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Lai néi dau

Mot y tudng quan trong trong Hinh hoc dai s6 va Pai s6 giao hoan Ia
thong qua viéc nghién cttu thong qua nghién citu cdc bat bién biang s dé
noi lén céu tric cta cac da tap hoac cau tric cua cic vanh giao hodn di€u
nay c6 thé thiy rd trong nhitng 1y thuyét ndi ti€ng nhu Iy thuyét bat bién cua
Mumford, 1y thuyét giai ky di cua Hironaka... Mot vi du dién hinh trong Pai
sO giao hodn 1a vanh Cohen- Macaulay, mdt 16p vanh quan trong nhat trong
Dai s6 giao hoan. Cho (A, m) la mot vanh giao hoan , dia phuong, Noether
c6 chiéu dimA = d. Mot idéan q € Spec A duoc goi 1a mot idéan tham s6 néu
q 1a m— nguyén so va sinh bai d phan tir. Khi d6 A 1a vanh Cohen- Macaulay
khi va chi khi ton tai mot idéan tham s6 q sao cho [4(A/q) = e(q; A). & day
[4(*) ki hiéu cho do dai cic A modun va e(q; A) 1a s6 boi Zariski-Samuel
ctia A d6i v6i idéan tham s6 g. Ta ciing biét rang v6i moi idéan tham s6 g thi
la(A/a) = e(a; A). Dat I(q; A) = l4(A/q) — e(q; A). Khi d6 néu I(g; A) la
mot hing s6 khong d6i v6i moi idéan tham s6 g, (chi y ring khi A 1a vanh
Cohen- Macaulay thi /(q; A) = 0 v6i moi idéan tham s6 ) thi I6p vanh d6
duoc goi la vanh Buchbaum.

Néu sup,/(q; A) < oo, trong d6 q chay khap trén tap cdc idéan tham s6
cia A thi khi d6 né duoc goi 1a vanh Cohen-Macaulay suy rong. Nhu vay
cdc 16p vanh quen thudc trong Dai s6 giao hodn déu duoc dic trung qua ly
thuy€&t boi va ham d6 dai. Muc dich chinh cua luan van la trinh bay lai cac
két qua ctia GS - TSKH Nguyén Tu Cudng vé ki€u da thic trén vanh Noether,
dia phuong trong céac bai bdo [4], [5] va [6].

Trong sué6t ludn van nay ta luon ky hiéu (A, m) la vanh giao hoéan, dia
phuong, Noether va M 1a mot A— modun hitu han sinh c¢6 chiéu dimM = d.
Mot hé phan tht z = (z1,...,x4) cua A duoc goi 1a hé tham s6 cua M néu
la(M/xzM) < co. Chon = (ny,...,ng) 1a mot bd d s6 nguyén duong tuy
y. Khi d6 ching ta c¢6 thé xem hiéu

I(n,z) = La(M/ (2}, .. al)M) —ny .. .nge(z, M)

nhu mot ham s6 theo n ¢d gia tri khong am véi moi bién nguyén, trong do
e(z; M) 1a s6 boi theo nghia Serre ctia M d6i v6i hé tham s6 z. Khi M = A
thi n6 chinh la s6 boi Zariski - Samuel. Nam 1985, Sharp dua ra cau hoi mo:
Phdi chdng Iy (n; x) la mot da thiic theo n khi n di lon (ky hiéu la n > 0)?

Mot loat vi du duoc dua ra dé chiing to ring I/(n; ) khong phai 1a da
thitc khi n > 0. Tir day nay sinh ra mot cau hoi: Khi nao thi Iy (n;x) la
da thitc theo n khi n > 02 Mot tra 106i tron ven cho cau hoi nay duoc dua
ra trong [4] n6i rang I;(n; x) 1a da thic khi va chi khi z 1a mot u.p - day.
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Khi 7);(n; z) khong con la da thic thi ta nhan thiy rang ham Ij;(n; ) luon
bi chan trén boi da thitc ny ... ngl(M/(z1,...,x4)M) (xem trong [6]). Nhu
vay bac bé nhat cua tit ca cac da thiic chan trén theo n chan ham [y, (n; x)
12 ton tai. Diéu d6 dan dén mot bat bi€n méi trén M, goi 1a ki€u da thifc cua
M. Bét bién nay dugc bat dau tir mot két qua sau (xem trong [6]):

Bdc bé nhdt cuia tdt cd cdc da thiic theo n chan trén ham Iy (n; z) khong
phu thuoc vao hé tham sé x. Vdy bdc bé nhdt nay la mot bdt bién cua M.
Ta ky hiéu bdt bién dé la p(M) va goi né la kiéu da thitc ciia M.

Ta quy udc bac clia da thic khong bang —oo. Khi d6 ta dé dang thay
rang M 1a modun Cohen-Macaulay khi va chi khi p(M) = —oo. R6 rang
M 1a Cohen-Macaulay suy rong khi va chi khi p(M) < 0. Nhu vay tinh
Cohen-Macaulay dugc dé dang dac trung qua tinh da thitc. Luan van dugc
chia thanh 2 chuong:

Chuong I n6i vé tinh da thiic ctia ham I/ (n; z) trén vanh giao hoan Noether
dia phuong (A, m). K&t qua quan trong nhat cia chuong nay la dinh 1y 1.3.4
n6 ciing 1a cau tra 10i tron ven cho cau hoi mé ctia Sharp néi rang :

Ham 56 Iy(n; x) la da thiic theo n voi n > 0 khi va chi khi hé tham so
x = (z1,...,2q) la up-day

Chuong 11 dua ra khdi niém ki€u da thic p(M) cha mot modun M trén vanh
giao hodn, Noether, dia phuong. Day 1a khai niém quan trong nhat trong luan
van. Ngoai ra mot loat cdc tinh chat cia kiéu da thifc cling nhu céc can trén
va dudi duoc dua trong chuong nay. Mot két qua quan trong la dinh 1y 2.3.9
va hé qua 2.4.2 néi Ién y nghia hinh hoc cta ki€u da thiic néi rang:

Gid sit A ¢6 phitc doi ngau hodc A la vanh thuong cua vanh Cohen-
Macaulay. Néu M la ddng chiéu thi

p(M) = dim nCM(M).

Chi y rang quy tich khong Cohen-Macaulay nCM(M) dugc xdc dinh boi
nCM(M) = {p € Supp(M)|M, khong 1a moédun Cohen-Macaulay}.
Luan van dugc hoan thanh dudi su huéng dan tan tinh cua GS - TSKH
Nguyén Tu Cudng. Nhan dip ndy em xin to long biét on sau sac t6i Thay.
Em xin bay t6 long biét on cac thay co trong DH Thai Nguyén va Vién
Toan hoc da tan tinh giang day va gitp d& em rat nhi€u trong qua trinh lam

luan van.
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Toi xin bay to long bi€t on truong DH Khoa Hoc - Thai Nguyén, Khoa
Todn - Tin da tao di€u kién thuan lgi cho t6i thuc hién k& hoach hoc tap cua
minh.

Toi xin cam on ngudi than, dong nghiép, ban be da ¢ vii, dong vién toi

trong qud trinh lam luan van.
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Chuong 1

Tinh da thic cua ham do6 dai

Trong chuong nay, ching ta ludén gia thiét (A, m) la vanh giao hodn, dia
phuong, Noether véi m 1a idéan cuc dai va M 1a A-modun hitu han sinh ¢6
chiéu dimM = d.

1.1 Mot so kién thic chuan bi

TruGe hét ta nhic lai dinh 1y quan trong sau day

Pinh ly 1.1.1.  Cho q la idéan cua A sao cho l[(M/qM) < oo. Khi dé
I(M/q"M) la mot da thite voi hé s6 hitu ty khi n > 0 va

d=dim M = deg(l(M/q"M)
=inf{t|3 z1,...,5, €m dé I(M/(z1,...,2)M) < o0}

ba thic (M /q"M), khi n > 0 duogc goi 1a da thiic Hilbert-Samuel
ciua M iing voi q. Theo dinh 1y trén ton tai hé {z1,..., 24} C m sao cho
I(M/(xq,...,xq)M) < oco. Mot hé {z1,...,24} thoa man tinh chat trén
dugc goi 1a mot hé tham sé cua M. Chd ¥ rang néu x = (xq, ..., x4) 1a mot
hé tham s6 ctia M thi (z}" ..., 2)*) cling la mot hé tham s6 cia M v6i moi
(ni,...,nq) € N%

Cho z = (x1,...,24) 1a moOt hé tham s6 ctia M. Dat q = (x1,...,249)A
thi khi d6 ta goi q la idéan tham sé cia M. Theo dinh 1y trén, [(M/q" M) 1a
mot da thic véi hé so hitu ty khi n > 0, da thiic nay nhan gia tri nguyén véi

5
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moi bi€n nguyén. Vi thé nd c¢6 bi€u dién

n n+d n+d—1
05700 = a2 (" ) +ataan (1T et an,
trong d6 e; € Z,eqg > 0véimoiis =0...,d.

