
Lêi cam ®oan

T«i xin cam ®oan ®©y lµ c«ng tr×nh nghiªn cøu cña t«i. C¸c kÕt qu¶ viÕt

chung víi t¸c gi¶ kh¸c ®· ®îc sù nhÊt trÝ cña ®ång t¸c gi¶ khi ®a vµo luËn

¸n. C¸c kÕt qu¶ cña luËn ¸n lµ míi vµ cha tõng ®îc c«ng bè trong bÊt kú

c«ng tr×nh khoa häc cña ai kh¸c.

T¸c gi¶

Vâ ThÞ Thu HiÒn
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Tãm t¾t

Trong luËn ¸n nµy, chóng t«i nghiªn cøu ®é tr¬n, tÝnh gi¶i tÝch, tÝnh chÝnh

quy Gevrey cña nghiÖm cña ph¬ng tr×nh nöa tuyÕn tÝnh elliptic suy biÕn

Ga,b
k,cf + ψ

(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
= 0, (1)

víi a, b, c ∈ C, k lµ sè nguyªn d¬ng, ë ®©y

Ga,b
k,c =

( ∂
∂x
− iaxk ∂

∂y

)( ∂
∂x
− ibxk ∂

∂y

)
+ icxk−1 ∂

∂y
.

Trong Ch¬ng 1, chóng t«i xÐt ph¬ng tr×nh (1) víi k lÎ vµ ®· x©y dùng

®îc c«ng thøc hiÓn cña nghiÖm c¬ b¶n cña Ga,b
k,c, chøng minh ®îc tÝnh

hypoelliptic cña Ga,b
k,c vµ nghiÖm cña ph¬ng tr×nh (1) lµ hµm gi¶i tÝch (hµm

Gevrey) víi ®iÒu kiÖn ψ lµ hµm gi¶i tÝch (hµm Gevrey) t¬ng øng.

Trong Ch¬ng 2, sö dông biÕn ®æi Fourier chóng t«i ®· thu ®îc nghiÖm c¬

b¶n cña Ga,b
k,c khi k ch½n vµ nhËn ®îc tÝnh gi¶i tÝch, tÝnh chÝnh quy Gevrey

cña nghiÖm cña ph¬ng tr×nh (1).

Abstract

In this thesis, we invertigate the smoothness, analyticity, Gevrey regularity

of solutions to the semilinear degenerate elliptic equation.

Ga,b
k,cf + ψ

(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
= 0. (1)

Where a, b, c ∈ C, k being a positive integer,

Ga,b
k,c =

( ∂
∂x
− iaxk ∂

∂y

)( ∂
∂x
− ibxk ∂

∂y

)
+ icxk−1 ∂

∂y
.

In Chapter 1, we consider equation (1) when k is odd. We have constructed

an explicit fundamental solution ofGa,b
k,c. We have obtained results on hypoel-

lipticity of Ga,b
k,c, proven that solutions of equation (1) are analytic functions

(Gevrey functions) provided ψ is an analytic function (Gevrey function), re-

spectively.

In Chapter 2, we use the Fourier transform to obtain a fundamental solu-

tion of Ga,b
k,c for k even, and then derive the analyticity, Gevrey regularity of

solutions to equation (1).
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Mét sè ký hiÖu dïng trong luËn ¸n

A(Ω) : kh«ng gian c¸c hµm gi¶i tÝch trªn Ω,

Ck(Ω) : kh«ng gian c¸c hµm liªn tôc kh¶ vi ®Õn cÊp k trªn Ω,

D(Ω) : kh«ng gian c¸c hµm kh¶ vi v« cïng vµ cã gi¸ compac trong Ω,

D′(Ω) : kh«ng gian ®èi ngÉu cña D(Ω),

C∞(Ω) : kh«ng gian c¸c hµm kh¶ vi v« cïng trªn Ω,

Gs(Ω) : kh«ng gian c¸c hµm Gevrey cÊp s trªn Ω,

Lploc : kh«ng gian c¸c hµm kh¶ tÝch ®Þa ph¬ng cÊp p,

Rn : kh«ng gian vÐc t¬ Euclide n chiÒu.
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Më ®Çu

Tõ buæi s¬ khai cña lý thuyÕt ph¬ng tr×nh ®¹o hµm riªng, ngêi ta ®·

quan t©m tíi tÝnh chÊt ®Þnh tÝnh cña nghiÖm cña ph¬ng tr×nh hay hÖ ph¬ng

tr×nh ®¹o hµm riªng, trong ®ã ®é tr¬n vµ tÝnh gi¶i tÝch ®îc nhiÒu nhµ to¸n

häc quan t©m ®Æc biÖt. §é tr¬n cña nghiÖm ®îc m« t¶ trong c¸c líp to¸n tö

hypoelliptic. Lý thuyÕt c¸c to¸n tö tuyÕn tÝnh hypoelliptic ®îc b¾t ®Çu trong

nh÷ng c«ng tr×nh cña N. A. Kolmogorov [27], H. Weyl [40], L. Schwartz

[32], L. Hörmander [25]. Ngêi ta ®· thiÕt lËp ®îc ®iÒu kiÖn cÇn vµ ®ñ ®Ó

to¸n tö vi ph©n víi hÖ sè h»ng P (D) lµ hypoelliptic, nhng vÊn ®Ò trë nªn

kh¸ phøc t¹p nÕu to¸n tö P (x,D) cã hÖ sè biÕn thiªn. HiÖn nay, míi chØ cã

c¸c ®iÒu kiÖn ®ñ ®Ó x¸c ®Þnh tÝnh hypoelliptic cña mét sè c¸c líp to¸n tö ®Æc

biÖt, ch¼ng h¹n nh líp to¸n tö víi lùc kh«ng ®æi, lùc biÕn thiªn chËm, to¸n

tö lo¹i chÝnh trong c¸c c«ng tr×nh cña Yu.V. Egorov [11], L. Hörmander [24].

Víi vÊn ®Ò nghiªn cøu tÝnh gi¶i tÝch cña nghiÖm, S. Bernstein lµ ngêi

®Çu tiªn gi¶i ®îc bµi to¸n vÒ tÝnh gi¶i tÝch cña nghiÖm cña ph¬ng tr×nh

elliptic phi tuyÕn cÊp hai víi hµm hai biÕn sè. ¤ng c«ng bè c«ng tr×nh nµy

vµo n¨m 1904. KÕt qu¶ cña S. Bernstein ®· ®îc nhiÒu nhµ to¸n häc kh¸c

quan t©m vµ ph¸t triÓn. T. Rado, M. Gevrey, H. Lewy ®· chøng minh chÝnh

kÕt qu¶ nµy b»ng c¸c c¸ch kh¸c nhau. Sau ®ã, vµo n¨m 1932, kÕt qu¶ cña S.

Bernstein ®îc G. Giraud vµ E. Hopf chøng minh víi ph¬ng tr×nh elliptic

phi tuyÕn cÊp hai víi sè biÕn bÊt kú. TiÕp sau ®ã, I. Petrowski xÐt tíi hÖ

ph¬ng tr×nh elliptic víi cÊp vµ sè biÕn bÊt kú còng thu ®îc kÕt qu¶ vÒ tÝnh
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gi¶i tÝch cña nghiÖm cña hÖ nµy (xem [12] vµ c¸c trÝch dÉn trong ®ã). §Õn

n¨m 1958, trong bµi b¸o [12], A. Friedman ®· chøng minh kÕt qu¶ vÒ tÝnh

gi¶i tÝch, tÝnh chÝnh qui Gevrey cho mét hÖ ph¬ng tr×nh elliptic phi tuyÕn

tæng qu¸t víi cÊp, sè Èn hµm vµ sè biÕn bÊt kú. KÕt qu¶ nµy cña A. Friedman

lµ kÕt qu¶ tæng qu¸t nhÊt vÒ tÝnh chÝnh qui Gevrey cña nghiÖm cña mét hÖ

ph¬ng tr×nh elliptic phi tuyÕn tæng qu¸t. Nh vËy c¸c bµi to¸n vÒ ®é tr¬n,

tÝnh gi¶i tÝch cña nghiÖm ®· ®îc gi¶i quyÕt trän vÑn trong líp c¸c ph¬ng

tr×nh elliptic. Sau ®ã, c¸c nhµ to¸n häc tiÕp tôc nghiªn cøu bµi to¸n vÒ ®é

tr¬n vµ tÝnh gi¶i tÝch cho c¸c ph¬ng tr×nh kh«ng elliptic. Do cã nhiÒu phøc

t¹p khi nghiªn cøu ph¬ng tr×nh lo¹i nµy nªn míi ®Çu ngêi ta nghiªn cøu

c¸c ph¬ng tr×nh kh«ng elliptic tuyÕn tÝnh. Tuy c¸c kÕt qu¶ nµy cha ph¶i lµ

trän vÑn nhng cã nhiÒu kÕt qu¶ tinh tÕ ®· thu ®îc, cã thÓ kÓ ®Õn c¸c kÕt

qu¶ cña V. V. Grushin, A. Gilioli vµ F. Treves, A. Menikoff, NguyÔn Minh

TrÝ, ... N¨m 1971, V. V. Grushin ®· xÐt mét líp c¸c to¸n tö elliptic suy biÕn

mµ d¹ng ®¬n gi¶n nhÊt cña nã lµ

Gk,λ =
∂2

∂x2
+ x2k ∂

2

∂y2
+ iλxk−1 ∂

∂y
,

trong ®ã (x, y) ∈ Ω lµ miÒn trong R2, λ ∈ C, i lµ ®¬n vÞ ¶o, k lµ sè nguyªn

d¬ng. ¤ng ®· ®a ra ®iÒu kiÖn cÇn vµ ®ñ ®Ó to¸n tö Gk,λ lµ hypoelliptic,

gi¶i tÝch hypoelliptic trong c¶ hai trêng hîp k lÎ vµ k ch½n; ®iÒu kiÖn cho

hai trêng hîp nµy lµ kh¸c nhau. To¸n tö Gk,λ lµ trêng hîp ®Æc biÖt cña

to¸n tö

Ga,b
k,c = X2X1 + icxk−1 ∂

∂y
,

khi a = −1, b = 1. Trong ®ã

X2 =
∂

∂x
− iaxk ∂

∂y
,X1 =

∂

∂x
− ibxk ∂

∂y
.

