi mét 6 1a chdn khi va chi khi biéu dién cia né trong hé

démco so k két thic béi chii s6 chan.
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Néu co so k lé thi mgt so 1a chan khi va chi khi s6 céc chir s 1é trong biéu dién

ciand ¢ hé démco sé k 1achan.

Chang minh

That vay, mot so tu nhién bat ky b c6 biéu dién trong hé dém co sb k duéi dang:
b=(bb,,..bb), =bk"+ b k"'+..+bk'+ boko.

Néuk chinthi bk"+b k" +..+bk" lamot s6 chan.

Dodé b=h k" +h k™ +...+bk" [asb chin khi vachi khi blachin.

Néu k I¢ thi tap chi s K ={i, j =0,1,...,n} duoc chiathanh 3 tap:

Tap | latapcacchisd il K saocho b lacac o Ié.

Tap J latapcacchish i1 K saocho by lacéc so chin.

TapK\{I E J} latapcacchisd il K saocho b bang 0.

Khi d6 b=3 bk' +§ bk' = § bk' +23 %k‘ b b lasb chin khi va chi khi

i i i i3

& bk l1asb chan. Do bk' lasd 1é véi moi iT | nén § hk lasb chan khi va chi

A i
khi tap chi sb | phai gdm mét sb chan phan tir, hay sb chix b ¢ caa b 1achin.
Thidu 1.2.1

1. Sb (12300321232), lasd chanvi k=4, b, =2

2. S6 (12300321223), lasd lé vi k=4, b, =3.

3. S5 (16543323456), lachin vi k = 7 vatrong biéu dién cuasd co 6 chir sd 1¢.
4. SH (16543326456); lasd 1é vi k =7 vatrong biéu dién caasb co 5 chir s 1é.
Tadé dang kiém tratinh chin ¢ cia cac sb d6 nhd phan mém Maple.

Pac biét

Néu k 1¢ ta co thé dwa vao dinh ly sau dé xét tinh chan 1é cia mot sb viét trong

hé dém co s k.
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Pinh ly 1.2.2
Néu co s6 k lé thi mgt so viét trong hé dém co so k 1a so chan khi va chi khi
téng cac chir s6 trong biéu dién ciia nd 1a sé chan.
Chang minh
Xét
S=b,+b,+..+h+h =@ b+3h,

[o]
i ihJ
trong 6 | latap cac chi sd vai céc chir sb 1¢, con J latap cac chi sb véi céc chir

sb chin. Vi Q bludn chinnén S chin khi vachi khi § b lasb chin.
imJ i

Tu dinh ly 2.1 ta da c6 két qua khi k Ié thi b=(bb, ,...bh,), 1asd chan khi va

chi khi § blasb chin.

Vay b=(b b _,..bk,), chdnkhi vachikhi S=h +b _, +...+b +b, chin.
Thidu 1.2.2

1. S6 (123456780087654)4 cO
S=1+2+3+4+5+6+7+8+0+0+8+7+6+5+4=66

nén sd d6 la sb chan.

2. S6 (123456120012653); cO
S=1+2+3+4+5+6+1+2+0+0+1+2+6+5+3=41

nénsd d6 lash lé.

1.3. Tiéu chuan chia hét trong hé dém co' sb bat ky

Pinh 1y 1.3.1

Mot sé b=(bb, ,..bh), chiahét cho k% khi va chi khi q chit s6 cudi cling ciia

biéu dién ciia b trong hé @émco sé k bang 0, ticla by =b =...=h,, =0.
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Chang minh

Taching minh dinh ly bang phuong phép quy nap theo q.

Vi g=1:

Taco b=bk"+b k™ +..+bk'+h chiahét cho k khi vachi khi bk, ma
0£h, <k nén hyllk khi vachi khi b, =0.

Vay véi g=1 thi dinh ly dung.

Gia str dinh ly dang véi " g £ p. Tachirtng minh dinh ly dung véi moi g= p +1.
Néu b=(bb, _,..bh), chiahét cho kP thi nd ciing chia hét cho kP nén theo gia
thiét quy napthi by =b, =...=b_, =0. Hay b=bk" +b k™ +..+bkP.

Vi bikP™* nén (b, k® k™™ ma 0£bkP <kkP =kP'p b, =0.

Vay by =b =...=b, =0. Ching t6 dinh ly dingvéi q=p+1.

Theo nguyén ly quy nap dinh ly ddng vai moi q.

Thidu1.3.1

1. Chuing ta dé dang kiém tra tinh chat chia hét cia cac sb viét trong hé dém co
s62cho 2,4,8,..., 2"

Chang han s ( 111001001111010), chia hét cho 2 nhung khéng chia hét cho 4,
8, ..., 2" vichico b, =0

Con sb (1110011001110101000), chia hét cho 2, 4, 8 nhung khong chia hét
16,...,2" (n34) vichico by=b =b, =0.

2. Hoan toan tuong tu nhu vay ta co thé kiém tra tinh chia hét cia cac sb viét
trong hé dém co s6 3cho 3, 9, 27,..., 3".

3. Tinh chia hét caa céc sd viét trong hé dém co sd 5cho 5, 25, 125,..., 5"

4. Tinh chia hét cua céc sb viét trong hé dém co sd 6 cho 6, 36, 216,..., 6"
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binhly 1.3.2
Néu d la wéc cia k thi b=(bb ,..bo), chia hét cho d khi va chi khi
(b, +--bly), chiahét cho d*.
Chang minh
Vi k chiahét cho d néntdntai s m nguyén dwong sao cho k =md . Suy ra:
b=(bb, .- bhy) =B K" +b, K" +...+ bk + bk

=bm'd"+b _m"d™*+...+bmd +b,

=d(lp,m'd™ " +b,_m"d" =+ _bm?) + b, m*d* + .+ bmd + b,
Vi d?(bm'd™? +h m"'d™** +. bm?) chiahét cho d nén b chiahét cho d* khi
va chi khi

b, ,m™'d" +. . +bmd +b =b k¥ +. . +hk+h

chiahét cho d°, tirc 1 (o, ,..1yh, ), chiahét cho d°.
Thidu 1.3.2

1. Tur dinh ly 1.3.2 chiing ta dé dang kiém tra duoc céc dau hiéu chia hét cho 2,
4, 8,16, 2", cac dau hiéu chia hét cho 5, 25,...,5" trong hé d&ém co s 10, vi 2 va
5laudc cua 10.

2. Céc dau hiéu chiahét cho 2, 4,..., 2" trong hé dém co sb 6, co sd 8, co sb 12,
Cco O 14, co s 16 ... vi 2 lawéc cuab, 8, 12, 14, 16...

Taxét thi du cu thé sau.

S6 (23456789AB0) 4, chia hét cho 2, 3 vi by, = 0chia hét cho 2, 3.
S6 (23456789AB0); chia hét cho 4 vi(bhy, ) , =(B0) , =11.12+0=132 chia

hét cho 4, nhung khong chia hét cho 9 vi (bh,) , =(B0) , =11.12+0=132

khéng chia hét cho 9.
S6 (23456789AB0) 1, khong chia hét cho 8, 27 vi
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(bbb, =(ABO),, =10.12° +11.12+0=1572

khong chia hét cho 8 va 27.
Co thé kiém tratinh ding din caa céc két luan trén dya vao phan mém Maple:

> convert( 23456789AB0 , deci nal , 12);
141 232096062

> ifactor(141232996068) ;
2
(23 (33 (5570003) (2113)
Pinh Iy 1.3.3

S b=(bb _,..bb), chia hét cho k- 1 khi va chi khi tong cac chit s6 cia né
chia hét cho k- 1.

Chang minh

Truéc hét ta chizng minh véi moi sé nguyén duong q ta ludn co:

k9 =1+(k- 1t, (1)
V6i t, lamot sd nguyén duong nao do.
That vay:

K- 1=k~ 10 =(k- 1) (k" +k*2 +..+k +1) (2)
bat k¥'+k*?+. . +k+1=t, thi (2) c6 dang k*-1=k®-1'=(k-1)t, hay
k =1+ (k- 1)t,. Vay (1) duoc ching minh.

Tu dotaco
b=(bb, ,.bh), =bk"+b k™ +..+bk"+bk°
= b, g+ (k- t,g+b, g+ (k- )t g+..+b g+(k- 1)g+h,
=(b, +b,,+..+b +h)+(k- 1)(bt, +b, ., +..+h)
biéu ndy chiing t bli(k - 1)khi vachi khi (b, +b,, +...+b +b)li(k - 1).

binh ly dugc chirng minh.
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Hé qua 1.3.4
Néu d l1a woéc cua (k- 1) thi b=(bb,,..bhy), chia hét cho d khi va chi khi
S=(b +b_,+..+b +h) chiahétcho d.

Chang minh
Vi dlauéc caa k - 1 nén ton tai sd ¢ nguyén duong sao cho k- 1=cd.
Tur chitng minh cia dinh ly 1.3.2 ta co:
ki=1+(k- 1t, = 1+cdt, = 1+dt¢ (t¢=ct))
b b=bk"+b k" +..+bk'+bk°
= b, (1+dt$) +b,, (1+dt¢,) +...+ b (1+dt® + b,
= (b, +b, , +...+b + )+ d(t¢+te, +...+t9
pbidu S=(b,+b_,+..+b +b)id.

Nhan xét

Tt Dinh ly 1.3.3 va hé qua 1.3.4 ta d& dang soi lai cac dau hiéu chia hét cho 3, 9
trong hé dém co s 10 ma ching ta da biét, diu hiéu chia hét cho 37 trong hé
dém co sd 10 (vi 37 1a wéc cuaa 999 = 1000 — 1). Va ciing ¢ thé kiém tra tinh
chia hét & cac hé dém co sb khéc nira. Chang han

Dau hiéu chia hét cho 2, 4, 8 trong hé dém co s6 9

Tong céc chir s cua sd do trong hé dém co sb 9 14 s6 chiahét cho 2, 4, 8 vi 2, 4,
8 laudc cua(9-1).

