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LOI MO BAU

Vo nhitng nam dau cua thé ky 20, Montel d4 dwua ra khéi niém ho chuan tic
cac ham chinh hinh. Tir d6, khéi niém ho chuan tic gitt mot vai trd quan trong
d6i vai ly thuyét ham bién phire va c6 tng dung rong réi trong dong luc hoc, ly
thuyét toi uu,...Diéu ndy da khién cho viéc nghién ciru cac &4nh xa chuan tic
duoc nhiéu nha toan hoc quan tam. Viéc tim ra céc tiéu chuan cho tinh chuan tic
cho dén nay da dat dugc nhiéu két qua dep d& nhu tiéu chuan cia Montel, tiéu
chuan cta Marty, tiéu chuan cta Miranda,... Pong thoi cd nhitng méi lién hé
mat thiét gitra Iy thuyét ho anh xa chuan tic véi giai tich phac hyperbolic.
Chang han, nhitng 4nh xa chuan tic vao khdng gian phtc tuy y c6 nhiing tinh
chat quan trong nhat cia anh xa chinh hinh vao khéng gian phuac hyperbolic
compact (hay khéng gian nhing hyperbolic). Vi thé, tinh hyperbolic cua cac
khong gian phtic ¢d thé dugc nghién ciru tir cach nhin caa ho anh xa chuan tic.
D3 ¢6 nhiéu nghién cau theo huéng ndi trén, nam 1991 dya trén y tudng cua
Aladro, M.Zaidenberg d3 dwa ra khai niém ho s-chuan tic cac anh xa chinh hinh
trén cac khdng gian phirc. Trong luan vin nay, ching téi muén trinh bay nhitng
két qua vé ho s-chuan tic cac 4nh xa chinh hinh nhiéu bién duéi goc do cua giai
tich phtc hyperbolic. Ching tdi ciing luu y dén mdi lién hé mat thiét vé tinh
hyperbolic cua khong gian phtic va tinh chuan tic cua cac anh xa thudc ho s-

chuén tic cac anh xa chinh hinh.
Noi dung cua luan van gom c6 hai chuong.

Trong chuong 1, ching t6i trinh bay nhitng van dé co ban vé giai tich phuc

nhiéu bién va giai tich hyperbolic nham chuan bi cho chuong sau.

Chuong 2 la ndi dung chinh cua luan van. Trong chuong nay chdng toi trinh
bay khai niém va cac tiéu chuan metric cua ho s-chuan tic cic &nh xa chinh hinh
nhiéu bién, méi lién hé giira ly thuyét ho 4nh xa s-chuan tic véi tinh hyperbolic

cua cac khdng gian phtc. Viée chimg minh chu yéu dya trén kiéu cua bd dé
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Schwarz-Pick hoic tinh chat giam khoang cach va cac bao ham thuc, bat dang
thire da duoc chimg minh chi tiét. Cubi cing 1a phan két luan cua luan van trinh
bay tom tit cac két qua da dat dugc. Luan van khong thé tranh khoi nhirng thiéu

s6t han ché, rat mong nhan duoc y kién déng gop cua cac doc gia.

Luan vin dugc hoan thanh dudi sy huéng dan tan tinh cia PGS.TS Pham
Viét Pac. Em xin bay té 1ong biét on sau sic tgi Thay. Nhan dip nay em ciing
xin duoc bay to long biét on sau sac toi cac Thay, CO di giang day cho em cac
kién thie khoa hoc trong sudt quéa trinh hoc tap tai truong. Xin cam on Trudng
Pai hoc Su pham - Pai hoc Thai Nguyén da tao diéu Kién thuan loi cho viéc hoc
tap cua t6i. Cudi cung toi xin cam on gia dinh, ngudi than va ban bé da dong

vién gilp d& toi trong suét qua trinh hoan thanh khoa hoc.

Théai Nguyén, thang 9 nam 2008

Tac gia
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CHUONG 1: MOT SO KIEN THUC CHUAN BI

1.1. GIA KHOANG CACH KOBAYASHI TREN KHONG GIAN PHUC

v6i0<r <[l az INNNEN : <oi W i di bin kinh

.21 dia don vi trong [] .

1.1.1. Metric Bergman — Poincaré va chuan hyperbolic trén cac dia

Metric Bergman — Poincaré trén dia don vi ./él dia . dugc dinh nghia

ds? i ;
1
2 -
ds? .
r2

Khi d6, chuan cua mét vecto tiép xuc sinh béi metric Bergman — Poincaré
trén 2 Il dvoc xac dinh boi : Voi zZI (hoic zJJD va I (hoic

v-) 1a vecto tiép xuc tai z, ta c6

A
o S

12 chuin Euclide trén [ .

nhu sau :

trong do ‘v‘euc

Céac chuan ‘ dugc goi 1a chudn hyperbolic trén - tuong

U‘hyp,z ’Mhyp,r,z
rmg. Cht ¥ rang tai z = 0 chuan hyperbolic bang hai lan chuan Euclide. Pé don

gian ta Ky hiéu | v|hyp va | v|r hodac H (v) va Hﬁ la cac chuan hyperbolic
trén - tuong Ung .

S6 hda bdi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



www.VNMATH.com

1.1.2. Dinh nghia

Gia s X,Y 1a cac khong gian voi cac ham khoang cach d,d’ tuong ung. Anh
xa f: X [ duoc goi 13 giam khoang cach néu

d'(f (), f(y))

1.1.3. Khoang cach Bergman — Poincaré

Khodng cach sinh bdi metric Bergman — Poincaré trén dia don vi .k}'/ hi¢u
., duoc goi 1a khoang cach Bergman — Poincaré. Do d6 khoang cach Bergman
— Poincaré ciing chinh 14 khoang cach sinh boi chuan hyperbolic xac dinh trong
1.1.1. Sir dung dinh nghia khoang cach sinh boi ham d6 dai 1a chuan hyperbolic
trén dia don vi m& .a c6 thé xac dinh cong thirc tinh khoang cach Bergman —

Poincaré nhu sau:

1.1.4. Dinh nghia gia khodang cach Kobayashi
Gia st X 1a mot khong gian phirc, p va g 13 hai diém tiy y ctia X. Ta goi mot
day chuyén chinh hinh [J|éi p véi q 1a tap hop

a2, ..o [

sao cho

7, (0) I

trong d6 Hol(Jlfla khong gian cac 4nh xa chinh hinh tir dia don vi ./éo

khong gian phuc X dugc trang bi té6 pd compact md.

Ta dat: L- va dinh nghia Ky (p,q) -, trong d6 infimum
|

lay theo tAt ca cac day chuyén chinh hinh [|héip véiq .

D@ thay ky thoa man céac tién dé vé gia khoang cach, tuc 13
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i) ky (p,0)
ii) ky (p,q) K
iii) k, (p,r)

NOi cach khac ky 1a mot gia khoang cach trén X. Gia khoang cach ky duoc

goi la gia khoang cach Kobayashi trén khong gian phuc X.
1.1.5. Tinh chat

Ta c6 thé dé dang chimg minh cac tinh chét sau cta Ky :

) ol v iy (i) I i o (z). (wy) I

ii) Néu f : X |l 12 anh xa chinh hinh gitta cac khong gian phuc X, Y thi

ky (p. ) I
Tir @6 suy ra rang néu f : X |12 song anh chinh hinh thi

ky (p. ) I
iii) P6i v6i mot khong gian phirc X tiy y, ham khoang cach ky 1a lién tuc trén
x Il
iv) Néu X, Y 1a cac khong gian phirc thi vai moi x,, x, | N GGGGEG_ a co

max Ky (X, Xz), ky (Y1, ¥2) _Y1),(X2’y2))-

1.1.6. Pinh nghia
Ta goi ¢ 1a Aut([l) bét bién khi va chi khi véi moi [ I o
(Metric Poincaré la Aut(ll) - bat bién).

1.2. KHONG GIAN PHUC HYPERBOLIC
1.2.1. Pinh nghia

Khong gian phitc X duoc goi 1a khong gian hyperbolic néu gia khoang cach
Kobayashi ky la khoang cach trén X, nghia la

k, (p,q) [ -
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1.2.2. Tinh chét
i) Néu X, Y 1a khong gian phirc, thi X [l 13 khong gian hyperbolic khi va chi
khi ca X va Y déu 1a céc khong gian hyperbolic.
ii) Néu X 1a khong gian con phuc ctia khong gian hyperbolic Y thi X ciing 13
hyperbolic.
iii) Pinh ly Barth
Gid sir X la khong gian phitc lién thong. Néu X la hyperbolic thi ky sinh ra

t6 po ty nhién cua X.
1.2.3. Vidu

+) Dia la da dia . la hyperbolic.