N¨m 1974, A. Gilioli vµ F. Treves trong [14] ®· xÐt to¸n tö elliptic suy biÕn

Ga,b
k,c víi a, b lµ hai sè thùc tháa m·n ab < 0. Hä ®· ®a ra ®iÒu kiÖn cÇn vµ
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®ñ ®Ó Ga,b
k,c hypoelliptic nhng chØ víi k lµ sè nguyªn d¬ng lÎ. Hai n¨m sau,

trêng hîp k lµ sè nguyªn d¬ng ch½n míi ®îc A. Menikoff xÐt tíi trong

[29] (1976), «ng còng ®· ®a ra ®iÒu kiÖn cÇn vµ ®ñ ®Ó Ga,b
k,c lµ hypoelliptic.

Trong [33] (1999), NguyÔn Minh TrÝ còng xÐt to¸n tö Gk,λ vµ ®· x©y dùng

®îc c«ng thøc hiÓn cho nghiÖm c¬ b¶n kh«ng ®Òu ë t¹i gèc täa ®é vµ

nghiÖm kh«ng tr¬n t¹i c¸c ®iÓm suy biÕn cña to¸n tö nµy. Dïng c¸c nghiÖm

nµy NguyÔn Minh TrÝ ®· ®a ra ®iÒu kiÖn cÇn ®Ó Gk,λ lµ hypoeliptic nh

lµ kÕt qu¶ cña Grushin nhng b»ng c¸nh kh¸c. KÕt qu¶ nµy ®îc NguyÔn

Minh TrÝ më réng cho to¸n tö Ga,b
k,c, trong ®ã a, b, c lµ sè phøc tïy ý víi

Re(a) < 0,Re(b) > 0 (xem [34]). Sau ®ã, trong c«ng tr×nh [37] (2000),

NguyÔn Minh TrÝ ®· nghiªn cøu ph¬ng tr×nh phi tuyÕn elliptic suy biÕn

Gk,λf + ψ
(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
= 0,

víi k lµ sè nguyªn d¬ng lÎ. KÕt qu¶ ®¹t ®îc trong c«ng tr×nh nµy lµ:

• X©y dùng ®îc c«ng thøc hiÓn cña nghiÖm c¬ b¶n ®Òu t¹i mäi ®iÓm cña

to¸n tö Gk,λ.

• Chøng minh ®îc ®iÒu kiÖn cÇn vµ ®ñ ®Ó to¸n tö Gk,λ lµ hypoelliptic.

• Chøng minh ®îc tÝnh kh¶ vi v« h¹n cña mét líp c¸c nghiÖm suy réng

cña ph¬ng tr×nh nµy víi ®iÒu kiÖn chÊp nhËn ®îc cña c¸c tham sè vµ

tÝnh kh¶ vi v« h¹n cña hµm hµm ψ.

• Chøng minh ®îc tÝnh chÝnh qui Gevrey cña nghiÖm víi ®iÒu kiÖn chÊp

nhËn ®îc cña c¸c tham sè vµ ®iÒu kiÖn Gevrey cña hµm ψ.

XÐt ph¬ng tr×nh

Ga,b
k,cf +ψ

(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
= 0. (1)
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Ta biÕt r»ng víi a = −1, b = 1, c = λ + k th× Ga,b
k,c = Gk,λ. Nh vËy

ph¬ng tr×nh (1) ®· ®îc xÐt trong trêng hîp ®Æc biÖt a = −1, b = 1,

k lµ sè nguyªn d¬ng lÎ bëi NguyÔn Minh TrÝ. Tõ c¸c c«ng tr×nh cña V.

V. Grushin, A. Gilioli vµ F. Treves, A. Menikoff ®· cho thÊy sù kh¸c nhau

cña hai trêng hîp k ch½n vµ k lÎ vµ trêng hîp k ch½n phøc t¹p h¬n k lÎ,

vµ còng tõ nh÷ng c«ng tr×nh cña NguyÔn Minh TrÝ, A. Gilioli vµ F. Treves

chóng ta thÊy trêng hîp a, b lµ sè phøc bÊt kú phøc t¹p h¬n nhiÒu so víi

a = −1, b = 1, vµ ®¬ng nhiªn lµ viÖc t×m nghiÖm c¬ b¶n ®Òu t¹i mäi ®iÓm

khã kh¨n h¬n t¹i mét ®iÓm, nghiªn cøu tÝnh gi¶i tÝch cña nghiÖm cña mét

ph¬ng tr×nh phi tuyÕn th× khã kh¨n h¬n ph¬ng tr×nh tuyÕn tÝnh. V× vËy më

réng nghiªn cøu ph¬ng tr×nh (1) cho trêng hîp a, b, c lµ sè phøc tïy ý, k

lµ sè nguyªn d¬ng c¶ lÎ vµ ch½n lµ cÇn thiÕt.

Bµi to¸n ®Æt ra cho luËn ¸n nµy lµ nghiªn cøu ®é tr¬n, tÝnh gi¶i tÝch, tÝnh

chÝnh qui Gevrey víi nghiÖm cña ph¬ng tr×nh ®¹o hµm riªng elliptic suy

biÕn phi tuyÕn sau:

Ga,b
k,cf + ψ

(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
= 0.

ë ®©y a, b, c lµ c¸c sè phøc tïy ý víi Re(a) < 0,Re(b) > 0, k lµ sè nguyªn

d¬ng, (x, y) ∈ Ω lµ mét miÒn trong R2.

LuËn ¸n gåm phÇn Më ®Çu vµ 2 ch¬ng:

Ch¬ng 1: TÝnh chÝnh qui Gevrey cña nghiÖm cña mét líp ph¬ng tr×nh

elliptic suy biÕn phi tuyÕn cÊp hai víi bËc suy biÕn lÎ.

Ch¬ng 2: BiÕn ®æi Fourier vµ tÝnh chÝnh qui Gevrey cña nghiÖm cña mét

líp ph¬ng tr×nh elliptic suy biÕn phi tuyÕn cÊp hai víi bËc suy biÕn ch½n .

Sau ®©y lµ néi dung c¬ b¶n cña phÇn Më ®Çu vµ tõng ch¬ng.

PhÇn Më ®Çu, giíi thiÖu s¬ lîc lÞch sö vÊn ®Ò nghiªn cøu, ph¸t biÓu néi
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dung nghiªn cøu cña luËn ¸n vµ tr×nh bµy mét sè kiÕn thøc c¬ b¶n cã liªn

quan.

Trong Ch¬ng 1, Môc 1.1 tr×nh bµy viÖc x©y dùng nghiÖm c¬ b¶n cña

to¸n tö Ga,b
k,c trong trêng hîp k lÎ ( §Þnh lý 1.1.1). Ngoµi ra chóng t«i cßn

thu ®îc hÖ qu¶ quan träng vÒ biÓu diÔn tÝch ph©n cña mét hµm bÊt kú thuéc

C2(Ω̄) qua nghiÖm c¬ b¶n cña to¸n tö Ga,b
k,c. Trong Môc 1.2, chóng t«i chøng

minh ®îc §Þnh lý 1.2.1 vÒ tÝnh hypoelliptic yÕu cña to¸n tö Ga,b
k,c vµ nhê

chøng minh ®îc sù ®ång nhÊt cña hai kh«ng gian hµm Gm
k,loc(Ω) vµ Smloc(Ω)

(Bæ ®Ò 1.2.2) vµ sö dông §Þnh lý nhóng Sobolev mµ chóng t«i chøng minh

®îc tÝnh kh¶ vi v« h¹n cña nghiÖm cña ph¬ng tr×nh (1) (§Þnh lÝ 1.2.2).