Dau hiéu chia hét cho 3, 5, 15 trong hé dém co sb 16

Tong céc chir s cuasd do trong hé dém co sb 16 1a s chia hét cho 3, 5, 15 vi 3,
5, 15lauéc cua (16-1).

Dau hiéu chia hét cho 2, 5, 10 trong hé dém co sb 11

Tong céc chir s cuasd do trong hé dém co sb 11 1a s chia hét cho 2, 5, 10 vi 2,
5, 10 la uéc cua (11-1).
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Thi du 1.3.3
1. Sb (835701345), cO tong cac chir s S = 8+3+5+7+0+1+3+4+5 =36 1a sH chia
hét cho 2 va cho 4 nhung khéng chia hét cho 8 nén sb (835701345), chia hét cho
2 va cho 4 nhung khdng chia hét cho 8. Vi 2, 4, 8 lauéc caa8 =(9 -1).
Kiém tra qua phan mém Maple ta thdy két qua hoan toan dang:
>convert (835701345, deci nal , 9) ;

i) W
Phan tich rathira sé nguyén té nho 1énhi f act or :
>jfactor(361794236);

(21" (90442559)
2. S6 (2ABD3579F);6 6 téng céc chit so
S=2+A+B+D+3+5+7+9+F=2+10+11+13+3 +5+7+9+15 =75
lasb chia hét cho 3, 5, 15 nén s (LABD3579F)ys chia hét cho 3, 5, 15 vi 3, 5, 15
laudc cua ls =(16-1).
Kiém tra qua phan mém Maple ta c6 két qua hoan toan dung:
> convert( 2ABD3579F , deci nal , 16);
11472629055
> ifactor(11472689055);
(31 (5) (6T) (11415611)
3. Kiém tratinh chia hét cia 100634235137111001231489221107100631 cho 7,
11, 13, 37.

Tacd 7° 11 13 37 * 3° =999999 = 10° -1 nén ta chuyén s d& cho thanh sb
viét trong hé dém co sb 10°. Bing céch tach sb da cho thanh tirng nhém cé 6 chi
sd tir phai qua tréi (nhém cudi cing cd thé khong da 6 chir sb) thi méi nhém d6
la 1 chir s cuasd d6 viét trong hé dém co b 10°. Do d6 theo Hé qua 1.3.4 thi sb
d& cho s chia hét cho 7, 11, 13, 37 néu tong cac chir sb caa nod (trong hé dém co
sb 10°) tr phai qua trédi 1a sd chia hét cho 7, 11, 13, 37.
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Mataco

S =100631+221107+231489+111001+235137+100634 =999999 =10° - 1.

Vay sd da cho laso chiahét cho 7, 11, 13, 37.
Kiém tra qua phan mém Maple c6 két qua hoadn toan ddng.
> ifactor(100634235137111001231489221107100631) ;

(31 (70 (111 (13) (37) (15151 828032949) (60744534820) (3527)

Tir d8y ta ciing néu diu hiéu chiahét cho 7, 11, 13, 37 trong hé d¢ém co s6 10.

binh ly 1.35

S b=(bb,,..bhky), chiahét cho k +1 khi va chi khi téng céc chit s6 ¢ hang lé

tror di tong cAc chir s6 ¢ hang chdn cua s6 dy chia hét cho k +1. Hay téng dan

ddu cua cac chir sé ¢ hang lé va hang chan cia sé dy 1a sé chia hét cho k +1.

Chang minh
Trudc hét tachizng minh: voi moi sé nguyén duong ¢ thi
@ =(- )"+ (k+1)t,
V6i t, lamot sd nguyén duong nao do.
Tass chirng minh (2) bang phuong phéap quy nap.
That vay, véi g=1taco
K'=-1+k+1=(-1) +(k+2)1= (- 1) +(k +1)t,.

Vay cong thirc dung véi g =1.
Gia sir (2) dang véi " g £ p. Tachang minh né dung véi moi q= p +1.
Néu p l1asd chin thi

+1 1,7 —L A p )
kPt =k kp—kg(- 1)" +(k +l)tpH
=k+k(k+1)t, = - 1+k+1+k(k+1)t, = (- 1) +(k+1)(kt, +1)

pat (kt, +1) =t,,, thi (**) c6 dang kP =(- 1)"" +(k +1)t,,.
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Vay (2) ¢ang khi p lasb chan.

Néu p 1asd Ié thi

kP =k” kP = kg-1)" +(k+1)t U= - k+k(k+1)t,

=1- 1- k+k(k+1)t,= (- 1)+ (k +1)(kt, - 1) (**%)

it (kt, - 1) =t,,thi (***) c6 dang k™" =(- 1)™" +(k +1)t ...

Vay (2) dang khi p 1ash lé.
Tur d6 tathay theo gia thiét quy nap (2) duoc chitng minh.
b b=(bb, ,.0bb) =bk"+b k™ +.+bk+h
=h, S( 1)" +(k +1)th+ bn_lg(- 1)" +(k +l)tn-1H+"'+b1[_ 1+k+1]+h,

=4-0"0,+(- 9" b, o+ (- )b+ (- )Y +(k+1)(bt, +b, ity +e+B)
Vay bi(k+1) U §-1)"b, +(-1)""b,, +...- b+ Wk +1).

binh ly dugc chirng minh.

Hé qua 1.3.6

Néu dlawéc cua k+1 thi b=(b b, ,..bh,), chia hét cho d khi va chi khi téng
S =(-1)"b,+(-1)""b,, +...- b +h, chia hét cho d. Hay ta con néi téng dan
ddu céc chiz so cia b trong biéu dién theo co so k 1a s chiahét cho d.

Chang minh

Taco d lawdc cua k +1nén tdn tai s6 ¢ nguyén duong sao cho k +1=c.d

Tu ching minh cua dinh ly 1.3.4 ta d& cO: voi moi q nguyén duong
ki =(-1)"+(k+1)" t, trong d6 t,1asd nguyén duong néo d6. Hay
ki=(-1)"+cdt,=(-1)" +d" tg. (véi t¢=ct,)

b b=(bb, ..k = b K" +b k™ +. . +bk+h,
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=b,” §-1)"+dtgll+h, ., §- )"+ dtg, 8+ +h §- 1)+ digl+b,
=(-1)"b, +(-1)"'b, , +...- b +b+ d(bt¢+ 0, t¢, +...+ bt

Vay: bid u §-1)"b, +(- )", +...- b +b,Wd
Nhan xét 1.3.2

Chulng ta c6 thé sir dung Pinh Iy 1.3.5 va Hé qua 1.3.6 dé soi lai c&c dau hiéu
chia hét cho 11, d4u hiéu chia hét cho 7, 11, 13 & h¢ dém co s6 10 dabiét. Vacéc
dau hiéu chia hét & cac hé dém co s6 khéc. Chang han;
Dau hiéu chia hét cho 2, 5, 10 trong hé dém co sb 9
Tong dan dau céc chir sd cuand trong hé co s6 9 1a sd chiahét cho 2, 5, 10 vi 2,
5, 10 laudc cia 10=9+1.
Dau hiéu chia hét cho 3, 9 trong hé dém co s 8
Tong dan dau cac chir sb cia nod trong hé dém co sb 8 1a sd chiahét cho 3, 9 vi 3
va9laudc cua (8+1).
Thi du 1.3.4
1. S (23456780113)g €6 tong dan dau cac chir b 1a S'=3-1+1-0+8-7+6-5+4-
3+2=8 la s6 chia hét cho 2 nhung khong chia hét cho 5, 10 nén sb
(23456780113), chiahét cho 2 nhung khéng chia hét cho 5, 10.
Kiém tra qua phan mém Maple c6 két qua hoadn toan ddng.
>convert (23456780113, deci mal , 9);

a33 5586568

> jfactor(8335586568);

(27 (31 (347316107)
2. S6 (356776130112)g co tong dan dau céc chir sb 1a S=2-1+1-0+3-1+6-7+7-
6+5-3=6 la sb chia hét cho 3 nhung khong chia hét cho 9 nén sb
(356776130112)g chia hét cho 3 nhung khdng chia hét cho 9.
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Kiém tra qua phan mém Maple cé két qua hoadn toan dung:
>convert (356776130112, deci mal , octal);
FA0TT55TE534
> factor (32077557834) ;
COCEA N CTEETAETT
3. Xét xem s (120124123432100123341)5 c6 chia hét cho 2, 7, 9 hay khong?
Taco 2 7" 9=126 =125+1. Nén ta chuyén sd da cho thanh s viét trong hé dém
co sb 125, biang céch tach sd @6 rathanh tirng nhém c6 3 chir s tir phai qua tréi
(nhém cudi cuing co thé khéng du 3 chir s6) va méi nhém chuyén thanh sb viét
trong hé dém co sd 125. Khi d6 ta lay tong dan diu céc chir s6 caa sb do viét
trong hé dém co sb 125 ké tir phai qua tréi. Néu tong d6 chia hét cho 2, 7, 9 thi
sd d6 chiahét cho 2, 7, 9. Taco:
341= 3 5°+4° 5+1=96, 123= 1 5°+2 5+3=38;
100= 1°5°+0°5+0=25 432= 4 5+3 5+2=117,
123= 1"5°+2°5+3=38, 124= 1 5+2 5+4=239;
120= 1" 5°+2°5+0=35.
Tong dan diu cac chit sb ciand1aS=96-38 + 25—-117 + 38-39+ 35=01aH
chia hét cho 2, 7, 9 nén sb da cho chia hét cho 2, 7, 9. Thuc rathi ta cé thé lay
tong dan dau caa cac nhom cé 3 chir sd tir phai qua tréi caa sé da cho, néu tong
ay chiahét cho 2, 7, 9 thi sb d6 chia hét cho 2, 7, 9 chir khdng can thiét phai doi
tirng nhém sang hé dém co sb 125 nhur trén.
Kiém tra qua phan mém Maple c6 két qua hoadn toan dung:
>convert (120124123432100123341, deci mal , 5);
13471 409A02E 596