Pinh nghia 1.1.2. S6 ¢, trong bi€u dién trén duogc goi 1a 56" boi Zariski -

Samuel cua M tng v6i idéan tham s6 q va duoc ki hiéu 1a e(q; M).

DPinh nghia 1.1.3. Mot hé cac phan to x = (z1,...,2;) cia A duogc goi la
hé boi cuia M néu [(M/(xq,...,x) M) < oc.

Néu ¢ = 0 thi diéu kién trén dugc hiéu 1a [(M) < oco. Khi d6 ky hiéu boi
e(z; M) d6i voi hé boi z duge dinh nghia quy nap theo ¢ nhu sau:

Néu ¢ = 0, tic 12 [(M) < oo. Khi d6 ta dat e(d; M) = I[(M).

Néut > 0, tic la [(M/(z1,...,2)M) < oo. Tix d6 ta suy ra

I((0p7 1)/ (21, .oy 2)(Opg 2 1)) < 00,
tic 1a (z, ..., z;) 1a hé boi cua 0y : x1. Theo gia thiét quy nap thi
e((wo,...,x¢); M/x M) va e((za,...,x4);0p 1 1)
la ton tai. Khi d6 ta dinh nghia
e(z; M) =e((xo,...,x); M/x1 M) — e((xa, ..., x); 051 : 7).

S6 e(x; M) dugc dinh nghia nhu trén dugc goi 1a s6 boi cia M tng v6i hé

boi .

Chi y 1.1.4. Cho z = (z1,...,x:) 1a hé boi cua M. Duéi day ching ta s€
dua ra mot so6 tinh chat co ban ctia s6 bdi e(x; M) thuong duge sir dung trong

luan van.

(i) 0 <e(z; M) <U(M/(x1,...,2,)M). Néu ton tai i sao cho z M = 0,

v6i n 1a mot s6 tu nhién nao dé thi e(z; M) = 0.
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(ii) (Pinh ly cong tinh cua boi). Gia su

0—s M, —...— M, — My — 0

la day khép cac A— modun Noether va x la hé boi cta M;, véi moi
i =0,...,n. Khi dé,

n

> (=D)e(x; M;) = 0.
i=0
(iii) Cho z = (x1, ..., x;) 1a mot hé boi ctia M. Khi d6 e(x; M) = 0 khi

va chi khi ¢ > dim M.

(iv) Cho (ny,...,n;) € N'. Khi do,
e((x*,...,x"); M) =ny...ne(x; M)
(v) Néu z 1a mot hé tham so ctia M tic la ¢t = d, thi ta ¢6 cong thic lién
hé giita s6 boi hinh thiic va s6 boi Zariski - Samuel 1a ey(q; M) = e(z; M),

trong d6 q = (x1,....74)A.

(vi) Cong thuic Auslander - Buchsbaum [A- B]. V&i nhitng ki hiéu trén thi
[(M/(z1,...,2q9)M) —e(z; M)
= Z;i:_ol 6(($Z'_|_1, N ,Zl?d); (.I‘l, N ,le'i_l)M . I‘i/(l'l, RN ,xi_l)M.
Khi d6 M la A-mo6dun Cohen-Macaulay khi va chi khi ton tai mot hé
tham s6 x = (x1,...,x4) sao cho
[(M/)(x1,...,2q)M) = e(z; M).
Pinh nghia 1.1.5. (i) Mot A-mo6dun M dugc goi la médun Cohen-Macaulay
suy rong néu
I(M) = sup{l(M/(x1,...,xq9)M — e(z; M))} < o0
trong d6 x = (1, ..., r4) chay khap tap céc hé tham sd cua M.
(i) Mot hé tham s6 z = (z1, ..., x4) cia M dugc goi 1a hé tham s6 chudn

tac cia M néu

Ia(M/(zy,... 20)M)—e(z; M) = 14(M/(2%,... 25 —e((z],... 23); M)
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Chi y 1.1.6. Khi d6 ta c6 mot s6 dac trung vé modun Cohen-Macaulay suy
rong.

(i) M 1a médun Cohen-Macaulay suy rong khi va chi khi M c6 it nhat mot
hé tham s6 chudn tac. Hon nita, I(M) = [o(M/(x1, ..., 2q) M) — e(x; M)
néu z 12 mot hé tham s6 chudn tac.

(i) Gia sir M 1a modun Cohen-Macaulay suy rong. Khi d6 M, 1a modun
Cohen-Macaulay va dimM, + dimA/p = d véi moi idéan nguyén t6 p €
SuppM \{m}. Hon nita néu A 1a vanh thuong clia vanh Cohen-Macaulay thi
diéu nguogc lai ciing ding.

(iii) Ky hiéu M 1a bao day di m-adic cua M. Khi d6 M 1la moédun Cohen-
Macaulay suy rong khi va chi khi M 1a modun Cohen-Macaulay suy rong.

(iv) Cho M 1la modun Cohen-Macaulay suy rong. Khi do6
dim(R/p) = dimM vGi moi p € AssM,p # m.

1.2 Nhan xét mo dau

Cho h¢ tham s6 x = (x1,...,x4) cia M va mot tap cdc s6 nguyén duong

n = (ny,...,nq) tadat x(n) = (z1", ..., z)"). Xét hi¢u
In(n;z) = ((M/z(n) M) — ny...nge(z; M)

nhu mot ham cua nq, ..., ng, trong d6 e(z; M) la s6 boi cua M tuong ing véi
z. Khi d6, nhin chung [I;(n; z) khong la da thic v6i ny, ..., ng da 16n, tuy
nhién chung luon nhan gia tri khong am. That vay, ta xét vi du sau:

Cho A = k[[X,Y, Z]]/I, trong d6 k[[ X, Y, Z]] 1a vanh chudi luy thira hinh
thitc theo ba bién X, Y, Z trén trudng déng dai s6 k va I = (X2, XY Z). Ro
rang ta c6 dimA = 2 va hé x = (x1, x2) 1a hé tham s6 clia A, trong d6 z; 1a
anh cia Y + Z trong A va x5 1a anh ctia Y trong A. Khi d6 ta c6

. . (x,27)A  néu m>n+1
xlA . xQ — _ ,
(x,27)AN (29, 2,25 ™)A n€u m<n
trong d6 x 1a anh ctia X trong A va z la anh cta Z trong A. Chon = (n,m)

vaz = (x1,29). Gid stt Iyy(n;z) = (M /x(n)M) — nme(x; M) la da thirc.
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Theo cong thiic [A-B] ta co

UM (), 25™) M) — UM (2}, 25) M)

U2 M ah™ Jot M) — U M 2 27 M)
+e((2f, 28 ™) M)+ e(a ™0 1y af)

= 1(M/(a}, 5™) M) — 1(M/ (a7}, x?)M)

+ (M (@, 28 M) — U2 M 2 2" M)

vGi moi sO tu nhién k. C6 dinh n thi do moi day taing cic modun con cua M
déu dimg nén ta luon tim duoc k sao cho
oM k™ = 2t M SUék bm
Tlr d6 suy ra
@y Mz ay! fay M) = [(M /(a7 x5") M)
UM/ (2, 2TV M) — 1(M (27, 257 M),
Theo gia thiét cic s6 hang bén phai clia dang thitc 12 cic da thitc v6i n > 0.
Vay [(x] M : xb' /2T M) cling 1a da thitc. C6 dinh n, khi d6 ton tai s6 my sao
cho
oy M :xht = M : x5,
dieu nay la mau thuan. Vay Iy (n;z) = ((M/z(n)M) — ny..nqge(x; M)
khong la da thic v6i n > 0.
Do d6 mot cau hdi duge dat ra la: Khinao thi Iy (n;z)) = (M /x(n)M)—
ny...nge(z; M) 1a mot da thic véi n > 07 Cau hdi nay duge giai quyét tron

ven trong muc 1.3

1.3 Dac trung tinh chat da thitc cua ham do dai

Pinh nghia 1.3.1. (i) Mot phan hé tham s6 x;,z9,...,z; cia M dugc goi
1a p - ddy néu ton tai mot s6 tu nhién ng sao cho
(2.l )M 2l = () x)M o xl
véimoing,...,n; >0vai=1,...,j (&day tadatzy=0).
(i) Day x1,x9,...,z; dugc goi la p - ddy khong diéu kién, ky hiéu la
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u.p - day néu né la p - day v6i moi hodn vi cua day do.
Trudc khi phit biéu két qua chinh cia muc nay ching ta cin sit dung mot

sO két qua sau.