Môc 1.3 tr×nh bµy kÕt qu¶ vÒ tÝnh chÝnh qui Gevrey cña nghiÖm cña nghiÖm

cña ph¬ng tr×nh (1). §Þnh lý chÝnh cña môc 1.3 vµ còng lµ cña ch¬ng nµy

lµ §Þnh lý 1.3.1 vµ §Þnh lý 1.3.2. §Ó chøng minh §Þnh lý 1.3.2 ®îc râ rµng,

chóng t«i ®· chøng minh ba bæ ®Ò vÒ ®¸nh gi¸ nghiÖm c¬ b¶n vµ c¸c ®¹o

hµm riªng cña nã trªn mét h×nh vu«ng (Bæ ®Ò 1.3.1, 1.3.2, 1.3.3). V× kü thuËt

chøng minh nªn c¸c bíc chøng minh §Þnh lý 1.3.1 ®îc tr×nh bµy th«ng

qua c¸c MÖnh ®Ò 1.3.2, 1.3.3, 1.3.4, 1.3.5. Trong chøng minh c¸c ®Þnh lý

trªn sö dông nhiÒu kü thuËt tÝnh to¸n, v× t¸c gi¶ mong muèn ®îc giíi thiÖu

chi tiÕt chøng minh cña c¸c ®Þnh lý nªn phÇn nµy kh¸ dµi, song vÉn trong

khu«n khæ cho phÐp cña mét luËn ¸n. KÕt qu¶ cña Ch¬ng 1 ®îc viÕt dùa

trªn bµi b¸o [19].

Ch¬ng 2 cña luËn ¸n tr×nh bµy c¸c kÕt qu¶ vÒ tÝnh gi¶i tÝch, tÝnh chÝnh

qui Gevrey cña nghiÖm cña ph¬ng tr×nh (1) víi k lµ sè tù nhiªn ch½n. Do cÊu

tróc cña nghiÖm nh ë trêng hîp k lÎ kh«ng cßn dïng ®îc trong trêng

hîp k ch½n nªn trong ch¬ng nµy chóng t«i sö dông biÕn ®æi Fourier ®Ó

t×m nghiÖm c¬ b¶n cña to¸n tö Ga,b
k,c. Khi x©y dùng nghiÖm c¬ b¶n cña to¸n

tö Ga,b
k,c víi k lµ sè tù nhiªn ch½n chóng t«i còng t×m ®îc nghiÖm c¬ b¶n
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trong trêng hîp k lÎ. ViÖc x©y dùng nghiÖm mét c¸ch h×nh thøc ®îc tr×nh

bµy trong Môc 2.1. Môc 2.2 dµnh cho viÖc chøng minh nghiÖm t×m ®îc lµ

nghiÖm c¬ b¶n. Do ph¬ng ph¸p t×m nghiÖm c¬ b¶n trong Ch¬ng 2 kh¸c

h¼n so víi Ch¬ng 1, nghiÖm c¬ b¶n t×m ®îc kh«ng cã c«ng thøc hiÓn nªn

c¸c ®¸nh gi¸ cña nghiÖm thùc chÊt lµ ®¸nh gi¸ c¸c tÝch ph©n nhng rÊt may

m¾n chóng t«i vÉn thu ®îc c¸c kÕt qu¶ nh Ch¬ng 1. Chøng minh nghiÖm

t×m ®îc lµ nghiÖm c¬ b¶n ®îc tr×nh bµy trong Bæ ®Ò 2.2.1, nghiÖm nµy

thuéc líp L1
loc(R2) ®èi víi biÕn x, y ®îc giíi thiÖu trong Bæ ®Ò 2.2.2, vµ c¸c

®¸nh gi¸ víi c¸c ®¹o hµm ®îc tr×nh bµy trong Bæ ®Ò 2.2.3. Môc 2.3 cña

Ch¬ng 2 tr×nh bµy c¸c kÕt qu¶ vÒ tÝnh chÝnh qui Gevrey cña nghiÖm cña

ph¬ng tr×nh (1). §Ó chøng minh §Þnh lý 2.3.1, 2.3.2 lµ c¸c ®Þnh lý chÝnh

cña môc vµ còng lµ cña ch¬ng nµy, chóng t«i ph¶i ®¸nh gi¸ nghiÖm c¬ b¶n

cña Ga,b
k,c trªn h×nh mét h×nh vu«ng, kÕt qu¶ ®îc tr×nh bµy ë c¸c Bæ ®Ò 2.3.1,

2.3.2, 2.3.3. C¸c kÕt qu¶ nµy ®¹t ®îc t¬ng tù nh Bæ ®Ò 1.3.1, 1.3.2, 1.3.3.

Néi dung cña Ch¬ng 2 ®îc viÕt dùa trªn bµi b¸o [20].

Trong phÇn Më ®Çu, luËn ¸n dµnh mét phÇn cho viÖc tr×nh bµy mét sè

kiÕn thøc c¬ b¶n cã liªn quan:

XÐt to¸n tö vi ph©n tuyÕn tÝnh cÊp m trong miÒn Ω ⊂ Rn:

P (x,D) =
∑
|α|≤m

aα(x)Dα,

víi: x = (x1, x2, ..., xn) ∈ Ω ⊂ Rn, α = (α1, α2, ..., αn) lµ c¸c ®a chØ sè víi

αi ∈ N, |α| = α1+α2+...+αn, aα(x) ∈ C∞(Ω), Dα =
∂|α|

i|α|∂xα1
1 ∂x

α2
2 ...∂x

αn
n
.

§Þnh nghÜa 1. Mét hµm F (x) ∈ L1
loc(Ω) ®îc gäi lµ nghiÖm c¬ b¶n t¹i ®iÓm

x0 ∈ Ω cña to¸n tö vi ph©n P (x,D) nÕu F (x) tháa m·n ph¬ng tr×nh sau

trong Rn

P (x,D)F (x) = δ(x− x0).
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§Þnh nghÜa 2. Mét hµm F (x, y) víi (x, y) ∈ (Ω×Ω) mµ víi mçi y ∈ Rn th×

F (x, y) ∈ L1
loc(Ω) theo biÕn x ®îc gäi lµ nghiÖm c¬ b¶n ®Òu t¹i mäi ®iÓm

cña to¸n tö vi ph©n P (x,D) nÕu

P (x,D)F (x, y) = δ(x− y).

§Þnh nghÜa 3. To¸n tö vi ph©n

P (x,D) =
∑
|α|≤m

aα(x)Dα

víi aα(x) ∈ C∞(Ω) ®îc gäi lµ hypoelliptic yÕu trªn Ω nÕu víi mäi Ω′ b Ω,

tån t¹i mét sè nguyªn d¬ng M sao cho tõ u ∈ CM(Ω′) vµ P (x,D)u ∈

C∞(Ω′) suy ra u ∈ C∞(Ω′).

§Þnh nghÜa 4. To¸n tö vi ph©n P (x,D) ®îc gäi lµ hypoelliptic trªn Ω nÕu

víi mäi Ω′ b Ω, tõ u ∈ D′(Ω′) vµ P (x,D)u ∈ C∞(Ω′) suy ra u ∈ C∞(Ω′).

§Þnh nghÜa 5. To¸n tö vi ph©n P (x,D) víi aα(x) ∈ A(Ω) ®îc gäi lµ gi¶i

tÝch hypoelliptic Ω nÕu víi mäi Ω′ b Ω, tõ u ∈ D′(Ω′) vµ P (x,D)u ∈ A(Ω′)

suy ra u ∈ A(Ω′).

§Þnh nghÜa 6. To¸n tö vi ph©n P (x,D) víi aα(x) ∈ A(Ω) ®îc gäi lµ s-

hypoelliptic Ω nÕu víi mäi Ω′ b Ω, tõ u ∈ D′(Ω′) vµ P (x,D)u ∈ Gs(Ω′) th×

u ∈ Gs(Ω′).

§Þnh nghÜa 7. Mét hµm f(x) ®îc gäi lµ thuéc líp Gs(Ω) ( 1 ≤ s <∞) nÕu

f(x) ∈ C∞(Ω) vµ víi mäi K b Ω, tån t¹i mét h»ng sè d¬ng C sao cho víi

mäi ®a chØ sè α, vµ víi mäi x ∈ K th×

|∂αf(x)| ≤ C |α|+1(α!)s.

Sau ®©y chóng t«i xin giíi thiÖu mét sè ®Þnh nghÜa ®èi víi to¸n tö phi tuyÕn.

LÊy (x, τα)|α|≤m ∈ (Ω′ × Ω̃) vµ Φ(x, ∂α)|α|≤m lµ to¸n tö vi ph©n phi tuyÕn
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bËc m ®îc ®Þnh nghÜa nh sau

Φ(x, ∂α)|α|≤m : f(x) −→ Φ(x, ∂αf(x))|α|≤m,

ë ®©y Φ(x, τα)|α|≤m ∈ C∞(Ω× Ω̃).

§Þnh nghÜa 8. To¸n tö phi tuyÕn Φ(x, ∂α)|α|≤m ®îc gäi lµ hypoelliptic

trªn Ω nÕu víi mäi miÒn con Ω′ b Ω cã mét h»ng sè d¬ng M sao cho tõ

f ∈ CM(Ω′) vµ Φ(x, ∂αf)|α|≤m ∈ C∞(Ω′) suy ra f ∈ C∞(Ω′).

§Þnh nghÜa 9. Gi¶ sö Φ(x, τα)|α|≤m ∈ A(Ω × Ω̃)(Gs(Ω × Ω̃)), to¸n tö phi

tuyÕn Φ(x, ∂α)|α|≤m ®îc gäi lµ gi¶i tÝch hypoelliptic (s-hypoelliptic) trªn Ω

nÕu víi mäi miÒn con Ω′ b Ω, cã mét h»ng sè d¬ng M sao cho tõ f ∈

CM(Ω′) vµ Φ(x, ∂αf)|α|≤m ∈ A(Ω′)(Gs(Ω′)) suy ra f ∈ A(Ω′)(Gs(Ω′)).