+) 0" khong 1a hyperbolic. That vay, gia st an la gid khoang céach
Kobayashi trén 0", ta sé& chi ra rang kD I va do do kD . khong la khoang

cach trén 0". Vi X, y-vél I <t inh xa
t:

-«

p
Khi @6 f 1a 4nh xa chinh hinh, f (0) [l va f (p) . Do d6 f 1a giam khoang
céch doi voi kg va K n nén ta co:
ki D) © (p)) .
Suy ra
kD n(%,Y) _

Cho p dan t6i 0 ta c6 I<D A (X, Y) _ Vay 0" khong la hyperbolic.
1.2.4. Bo dé

Gia sw X, Y la cdac khong gian phuc, k'Y la ham khoang cdch trén Y, lién tuc
v6i t6 pé cua Y. Gia siv | N 417 xa chinh hinh ¢6 tinh chét giagm khodng
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cach tir Ky t6i Ky va B@,s) la hinh cdau mé tmg véi khodng cach k', voi
I <7 36 ton tai hang so c(s) Wlchi phu thudc vao s thod mén
kx O, x) )k, (. x")
vai moi x| N )
Chirng minh
Gia st f; : | N N > a2 ot day chuyén chinh
hinh trong X ndi x véi X’

Ta xét hai truong hop sau:

i) Ton tai mot chi s6 j sao cho [ G

Khi do ta co
|
i-

!
Tur do ky (x,x") [}
i) | 5i moi chi s6 j.
Truéce hét ta c6 nhan xét;
Gia sa f 2 4nh xa chinh hinh, r va q 14 hai s6 thuc thoa man
O <. Khi d6 ton tai mot phép chia [0 = to, ty, ....t, = ] cua doan

[0, q] trong W, c6 cac sé r, (k=1,...,N) thoa man O- va c0 céc ty ding

cau o : |GG s:0 cho g 4nh xa [0, ] 18n [tes, t]. Néu ta thay f
boi fogy,.., fogy thi ta nhan duoc tir f mot day chuyén chinh hinh néi cac

diém f (0) véi f (), ndi cach khac ta cd phép chia doan [0, q] thoa man
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0 - ma day chuyén chinh hinh vin c6 ciing d6 dai Kobayashi.

Ta &p dung nhan xét trén cho mdi ham f; (i = 1, .. ., m) cua day chuyén chinh
hinh da cho. Chon r (O |Jlf) thoa méan

i B
Khi d6 r chi 1a mot ham ddi voi s. Theo nhan xét trén, khéng mat tinh tong
quét ta c6 thé gia thiét ring day chuyén chinh hinh dugc Iy thoa mén g q Vi

moi i. Néu day chuyén chinh hinh méi nay thoa méan diéu kién cua i) thi ta c6

diéu phai chimg minh. Trong truong hop con lai ta ¢6

10 1}
Vi k' (HE . 2 nhin duoc
R s o
Ton tai s6 ¢ [ sao cho
il -

Khi d6 tong Kobayashi thoa man bat dang thuc

That vay, f;(JJJlvoi moii. Vi vay néu ta ky higu bai m, 1a phép nhan vai
r, thi {fom,...., f, om} la mot day chuyén chinh hinh trong V. Vi vay ta ciing

co ky (x,x) [ GE_D

Tir ca hai truong hop trén c6 ra diéu phai chimg minh.

Sau day 1a mot sb tiéu chuan nhan biét tinh hyperbolic cta cac khong gian
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phtre thdng qua cac anh xa chinh hinh.
1.2.5. Ménh dé (B6 dé Eastwood)

Gia si [N 12 inh xa chinh hinh gita cac khong gian phirc. Gida sir Y
la hyperbolic (day) va véi moi diem Y ¢6 lan cén U ciia y sao cho - la
hyperbolic (ddy) thi X 1a hyperbolic (day).

Ménh dé trén Ia truong hop riéng cia ménh dé sau
1.2.6. Ménh dé

Gia sw X,Y la cdc khong gian phurc va k\l( la ham khoadng cach trén Y ma xac
dinh 16 pé cua Y. Gia si: || NN énh xa chinh hinh va
1) Wl/a giam khodng cach tir Ky t0i k\l( :

i) V6i moi diem Y|P c6 mét 1an cin mo U sao cho - la hyperbolic.

Khi do X la hyperbolic.

Chirng minh

Lay x, '

+ Néu I thi tir gia thiét 13 giam khoang cach ta co Ky (X, X') B
do X la hyperbolic.

+ Néu [ (hco gia thiét c6 mot 1an cdn mo U ctia y ma - la
hyperbolic. Tir d6 ton tai s > 0 sao cho k\'( -cau B(y,2s) I}

Mat khac -) la hyperbolic vi n6é 1a khong gian con cuia khong gian

hyperbolic - Suy ra ky (x,x") . vay X 1a hyperbolic.

1.3. KHONG GIAN PHUC HYPERBOLIC BRODY
1.3.1. Pinh nghia

Gia str X 1a khong gian phtrc. Ta néi X 1a hyperbolic Brody néu véi mdi anh
xa chinh hinh f :[J [JJidéu 12 4nh xa hing.

S6 hda bdi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn
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Céc két qua sau duoc trinh bay trong [1]
1.3.2. Ménh dé

Néu X la khéong gian phirc hyperbolic, thi moi dnh xa chinh hinh
f:0 [l aéu la anh xa hang.
1.3.3. Dinh ly Brody

Gid sit X la khéng gian phirc compact . Néu X khong 1a hyperbolic thi ton tai
mot anh xa chinh hinh khac hcing f:£ N
1.3.4. Pinh ly

Gia sw X la khong gian phirc compact. Khi do X la hyperbolic Brody khi va
chi khi X la hyperbolic Kobayashi.

1.4. KHONG GIAN PHUC HYPERBOLIC DAY
1.4.1. Dinh nghia
Khéng gian phitc X duoc goi 1a hyperbolic day néu X 1a hyperbolic va moi
day Co si dbi véi khoang cach ky déu hoi tu.
Vi du : Cac dia va da dia 1 hyperbolic day.
1.4.2. Ménh dé
Gida sit X la khéng gian hyperbolic lién théng. Khi dé6 X la hyperbolic ddy
néu va chi néu véi moi X|Jva r Wl moi hinh céu déng B(x,r)1a compact.
Pé chirng minh ménh dé trén ta can chirmg minh cac bo dé sau:
Gia str X 1a khong gian phirc va Y 1a tap con tuy v, r [ Pat
uv.r) I
NOi cach khac U(Y,r) 1a tap cac diém trong X thoa man khoang cach tdi mot
diém nao d6 cua Y nho hon'r.