>jifactor(134714096098596) ;

21 (3" (7) (59729) (2950087)
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Nhan xét 1.3.3
Str dung phan mém Maple c6 wu diém rat [6n latim duoc céc wdc ciamot sd ad
trong hé dém co sb tly y mot cach dé dang bang cach chuyén doi sb d6 qua hé
dém co sd 10, rdi phan tich no rathira s6 nguyén té hoic chia truc tiép tim két
qua roi két luan. Ciing cd thé kiém tra tinh chia hét dya vao viéc chiatim du. Tuy
nhién may tinh mic du da dugc st dung nhiéu hién nay song khong phai bat ky
lGic ndo ciing ¢6 sin sang & moi noi moi Itc. Cho nén viéc tim hiéu vé cac dau
hiéu chia hét & cac hé dém vai co sd khéc nhau van ludn 1a mot van dé can thiét
cho viéc st dung ciing nhu phét trién tu duy toén hoc.
§2. Sir dung hé dém trong giai toan

Trong phan nady ching ta dé cap téi mot sb bai todn duoc phét biéu bang ngén
ngit hé dém hoic sir dung céc kién thirc vé hé dém dé giai. Cac bai toan nay
thuong hay gap trong céc ky thi quéc gia va qudc té. Hé dém duoc st dung trong
viéc giai cac bal todn ndy cha yéu la hé nhi phan (hé dém co sd 2) va hé tam
phan (hé ¢ém co sb 3), tuy nhién ciing co thé c6 nhitng bai st dung co sd khéc
hodc nhitng bai phét biéu cho hé dém co s6 bat ki. Nhitng bai nay thuong kho va
da dang, néi chung khoéng co phuong phép tong quét dé giai.

Cac bai dang nay thuong phai sir dung phuong phdp quy nap toan hoc va mot

sb tinh chat caa sb viét trong hé ¢ém co sb 2 vahé dém co sb 3. Thi du:

1) Néu a=(aa,,.aa), thi: 2a=(aa,,.aa0),, 4a=(aa,,aa,00),,

2a+1=(aa, ,..aa1), va %z(anah_l...al.ao)z, %z(anah_l...az.alao)z.
Tuong ty trong hé dém co sb 3ta cd

2) Néu a=(aa,,--aa), thi: 3a=(a,a,,..aa,0),, 9a=(aa,,..aa,00),,
3a+1=(aa,,.a31), 3a+2=(aa,,.aa2), va

_ a_
= (@8 1.8 ) o= (3a-2a3,),.

wlo
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2.1 C4c bai toan dwgc phét biéu trén ngdn ngir hé dém

Bai toan 1 (V0 dich Canada, 1972)

Chang minh rang

1) (10201), lahop 6 v6i moi b>2.
2) (10101), lahop so véi moi k.
Giai

1) Vi (10201), =b* +2b% +1= (b* +1)" nén (10201), lahop sb véi moi b>2.
2) Taco:

(10101) =k* + k> +1=(k* +2k* +1) - k*=(k? +1)2 - k=(k? +k+1)(k*- k+1).
Voi moi k>1thi k*- k+1>1nén (10101) lahop sb véi moi k vi (10101), la
tich cua hai nhéan ti khac 1.

Bai toan 2 (V0 dich Canada, 1987)

Tim tat ca cac cach viét sd 1987 trong hé dém co sé k c6 ba chir sb dé cho tong
a+a +a =25.

Giai

S6d6codang A=(aaa,) =ak’+ak+a, 0£a,a,,a £k- 1, 0<a,.

Dodd k*£AE (k- 1)K +(k- )k +k-1=K*- 1<k’

Vi 457 =2025>1987 nénvéi k3 45thi A=(aaa,) 2 45° >1987 b k£ 44.

Mat khac, 12° = 1728 <1987 nén véi k £12 nén A=(aaa,) <12°<1987.
Suyra k3 13.Dovay 13£k£44. Vi a +a, +a, =25 nén ta co:

A=(aaa,) =ak’+ak+25-a-a U 1987=a(k’-1)+a,(k- 1)+25
U 1962=(k- 1)ga (k+1)+a,guU 18.109=(k- 1)ga (k+1)+a,p.

Taxét cac trudng hop cd thé xay rasau:
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k- 1laudccual09 b k=2 hoic k = 110 (déu khdng thoa méan).
k- 1laudc ciua l8:
Néu k - 1=1, 2, 3, 6, 9 thi k =2, 3, 4, 7, 10 (d¢éu khdng thoa man).
Dovay k- 1=18p k=19(théamén) b a =5a,=9; a, =11.
Vay c6 duy nhit mot cach bidu didn thoa man yéu ciu I 1987 = (591_1)19 .
Bai toan 3 (Thi tric nghiém hoc sinh gioi todn toan nuéc My, 1965)
Ki higu 25, 1asb co hai chit sb trong h¢ dém co s6 b. Néu 52, gip d6i 25, thi
b bing (chon mot trong nam dap sb):
8 b=7:b)b=8; ¢c)b=9: d) b=11; €) b=12.
Giai
Vi 52, =5b+2 va 25, =2b+5 néntheo bai rataco: 5b+2=2(2b+5).
Suy ra b =8. bap an b) ladung.
Bai toan 4 (Thi tric nghiém hoc sinh gioi todn toan nuéc My, 1967)
Céc sb 12, 15, 16 duoc viét trong co sd b co tich 1a 3146 trong co 6 b. Vay
trong co sé b, tdng caa ching bang (chon mét trong nam dap sd):
a) 43; b) 44; c) 45; d) 46; e) 47.
Giai
Vi 12, =b+2; 15, =b+5; 16, =b+6 nén
12,° 15, 16, =(b+2)(b+5)(b+6) =b* +130 + 52b + 60.
Mit khac, 3146, =3b° + b + 4b +6.
Theo bai rataco: 12, " 15, 16, = 3146,
0 b®+13b° +52b+60=3b>+b’ +4b+6 U b*- 6b°- 24b- 27=00 b=09.
Viy 12, +15, +16, =12, +15, +16, =(9+2) +(9+5) +(9+6)
=39+13=39+9+4=4.9+4=44,
bap an b) ladung.
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Bai toan 5 (Thi tric nghiém hoc sinh gioi toan toan nuéc My, 1968)

S5 N ¢ ba chir sd khi viét trong co sd 7. Khi viét N trong co sb 9, céc chir sb

dao nguoc lai. Thé thi sb chinh gitta la (chon mot trong nam dap sd):

a0; b))l ¢33 d4 eb.

Giai

Giasi N,=(abc),=a7’+b7+c, 0£ab,c£6, a>0.

Khi 4y N, =(cba), =c.9’ +b.9+a.

Suy ra 49a+7b+c=81c+9+au b=24a- 40c v b=8(3a- 5c).

Do O£ a,b,c£6, a>0 nénsb nguyén n=3a- 5c=0.

Chingto b=0 va a=5, c=3.Vay s cantimla (503), =(305),. Chon a

Bai toan 6 (Thi tric nghiém hoc sinh gioi todn toan nuéc My, 1969)

Néu trong co sb 2s6 N 1211000. Thé thi sb nguyén lién truéc viét trong co sb 2
|& (chon mét trong nam dap sd):

a) 10001; b) 10010; c) 10011; d) 10110: €) 10111.

Giai

Céch 1: S lién trudc sd 11000, trong co sb 2 s 1a (Iam phép trir trong co S5 2):
11000, - 1=10111,. Chon e

Céch 2: P6i quaco sd 10: 11000, = 2* +2° =24,

S lien trudc s6 24 1a 23=2*+22 +2+1=10111,.

Bai toan 7 (Thi tric nghiém hoc sinh gioi todn toan nuéc My, 1970)

S5 10! (10 dugc viét trong co sb 10), khi viét trong co sd 12 ¢6 ding k chir sb
cudi ciing déu bang 0. Giatri cua k 1a(chon mot trong nam d&p sb):

al b2 3 d4 eb.

Giai

Trong co b 10tacd: 101=1.2.3.4.5.6.7.8.9.10= 2°3* 527 =12* 5°7.
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Vi 5.7=257=175=12° +2.12+7=(127),, nén

101=12*5°7= 10000,,.127,, =1270000,, .
Chuang to 10! ¢6 4 chir s6 0 trong co sb 12. Bép an d) dung.
Bai toan 8 (Thi tric nghiém hoc sinh gioi toan toan nuéc My, 1971)
Mot sb khi viét trong co s a 1a 47, khi viét trong co sb b 1a 74. Gia sir ca hai
co sb 14 sd nguyén duong. Gia tri nho nhat caa a+b duoc viét trong hé théng sb
LaMala (chon mét trong nam dép s5):
a) XII1; by XV; ¢) XXI; d) XXIV; &) XVI.
Giai
Taco 47, =4a+7 véi a>7; 74, =7b+4 véi b>7.
Suyrad7,=74,0 4a+7=7b+40 7b- 4a=3.
Pay lamot phuong trinh vo dinh voi a va b lanhitng sd nguyén duong.
Tap tit ca ca&c nghiém nguyén dwong cua phuong trinh nay Ia
a=1+7t;b=1+4t voi t lasd khdong am bat ki.
D& thiy rang véi t = 2 taduoc nghiém nho nhit véi a=15>7;b=9>7.
Vay giatri nho nhat cia a+b 1a24=XXIV. b&p an d) dung.
Bai toan 9 (Thi tric nghiém hoc sinh gioi toan toan nuéc My, 1973)
S5 544 trong hé ¢ém co sb b 1a binh phuong caa sb 24 viét trong hé co sb b. SH
d6 viét trong hé co sd 10 s3 1a (chon mét trong nam dép sd):
a) 6; b) 8, c)12; d) 14; e) 16.
Giai
Tacd b>5.Vi 24, =2b+4 nén (24,)" =(2b+4)* =4b*> +16b+16.
Mat khéc, 554, =5b%+5b+4. Suy ra
(24,)° =554, 0 4b>+16b+16=5b7 +5b+4 0 b’- 11b- 12=00 b=12.