Ménh dé 1.3.2. Cho x = (x4, ..., xq) la mot hé tham s6 cia M. Khi dé cdc
phdt biéu sau la tuong duong:

(i) x la mot u.p-day;

(ii) Ton tai mot s6 tw nhién ny sao cho vdi moi ny,...,ng > ng va voi

moi hodn vi o cta tdp {1,...,d} ta c6

((;c(;gf;, . ,xa?;f;;)M L ‘g;;>) ﬂ(xaz‘f)), . ,a:a‘g;;>)M
= (2o ,:I:Z?Z(:ll)))M, Vi=1,...,d;

2

(iii) Ton tai mot s tw nhién ng sao cho voi moi ny, ..., ng > ng va voi moi

hodn vi o cua tdp {1,...,d} ta cé

(G )M ) Vs oM

= (2001 Ty ) M
(iv) Ton tai mot s tu nhién ng sao cho voi moi nq, ...,ng > Ng va voi moi
hodn vi o cua tdp {1,...,d} ta cé
(xZ‘(’S), . 7372?2{1_113)]\4 : xZ‘ZéC;) = (a:Z‘E‘S), . ,:EZ‘Z‘C(ld__ll;)M : xZ(Ed).
Chitng minh. : (i) = (ii). Bang cdch déanh s6 lai diy z1, ...,z ta chi cin

chiing minh rang
(2 M o) (V)™ . 2l )M = (2}, 2 ) M.

Gia st a € ((«f, ...,z )M : ')Y(2, ..., 2" )M. Ta c6 thé viét

7

7 . Z,* S 0 N(i-1 i 8
a = Yoy veiy; € M. Viax] € (xy",...,2, V)M : 2" nén
2n4 n1i n(i—1) A~ 40 .
yx™ e (x]t, ... ST YM. Vay véi moi n; > ng ta duge
) nq ;-1 Coo2nt nq ni—1 Loon;
yi € (2t e OM s = (ot )M )

Tir d6 ta suy ra y;z" € (2, ..., 2" " )M, tdc a € (27, ... 2" )M,

(ii) = (iii) 12 hién nhien.
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(i11) = (1v). V6i nq,...,ng > ng tacod
(2} . )M = al) ﬂ(affl, oyl M = (2, M.
Chia c4 hai v€ dang thiic trén cho z!)° ta thu dugc
(2}, )M xfln" = (2", .. )M el

Tur day ta suy ra

n Ndg—1 . kng n Nd—1 )
(i, )M a0 = ()M
v6i moi ny,...,ng > ng va k > 1. Vi chitng minh trén khong phu thudc vao
tha thu cua day x4, ...,z nén ta suy ra (iv).

(iv) = (i1). Theo dinh 1y giao Krull, tir (iv) ta suy ra

o0
n Ni— Loy n i— k k Loy
()t o x )M s xlt C m (27, )M )
k:n()
~ niok k
n i—1 .o.n
= () ()", . 2 2y, ag) Mo x))
k:no
n T— LN
= ()", . x )M s x®
n Nni—1 N (7]
C(a)t, . o, )M o x),
véi moi ¢ = 1,...,d va ny,...,ng > ng. Cling nhu trén, phép ching
minh khong phu thudc vao thit tu cua day xzq, ..., x4 Vay zq, ...,z 1a mot
u.p - day va ménh dé 1.3.2 duoc chiing minh. O

Bo dé 1.3.3. Gid sit [(M/(z}, ..., 2}*) M) la da thiic theo n khi n >> 0. Khi

do da thitc trén la tuyén tinh theo ting bién ny, . .., ng.

Chitng minh. Ta sé& chiing minh b6 dé bang quy nap theo dimM = d. Vi
taco In(n;z) = U(M/(2), ...,z )M) — ni...nge(x; M) nén ta chi can
chimg minh da thic /);(n; x) 1a tuyén tinh theo ting bién ny, ..., ny. That
vay, v6i d = 1 khi d6 ta c6 Iy (n; x) = (M /x{* M) —nye(xq; M) 1a da thic
theo ny v61 ny > 0. Theo cong thic Lech ta c6

lim IM /(M)

n1—0o0 ’rLl

=e(x1; M)
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nén suy ra bac cta da thic 7);(n; z) 1a bang 0. Do d6 da thiic I);(n;x) l1a da
thic tuyén tinh theo n;.
Gia stt d > 1. C6 dinh ny dat £ = M /z{*M thi dimE = d — 1. Khi d6
ta co
(M) (a2l xg) M) =UE/(xy?, ..., 2" )E).
Khi d6 Iy(n;z) = (E/(xy?, ..., 2" )E) — ni.ng...nqge(z; M). Theo gia

thi€t quy nap suy ra I;(n; z) 1a da thitc tuyén tinh theo no, ..., ny. C6 dinh
N, ... ,ngdat F = M/(z2,... 2")M thi dimF = 1. Khi d6

(M) («", ... 2y )M) = U(F/z]'F).

Suy ra Ip(n;x) = [(F/x]'F) — ny...ng_1nge(x; M). Theo gia thi€t quy

nap suy ra /;(n; z) 1a da thic tuyén tinh theo n;. O

Tiép theo la moOt két qua chinh cua ti€t nay ciling 1a mot tra 16i tron ven

cho cau hoi trong muc 1.2.

DPinh 1y 1.3.4. Ham s 1) (n; x) la mét da thitc theo n voi n > 0 khi va chi
khi hé tham s6 x la u.p-day.

Chitng minh. Diéu kién can: Theo cong thic [A-B] ta c6
ny Ng—1 _kn n1 nNdg—1 N
UM ey, MM — (MY, 2l 2l M)
ni Nd—1 . _kn n1 Ng—1
=1((27", .. )M s (2] ) M)

—I((z], ... ,xzd_‘f)M cant /(2] ,xgd_‘ll)M)

(
(] ... ,xZi’f)M : xsnd/(x?l, . ,xZi’ll)M)

xyt, .. ,xZi‘f)M caht /(2] ,xgd_‘f)M)

d—1
3 o 1 (0 M 502 M)
1=
d—1
N Z1 e((wih, oy wgy s ay®)s (2 s )Mo /() 2 ) M)
1=
= I((z},. .. ,xZi‘f)M : xfl”d/(x?l, . ,xZﬂ‘f)M)
—I((z} ... ,mgd_’f)M caht /(2] ,:Ugi’f)M)
d—1
i - k—1 i i i
" Zl e((a]r!, oty 2l T @ M (@ 2l ) M)
1=
(
(

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



www.VNMATH.com

13
H(M (™, e 2 )
n Ng—1 k—1)n ni Nd—1
—I((2, .t M g e M)
v6i moi sO tu nhién k. Khi dé v6i d — 1 s6 nguyén duong n4, ..., ng, ta luon

c6 thé tim duoc mot s6 k sao cho
(Y M st = (L A M xékil)nd.
Tir day suy ra
(2 oy )M syt M) = 1(M (27 ..., 2 ) M)
HM/ e s MY — (M (e 2 M),
Theo ménh dé 1.3.3 cdc s6 hang bén phai dang thitc 12 nhitng da thitc tuyén
tinh theo ting bién n; véi n > 0. Do d6

I((27", ... ,xZi‘f)M calt /() ,xzd_‘ll)M)

cling la da thitc. C6 dinh ng,...,ny_; thi ton tai s6 tu nhién ny sao cho
n ndg— . Ng __ n n . n
(@0, 2y )M s x)t = (o), at )M o a
vGi ng > ng. Do d6 da thic trén khong phu thudc vao ny. Vay ton tai mot

sO tu nhién ny sao cho

ng— Ndg—
(2, 2y )M s )t = (o), 2 )M )
v6i moi nq,...,ng > ng. Vi chitng minh khong phu thudc vao thi tu cla
day x1, ..., x4 nén di€u kién can dugc chiing minh.
Chitng minh diéu kién dii. Dat
Ndg— Nng—
e(0; (a7, .. xy )M alt /(2] )M
Nd— Nd—
= 1((z)", .y )M a2t M.
Khi d6 theo cong thiic [A-B] ta chi can ching minh
i Nd— . Mi— R (% ni—
e((w ity ay)s (e )M s (2t ) M)
la c4c da thic theo ny,...,n; > 0, v6it =0, ..., d. Ta s€ chitng minh quy

nap theo d va i.
Néu d = 1 hodc i = 0 va d bat ky thi ménh dé trén hién nhién ding.
Cho d > 1 vai > 1. Gia st ménh dé ding vé6i d — 1 hoac i — 1, ta can
chitng minh

e((x?frﬁl, co )y (2 M o xl )2 x M)
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la mot da thitc v6inq, ..., ng > 0. That vay, xét hoan vi a = («(1), ..., a(d))
cua tap {1,...,d} xac dinh bdi a(i — 1) = i,(i) =i — 1 va a(j) = j v6i
moi j # {¢ — 1,i}. Khi d6, theo gi thiét vi 1, . .., x4 12 u.p-day va dua vao

cong thic [A-B] ta tim duoc soO tu nhién ny sao cho

0=1(M/(zy,...,ay)M) = UM/(z5), . x50 ) M)

a(d)

= e((x?i, A L € s ;)M x:‘ol (2.2 )M)
e((x ?ff cogl) (@)t )Mo () ) M)
e((@nif) o ma) ) (@ )M (2 ) M)
RS ) () M a2

voi moi nq,...,Ng > ng. Suy ra

e((af,. .. xl®); (2, e )M al® J (2 xS )M)

— e((x?fil,...,argd)'(xa‘ﬁl)),...,a:a?;z 1))]\4 z°/(x ‘g(l)) ey T, a(l ;)M

= e((al), Al (@ )M e (ah ,---756?122)M)

— e((ait, o x ) (e al )M s /(e M.