1.4.3. B6 dé
Gia sir X la khong gian phire, a[va r.v' | Kni do

uur)r
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Chirng minh
Truée hét ta chimg minh U U(a,r),r' | GG
Ly X-r), r', theo dinh nghia tap U, c6 diém v |} sao cho
kx (x. 2) N NG

Do do x  IIIGNGNGG_G
Nguoc lai, voi bat ky x| GG 15y Jlsa0 cho

k (2, x) N
Ton tai day chuyén chinh hinh trong X ndi a véi X, goi dudng nbi _Ié
anh cua day chuyén d6 trong X, thoa man

k (a.x)

Goi j 14 s6 16n nhat sao cho d6 dai cua duong ndi

.
Chia cung [l thanh hai cung [l va [l béi diém x;trén [l sao cho

.

Khi d6, ky (a,x;) Il toc 1a x; . X¢t duong ndi

taco

kx (x, x; ) [
vay ton tai x; [ S0 cho ky (x;,x) Il T do X[, . B6 aé
dugc chung minh.
1.4.4. Bo dé
Gia su X la khong gian con phirc compact dia phwong voi ham khoang cach d

théa mdn ddng thirc

uu@r),r
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véi moi ajva r.o i} Kni @6 véi aiiva v R rnéu ton tai ssao cho
U(xs)la compact véi méi x| thi U (a,r) 1a compact .
Chirng minh

Vi X 1a compact dja phuong nén c6 t > 0 sao cho t <r va U(a,t) 1a compact.
Ta chi can chimg minh U(a,t- la compact. Ly X, la mot diy trong
U(at - Ta ching minh X, c6 diy con hdi tu. Theo gia thiét, véi mdi n

ton tai diém v, | llsao cho

d % yo) I

Vi U(a,t) la compact, bang cach 1iy diy con néu cén ta c6 thé gia thiét Y, hoi
tuv6i vy Khi a6 U (y,s)chaa x, véi n du 16n. Vi U(y, s) 1a compact theo

gia thiét, nén day x, [ NN R5 rang <. 55 o¢ duoc

chirng minh.
1.4.5. Bo dé

Gia su X la khong gian con phirc compact dia phwong voi ham khoang cach d
théa mdn ddng thirc

uu@nr

voi moi alva r.v' W Kni 36 X 1a @ay doi véi ham khodng cach d néu va chi
néu bao déng U (x,r) la compact véi moi X|Jvé véi moi sé dwong r.
Chirng minh

Néu moi hinh ciu dong U (a,r) 1a compact véi moi a[JJj thi hién nhién X 12
day. That vay, gia st X, la ddy Cosi trong X, khi d6 X, bi chin, do d6 ton tai
r >0, x|jlsao cho x - Theo gia thiét L_J(X, r) 1a compact, nén ton

tai day con
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x, NN
Ma x ladaycobannén x [ vay x 12 ddy.

Nguoc lai, gia su X 1a dﬁy. Theo bd dé 1.4.4, ta chi can chirng minh tdn tai sb
s> 0 sao cho voi moi diy x|[JJfj hinh cdu dong U (s, x) 14 compact. Gia sir nguoc
lai, khi d6 ton tai x, [Jfsao cho L_J(X1,1/ 2) khong 1a compact. Theo bd dé 1.4.4,
ton tai X, -2) sao cho L_J(X1,1/ 2°)khong 1a compact. Lap luan tuong tu,
ton tai x, g™ s20 cho U(x,,1/2")khong la compact. (*)

Theo gia thiét, ddy Cosi X hoi tu t&i diém x. Vi X 1a compact dia phuong, ton
tai hinh ciu dong U(x,t)véi t > 0 nao d6 thoa mian U(x ,1/2") nim trong
U(x,t) v&in dua 16n, va do do L_J(Xn,ll 2") phai 1a compact. Diéu ndy mau thuan
voi (¥%).

Chirng minh ménh dé 1.4.2

Suy ra tir C4c bo dé 1.4.3 va 1.4.5.
1.4.6. Dinh ly

Gid sit X la khdng gian con phitc compact twong doi ciia khéng gian phirc Y.
Néu X la hyperbolic Brody trong Y, thi ton tai mét lan cdn mo ciia X trong Y
ma la hyperbolic.
Chirng minh
(Xem dinh 1y 4.2.1 trong [1])

Dinh 1y sau 1a mot tng dung cua dinh ly Brody trong viéc xét tinh hyperbolic
qua cac anh xa chinh hinh riéng.
1.4.7. Pinh ly

Gia siv [N (o inh xa chinh hinh riéng gitia cdc khong gian phirc,
Khi do
i) Néu Y 1a hyperbolic va mdi thé - la hyperbolic véi moi y [ thi X 1a

S6 hda bdi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn
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hyperbolic .
i) Néu cé diém yo- sao cho - la hyperbolic, thi ton tai mét lin cgn U

cua yo trong Y sao cho - la hyperbolic véoi moi Y|}
Chirng minh

i) Theo b6 d¢ Eastwood ta chi can chimg minh rang v6i y [ cho trudc, ton tai
mot 1an can mo U cta y sao cho - la hyperbolic.

Ly U 1a 14n can mo cua y sao cho U 1a compact. Khi d6 - la mé va
bao dong clia nd nam trong - va do do 1a compact (vi Jj 12 4nh xa riéng va
U 1a compact). Theo dinh 1y Brody néu - khong 13 hyperbolic thi ton tai

mdt anh xa chinh hinh khac hang

0 [l -

véimoi x, x' [ ta co

. (R

k, (N

Suy ra

ma Y la hyperbolic nén

I
Vay Il anh xa hing hay | 0o ¢ )
Theo gia thiét - la hyperbolic nén theo ménh dé& 1.3.2 ta co
t:0 I cing 12 anh xa hang. Pidu nay mau thudn véi (*). Tranh mau
thuan nay thi - la hyperbolic. Vay X la hyperbolic.
i) Vi [llla anh xa riéng y, la tdp compact nén - la compact, theo dinh ly
1.4.6 ¢6 lan can V cua - V la hyperbolic, do d6 ton tai lan can U cua y,

sao cho

S6 hda bdi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn
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I )
Suy ra véi moi v c6
_ V la hyperbolic.
Vay I hyperootic vei moi v

Chtng minh (**): Gia sit (**) khoéng xdy ra suy ra ton tai ddy

%, 20 cho
Goi K la Ian can compact cua y, trong Y, do | 1a anh xa riéng suy ra - la
compact trong X. Vi y,, [JJrén ton tai ny @é

A
Do d6 ton tai day Xty - sao cho Xn, - ma JJlién tuc nén

suyra x, SRR vy x, I ren ton toi ko IEs2o cho
-, B
Piéu nay mau thuin véi gia thiét x, [ Do vay

v 1a hyperbolic nén [ li2 nypervotic I Dinh 1y duoc ching minh.
1.4.8. Ménh dé

Gia s X 14 khéng gian hyperbolic ddy va f 1a mgs ham chink hinh bi chén.

Khi @6 tgp mo X ; | N NN '3 hyperbolic ddy.

Chéng minh
Do f: X A ham bi chan nén néu nhan f voi s6 ¢ ] du nho ta c6 thé

gia thiét f:X lll.Gia sv x, 1a day k,, - Cosi, do X, [l nén
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ke, I suyra x, 12 ddy k- Cosi, X dy nén x hoit dén x|l Ta

ching minh x| Ta c6

‘aine). f (x.)) N

Suyra f(x,) laday Ii-Cﬁsi ma [la hyperbolic day nén

ma kil nén £ (x,) hoitutheo kgdény. Laido f lién tuc va

x, I © (<) I <.y r- v I o do MGGy
Rérang X. Il X 1a hyperbolic nén X hyperbolic.

Vay X;1a hyperbolic day (dpem).

