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Voi n la so nguyén duong, ky hiéu:

R™: khong gian Euclide n-chiéu trén truong so thuc;

R : gbéc khong am ctia R" (tap cic véc-to c6 moi toa do déu khong am );
R: truc s6 thuc (R = RY);

R: truc s6 thue m& rong (R = R U {—o0, +00});

N tap hop s6 nguyén duong;

21" tap hop tét ca cdc tap con cia R";

Voi moi véc-to x,y € R", ky hiéu:

x;: toa do thi i cua x;

xT': véc-to hang (chuyén vi clia x);

(x,y) =2ty = a2y := Z;‘:l xjy;: tich vo huéng cla hai véc-to x va y;

||lz]] = y/>_j—; «7: chudn Euclide cta x;

[z, y]: doan thang déng ndi x va y;

(x,): doan thang m& ndi x va y;

Vi tdp A, ky hiéu:

A: bao déng ctia A;

coA: bao 101 cua A;

aff A: bao a-phin cua A;

int A: tap hop cac diém trong clia A;

ri A: tap hop cdc diém trong tuong doi cha A;
Voi ham f cua n bién, ky hiéu:

f: ham bao déng cua f;

dom f: tap hitu dung cua f;

f*: ham lién hop cua f;

epi f: trén d6 thi cha f;

Jf(x): dudi vi phan cua f tai x;

O.f(x): e- dudi vi phan cla f tai x;

vV f(x) hoac f'(z): dao ham cua f tai x;
f'(x,d): dao ham theo phuong d cua f tai x;
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Loi noi dau

Giai tich 16i 1a mot b6 mon quan trong trong giai tich phi tuyén hién dai.
Giai tich 16i nghién ctu nhitng khia canh giai tich cua tap 16i va ham 106i.
Du6i vi phan 1a mot khai niém co ban cua giai tich 16i. Pay 1a md rong cho
dao ham khi ham khong kha vi. Di€u nay cho thay vai trdo cua dudi vi phan
trong giai tich hién dai ciing ¢6 tam quan trong nhu vai tro cia dao ham trong
giai tich c6 dién. Dudi vi phan ciia ham 16i c6 rat nhiéu tng dung trong giai
tich phi tuyén va dac biét trong cdc bd mon toan tng dung, nhu t6i wu hoa,
bat dang thic bién phan, can bing v...v.

Muc dich ctia luan van la trinh bay mot cach c6 hé thong, cac kién thiic
co ban va quan trong nhét vé dudi vi phan ctia ham 16i va xét mot s6 ung
dung dién hinh ctia dudi vi phan trong tdi wu ho4.

Luan van gom 3 chuong. Trong chuong 1 sé trinh bay nhiing kién thtc
co ban vé tap 16i va ham 16i. Day 1a c4c kién thic bé trg cho chuong 2 va do
d6 sé khong dugc ching minh trong luan van nay. Trong chuong 2 s€ dé cap
vé dao ham theo phuong, dudi vi phan, dudi vi phan xap xi va mot so tinh
chat co ban ctia ching. Dua trén cic két qua da nghién citu trong cdc chuong
trude, trong chuong 3 s& trinh bay cac di€u kién cuc tri cho cdc bai todn quy
hoach 16i v6i cic rang budc khic nhau (khong rang buoc, ring budc diang
thiic, ring buoc bat dang thic).

Ban luan van nay dugc hoan thanh dudi sy huéng dan khoa hoc ctia GS
-TSKH Lé Diing Muu. Nhan day em xin chan thanh cam on thay da huéng
dan, dong vién, khuyén khich em hoc tap, nghién cttu dé hoan thanh luan

van nay.
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Chuong 1

Cac kién thirc co ban vé tap 10i va ham
loi

Trong luan van nay, ching ta s& lam viéc véi khong gian euclid-n chiéu trén
trudong so thuc R. Khong gian nay duogc ki hiéu 1a R™. Chuong nay nham
gi6i thiéu nhitng khai niém co ban nhat cta tap 16i va ham 16i cuing véi nhiing
tinh chat dac trung ctia né. Céc kién thic ¢ trong chuong nay dugc 14y & tai
liéu :

+ Gido trinh "Nhap mon giai tich 16i ing dung" cta tac gia Lé Diing Muu
va Nguyén Van Hién.

+ Cuon "Convex Analysis" cua tac gia T.Rockafellar.

Do chuong nay chi mang tinh chét b tro, nén ta khong ching minh cdc

két qua néu ¢ day.
1.1 Tap léi

Pinh nghia 1.1. Doan thing n6i hai diém a va b trong R" 1a tap hop céc

véc-to x cO dang
{reR"|z=aa+06b,a>20,>20,a+ [ =1}

Pinh nghia 1.2. Mot tap C' C R"™ duoc goi 1a mot tap 10i néu C' chita moi

doan thing di qua hai diém bat ky ctia n6. Tic la

C'16i khi va chi khi Vz,y € C,A € [0,1] = Az 4+ (1= Ay € C.
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Vi du L.1. (Vé tap 16i).

a) Tap C' = R la tap I6i.

b) Tap C = [~2;3) 1a tap 16i.

¢) Tap C = oxy trong 3 1a tap 16i.

d) Cac tam gidc, hinh tron trong mat phang 14 cic tap 16i.
Vi du 1.2. (Vé tap khong 16i).

a) Tap C' = (—2;0) U (0; 3) khong la tap 16i.

b) Tap C = {(x,y) € R? | zy = 0} khong la tap 16i.
Pinh nghia 1.3. Ta néi x 12 t6 hop 16i cia cdc diém (véc-to) z', ..., 2* néu

E

Nl A 20, Vi=1..k, Y A=L1

1 j=1

<.
Il

Dinh nghia 1.4. Siéu phang trong khong gian R" 1a mot tap hop céc diém
cO dang
{re R"|a'zx =a},

trong d6 a € R" la mot véc-to khac O va o € R.

Véc-to a thudong duoc goi la véc-to phdp tuyén clia siéu phang. Mot siéu
phang s& chia khong gian ra hai nita khong gian. Nira khong gian duoc dinh
nghia nhu sau:

Dinh nghia 1.5. Nura khong gian 1a mot tap hop cé dang
{z]a"z > al,
trong d6 a # 0 va € R. Day la nira khong gian dong.
Pinh nghia 1.6. Cho C' C R" la mot tap 16i va = € C. Tap
Ne(z) ={w | {w,y —z) <0, vy € C},
dugc goi la nén phap tuyén ngoai cua C tai x.

Nhan xét. No(x) 1a mot nén 16i dong.
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Vi du 1.3. Trong R?, xét tap C' = R2.

Ne(0) ={w | (w,y = 0) <0, Vy € C}

2

={w| sz‘yz‘ <0}
i=1

= {w | w; <0}.

Pinh nghia 1.7. Mot diém a € C dugc goi 1a diém trong twong doi cta C
néu no la diém trong ctia C' theo t6-pd cam sinh boi aff C.
Ta s& ky hiéu tap hop céc diém trong tuong doi ctua C 12 1i C. Theo dinh

nghia trén ta co:
riC:={aecC|3B:(a+ B)Nnaff C C C},
trong d6 B 12 mot 1an can md cua goc. Hién nhién
riC:={acaff C|3B: (a+ B)naff C C C}.

Nhu thuong 1é, ta ky hiéu C, 12 bao déng cta C. Tap hop C'\ 1i C duoc

goi la bién tuong doi cua C.

Ménh dé 1.1. Cho C C R" la mot tdp 16i. Gid st x € riC. Khi dé véi moi
y € C tdt cd cdc diém trén doan thdng néi x va y, cé thé triv y, déu thudc
ri C. N6i cdch khdc, véi moi 0 < X < 1,thi (1 —\)1iC + \C C1iC.

Pinh nghia 1.8. Mot dudng thang n6i hai diém (hai véc-to) a,b trong R" 1a

tap hop tat ca cac véc-to x € R" c6 dang
{reR"|z=aa+0b, a,ER, a+pf=1}

Pinh nghia 1.9. Mot tap C' duoc goi la tap a-phin néu né chita moi duong

thang di qua hai diém bat ky ctia né, tic 1a
Ve,ye C,VAe R= Az + (1 - Ny e C.

Vi du 1.4. (V¢ tap a-phin).
Tap C = R? 1a tap a-phin, khong gian con 1a mot tap affine
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Nhan xét. Tap a-phin 1la mot truong hop riéng cua tap 10i.

Pinh nghia 1.10. Bao 16i cia mot tap E 1a giao clia tat ca cdc tap 10i chia
E. Bao 106i cua mot tap £ s€ duogc ky hiéu 1a coFE.

Bao 16i dong clia mot tap F 1a tap 16i dong nho nhat chida F. Ta sé ky
hiéu bao 16i dong ctia moét tap F 1a cok.

Bao a-phin cta E' 1a giao cua tat ca cic tap a-phin chita £. Bao a-phin

ctia mot tap E s€ dugc ky hiéu la aff E.

Dinh nghia 1.11. Cho £ C R".

Diém a dugc goi 1a diém trong ctia £ néu ton tai mot lan can mé U(a)
cua a sao cho U(a) C E.

Ky hiéu tap hop cdc diém trong cta tap £ 1a intE va B 1a qua ciu don

vi tam & goc. Khi d6 theo dinh nghia ta c6
intE ={x|3Ir>0:2+rB C E}.

Diém a dugc goi 1a diém bién ctia F néu moi lan can cta a déu c6 diém
thuoc F va diém khong thuoc E.

Tap E duge goi 1a tip m& néu moi diém cta F déu 1a diém trong cla F.

Tap E duogc goi 1a tap dong néu E chita moi diém bién clia no.

Tap E dugc goi 1a bi chan, néu ton tai mot hinh cau chia F.

Trong R" tap E duoc goi 1a tap compac néu £ 1a mot tap déng va bi chan.
Pinh nghia 1.12. Cho C la mot tap 16i.

Mot tap F' C C duoc goi la mot dién ctia mot tap 16i C' néu
FlatapléivavVe,ye O, tr+(1—t)ye F, 0<t<1= [z,y] C F.

Vidu 1.5. Cho C := {(x,y,2) € R*| z,y,z € [0,1]}.
Tap Fy == {(z,y,2) € R* | z,y € [0,1], 2z = 0} 1a mot dién cta tap C.
Tap Fy := {(z,y,2) € R* |y € [0,1],x = 1,2 = 0} la mot dién cla tap
C.

Diém cuc bién 1a dién c6 thit nguyén (chiéu) bang 0.
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Pinh nghia 1.13. Cho 2° € C. Ta néi e’z = « 1 siéu phang tua cta C tai

Y, néu

afa®=a, dlx > aVeeC.
Nhu vay siéu phang tua ctia C' tai 2° € C' 1a siéu phang di qua z° va dé

tap C' vé mot phia. Nita khong gian a”

12 nira khong gian tua cta C tai 2°.

x 2 « trong dinh nghia trén, dugc goi

Dinh ly 1.1. (Krein-Milman).
Moi tdp 16i déng khdc réng, khong chita duong thang déu cé diém cuc

bién.

Pinh 1y 1.2. (Xdp x1 tuyén tinh tdp 10i).
Moi tdp loi déng khdc rong va khong tring vdi toan bo khong gian déu

la giao cua tdt cd cdc nita khong gian tua cua no.

Pinh nghia 1.14. Cho hai tap C' va D khdac rong.

Ta néi siéu phiang o’z = o tdich C' va D néu
T T
agr<a<ay,Veel,VyeD.
Ta néi siéu phiang o’z = o tdch chat C' va D néu
T T
adr<a<avy,VeelC,VyeD.
Ta néi siéu phiang o’z = o tdch manh C va D néu
SUp,cco ale <a< infycp aly.