Vay dap an c) ladang.
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Bai toan 10 (Thi tric nghiém hoc sinh gioéi todn toan nuéc My, 1978)

Biét sb nguyén n >8 |a nghiém cua phuong trinh x? - ax+b =0 vabiéu dién
cia a trong co s6 n 1a18. Thé thi biéu dién caa b trong co sé n 1a (chon mot
trong nam dap s):

a) 18; b) 28; c¢) 80; d) 81; e) 280.

Giai

Vi n>8 langhiém cuaphuong trinh x* - ax+b=0néntacd n’- an+b=0.
Mat khac, a=(18) =n+8.Suyrab=an- n’=(n+8)n- n*=8n=(80) .
Vay c) ladap an dang.

Bai toan 11 (Thi trac nghiém hoc sinh gioi toan toan nugc My, 1981)

Biéu dién trong hé¢ dém co sd 3 cia x 1& 12112211122211112222. Chit sb diu

tién (tac 1a chir sd bén tréi) cuaa x khi viét trong hé co sd 9 1a (chon mot trong

nam dép sb):

a1l b)2; ¢)3; d4; eb5.

Giai

Céch 1: Taco (12112211122211112222), =

(13°+2.3%) +(1.37 +1.3°) +(2.3° +2.3%) +..+(23 +2)
=(1.3+2).(3) +(1.3+1)(F) +..+(23+2) =59+ 4.9 +89" +..+8.

Vay chit sb dau tién trong biéu dién co s6 9 1a5. Pép én e) 1a ding.
Céch 2: Chia thanh tirng cum 2 chir sd tir phai qua tréi roi chuyén nhom cudi

sang hé d¢ém co s 9.
2.2. C4c bai toan dwgc giai nho phwong phap hé dém

Nhiéu bai toan phét biéu rat da dang va phong phl (phuong trinh ham, ngdn ngi

tap hop,...), tuyét nhién khéng c6 mot gia thiét ndo vé hé ¢ém, nhung nho phét
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biéu lai dudi ngdn ngir hé dém, ta co6 1oi giai dep cho chiing. C6 nhirng bai 10i

giai c6 1& 1a duy nhat. Céc bai todn duéi déy l1a nhitng vi du minh hoa.

Bai toan 12 (V6 dich Trung qudc, 2005)

Cho T={0123456 vam= [2+%,% &

AT T —a Al
%4 47 T,i=149.
TR T l%

Sip xép cac sb cua M theo thir ty giam dan thi sb thir 2005 cia M s3 1as ndo

trong céc s sau:

a)§+£+£ 3; b)§+£+£ 31
7T 7T T 7 7 T
o0 1+1,0,4. g isl 0,3
7T 7 T T 7 7 T

Giai (str dung hé dém co s6 7)
Kihigu (aa,..a,) 1asb viét trong h¢ démco so p voi k chir so.
L4y sb bét ki trongtap M nhan véi 7* tadugc mot sb mai dang
a.7’+a. 7" +a,.7+a,.

Ki hiéu tap c&c s méi la M ™ thi

M= {a1.73 +a,.7?+a7+a;al T, =171} ={(aaaa,),}.
Nhu vay, khi & nhan giatri trong tap T ={0,1,2,3,4,5,6} thi M~ chinh la tap tat
ca céc sb ¢ khong qué 4 chir s trong hé ¢ém co sb 7.
S6 16n nhét trong tap M 1as6 (6666),=2400.
Sip xép cac sb cuatip M theo tht tu giam dan thi s6 2400 1asb dtng thir nhat.
S6 dung thir 2005 ciatap M 142400 — 2004 = 396 = (1104) .
Pem céc sb ciatap M” chia cho 7* thi ta duoc céc sb ciatap M, vataip M
ciing dugc sap tha ty giam dan gidng nhu tip M™. Chinh vi vay s6 ding thir

2005 ciatdp M dugc sinh rado sb thir 2005 caatap M chiacho 7°.
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Viy s cntimIa (1104) :7° =%+7_12+%+%. Dép &n ¢) 1adap an dang.
Bai toan 13 (Bai toan Josephus)
Trong cudc chién tranh Do Théi-La M4, Josephus ra nhap doi quan Do Théi.
Trong mét tran chién dau &c liét, 41 nguoi linh, trong d6 c6 Josephus d4 bi quan
La M& vay chat trong mot hang dong. Véi tinh than tha ty sat con hon la bi bit,
ho quyét dinh dtng thanh vong tron, rdi theo chiéu kim ddng hd, bat dau tir
nguoi thi hai, cr cdch mot ngudi lai c6 mot nguoi tu sét, hét vong nay dén vong
khéc, cho dén ngudi cudi cuing thi dirng. Ngudi ndy phai sbng va tim céch thoét
ra khoi hang dong dé ké lai cho moi ngudi tinh than hy sinh anh diing cua nhitng
nguoi linh. Hoi ngudi d6 phai ding o vi tri ndo trén vong tron trong sd 41 nguoi.
Giai
X ét bai toan Josephus tong quét vai n nguoi. Ki hieu J(n) I1a vi tri nguoi sbng
sot. Taco J(1) =1.
Trwong hop 1 n=2k. Sau mot vong con lai k ngudi mang sb ci la
1,3,5,...,2k - 1 vadugc danh sb méi 1a 1,2,...,k. Tiép tuc nhu thé, taco

J(2K) = 23(K) - 1. (1a)
Trwong hop 2 n=2k+1. Sau mot vong con lai k ngudi mang sd cii la
1,3,5,...,2k vadugc danh s méi 1a 1,2,...,k. Tiép tuc nhu thé, taco

J(2k+1) = 23(K) +1. (1b)
Xét 2" £n<2™ thcla n=2"+r voi O£ r <2™. Ta s3 chang minh bang qui
nap rang

J(n)=J(2"+r)=2r +1. 2
Véi m=1thi J(n)=J(2°+0)=2.0+1=1. Cong thuc (2) dlng.
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Néu n chin (n=2k) thi 2™'£k =g =2m-1+%<2rn . ciing 1A mot sb chin va
r. . , ~ ~ < . e . ,
3 lamot so nguyén. Theo cong thirc (1a) va gia thiét qui nap ta co

J(n) = J(2™ +1) = J(2k) = 23 (K) - 1=2J(2m-1+12)- 1:2(2.%+1)- 1=2r +1.

Néu n 1¢ (n=2k +1) thi 2’“‘1£k=%1=2’“'1+r;21<2’“; r ciing 1a mot sb 1é

-1 . R R ey A )
va > la mot so nguyén. Theo cong thirc (1b) va gia thict qui nap taco

I(n) = J(2k +1) = 23 (k) +1= 2J(2m-1+r;21) 1= 2(2.L21+1) +1=2r +1.
Vay cong thac (2) duoc chirng minh.
Gia st n duoc viét trong hé dém co sd 2 1a
n=(1a,,..8), = 2" + (@, .-8), = 2" +T.
Khi 4y theo cong thirc (2) ta.co
J(n)=2r+1=2(a,,..8), +1=(a, ,..8,0), +1=(a, --a,1),
hay J(1a,,..8,), =(a,1-31),.
Vi 41=2°+2°+1=(101001), nén J(41) =(10011), = 2" +2+1=19.
Nguoi sdng sét 1a ngudi ding thi 19 trén vong tron tinh theo chiéu kim ddng hd.
Bai toan 14
Cho N’ latap cac sb nguyén duong, f:N"® N |aham ting chit thoa mén
£(f(n)) =3n. (1)
Tinh f(2009).
Giai (sir dung hé tam phan)

Néu f(1)=1thi f(f(1))=f(1)=1.Voly vitheogiathiéttaco f(f(D)=3.
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Vay f(1)>1.Vi f:N ® N’ laham ting chit nén
f(f(1))>f(1)p 3=31=f(f@)>f(1)>1p f(1)=2.
Tudbtaco
(2)=1(F(1)=3 F(3)=F(f(2))=6: 1 (6)= 1(£(3))=9;
p f(4)=7; f(5)=8(vi f laham ting chit).
p f(7)="f(f(4))=12; f(8)=f(f(5))=15; f(9)=f(f(6))=18;
p f(12)=f(f(7))=21p (10)=19; f(11)=20 (vi f laham tang chat).
Tur déy, do f (1) =2 duoc xéc dinh duy nhat nén ton tai duy nhat ham tang cht
f:N ® N théamén (1).
Dén day ta van chua thdy qui luat. S6 3 trong dau bai goi y viéc ta sir dung hé

dém co sd 3. Vay ta viét dbi sb va cac giatri cia ham sd theo hé dém co sb 3 dé

thtr tim quy luat.

Taco:
f(1) =20 f(1s) = 2; f(2) =30 f(Z) = 105; f(3) =6 U f(10s) = 20s;
f(4) =7 0 f(115) =215,  f(5) =80 f(125) = 223, f(6) =9U f(205) =1005;

£(7) =12 u f(21s) = 1105, f(8) =15 u f(225) = 1205, (9)=18u f(100s) =2005;
£(10)=190 f(1015)=201s; f(11)=200 £(1025)=2025; f(12)=21u f(110s)= 210s;
T day tathiy quy luat:

(XX 1-%%0)3) = (2% %1 %%); VA (2%, 1-%%)3) = %%, 1 %%,0)3. (2)
Ta s chung minh qui luat (2) thoa man (1).

Trwonghopl n=3m.