Ky hiéu F' 1a ham bén phai ctia dang thitc. R rang v€ trdi clia dang thic

khong phu thudc vao n; 1 nén F' cling khong phu thudc vao n; ;. Do dé véi

ny,...,Ng = Ny suy ra
F:e((x?ﬂl,x?ﬁl...,xzd);(a:?l,... nl )M x"o/(ffl,...,x?i‘;)M)
— e((x?fil,...,xgd);(x?l,...,xifl)M sl (a2 ) M.

Dat M = M/z}°,M. Suy ra dimM = d — 1, tlr gia thi€t quy nap theo d ta

z

CcoO

e((x?ff, o) (2 e )M (2 a0 ) M)

n; . nl Ni—2\ A 1
=e((@] .. aht); (2 e )M s alo ) (a) . w ) M)
la mot da thac khi nq, ..., ng > ng. Mat khac tir gia thi€t quy nap theo ¢ thi

e((wi, wify - owg)s (20w )Mo () M)
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ciing 1a da thic khi ny,...,ng > ng. Vi I 1a tong cta hai da thiic nén F

cling 1a da thic khi nq,...,ng > ng. Cudi cung, tir quy nap theo ¢ ta suy ra

e((x?ﬁl,...,xgd);(x?l,... n‘ M xno/(x?l,...,x?i‘ll)M)

= e((@i2 oy g ); () s s T (i )M s [ () s s i) )M+ F

1 da thic khi ny, . .., ng > no. 0

Khai niém u.p-day lic ddu dugc dua ra 1a dé giai quyét cau hoi khi nao
ham s6 I;(n; z) 1a da thitc. Sau nay khdi niém nay con dugc dung vao nhiéu
Iinh vyc khdc nhau cta Dai s6 giao hoan. Trong muc ti€p theo ching ta chi

ra ring u.p-day c6 thé dung dé dac trung cho modun Cohen-Macaulay.

1.4 Mot so ap dung

Nhéc lai rang, mot hé tham s6 =z = (z1,...,24) cia M dugc goi Ia
f - day chinh quy néu x; ¢ p v6i moi p € Ass(M/(x1,...,x;-1)M)\m},
t=1,...,d. N6 duoc goi la f -day chinh quy hodn vi dugc n€u moi hodn vi
ctia né déu la f-day chinh quy.

Modun M dugc goi la f~mdédun néu moi hé tham s6 cta M déu la f-day
chinh quy. Nhu ching ta da biét, f-modun c6 nhitng tinh chat rat dep nhu
M, 1a Cohen-Macaulay v6i moi idéan nguyén t6 p # m. Mac dau véi tinh
chat tot nhu vay nhung ton tai f-modun khong la Cohen-Macaulay suy rong.
Trong muc nay ta s€ dac trung tinh chat d6 thong qua u.p-day. Trudc khi

phat biéu két qua chinh clia muc ndy ta s& st dung mot s6 bo dé sau.

Bo dé 1.4.1 (xem trong 4.7 ctia [1]). Cho z = (x1,...,2q) la hé tham sO
cua M. Khi do

e((Tis1y - xq; (T, )M =i f(x1, ... 2i1)M) =0,

i=1,...,d—1khivachikhix; ¢ p voi moi p € Ass(M/(xy,...,x;-1)M),
thod man dim(A/p) > d—ivéimoii=1,...,d— 1.

Tur b6 dé trén ta suy ngay ra mot hé qua sau.
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Heé qua 1.4.2. Cho w1, ...,xq la mét hé tham s6 cua M. Khi do néu x la
f-day chinh quy thi

6((1'2'_,_1, c ey Ly (1'1, .. .,a:z-_l)M . xi/(xl, ce ,xi_l)M) =0
voimoii=1,...,d.

Dinh ly 1.4.3. Mot A-modun M la Cohen-Macaulay suy réng khi va chi khi

ton tai mot hé tham s la u.p ddy va ciing la f-ddy chinh quy hodn vi duoc.

Chitng minh. Theo [7] thi diéu kién cin cua dinh ly 1a hién nhién. Ta s&
chiing minh di€u kién dt. That vay, gia st z = (z1,...,x4) la mot f-day

chinh quy hoan vi dugc. Theo hé qua trén ta suy ra
e((iz1, ., xq; (1, xi)M i/ (2, ... 2i21) M) =0
véimoi i = 1,...,d. Theo cong thitc [A-B] ta nhan dugc
D) = U@, )Ml (o M)

1a mot da thic v6i n > 0 vi khi dé x cling 1a mot u.p-day. Vay da thic nay
khong phu thudc vao cach chon n,. Hoan vi thit tu cua day x4, . .., x4 thi da
thicc I/ (n; ) khong phu thudc vao ny, ..., ng khi n > 0. Vay Iy (n;z) la
ham héang khi n > 0, di€u nay ching t6 M 1a modun Cohen-Macaulay suy
rong. [

Tir dinh 1y trén ta suy ra ngay mot hé qua sau.

Hé qua 1.4.4. Cho M la mot f-moédun. Khi dé moi hé tham s cia M khong
la u.p-day khi va chi khi M khéng la médun Cohen-Macaulay.

Chitng minh. Gia st moi hé tham s6 cta M déu khong 1a u.p day. Khi d6
Iy (n; x) khong 1a da thiic hang. Do d6 M khong 1a modun Cohen-Macaclay
suy rong. Nguoc lai, gid sit M khong 1a médun Cohen-Macaulay suy rong
ta can chiing minh moi hé tham s6 cua M déu khong 1a u.p-day. That vay,

gia st ngugc lai 1a ton tai hé tham s6 z cua M la u.p-day. Theo gia thiét vi
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M 1a f-mo6dun nén z 1a f-day chinh quy hodn vi dugc. Theo dinh 1y trén thi
M 1a Cohen-Macaulay suy rong. Di€u nay la mau thuan véi gia thiét. Vay

z khong 1a u.p-day. O
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Chuong 2

Kiéu da thirc

Trong sudt chuong nay ta ky hiéu (A, m) 1a vanh Noether, dia phuong, giao
hodn M la R—mo6dun hitu han sinh khiac khong v6i dim M = d.

2.1 Kién thitc chuan bi

Cho a € M 1a mot idéan cta A. Khi d6 modun d6i dong di€u dia phuong
H!(M) tht i cha M tng véi gid a dugc xdc dinh boi ham tir dan xuét phai
th 7 ctia ham tir a-xoan T'y(e): H(M) = R'T (M), trong d6 T'y(M) dugc
dinh nghia boi

La(M) = | J (0 : a”)

n>0
12 mot ham tir hiép bién khop trdi. Ti€p theo ta s& nhic lai mot s6 dinh 1y

quan trong sau.

DPinh 1y 2.1.1 (xem trong [3]). Cho a la mét idéan cua vanh Noether A va
M la A-modun hitu han sinh. Khi do

H(M) =0
voi moi 1 > dim M.
Dinh 1y 2.1.2 (xem trong [3]). Cho M +# 0 la modun hitu han sinh voi
dim M = d trén vanh Noether dia phuong (A, m.) Khi do

H (M) # 0.

18
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Chu y 2.1.3. Modun Cohen-Macaulay va Cohen-Macaulay suy rong ctingdugc
dac trung qua modun doi dong diéu nhu sau:

(i) M 1a modun Cohen-Macaulay khi va chi khi HL (M) = 0,Vi =
0,...,d—1.

(ii) M la médun Cohen-Macaulay suy rong khi va chi khi [4(H. (M)) <
4+00,Ve =0,...,d— 1.