Vi du 1.6. (Tach nhung khong tach chat).
Cho tap
C={(z.y) € 2" +y° <1},

D={(z,y) e | —1<2<1,1<y<3}.

Ta co:
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+ C' va D khac rong.
+ C, D tach dugc vi ton tai siéu phang (0,1)(x,y) = 1 thod man

(0,1)(z,y) <1< (0,1)(2,y) V(z,y)eCV('y)eD.

Hay
y <1<y V(z,y) e CV(',y)eD.
+ C, D khong tach chat duoc vi khong ton tai siéu phing
(a1, a9)(r,y) = @ nao thod man

(a1, a2) (2, y) < o < (a1, a2)(2,y') V(z,y) € CV(z',y) € D.

Vi du 1.7. (Tach nhung khong tdch manh).
Cho tap
C={(x,y) € R*|x >0,y =0},

1
D:{(m,y)€R2|y25,y>0,x>0}.

Ta co:
+ C va D khdc rong.
+ C, D tach dugc vi t6n tai siéu phang (0, 1)(z,y) = 0 thod man

(0, 1)(z,y) =0<(0,1)(z",y)  V(x,y) € CV(',y) € D.

Hay
y=0<y V(z,y) e C,V( y) e D.

+ C, D khong tach manh dugc vi
Sup(w,y)eC(O? 1)(%, y) =0,

inf(x/y/)eD(O, ].)(CUI, y,) = 0.

Dinh 1y 1.3. (Pinh Iy tdch 1).
Cho C va D la hai tdp 10i khdc rong trong R™ sao cho C N D = (). Khi

doé c6 mot siéu phang tach C va D.
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Hé qua 1.1. (Bo dé lién thudc).
Cho C C R" la mot tdp 16i khdc réng. Gid sit 2° ¢ C. Khi dé ton tai
t € R", t# 0 thod man

(t,x) > (t,2°) Vo € C.

Dinh 1y 1.4. (Dinh I§ tdch 2).
Cho C va D la hai tdp 16i dong khdc rong sao cho C N D = (. Gid sit
c6 it nhdt mot tdp la compdc. Khi dé hai tdp nay cé thé tach manh dugc boi

mot siéu phang.

Hé qua 1.2. Cho C C R"™ la mét tdp 1oi dong khdc rong sao cho 0 & C. Khi
do ton tai mot véc-tot € R, t #0va a > 0 sao cho

(t,x) >2a >0, Vel

1.2 Ham loi
1.2.1 Ham 16i

ChoC C R"va f:(C — RU{—o00,+00}. Ta sé ki hiéu:

dom f :={x € C | f(x) < +o0} . Tap dom f duoc goi la mién hitu
dung cua f

epi f:={(x,pu) € C x R| f(z) < p}. Tap epi f dugc goi 1a trén do thi
cua ham f.

Béing cédch cho f(x) = +oo néu z ¢ C, ta ¢6 thé coi f duoc xdc dinh

trén toan khong gian va hién nhién 12
dom f :={z € R" | f(x) < +o0}.

epl f:={(z,p) € R" x R| f(z) < p}.
Pinh nghia 1.15. Cho ) #C C R" 16iva f : C — RU {—00,4+00}. Ta
n6i f 1a ham 16i trén C néu epi f 1a mot tap 16i trong R,
Sau day ta s& chli yéu lam viéc véi ham [ : R — R U {+o0}.Trong

truong hop nay, dinh nghia trén tuong duong véi:
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Ham f : R — R U {400} la ham 16i trén C' néu
[P+ 1=y <Af(2)+ (A =Xfy), Yo,y € C, VA€ (0,1)
Ham f: R" — R U {400} la ham 16i chat trén C' néu
fAe+ (1 =Ny < Af(x)+ (1 =N f(y), Ve,ye C, YA€ (0,1)
Ham f: R" — R U {400} la ham 16i manh trén C véi hé s6 16i > 0
néu
FIA+ (1= X)) < AF @) + (1= W) F ) — 570 = Nl — il
Ve,y e C, YA € (0,1).

Ham f duoc goi 1a mot ham 16m trén C, néu — f 1a ham 16i trén C'.

Vi du 1.8. Ham a-phin. f(z) = a’z + a,a € R",a € R
Vr,y € R",YA € (0,1), taco

fAx+ (1 =Nyl =a" Mz + (1 -Ny] +a
=Xa'z 4+ (1 = Na'y + «
=X’z +Xa+ (1—Na'y+(1—-Na
= Aa'z+a)+ (1 = N)(a'y + a)
= Af(x) + (1 =2 f(y).
Vay f la mot ham 16i trén R".
Vo,y € R",YA € (0,1), lai ¢6

—fAx+ (1 =Nyl =—a" Dz + (1 =Ny — a
= X'z —(1-Na'y -«
= X'z —da—(1-Na'y—(1-Na
= - MNa"z +a) = (1 =N (a"y+ a)
= —Mf(z) = (1 =) f(y).

Vay — f 1a mot ham 16i trén R™. Suy ra f 1a mot ham I6m trén R".
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Vi du 1.9. Ham chi. Cho C # () 1a mot tap 16i .
0 nfu xeC,

+o00o néu x¢C.
Ta n6i 6¢ 1a ham chi ctaa C.

+Vz,y € C,VA € (0,1), tacé: d¢(x) =0, dc(y) =0.
Do C'16i nén Az + (1 — \)y € C.

Suy ra dc[Az + (1 — N)y] =0 = Nogc(z) + (1 — X)dc(y).
+Vr e C,\Vy & C, VA e (0,1),tach:

dc(x) =0, dc(y) = 400, do[Az+ (1 — N)y| < +oc.
Suy ra dc[Az + (1 = A)y] < Adc(x) + (1 = A)de(y).
+Vr,y & C,VA € (0,1),tacé :

do(x) = +o0, do(y) = +oo, dc[rz+ (1 — N)y] < +oc.
Suy ra dc[Az + (1 — A)y] < Ade(z) + (1 = A)de(y).

Vay 0¢ 1a ham 16i trén R".

bat (5(;(x) =

Vi du 1.10. Ham tua.
bat S¢(y) := Sup,cc(y, z).Ta ndi S¢ 1a ham tya cta C.
Va,y € C,VA € (0,1), tacod

Sc[Ax + (L= Ay] = Sup.co(Az + (1 = Ny, 2)

= Sup.col (A, 2) + (1= Ny, 2))
< Supz€C<>‘x7 Z> + Supz€C<(1 T )‘)ya Z>
= A SuszC<x7 Z> + (1 - )\) Supz60<y7 Z>
= AS¢(z) 4+ (1L = A)Se(y).

Vay S¢ 1a ham 16i trén C.

Pinh nghia 1.16. Cho f : R" — R U {400} (khong nhét thiét 16i),

C' C R™ la mot tap 16i khic rébng va n 1a mot so thuc .

Ta n6i n 1a hé s6 16i cua f trén C, néu véi moi A € (0,1), v6i moi

x,y € C, taco:

FI0 = X+ M) < (L= D (@) + M) — 5070 = Nl — ol
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Néu n = 0 thi f 16i trén C.

Néu f c¢6 hé s6 16i trén C la n > 0, thi f 16i manh trén C véi hé s6 7.
Pinh nghia 1.17. Mot ham f : R" — RU{+o0} dugc goi la chinh thudng
néu dom f # () va f(z) > —oo v6i moi x.

DPinh nghia 1.18. Ham f : R" — R U {400} duoc goi 1a dong, néu epi f
12 mot tap déng trong R
Chii y 1.1. 1. Néu f 12 mot ham 16i trén mot tap 161 C, thi c6 thé thic trién
f 1én toan khong gian bang cach dit
f(x) néu ze€C,
fe(x> = { X
+oo néu  z ¢ C.

Hién nhién f.(x) = f(z) v6i moi z € C va f, 16i trén R". Hon nita f,
la chinh thuong khi va chi khi f chinh thuong. Tuong tu f. dong khi va chi
khi f dong.

2. Néu f 1a mot ham 16i trén R" thi dom f 1a mot tap 16i vi dom f chinh
1a hinh chiéu trén R" cuta epi f, tic la:

dom f = {x|3p € R: (x,pn) € epif}.
Pinh nghia 1.19. Cho f : R" — R U {+o0}.

Ham f duoc goi la thuan nhat duong (bac 1) trén R™ néu

f(Az) = Af(x) Vze R"WA>D0.

Ham f dugc goi la dudi cong tinh néu f(x+y) < f(z)+ f(y)  Va,y.

Ham f dugc goi 1a dudi tuyén tinh néu f 1a thuin nhat duong va dudi
cong tinh.

Vi du 1.11. Ham chudn f(z) = ||z|| 1a ham du6i tuyén tinh. That vay,

Vo € R", VA >0, tacé: f(A\x) = || x| = |\|.||z]| = A||z|| = Af(2).
Vr,y € R", taco: f(z+y) =z +yl <zl +llyll = f(=) + fw).
Ménh dé 1.2. Cho f : R* — R U {+o0} la mot ham thudn nhdt duong

trén R".

Khi dé: f 101 khi va chi khi f la dudi cong tinh.
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1.2.2 Tinh lién tuc cua ham loi

Pinh nghia 1.20. Cho ham f: E — R U {—o00, +00}.
Ham f duoc goi l1a nira lién tuc dudi tai mot diém x € E néu véi moi day

{2} C B, 2% — x ta cd
liminf f(z%) > f(x).

Ham f duoc goi la nira lién tuc trén tai x € E néu — f nua lién tuc
duéi tai z € E. Nhu vay f nua lién tuc trén tai x € F néu véi moi day

{2} C B, 2% — x tacd

lim sup f(a*) < f(2).

Ham f duoc goi la lién tuc tai x € E n€u nhu nd vira nira lién tuc trén va
nura lién tuc dudi tai x € E.

Ham f duoc goi l1a ntra lién tuc dudi trén £ né€u nd nia lién tuc dudi tai
moi diém thuoc E.

Ham f duogc goi la nira lién tuc trén trén £ néu nd nira lién tuc trén tai
moi diém thuoc E.

Ham f dugc goi 1a lién tuc trén £ néu nd ntra lién tuc trén va nira lién tuc
dudi trén F.
DPinh nghia 1.21. Cho hai ham f va g xac dinh trén R".

Ta néi g 12 bao déng ciia f, néu epig = epi f. Bao déng clia f s& duoc
ki hieu 1a f. Vay epi f = epi f.

Ham f duoc goi 12 déng néu epi f = epi f.

1.2.3 Cac phép toan bao toan tinh loi

Pinh nghia 1.22. Gia st {f,}.cs 1a mot ho tuy y cdc ham s6 trén R" va
E C R". Ham can trén ctia ho ham nay trén coF, ky hiéu la V,c; f, 1a ham

s0 dugc dinh nghia nhu sau:

(Vaerfa)(x) := Sup,es fol)

véi mdi x € coE.
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Ménh dé 1.3. Gid sit {f,}acr la mot ho ham 16i trén R" va E C R". Khi

do ham cdn trén cua ho ham nay la mét ham 16i trén coE.

1.2.4 Bat dang thirc 10i
Pinh nghia 1.23. Cho D C R" la mot tap 16i va fi, ..., f,, 1a cdc ham 16i
trén R". Heé bat dang thiic
reD,fi(x)<=0,iel

duoc goi 1a hé bat dang thic 161, trong do6 1 1a tap chi s6 va ky hiéu <= c6
thé hiéu 1a < hoic <.
Ménh de 1.4. Cho f1, ..., [, la cdc ham 101 hitu han trén mot tdp 16i D + )
va A la mot ma trdgn thyc cdp k x n. Gid su b € ri A(D). Khi dé hé

reD, Az =0, fi(x) <0i=1,...m
khong cé nghiém, khi va chi khi ton tai t € R¥ va \; > 0, i = 1,..,m sao

cho > N =1va

(t, Az —b)+ > Nfi(x) 20 VzeD.
=1

1.2.5 Ham lién hop
DPinh nghia 1.24. Cho f : R" — [—00, +00] 1a mot ham bat ky. Ham
fr(z%) == Sup{(z”,z) — f(z) | € R"}

duogc goi la ham lién hop cua f.