Néu m=(IX X_y..%X%)s thi N=10," (1X X _;...X %) = (X XX %0) -

Theo (2) thi f(n)=f(3BM) = f ((1XX.1--%%0)3) = (2% X1--%%,0)3;

F(F (M) = f (2% % 1-%%0)3) = (DX 1% 00)5 = 3(LX X, 1. %%,0)5 =3n.
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Néu M= (2X X, ;.. X%,)s thi N=10," (2X X ;.. %%)5 = (2% X1 %%, 0)5.
Theo (2) thi f(n)=f(3Bm) = f ((2X X 1---%%0)3) = (DX X1 X% 00)s;
FOF() = (%X 1%%00)5) = (2% X1 %%00)5 = 3(2% X 1---%%,0)5 = 3n.
Trwonghop 2 n=3m+1.

Néu m=(IX X .. %X%)s thi N=10," (IX X, ;... X%)s +1= (1% X1 X% D)s
Theo (2) thi f(n)=f@Bm+1) = f (XX 1--XXD3) = (2% X1 XX D
FOE) = (2% 1 %%D5) = DX 1% %10); = 3(IX X 1% % D)3 = 3.
Néu M= (2XX,_;..X%,); thi N=10," (2% X ;.. %%)s +1= (2X X, 1--- X Xo1) 5
Theo (2) thi

f(n) = f(@Bm+1) = f (26X 1-%%D);) = DX 1% %10)3;

FOF() = (XK1 %%10)) = (2X X1 X %10)5 = B(2X X, 1. XX, 1); =3n.
Trwonghop3 n=3m+ 2.

Néu m=(IX X_,..%X%)s thi N=10," (1XX,_;...X%)5 + 2= (1X X1 X% 2) 5
Theo (2) thi f(n) = f (BM+2) = f (1% X 1--%%2)3) = (2X X 1% % D35
FOEM) = (26 1-%%2)3) = (D6 X 1% 20)5 =3(IXXK, %%, D)5 =3n.
Néu M= (2X X, ;.. X%)s thi N=10," (2% X ;.. %X)s + 2= (2X X1 X% 2)s-
Theo (2) thi f(n)=f(BM+2) = f (2% X 1--X%2);) = XX 1.--%%20);
f(F(N) = f (XX 1--%%20)5) = (2% X 1---%%20)5 = 3(2% X1 X% 2)5 = 3N.
Vay (2) thoaman (1). Do tinh duy nhat nén (1) va (2) twong duong.

Quay lai bai toan ta co:

2009 = 2202102; b f (2009)= f ((2202102),)= 120210205 = 3840.

Bai toan 15a
Chtrng minh ring gitta cac sb 0, 1, 2,..., 3*- 1 c6 thé tim thdy 2* céc sb khéac

nhau sao cho khong c6 sb ndo trong cac sb ay la trung binh cong cua hai sd khéc.
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Giai
0 5 3] 0 PN .
Vi 3- 1= 1e8nd- - 1= cdm@@s nénmoiss mi {0,1,2,..,3 - 1 déuco
e k (%) e « &%
thé biéu dién duoc dudi dang mot sb trong hé ¢ém co s6 3¢ d6 dai k:
(m), =(a@,..-a,),, trong d6 a nhan mot trong céc giatri 0,1,2. Thi dy,

0. a8 -106 0. 0
O: _, +: .+;3'1: B - .
I g 2 g g %’%@

2% % %

Trong tip c&c 6 0, 1, 2,..., 3- 1 xét tap T tat cac s6 ma biéu dién cua ching
chi gdbm céc chir sd 0 vachix sd 1. Mi vi tri trong tat ca k vi tri cua cac sb d6 co
thé nhan chit sb 0 hodc chit sb 1 nén co tat ca 2° Sb.

Tong a+b cuahai sb (khéc nhau) a va b trong céc sd ndy chic chin chaa
chit s6 1 (t6n tai mot vi tri k, ndo d6 ma chit s6 cia a 120, con chit sb cia b 1a1
hoic nguoc lai). Nhung sé 2c, trong d6 ¢ ciing thudc tap trén (c chi co cac chir
s6 0 va 1) co biéu dién chi gbm céc chit sb 0 va 2. Vi vay dang thic 2c=a+b

lakhdng xay ra. Vay T latap gom 2 sb can tim.

Bai 15b (Thi Olympic Qudc té, 1983)

CO thé tim duoc hay khéng 2009 sb nguyén duong khéac nhau nhé hon hoic bang
10° sao cho ba sb bt ky trong céc sé d6 khong lap thanh ba sb hang lién tiép
ciamaot cap sb cong.

Giai (sir dung hé tam phan)

Taxay dung mot tap hop T ¢6 thé nhiéu hon 2009 sb nguyén dwong nhé hon
10°, sao cho trong tap hop d6 khéng cé ba s lién tiép ndo 1a ba sé hang caa mot
cap sd cong, tic lakhdng xay radang thac x+y =2z véi moi x,y,zl T.

That vay, ta xét tap hop T gdom tat ca cac sd nguyén duong ma trong céch biéu
dién theo hé ¢ém co sb 3 c6 nhiéu nhat 11 chir s va mdi mot trong chiing 14 0

hoic 1. Nhu vay ta cé 2 — 1 = 2047 > 2009 s ma sd 16n nhat 1&:
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30+37+37+3° + 3+ 3* +3° +37 +3' +3° = 88573 < 10°
Gia sir c0 x+y =2z véi bo ba x,y,zI T ndo d6. S6 2z véi moi zI T chi gdm
céc chir so 0 va 2. Tir d6 suy ra x va y phai bang nhau tirng chir s6 mot, do d6
tacé x=y=2z.Voly. Vay T latap khdng chiraba sé hang lién tiép caa mot cap
s6 cong. Suy ra T thoa man y&u cau caadau bai.
Bai 16a (V6 dich Trung M1, 1989)
)-1
(2n+1)=f(2n)+1
(2n)=31(n)

Timtit cd cac so m sao cho tontai n ¢&¢ m= f (n)

if
. ) ) i
Chohamso f:¥ ® ¥ thoaman i f
|
~ f
|

Giai (sir dung hé nhi phan)

Vi f(2n)=3f(n) va f(2n+1)=1+f(2n)=1+3f(n) vai moi n, tac A
f(2n) va f(2n+1) déu duoc tinh theo theo f(n) nén ta nghi toi viét cac sd
trong hé dém co sd 2. Taco:

f(2)=f(10,)=3f (1) =3=10,; f(3=1@1L)=1+3f(1)=4=11,;
f(4)=f(00,)=3f(2)=9=100,; f(5=1(101,)=1+3f(2)=10=10L;;
f(6) = f(110,) =3f(3) =12=110,; f(7)=f(111,)=1+3f(3) =13=111,.

Qui luat

Giatri ciahamsd f(n) viét trong co s 3 c6 céc chir sd chinh 1a cac chir s caa

n viét trong hé dém co sb 2, tic lakhi n= (apap_l...aiao)2 thi

f(ny="f ((apap_l...aiao)z) =(apap_1...a1a0)3. (1)
Chwng minh
Gia sir cong thirc (1) dung vai moi n< k. Tachirng minh n6 ddng voi n=Kk.

Néu n=k 1¢,thi n=2m+1va m<k. Néu m=(apap_1...a1)2 thi
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n=2m+1= 2(apap_1...a1)2 +1= (apap_l...aio)2 +1= (apap_l...ail)z.

Theo qui naptaco f(m)=f ((apap_l...ai)z) =(apap_1...a1)3. Vay

f(n)=f(2m+1)=1+3f (m) =1+ 3(apap_1...a1)3 :1+(apap_1...a10) (apap_l...all)g.

3 =
Néu n chan, thi n=2m= 2(apap_1...a1)2 =(apap_1...a10)2. Taco
f(n)=f(2m)=3f(m) =3(a,a,,.-a), =(a,a,,-a0) =(n),.

Vay trong moi truong hop tadéu co

f ((apap_l...aiao)z) = (apap_l...aiao)s.
Tur chieng minh trén ta co: Tt ca cac sb tu nhién m can tim sao cho tén tai n dé
m= f (n) chinh latap cac s tw nhién duoc viét trong co sb 3 ma khong c6 chit
5 2.
Bai toan 16b (V6 dich Trung Qubc, 1995)
Giasr f:N® N cd f(1) =1 vahai diéu kién sau day duoc théa man véi moi
s6 hguyén duong n':
1) 3f(n) f(2n+1) = f (2n)(1+3f ()
2) f(2n)<6f(n).
Tim tat ca cac nghiém caa phuong trinh f (k) + f (m) = 293.
Giai
Vi 3f (n) va 1+3f(n) languyén té cling nhau nén tir diéu kién 1) suy ra, f(2n)
chiahét cho 3f (n), tac 1a f(2n) =k.3f(n) véi k nguyén duong nao do.
Tur didu kién 2) suy ra k =1 hay f(2n) =3f(n) véi moi n.
Lai tir diéu kién 1) suy ra f(2n+1) =1+3f(n).
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Nhu vay, tatro vé Bai 16a. Suy ra f (n) viét trong co sd 3 ¢6 céc chit s chinh 13
céc chit sb caa n khi n= (apap_l...aiao)2 viét trong hé d&ém co s 2, tic |1a

f ((apap_l...aiao)z) = (apap_l...aiao)s.
Béi vi 293=101212, nén s nghiém cia phuong trinh f (k) + f (m) =293 ciing
chinh la s cach viét 101212, dusi dang tong cua hai sb trong hé dém co s6 3 ma
céc chir sb caand chi cd thé 120 hoidc 1 (do chiing chinh & c&c chix b trong biéu
dién co sd 2). Nhan xét ring cong hai sb nhu vay trong hé dém co sb 2 s& khdng
cO nha, vi vay ca hai phai cung a0 tai vi tri thir 2 (tor bén tréi) vacung la 1 tai vi
tri thar tu va tha sdu. Tai vi tri tha nhét, tha 3 vathie 5 mot sd ¢o chit s6 140 va
mot sb ¢6 chir sd 1a 1. Nhu vay, ta co tit ca 4 kha nang sau:

1) 101212, =101111, + 000101;; 2) 101212, =100101, +001111,;
3)101212, =101101, + 000111;; 4)101212, =100111, + 001101,.
Vay phuong trinh f (k) + f (m) =293 c6 4 truong hop:

1) f(101111,)+ f (000101,)=101111, + 000101, =101212, hay
f (47)+ f (5) = 283+10=293;

2) f(100101,)+ f (001111,) =100101, + 001111, =101212, hay
f (37) + f (15) = 253+ 40 = 293;
3) f(101101,)+ f (000111,)=101101, + 000111, =101212; hay

f (45)+ f (7) =280+13=293;
4) f(100111,)+ f (001101, ) =100111, + 001101, =101212, hay
f (39) + f (13) = 256 + 37 = 293.