1.5. KHONG GIAN PHUC NHUNG HYPERBOLIC
1.5.1. Dinh nghia

Gia stir X la khong gian con phtrc ctia khong gian phirc Y. Khi d6 ta noi X la
nhtng hyperbolic trong Y néu v&i moi x, V| ©n tai cac 1an can mé U
cua X va V cuay trong Y sao cho

ke X [ NN
1.5.2. Nhan xét
i) Khong gian phirc X la hyperbolic khi va chi khi X la nhing hyperbolic trong
chinh no.
ii) Néu X; 1a nhing hyperbolic trong Y1 va X, 1a nhing hyperbolic trong Y, thi
X, [l 12 nhting hyperbolic trong v, [}
iii) Néu c6 ham khoang cach [trén X thoa min
ke . y) NG

thi X la nhing hyperbolic trong Y.
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1.5.3. Dinh ly
Gid sir X la khéng gian con phirc cia khong gian phirc Y. Khi dé cdc diéu
kién sau la twong dwong:
HI1. X la nhing hyperbolic trong Y.

HI2. X la hyperbolic va néu X, , Yy, la cac day trong X théa man

x, I i x = y.

HI3. Gia suw x ,y, la cac day trong X thoa man

. | < 7 < (<, y,) I nommthix=y.
HI4. Gid sir H la ham dé dai trén Y. Khi dé ton tai cdc ham lién tuc
duong [ trén Y sao cho:
(N
trong do Hygla chuan hyperbolic trén dia don vi Ik
HI5. Ton tai ham dé dai HtrénY sao cho véi moi T |GGz ta co
H Il
1.5.4. Pinh ly (Kiernan)
Gid sir X la khéng gian con phirc, compact twong déi trong khéng gian phirc
Y. Khi @6 X la nhiing hyperbolic trong Y néu va chi néu Hol(JJJfia compact
tiong doi trong Hol (I
Chirng minh
Gia str Hol(Jll 12 compact tuong d6i trong Hol (il nhung X khong Ia
nhdng hypebolic trong Y. Theo dinh 1y 1.5.3, HI5, thi véi mdi ham do dai trén Y
va véi mdi sd nguyén duong n, ton tai mot anh xa chinh hinh
vz R

sao cho

of, (z,)o| I voi moi o ().
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Do tinh thuan nhét cta [l d6i véi nhom Aut(lll ta co thé gia st z, [ Vi X

compact twong dbi trong Y va fn(zn)-nén ton tai y- théa man
f.(0) B 1heo gia thiét Hol (Il 12 compact tvong dbi trong Hol (il sau
khi 14y day con ta c6 thé gia thiét ring f, hoitu déu téi f trén mot 1an can cua
0. Do do6 f',(0) I diéu nay mau thudn v6i (). Vay X la nhing
hypebolic trong Y.

Nguoc lai, gia st X nhung hypebolic trong Y. Theo Ascoli, vi X la compact
tuong d6i trong Y nén f (X)‘ f -() compact tuong doi trong Y. Vi viy
ta chi can ching minh Hol(JJil] 12 dong lién tuc d6i voi mot ham khoang cach
dy, sinh boi mét ham do dai H trén Y. Nhung theo dinh 1y 1.5.3, HI5 do X nhlng
hyperbolic trong Y nén ton tai ham d6 dai H trén Y sao cho

"H Il voi moi 1 NN,
Suy ra
dy (f (0, f(v))

Ma .Iién tuc nén tap cac anh xa chinh hinh Hol (] 12 dong lién tuc.

Vay Hol(JJll 13 compact twong d6i trong Hol (i} Pinh 1y dwoc chimg minh.

1.6. METRIC VI PHAN ROYDEN-KOBAYASHI
1.6.1. Pinh nghia

Gia st M 1a mot da tap phic va TM 1a phan thd tiép xtGc caa M. Mot
anh xa F:TM - duoc goi 1a metric vi phan trén M néu né théa min cac
diéu kién sau :

1) F(O,) I trong d6 0, 14 vecto khong cua M.

i) Voi moi [ v2 2B tni F (T
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1.6.2. Dinh nghia
Cho X la khong gian phurc.

Gia sir X 1a diém trong X. Nén tiép xuc JEIHXX gdm cac vecto c6 dang f_(u)

trong do vl va f DI
Khi d6 Ky :TxX [l duoc dinh nghia boi -

. |

Trong do HUH 13 d6 dai cta vecto tiép xuc U duge do boi metric Poincaré ds® cta
dia don vi [l va infimum 1ay theo moi f | Va2 vl sao cho
f.(u) Il

Néu x 1a diém chinh quy, thi mdi v- luon t6n tai vecto u[Jij sao cho
f (u) [l do 36 Ky (v) I

Néu x 1a diém ky di va néu khong ton tai u nhu trén thi ta dat Ky (v) [
Ta goi Ky la metric vi phan Royden — Kobayashi trén khong gian phuc X.

1.6.3. Mt s6 tinh chat ciia metric vi phan Royden — Kobayashi
a) Néu X va Y 1a hai khong gian phic, thi

Ky (f_ ) G-

Pic biét diu bang xay ra khi f 1a song anh chinh hinh.

b) + Trong dia don vi I, KR ddng nhat véi metric Bergman — Poincaré, tic 1a
2
<3 N
+K 1l
¢) Trong khong gian phirc X ta co

Ky (£ (u)) [

Hon ntra, néu E 1a mdt ham tua chuan xac dinh trén TX théa man
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e(f,v) NG
thi
E () [ G
d) Gia st X,Y 1a cac khong gian phire, ta co
K o I, (v). K\ (v) voi v EEEEEEEE
e) Gia st X 1a khong gian phuc va [l 12 khong gian phu chinh hinh cua
X. Khi do K, [ NN
f) Néu X 1a da tap phirc, thi Ky 1a ham nira lién tuc trén trén TX. Néu X la khong
gian phirc hypebolic day thi K lién tuc.
g) Goi E 1a ham d6 dai nao d6 cua X sao cho E [, thé thi

e(f,u) I

Vay néu goi ] 1a khoang cach trén X sinh boi E thi moi 4nh xa chinh hinh

f - (I 2 giam khoang cach . Ta c6 - tir d6 X la hypebolic.
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CHUONG 2:
HQ S- CHUAN TAC CAC ANH XA CHINH HINH VA TiNH
HYPERBOLIC CUA KHONG GIAN PHUC

Noi dung chinh cta chuong nay Ia trinh bay mot s két qua cua ho s-chuan
tac cac anh xa chinh hinh. Pong thoi trinh bay mot s6 ung dung cua ho s-chuan
tic trong viéc nghién ciu tinh hyperbolic hay tinh nhing hyperbolic cua céc
khéng gian phic. Ta biét rang cac metric hyperbolic dong vai trd quan trong
trong 1y thuyét cdc ham chuan tic [5]. O day chiing t6i muén nhan manh mbi lién
hé siu sic giira 1y thuyét cac ham chuan tic v6i giai tich hyperbolic. Cu thé, cac
anh xa chudn tic vao cac khong gian phic tuy ¥ déu cé nhiing tinh chat quan
trong nhit cia cdc anh xa chinh hinh vao khéng gian phtic hyperbolic compact
(hoic nhiing hyperbolic). Ching han chiing théa min dinh 1y tuong tu nhu dinh
ly Kiernan vé tinh nhung hyperbolic hay tiéu chuan Eastwood vé tinh hyperbolic.
Cudi chuong 14 mot tiéu chuan vé tinh s — chuan tic dudi dang khong ton tai cac
duong cong nguyén. Két qua nay 1a mdt md rong tiéu chuan Brody cho tinh

hyperbolic [2] va tiéu chuan vé tinh chuin tic ctia Hahn [4].