§Þnh nghÜa 10. Gi¶ sö Φ(x, τα)|α|≤m ∈ A(Ω × Ω̃)(Gs(Ω × Ω̃)), to¸n

tö Φ(x, ∂α)|α|≤m ®îc gäi lµ gi¶i tÝch hypoelliptic më réng (s-hypoelliptic

më réng) trªn Ω nÕu víi mäi miÒn con Ω′ b Ω, sao cho tõ f ∈ C∞(Ω′)

vµ Φ(x, ∂αf)|α|≤m ∈ A(Ω′)(Gs(Ω′)) suy ra f ∈ A(Ω′)(Gs(Ω′)).



Ch¬ng 1

TÝnh chÝnh quy Gevrey cña nghiÖm cña
mét líp ph¬ng tr×nh elliptic suy biÕn
phi tuyÕn cÊp hai víi bËc suy biÕn lÎ

1.1 NghiÖm c¬ b¶n cña to¸n tö G a,b
k,c

Trong môc nµy chóng t«i giíi thiÖu viÖc x©y dùng c«ng thøc nghiÖm c¬ b¶n

cña to¸n tö elliptic suy biÕn Ga,b
k,c . XÐt to¸n tö

Ga,b
k,c = X2X1 + icxk−1 ∂

∂y
,

ë ®©y: (x, y) ∈ R2; a, b, c ∈ C; Re(a) < 0; Re(b) > 0; i =
√
−1, k lµ sè

nguyªn d¬ng,

X1 =
∂

∂x
− ibxk ∂

∂y
,X2 =

∂

∂x
− iaxk ∂

∂y
.

Víi hµm f(x, y) ®Þnh nghÜa trªn miÒn Ω, chóng ta ký hiÖu

∂αf(x, y)

∂xα
,
∂βf(x, y)

∂yβ
,
∂α+βf(x, y)

∂xα∂yβ
,
xγ∂α+βf(x, y)

∂xα∂yβ
,

lµ ∂α1f, ∂
β
2f, ∂

α,β
1,2f, γ∂α,βf. Trong luËn ¸n nµy chóng ta chØ xÐt trêng hîp

Re(a) < 0, v× trêng hîp Re(a) > 0 ta cã thÓ lµm t¬ng tù. Nh÷ng biÓu

thøc sau ®©y ®îc dïng nhiÒu trong qu¸ tr×nh tÝnh to¸n nªn ta kÝ hiÖu chóng

nh sau:

14
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A+ = −axk+1 + buk+1 + i(k + 1)(y − v),

A− = bxk+1 − auk+1 − i(k + 1)(y − v),

R̃ = (xk+1 + uk+1)2 + (k + 1)2(y − v)2,

R1 = (xk+1 − uk+1)2 + (k + 1)2(y − v)2,

R = A+A− = −ab(x2k+2 + u2k+2) + (a2 + b2)(xk+1uk+1)

+ (k + 1)2(y − v)2 + i(k + 1)(y − v)(a+ b)(xk+1 − uk+1),

p =

{
(a− b)2xk+1uk+1R−1 nÕu xu 6= 0,

0 nÕu xu = 0,

M = A
− c

(k+1)(b−a)

+ A
− k(b−a)−c

(k+1)(b−a)

− . (1.1)

Bæ ®Ò 1.1.1 Gi¶ sö r»ng k lµ sè lÎ, Re(a) < 0 vµ Re(b) > 0. Khi ®ã

i) p /∈ (1,+∞).

ii) p = 1⇔ y = v, x = ± u víi u 6= 0.

Chøng minh. Gi¶ sö A,B,C,D ∈ R, C2 +D2 6= 0. Ta cã nhËn xÐt sau:

p =
A+ iB

C + iD
=

(A+ iB)(C − iD)

C2 +D2
=
AC +BD + i(−AD +BC)

C2 +D2
·

VËy p lµ sè thùc khi vµ chØ khi vµ AD = BC. Ta cã thÓ dÔ dµng suy ra ®îc

p lµ sè thùc nÕu hoÆc p = 0 hoÆc p =
A

C
hoÆc p =

B

D
.

B©y giê ta quay l¹i xÐt

p = (a− b)2xk+1uk+1
[
− ab(x2k+2 + u2k+2) + (a2 + b2)xk+1uk+1

+ (k + 1)2(y − v)2 + i(b+ a)(xk+1 − uk+1)(k + 1)(y − v)
]−1

.

NÕu u = 0 th× p = 0 tho¶ m·n ®iÒu kiÖn ph¶i chøng minh.

NÕu u 6= 0 :

XÐt trêng hîp 1: y = v ta cã

p =
(a2 − b2)X

−ab(X2 + 1) + (a2 + b2)X
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víiX =
xk+1

uk+1
. §Æt a = m+in, víi m,n ∈ R,m < 0; b = c+id, víi c, d ∈

R, c > 0, khi ®ã dÔ dµng nhËn ®îc

p =
{[

(m−c)2−(n−d)2
]
X+2i(m−c)(n−d)X

}{[
(−mc+nd)(X2 +1)

+(m2 + c2 − n2 − d2)X
]

+ i
[
(−md− nc)(X2 + 1) + 2(mn+ cd)X

]}−1

.

Nh ®· nãi ë trªn ta cã p lµ sè thùc khi vµ chØ khi

p =
[(m− c)2 − (n− d)2]X

(−mc+ nd)(X2 + 1) + (m2 + c2 − n2 − d2)X
,

hoÆc

p =
2(m− c)(n− d)X

(−md− nc)(X2 + 1) + 2(mn+ cd)X
.

§iÒu nµy x¶y ra khi vµ chØ khi[
(m− c)2 − (n− d)2

]
X
[
(−md− nc)(X2 + 1) + 2(mn+ cd)X

]
= 2(m−c)(n−d)X

[
(−mc+nd)(X2+1)+(m2+c2−n2−d2)X

]
. (1.2)

NÕu X = 0 th× p = 0 6∈ (1,+∞).

NÕu X 6= 0 th× chóng ta cã (1.2) khi vµ chØ khi

(md− nc)(c2 + d2 −m2 − n2)(X − 1)2 = 0,

hay nãi c¸ch kh¸c (1.2) x¶y ra khi vµ chØ khi cã mét trong c¸c trêng hîp

sau: hoÆcmd−nc = 0, hoÆc c2 +d2−m2−n2 = 0, hoÆc X2−2X+1 = 0.

XÐt trêng hîp 1.1: md− nc = 0.

Khi ®ã

p =
(a− b)2X

−ab(X2 + 1) + (a2 + b2)X
.

Do Re(b) > 0 nªn b 6= 0, ta viÕt l¹i p nh sau:

p =

(a
b
− 1
)2

X

−a
b

(
X2 + 1

)
+
((a

b

)2

+ 1
)
X
.
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Do sè phøc a, b tho¶ m·n md− nc = 0 nªn
a

b
=
m

c
. V× vËy ta cã

p =

(m
c
− 1
)2

X

−m
c

(
X2 + 1

)
+
((m

c

)2

+ 1
)
X
.

Do X > 0,−m
c
> 0 nªn cã thÓ ®¸nh gi¸ p nh sau:

p ≤

(m
c
− 1
)2

X

−m
c

2X +
((m

c

)2

+ 1
)
X

= 1.

DÊu b»ng x¶y ra khi vµ chØ khi X = 1 hay xk+1 = uk+1 hay x = ±u.

Trêng hîp 1.2: c2 + d2−m2− n2 = 0. Khi ®ã c2 + d2 = m2 + n2, hay nãi

c¸ch kh¸c |a| = |b| = r > 0. Khi ®ã ta l¹i viÕt a, b díi d¹ng sau:

a = reiϕ1, b = reiϕ2,
π

2
< ϕ1 <

3π

2
,−π

2
< ϕ2 <

π

2
,

p =
r2(eiϕ1 − eiϕ2)2X

−r2eiϕ1+iϕ2(X2 + 1) + r2(e2iϕ1 + e2iϕ2)X
.

Nhng do p lµ sè thùc nªn

p =
−2 cos(ϕ1 + ϕ2)(1− cos(ϕ1 + ϕ2))X

− cos(ϕ1 + ϕ2)((X2 + 1)− 2 cos(ϕ1 − ϕ2)X)
,

hoÆc

p =
[sin 2ϕ1 + sin 2ϕ2 − 2 sin(ϕ1 + ϕ2)]X

− sin(ϕ1 + ϕ2)(X2 + 1) + (sin 2ϕ1 + sin 2ϕ2)X
.

Sau khi rót gän chóng ta ®Òu cã

p =
2[1− cos(ϕ1 − ϕ2)]X

(X2 + 1)− 2 cos(ϕ1 − ϕ2)X
.

Do X > 0 nªn ta cã thÓ ®¸nh gi¸

p ≤ 2[1− cos(ϕ1 − ϕ2)]X

2X − 2 cos(ϕ1 − ϕ2)X
= 1.
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DÊu b»ng x¶y ra khi vµ chØ khi X = 1 hay x = ±u.

VËy khi y = v th× p ≤ 1 dÊu b»ng x¶y ra khi vµ chØ khi x = ±u.