Pap s6: 8 cip nghiém

k 47 37 45 39 S 15 7 13
m 5 15 7 13 a7 37 45 39
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Lol binh

Day la c&c bai toén giai phuong trinh ham thuong rat hay gap & cac ki thi hoc
sinh gioi. Ta thiy trong phét biéu cua bai toan khéng co lién quan téi hé dém
nhung khi giai chang thi phai sir dung téi cac hé ¢ém (co sb 2, co s6 3,...). Do
vay hé dém c6 thé dugc xem nhu mgt phwong phép dé giai quyét mot 16p céc bai

todn vé phuong trinh ham trén tap sb ty nhién.

2.3 CAc bai toan dwoc giai nho két hop hé dém véi cac dang toan khac hoic
cac phwong phap khac

Phuong phép hé ¢ém khéng chi lién quan dén céc phuong trinh ham, ma hé dém
con lién quan dén céc loai bai toan khac nhu céc bai toan giai phuong trinh va hé
phuong trinh, giai phuong trinh nghiém nguyén, s thap phan vd han tuan hoan,
lién phan sb, cong thirc truy hoi,... Cac bai toan sau day minh hoa diéu ndy.

Bai toan 17 (Thi tric nghiém hoc sinh gioi todn toan nuéc My, 1966)

Trong co sd R, phan sb F, khai trién thanh 0.373737... vaphan sb F, khai trién
thanh 0.737373...; Trong co sd R,, phan sb F, khai trién thanh 0.252525..., con
phan sb F, khai trién thanh 0.525252.... Tong sb R + R, Viét trong co s 10
bang (chon mot trong nam dép so):

a) 24, b) 22; c¢) 21, d) 20; e) 19.

Giai

Vi 0.373737...1asH “thap phan” vo han tuin hoan nén né 1a sb hitu ti (phan s6).

Trong hé ¢ém co sb 10, taco

& 6
0373737.= > 4 30, S0, _Srg 1, 1, 0 36 1 797
100 100° 100° ~ 100§ 100 1007 g 1005 11 99

e 100g

Tuong tu, trong hé co sb R, tacd
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) B 37 _ 37 _3R+T7.
Fl_(o'373737"')91_Rl(Rl—l)+(R1'1)_R12'l_ R-1'

) ) 73 __73 _TR+3
FZ_(O'737373'")R1_RI(R1—1)+(R1'1)_R12'1_ R-1

Tuong tu, trong hé co b R,, taco
25 _ 25 _2R+5
R(R-1)+(R-1) R-1 R-1°
52 _ 52 _B5R+2
R(R-1)+(R-1) R-1 R-1
3R+7, 7R +3_10R +10 _ 10
R-1 R-1 R-1 R-1
_2R,+5 B5R,+2 _TR+7_ 7
R-1 R-1 R-1 R-1
Vay taco: Rilélsz%l hay 7R - 10R, +3=0.
3R+7 7R+3_ 4R-4_ -4
RR-1 R-1 R-1 R+1
_2R+5 5R,+2_ 3R,-3_ -3
CR-1 R-1 RE-1 R 4L

Suy ra Ri 1. RZC; 1 hay 3R - 4R, - 1=0.

F

(0.252525...) =

F,=(0525252...) =

Suyra F+F, =

va F+F

Mit khéc, F,- F,=

va F-F

Giai h¢ phuong trinh 7R - 10R, +3=0; 3R - 4R, +1=0 ta dugc R =11 va
R, =8. Vay R + R, =19. bap an e) ladap an dung.

Bai toan 18 (Thi trac nghiém hoc sinh gioi toan toan nugc My, 1981)

Trong hé dém co sb 8, cho mot sd chinh phuong ab3c, trong d6 at 0. Vay ¢
bang (chon mot trong nam dép so):

a1l b2 ¢)3: d)4; e) Khdng xéc dinh dugc mot cach duy nhat.
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Giai
Céch 1
b3t n? =(ab3c), voi n=(de),. Khi dy

n?=(8d +e)’ =8°d* +8.2de+ €.
Chutng to sb 3 trong ab3c 1a chit sb dau tién (trong hé co s 8) cua tong cac chir
sb ciia hang chuc cua €? (trong hé co sb 8) va chit sb don vi cua (2de),. Chit sb
don vi ciia (2de), 1a chin nén chir s6 hang chuc cia € phai 1a 1¢. Ta co tat ca
céc kha nang sau day cua e? trong co s 8:

e 1 2 3 4 S 6 7
e |1 4 11 20 31 44 61

Vay chit s6 hang chuc cua €? 1a1é khi e bang 3 hoic 5. Trong ca hai trudong hop,
chit so hang don vi cia € 1a 1. Thir c&c truong hop, n 1a (33),; (73),; (45),-
Binh phuong céc s nay tuong ng la (1331),; (6631), va (2531),.

Céach 2

Taco n’ =(ab3c), =a.8’ +h.8°+3.8+c.

Néu n l1asd chin, thi n? =4k? chia hét cho 4. Do d6 s6 du cia n® khi chia cho
8 chi c6 thé 120 hay 4.

Néu n ¢, tiic 1a n=2k +1. Khi dy n?=(2k+1)° =4k? + 4k +1= 4k (k +1) +1.
Vi k(k +1) ludn lachdn nén n® =4k (k +1) +1 khi chiacho 8 uén c6 s6 du la 1.
Nhu vay, trong moi trudng hop, sd ¢ chi ¢d thé 120, 1 hay 4.

Néu c=0 thi n’=(ab30), =a.8°+b.8”+3.8=8(8p+3) vo li vi 8 khong phai
lasd chinh phuong.

Néu c=4 thi n?=(ab34), =a.8° +b.8” +3.8+4=4(8q+7) vo li vi khdng c6 sb

chinh phuong Ié ndo c6 dang 8g+ 7.
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Vay c=1. Suy ra n*=(ab31), va n nhan mot trong ba gia tri (33),; (73),;
(45),. Binh phuong céc s nay twong ing la (1331),; (6631), va (2531),.
Bai toan 19 (V6 dich Anh, 1982)
Mot sb tu nhién nT N 1a boi cua 17, c6 biéu dién trong hé dém co s6 2 chta
ddng 3 chir sé 1. Chang minh rang trong biéu dién d6 cé khdng it hon 6 chir s
0. Vanéu co ding 7 chix s6 0, thi n lachén.
Giai
V1 trong biéu dién co s 2 cia n c6 dung ba chix sb 1 (c&c chit sb con lai biang
0) nén n co dang

n=(10..010..010..0), = 2 +2' +2",
trong d6 k,I,m lanhing sb tu nhién, k<I|<m.
Gia st n trong hé co s6 2 ¢6 it hon 6 chit s6 0. Vi n ¢6 dung 3 chix s6 1 nén nd
6 nhiéu nhat 14 8 chir s6, do d6 n£11100000=2 +2° +2°. Chungtdo m£7.
Nhung 2' voi i=0,1,2,...,7 chi co thé dong du véi 1, 2, 4, 8, -1, -2, -4, -8 theo
mod 17. Xem xét tat ca céc trudng hop (tong bo batir cac sb 1, 2, 4, 8, -1, -2, -4,
-8 khéng thé bang O hoic bang boi cua 17), ta di dén két luan: SH
n=2%+2"+2" vsi 0£k <l <m£ 7 khong thé chia hét cho 17.
Vay mudn n chia hét cho 17 thi sb chir s6 0 trong biéu didn co s 2 caa n phai
c6 it nhat 6 chir s 0.
Néu sd chir sb 0 trong biéu dién co s 2 caa n ding bang 7 thi m=9 va
292 2(mod17). Khi 4y n khéng thé 1asb 1¢, bai vi néu n 1as6 Ié thi n co dang

n=(1.1),=2"+2 +2* hay k=0. Do d6 (2"+2")=(2"+2°)° 3mod17),

nghiala 2' ° - 3(mod17). biéu ndy khéng thé xay ravsi moi 1 =12,...,7,8. V0
li. Vay n phai lasb chan.
Chon m=9, =6, k=1tacd
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n=(1000100010), =2° + 2° + 2=512+ 64+ 2=578=17" 34

chia hét cho 17.
Bai toan 20
Tim co s6 k cia hé dém c6 co s6 nho hon 100 dé sb 2101, 1a mot sb chinh
phuong.
Giai
S6 2101, lamot sb chinh phuong nghia laton tai s n sao cho

2101, =2k>+k*+1=(2k* - k+1)(k+1) =n’.
Do (2k? - k+1) + (k +1) = 2(k? +1) 1amot s5 chin nén 2k?- k +1 va k +1 phai
cling chan hoic cuing 1é.
Vi 2k*- k+1=(k+1)(2k- 3)+4 hay 4=(2k2 - k+1)- (k +1)(2k - 3) nén uéc
s chung 16n nhat caa 2k* - k +1 va k +1 phai lauéc cua 4.
Néu hai sd 2k?- k+1 va k+1 lalé thi ugc sd chung lén nhat cua ching la 1, vi
vay (2k*- k+12)(k+1)=n* khi va chi khi (2k*- k+1)(k+1)=n’= p°q° va
2k?- k+1=p?, con k+1=0° Do k<100 nén cho q lan luot céc gia tri tir 2

dén 10 ta dugc

q 2 |3 |4 5 6 7 8 9 10
k=¢°-1 3 |8 |15 |24 |35 (48 |63 |80 99

oK2- k+1 |16| 121|436 | 1129|2416 | 4561 | 7876 | 12721 | 19504
k- k+1 |4 |11 [20.8(336 |49.1 |67.5 887 |1127 | 1395