2.1. HQ S-CHUAN TAC CAC ANH XA CHINH HINH VA TIEU CHUAN
METRIC CHO TINH S- CHUAN TAC

Cho X va Y' la cac khong gian phtc. Y 1a tip con compact tuong dbi

trong Y.
2.1.1. Pinh nghia

Ho 5 Y duoc goi 13 s-chudn tic néu ho cac anh xa hop thanh

7 Hol [

la khéng gian con compact twong dbi trong Hol -
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R6 rang néu ho ¥ 14 s-chuan tic thi ho con cua ho . ciing 1a s-chuén tic (Vi
tap con cua tap compact trong dbi ciing 14 tap compact tuong dbi).
2.1.2. Dinh nghia
Anhxa f :X |l goi 12 chuin tic néu ho #= f 14 s-chuén tic.
2.1.3.Chay
+ Néu Z la khong gian con cua khong gian phac X va f: X[} 12 anh xa
chuan tic thi &nh xa han ché fl,:Z - la 4nh xa chuan tac.
+ Néu ]I 12 4nh xa chinh hinh gitta cac khong gian phuc va anh xa
f: X R 'a chuan tic thi f - 12 anh xa chuan tac.
+ cho fi.- X[} G 12 cac anh xa chuin tic thi tich truc tiép
f . f, 1 Xy .(2 - l2 13 4nh xa chuén tic.
Chirng minh

+ Vi f: X 2 anh xa chuan tic suy ra f o Hol (JJill 12 compact twong dbi

- Hol (I ren |, - Hol (I

ciing 1a tap compact twong d6i cia Hol (il Do d6 f|, 1a chuan tac.

trong Hol (I (1). Ma f

+ Xét day

¢ - I I

Vi I chinh hinh nén [ lflchinh hinh. Do do
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hoi ty trong Hol (Il Suy ra  f o[ compact twong déi trong
Hol (Il Vay f -] 1a chuin tic.

+ Xét day

a |

a |

Vi f; chuan tac nén véi day

f, - I
ton tai ddy con  f, o[}l hoi tu dén £, o[ S Tuong tu vi f, chuin

thc nén ton tai day f,oy, la day con cia {f,oy ) Mhei tu dén

fyoy _ Nén ton tai day
f, I
hoi tu dén (f, NEER:huoc Hol (N

Vay

Taco

f,
compact tuong déi trong Hol (| |GG <o ¢o . % 12 chuén tic.

Tong quéat hon ta c6 ménh dé
2.1.4. Ménh a@é

+ Néu Z la khéng gian con ciia X V& Fla ho s- chudn tdc cdc anh xa chinh
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hinh tir X vao ¥ thi ho |, | N (<. o s- chudn tic.
+ Néu N 1 inh xa chinh hinh gitta cdc khéng gian phire va Fla ho s-
chudn tdac cdc dnh xa chinh hinh tir X vao Y thi ho
-
la ho s- chudn tdc.

+ Néu S la cac ho s- chudn tdc tir X;vao Y; véii = 1,2 thi

.
+ I

la ho s- chudn tdc.
Viéc chirng minh hoan toan tuong tu nhu trong 2.1.3.
2.1.5. Mot s6 ky hiéu

Cho kx 13 gia khoang cach Kobayashi trén X. Néu X 13 da tap phirc va Ky 1a
gia metric vi phan Royden — Kobayashi trén TX. Véi metric | tuy y trén Y ta ky
hiéu Hol. (X,Y, ]} 12 ho tét ca cac anh xa f -OI(X,Y) thod man bét dang thirc:

TR
Néu X va Y latron va ] duoc sinh boi metric vi phan nira lién tuc trén [litrén

TY thi bat dang thic trén twong duong véi bat dang thic
N
2.1.6. Bo dé

Cho [ 1a metric Hermit trén Y va [ 1a metric trén Y. Néu I Il thi
Hol. (X,Y, [l ia ho s - chudn tic véibdt ki sé c [l
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Chirng minh

Ta phai chung minh ho . | ' compact twong
dbi trong Hol [l
+ -. taco 7, _ ma Y compact twong dbi trong Y 'nén V3
compact tuwong ddi trong Y. (1)
+H e " v i v ‘B BV

f*.. ckx

nén [ I co

ma ky lién tuc nén ho . dong lién tuc. (2)
Tur (1), (2) va theo dinh ly Ascoli ta co dpcm.

Dé ching minh tiéu chuan metric cua tinh s - chuan tic trong dinh ly 2.1.9 ta

can dua ra khai niém KRG -metric. Va tir day ta gia thiét raing X vaY' 13 nhan.
2.1.7. Pinh nghia

Gia sit {Ui}i-in lamot phu hitu hancoa bao déng Y cua Y trong Y'.
pat U=U; [}  (vsi i=1n). xétH _i*} trong d6 K- la cac gia
metric vi phan Royden — Kobayashi trén U;". Dit G -- Metric G
va ham khoang cach g tuong ing duoc goi la metric Kobayashi- Royden-Green

va ky hiéu la KRG - metric.
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2.1.8. Chay
R0 rang KRG-metric phu thudc vao su lya chon pht {Ui}i=1,. V&i mot phu

da nho thi c4c metric G va H trong 2.1.7 1a trong duong. G 1a metric ddy véi mot

pht thich hop khi va chi khi Y 1a da tap con hyperbolic day dia phuwong cta Y .
2.1.9. Dinh Iy

Cho G la KRG-metric trén Y. Ho ¥ -,Y |a s-chudn tac khi va chi
khi . | .Y .G) véi mét hang so ¢ [l nao do.
Chirng minh
+ Néu .Y .G) voi cl thi 7 1a s-chudn tic. That vy tir dinh
nghia cia KRG — metric ta c6 G - vGi moi metric i trén Y. Theo bo dé

2.1.6 ta c6 Hol; (X,Y,G) la ho s-chuén tic, ma ho con cua ho s-chuén tic cling la

ho s-chuén tic, do d6 ¥ la s-chuan tic.

+ Nguoc lai néu Y 1a s-chuén tic ta chirng minh
g

s IH.Y.G) voi cIl

Gia st . | .Y .G). voi moi ¢l Khi d6 ton tai cac day

f, () I

Ky (o) -n va [df (v,)|,, Il vei méi ni

Theo dinh nghia cua Ky, ton tai cac day

va {u,} I

thoa man
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I va I, v
pat 1, [y, . I I <

hai ddy cac dia chinh hinh
<, I
va
v, I

Viho ¥ la s-chuan tic nén ton tai cac ddy con cia @, va ¥, hoitu. Co thé
gia thiét rang
o, IHNEz_c v, I
voi o . ¥ I )
Ta chimg minh ¥ = const. C6 dinh mét diém z, [ tuy v, dat po:= ¥ (0) va
q0:=" (z0) (po o [FI(Y)). Xét cac day

z, I -,
o, NN . . DN

Taco

o, I
Pong thoi

.
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vi o, I nen I s:o cro I
B i o lon.
Dic biét, ta co
B ;i do lon
(vi z[ll nén |z| dunho va z, B .0 )
hay o, [N Mzt knac o, I rén po=a0. Toc 12 v (z,) I voi 2o
tuy y thuoc [
Liy g 13 KRG-metric ung v6i phu U; in.cﬁa Y. Liy po .i. Do
S”n_ va tinh lién tyc cua ¥, S”Ilén ta cO voi n du lon thi
v, (_ V6i nhitng gia tri d6 cta n thi

&

K, dsvn

8I '| '| 2
|\>_| -

g | 5
T d¥? g += dfy(v,), taco

‘dfn (Un)‘H <

Nhung |df,(v,)| = 1 va do d6 [df, (v,)|r = 1. Tirdo suy ra

d¥

picu nay mau thuin voi V]l Trainh mau thuin nay thi
.Y .G). Pinh 1y dugc chiang minh.
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Dinh Iy sau 1a mot tiéu chuan metric ddi voi ho s - chuan tic cac anh xa
chinh hinh.