Trêng hîp 1.3: X = 1 (hay x = ±u) th× p = 1.

Trêng hîp 2: y 6= v. Khi ®ã

p =
(a− b)2XU

(−ab)(U 2 +X2) + (a2 + b2)XU + 1 + 2i(a+ b)(X − U)
.

víi

X =
xk+1

(k + 1)(y − v)
, U =

uk+1

(k + 1)(y − v)
, XU ≥ 0.

§Æt a = m+ in, b = c+ id, khi ®ã ta cã p lµ sè thùc khi vµ chØ khi

p =
[(m− c)2 − (n− d)2]XU

(−md+nc)(X2+U 2)+(m2+c2−n2−d2)XU−1−(n+d)(X−U)

hoÆc

p =
2(m− c)(n− d)XU

(−md+ nc)(X2 + U 2) + 2(mn+ cd)XU + (m+ c)(X − U)
.

§iÒu nµy x¶y ra khi vµ chØ khi:

(cn−md)(m2 + n2 − c2 − d2)(X − U)2 +
[
(m− c)(m2 + n2 − c2 − d2)

− 2(n− d)(nc−md)
]
(X − U)− 2(m− c)(n− d) = 0. (1.3)

Víi (m2 + n2 − c2 − d2)(nc−md) 6= 0 th× tõ (1.3) ta rót ra

hoÆc

X − U =
c−m
nc−md

hoÆc

X − U =
2(n− d)

m2 + n2 − c2 − d2
.

NÕu nc−md = 0, nhng m2 + n2 − c2 − d2 6= 0, th×

X − U =
2(n− d)

m2 + n2 − c2 − d2
.
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NÕu m2 + n2 − c2 − d2 = 0, nhng nc−md 6= 0 th×

X − U =
c−m

(nc−md)
.

NÕu (nc−md) = m2 + n2 − c2 − d2 = 0, th× tõ (1.3) suy ra

−2(m− c)(n− d) = 0.

Nhng −2(m− c)(n− d) = 0, do m 6= c nªn ta suy ra ®îc n = d = 0 vµ

m = −c. Khi ®ã ta cã a = −b ∈ R. Trong trêng hîp nµy chóng ta thÊy

r»ng,

p =
4b2XU

b2(X + U)2 + 1
< 1.

Víi

X − U =
2(n− d)

m2 + n2 − c2 − d2

th×

p =
XU

XU +
(m+ c)2 + (n− d)2

(m2 + n2 − c2 − d2)2

≤ 1, do XU ≥ 0.

DÊu b»ng x¶y ra khi m = −c vµ n = d. Suy ra m2 + n2 − c2 − d2 = 0,

®iÒu nµy v« lý.

Víi

X − U =
c−m
nc−md

,

th×

p =
XU

XU +
−mc

(nc−md)2

.

Do −mc > 0, XU ≥ 0, cho nªn p ≤ 1. DÊu b»ng x¶y ra nÕu m = 0, hoÆc

c = 0. §iÒu nµy kh«ng thÓ cã ®îc, do m©u thuÉn víi gi¶ thiÕt ban ®Çu.

Do ®ã, chóng ta kÕt luËn nÕu p lµ sè thùc th× p ≤ 1; p = 1 khi vµ chØ khi

y = v, x = ±u, u 6= 0. VËy Bæ ®Ò 1.1.1 ®· ®îc chøng minh. �
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B©y giê chóng ta t×m Ea,b
k,c(x, y, u, v) lµ nghiÖm c¬ b¶n cña Ga,b

k,c.

Ký hiÖu

M = M(x, y, u, v), F (p) = F a,b
k,c (p(x, y, u, v)),

Ea,b
k,c = Ea,b

k,c(x, y, u, v) = MF (p).

Chóng ta t×m Ea,b
k,c(x, y, u, v) sao cho

Ga,b
k,cE

a,b
k,c(x, y, u, v) = δ(x− u, y − v).

Tríc hÕt ta t×m Ea,b
k,c tho¶ m·n Ga,b

k,cE
a,b
k,c = 0.

Mét c¸ch h×nh thøc Ga,b
k,cE

a,b
k,c(x, y, u, v) = 0 khi vµ chØ khi

(a− b)2uk+1xk+1R−2
[
− ab(uk+1 − xk+1)2+

+ (k + 1)2(y − v)2 + i(k + 1)(y − v)(xk+1 − uk+1)(a+ b)
]
F ′′(p)

+
1

k + 1

[
− (a− b)2(2k + 1)xk+1uk+1R−1 + k

]
F ′(p)

+
c(c− k(b− a)

(k + 1)2(b− a)2
F (p) = 0.

§iÒu nµy t¬ng ®¬ng víi

p(1− p)F ′′(p) +
( k

k + 1
−2k + 1

k + 1
p
)
F ′(p) +

c(c− k(b− a))

(k + 1)2(b− a)2
F (p) = 0,

(1.4)

hay F (p) ph¶i tho¶ m·n ph¬ng tr×nh hypergeometric

p(1− p)F ′′(p) +
(
γ − (1 + α + β)p

)
F ′(p)− αβF (p) = 0,

trong ®ã: α =
c

(k + 1)(b− a)
, β =

k(b− a)− c
(k + 1)(b− a)

, γ =
k

k + 1
.

Khi ®ã nghiÖm cña (1.4) lµ:

F (p) = C1F
( c

(k + 1)(b− a)
,
k(b− a)− c

(k + 1)(b− a)
,

k

k + 1
, p
)

+ C2 p
1
k+1F

( c+ b− a
(k + 1)(b− a)

,
(k + 1)(b− a)− c

(k + 1)(b− a)
,
k + 2

k + 1
, p
)

:= C1F
a,b
k,c;1(p) + C2F

a,b
k,c;2(p).
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ë ®©y F (α, β, γ, p) lµ c¸c hµm Gauss hypergeometric víi C1, C2 lµ c¸c h»ng

sè phøc (xem [9]-trang 74). Chó ý r»ng, víi k lµ sè lÎ th× F a,b
k,c (p) ®îc x¸c

®Þnh víi p /∈ (1,+∞). NÕu u = 0, th× p = 0, tõ kÕt qu¶ trong [34]:

Ga,b
k,cE(x, y, 0, 0) = Ga,b

k,cC1M(x, y, 0, 0) = C1G
a,b
k,cM(x, y, 0, 0)

= −
4(b− a)

1
k+1πΓ( 1

k+1)C1

Γ( c
(k+1)(b−a))Γ( k(b−a)−c

(k+1)(b−a))
δ(x, y),

nªn chóng ta chän

C1 = −
Γ( c

(k+1)(b−a))Γ( k(b−a)−c
(k+1)(b−a))

4(b− a)
1
k+1πΓ( 1

k+1)
:= Ca,b

k,c .

NÕu u 6= 0, th× Ea,b
k,c(x, y, u, v) tr¬n khi vµ chØ khi F a,b

k,c (p) tr¬n. MÆt kh¸c,

F a,b
k,c (p) víi p /∈ (1,+∞) cã kú dÞ khi vµ chØ khi p → 1. Nhng khi p → 1

chóng ta cã khai triÓn tiÖm cËn (xem [9]-Trang 74 ):

F a,b
k,c;1(p) = −

Γ( 1
k+1)

Γ( c
(k+1)(b−a))Γ( k(b−a)−c

(k+1)(b−a))
log(1− p) +O(1),

F a,b
k,c;2(p) = −

Γ(k+2
k+1)

Γ( c+b−a
(k+1)(b−a))Γ( (k+1)(b−a)−c

(k+1)(b−a) )
log(1− p) +O(1).

(1.5)

Chóng ta hy väng r»ng, Ea,b
k,c(x, y, u, v) chØ cã kú dÞ khi x = u, y = v. Tõ

p
1
k+1 = ((b− a)2R−1)

1
k+1xu→ −1 khi (x, y)→ (−u, v), chóng ta ph¶i chän

C2 = −
Γ( c+b−a

(k+1)(b−a))Γ( (k+1)(b−a)−c
(k+1)(b−a) )

4(b− a)
1
k+1πΓ(k+2

k+1)
:= Da,b

k,c,

vµ nh vËy F a,b
k,c (p) kh«ng cã kú dÞ t¹i x = −u, y = v.

Chó ý r»ng, víi ®iÒu kiÖn:

c 6= ±[N(k + 1)(b− a)], c 6= ±[N(k + 1) + k](b− a), (1.6)

N lµ sè nguyªn, th× |Ca,b
k,c |, |D

a,b
k,c| lµ h÷u h¹n vµ tõ ®ã F a,b

k,c (p) cã ®é t¨ng

logarit (nÕu u 6= 0) t¹i (x, y) = (u, v).
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§Þnh nghÜa 1.1.1 Gi¶ sö r»ng k lµ sè lÎ. Khi ®ã a, b, c, k ®îc gäi lµ chÊp

nhËn ®îc nÕu chóng tho¶ m·n (1.6).