Nhu vay, chi ¢6 hai giatri k=3, 2101, =64=8 va k=8, 2101, =1089 = 33

théa man diéu kién dau bai.
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Néu hai s6 2k®- k+1=2p va k +1=2q la chin thi uéc sd chung lon nhat caa
ching 14 2 hoic 4 vi vy (2K*- k+1)(k+1)=n? khi va chi khi
(2k*- k+D(k+1) =4n>=4p°g* va 2k*- k+1=2p? con k+1=2g°. Do do6
k =20%- 1. Do k<100 nén cho q lan luot céc giatri tir 2 dén 7 ta khdng dugc

thém nghiém nao.

q 2 3 4 5 6 7
k=29-1 7 17 31 49 71 97
2k? - k+1 46 281 946 2377 | 5006 |9361
2
K - Kk +1 6,7 16,7 |30,5 48,7 70,7 | 96,7
P T
Nhan xét

Bang méy tinh, ta cd thé kiém tra va khang dinh, trong khoang k <10000 ciing
chi c6 hai giatri k =3 va k =8 thoaman diéu kién dau bai. Taco thé dit

Cau hoi

Tim tt ca co 6 k dé sé 2101, 1amot s chinh phuong?

Bai toan 21 (Victor Thébault)

Tim mbi quan hé giita ba sb ty nhién a, k, ki dé chosd a trong céc hé dém co

s6 k va kd déu biéu dién dugc dudi dang mot sb ¢b ba chir sb cua cling céc chix
sb. Sir dung két qua nhan duoc, hdy xét k =10.

Giai

Phai tim a,a,,a, sa0 cho a=a, =(aa,a;), va a=ag=(a@gag) , trong d6 af,
i =1,2,3 lahoénvi cua a,,a,,a8,, nghiala
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ak® +ak +a, = ak¢ + agk¢+ af. (1)
Véi K, kd cd dinh thi biéu thac trén cd thé duoc viét dudi dang

pa, +qa, +ra; =0,
trong d6 p,q,r 1acéc ham nhan giatri nguyén caa cac sb tu nhién k, k.
Thi dy, khi a¢=a,,a$=a,af=a, thi (1) co dang

ak®+ak+a,=aké +akt+a,
va(2)cocache sb p=k?- k¢q=k- Lr =1- k¢.

(2)

Phuong trinh (2) ¢6 vo sb nghiém dang

_ng  nr__nr o ng . _np ng
) () (@) (pa) ™ (pr) (ar)’

trong d6 (a,b) lawéc chung duong I6n nhat cia hai sb a va b, con n,n,,n, 1a

(2)

céc sb nguyén bat ki. Ngoai ra, theo dinh nghia co s, ta con co diéu kién
(3)

C6 thé kiém tra céc sb a,,a,,a, €O théa man dong thoi ca hai diéu kién (2') va

0f£a,a,,a, <kk.

(3) hay khéng bang phuong phép thir truc tiép.
Véi k =10: Tét ca cac nghiém da biét dugc cho trong bang sau. Cac sb ma chix
s6 dau tién (hang tram) bang O (biéu dién trong hé dém co sb bat ki nao do)

khong duoc dua vao bang nay.

265,, = 526,

283, =238,

371, =173,

825,, = 258,

919, =199,

316,, =631,

370,, =307,

913,, =39,

551, =155,,

961, =191,

158, =185,

191, =119,

782, =278

912, =219,

912, =219,

227, =272,

774, =477,

44110 = 14419

511, =115,,

912, =192,

445, =544,

834,, =438,

518,, =185,

910, =190,

913, =319,

196,, =169,

261, =126,

882, =288,

o1, =191,

913,, =193,
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Trong bang trén, c6 hai s6 tha vi la
912, =219, =192, va 913, =391, =193,,.

Bai toan trén lién quan dén kha nhiéu van dé khéc caatoan hoc. Thi du, néu a,af

khdng phai 1& sb chinh phuong, thi ton tai vo sb cip k, kd dé (2) va (3) dong

thoi duoc théa man. That vay, gia sir (p,q) la cap nghiém nghiém nguyén cua

phuong trinh Pell  x*- a,ad/? =1 thi, theo cong thic nghiém téng quét coa

k¢

P =(p* + a2’ )k, + 2afpok$=  poag+ o', )
|
7Kg, =2a,pak, +(p* +aa’)k¢= pda, + o’aag)

théa man (2), néu k_, k¢ thoaman (4).

phuong trinh Pell, céc co 6 K cua hé dém dugc tinh theo cong thirc

(4)

Nhu vay, (4) sinh ra mot ddy (vo sb) cac co sd k., k¢ thoa man (2') va (3), bat
dau tir mot chi sb i, ndo d6. Day nay ndi chung khdng chira tat ca cac nghiém.
Néu ta cho thém mot quan hé ndo d6 giita hai co sb k, k¢ thi ta co thé nhan
duogc, bang rat nhiéu con duong, nghiém caa (2) phu thudc tham sé ndo do.
Thi dy, chon k¢=2k +1, al=a,,a¢=a,,a¢=a, thi phuong trinh (1) tré thanh
ak? +ak+a,=(2k+1) a,+(2k+1)a, +4a. (5)
Suy ra (a, +a,)° 0(modk). Do O£ a,a, <k nén a +a, =k.
Thay a =k - a, vao phuong trinh (5) ta dugc
(k- a,)k? +ak+a,=(2k+1) a, +(2k +1)a, + (k- a,).
Uéc lugng céc so hang dong dang, tadi dén k? - 1=(5k +3)a, + 2a,.
Suy ra
2a, - 2a,=(k*- 1)- 5(k +Da, (6)
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hay 2a,- 2a,° O(mod(k +1)), tuc la 2a,- 2a, =m(k+1) voi m nguyén. Vi
Of£a,,a,<k nén -2k <2a,- 2a, <2k.Vay 2a,- 2a, =m(k +1) véi m=0,%1.
Thay vao (6) taduoc m=(k- 1)- 5a, hay k=1+5a, - m vsi m=0,£1.

Vay (vé6i m=0): k=1+5a,; a,=a,; a, =4a, +1, a, batki;

(v6i m=1): k=5a,; a3=m27+1; a,=4a,, a, lasd lé bat ki.

Khi m=-1thi k=5a,+2 va 2a,=2a, - (5a, +1) =-3a, +1<0 nénloai.
Tuong ty, néu chon ké=k +1, (aa,a,), =(a:aa,), thi taco cac nghiém riéngla
k=4a,+3; a =3a,+3; a,=3a,+1, a, batki.

Néu chon k¢=2k-1, (aa,3,) =(a,aa,), thi ta cd cac nghiém riéng la
k=5a,- 2a,- 1; a =4a,- 1, a,>2a,; a, bitki.

Néu chon k¢=k+1, (aaa,) =(a,3a), thi ta co cac nghiém riéng Ia
k=3a +a,+1; a,=2a +a, +1, a,a, batkKi.

Néu chon ke¢=2k, (aaa,) =(aa:3), thi ta cd cac nghiém riéng la
k=7a,+2; a =4a,+1, a,a, <k bitki.

Néu chon ké=k+2, (aa,3;), =(a:3,3),, thi ta co cac nghiem riéng la
k=2a,+1, 3 =a,+2, a,=0, a, batki.

Néu chon k¢=nu+1, (aaa;) =(a:3,3), thi ta c6 cac nghiém riéng la
k=nv+1; a =u? a,=2uv, a,=V*, trong d6 u,v,n lanhitng sd nguyén bat ki

thoa man hé bat dang thirc u>v; kv> max{uz— 1; 2uv - ]}

2.4 D&y nhij phan
Mot day n sb hang (X, %,,...,X,) ma x chi bang 0 hodc bing 1 dugc goi 1amot
day nh; phan do dai n.
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Nhiéu bai toan vé day nhi phan lién quan mat thiét véi hé d¢ém co sb 2.

Dudi day lamot sb thi du.

Bai toan 22 (V6 dich Canada, 1991)

Tim tdng tit ca cac sb nguyén duong cd n chit s 0 va n chit sb 1 viét trong hé
dém co sb 2.

Giai

Tacan tim tong cia tat ca cac sb ¢o dang (aa,...a,,), Vi a =1vaco n chir s
0, n-1 chir sb 1.

Do chir sb dau tién bén tréi 1a 1 (a, =1) nén trong 2n- 1 chit s6 con lai thi phai
cO n chir s6 0 va n- 1 chir sd 1. Nhu vay c6 tat ca % sb thoa man diéu
kién dau bai.

Néu a, =1thi 2n- 2 chit sb con lai s8 ¢ n chit s 0 van-2 chir sd 1 nén cé
% sd maco a =a, =1 vatrong 2n- 2 chir sb con lai st con chirsd 0
va N- 2 chirsd 1.

Tuong tu taxét a, =1 thi 2n- 2 chir sb con lai s8 c6 n chit s6 0 va n- 2 chit s
(2n- 2)!

1 nén of
nen o n!” (n- 2)!

sd maco a, =a,=1vatrong 2° n -2 chir s con lai s& co n

chit sd O0va N- 2 chit sb 1.

Qua trinh cir tiép tuc nhu vay vatass thu dugc két qua
S=4 (a%-&,),= & (a2 " +8,2 " +a, 2’ "+ +a,)
— 22n-1' é al_‘_22'n-2' é a2+22n-3, é_ ag---+é_a2'n

(2n-2)!  (2n-2) .
n!” (n-1)! n!" (n- 2)!