Data;(M) = Ann H. (M),i =0,...,dvaa(M) = ag(M)...a5_1(M).

Khi d6 ta dua ra két qua sau day cua P. Schenzel:

(iii) Dat
d—1 .
by (M) = [()((Anna((zl,....a)M : i}y, /(2. 2h) M),
=0 t>0

va b(M) = N,b, (M), z chay trén toan bo h¢ tham s6 ctia M. Khi d6 ta ¢

a(M) Cb(M) Cay(M)N...Nag1(M),

Tur chid y trén ta suy ra dugc ngay bé dé sau.

Bo dé 2.1.4. Cho x1, ..., x; la mot phdan hé tham sé cia M. Gid sit ton tai
mot phan tir a € a(M) sao cho (x4, ..., x;,a) cing la mot phan hé tham so
cua M. Khi do

(21, x)M a(M) = | J((z1,...,2:)M : o' (M)

Pinh nghia 2.1.5. (i) Mot vanh A duoc goi la vanh catenary néu nhu moi
day tang cdc idéan nguyén t6 bdo hoa nam giita hai idéan nguyén t6 bat ky
q C p déu c6 cung do dai.

(ii) Mot vanh A duoc goi 1a catenary phd dung (universally catenary) néu

A 1a Noether va A[X7, ..., X,,] 1a vanh catenary v6i moi n > 0.
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(iii) Cho (A, m) 1a vanh Nother dia phuong, A dugc goi la vanh Gorenstein
néu né thoa man di€u kién sau inj dimA < oo, trong d6 inj dim(A) 1a chiéu

noi xa cua A.

Nhu da biét coi A nhu A-modun thi A ludn ton tai mot 161 giai noi xa la
P*. Khi d6 néu P, = 0 v6i moi n > d va P; # 0 thi ta n6i rang A ¢6 chiéu
noi xa la d, ky hiéu 1a inj dim(A) = d. N€u khong ton tai d thod man P, = 0
v6i moi n > d va Py # 0 thi ta quy udc inj dim(A) = co. T dinh nghia trén

ta co bd dé sau

Hé qua 2.1.6 (xem trong [8]). Moi vanh Gorenstien déu la vanh Cohen-

Macaulay.
Tiép theo ta nhic lai mot dinh 1y quan trong sau day.

Dinh ly 2.1.7 (xem trong [8]). Vanh thuong cua vanh Cohen-Macaulay la

vanh catenary phd dung.
T dinh 1y va b6 dé trén ta suy ra ngay mot hé qua sau.

Heé qua 2.1.8. Vanh thuong ciia vanh Gorenstein la vanh catenary phd dung.
Tiép theo ta nhic lai khai niém sau.

Dinh nghia 2.1.9. Mot A-modun M duogc goi 1a unmixed n€u né thoa man
dim(R/p) = dimM véi moi p € Assﬁj/w\.

Pinh 1y 2.1.10 (xem trong [8]). Cho A la vanh catenary pho dung. Khi dé
voi moi p € SpecA thi A/p la unmixed.

Pinh nghia 2.1.11. Cho D*: ... = D" — ... - D" - D! — .. —
D™ — ... 1a mot phitc cdc A-modun. Khi d6 D* duge goi la phic d6i ngau
ciia A néu thod min céc diéu kién sau:

(i) D*® bi chan, tic 1a D" = 0 v6i [n| >> 0.

(ii) H'(D*) la hitu han sinh v6i moi i.
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(ii1) D, 1a cadc A-modun ndi xa v6i moi n € Z.

(iv) V6i moi phitc M thoa man cac di€u kién (i) va (ii) & trén ta déu c6
Hom 4(Homy(M*®, D*), D*) ~ M*®
& day ~ 12 tua dang ciu trong pham tri c4c phic.

Chi y 2.1.12. Sau day ta nhac lai mot s6 tinh chat co ban vé phitc doi ngu.

(i) Vanh thuong ctia vanh ¢6 phiic d6i ngau luén c6 phic doi ngau. Ta
biét rang phép giai noi xa ti thi€u clia mot vanh Gorenstein 1a mot phic doi
ngiu cua vanh d6, vdy moi vanh thuong ctia vanh Gorenstein déu c6 phiic
do6i ngau.

(i1) Néu A c6 phitc d6i ngau thi A 1a vanh catenar, nghia 1a moi day céc
idéan nguyeén t6 nam giita hai idéan nguyén t6 p C q bat ky déu cé ciing do
dai. Hon nita néu A khong la vanh dia phuong thi ta van c¢6 dim A < oo.

(iii) Gia str A ¢6 phiic d6i ngau. Khi d6 quy tich khong Cohen - Macaulay
cua M dinh nghia boi

nCM(M) = {p € SuppM|M, khong la Cohen - Macaulay},

la tap dong trong Spec(A) theo topod Zariski.
(iv) Gia st A c6 phic d6i ngdu. Khi d6 véi ¢« = 0,...,d ta cé
dim(A/a;(M)) < 1.

2.2 Kiéu da thic

Truée khi dua ra khai niém co ban cia muc nay ching ta sé dua ra két qua

sau.

B6 dé 2.2.1. Cho x = (x1,...,q) la hé tham s6 cliaM van = (nq,...,ng)
€ N Khi dé ta c6 I(M/(z}", ..., i YM) <ny...ngl(M/(x1,...,xq)M).

Chitng minh. Ta s€ chitng minh quy nap theo d. Khi d = 1, xét day khép
M/xyM =25 M/o?M — M)z M — 0.
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Tir day khép trén suy ra [(M /22 M) < 21(M/x1M). Hoan toan tuong tu c6
day khép
M/22M =25 M/a3M — M)z M — 0.

Tur day khép trén suy ra
UM /2 M) < I(M/ziM) + 1(M/z,M).

Tir hai bat déng thic trén suy ra [(M /23 M) < 31(M/z3). Tiép tuc qua trinh

trén suy ra [(M/x) < nyl(M/z1M).

Gidsitd > 1. Dat E = M/2"" M va F = M/ (s, ..., x,)M. Khi d6 theo

gia thiét quy nap ta cé

(M) (] ay)M) = UE/ (252, ..., z)")E)

<ng..ngl(E/(xq,...,zq)F)
=ny...ng(F/z'F)
<ny...ngl(M/(z1,...,2q)M). O

Khing =ng = ... =nyg=1dat I[jy(n,z) = Iyy(x). Tu b6 dé ta suy ra

ngay mot hé qua sau.
Heé qua 2.2.2. I)/(n,z) < ni...ngly(z).

Heé qua trén ndi 1én rang néu ham s6 I);(n, z) khong la da thic thi n6
cling bi chan trén bai da thiic ny . .. ngly(x). Do d6 bac nho nhat cua tt ca
céc da thic theo n chian 1a ton tai nhung liéu rang nd ¢6 phu thudc vao cach
chon hé tham s6 27 Dinh ly sau day s€ tra 16i tron ven cau hoi dé. Dinh ly

nay cling dan dén nhiing khai niém co ban cua luan van.

DPinh ly 2.2.3. Bdc bé nhdt cua tdt cd cdc da thitc theo n chdn trén ham sé

Iy (n, z) khong phu thudc vao cdch chon x.

Chiing minh. Cho t = (t,...,t) € N. Khi d6 theo Garcia Roig, J. .L thi bac
bé nhat cla tat ca cdc da thuc theo ¢ chan trén ham s6 /y,(¢, ) khong phu
thudc vao cach chon z. Ky hiéu bat bién nay la p'(M) va goi p(x) la bac

bé nhit cha tit ca cac da thic chan trén ham [, (n,z). Ta s€ chiing minh
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ham Ij;(n,z) 1a dong bién. That vay, theo quy nap ta chi cin chitng minh
In(m,z) > Iy(n, x), v6i m; = n;, Vi < d. Theo cong thiic [A-B] va cong
thic boi ta cé

Iy(m,z) = UM/ ()", ...,z )M) —my...mge(z, M)

= (2", M o () M)
—l—?jie((xﬁfl, con @) (@M M s (e a] M)
> (™Mol (2 x M)
+Z§e((:€ﬁifl, @) (@M M s (e M)
> (™Mol (e a)M)
£ (ol P G M T a5
= (", M sl (2 )M
—|—le::11 e((ws .o )y (o o M s (a2 M)
= Iu(n, z).
Do d6 ta c6 Iy (t,z) < Iy(n,z), v6i moi t < n;i = 1,...,d. Suy ra

P (M) < p(z). Tuong tu ta c6 Iy (t,z) > Iy(n,x), v6i moi t > n;i =
1,...,d. Suy ra p'(M) > p(z). Do d6 ta suy ra p'(M) = p(x) véi moi hé

tham so z. O

Dinh 1y trén dua ta dén khai niém co ban sau va né ciing 1a xuat phat

diém quan trong dan dén cdc két qua chinh clia chuong nay.