Chu y 1.2. Nhu thuong 1€, trong dinh nghia trén ta qui uéc can trén diung
trén mot tap réong 1a —oo. Nhu vay néu f = +oc, thi f* = —oo, ngoai ra
néu f c¢6 nhan gia tri —oo thi f* = +o0.

Dé khoi phai lam viéc v6i ham lién hop déng nhat bang +oo hodc dong
nhit bang —oo, ta s& han ch€ viéc xét ham lién hop trong 16p ham c6 tinh
chat sau:

f # 400 va ton tai mot ham non a-phin cua f.
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Vi du 1.12. Xét ham chi

5e(2) 0 nfu xeC,
€Tr) =
¢ +o0o néu  x &C.

Ta co:

Oc(x") = Sup,epe{(z, 2) — dc(x)}
= Sup,ecf(e”, z) — dc ()}
= Sup,ec{(z", z) — 0}
= Sup,cc(z, 7)
= Sc(z").

Ménh dé 1.5. Vi moi ham so” f, ham lién hop [* la mot ham 160 dong thod

man bdt dang thitc Fenchel sau:
ff(@%) 2 (2" 2) — f(z)  Va, V"

Chu y 1.3. Trong nhi€u trudng hgp, ta quan tam dén ham lién hop thit hai.
Theo dinh nghia ham lién hop thi

f7 (@) = (f) () = Sup{(z,s) — f(s) [ s € R"}.
Ham lién hgp thit hai tat nhién luon 1a mot ham 16i dong.
Meénh dé 1.6. Gid sit f # ~+oo va ton tai mot ham non a-phin ciia f. Khi dé
epi f** = co(epi f).
Heé qua 1.3. [ = [** khi va chi khi f la ham [oi, dong.
Pinh nghia 1.25. Ham [ 1a ham non a-phin cia mot ham f trén R" néu

[ 1a ham a-phin trén R" va l(z) < f(x) Vz e R".
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Chuong 2
Dud6i vi phan cua ham loi

Phép tinh vi phan 12 mot trong nhiing dé tai co ban nhat cua giai tich c6 dién.
Trong giai tich 16i, 1y thuyét nay lai cang tré nén phong phd nho nhiing tinh
chat dic biét cta tap 16i va ham 16i. Muc dau tién cta chuong nay sé xét dén
dao ham theo phuong ctia mot ham 16i. Tiép dén & muc 2, sé€ dua ra dinh
nghia vé dudi vi phan va cac tinh chit cta n6é nhu: Xét tinh kha vi cia ham
161, khao sat tinh don diéu cua dudi vi phan, khao sat tinh lién tuc ctia 4nh
xa dudi vi phan va mot s6 phép tinh véi dudi vi phan. Muc cu6i ctia chuong

s€ giGi thiéu v€ dudi vi phan xap xi va mot s6 tinh chat cua no.
2.1 Dao ham theo phuong

Cho mot ham n-bién f : R" — RU{+o0}. Khi c6 dinh mot phuong va xét
ham nhiéu bién trén phuong d6 , thi ta ¢c6 mot ham mot bién. Gia s y # 0 la
mot phuong cho trudc xudt phat tir diém 2°. Khi d6 moi diém 2 thudc dudng
thang di qua 2" va c¢6 phuong y déu ¢6 dang z = 2" + \y v6i A € R. Néu
dat £(\) = f(2" + \y) thi € 16i trén R khi va chi khi f 16i trén R".

Dinh nghia 2.1. Cho f : R" — RU {400} va 2 € R" sao cho
f(2%) < +oc.
Né&u v6i mot véc-to y € R" ma gi6i han lim L&MW I 54 tai (hiu

A—0 A
han hay vo han) thi ta néi f c¢6 dao ham theo phuong ¥ tai diém 2°. Ta sé& ky

hiéu gi6i han nay 1a f/(2°, ).

18
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Vi du 2.1. Gia st f dugc cho nhu sau:

0 nfu =<0,
flx)=<1 néu =0,

+00 néu x> 0.

Ta c6
dom f = (—o00;0] = dom f # 0,
f(x) > —o0,Vx . Vay f la ham chinh thuong .

Ta co:
— i JORAED))=F(0) e 01
Foe }\li%( ) /\( ) R }\IE%T -
e fOFX0)=F0) e 1-1
f'(0,0) = %{%m = llil(l)T =0,
f1(0,1) = }\E%f = }E%T = +00.

Suy ra f'(0,.) khong 1a ham chinh thudng.

Ménh dé 2.1. Cho f : R* — R U {400} l6i. Khi dé vdi moi x € dom f
va moi y € R" ta co:
i) @ la ham don diéu khong giam trén (0; +00) , trong do

flz+My) — f(z)
;) :

p(A) =
va do do f'(x,y) ton tai voi moi y € R™ va

f(x+ \y) — f(z)
. .

fl(xv y) = il’lf/\>()

iit) Ham f'(x,.) thuan nhdt duong bdc 1.

Ngoai ra néu f'(z,.) > —oo thi ham f'(z,.) la dudi tuyén tinh trén R"
(do dé né la ham 16i chinh thuong trén R").

iii) —f'(z,—y) < f'(z,y)  Vy € R"

iv) Ham f'(x,.) nhdn gid tri hitu han trén F khi va chi khi x € ri(dom f),

trong do F la khong gian con cua dom f.

Chitng minh. i) Ta chiing minh ham ¢ don di¢u khong giam trén mién
(0; +00).
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binh nghia ham h : R — R U {400} xédc dinh boi
h(A) = flz +Ay) — f(2).

Khi d6 h(0) = 0.
Gia st 0 < X < A, do f la ham 16i nén A la ham 16i , khong nhan gia tri

0.
Ta cé
h(N) = h[%/A +(1— %/)01
< %/h()\) +(1- %/)h(())
:
= %h(A)
Do (\) ==l — MY nen (X)) < ().

Vay ¢ la ham khong giam trén mién (0; +00).
Suy ra fl(z,y) = ;in(l) @(A)  ton tai va

lig(l) ©(A) = infys0@(A) = infyg fo+ )\i) — f(a:)

i1) Theo dinh nghia, ta c6

= 0.

Chiing minh tinh thuan nhat duong .

Véit > 0, ta viét

o t) =ty T = S0)

bat \' = \t, ta c6 tiép

fle+Ny) — f(x)
)\/

[, ty) = tlim =tf'(z,y).

Vay f'(z,.) thuan nhat duong.
Chiing minh tinh duéi tuyén tinh.
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Gia stt f'(z,.) > —o0, v6i moi u va v ta co:

flz+3u+v)] - f(2)

f(z,u+v) = inf)-g 3 (theo 1)
2

NG +30) + G +35v)]—5f(@) —3/@)

= infy>
2

Do f 1a ham 16i khong nhan gia tri —oo ,nén

r A T A 1 1
fl(5 + 5w + (5 + 5v)] —§f($)—§f($)

% 2 2 2 :
< §[f(x + Au) — f(x)] + §[f(x + Av) — f(x)].
Do do
f'(x,u+wv) <infis Ja —){\_ ) + inf)~ U 1_ )

(f'(z,u) + f'(x,v) céd nghia vi f'(z,.) > —o0).

Vay f'(x,.) la ham du6i cong tinh. Suy ra f'(x,.) 1a ham du6i tuyén tinh
trén R".

Vi f'(z,.) > —o0, f(2,0) = 0 va f'(z,.) la dudi tuyén tinh trén R", nén
n6 la ham 16i, chinh thuong trén toan khong gian.

iii) Do f’(z,0) = 0 va theo tinh chit duéi cong tinh, ta cé:

0= f"(z0)=f(z,y—y) < fz,y)+ fl(x,—y) VyeR"

Suy ra — f'(z, —y) < f'(z,y) v6i moi y € R".

iv) Gia stt « € ri(dom f) . Ta can ching t6 f’(z,.) hitu han trén F.

Tu iii) suy ra f'(z,.) > —oo. Vay can chira f'(z,y) < 400 v6i moi
yeF.

Do x € ri(dom f),nénVy € F', x + A.y € dom f Y\ > 0 dui nho.

Do d6 f'(x,y) = infy~ w < 400.

Nguoc lai, gia stt f/(x,y) hitu han v6i moi y € F. Ta can ching to
x € ri(dom f).
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That vay, néu trdi lai s€ ton tai y € F' va mot day {\} cac s6 duong hoi

tu dén O va x + A\;.y € dom f v6i moi k du 16n. Trong trudng hgp nay
flx 4+ A\.y) — f(x) = 400 v6i moi k da 16n.

Do d6 f'(x,y) = +oo. Mau thuan véi gia thiét. Vay x € ri(dom f). O

2.2 Duéi vi phan va cac tinh chat
2.2.1 Duéi vi phan

Pinh nghia 2.2. Cho f : R" — R U {4+o0}. Ta néi z* € R" 1a du6i dao

ham cua f tai x néu
(", z—xy+ f(z) < f(z) V=

Ki hiéu tap hop tat ca cac dudi dao ham clia f tai x 1a 0f(x). Vay 0f(x)
1a mot tap (c6 thé bang () trong R™. Khi Of(x) # (), thi ta n6i ham f kha
dudi vi phan tai z.

Theo dinh nghia, mot di€ém z* € Of(x) khi va chi khi né thod man mot
hé vo han cdc bt dang thic tuyén tinh . Nhu vay 0 f () 1a giao clia cdc nita
khong gian déng. Vay O f(z) luon 1a mot tap 16i déng (c6 thé rong).

Ki hieu dom(9f) := {x|0f (x) # 0}.

Vi du 2.2. 1) Ham chuén f(z) = ||z||,z € R".

Tai diém z = 0, ta c6
9f(0) = {2 (=%, z) < ||lz||, Va}.

Vay ham f(x) kha dudi vi phan.

Lai c6
g L@ SO =0 el )
z—0 |l = Off e=0 |

Vay ham f(x) khong kha vi tai z = 0.
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2) Ham chi
0 néuz € C,
+o0o néuzx ¢ C.

fz) = dc(x) = {
Trong d6 C' 1a mot tap 16i khac ().
Khi d6 véi 2° € C, ta c6
Of (2%) = 06¢(2°) = {a*|(z*, x — 2°) < d¢(x),Va}.
Véi x ¢ C thi 6c(z) = +oo, nén bat dang thitc nay luon ding.
Vay 0f(2°) = 06¢(2°) = {a*[{x*, x — 2°) < 0,Vx € C} = Ng(2).

Vay duéi vi phan ctia ham chi cia mot tap 16i C' khac () tai mot diém

2% € C chinh 12 nén phép tuyén ngoai ctia C tai 2.
Ménh dé 2.2. i) x* € Of (x) khi va chi khi f'(z,y) > (z*,y) ,Vy.
it) Néu f la ham l6i chinh thuong trén R", thi voi moi x € dom(0f), ta
c6 f(x) = f(x) va Of(x) = Of (x).
Chitng minh. 1) Theo dinh nghia
zt e df(x) e (" z—z)+ f(x) < f(2) Vz.

Véibatkiy,lay z=x + Ay, A > 0, taco

(% Ay) + f(2) < flz + Ay).
Tir day suy ra

flz+Ay) — f(z)
A

Theo dinh nghia cua f'(x,y), suy ra ngay (z*,y) < f'(z,y) V.