2.1.10. Pinh Iy
Ho ¥ -Y la s - chudn tdc néu va chi néu 5 -,Y,- VOi
hang sé ¢ [ nao @6 va g 1a metric Hermit trénY .

Chirng minh

+Néu NI Y M 0 vi Hoi (XY, Il 13 ho s-chuin tic nén 5 Ia

s-chuan tic.
+Néu ¥ 1a s-chuan tic chimng minh .5 -Y-
That vay do .5 |l 12 ho s - chuan tc nén theo dinh Iy 2.1.9, ta c6
. .G)
Ma G -, suy ra voi moi f B thi
¢
Do do
d N e M |

Dinh ly dugc chirng minh,
2.1.11. H¢ qua

Cho | 1a metric Hermit trénY 'va G la KRG-metric trén Y. Gia sw
5 Y 12 ho thoa man
of (),
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voi hang s6 ¢ [ nao do. Kni dé ton tai hang so c, | R 0q man
f (v)) [ .
Ching minh

Vi 7 thoa man [df (v)| | | A A I i 56 c [l nio do nén
véi moi f-c:caf*p\Y B soy- (Y., ). vaytheo 2.1.10

taco 5 laho s- chuén tic . Do do theo 2.1.9 thi .+ [ Y.G) voi c, Il
nao d6. Nghia la ton tai hings6 c, [ aé
e
Hay I c6 |of ()| NN voi moi 7 I
2.1.12. Vi du

cho Y' I 13 khong gian xa anh va v [ RC(2:0)}, @ 12 metric

cAu xac dinh trén P. Cho G la KRG-metric trén Y dugc xac dinh nhu sau:

o I o < )

Theo hé qua 2.1.11 ta c6 bat ky ham chinh hinh f trén khéng gian phic X

thoa méan bat dang thirc:

|df (v)|
1

I
déu thoa méan bat dang thirc manh hon

df () I
700 o — |
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véi hang s6 c, [ Gz
2.1.13. Hé qu

Ky hiéu N(X,Y) 14 tdp tat ca cac &nh xa chudn tdc tir X dén Y thi

O —

Taco f 1aanh xa chuén tic [N 12 ho s — chuin tic (theo dinh

Chirng minh

nghia 2.1.2).

(X,Y,G)
. Suy ra diéu phai chimg minh.
oy I P ©

Cht ¥ rang n6i chung ho N(X,Y) khéng 13 ho s-chuan tic. That vAy ta xét vi du sau:

Vi du:
xet ho .+ [ N N s - . . (-) “.
n{nz

Khi ¢ mdi anhxa f, 1a anh xa chuan tic nhung ho ¥ khong phai la ho
s — chuén tic.

Chérng minh

Vé&imdi sd ntacod
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fo o Hol (I -o- ¢
1
fo Oh:-\B(O,W-

1 .
Do P(£)\B(0, la hyperbolic, compact nén ta co
(£)\B( W yp p

f, oh| SN 12 compact,
do d6 tap mot phﬁn tor f, laho s— chuan tic. Vay anh xa f, 1a chuan tic.

Mit khac v6i ||| xac dinh boi

ta co

va

Suy ra 5 -Aut(J] khong compact tuong dbi trong Hol(- nén

¥ oHol(llknong  compact twong d@bi  trong  Hol( o
Aut(II). \/iy 7 khong 14 s- chuén tic.

2.1.14. Hé qua

cho Z 1a da tap phirc va 5 | Y 1200 s - chudn tic. xet ho

5 I ) }
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Khidstaco 5 | ) 1ahos— chudn tic. Hon nita 5, 1a khong gian con

compact twong doi trong Hol(Z,Y ") .
Chirng minh

Vi laho's—chuin tic nén theo dinh 1y 2.1.10 ta c6 .+ [ . . »|,) voi
s6 ¢ [l (W 1a metric Hermit trénY”). Do d6 voi moi f [ taco

Anh xa chinh hinh ¢:Z |l c6 tinh chat giam tr k, dén k, nénvéi

moi f [ ta co
o

f - Y., dodo s INEKG0.).

Vay % 1a ho s — chuan tic. Ta cé

7 () I

ma Y compact twong ddi trong ¥’ nén % (x) compact tuong déi trong ¥”. Hon

nita % dong lién tuc (suy ra tir (1) va do ky 1a ham lién tuc).
Ap dung dinh ly Ascoli ta suy ra diéu phai chimg minh.
2.1.15. H¢ qua
Néu X I da tap thi mét ho s—chudn tic fF-Y la chuan tac theo nghia Montel.
Chirng minh

Ap dung hé qua trén khi X 1a da tap ta c6 .7 | || QNI ) 12 compact
tuong d6i trong Hol(X, Y"), do d6 % 1a chuan tic theo nghia Montel.
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2.2. TINH CHUAN TAC VA TiNH HYPEBOLIC

Dinh Iy sau day la su dién dat lai tiéu chuan nhang hyperbolic cua Kiernan
(dinh ly 1.5.4 chuong 1).

2.2.1. Pinh Iy

Cho Y la khéng gian con phirc compact twong déi trong khoéng gian phite Y.

CA&c diéu kién sau la tiwong dwong :

i) Ho 5= Hol (2 7o s — chuan tac.

ii) Anh xa idy 1a anh xa chuan tac.

iii) Hol (JJl} 12 khong gian con compact tieong déi trong Hol (I

iIv) Y la khdng gian con nhang hyperbolic trong khong gian Y.

Chirng minh

+ijlii: C6 idy -Hol(ll=Ho!l (MM ma tr gia thiét i) suy ra
5 o Hol (N |5 compact twong d6i trong Hol(Il. Vay id, la

anh xa chuan tic.

+iijlliii: f 2 anh xa chuén tic nén f o Hol( I compact
tuong dbi trong Hol (.

+iii[ifi: c6 % o Hol (I > compact tuong ddi trong Hol ([
(theo iii). Vay ¥ 1a ho s — chuén tic.

+iv-: Suy ra tir dinh ly Kiernan 1.5.4 .

Dinh ly dugc chirng minh,

2.2.2. HE qua

Cho X,Y" la cdc khéng gian phite, Y 1a khdng gian con compact tiwong doi
trong Y. Khi @ ho danh xa chinh hinh 5= Hol (X,Y) la ho s-chudn tdc néu va
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chinéu Y nhing hyperbolic trong Y.
Ching minh
+ Theo dinh Iy 2.2.1 ta c6 Y nhing hyperbolic trong Y khi va chi khi Hol (i}

compact twong d6i trong Hol(JJlE ™Ma 7 o Hol (GG

F o Hol (i fllcompact tuong d6i trong Hol (] Vay 7 14 ho s-chuan tic.

+ Nguoc lai néu ¥ = Hol(X,Y) 1a ho s-chuén tac vai X 1a khong gian phire bat ky
thi Hol (il ciing 14 ho s-chuan tic. Do d6 theo dinh ly 2.2.1 ta c6 Y nhing

hyperbolic trong Y.
2.2.3. Chay

Theo dinh ly Kiernan 1.5.4 ta c0 iii) va iv) la tuong duong véi

ii") cKy [l
Hon nira ii) twong duong voi ii’) duoc suy ra tur dinh ly 2.1.10.
That vay:
Anh xa idy 1a 4nh xa chuan tic khi va chi khi ic, [ NI Y ./|,) voi s6
c i ndo @6 hay

iy o, [ voi c Il
Diéu nay tuong duong véi pl, | g |
2.2.4. Mot s6 ky hiéu
Cho (X,p) lakhéng gian metric va Q il Ta ky hicu Q"”a r—lan

can cua Q nghia la Q") =,r) voi Bp(x, r) lacéc - cau tim X .

ban kinhr. Véi mdi khéng gian phac X, lan can Q(r’kx) twong mg vaGi gia
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khoang cach Kobayashi duge ky hi¢u don gian la Q().