DPinh nghia 2.2.4. Bac bé nhét clia tat ca cic da thic chan trén I, (n,z) la
mot bat bién cia M. Bat bién nay goi 12 kiéu da thirc cia M va ky hiéu 1a

p(M).

Chu y 2.2.5. (i) Quy udc bac cta da thic 0 1a —oo. Khi d6 ta suy ra ngay M
la modun Cohen-Macaulay khi va chi khi p(M) = —oo vi ta chon dugc hé
tham s6 ctia M sao cho Ij/(n,x) = 0. Ta cling suy ra, M la moédun Cohen-
Macaulay suy rong khi va chi khi p(M) < 0.
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(i1) Theo cong thitic Lech ta c6
lim (M) («t ...z ) M)
min(n;)—o0 ny...nyg
suy ra 0 < p(M) < dimM — 1 khi M khong 1a modun Cohen-Macaulay.

= e(x, M)

Nhu vay ki€u da thitc c6 thé xem nhu mot do do tinh Cohen-Macaulay
phit hgp cho modun. Hé qua sau day dugc st dung nhi€u trong muc ti€p
theo.

Hé qua 2.2.6. Cho M la bao ddy dii m-adic ciia M. Khi dé p(M) = p(M).

Chitng minh. Viz = (z1,...,24) la hé tham s6 clia M thi z cling 1a hé tham
s6 chia M. Mat khac do dai va boi 1a bat bién qua phép lay day dua, nghia la
UM/ (2)M) = UM /(2)M) v e(a; M) = e(z; M)

Do d6 v6i moi bo d s6 nguyén duong nq,...,ng ta co
(M) (a) . ay ) M) = 1M/ (2}, ...,z M).
Tir day suy ra I53(n, ) = Iy(n,z). Do d6 p(M) = p(M). O

2.3 Cac chan trén va duéi cua kiéu da thic

Chad y 2.2.5(ii) n6i 1én rang néu khong biét chinh xdc p(M) thi ta ciing
thdy réing n6é luon bi chan. Tuy nhién ching ta chua thé tinh cdc chin cla
né. Cac két qua chinh ciia muc nay s€ néi 1én y nghia hinh hoc cta p(M),
tinh dugc cac chan cta p(M) va tinh duge p(M) trong mot s6 truong hgp
dac biét. Trude khi phat bi€u cdc két qua chinh trong muc nay ching ta cin

dinh nghia va mot s6 bd dé sau.

Pinh nghia 2.3.1. M6t phan h¢ tham s6 z;,...,2; cia M dugc goi la day
thu gon néu x; & p,Vp € Ass(M/(x1,...,x;-1)M) v6i dim(A/p) > d — i,
i=1,... 4.

Tur dinh nghia trén ta c6 thé dinh nghia thém mot bat bién nita ctia M 1a
r(M) = inf {k}, trong d6 k thoa man di€u kién moi phan hé tham s6 cua

M ¢6 d — k — 1 phan tlr 1a day thu gon ctia M.
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Bo dé 2.3.2 (xem trong 4.8 ctia [1]). Cho z = (x1,...,2q) la hé tham sO
ciua M. Khi dé xj, & p voi moi p € Ass(M/(x1,...,x5-1)M) thod man
dim(R/p) >d—k(k=1,...,d— 1) néu va chi néu
e((xy,...,xq); M) =1U(M/(z1,...,24)M)
—l((x1, ..., xg 1) M) - xg/(x1, ..., 24-1)M).

Bo dé 2.3.3. Cho . .. .z la ddy thu gon hodn vi duogc (moi hodn vi cua
X1, ..., xjdéuladdy thu gon). Khi dé voimoip € Ass(M/(x1,...,x;-1)M)
thod man dim(A/p) > d — j ta ¢6

dim(M,) + dim(A/p) = d.

Chitng minh. Gia sudimM, = k < j thi khi d6 ta c6 thé chon dugc thit tu ciia
day z1,...,xjsaochozy, ...,z lahé tham s6 clia M,. Vi (z1,...,x;) M, C
(21,...,2j-1)M, C pM, nén suy ra (x1,...,xj_1)M, 1a pA,- nguyén so.
Theo [8], 7.C ta nhan dugc p € Ass(M/(xy,...,xj—1)M). Diéu nay 1a mau
thuan véi gia thi€t z, . . ., x; 1a ddy thu gon. Vay dimM, = j, tic 1a dimM,+
dim(A/p) = d. O

B6 dé 2.3.4. Cho p € SuppM thod mdn dim(A/p) > r(M). Khi dé M, la
moédun Cohen-Macaulay va dim(M,) + dim(A/p) = d.

Chitng minh. Dat k = r(M) va chon mot phan hé tham s6 4, ...,z cia M
nam trong p sao cho j 1a s6 16n nhat. Khi d6 ta suy ra dim(A/p) = d — J.
Vik<d—-jnénd—k—12> j ticla z,...,x; la day thu gon hodn vi
dugc cta M. Theo b6 dé trén ta ¢6 dim(M,) + dim(A/p) = d. Mat khéc, vi
T1,...,x; cling la day thu gon clia M, nén theo b6 dé 2.3.2 ta c6
(My/(z1,...,25)My) —e((z1,...,25); My)
=1((x1,...,xjm1) My rxj/(x1,. .., xj-1)M,y).
Hon nita pA, & Ass(M,/(z1,...,xj-1)M,), tr d6 suy ra
(1, xjm) My xy = (21, ..., xj-1) M.
Suy ra (M, /(x1,...,x;)M,) —e((z1,...,2;); My) = 0. Diéu nay ching to
M, 1a modun Cohen-Macaulay. O
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B6 dé 2.3.5. Gid sit A ¢6 phiic doi ngdu va cho a € a(M) la mot phdn tir
tuy y sao cho dim(M/aM) = d — 1. Khi dé, néu dim(A/a(M)) < d—1 thi

dim(A/a(M/aM)) = dim(A/a(M)).

Chitng minh. Dat M = M /aM va k = dim(A/a(M)). Khi d6 xét c4c day
khép sau

0—O0p:a(M)— M — M/(Opy:a(M)—0 (S1)

0 — M/(0y :a(M)) - M — M — 0 (Ss).
Hién nhién (S;) 12 khép va (S,) 1a khép vi 0y : ad = 0y : a(M) theo [9],
2.4.4. Mat khéac vi dim(0y; : a(M)) = k, nén theo dinh 1y 2.1.1 ta suy ra
Hi(0p 2 a(M)) = 0 v6i moi ¢ > k. Khi d6 ddy khép (S;) sinh ra cdc dang
cau

fi o Hy(M) = Hy(M/(Oy = a(M))).

Hon nita vi a. H. (M) = 0 v6i 0 < i < d — 1 nén tir biéu d6 giao hodn

Hy, (M) - - Hy (M)
Hyo(M/(0ar = a(M)))

ta suy ra g; la anh xa khong véi k < ¢ < d — 1. Vi day khép (S59) sinh ra day
khép dai cdc doi dong diéu dia phuong va do f; 1a cdc dang cau nén ta thu
duoc
0 — HL(M) — H.(M) — HJ' (M) — 0
1a mot day khdp ngan khi k& < ¢ < d — 1. Tir d6 suy ra
Rad(ak(M)) .. .Rad(ad,l(M)) = Rad(ak(ﬁ)) .. .Rad(ad,g(ﬁ)).
Mat khéac vi A c6 phiic d6i ngau nén theo 2.1.12(iv) ta nhan dugc
dim(A/ag(M) ... a_1(M)) <k —1 va dim(A/ag(M)...ar_1(M)).
Mit khdc A 1a catenar do d6 dim(A/a(M)) = dim(A/a(M)). O
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B6 dé 2.3.6. Cho x = (x1,...,3q) la mot hé tham s6 cia M sao cho
T € Cl(M/(ZL‘i+1,...,I'd)M), voiir=1,...,d. Khi do

nq ni—1 Loon; nq ni—1 .
(.ZEI P 71.2_1 )M N Z’Z g (.%.1 PR ,.%'2_1 )M . I’]
voimoi j > 1> 1.