(x*,y) < VA > 0. (2.1)

Nguoc lai, gia str (2.1) thoa man.

Lay z batki vadpdung 2.1) véiy =2z —xzval=1,taco
(z%, 2 —2) < f(2) — flz) V=

Vay z* € 0f (z).
i) Cho x € dom(0f), thi Of(x) # 0, tic 1a ton tai 2* € O f(x).
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Theo dinh nghia clia f, ta c6 epi f = epi f.
Mat khiac, ta lai c6 epi f C epi f, suy ra epi f C epi f. Vay
f@) = Fa). (2.2)

Theo gia thiét f 12 ham 16i chinh thuong trén R”, nén f 12 ham 16i déng
trén R", theo hé qua 1.1, ta cé

flz) =" (2). (2.3)

Theo tinh chat cia ham lién hop thi 2, ta c6
o) Z<(a%,z) — [H(a7) = fla). (2.4)

Tir (2.2),(2.3) va (2.4) ta c6 f(z) = f(x).
Talay y* € Of (z) thi Vz tacé

(y", 2 — ) + f(2) < f(2).
Mat khéac

f(2) 2 f(2) 2y 2 — o) + f(2) = (', 2 — ) + f(a).

Suy ra y* € 0f(z). Vay

df(x) C Of(x). (2.5)

Nguoc lai, 1dy 2° € ri(dom f). V6i moi z ta c6
F(2) = £() = lim (1 - 0).2 + .2
Vay theo dinh nghia cua dudi vi phan ta c6 :
v e 0f(x) & (x*, (1 —t).z+t.2° — ) + fz) < fI(1 —t).2 +t.2).

Cho t — 0 ta duoc :

(", 2 — ) + f(z) < f(2).
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Hay
(2", 2 —x) + f(z) < f(2)
Ching t6 z* € 0f(x). Vay
of(z) C Of(x). (2.6)
Tir (2.5) va (2.6) ta c6 Of (z) = Of (). O

Ménh dé 2.3. Cho f : R — R U {+oo} [6i, khi dé :
i) Néu x ¢ dom f, thi 0f (x) = 0.
ii) x € ri(dom f) khi va chi khi Of (x) # () va compadc.

Chitng minh. i) Cho z € dom f, thi f(z) < +oo. Vay néu = ¢ dom f thi

f(z) = 400 va do d6 khong thé ton tai z* tho man
(%, z —x) + f(z) < f(2) < +00.

Vay df(z) = 0.

ii) Gia stt = € ri(dom f). Ta c6 diém (x, f(x)) ndm trén bién cla epi f.

Do f 16i, chinh thudng, nén ton tai siéu phang tua cla epi f di qua
)

Tic 1a ton tai p € R", ¢t € R khong dong thdi bang 0 sao cho

(p, ) +t.f(x) <(p,y) +t.pu,V(y,p) €epif. (2.7)

Tacoét #0,vinéut=0thi (p,x) < (py),Vy € dom f.

Hay (p,z —y) < 0,Vy € dom f.

Nhung do z € ri(dom f), nén diéu nay kéo theo p = 0. Mau thuan véi
p, t khong dong thoi bang 0. Vay ¢ # 0.

Hon nita t > 0, vinéu ¢ < 0 thi trong bat dang thic (2.7), khi cho 1 — oo
ta suy ra mau thuan vi v€ trai co dinh.

Chia hai v€ cua (2.7) cho t > 0, ta duoc:

<Z§>35>+f(33)<<]—? y)+p Yy € dom f.
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Thay o = f(y), ta duge
(F.2) + J(@) < (Cy) + [(y)  Vy € domf.
bat v* = —Z, ta duoc
—(a",2) + f(x) < = (2" y) + fy)  Vyecdomf.

Hay

(x*y—x)+ f(x) < fly) Vy € dom f.
Néu y ¢ dom f thi f(y) = oo, do dé

(0% y —2) + f(2) < fly) VY.

Chiing t6 z* € df(z). Vay 0f(x) £ 0 .
Bay gio ta chi ra tap 0f(z) compac.
Do z € ri(dom f), theo ménh dé (2.2)

v € df(x) < f(x,d) > (z*,d)  Vd. (2.8)

Goi F 1a khong gian tuyén tinh ctia dom f. Lay e’ 1a véc-to don vi thit i
(i=1,...,n) clia R" (toa do thit i clia e’ bing 1 vA moi toa do khdc 1a 0). Khong
giam téng quat, ta gia sir ring cdc véc-to don vi ', ...eF € F, 4p dung (2.8)
lan luot v6i d = ¢ v6i i=1,..k, ta c6 7 < f'(x,€").

Tuong tu , 4p dung véi d = —¢' véi i=1,..k, tacé —z} < f'(z, —e'). Hay
ot > — (e, —e).

Tém lai —f'(x, —e') < zf < f'(x,€') ,v6i moi i=1,...k.

Theo (iv) ménh dé (2.1), do = € ri(dom f) va F' la khong gian con
ctia dom f, nén f’(z,y) hitu han v6i moi y € F. Noi rieng f'(z, —e') va
f'(z, €") hitu han v6i moi i=1,...k. Vay df(z) bi chan , va do tinh déng nén
n6 1a compac.

Nguoge lai, gia st rang df(z) # () va df(x) compac. Ta chi ra ring
x € ri(dom f).

Do df(x) # () nén z € dom f. Néu trdi lai ¢ ri(dom f), thi = & trén

bién tuong doi ctia dom f.
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Do dom f 16i, theo ménh dé vé siéu phang tua, ton tai mot siéu phang tua

ctia dom f tai z, tic la ton tai vecto p € R", p # 0 sao cho
(p,z) = (p,z)  Vz e domf.

Lay z* € 0f(x). T day va theo dinh nghia dudi vi phan ta co:

>
> (2" 2z —x)+ A(p, 2z —x)
=(x"+Ap,z—x) VA>0,Vz.

Ching to z* + A.p e 0f(z) VA > 0.
Diéu nay mau thuan véi tinh bi chan cta df(z). Vay z € ri(dom f). O

Vi du 2.3. Cho ham mot bién

Ta co
dom f = [0; +00) ,0 & int(dom f).

z" € 0f(0) & (2", z) + f(0) < flx) ,Va

& ot < —227, Yz > 0. (2.9)

Néu x* < 0, ta chon z = 0.01 thi (2.9) khong thoa man.

Néu z* < 0 thi (2.9) khong thoa man.

Vay 0f(0) = 0.

Vi du trén cho thdy néu x ¢ int(dom f) thi tap 0f(x) c6 thé bing rong.

Ménh dé 2.4. Cho f : R" — RU {+o0} va x € dom f. Khi do
i) Néu v € ri(dom f), thi f'(z,y) = max,-cora) (27, ) , VY.
i) Voi moi tap bi chdn C' C int(dom f), tdp UyecOf () bi chdn .
iii) Néu cé thém f dong, thi

[ (@) + f(x) = (2", 2) <= 2" € df (x),x € If (z").



www.VNMATH.com

28

Chiing minh. i) Do f'(z,.) 1a ham 16i, thuan nhat duong, nén moi ham non
a-phin ctia f'(x,.) déu tuyén tinh, tic la c6 dang (p,.). Vay néu (p, .) la ham
non a-phin cua f’(z,.) trén R", thi
(p,y) < f'(2,y) . Vy.
Theo ménh dé 2.2 tacé p € df(x).
Hon nita, do f'(x,.) 12 mot ham 16i déng, nén theo dinh 1y xap xi tap 10i
noé la bao trén ctia cac ham non a-phin cua né. Vay
f(@,y) = Supyeppa) (05 )
ii) Gia st C' C int(dom f).
Dt
£ = Sup,coyp(c) |2*]| = Sup,cc SUpP,+eaf(0) [l (2.10)
Xét 4nh xa tuyén tinh (z*, z). Chuén cha dnh xa tuyén tinh nay la
|zl = Su10||z||=1 (z%, 2).

Thay vao (2.10) ta c6 :

§ = Sup,cc Supx*eaf(c) Su]D||z||=1 (z%, 2).

Do
f(@,2) = Sup,-cop) (7 2)
nén ta co ti€p
£ = Supy, =1 Sup,ce f'(2, 2).
bat g(z) = Sup,ec (2, 2).
Do z € C Cint(dom f), nén ham f'(x,.) 16i trén R" ( do d6 lién tuc ).
Suy ra ham g lién tuc vi 1a bao trén ctia mot ho ham 16i lién tuc trén R".
Vay
§ = Sup|,=1 9(2) = max =1 g(z) < +oo.
Chung t6 Jf(C) bi chan.
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1i1) Theo dinh nghia ham lién hop, ta co

f*(@") = Sup, {(z", z) — f(x)}.

Diéu nay tuong duong véi

Do dé
@)+ fz) = (2", z)

Hay
(2" y —2) + f(2) < fy) , Vy.

Vay z* € 0f (z).
Do f dong, nén theo hé qua 1.1, tacéd f = f**.

Theo dinh nghia cua ham lién hop, ta co:

J7 = Sup,. {{z, %) — f*(2")}.

Diéu nay tuong duong véi

@) = (2, y) = Y)Yy,

Hay
f(z) 2 {z,y) — f(y),Vy.
Do d6
[r@) + f(z) = (", 2)
& (2,y) — [fy) + (@) <@ 2) VY.
Hay

Vay x € 0f*(x*).

29
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2.2.2 Tinh kha vi cua ham 16i

Pinh nghia 2.3. Cho mot ham f xac dinh trén mot 1an can ctia x € R". Ham
f duoc goi la kha vi tai x, néu ton tai z* sao cho

o 1) = f(@) = (a2 = )

e Iz — |

= 0.

Mot diém x* nhu thé néu ton tai s& duy nhat va dugc goi 1a dao ham cua

f tai . Thong thuong dao ham nay dugc ki hiéu 1a Vv f(x) hoac f'(x).
Gia st f : R" — R U {+o0c} 10i, chinh thuong va = € dom f. Néu f
kha vi tai z, thi v6i moi y # 0, ta co:

o @+ Ay) = fz) = (V(2), Ay)
A—0 Ayl

= 0.

Hay la
[, y) = (Vf(x),y)
[y
Suy ra f'(z,y) = (Vf(2),y) , V.

Lay y = ¢’ (i=1,...,n) 1a véc-to don vi thit i clia R", ta c6 :

(0. €) = (G)@)0 =1, )

= 0.

Vay

/ f— .
P =Ll
Tir day ta c6 ménh dé sau:

Ménh dé 2.5. Gid sit f : R* — R U {+o0} 16, chinh thuong va
x € dom f. Khi dé f khd vi tai x khi va chi khi ton tai x* € R" sao cho

fllz,y) = (2", y) ,Vy.
Ngodai ra x € int(dom f) va V f(z) = ™.
Chitng minh. Néu f kha vi tai  thi nhu & trén, ta da chi ra rang

@, y) = (Vf(2),y), Y.
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Vay f'(x,y) hitu han trén toan R", nén = € int(dom f).
Nguoc lai f'(z,y) = (Vf(x),y) ,Vy. Trudc hét ta c6 x € int(dom f) vi
f'(z,.) hitu han trén toan R". Dé chiing minh tinh kha vi cta f tai x, ta 14y

9() = flz +y) — f(z) = (&7 p).
Do f 16i, chinh thuong va f hitu han, nén ¢ cling 1a mot ham 16i, chinh
thuong trén R". Ta can ching to

Truée hét tir f'(x,y) = (x*,y), theo dinh nghia cta f'(z,y), ta c6

9(y) = 0,Vyvag(0) = 0.