Tõ ®ã, nÕu k lµ sè lÎ vµ a, b, c, k lµ chÊp nhËn ®îc, ta hy väng r»ng,

Ea,b
k,c(x, y, u, v) = M(Ca,b

k,cF
a,b
k,c;1(p) +Da,b

k,cF
a,b
k,c;2(p))

= −
Γ
(

c
(k+1)(b−a))Γ( k(b−a)−c

(k+1)(b−a))F ( c
(k+1)(b−a) ,

k(b−a)−c
(k+1)(b−a) ,

k
k+1 , p

)
4(b− a)

1
k+1πΓ( k

k+1)A
c

(k+1)(b−a)

+ A
k(b−a)−c

(k+1)(b−a)

−

−
xuΓ( c+b−a

(k+1)(b−a))Γ( (k+1)(b−a)−c
(k+1)(b−a) )F ( c+b−a

(k+1)(b−a)),
(k+1)(b−a)−c

(k+1)(b−a) ,
k+2
k+1 , p)

4(b− a)−
1
k+1πΓ(k+2

k+1)A
c+b−a

(k+1)(b−a)

+ A
(k+1)(b−a)−c

(k+1)(b−a)

−

sÏ trë thµnh nghiÖm c¬ b¶n cña to¸n tö Ga,b
k,c.

§Þnh lÝ 1.1.1 Gi¶ sö r»ng k lµ sè lÎ. NÕu a, b, c, k lµ chÊp nhËn ®îc, th×

Ga,b
k,cE

a,b
k,c(x, y, u, v) = δ(x− u, y − v).

Chøng minh. Cè ®Þnh (u, v) ∈ R2.

Trêng hîp 1: Víi u 6= 0, chóng ta dïng hÖ täa ®é cùc sau:

x = u+ r cosϕ; y = v + r sinϕ.

Ta ®Æt

Bε(u, v) =
{

(x, y) ∈ R2 : r < ε
}
,

vµ

R2
ε(u, v) = R2\Bε(u, v) =

{
(x, y) ∈ R2 : r ≥ ε

}
.

§Çu tiªn chóng ta chøng minh r»ng, Ea,b
k,c ∈ L1

loc(R2(x, y)).

Trªn R2
ε(u, v), Ea,b

k,c(x, y, u, v) lµ hµm liªn tôc nªn

Ea,b
k,c(x, y, u, v) ∈ L1

loc(R2
ε(u, v)). (1.7)
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B©y giê chóng ta cßn ph¶i xÐt
∫

Bε(u,v)

Ea,b
k,c(x, y, u, v)dxdy.

Khi (x, y) dÇn tíi (u, v) (víi u 6= 0), chóng ta cã:

xl = ul + (lul−1 cosϕ)r +
l(l − 1)ul−2 cos2 ϕ

2
r2 + o(r2),

A+ = (b− a)uk+1 + (k + 1)(−auk cosϕ+ i sinϕ)r

− a(k + 1)kuk−1 cos2 ϕ

2
r2 + o(r2),

A− = (b− a)uk+1 + (k + 1)(buk cosϕ− i sinϕ)r

+
b(k + 1)kuk−1 cos2 ϕ

2
r2 + o(r2),

M = (b− a)−
k
k+1u−k + o(1),

X1p =
(k + 1)2(−buk cosϕ+ i sinϕ)

(b− a)uk+2
r + o(r),

R = (b− a)2u2k+2 + [(b− a)2(k + 1)u2k+1 cosϕ]r

+
{(b− a)2(k + 1)ku2k cos2 ϕ

2
+ (k + 1)2

(
− abu2k cos2 ϕ+ sin2 ϕ

+ i(b− a)uk cosϕ sinϕ
)}
r2 + o(r2),

1− p =
(k + 1)2(−auk cosϕ+ i sinϕ)(buk cosϕ− i sinϕ)r2

(b− a)2u2k+2
+ o(r2).

V× vËy ∫
Bε(u,v)

Ea,b
k,c(x, y, u, v)dxdy

=

2π∫
0

ε∫
0

(
(b− a)−

1
k+1u−k + o(1)

)( C

2(b− a)
1
k+1π

log r +O(1)
)
rdrdϕ <∞.

Tõ ®ã ∫
Bε(u,v)

Ea,b
k,c(x, y, u, v)dxdy <∞. (1.8)

Trêng hîp 2: u = 0, khi ®ã p = 0. Suy ra

F (p) = 1, vµ Ea,b
k,c(x, y, u, v) = M(x, y, u, v).
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Khi (x, y)→ (0, v) chóng ta cã

xk+1 = rk+1 cosk+1ϕ,

A+ = −ark+1 cosk+1ϕ+ i(k + 1)r sinϕ = r[i(k + 1) sinϕ− ark cosk+1ϕ],

A− = brk+1 cosk+1ϕ− i(k + 1)r sinϕ = r[−i(k + 1) sinϕ+ brk cosk+1ϕ],

M = r−
k
k+1

[(
(k + 1)2 sin2 ϕ

)− k
k+1 + o(1)

]
.

Khi ®ã∫
Bε(u,v)

Ea,b
k,c(x, y, u, v)dxdy = C

2π∫
0

ε∫
0

r−
k
k+1

(
sin−

k
k+1ϕ+ o(1)

)
rdrdϕ

= C

+∞∫
−∞

ε∫
0

r−
k
k+1r

( 2t

1 + t2

)− k
k+1 1

1 + t2
drdt <∞.

V× vËy, trong trêng hîp nµy chóng ta còng cã∫
Bε(u,v)

Ea,b
k,c(x, y, u, v)dxdy <∞. (1.9)

Tõ (1.7), (1.8) vµ (1.9) chóng ta kÕt luËn r»ng,Ea,b
k,c(x, y, u, v) ∈ L1

loc
(R2(x, y)).

Chóng ta tiÕp tôc chøng minh §Þnh lý 1.1.1: Ea,b
k,c lµ nghiÖm c¬ b¶n cña Ga,b

k,c.

Tøc lµ

Ga,b
k,cE

a,b
k,c(x, y, u, v) = δ(x− u, y − v),

theo nghÜa ph©n bè. Hay

(Ga,b
k,cE

a,b
k,c, ω(x, y)) = ω(u, v) ∀ω(x, y) ∈ C∞0 (R2).

§Çu tiªn chóng ta cã

(Ga,b
k,cE

a,b
k,c, ω(x, y)) = (Ea,b

k,c, G
b,a
k,−c ω(x, y)).

TiÕp theo ta cã

(Ea,b
k,c(x, y, u, v), G b,a

k,−c ω(x, y)) = lim
ε→0

∫
R2
ε(u,v)

Ea,b
k,c(x, y, u, v)G b,a

k,−c ω(x, y)dxdy.
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B©y giê ta tÝnh
∫

R2
ε(u,v)

Ea,b
k,c(x, y, u, v)G b,a

k,−c ω(x, y)dxdy.

Ta cã∫
R2
ε(u,v)

Ea,b
k,c(x, y, u, v)G b,a

k,−cω(x, y)dxdy

=

∫
R2
ε(u,v)

Ea,b
k,c(x, y, u, v)

(
X1X2 − icxk−1 ∂

∂y

)
ω(x, y)dxdy

=

∫
R2
ε(u,v)

ω(x, y)Ga,b
k,cE

a,b
k,c(x, y, u, v)dxdy

+

∫
r=ε

Ea,b
k,c(x, y, u, v)

(
X2 ω(x, y)(ν1 − ibxkν2)− icxk−1ν2 ω(x, y)

)
ds

−
∫
r=ε

(ν1 − iaxkν2)X1E
a,b
k,c(x, y, u, v)ω(x, y)ds.

§Æt:

B1(ω(x, y), a, b, c, k) = X2 ω(x, y)(ν1 − ibxkν2)− icxk−1ν2 ω(x, y),

B2(E
a,b
k,c(x, y, u, v), a, b, c, k) = (ν1 − iaxkν2)X1E

a,b
k,c(x, y, u, v).

Khi ®ã chóng ta cã∫
R2
ε(u,v)

Ea,b
k,c(x, y, u, v)Gb,a

k,−c ω(x, y)dxdy =

∫
R2
ε(u,v)

ω(x, y)Ga,b
k,cE

a,b
k,c(x, y, u, v)dxdy

+

∫
r=ε

Ea,b
k,c(x, y, u, v)B1(ω(x, y), a, b, c, k)ds

−
∫
r=ε

ω(x, y)B2(E
a,b
k,c(x, y, u, v), a, b, c, k)ds

:= I1 + I2 + I3.

Chóng ta thÊy r»ng, Ga,b
k,cE

a,b
k,c(x, y, u, v) = 0 trªn R2

ε(u, v), nªn ta cã I1 = 0.
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Chóng ta sÏ chøng minh:

I2 =

∫
r=ε

Ea,b
k,c(x, y, u, v)B1

(
ω(x, y), a, b, c, k

)
ds→ 0 khi ε→ 0

vµ I3 = −
∫
r=ε

B2

(
Ea,b
k,c(x, y, u, v), a, b, c, k

)
ω(x, y)ds→ ω(u, v) khi ε→ 0.

B©y giê ta tÝnh I2.

Trªn ®êng cong r = ε th×

{
x = u+ ε cosϕ

y = v + ε sinϕ
⇒

{
x′(ϕ) = −ε sinϕ

y′(ϕ) = ε cosϕ.

V× vËy

ds =
√

(x′(ϕ))2 + (y′(ϕ))2dϕ =
√

(−ε sinϕ)2 + (ε cosϕ)2dϕ = εdϕ.