Chitng minh. Ta s& ching minh bo dé quy nap Iui theo j. Khi j = d thi bd
dé 1a hién nhién vi z, € a(M) ( theo 2.1.3(iii)). V6i d > j > i tir dinh nghia

cia z va hé qua 2.1.4 ta c6

ni ni—1 LN ni ni—1 .oon;
()t ooy )M ocx C (e T, xg) M)

C (a2 e, ma)M
Cho a € (z}',..., 27" )M : x!", thi khi d6 ta c6 khai trién
a.x; =b+ cj1Tjp + ...+ cqg
v6ib e (2}, ..., 2" )M, ¢jqa, ..., cqg € M. T gia thiét quy nap ta suy ra

_ 2 ni n;—1
azr;rjp1 = brjy +cjprig + .o+ cavari € (27, )M,

nghia la Cj_t'_lx?_'_l € (2", ..., 2", xj4o,...,rq) M. Lai dya vao dinh nghia

cua z va hé qua 2.1.4 ta suy ra
ny Ngi—1 C 2
civ1 € (V- 10 wge, o wa) M xg

— ny Mi—1 .
= ()", 2 T, o xa) Mo Xy
SN N ~ 9 ni—
bicu nay ching to rang ax; € (21", ..., 2, ", Tjt2,...,xq) M.
Néu 5 + 1 < d ta ti€p tuc qua trinh trén, sao cho cuoi cung ta di dén

ar; € (... 2 ) M. O
Pinh ly 2.3.7. Gid si A ¢ phiic doi ngdu. Khi dé ta cé cdc ddng thiic

p(M) = r(M) = dim(A/a(M)).
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Chitng minh. Dé ching minh dinh 1y ta s& chi ra rang
p(M) > r(M) > dim(A/a(M)) > p(M).

Ta can chiing minh p(M) > r(M). bat p(M) = k. Gia st z = (x1,...,2q)
la mot hé tham so tuy y cua M. Theo cong thiic [A-B] ta c6

In(n, x) = 1((27", . .. ,xgd:f)M cat (2]t ,:UZi’ll)M)
d—1
+ e((:v?ff, o)y (2 L reYM ol (2l ) M.
i=1

Vi p(M) = k nén Iy;(n,z) bi chan trén bdi mot da thic bac k. Do d6
e((zi, .o alh); (e, oo ey M a2 ) M) =0

véit=1,...,d—k—1vanq,...,ng>1.Chony =ny=...=n; =1 thi
khi d6 suy ra

e((Tig1y- s 2q); (T1, . i) M =i f(21,...,2i-10)M) = 0.
Theo bd dé 1.4.1 suy ra 1, ..., 24— 1a mot ddy thu gon. Do d6 theo dinh
nghia cua (M) suy ra r(M) < k.

Tiép theo ta s€ ching minh r(M) > dim(A/a(M)). bat r(M) = k. Khi
d6 v6i moi p € SuppM thod man dim(A/p) = d — j > k ta s€ chiing minh
a(M) ¢ p. That vay, theo b6 dé 2.3.3 ta ¢6 dimM, + dim(A/p) = d. Suy ra
dimM, = j < d— k — 1. Vi thé ta ¢ thé tim dugc hé tham s6 1, ..., z;
cua M chia trong p va la mot hé tham s6 cua M,. Hon nifta 1, ..., z; con
la day thu gon cia M, vi r(M) = k. Tt b6 dé 2.3.2 suy ra

[(My/(z1,...,25)My) —e((z1,...,25); My)
= l((ﬂfl, ce ,ijfl)Mp : l’j/(ﬂ?l, ce ,l’jfl)Mp).

Vi zy,...,x; cling 1a day thu gon cia M nén suy ra

pAp ¢ ASS(MP/(CCD R 7'7:]—1)MP)7
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tu day suy ra
(1, xjm) My = (21, ..., xjo1) M.
Diéu nay ching to
[(My/(x1,...,2;)My) —e((x1,...,25); My) =0,

hay M, la Cohen-Macaualy. Khi d6 theo [9], 2.4.6 thi a(M) & p. Vay
dim(A/a(M)) <k =r(M).

Tiép theo ta s€ ching minh dim(A/a(M)) > p(M). Theo chd y 2.2.5(ii)
bdt dang thic hién nhién ding khi dim(A/a(M)) = d — 1. Gid st
dim(A/a(M)) < d — 1. Vi vanh thuong ctia vanh cé phtc d6i ngau ludn
c6 phiic d6i ngau nén theo 2.1.12(iv) ta luon c6 thé chon dugc mot hé tham
s6 = (z1,...,74) cha M sao cho z thoa man gia thiét cia bé dé 2.3.6,
nghia la

zi € a(M/(zis1,...,xq)M),i=1,...,d— 1.
Dat M = M/xqM, 2’ = (21,...,24-1), 0’ = (nq,...,nq_1). Khi d6 2/ 12
mot hé tham s6 ctia M va thod méan diéu kién ctia b6 dé 2.3.6 doi v6i M.
Khi dé theo bé dé 2.3.3 ta c6

In(n,z) = U((2 g )M oo/ (2, 2y ) M)

= Iy(n',1;2).
Mat khéac vi 0y : g = 0p7 0 a(M) nén
Iny(n/ 1 2) = Igp(n/, ') + e((2) oo 2" ); Oar : ).

Vidim(A4/a(M)) < d—1nénsuy ra e((z},..., 25" ); 06 : zq) = 0. Vay
Ivy(n;z) = Ii(n';2'). Do d6 p(M) = p(M). St dung quy theo d va theo
b6 dé 2.3.5 ta dé dang ching minh duge dim(A/a(M)) > p(M). O

Tir chitng minh ctia dinh 1y ta luon ¢6 p(M) > r(M) do do6 tir b6 dé 2.3.4

ta suy ra ngay hé qua sau.

Hé qua 2.3.8. Cho p € SuppM sao cho dim(A/p) > p(M). Khi dé6 M, la
moédun Cohen-Macaulay va dim(M,) + dim(A/p) = d.
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Nhéc lai ring moédun M duoc goi la déng chiéu néu dimM = dim(A/p)
v6i moi p € min AssM. Dinh 1y sau day néi 1én y nghia hinh hoc cua kiéu
da thuc cua M.

Dinh 1y 2.3.9. Gid sit A c6 phiic doi ngdu va M la ddng chiéu. Khi dé
p(M) = dim(nCM(M)).

Chiing minh. Vi A ¢6 phiic d6i ngau nén theo 2.1.12(ii) thi A 1a vanh cate-
nar. Do M la déng chiéu nén ta c6 dimM, + dim(A/p) = d. Theo [9] ,
2.4.6 thita c6 V(a(M)) = nCM(M). Vay theo dinh 1y trén ta c6 p(M) =
dim(A/a(M)) = dim (mCM(M)). O

Tir hai dinh 1y trén ta suy ra di€u kién A ¢6 phic d6i ngau la rat quan
trong va dinh 1y s& khong con ding nita néu bd di di€u kién A c6 phitc doi

ngau. That vay ta xét mot vi du sau

Vi du 2.3.10. Nhu di biét Ferrand va Raynaud da xay dung duoc mot mién
nguyén dia phuong (R, m) v6i dimR = 2 sao cho bao day du m — adic
R clia R ¢6 mot idéan nguyén t6 lien két chiéu 1. Gid st p € R sao cho
dimR /p = 1. Do d6 suy ra R khong la CM suy rong. Vi néu nguoc lai néu
R 12 CM suy rong thi ta suy ra dimﬁ/ﬁ — dimR = 2 v6i moi p € Ass(}Ax?),
di€u nay l1a mau thuan. Vay R khong 1a CM suy rong. Theo 1.1.6(iii) thi R
khong 12 CM suy rong. Suy ra p(R) > 1. Vidim(R) = 2 va theo chu y 2.2.5
(ii) ta suy ra p(R) = 1.

Chii y rang R khong c6 phiic d6i ngiu. Vinéu R ¢6 phitc d6i ngu thi khi dé
R 1a Catenary ph6 dung. Do R 1a mién nguyén nén idéan (0) 1a idéan nguyén
t6. Theo b3 dé 2.1.10 thi R/(0) = R la umixed, nghia la dimR/p = dimR
v6i moi p € AssR, diéu nay 1a mau thuén vi dimR = 2 va ton tai p € AssR
sao cho dimfi/ﬁ = 1. Vay R khong c6 phiic d6i ngau.

Tiép theo ta s& chi ra rang nCM(M) = {m}. That vay, néu p = 0
thi R, 1a truong nén suy ra dimR, = 0 = depthR,. Do d6 R, la CM.
Vay p ¢ nCM(R). Vé6i p € SpecR sao cho 0 # p va p # m thi do
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dimR = 2 nén suy ra dim(R/p) = 1. Vi (R, m) la mién nguyén dia
phuong nén (R,,pR,) 1a mién nguyén dia phuong. Suy ra dimR, = 1.
Do d6 depthR, < dimR, = 1. Do R, la mién nguyén dia phuong nén moi
phan tr khdc khong déu la phan tr chinh quy. Suy ra depthR, = 1. Tur d6
suy ra R, 1a CM. Vay p & nCM(R). V6i p = m thi khi d6 Ry ~ R. Do d6
Ry, khong la CM. Vay nCM(R) = {m}. Do d6 dim (nCM(R)) = 0.