Néu y # 0 thi véc-to ﬁ thudc siéu hop H := [—1,1]". Vay theo dinh ly
Krein-Milman diém HyTH biéu dién dugc bdi mot t6 hop 16i cuia cac dinh cia
H, tirc 1a ton tai cac s6 thuc 3; (phu thuoc y) sao cho

ﬁ)OaZﬁlzlvaW Zﬁz
el el
trong d6 v'(i € I) la céc dinh cla H.

Ta co

9(y) = gyl ) = 9(lv > 8" =g Billyllv).
el el

Theo tinh 16i cta g thi

g(>_ Billylle’) <D Big(llyllv’).

icl icl
Tom lai
g(lyllv")
DI
Hyll ~ vl
Theo dinh nghia cua ¢ ta lai c6
o) o eni s o
[yl
Vay % — 0.

Ching t6 f kha vi tai x va do d6 V f(z) = x*. O
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Ménh dé 2.6. Cho f : R — RU {+o0} khd vi va C C R". Ba diéu kién
sau tuong duong.

a) n la hé s6'10i cua f trén C.

b) fy) = f(z) +{f'(x),y —2) +gllz —ylI® Vz,yeC

N (y) = fl(x),y —x) Znlle —y|>  Ve,yel

Chitng minh. (a)— (b):

Do 7 1a hé s6 16i cua trén C, nén véi t € (0; 1) va moi x,y thudc C' ta co:

flty+ (1= a2l S tf(y) + 1= Df(2) = St = )]l - y]*

Suy ra

f@%ﬁﬁﬁ>ﬂw+“_”ﬂ_fﬁﬂﬁﬂﬂ%wx—m
[+ tly — 2)) - f(x)

Cho t — 0, do f kha vi, ta dugc:

N3

(1=t -yl

) = F(@) 2 fay —2) + Slle gl

(b)—(a):
Chot € (0;1) vaw = (1 — t)x + ty. Khi d6

y=w+(1-t)y—a)
r=w+ (—t)(y — z).
Ap dung (b), ta duoc:
) 2 f@) + (f @),y =) + 3w =yl
F@) 2 @)+ {f (@)@ —w) + Zllw - al]”.

Hay

) 2 fw) + (F@). (1 =Dy — ) + 2 (1= t)lly — ]

F(@) 2 @) + (F @), (=D — 2)) + 52y — ]
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Nhan bat dang thiic trén v6i ¢ > 0 va bat dang thic dudi véi 1 —t > 0 ta

duoc :
() 2 () + (@) 10 = D)y — o))
+ 1=y — 2|
(1= 0f(@) > (1= )f @) + (@), ~t(1 = 1)y - 2))
5= Dlly 2l

Cong hai bat dang thitc trén va chuyén V&, ta co:

() + (1= 0f (@) > @) + 51 = D)lly — ||

Hay

FI(L = )+ ty] < (1= )f(2) + £F(y) — 21 = D]ly - 2>

Ching t6 1 1a hé s6 16i cta f trén C.

(b)—(c):
Do (b), nén Vz,y € C, ta co:

) = f(2) > (f @),y =) + Sl =yl

F@) = ) = (F)w = ) + 2o =y

Cong hai bat dang thiic lai ta dugc:

0= (f'(z) = f'(y),y — z) +nllz — y||*

Hay
(f'(y) = f'(x),y — ) = nlle —yl*.
(c)—(b):
Pat
v(t) = fl1 =)z + ty] = flz +t(y — z)].
Khi d6

Y (t) = (flx+tly — )],y — ),
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= [ (f'(x)h+ [f'(x +th) — f'(z)|h)dt
= f’(rc)ht|5+/ [f/(x + th) — f'(x)]hdt
0

1
= f'(x)h +/ [f'(z +th) — f'(x)]hdt.
0
Theo (c) ta co :

(f'(x +th) = f'(x),th) = nl|th]?,

hay
[f'(z + th) — f'(z)]h = nt||h|.
Suy ra
1 1
[ 1) = papnar> [ i

SPARIEE
= 2|nlP.

Vay

F(y) = f(@) = f'@)h+ AP,

34
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hay
Fly) = fl@) 2 ('(@),y = 2) + Zly — ]

2.2.3 Tinh don diéu cua duéi vi phan

Cho T l1a mot toan tir da tri trén R", tic 1a v6i mdi x € R", thi T'(z) 1a mot
tap (c6 thé bang rong). Nhu thudng Ié ta ky hiéu tap hop tit ca cdc tap con
ctia R" 1a 27",

Ki hiéu mién xac dinh cua T la
domT :={x € R" |T(x) # 0},
va do thi cua T l1a
G(T) :={(z,y) € " x R" |y € T(x)}.

Pinh nghia 2.4. Cho 7' : " — 2% va C C dom T.
Ta n6i T 1a don diéu tuan hoan trén C', néu véi moi s6 nguyén duong m

va moi cap (2',y") € G(T), 2" € C (i=0,...,m) ta c6:

1 2

(b — 2% 9% + (2® — 2ty + 4 (2% — 2™, y™) <O, (2.11)

Néu (2.11) chi ding v6i m = 1, thi ta néi T don diéu trén C, tic la
(y—y,x—2')y >0 Vo, o' € C ,VyeT(x),Vy € T(x).

Néu T don diéu (hoac don diéu tuan hoan) trén toan dom 7, thi ta noi
ngan gon 1a T don diéu (don diéu tuin hoan).

Néu T = 0f thi T don diéu tuan hoan trén dom(0f). That vay:

Vm € N V(z',y") € G(Of) ,z" € dom(9f) (i = 0,...n) ta co:

GOf) ={("y") |y € 9f(a")}.
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Suy ra

(y™, 2 — ™) + f@™) < f(2").
Cong vé€ v6i vé€ clia cdc bat dang thiic trén, ta dugc:
(ot — 2% + (e — 2+ (™ —2™) <0,

Theo dinh nghia, 7' = 0f don diéu tuan hoan trén dom(9f).
Mot cau hoi duoc dat ra 1a diéu nguoc lai ¢é diung khong? Tra 10i cau hoi

nay ta ¢6 ménh de sau:

Meénh dé 2.7. Gid sit S la mot todn tir da tri tr R — R™.
Diéu kién cdan va du dé ton tai mot ham 101, dong, chinh thuong f trén
R" sao cho S(x) C 0f(x) ,Vz la todn ti S don diéu tuan hoan.

Chitng minh. Diéu kién can: Néu ton tai mot ham f 16i, dong, chinh thuong
trén R" sao cho S(z) C df(x) ,Vx thi S 1a toan tr don diéu tuan hoan.

Vm € N V(z',y") € G(S),z" € dom S(i = 0,...m).

Tu (2',y") € G(S) = y' € S(z') C df(2"), (Vi = 0,..m), do f 1a don
diéu tuan hoan trén dom(9df) nén

(yo,xl — x0> + <y1,az2 — :z:1> + ..+ (ym,:co — 2™ <0.

Suy ra S la don diéu tuan hoan trén dom S.

Diéu kién da: Néu S 1a todn tir don diéu tuan hoan thi ton tai mot ham f
16i, dong, chinh thuong trén R" sao cho S(z) C df(x) ,Vx

Gia st (z¥,9°) € G(S), dinh nghia ham f bang céch lay

f(@) = Sup{{z — 2™, y™) + ... + (' — 2", y")},



www.VNMATH.com

37

trong d6 can trén ding duoc 1dy trén tit ca céc cap (x',y') € G(S) va céc
sO nguyén duong m.

Ta chiing minh: f 16i, déng, chinh thuong va S(z) C df(z) , V.

Do f 1a bao trén ctia mot ho cac ham a-phin, nén f 1a mot ham 16i dong.

Do tinh don diéu tuan hoan cua S, nén
(@) = Sup{{(z®— 2™, 4™ + (™ — 2™ Ly Y+ L+ (2 =290} =0,
suy ra dom f # (). Vay f 1a chinh thudng.

Véi bat ki cap (z, 2*) € G(S), tacé z* € S(z), ta s€ chiing minh
x* € 9f(x). Muon thé ta sé& chiing minh ring

Va < f(x)vay e R" tacéa+ (x*,y —z) < f(y).

That vay, do a < f(x), nén theo tinh chit cua can trén ding, s€ ton tai

cdc cap (2%, y") € G(S) va s6 nguyén duong m (i=1,...m) théa man

1

a < (z—z"y"™) 4+ (@™ — 2™y + 4 (ot — 20,90,

Theo dinh nghia cta f(y), ta dugc:
fly) =y —a™y™) + .+ (2! =2’ y”)
_ <y . xm+1’ym> + <$m+1 . xm7ym> 4o+ <$1 . x07y0>'
Thay 2™ =z, y™ = 2%, ta c6
fy) = (y—a,2") + (@ — 2™, y") + (@™ — 2™ y" )
44 (gt =2 %)
> (y —x,z") + a.
biéu nay ding véi moi (x,z2*) € G(S) nén S(z) C df(x) , V. O
Pinh nghia 2.5. Ta n6i mot toan tir 7' : R" — 27" ]a don diéu cuc dai néu
no6 la don diéu va do thi ctia n6é khong phai la tap con thuc su cua do thi ctia
mot toan tir don diéu nao khac.
Toan tir T duogc goi l1a don diéu tuin hoan cuc dai, néu né 1a don diéu tuan
hoan va do thi cua n6 khong phai 1a tap con thuc su cta do thi ciia mot toan

t don diéu tuan hoan nao khéc.
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Vi du 2.4. (Toan tua don diéu)
Xét No(z) :={w | (w,y —x) <0, Vy € C}.

Ta ching té rang nén phdp tuyén cé tinh chat don diéu theo nghia
(w—uw x—2)y>0 Vo,2' € C,Vw € Ne(x), VW' € No(a').

That vay: Vz, 2’ € C ta ¢6:

+w€ No(x) & (w,y—x) <0 YyeC.Véiy =12,
ta ¢ (w, ' — z) < 0.

+w € Ne(2') & (W,y—12') <0 VyeC.Véiy=uz,
taco (W, z — ') <O0.

= (w, 2 —x) + (W, 2z —2') <O.

= (w—uwz—2)>0.

Vi du 2.5. (Toan tir don diéu)
Xét 4nh xa
f:R*— R?
r+— f(z) = Qr = (x9, —x1).

. 0 1
Véi z = (x1,22), Q = (_1 O).
V6i moi x = (z1,22),y = (y1,%2) € R? ta c6:
+r—y= (11— Y1, 72— Y2).

+ f(z) = f(y) = (22 — Yo, =21 +11).
Suy ra

(f(x) = Fy),z —y) = (32 — y2)(x1 — y1) + (=21 + y1) (72 — 42)
=0 Vz,y € R%.

Vay f 1a anh xa don diéu trén R2.

Hé qua 2.1. Moi todn tir don diéu tudn hoan cuc dai trong R" déu la dudi

vi phdn ciua mot ham loi, dong, chinh thuong trén R".
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Chiing minh. Gia st S 1a toan titr don diéu tuan hoan cuc dai trong R". Theo
dinh nghia ta c6 :

+ S la toan tu don diéu tuan hoan .

+ G(S) khong 1a tap con thuc su cua do thi cua mot toan tir don diéu tuan
hoan nao khéc.

Do S 1a toan tir don diéu tuan hoan nén theo ménh dé 2.7, ton tai mot ham
16i, déng, chinh thudng f trén R" sao cho S(z) C df(z) , V.

Tacé :V(z,y) € G(S) =y € S(z) do S(z) C If(x),Yxnény € Jf(x)
= (z,y) € G(Of). Vay G(5) C G(9).