2.2.5. Bo dé

Cho X,Y'la cdc khong gian phire, Y la khdng gian con phize compact tuwong

doi trong Y, pla metric Hermit trén ¥’ va G 1a KRG — metric trén Y. Gid sir

F -Y la ho s-chudn tic. Khi do ton tai céc hang so c || jsao

cho véibarky T |Jlir Il va Q [ia co cac bao ham thire:

qel] R

va

fQ") I

Chirng minh

Vi 7 Y 12 ho s-chuin tic nén theo 2.1.10 ta ¢6
s R ./,) véi clll
va theo 2.1.9 thi
s I Y .G) vsi o Il
+Vvi 5 I ./, ) voisé c Ml nén
- co ) ) I

theo 2.2.4 ta c6 ton tai x, [ dé x thuoc ky - ciu B(xy,r) do do tir (1) suy ra

cr I )

hay
do(f (). £ () I
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Do d6 f(x) thudc p- cau B(f (x).cr) ma x [l rén () IR

o 1com o, [
+Vi 7Y .G) voi c; Il nén
[ O HeRNd OH |

Tuong tu nhu trén ta co

o [ NGGEEEEEEER)) 2y o(f (%), f (%) I

Suyra f(x) thuoc g— cau B(f (x1),c1r). Do d6

2.2.6. Chay

Céc khai niém va két qua sau dugc trinh bay trong [3].

+ Tap Q eoi 14 r — tru mat trong X néu va chi néu Q(r) -Vél o] [IRE
r — tri mat, chinh hinh trong X néu va chi néu bao déng cua Q(r) tuong ung véi
dai s6 H(X) cac ham chinh hinh trén X trung véi X.

+ MOt ham f chudn tic trén X va bi chin trén mot tap r—tru mat chinh hinh
Q [lllhi bi chin trén X (Nhan xét nay duoc rat ra tir bo dé 2.2.5 va nguyén ly
mo dun cuc dai).

+ Mot dudng cong [ thuc r-tri mat chinh hinh trong dia don vi llduoc goi 1a

dudng xodn bc r - tri mat nghia 1a y(r)

<l 5

+ Mot ham chuan tac trén dia don vi [l ma bi chin trén dudng xodn 6¢ tru mat

chtra nhirng hinh khuyén
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hitu han thi bi chin trén Il
+ Cho f :Jl 12 ham chuén tic va bi chin trén dudng xodn dc tri mat hitu
han khi d6 tap | | A hyperbolic dy.
Chirng minh

Vi f 13 ham chuin tic va bi chin trén dudng xoan dc tri mat hitu han nén
theo cha y trén ta c6 f bi chan trén dia don vi [l Do [l 13 hyperbolic day va
theo ménh d& 1.4.8 ta suy ra [Jf] 12 hyperbolic day.
2.2.7. Bo dé

Cho da tap phire X va Q [ Khi a6 véi bar ki r [ ta c6 cac bdt ding thive:

de

(tanh(r)).K o

Chirng minh

+ Chimg minh Ky, “;
Q

Vi Q) 2 4nh xa nhung
id :Q(") I 12 4nh xa chinh hinh
Q

nén taco

KX ‘Q “Q
-

C6 dinh x|l va oty §. Theo dinh nghia ciia Ky ta co véi moi [

+ Chung minh (tanh(r)).KQ(r)

ton tai
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s .

sao cho

d
d _—
w(dz

)] |
0

Ky hiéu W, I dia hyperbolic ban kinh r tim tai gbc O trong . Boi tinh

chat giam ciia metric Kobayashi ta c6 f (W,) -

Do d6 K r) (v) Bl i t=tGs.r) 13 ban kinh Euctid cia W, = |, trong d6

rqhayt—).

Nén
K .
o @) F
Hay
tanh(r)K r) (+) [ A
Tuc la

tanh(r)K ) () [ NG
- . B& dé duoc ching minh.
Q

Dinh Iy sau 1a sy mé rong cua dinh ly Eastwood 1.2.5 tdi cac 4nh xa chuan

Vay tanh(r)K o

tac vao cac khdng gian phac khdng 1a hyperbolic.
2.2.8. Dinhly
cho f: X lla dnh xa chudn tdc gitta hai khéng gian phirc. Néu véi phii
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U ctia ¥ ma moi tao anh f“la hyperbolic thi X 1& hyperbolic. Néu
f“ la hyperbolic day [l va Y 1a hyperbolic day dia phurong trong ¥’
thi X 1a hyperbolic day.
Chirng minh
+ V6&i mot diém y tuy y trong Y lay - cau B:_sao cho tao anh

P I 2 nypervolic. Pt
i
o o

Vi f 12 anh xa chuén tic nén theo dinh Iy 2.1.10 ta c6 f [ Y. Wvoi
hang s6 c | Turbo dé 2.2.5tach

()
f@ =) .
()
hay Q 2¢" ldoP - ). Do tinh hyperbolic cua P ta cé6 Kp khdng suy

bién. Theo b6 d& 2.2.7 ta c6 K|, -)) Kp|q- Do dé gid metric vi phan
C
Kx cling khong suy bién. Vay X l1a hyperbolic.

+ Vi f“lé hyperbolic ||l nén theo chung minh trén ta c6 X 1
hyperbolic.

Pé chimg minh X day ta chimg minh [l R thi ky - ciu dong
B(x,R) trong X 1a compact. Vi f 14 anh xa chuédn tic nén f || .Y .G)voi
¢ [lll(theo dinh 1y 2.1.9). Goi g 14 ham khoang cach twong tng v6i metric ddy G
(vi theo chd y 2.1.8 thi do Y 1a hyperbolic diy dia phuong nén ton tai KRG—
metric diy G v&i mot phu hop 1¥) ta co
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f(B(x,R)) IIJER) vsi vy I (Theo 2.2.5 vsi Q D).

Vi G la metric day nén K [IEEJl.cR)) 1a compact trong Y do d6 f (B(x, R))

chira trong tap compact K [ll. Do K compact nén

K (v&i mot ho con hiru han nao d6 cua U ).
H -

Cho r >0 1a d6 do Lobe ctia pha hitu han ciia K twong tmg voi metric day G.

pac w; IR - wg
i

suy ra

(x R) NG

it H :-i (K, 1 céc metric day du ) la metric vi phan day trén W .

Phi w, o cua tap compact K gom céc g — cau w, :q cam sinh phu
0, cin 1 I i cic i o)
pit R, .. vi Y G) voi c Il nén

f(Qy‘ .
§ .
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Vi vay theo bo dé 2.2.7 ta co

Ko,

Qy
voi W thoa man R, [ va q
Ma Q, laphicia RN qo g

K| e (i H I, )
Hon niia By, (x,R)- nén

ST

.,comill

suy ra

Lai do H la metric ddy nén B_h.la tap compact do do6 Bky (X,R) I tap

compact. Vay X day.Dinh Iy duoc chirg minh.

2.2.9. Dinh Iy

Cho f: X [Jlla anh xq chudn tdc riéng giiza cac khong gian phize. Khi do:

i) Néu méi the X, NI voi v 12 hyperbolic thi X 1 hyperbolic,

i) Néu Y 12 hyperbolic ddy dia phuong va [ co I 12 hyperbolic

thi X 1& hyperbolic day.
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iii) Néu cé Yo -ho f'l(yo) la hyperbolic thi c¢6 ldn cdn U cua yy trong
Y dé f'l(y) la hyperbolic véi moi Y|}

Chirng minh

i) Theo ménh dé 4.6 trong [6] thi véi bat ky vyl co lan can W, [l dé
IO 12 1y perbolic. Vay X 1a hyperbolic (theo dinh 1y 2.2.8).

i) Theo i) ta c6 X la hyperbolic. Bé chirng minh tinh day cua X ta chimg minh

BE: 'l th k- ciu dong Bxr)Jla tap compact.
Vi f l1a 4nh xa chuan tic nén theo 2.1.9ta c6 f |l Y.G) voi c ] trong
d6 G 1a KRG — metric day. Tir d6 theo 2.2.5 ta c6

Q) I vsic
Suy ra
f(8(xr)  NIGE_a) vsi vy I
Do G la metric ddy nén K-) la tap compact trong Y. Do do
f (B(x,r)) chua trong tap compact K i Ma f 12 anh xa riéng nén fm la
tap compact. Vay B(x,r) la tap con déng cua tip compact f“V\I
vay B(x,r) la compact voi moi x| JElPhay X 12 hyperbolic dy.

lif) Taco Y, latap compact va f la anh xa riéng nén fmo la compact.