Trªn ®êng cong {
x = u+ ε cosϕ

y = v + ε sinϕ,

vÐc t¬ ph¸p tuyÕn ®¬n vÞ t¹i (ε, ϕ) lµ ν = (− cosϕ,− sinϕ).

Khi (x, y) −→ (u, v), ta cã:

ν1

∣∣∣
∂Bε(u,v)

= − cosϕ,

ixkν2 = i(u+ ε cosϕ)k(− sinϕ) = −iuk sinϕ+ o(1),

M = (b− a)−
k
k+1u−k + o(1),

− icxk−1ν2 ω(x, y) = icukω(x, y) sinϕ+ o(1),

F a,b
k,c =

( 1

2π(b− a)−
k
k+1

log(1− p) +O(1)
)
.

Trªn r = ε cã (1− p) ∼ ε2 ⇒ log(1− p) ∼ logε.

Do ®ã I2 ∼
2π∫

0

ε log εdϕ→ 0 khi ε→ 0. VËy ta cã tÝch ph©n I2 → 0.

TiÕp theo, ta tÝnh tÝch ph©n I3. Chóng ta thÊy
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I3 =

∫
r=ε

(
iauk sinϕ− cosϕ+ o(1)

)(
X1MF a,b

k,c +MX1F
a,b
k,c

)
ω(u, v)ds

:=

∫
r=ε

(
iauk sinϕ− cosϕ+ o(1)

)
X1MF a,b

k,cω(u, v)ds+ I0
3 .

Nhng ta cã∫
r=ε

(
iauk sinϕ− cosϕ+ o(1)

)
X1MF a,b

k,cω(u, v)ds→ 0,

gièng nh tÝch ph©n I2.

TÝnh I0
3 , ta cã:

I0
3 =

π∫
−π

(
iauk sinϕ− cosϕ+ o(1)

)(
(b− a)−

k
k+1 u−k + o(1)

)
×
(
− 1

2(b−a)
1
k+1 π

1

1−p
+o
( 1

1−p

))(k + 1)2(−buk cosϕ+ i sinϕ)

(b− a)uk+2
ε2dϕ,

v× vËy

lim
ε→0

I3 =

π∫
−π

auk

2π(a2u2k cos2 ϕ+ sin2 ϕ)
ω(u, v)dϕ

=
1

2π

π∫
−π

auk

(a2u2k cos2 ϕ+ sin2 ϕ)
ω(u, v)dϕ

=
1

2π
2π ω(u, v) = ω(u, v).

Cuèi cïng ta cã

(Ga,b
k,cE

a,b
k,c, ω(x, y)) = ω(u, v).

Chóng ta hoµn thµnh chøng minh §Þnh lý 1.1.1. �

Víi c¸c ký hiÖu

X̃1 =
∂

∂u
− ibuk ∂

∂v
, X̃2 =

∂

∂u
− iauk ∂

∂v
, G̃a,b

k,c = X̃2X̃1 + icuk−1 ∂

∂v

vµ nhËn xÐt Ea,b
k,c(x, y, u, v) = Eb,a

k,−c(u, v, x, y), chóng ta cã hÖ qu¶ sau ®©y:
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HÖ qu¶ 1.1.1 Cho k lµ sè lÎ. Gi¶ sö r»ng, Ω ⊂ R2 lµ mét miÒn bÞ chÆn cïng

víi biªn tr¬n tõng khóc, f ∈ C2(Ω) vµ a, b, c, k chÊp nhËn ®îc. Khi ®ã

f(x, y) =

∫
∂Ω

f(u, v)B̃2(E
a,b
k,c(x, y, u, v), a, b, c, k)ds

−
∫
∂Ω

Ea,b
k,c(x,y,u,v)B̃1(f(u, v), a, b, c, k)ds+

∫
Ω

Ea,b
k,c(x, y, u, v)G̃a,b

k,cf(u, v)dudv

(1.10)

víi mçi ®iÓm (x,y) cè ®Þnh thuéc Ω.

ë ®©y, B̃1(f(u, v), a, b, c, k) = (ν1 − iaukν2)X̃1f(u, v) + icuk−1ν2f(u, v),

B̃2(E
a,b
k,c(x, y, u, v), a, b, c, k) = (ν1 − ibukν2)X̃2E

a,b
k,c(x, y, u, v)

vµ ν = (ν1, ν2) lµ vÐc t¬ ph¸p tuyÕn ®¬n vÞ ngoµi trªn ∂Ω.

Chøng minh. Chó ý r»ng, Ea,b
k,c(x, y, u, v) = E b,a

k,−c(u, v, x, y). LÊy (x, y) cè

®Þnh, Bε(x, y) lµ h×nh trßn t©m (x, y), b¸n kÝnh ε, Ωε = Ω \Bε(x, y).

Ta tÝnh∫
Ωε

G̃ b,a
k,−cE

b,a
k,−c(u, v, x, y)f(u, v)dudv =

∫
Ωε

G̃ b,a
k,−cE

a,b
k,c(x, y, u, v)f(u, v)dudv

=

∫
Ωε

Ea,b
k,cG̃

a,b
k,cf(u, v)dudv +

∫
∂Ω

(ν1 − ibukν2)X̃2E
a,b
k,cf(u, v)ds

−
∫
∂Ω

(ν1 − iaukν2)E
a,b
k,cX̃1f(u, v)ds−

∫
∂Ω

icuk−1ν2E
a,b
k,cf(u, v)ds

−
∫
∂Bε

(ν1 − ibukν2)X̃2E
a,b
k,cf(u, v)ds+

∫
∂Bε

(ν1 − iaukν2)E
a,b
k,cX̃1f(u, v)ds

+

∫
∂Bε

icuk−1ν2E
a,b
k,cf(u, v)ds.

V× thÕ chóng ta cã∫
Ωε

G̃ b,a
k,−cE

b,a
k,−c(u, v, x, y)f(u, v)dudv =

∫
Ωε

Ea,b
k,c(x, y, u, v)G̃a,b

k,cf(u, v)dudv
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+

∫
∂Ω

f(u, v)B̃2

(
Ea,b
k,c(x, y, u, v), a, b, c, k

)
ds

−
∫
∂Ω

Ea,b
k,c(x, y, u, v)B̃1

(
f(u, v), a, b, c, k

)
ds

−
∫
∂Bε

f(u, v)B̃2

(
Ea,b
k,c(x, y, u, v), a, b, c, k

)
ds

+

∫
∂Bε

Ea,b
k,c(x, y, u, v)B̃1

(
f(u, v), a, b, c, k

)
ds.

Ta thÊy r»ng,
∫
Ωε

G̃ b,a
k,−cE

b,a
k,−c(u, v, x, y)f(u, v)dudv = 0. MÆt kh¸c khi cho

ε→ 0, t¬ng tù nh chøng minh §Þnh lý 1.1.1 chóng ta cã∫
∂Bε

f(u, v)B̃2

(
Ea,b
k,c(x, y, u, v), a, b, c, k

)
ds→ f(x, y),

∫
∂Bε

Ea,b
k,c(x, y, u, v)B̃1

(
f(u, v), a, b, c, k

)
ds→ 0,

∫
Ωε

Ea,b
k,c(x, y, u, v)G̃a,b

k,cf(u, v)dudv →
∫
Ω

Ea,b
k,c(x, y, u, v)G̃a,b

k,cf(u, v)dudv.

VËy HÖ qu¶ 1.1.1 ®îc chøng minh. �

1.2 TÝnh kh¶ vi v« cïng cña nghiÖm

Trong môc nµy chóng t«i muèn kh¶o s¸t tÝnh kh¶ vi v« cïng cña nghiÖm cña

ph¬ng tr×nh (1), víi c¸c ®iÒu kiÖn nµo ®ã cña hµm ψ.

§Þnh lÝ 1.2.1 Gi¶ sö r»ng k lµ sè lÎ. Khi ®ã to¸n tö vi ph©n Ga,b
k,c lµ hypoel-

liptic yÕu nÕu vµ chØ nÕu a, b, c, k chÊp nhËn ®îc.

Chøng minh. NÕu a, b, c, k kh«ng chÊp nhËn ®îc, th× trong [34] NguyÔn

Minh TrÝ ®· chØ ra r»ng, Ga,b
k,c kh«ng hypoelliptic b»ng c¸ch t×m ®îc tÊt c¶
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c¸c nghiÖm kh«ng bÞ chÆn cña ph¬ng tr×nh Ga,b
k,cf = 0. Tõ ®ã chóng ta chØ

cÇn chøng minh nÕu a, b, c, k chÊp nhËn ®îc, th× Ga,b
k,c lµ hypoelliptic yÕu.

Gi¶ sö r»ng, f ∈ C2(Ω̄) vµ Ga,b
k,cf(x, y) = h(x, y), ë ®©y h ∈ C∞(Ω̄). Chóng

ta ph¶i chøng minh f ∈ C∞(Ω). Theo c«ng thøc (1.10), víi (x, y) cè ®Þnh

bÊt kú thuéc Ω, ta cã:

f(x, y) =

∫
∂Ω

f(u, v)B̃2(E
a,b
k,c(x, y, u, v), a, b, c, k)ds

−
∫
∂Ω

Ea,b
k,c(x,y,u,v)B̃1(f(u, v), a, b, c, k)ds+

∫
Ω

Ea,b
k,c(x,y,u,v)G̃a,b

k,cf(u, v)dudv.