Do G(S) khong la tap con thuc su ctia do thi cia mot toan tir don diéu
tuan hoan nao khac va df 1a toan tir don diéu tuan hoan nén G(5) = G(9f).
Suy ra S = 0f. O

2.2.4 Tinh lién tuc cua duéi vi phan

Pinh nghia 2.6. Mot 4nh xa T : R" — 2% duoc goi la déng tai X, néu véi

moi day z* — x, moi y* € T(2*) va y* — y thiy € T(x)

Pinh nghia 2.7. Mot 4nh xa T : R" — 2% duoc goi 1a nira lién tuc trén
tai X, n€u véi moi tap mo G chita T(x), ton tai mot 1an can mo& U cha x sao
cho

T(z) C G,Vz e U.

Ta n6i anh xa T l1a dong (ntra lién tuc trén) trén tap C, néu né dong (nlra
lién tuc trén) tai moi diém thuoc C.

Mot anh xa T dugc goi la dong néu do thi ctia T 1a mot tap dong.

N6i mot cdch khai quat, bé dé duéi day chi ra ring: Mot day ham 16i néu
bi chin trén bdi mot ham 16i theo timg diém & trén mot tap 16i, md, thi s€ bi
chan trén déu boi chinh ham 16i d6 trén moi tap compic thudc tap md nay.
Bo dé 2.1. Cho mot tdp 16i, mé G C R™ va f la mot ham 16i nhdn gid tri

hitu han trén G. Gid st { f;}; € I la mét day cdc ham 161 hitu han trén G va
hoi tu theo tung diém trén G dén f. Gid sit limsup f;(z) < f(z),Vx € G,
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Khi dé véi moi tdp compdc K C G, véi moi € > 0, ton tai chi s6' i, sao
cho

filz) < f(x) +€,Vi>i. Vo € K.

Chitng minh. V6i moi z € G, moi ¢ € N, dinh nghia

gi(x) == max{fi(z), f(x)}.
Ham g; 101, hitu han trén G vi n6 1a ham bao trén ctia hai ham 16i, httu
han trén G.
Do G m@, nén g; lién tuc trén G.
Do K C G compic, nén diy {g;(z)}; € I bi chan. Khong giam tong

quat, bang cach qua diy con, ta c6 thé coi
gi(x) — I(z) khii — +oo0.

Theo dinh nghia cua g;(x) va do limsup f;(x) < f(x) Vx € K, ta suy ra
l(z) = f(x).

Vay day g¢;(x) hoi tu theo tiing diém dén f trén tap compic K, nén né
hoi tu déu dén f trén K.

Nhung do g; := max{ f;(z), f(x)}, nén véi moi tap compac K C G, véi

moi € > 0,di. : Vi > 1. taco
filz) < f(z) +€,Vr € K.
[
Tir ménh dé sau, suy ra tinh ntta lién tuc trén ctia 4nh xa df. Cu thé la:

Ménh dé 2.8. Cho moét tdp 10i, md U C R" va [ la mot ham 16i nhdn gid tri
hitu han trén U. Gid su { f;}; € I la mét ddy cdc ham 101 hitu han trén U va
hoi tu theo tung diém trén U dén f.

Khi dé, néu day {x'} C U héi tu dén x € U, thi véi moi € > 0, ton tai

chi s6 i, sao cho

ofi(x") c Of(x) +e.B(0,1),VYi > i,

trong dé B(0,1) la hinh cau don vi déng tam ¢ O
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Chitng minh. Cho o > 0,y € R". V6i méi x € U dat

p= f(z,y) +a.
Do f 16i, hitu han trén tap U m& va x € U, nén = € int(dom f), do dé u
hiru han.

Do z € int(dom f), nén v6i moi y, ton tai § > 0 sao cho
T+ Ay € int(dom f) véi moi 0 < A < 4.

Do « > 0 va dinh nghia cta f'(z,y), ta cé :
flz+Ay) = f(z)

A
Do fi(x + Ay) — f(z + \y) va fi(z") — f(z), nén tir (2.12), ton tai 4,

sao cho

< w,YA € (0,6). (2.12)

filz" + Ay) — fi(z")
A

<, Yi>i, YA e (0,6).

Do . .
filz" + Ay) — fi(2*)
A

VAN

fia',y)
nén f/(z',y) < pu v6i moi i > ij.
Vay
limsup fi(z',y) < p = f'(2,y) + a.

Do di€u nay ding véi moi a > 0, ta suy ra

limsup f{(z',y) < f'(z,y).

Vi f/(x%,.) va f'(x,.) 16i, hita han trén U (do x € U C int(dom f)) nén
dp dung b6 dé 2.1 cho céc ham 16i f/(2%,.) va f'(z,.) v6i G = R",

K =B(0,1)taco:
V6i moi tap compac B(0,1) C R",Ve > 0, 3i, sao cho Vi > i, ta c6

fi(a'y) < f'(z,y) +€,Vy € B(0,1).

Ti day, véi moi y # 0, theo tinh chat thuan nhit duong cua f'(x,.), ta
co:

(@) = fi(2', ) < fl(z,—L) +e.

1 /
lyll™ lyll lyll
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Hay
fla' y) < flzy) + eyl Vi > i, Vy.

Do f/(x',y) 1a ham tua cta df;(z") va f'(z,y) 1a ham tua ctia O f(z) nén
tu day suy ra

Ofi(x") C Of(x) + e.B(0,1).

[]

Ménh dé 2.9. Cho [ la mot ham 16i chinh thuong trén R". Khi dé dnh xa

dudi vi phdn x — O f (x) nita lién tuc trén tai moi diém x € int(dom f)

Chitng minh. Ta cé f 16i nén n6 hitu han trén tap int(dom f). Vay ap dung
ménh dé 2.8 v6i U = int(dom f) va f; = f, Vi, ta co:
Néu x € int(dom f) va {2’} C int(dom f) hoi tu dén x thi v6i moi

e > 0, ton tai 4. sao cho Vi > i, ta co
Of(x") C 0f(x) +€.B(0,1).
Suy ra O f ntra lién tuc trén tai moi diém x € int(dom f). O

Ménh dé 2.10. Cho f la mot ham 16i chinh thuong trén R".
Néu f khd vi trén tdp int(dom f) thi né khd vi lién tuc trén tdp nay.

Chitng minh. Cho x € int(dom f) va diy{z'} C int(dom f). Ta dp dung
ménh dé 2.8 v6i U = int(dom f) va Vf; = V f , Vi, ta co:

Ve > 0 ton tai 7. sao cho
Vi > i, [Vf(a') = V()] < e
Ching t6 vV f(.) lién tuc tai x. O
2.2.5 Phép tinh v6i dué6i dao ham
Tuwong tu gidi tich cd dién, néu f 1a mot ham 16i chinh thudng trong R" thi

OAf)(x) =X0f(x) ,Y\> 0, V.
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That vay

" e IAf)(x) & (27, 2 —x) + (Af)(2) < (Af)(2) V2
A

S (v z—x)+ Af(x) < Af(2),Vz
& (Toz—a) +1(@) < J(2).v2
& %* € df(z)

D61 v6i duéi vi phan cta tong céac ham 161, ta ¢6 dinh 1y sau:

Ménh dé 2.11. (DPinh Iy Moreau-Rockafellar). Cho f;, i=1,...m la cdc ham
[0i chinh thuong trén R". Khi do

Néu Nri(dom f;) # O thi

m

Zafi(x) =0() _ fi(x)) ,Va

i=1

Chitng minh. Ta ching minh
> 0fi(x) SO filx)), Ve
i=1 i=1

Néuz* € > " 0fi(z) thia* =>""  af ,af € 0fi(x),i=1,..,m. Tac

x; € 0fi(x),i=1,..me (x],z—z)+ fi(r) < fi(z) ,Vz,i=1,...,m

= (fo,z — )+ Zfz(x) < Zfi(z),v,z
1=1 1=1 =1
S (@ z—x)+ ) file) <D fil2),V2
1=1 1=1
&z €d)_ fix)),Va.
1=1

Vay Zzn; dfi(z) C 8(2;11 fi(x)), V.
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Ta chimg minh

Chi can ching minh v6i m = 2, v6i m > 2 dung quy nap.
Ly 2° € R" va
2

et € 0(Y fi(a")) = 8(f1(2") + fo(a”)) = D(fi + f2) (a°).

i=1

Theo dinh nghia cua dudi vi phan ta co:

(x*, 2 —2°) + fi(2") + fo(2°) < fi(2) + folz) Vo

S file) + fol@) = i2") = ola’) = (o' w =2y 20 va
(:){fl(x)+f2(y)—f1(x) fola) - <x v —af) <0
T=1y

khong c6 nghiém.

Lay D = dom f; x dom f> va A(x,y) = x — y. Theo gia thiét f; lién tuc
tai mot di€ém a € dom f; N dom f5, nén ton tai mot lan can U clia goc¢ sao
cho

U=(a+U)—aCdomf; —dom fo = A(D).

Vay 0 € intA(D), 4p dung ménh dé 1.4 véi
flz,y) = fi(x) + foly) = fi(2") = fo(a") — (2", 2 — 2")
Alz,y) =z —y.
Ta c6
(t.x —y) + [fi(2) + foly) = fila?) = fo(2") = (2", 2 = 2”)] > 0,

Vo € dom f; ,y € dom fs.
D6i véi & & dom f; va y & dom fo, thi bat dang thitc trén 13 hién nhién.
Vay

{t,2 —y) + [[i(@) + fo(y) — fi(a”) = fo(a") = (27,2 = 2")] > 0, Va,y.
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Lay v = 2Y ta c6
(ty —2") + f2(a") < faly) , Vy.
Ching to t € 8f2($0)
Lay y = 2" ta c6
(¥ —t,x —2) + f1(2°) < fi(z), V.
Ching t6 z* — t € df1(z0).
Do d6 z* = (z* — t) +t € Of1(a°) + O fa(20). O

2.3 Duéi vi phan xap xi

Du6i vi phan xap xi, hay con dugc goi 1a e-dudi vi phan, thuong duoc su
dung trong thuc t€ bdi hai 1y do chinh sau day. Mot 1a ham 16i ¢6 thé khong
kha dudi vi phan tai nhitng diém thuoc bién clia mién hitu dung ctia né, trong
khi d6, nhu s€ thidy dudi day, trong mién nay, dudi vi phan x4p xi luon ton
tai. Ly do thit hai quan trong hon la trong tng dung, thuong nguoi ta chi can,

va nhiéu khi chi tinh dugc dudi vi phan mot cach xap xi.

DPinh nghia 2.8. Cho ¢ > 0. Mot vécto x* dugc goi la e-dudi dao ham cua f
tai X, néu
(% y —x) + f(z) < fy) + €,V
Ki hiéu tap hgp tét ca e-dudi dao ham cta f tai x 1a 0. f(z). Tap hop nay
dugc goi la e-dudi vi phan.
Hién nhién 0, f(z) = df(x). Vay du6i dao ham xap xi 1a mot khai niém

tong quat hod ctia du6i dao ham chinh xac.

Nhan xét:
Theo dinh nghia

" € 0f(x) & (x%,z —x) + f(z) < f(2) +€,Vz.
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Thay z = y + x , ta dugc

(@) + fz) < fle+y) +e,Vy.

Tu day, néu dat h(y) = f(z +y) — f(z) , tacd

(%) — hy) <€, Vy.

Theo dinh nghia ham lién hop, ta c6
Ocf () = {a"[P"(2") < €}

Do h* 1a mot ham 16i, déng nén tir day thay rang O, f (x) ludn la mot tap
16i, dong .

Hién nhién 0. f (z) C O« f(z) néu € < €. Hon nita N0, f(x) néu khéc
réng thi s€ bang 0f(x).

Vi du 2.6. Cho ham mot bién

— 227 néu =z > 0,
o= {2 %
+00 néu x < 0.

Ta c6 0. f(0) # 0 v6i e > 0. That vay, 18y =* € 9. f(0), ta cé:

" € 0.f(0) & (", y — 0) + f(0) < f(y) +¢,Yy
&'y < —2y/y+e,Vy > 0.