Tur 1.3.3 va 1.4.3 suy ra c6 lan can V cua fmomé\ V 1a hyperbolic. Vay ton
tai lan can U cua y,sao cho f“(*).

That vay, gia sir (*) khong xay ra. Khi d6 ton tai day

x, I
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sao cho
f (x,) I
Goi K 1a mét 1an can compact ctia yytrong Y, K |l Do f 13 4nh xa riéng nén

¢ I o mpact rong X. Vi, [Ecn voi n do ton thi y, Il Lai do

f“oompact suy ra ton tai diy Xny -sao cho Xn

Vi f lién tuc nén
n

Vay x, [N nghia 1a voi ny du 16n ta c6 x, I trai véi gia thiét

X I vy

Ttec la

R i i v
T do I hyperbolic vai moi vl Pinh Iy duoc ching minh.

Sau day la mot tieu chuan vé tinh chuan tic twong tu véi tiéu chuin

hyperbolic ctia Brody (Pinh ly 2.2.13). Trudc hét ta xét cac khai niém sau:
2.2.10. DPinh nghia

Mot dudng cong nguyén trong khong gian phirc Y ' 1a mot anh xa khéc hang
0.0 IR

Néu Y Ia khong gian con ciia Y' va ¢ duoc xap xi bdi cac anh xa chinh hinh
o, ¢ duoc goi 13 duong cong nguyén Y — gisi han.

Néu cho trwéc ho . | thi ¢ goi 12 duong cong nguyén
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F - gi6i han trong Y 'néu va chi néu n6 dugc xap xi bai nhitng dudng cong
chinh hinh

fo- 00 [ NEEBoi o, I v .
Trong [6] ta c6 néu Y 1a hyperbolic ddy dija phuwong trong Y ' thi moi dudng
cong chinh hinh Y- gigi han trong Y ' ciing nam trong Y hoic trong [}

2.2.11. Dinhly [6]

Mot khéng gian con compact twong doi Y ciia da tap phite Y goi la nhiing
hyperbolic trong Y 'khi va chi khi Y 'khéng chira dwong cong nguyén

Y — gioi han nao.
2.2.12. Pinhly [4]

Ho I compact twong doi trong Hol (Vi va chi khi
khong ton tai day b, -, r. giam dén 0, -dé _héi tu
dén mét dwong cong nguyén F - gidi han £ [}

2.2.13. Dinhly

Ho 5 R 2 s- chudn tac khi va chi khi khéng ton tai dwong cong
nguyén & -gigi han ¢:0 IR
Chéng minh

+ Cho ¥ la s- chuan tic, theo 2.1.10 ta suy ra

s .Y

Gia st diy &, hoi tv ¢én o0 trong do 1 va
o, KGN <nhi do vsi hai diém u, o] bat ky ta co
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Vi I co tinh chit giam véi khoang cach Kobayashi ). Do d6

. ) I

Ma

<, Ien I ) I
Suy ra @(u) | hay © . 3y khong ton tai duong cong nguyén .7 -
gidi han @:0 |
+ Nguoc lai, néu khdng ton tai dudng cong nguyén 7 - gigi han @:0 [,
ta phai chimg minh ¥ 13 s- chuan tic. Gia st .¥ khong 14 s- chuan tic, theo

dinh nghia 2.1.1 ta c6 gl BB <hong 1a khong gian con compact
tuong d6i trong khong gian Hol(JJl} Ap dung dinh 1y 2.2.12 cho ho

_ ta suy ra tén tai duong cong nguyén .7 -gidi han @:0 [}

Piéu nay mau thuin véi gia thiét. Vay .7 la ho s- chuan tac.

Dinh ly dugc chirng minh.
2.2.14. H¢ qua

Anhxa f [ ) 2 chudn tic khi va chi khi cac anh xa {f}-giéi han
9:0 A céc dnh xa hang.
Chéng minh

Taco )12 anh xa chuin tic 7 - |a ho s-chuan tic
Jlkhong ton tai duong cong nguyén f -gidi han [ [Jli(theo 2.2.13) lINéu
g:0 '3 duong cong nguyén 7 -gigi han thi g 1a 4nh xa hang. Ta c6 diéu

phai chirng minh.
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KET LUAN

Trong luan vin ndy, ching t6i da trinh bay cac két qua co ban vé ho s-chuin

tic cac anh xa chinh hinh. Cu thé 1a cac két qua sau:

Trinh bay khai niém vé ho s-chudn tic cac anh xa chinh hinh nhiéu bién.
Pong thoi trinh bay chi tiét mot s6 tiéu chuan metric dé xét tinh s-chuan tic cua
ho cac anh xa trén cac khdng gian phtec, chi ra méi lién hé giita tinh s-chun tic
véi tinh chuan tic theo nghia cia Montel (Hé qua 2.1.15). Bé chimg minh tiéu
chuan metric cua tinh s-chuan tic ching toi trinh bay khai niém KRG-metric

trén khdng gian anh.

Chung t6i ciing trinh bay mét s6 tinh chat dac trung cua ho s-chuan tac céc
anh xa chinh hinh xac dinh trén khdng gian phuc va st dung cac tinh chat do dé
xét mot sb tinh chat vé tinh hyperbolic va tinh nhing hyperbolic cua cac khdng
gian phtrc. Cu thé 1a tiéu chuan nhing hyperbolic cia Kiernan duoc dién dat lai
theo ngbn ngir cua ho s-chuan tac (dinh ly 2.2.1). Pinh ly Eastwood duoc mé
rong ti cac anh xa cua ho s-chudn tic vao cac khdng gian khéng hyperbolic
(dinh ly 2.2.8). Tinh hyperbolic cua khéng gian tao anh dugc xét thdng qua cac
anh xa cta ho s-chuan tic (dinh Iy 2.2.8, dinh ly 2.2.9). Viéc chimg minh cac
dinh ly duoc dua trén cac bao ham thic va bat dang thie da dugc ching minh
chi tiét (bd dé 2.2.5, bd dé 2.2.7). Cudi cuing ching t6i trinh bay mét tiéu chuan
vé tinh s - chuan tic twong ty vai tiéu chuan hyperbolic cua Brody (dinh ly
2.2.13).

S6 hda bdi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn

47



www.VNMATH.com

TAI LIEU THAM KHAO
Tiéng Viét
[1] Pham Viét Dirc (2005), Mé dau vé ly thuyét cac khong gian phize hyperbolic

NXB BHSP.

Tiéng Anh

[2] Brody, R (1978), Compact manifolds and hyperbolicity. Trans. Amer.
Math. Soc., 235, 213-219.

[3] Gavrilov, V.L (1964), Limits on continuous curves and sequences of points
of meromorphic and generalized meromorphic functions in the unit disc,
(in Russian). I. Vest. Mosk. Univ..30-36.

[4] Hahn, K. T (1984), Asymptotic behavior of normal mappings of several
complex variables, Can. J. Math., 36, 718-746.

[5] Lehto, O., Virtanen, K. I (1957), Boundary behavior and normal
meromorphic functions, Acta. Math., 97, 47-65.

[6] Zaidenberg, M. G (1983), Picard theorem and hyperbolicity, Sib.Math. J.

24, 858-867.
[7] Zaidenberg, M. G (1991), Schottky-Landau growth estimates for s-normal

families of holomorphic mappings, Math. Ann. 293, 123-141.

S6 hoéa bdi Trung tam Hoc liéu - Dai hoc Thai Nguyén http://www.Irc-tnu.edu.vn 48