- 22' n-1-

(22'n-2+22n-3+m+1)
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_ orere (20-0)  (20-2)
n!” (n-1)! n!" (n- 2)!

(22- 1).

Bai toan 23 (V6 dich Han Quéc, 1997)

Mot tir dwoc mé hda bang 8 chir s, mbi chir sd bang 0 hodc bing 1. Goi xva y
lahai tir c6 duing ba vi tri céc chit sb khac nhau. Chirng minh ring tong sb tat ca
céc tir khac véi mdi mot trong hai tir x va y it nhat 5 vi tri chir sd bang 38.

Bai toan 24 (Du tuyén vé dich Québc té 1an thir 34, 1993)

Goi S, lasd cac day(x,%,,...,%,) véi x1 {01}, trong d6 khdng ¢ sau cum
phan tir lién tiép nao bang nhau. Thi du, (10,0,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0)
khéng chap nhan dugc do c6 sau cum giéng nhau la (1,0,0).

Chang minh rang lims, =¥.

Bai toan 25 (V6 dich Trung Qudc, 2002)

Giasi M, ={0.aa,..a,,1a1 {01} ,1£i £n- 1} latap cac sb thap phan trong hé
dém co s6 10. Goi T, va S, twong tng 1a sé phan tir cia M va tong cua tat ca

cac phan tir cia M .

Tinh lim i

n® +¥ Tn

Bai toan 26 (V6 dich toan toan nudc My, 1996; V6 dich Trung Québc, 1997)

Goi a_ lasd cac ddy nhi phan do dai n khong chira 3 sb hang lién tiép 0, 1, trong
moi ddy. Goi b, 1a sb cac day nhi phan do dai n khong chira 4 s6 hang lién tiép
0,0, 1,1 hoic 1, 1, 0, O (theo thtr ty nhu thé) trong mdi ddy. Chirng minh rang

véi moi sd nguyén duongtacod b ., =2a .

Bai toan 27 (Du tuyén vé dich Québc té 1an thir 42, 2001)
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Déy nhi phan a =X, %,,..., %) duoc goi laday can bang néu né chira nso 0 va
n sb 1. Hai ddy nhi phan a va b dugc goi 1a lang giéng néu ta co thé dich
chuyén mét vi tri caa a dén mét vi tri khac thi dugc b. Thi du, khi n=4, hai
ddy a=01101001va b =00110101lalang giéng vi cd thé chuyén sb 0 & vi tri thix

séu (hodc thir bay tinh tir bén tréi) caa asang vi tri dau thi duoc day b.
Chtng minh ring ton tai tap hop S gom khéng quéa niﬂcgn ddy can bang sao

cho mdi ddy can bang bat ki do dai 2n déu bang hoic 1a lang giéng cua it nhat
mot ddy can bangtrong S.

Bai toan 28 (Peter Ulgar)

Nhitng doan thang ba chir s6 cua sé 1110001011 cho phép nhan dugc tat ca céc
sb ba chir s trong hé ¢ém co sb 2, ngoadi ra mot sd nhan dugc ddng mot lan.

Vé6i sb tu nhién n bat ki cho trudce ta ciing c6 thé xay dung duoc mot day tuong
tu gom hiru han céc s6 0 va 1 theo céch sau.

Dau tién viét lién tiép nchir sd 1, sau d6 mdi lan dich chuyén mot ki tu sang bén
phai, ta s3 viét vao chd tréng chit s6 0, néu sé n chir sd trong co s6 2 nhan dugc
theo céch 1am nay chua gap truéc day, va viét sé 1 néu nguoc lai.

Chtng minh ring ddy sb xay dung theo cach ndy tir 2" +n- 1 ki tu ciing ¢é tinh
cht hoan toan tuong ty nhu ddy sd 0 vasd 1 ndi & phan dau khi n=3.

2.5 M ¢t sb bai toan khac vé hé dém hoic sir dung hé dém dé giai

Bai toan 29 (V6 dich Bungaria, 1968)

Chirng minh rang sd C! 14 1¢ khi va chi khi hai so tu nhién k va n thoa man
diéu kién: néu tai vi tri ndo do trong biéu dién co sb 2 cua k lachix b 1, thi tai vi

tri 4y trong biéu dién caa n ciing lasd 1.
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Bai toan 30 (V6 dich Chau A-Théi Binh duong lan thi 6, 1994)

Chtrng minh rang, véi bat ki sb tu nhién n>1, hodc 1a ton tai mot liy thira cua
10 ma khi viét trong hé co s6 2 N6 s& ¢O n chit s, hoic 1a ton tai mot lay thua
cia 10 ma khi viét trong hé co sb 5 nd s& ¢d n chir 6, nhung khéng ton tai ca

hai dang do.
Bai toan 31 (Du tuyén vé dich Québc té 1an thir 34, 1993)

Goi a, b, n lacac sb nguyén duong, b>1 va b™*a. Chirng minh rang biéu dién

cia n theo co s6 b phai chta it nhit n chir sb khac 0.
Bai toan 32 (V6 dich Nhat ban, 1996)

1++/5
2

Cho mét sb thuc g thoa man <Qq<2.Véimotsd n viét trong hé nhi

phan n=2“+a,_, 2" +..+a2+a,, trongdo6 a1 {01}, i =0,1...,n tadinh
nghia p, nhu sau: p, =qg“+a_,q“'+...+aq+a,. Chang t6 rang ton tai vé han
6 nguyén k sao cho khong c6 sd nguyén | nao dé p,, < P, < Pyes-

Bai toan 33 (Chon doi tuyén Hong Kéng thi IMO, lan 2, 1997)

Vi sb nguyén duong n, tagoi f(n) 1asd nguyén k 1é6n nhit sao cho 2¢ chia
hét n va g(n) latong céc chir sb trong biéu dién nhi phan cua n. Chirng minh
rang véi moi sb nguyén duong n taco

1) f(n)=n- g(n);

2n)! . .
2) C;, =% chiahét cho 4 khi va chi khi n khéng phai la lty thira ctaa 2.
nin!

Bai toan 34 (Du tuyén vé dich Québc té 1an thir 41, 2000)

Ham sb f duoc xac dinh trén tap hop céc s nguyén khéng &m va nhan gia tri
trén tap hop cac sd nguyén khdng am, thoa mén cac diéu kién sau véi moi n3 0:
D f(dn)y=f(2n)+f(n); 2) f(4n+2)=1f(4n)+1; 3) f(2n+1) = f(2n)+1.
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I4
A

Chtng minh rang véi mdi sd nguy@n duong m, sb c&c sb nguyén nvéi
0£n<2™ va f(4n) = f(3n) bing f(2™).
Bai toan 35 (Du tuyén vé dich Québc té 1an thir 34, 1993)
Ton tai hay khdng mot ham f tir tap céc sb nguyén duong vao chinh né sao cho
véi moi n taco:

1 fQ)=2

PECEm) = F(m+n

Lf ()< f(n+D).
Bai toan 36 (Dy tuyén vo dich Qubc té an thir 39, 1998. Canada dé nghi)
Cho a,,a,a,,... la ddy ting cac sb nguyén khdng dm sao cho mdi sb nguyén
khéng am c6 thé biéu dién duy nhat dusi dang & +2a, +4a,, trong dé i, j,k 1a
cac sb nguyén phan biét. Tinh g,
Bai toan 37 (Du tuyén vé dich Québc té 1an thir 34, 1993)
Mot tap hitu han T céc sd nguyén duong phan biét dugc goi 1& DS-tap néu voi
mdi sb nguyén thudc T chia hét tong cua tat ca cac sd nguyén duong trong T.
Chtng minh rang mot tap hitu han cac sb nguyén duong 1& mot tap con cua mot
DS-tap nao do.
Bai toan 38 (V6 dich BaLan, 1979)
Chocéac sbtlyy a,a,,..,a 1 N.Chirng minhrang:
1) Ton tai mot bo gdbm n< 2™ s ma tat ca cac tap hop con cuand co tong khéac
nhau, dong thoi cac tong y c6 mat tat ci cac s a,a,,...,a,, .
2) Ton tai mot bd gdm n£ m sd matit ca cac tap hop con cua nd co tdng khéc

nhau, dong thoi cac tong y c6 mat tat ci cac s a, a,,...,a,, .
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KET LUAN

Tu ndi dung cua hai chuong luan van trinh bay ¢ trén ta thiy co thé dua ly
thuyét vé hé dém va nhitng bai tap tir don gian dén phuac tap vao mot noi dung
hoc tap trong truong phd thdng. Diéu nay khéng nhitng 1am ting kha ning tu
duy todn hoc ma con thic diy qua trinh nghién ctu, hoc tap va thuc hanh trén
may tinh ctaa hoc sinh.

Hon nita ching ta ciing biét hé ¢ém vai co b 2, co sb 8 va co s 16 chinh 14
co sd hoat dong cuamay vi tinh. Vi vay trang bi cho cac em kién thirc vé hé dém
ciing gitp c&c em hiéu hiéu sau sic cac kién thirc vé tin hoc vatodn hoc.

Viéc giai quyét cac bai toan duoc phét biéu thdng quangdn ngir hé ¢ém khéng
phai 1a vin @& qua kho khan néu nhu chiing ta da duoc trang bi day du nhiting
kién thirc co ban vé hé ¢ém. Mat khéc ta ciing thdy rang viéc suy nghi, tu duy dé
dua dén céch giai cac bai toan trén nd ciing rat pht hop véi trinh do caa cac em
hoc sinh phé théng. Bong thoi hé dém ciing ¢6 thé dugc xem nhu mgt phurong
phép dé giai quyét cac bai todn vé phuong trinh ham, dic biét 1a cac bai toan vé
phuong trinh ham trén tap sb tu nhién. Nhing bai todn vé hé d&ém ciing kich
thich nhitng kham phatim toi mai trong giai toan, gidp hoc sinh néng cao tu duy

sang tao trong hoc tap.
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