Néu y = 0 thi 0 < e. Vay bat dang thitc trén dugc thod man v6i moi x
Néu y > 0 thi 2% < 6_2‘/@.

Vay 0.f(0) # 0 v6i € > 0.

Mat khac 9f(0) = () ( da ching minh phén trudc ).

Vi du trén cho thay rang 0. f(x) # () v6i moi € > 0, tuy nhién Jf (z) = 0.

Meénh dé sau day ndi rang moi ham 16i déng déu kha e-dudi vi phan véi
moi € > 0 tai moi diém thudc mién hitu dung cta né .
Ménh deé 2.12. Cho f la mot ham 16 dong chinh thuong trén R".

Khi dé véi moi € > 0 va moi 2° € dom f, tdp O.f(2°) # 0. Hon nita véi
moi tdp bi chan C' C int(dom f) tdp O.f(C) bi chdn.
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Chitng minh. Do f 16i, dong, chinh thuong nén epi f 16i, déng, khac rong.

Do epi f dong nén diém (2, f(2") — €) & epi f v6i moi € > 0. Ta ap
dung dinh 1y tach chat cho hai tap C' := epi f va D := {(2°, f(2°) —¢)}, s&
ton tai (p,t) # 0,p € R",t € R va s6 thuc 7 ( phu thudc €) sao cho:

(p,t) —tv <n < (p,2°) —t[f(a") — €] ,¥(z,v) € epi f. (2.13)
Tir day ta ¢6 t # 0, vi néu t=0 thi
(p,x) <n < (p,a") Yo € dom f
0

va do d6 ta c6 mau thuan néu 1ay x = 2.

Hon nita ¢ > 0, vi néu ¢ < 0 ta s€ ¢6 mau thuan tir (2.13) khi cho v du

pe

16n .

Thay v = f(z) va chia hai v&€ clia (2.13) cho ¢t > 0, ta c¢6
(F.2) = fla) < < (T.2") = fa") +e
Suy ra

(Foa —a%) 4+ f(2°) < fla) +e.

Vay % € 0.f(2") hay O.f(2") # 0.
Gia st C' C int(dom f), C bi chan.
Dit

§ = Sup,eeq, () 17| = Subsec Sup,-co, s(o) l27]]- (2.14)
Xét 4nh xa tuyén tinh (z*, z). Chuén cla dnh xa tuyén tinh nay la
||QZ'*|| = Sup||z||:1<x*7 Z>
Thay vao (2.14) ta c6
5 = SuprC Supz*Eaef(x) SuszHzl <l'*, Z>
Mat khéc

" € 0 f(z) & fl(z,y) + B = (z",y) , V3 > 0,Vy.
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Do do
f(x,y) 4+ 8 = Sup,eeq, p) (2", y) , V3 > 0, Vy.
Hay
fi(@,2) + 8= Sup,cy, pn) (27, 2) , VB >0, Vz,
Ta c6 ti€p

§ = Supy =1 Sup,ec(f'(z, 2) + 6)
= Sup||z||:1 SpreC f,(xa Z) + 6

bat g(z) := Sup,cc f'(2, 2).

Do z € C' C int(dom f), nén ham f’(x, z) 16i trén R" (do d6 lién tuc).
Suy ra ham g lién tuc vi 1a bao trén ciia mot ho ham 16i lién tuc trén R".

Vay

§ = Sup| =1 9(2) + B = max|, =1 g(2) + < +o0.
Ching t6 0. f(C') bi chan. O

Ménh deé 2.13. Cho f : R" — R la ham l6i déng.
Khi dé mot véc-to x* la e- dudi vi phdn cua f tai x € dom f khi va chi
khi
) + flz) = (2% z) <e

Chitng minh. Dung dinh nghia e-dudi dao ham ta co:

t € 0.f(x) & (" y —x) + f(z) < f(y) +€,YVy € dom f
< [ y) = fY)] + flz) — (2%, 2) <e,Vy € dom f.

Theo dinh nghia cua f*(z*) ta co:
fH(a”) = Sup, (=", y) — f(y)}-

Vay fr(a") + fz) = (2%, 7) < e -
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Pinh nghia 2.9. Cho C' C R" la mot tap 16i, dong va x € C. Tap e-nén phap

tuyén ngoai cua C tai x 1a e-dudi vi phan ctia ham chi cta C' tai x.

Tuc la:
Nee(x) == 0¢0(x) ={2a" € R"| (2",y —x) <e,Vy € C}
DPinh ly 2.1. Cho f la ham 16i, dong, chinh thuong trén R".
0€0.f(x) e flx) < fly)+€e,Vy € R".
Chitng minh. Theo dinh nghia duéi vi phan xap xi ta co:
0€0f(z) = 0,y —x) + f(z) < f(y) +€,Vy € R
< flz) < fly) +e,Vy e R

[l

Ménh dé 2.14. Cho f;, i=1,...,m la cdc ham 16i chinh thuong trén R". Gid
s Nri(dom f;) # 0. Khi dé

m m

56(Zfi(x)) C Z&fi(i’?) V.

=1 1=
Ddc biét

86(2]2-(3:)) — Z@Efi(x), Vi < e =0.

Chitng minh. Ta ching minh cho m = 2. V61 m > 2 dung quy nap.
Ta lay 2° € R" va

v e 36(2 fi(2")) = 0(fi(a”) + fo(a”)) = Oe(fr + fo) (2").
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Theo dinh nghia ctia duéi vi phan xap xi, ta co:
¥ € 6€(f1 + fg)(xo)
e — 2"+ (fi + ) @) < (i + fo)(@) +e Vo
ae(r* z — 2" + f1(2°) + f(2°) < fi(z) + fo2) e Va
& filz) + folz) = filz") = fola®) — (2" 2 —2%) +e>0 Vo
e {fl(x) + ) = Fi(2’) = fola’) = (27,2 = 20) + €< 0
r =Y
khong c6 nghiém. (2.15)
Lay
D = dom f; x dom f5,
Alz,y) =z —y,

f(x,y) = filz) + faly) — f1(2°) — fo(2") — (2%, 2 — 2°) + €.

Theo gia thiét f; lién tuc tai mot diém a € dom f; N dom f5, nén ton tai

mot 1an can U cua goc sao cho
U=(a+U)—aCdomf; —dom fo = A(D).

Vay 0 € intA(D).
Lic nay (2.15) c6 dang:

flz,y) <0
hé A(z,y) =0 khong c6 mghiém
(z,y) € D

Ap dung ménh d¢ 1.4 ta cé:
(t, A(z,y) = 0) + f(z,y) 2 0 V(z,y) € D.

& (ta—y) + filz) + foly) = f1(@) = fo(a®) + (@", 2 — 2%) + € > 0,

Vx € dom f; ,Vy € dom fs.
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D6i véi x ¢ dom fi va y & dom f, thi bat dang thiic trén 13 hién nhién.
Vay
<t7$ _y> +f1($) +f2(y) - fl(xo) - f2($0> + <ZL'*, 'T_xo> +e=20 \V/.T,y
Liy 2 = 2 ta c6 :
(t,2" —y) + faly) — fo(a") +e=0 Wy
Sty —a")+ fo(a°) < foly) +€ Wy
&t 0 fr(2)).
Lay y = 2° ta c6:

t,x — 2"+ fi(z) — fi(z") — @2 —2") +e>0 Vo
et —t, o -1+ f1(2) < filx) +e  Vx
sa*—ted.fi(a").
Do doé
2" = (2" — ) +t C 0. fi(2") + O fo(2").

Vay
Oc(f1(2°) + fo(a)) C D f1(2") + O fola).
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Chuong 3

Mot so ing dung cua duéi vi phan trong
toi uu hoa

Chuong nay trudc hét gidi thieu mot s6 khdi niém chung vé cuc tiéu, e- cuc
tiéu ctia mot ham 16i. Ti€p theo trinh bay diéu kién can va di cta nghiém
to1 uu cua bai toan 10i v6i cac rang budc khac nhau (Khong rang budc, rang
budc dang thifc, rang budc bat ding thiic). Cu6i chuong trinh bay diéu kién
can va du cua nghiém t6i uu xap xi cua bai toan 16i v4i cac rang budc khac

nhau.
3.1 Cac khai niém

Pinh nghia 3.1. Cho C' C R" khdc rbng va f : R" — R U {+oo}.
a) Diém 2* € C duge goi 1a cuc tiéu dia phuong cua f trén C néu ton tai
mot 1an can U cua z* sao cho

flx*) < f(x),Yz e UNC.
b) Diém z* € C duoc goi la cuc ti€u toan cuc (hay cuc ti€u tuyét doi )
cua f trén C' néu
f(@*) < f(x),Vz € C.
¢) biém z € C duoc goi 1a diém chap nhan duoc cua bai todn.
Pinh nghia 3.2. Cho ¢ > 0. Mot diém z. € C duoc goi 1a diém e-cuc tiéu
toan cuc cua f trén C' néu

flze) < f(z) + €,V e C.

52
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3.2 Bai toan loi khong c6 rang buoc
Xét bai toan
(P1) {min h(x) |z € R"}.
Trong d6 h 1a mot ham 16i chinh thuong trén R".
Ménh dé 3.1. z* la nghiém ciia bai todn (P1) < 0 € Oh(x*).
Chitng minh. Ta co:

r*1a nghiém ctia bai toan (P1) < z*la di€ém cuc ti€u ctua h trén R"
< h(z*) < h(z) ,Vr € R"
< (0,2 — 2"y + h(z") < h(z) Vo € R"
< 0 € Oh(x").

3.3 Bai toan 16i véi rang buoc dang thic

Xét bai toan

(P2) {min f(z) |z € C}.

Trong d6 C' C R™ la mot tap 16i khac rong va f 1a mot ham 16i trén C.

Ménh deé 3.2. Gid sit ri(dom f) NriC # (.
x* € C la nghiém cuia bai todn (P2)< 0 € 0f(x*) + No(x*),
trong dé No(x*) == {w | (w,z —x*) < 0,Va € C} la nén phdp tuyén ngoai

cua C tai x*.

Chitng minh. Goi d¢(.) 1a ham chi cta tap C', tic 1a

5c() 0 néu z € C,
x) =
¢ +o00 néu z¢C.
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Khi d6
2™ 1a nghiém cua bai toan (P2)
&x* 1a diém cuc ti€u cua f trén C
&a* 1a diém cuc tiéu cua h(z) := f(x) + dc(z) trén R"
<0 € Oh(z*)  (theo ménh dé 3.1).
Do ri(dom f) NriC # (), theo dinh 1y Moreau-Rockafellar ta c6:
Oh(x") = O[f (") + dc(a7)]
= 0f(2") 4+ 00c(x™).
Viz* € C nén di¢c(z*) = Neo(x¥).
Vay Oh(z*) = 0f (z*) + Ne(x*¥).
Suy ra 0 € 9f(z*) + Ne(x*). 0

3.4 Bai toan 16i v6i rang buoc bat dang thirc
Xét bai todn tim cuc ti€u cia mot ham 161 trén mot tap 16i ¢6 dang sau:
(OP) {min f(z) | gi(x) <0(i=1,...m),z € X}.

Trong d6 X C R"™ la mot tap 16i dong khac rong va f, g; (i=1,..m) 1a cac
ham 16i hitu han trén X. Ta s€ luon gia st ring X c6 di€ém trong.

Bai toan (OP) nay duoc goi 1a mot quy hoach 16i. Ham f duoc goi 1a ham
muc tiéu.

Céc dieu kién z € X, g;(z) < 0(i = 1,...m) duoc goi la cic rang budc.

Tap D = {z € X |gi(x) < 0i = 1,...m} dugc goi 1a mién chap nhan
duoc.