Vip(R) = 1 vatheo ching minh ciia dinh 1y 2.3.7 tasuy rar(R) < p(R) =
1. Gia stt 7(R) = 1 thi suy ra o = 0 la day thu gon. Vi R 1a mién nguyén
nén AssR = {(0)}. Khi d6 vi x 1a day thu gon nén suy ra zp = 0 ¢ (0),
diéu nay 1a mau thuan. Vay r(R) = 0. Mat khac theo [9] thi a;(R) = 0 nén
suy ra a(R) = 0. Do d6 dim(R/a(R)) = 2. Vay ta c6 bat dang thic

dim(R/a(R)) > p(R) > dim (nCM(R)) = r(R) = 0.

Vi du trén néi 1én rang dinh 1y 2.3.7 khong con diing nita néu A khong c6
phitc d6i ngiu. Tuy nhién ta ¢6 dinh 1y sau trong trudng hop téng quat.
DPinh ly 2.3.11. (i) Vi cdc ky hiéu nhu o trén ta cé

dim(A/a(M)) > p(M) > r(M).
(ii) Néu nC M (M) la dong trong SuppM theo topé Zariski thi
p(M) > r(M) > dim(nCM(M)).
Chiing minh. Ky hieu A va M 1a bao day dit m- adic clia A va M. Khi d6 ta
cé a(M )E C alM. Vi bao day du ciia mot vanh ludén c6 phitc d6i ngau nén

tir hé qua 2.2.6 va dinh 1y 2.3.8 ta suy ra

—

dim(A/a(M)) = dim(A/a(M)A) > dim(A/a(M)) = p(M) = p(M).

Tiép theo ta can ching minh (M) > dim (nCM(M)). That vay theo
hé qua 2.3.5 thi néu dim(A/p) > r(M) thi M, khong 1a modun Cohen-
Macaulay. Do d6 p & SuppM. Suy ra dim (nCM(M)) < r(M).

Céc bat dang thiic con lai ctia dinh 1y hoan toan dugc chitng minh giong

nhu dinh 1y 2.3.8, vi vay chiing ta khong nhéc lai ching minh & day nita. [
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2.4 Truong hop A la vanh thuong cua vanh Cohen-Macaulay

Két qua tiép theo day 12 mot tiéu chuén rat hitu hiéu dé tim can trén cla kiéu
da thic p(M).

DPinh ly 2.4.1. Gia su A la vanh thuong cua vanh Cohen-Macaulay, k la mot
sO tu nhién. Khi dé cdc ménh dé sau la tuong duong:

(i) p(M) < k;

(ii) Moi phdan hé tham so gom d — k — 1 phan tir la ddy thu gon;

(iii) Voi moi idéan nguyén té' p € SuppM sao cho dim(A/p) > k, ta c6
M, la CM va dim M, + dim(A/p) = d;

(iv) Vi moi idéan nguyén t6'p € SuppM sao cho dim(A/p) = k+ 1, ta
co M, la CM va dim M, + dim(A/p) = d.

Chitng minh. Vi tinh chat Cohen-Macaulay 6n dinh qua tong quat hod nén
(iii) <= (iv). Vi thé ta chi cdn ching minh ()= (ii)= (iii))= (i.)

(i) = (i1) duoc suy ra ngay tr dinh ly 2.3.11. That vay, theo 2.3.11 ta c6
r(M) < p(M) < k. Do d6 moi phan h¢ tham s6 cia M déu c6 s6 phan tir
16n hon hodc bang d — k — 1 1a day thu gon. Suy ra moi phan hé tham s6
cta M déu c6 d — k — 1 phan tir 1a day thu gon.

(il) = (iii) VGi moi idéan nguyén t6 p € SuppM thoa man dim(A/p) > k.
Theo (ii) suy ra (M) < k, tir day suy ra dim(A/p) > r(M). Theo hé qua
2.3.4 ta suy ra di€u can chiing minh.

(i) = (i). Ky hiéu A va M 1a bao ddy dii m- adic ctia A va M. Dit
dim(g/a(]\/i)) = k'. Gia stt rang k' > k. Chon P € Ass(g/a(]\/f)) sao cho
dim(A/P) = K va dat p = PN A. Khi d6 tn tai mot idéan nguyén t6
Q € Ass(ﬁ/pg) sao cho @ C P, ticla Q@ N A = p. Khi d6 E/pg la khong

tron 1an (unmixed) nén ta duoc
dim(A/p) = dim(A/pA) = dim(A/Q) > dim(A/P) = k.
Chd ¥ rang A 1a vanh catenar, tir gia thiét (iii) va bo dé 2.3.4 ta suy ra

d = dimM, + dim(A/p) = dimM, + dim(A/Q)
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— dimM, + dim(A/P) + dim(Ap/QAp)

— dimM, + dim(A/P) + dim(Ap/pAp)

— dimMp + dim(A/P).
Mat khéc vi dim(A/p) > k' > k nén theo (iii) suy ra M, la médun Cohen -
Macaulay. Vay M, p cling 1a modun Cohen - Macaulay vi thé clia dong cau

chinh tic A — A 1a Cohen - Macaulay. Tu do suy ra

d = dimMp + dim(A/P) = depth(Mp) + dim(A/P).

—

Theo dinh 1y 2.4.6 clia [9] ta dugc o(M) € P, dicu nay mau thuén véi cach
chon idéan nguyén t6 P. Vay ta phai c6 k > k'. Vi A cé phtic do6i ngau nén
theo bd dé 2.2.6 va dinh 1y 2.3.7 cudi cung ta nhan duogc

—

p(M) =p(M) =k < k.
O

Néu A la vanh thuong cua mot vanh Cohen - Macaulay khi d6 quy tich
khong Cohen - Macaulay nCM(M) 1a tap dong trong Spec A. Nhu vay ching

ta ¢6 thé néi vé chiéu cia nCM(M). Khi d6 ta c6 hé qua sau day

Hé qua 2.4.2. Gid su A la vanh thuong cua mét vanh Cohen - Macaulay va
M la déng chiéu. Khi do

p(M) = r(M) = dim(nCM(M)).

Chitng minh. Vi A 1a vanh catenar va M 1a dang chiéu nén
dimM, + dim(A/p) = d v6i moi p € SuppM. Vay tur dinh ly [9] 2.4.6
ta suy ra V(a(M)) = nCM(M). Do d6 dim (nCM(M)) = dim(A/a(M)).
Tu dinh 1y 2.3.11 ta suy ra p(M) = r(M) = dim (nCM(M)). O

Nhu da gi6i thiéu 16p modun Cohen-Macaulay suy rong lan dau tién duoc
dua ra trong [7]. Tir cdc dinh 1y va hé qua trén ta c6 thé nhan lai dugc tat ca

cac két qua chinh cua [7] cho médun Cohen-Macaulay suy rong.
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Hé qua 2.4.3. Cho A la vanh thuong cud vanh Cohen-Macaulay hodc A cé
phiic doi ngau. Khi dé cdc ménh dé sau la tuong duong:

(i) M la modun Cohen-Macaulay suy rong,

(i) p(M) < 0;

(iii) Moi hé tham sé cua M déu la day thu gon;

(iv) dim(A/a(M)) < 0;

(v) dimnCM (M) = 0 va M la ddng chiéu.
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Nhu vay luan van da trinh bay lai mot s6 két qua ctia GS. TSKH Nguyén
Tu Cudng vé tinh da thitc va kiéu da thitc cia mot M 1a modun hitu han sinh
trén vanh Noether, dia phuong (A, m) cu thé la:

Trinh bay lai mot s6 dinh nghia, cdc tinh chét vé boi va modun Cohen -
Macaulay suy rong. Pua ra khéi ni€ém u.p - day va dac trung tinh da thic
ctia ham do dai va tinh Cohen-Macaulay cua modun thong qua u.p-day.

Nhéc lai mot s6 kién thic vé modun d6i dong diéu dia phuong, cac khai
niém vanh Catenary, catenary phé dung, Gorenstien va moi lién hé giita
chiing. Nhic lai khai niém vé phiic doi ngu va mot s tinh chat cua phic
doi ngau. Dua ra khdi niém kiéu da thic, tinh dugc né trong mot so trudng
hop dac biét va tim dugc can trén va du6i cia né trong trudng hop tong
quat. Pua ra § nghia hinh hoc cta kiéu da thic va dic trung modun Cohen-
Macaulay suy rong thong qua kiéu da thitc, diy thu gon va chiéu cua quy

dao khong Cohen-Macaulay.
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