Mot diém x € D duoc goi 1a diém chap nhan duge clia bai toan (OP).

Do X la tap 16i, cac ham g; (i=1,..,m) 16i trén X nén D la mot tap 16i.
DPiém cuc ti€u cta f trén D ciing duge goi 1a nghiém t6i wu clua bai todn
(OP).
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Ta xay dung ham sau, dugc goi la ham Lagrange, cho bai toan (OP):

Lz, A) := Aof (x) + Z Aigi(z
Vi A = (Mo ooy A)
Dua vao ham Lagrange ta c6 két qua sau:

Dinh ly 3.1. (Karush- Kuhn- Tucker)

Gid s ri(dom f) Nri(dom g;) Nri X # ()

a) Néu x* la nghiém cua bai todn (OP) thi ton tai X} > 0
(i=0,...,m) khong dong thoi bang 0 sao cho:

1)

L(z*, \*) = mingex L(z, \*)  (diéu kién dao ham triét tiéu )

(& 0e NOf(z +ngz ) 4+ Nx(z*)).

Trong dé Nx(x*) la non phdp tuyén ngoai cua X tai x* .
2)
Ngi(x*)=0(=1,...m)  (diéu kién do léch bu).

Hon nita néu diéu kién Slater sau thod man:
320 € X : gi(a") < 0(i =1,..m) thi \}; > 0.

b) Néu hai diéu kién dao ham triét tiéu va do léch bu o trén duoc thod
man vdi N > 0 thi diém chdp nhdn dugc x* la nghiém toi uu ciia bai todn
(OP)

Chiing minh. a) Gia su x* la nghiém cta bai toan (OP). Dat

C:={(Xo, A\, .., Am) € R™ 3z € X
flz) — f(x¥) < X, gi(z) < Njyi=1,...,m}.

Do X # () 161, f, g; 16i trén X, nén C' 12 mot tap 16i .
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Ta ¢6 C' # (). That vay:
+Lay (Mo, .oy Ay) € int R Khido Ny >0 (i =1,...,m).

+ V61 x = 2%, tacod

f@®) = f(z") =0 < Ao
gi(z) <0<\ (i=1,...,m).

= (Ao, -y Am) € C.

= intR7" C C.

= C # () trong R™*1,

Hon nita 0 ¢ C'. That vay, néu 0 € C thi

dJreX: f(zx)— f(z") <0
gi(x) <0 (i=1,..,m).

Do d6 =* khong la nghiém cua bai toan (OP)=- mau thuan. Vay 0 ¢ C.
Theo dinh 1y tach thi 1, c6 thé tach cdc tap C va {0}, tic 1a I} (i=0,...m)
khong dong thoi bang 0 sao cho

D ANAZ0 V(Ao A) € C (3.1)
=0

Do intR7* C C, tasuy ra A} > 0.
Véie >0vaz e X, lay

Thay vao (3.1) ta co
Nlf(@) = f@) +d+> Nglw) 20 VreX.
i=1
Cho € — 0 ta dugc

Nf@) +) Xgi(x) > Nf(z")  VzeX. (3.2)
=1



www.VNMATH.com

Do z* 1a diém chap nhan dugc nén ta ¢6 g;(z*) <0 (i = 1,...,m). Vay
Nof (%) = Nof (=) + Z A gi(a®). (3.3)
Tu (3.2) va (3.3) taco

Ao f (2 +Z)\*gl > N f(x +Zx*gl Vo e X

SL, ) > L' \)  VreX

SL(x", \*) =mingex L(x,\*)  (diéu kién dao ham triét tiéu).

Ta chi y rang z* 1a nghiém cua bai todn {min L(x, \*),z € X} khi va

chi khi z* 1a diém cyc ti€u cta ham L(z, \*) trén X

&’ 1a diém cuc tiéu cha ham Ly (x, \*) := L(z, \*) + dx(x) trén R".
<0 € 0Ly (z", \Y) (theo ménh dé 3.1).

Do ri(dom f) Nri(dom g;) Nri X # @ va f, g; (i:=1,...,m) 1a cdc ham 10i,
hitu han trén X nén theo dinh ly Moreau-Rockafellar ta c6

ALy (z*, \*) = O[L(z*, \*) +5x( )l

AN f (x +Zx*g@ )] + dx ()

= N0 f(z +ZA892 ) + Nx(z*)

(V1 8(5)(( ") = Nx(z%)).
Vay
0e NOf(x +ZA*agl ) + Nx(z*).
Do z* 1a diém chédp nhan du’(jc nén g;(z*) < 0(i =1,....,m). Néu Ji €
{1,...,m} :gi(z*) =€ <0 thi
Ve> 0, f(z")— f(z") =0<e
gi(z") <0<e(j=1,...,i—1i+1,....,m).
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= (€,...,6& € ...,¢6) €C (€ & vi tri tha 1).

= A7¢ > 0 (thay vao (3.1) va cho € — 0)

= A7 < 0.

Theo chiing minh trén ta c6 A7 > 0. Vay A7 = 0.

Nhu vay la, néu g;(z*) < 0 thi A} = 0.

Do d6 Afgi(z*) =0(i=1,..,m) (diéu kién do léch bu ).
Gia str diéu kién Slater dugc thoa man: 32° € X : ¢;(2°) < 0.

Khi d6 néu \jj = 0 thi do diéu kién dao ham triét tiéu va do léch bu ta c6

0=X\f(x +Z)\*g2 <N f (@ —I—Z)\*gl Vr e X.

Do \j = 0 nén phai c6 it nhat mot A7 > 0.
Thay 2° vao bat dang thic trén, s& duoc

0= A\of (") + Z Ngi(a®) < Apf (") + Z Ngi(x

Suy ra mau thuan. Vay \j # 0 tic la A§ > 0.
b) Gia st z* 1a diém chap nhan dugc thoa man hai diéu kién dao ham triét
tiéu va do léch bu & trén véi A\; > 0, AF > 0 (i = 1,...,m).

Do A} > 0, nén bing céch chia cho ), ta c6 thé coi ham Lagrange 1a

L) = f() + 3 (o)
i=1
Tir diéu kién dao ham triét tiéu va do léch bu, ta co:
JrZ)x*gZ +Z>\*gl Ve e X
Algi(z") =0 (i = 1, ).
Suy ra

f(a) < fl)+ ) Ngilx) Vo € X. (3.4)
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V6i moi x 1a di€ém chap nhan duoc, tic 1a:
reX:g(x)<0,i=1,..,m,
ta co
)+ Y Ngi(w) < f(@). (3.5)
=1

Tu (3.4) va (3.5) suy ra f(z*) < f(z),Vz € X .Ching té x* 1a nghiém
tO0i uu cua bai toan (OP). O

Vi du 3.1. Ap dung dinh ly cho bai todn sau:
{min f(x) | () <0 (i = 1,2) .2 € X}, (OP)

trong d6 f(z) = 2, gi(a) = 2? — 2, go(a) = —, X = [~1. 1.
Giai:

Ta ¢6 mién chap nhan duoc

D={zeX|g(x) <0(:=1,2)} =1[0,=].

Gia su ton tai Af > 0 (i = 0, ..., 2) khong déng thoi bang 0 sao cho:
1) L(x*, \*) = minge x L(x, \¥)

(4 0 € NOF(e*) + X2 NOgi(a*) + Nx(a") ).

2) Xigi(z*)=10,i=1,2.

3) Af > 0.

Tu dinh Ii 3.1, suy ra z* la nghiém t6i uu cua bai toan (OP)

s f(a") < f(x), Ve e D
et L 22, Yr € D
er*? <0

st =0,

Nguoc lai, néu x* = 0 1a nghiém cua bai toan (OP) thi tir dinh Ii 3.1, suy ra
ton tai A\F > 0 (i =0, ..., 2) khong dong thoi bang 0 sao cho :
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1) L(x*, \*) = mingex L(z, \*)
(& 0€ NS () + X7y Adgi(a®) + Nx(2%)).
2) Xigi(z*)=0,i=1,2.
Ta co
L(z*, \*) = mingex L(z, \")
Lz, \") > L(:C* ), Ve e X
SN (= +Z>\*gl > M\ f (@ +ZA*9Z VreX
SN+ )ﬁ{(x —x)— XNz =0, Vo € X
Taco Ngi(z*) =0, i=12&XN0=0i=1,2X>0,i=1,2
Do A > 0 (i =0,...,2) khong dong thoi bang 0 nén:
+ Chon A\] = A5 = 0.
Ta co
Nz? + Xf(2? — ) = Nsr >0, Vo € X
S\t >0,Vre X
SNy >0
=Chon)\; = 1.
+ Chon \] = A\ =
Ta co
Nz? +Xf(2? — ) — Nx >0, Vo € X
SN+ D —22>0,Vr e X
=Khong ton tai ;.
+ Chon A\] =0,\; = 1.
Ta co
Nz? +Xj(2? — ) — Nx >0, Vo € X
e\’ —r >0, Vre X

=Khong ton tai \.
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+ Chon \] =1, A5 = 0.

Ta co

MNz? +Xf(2? — ) = Asx >0, Vo € X
SN+ D2? -2 >0 Vo e X

=Khong ton tai \;.

Vay z* = 0 la nghiém t6i vu cta bai todn (OP) va \j = 1,A\] = A5 =01a
cac nhan tir Lagrang tuong ung.

Chu y 3.1. Trong nhiéu trudng hop bai toan (P1), (P2) va (OP) c6 thé khong
c6 101 gidi toi uu chinh xdc. Hon nita trong thuc t€ thuong ngudi ta khong
tinh dugc 101 giai t6i vu (chinh x4c), ma chi tinh duoc 16i giai xap xi. Khi d6
ta dung khai niém 10i giai t6i vu xap xi hay con goi la e- t6i uu.

Meénh dé 3.3. . la € -nghiém ciia bai todn (P1) < 0 € O.h(x)

Chitng minh. Ta co:

x. la € — nghiém cua bai toan (P1)
&z, 1a diém e — cuc tiéu cta h trén R"
<h(x) < h(z)+€,Voe € " (theo dinh nghia3.2)
=0 € dh(z)  (theo dinh 1y2.1).

Ménh dé 3.4. Gid sit ri(dom f) NriC # ). Khi dé
ze € C la € -nghiém cuia bai todn (P2) = 0 € 0.f(x.) + No(x.),
trong do Ne(xe) == {w | (w,x —x.) < €,Vo € C} la e -nén phdp tuyén

ngoai cua C tai x..

Chitng minh. Goi d¢(.) 1a ham chi cta tap C, tic la

5o(2) 0 néu z € C,
x) =
¢ +o00 néu z¢C.
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Khi dé
x. 1a € — nghiém cta bai toan (P2)
&, 1a diém € — cuc tiéu cua f trén C
&, la diém e — cuc tiéu cha h(z) := f(x) + dc(x) trén R"
<0 € O:h(z.)  (theo ménh dé 3.3).
Do ri(dom f) NriC # (), ta co:
Och(ze) = Oc[f (ze) + 0o ()]
C O.f(xe) + O0¢c(x.) (theo ménh de¢ 2.14)
— aef(xe) + NC’,e(xe)
(Vi z. € C nén theo dinh nghia 2.9 9.6¢(x.) = Neo(x.) ).

Vay 0 € O.f(z) + Nee(x). O
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Nhu vay, luan van nay da trinh bay mot cach hé thong cac khai niém,
tinh chét co ban ctia tap 16i va ham 16i. Sau dé lai dé cap vé dao ham theo
phuong, dudi vi phan, dudi vi phan xap xi va chitng minh mot céch cu thé
mot s6 tinh chat ctia chiing. Cudi cuing luan van trinh bay cac di€u kién cuc

tri cho cdc bai todn quy hoach 16i vé6i cdc rang buoc khac nhau.
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