Trong c«ng thøc nµy, thay G̃a,b
k,cf(u, v) b»ng h(u, v), khi ®ã ta cã:

f(x, y) =

∫
∂Ω

f(u, v)B̃2(E
a,b
k,c(x, y, u, v), a, b, c, k)ds

−
∫
∂Ω

Ea,b
k,c(x, y, u, v)B̃1(f(u, v), a, b, c, k)ds+

∫
Ω

Ea,b
k,c(x, y, u, v)h(u, v)dudv.

B©y giê ta ph¶i chøng minh f(x, y) kh¶ vi mäi cÊp theo x vµ y. Trong c«ng

thøc trªn, tÝch ph©n trªn biªn lµ c¸c hµm kh¶ vi mäi cÊp theo c¶ x vµ y, vËy

ta chØ cßn ph¶i xÐt tÝch ph©n trong miÒn. §Æt

W (x, y) =

∫
Ω

Ea,b
k,c(x, y, u, v)h(u, v)dudv.

Chóng ta ph¶i chøng minh W (x, y) ∈ C1(Ω). Tríc hÕt, chóng ta ph¸t biÓu

vµ chøng minh bæ ®Ò sau ®©y.

Bæ ®Ò 1.2.1 Cho Ω lµ miÒn bÞ chÆn cã biªn tr¬n, h(u, v) ∈ C1(Ω) vµ

W (x, y) =

∫
Ω

Ea,b
k,c(x, y, u, v)h(u, v)dudv.

Khi ®ã W ∈ C1(Ω) vµ ∀ (x, y) ∈ Ω ta cã

∂W (x, y)

∂x
=

∫
Ω

∂Ea,b
k,c(x, y, u, v)

∂x
h(u, v)dudv, (1.11)
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vµ
∂W (x, y)

∂y
=

∫
Ω

∂Ea,b
k,c(x, y, u, v)

∂y
h(u, v)dudv. (1.12)

Chøng minh. Tríc hÕt chóng ta chøng minh∫
Ω

∂Ea,b
k,c(x, y, u, v)

∂x
h(u, v)dudv <∞, (1.13)

vµ ∫
Ω

∂Ea,b
k,c(x, y, u, v)

∂y
h(u, v)dudv <∞. (1.14)

§Æt

{
u = x+ r cosϕ

v = y + r sinϕ
vµ Bε(x, y) = {(u, v) : r ≤ ε}. Ta chän ε ®ñ

nhá sao cho Bε(x, y) ⊂ (Ω).

§Ó chøng minh (1.13), chóng ta chØ cÇn chøng minh bÊt ®¼ng thøc nµy víi

miÒn Ω ®îc thay b»ng Bε(x, y). Tríc tiªn, chóng ta chøng minh∫
Bε(x,y)

∂Ea,b
k,c(x, y, u, v)

∂x
h(u, v)dudv <∞.

• Víi x 6= 0, khi (u, v) dÇn tíi (x, y) chóng ta cã

uk = xk + (kxk−1 cosϕ)r +
k(k − 1)xk−2 cos2 ϕ

2
r2 + o(r2),

A+ = (b− a)xk+1 + (k + 1)(−axk cosϕ+ i sinϕ)r

− a(k + 1)kxk−1 cos2 ϕ

2
r2 + o(r2),

A− = (b− a)xk+1 + (k + 1)(bxk cosϕ− i sinϕ)r

+
b(k + 1)kxk−1 cos2 ϕ

2
r2 + o(r2),

R = (b− a)x2k+2 + [(b− a)2(k + 1)x2k+1 cosϕ]r

+
{(b− a)2(k + 1)kx2k cos2 ϕ

2

+ (k + 1)2
[
− abx2k cos2 ϕ+ sin2ϕ+ i(b− a) cosϕ sinϕ

]}
r2 + o(r2),
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M = (b− a)−
k
k+1x−k + o(1),

(1− p) =
(k + 1)(−axk cosϕ+ isinϕ)(bxk cosϕ− isinϕ)r2

(b− a)2x2k+2
+ o(r2).

Ta thÊy r»ng∫
Ω

∂Ea,b
k,c(x, y, u, v)

∂x
h(u, v)dudv

=

∫
Ω

2∑
i=1

Ci

[
∂M

∂x
F a,b
k,c;i(p(x, y, u, v))+M

dF a,b
k,c;i(p(x, y, u, v))

dp

∂p

∂x

]
h(u, v)dudv.

TiÕp theo tÝnh to¸n ta cã:∣∣∣∣ ∫
Bε(x,y)

2∑
i=1

∂M

∂x
F a,b
k,c;i

(
p(x, y, u, v)

)
h(u, v)dudv

∣∣∣∣ ∼
2π∫

0

ε∫
0

r log rdrdϕ <∞,

vµ ∣∣∣∣ ∫
Bε(x,y)

M
dF a,b

k,c;i

(
p(x, y, u, v)

)
dp

∂p

∂x
h(u, v)dudv

∣∣∣∣ ∼
∼
∣∣∣∣

2π∫
0

ε∫
0

(
(b− a)−

k
k+1x−k + o(1)

)
(b− a)x2k+2(k1 + o(r))r2

r2(k2 + o(r))
(
(b− a)2x2k+2 + o(1)

) drdϕ

∣∣∣∣<∞,
víi k1, k2 lµ c¸c h»ng sè. V× vËy ta ®îc∫

Bε(x,y)

∂Ea,b
k,c(x, y, u, v)

∂x
h(u, v)dudv <∞.

§Æt

v1(x, y) =

∫
Ω

∂Ea,b
k,c(x, y, u, v)

∂x
h(u, v)dudv.

Chóng ta ph¶i chøng minh
∂W (x, y)

∂x
= v1(x, y).

Cè ®Þnh mét hµm η ∈ C1(R) tho¶ m·n 0 ≤ η ≤ 1, 0 ≤ η′ ≤ 2, η(t) = 0 víi

t ≤ 1; η(t) = 1 víi t ≥ 2.



33

Víi ε > 0, chóng ta ®Þnh nghÜa hµm

ηε(x, y, u, v) = η

(√
(x− u)2 + (y − v)2

ε

)
.

Ta thÊy r»ng,

ηε(x, y, u, v) = 0 khi (u, v) ∈ Bε(x, y),

vµ

ηε(x, y, u, v) = 1 khi (u, v) ∈ Ω \B2ε(x, y).

§Æt

Wε(x, y) =

∫
Ω

Ea,b
k,c(x, y, u, v)ηε(x, y, u, v)h(u, v)dudv

=

∫
Ω\Bε(x,y)

Ea,b
k,c(x, y, u, v)ηε(x, y, u, v)h(u, v)dudv.

Chóng ta cã Wε(x, y) ∈ C1(Ω) vµ∣∣∣∣v1(x, y)− ∂

∂x
Wε(x, y)

∣∣∣∣ =

∣∣∣∣∫
Ω

∂Ea,b
k,c(x, y, u, v)

∂x
h(u, v)dudv

−
∫
Ω

∂

∂x

(
Ea,b
k,c(x, y, u, v)ηε(x, y, u, v)

)
h(u, v)dudv

∣∣∣∣
=

∣∣∣∣ ∫
B2ε(x,y)

∂

∂x

[
Ea,b
k,c(x, y, u, v)

(
1− ηε(x, y, u, v)

)]
h(u, v)dudv

∣∣∣∣
≤ sup

B2ε(x,y)

∣∣h(u, v)
∣∣∣∣∣∣ ∫
B2ε(x,y)

[ ∂
∂x

(
1− ηε(x, y, u, v)

)
Ea,b
k,c(x, y, u, v)

+
∂

∂x
Ea,b
k,c(x, y, u, v)

(
1− ηε(x, y, u, v)

)]
dudv

∣∣∣∣.
Nhng ∣∣∣ ∂

∂x

(
1− ηε(x, y, u, v)

)∣∣∣ ≤ 2

ε
víi ε 6= 0,

v× vËy
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∣∣∣v1(x,y)−∂Wε(x,y)

∂x

∣∣∣≤ ∫
B2ε(x,y)

[∣∣∣ ∂
∂x
Ea,b
k,c(x,y,u,v)

∣∣∣+ 2

ε

∣∣∣Ea,b
k,c(x,y,u,v)

∣∣∣]dudv.

TiÕp theo, khi (u, v)→ (x, y) th×∣∣Ea,b
k,c(x, y, u, v)

∣∣< C
(

log |r|+O(1)
)
,

vµ ∣∣∣∣Ea,b
k,c(x, y, u, v)

∂x

∣∣∣∣ < C

r(K + o(1))
.

Cho nªn ta cã∣∣∣∣ ∫
B2ε(x,y)

2

ε
Ea,b
k,c(x, y, u, v)dudv

∣∣∣∣ ≤ C
2

ε

(
ε2 log ε+

ε2

2

)
= C(ε log ε+ ε),

vµ ∣∣∣∣ ∫
B2ε(x,y)

∂Ea,b
k,c(x, y, u, v)

∂x
dudv

∣∣∣∣ ≤ Cε.

V× vËy∣∣∣∣v1(x, y)− ∂Wε(x, y)

∂x

∣∣∣∣ ≤ C
(
C1ε log ε+C2ε

)
héi tô ®Òu ®Õn 0 khi ε→ 0.

Hay
∂Wε(x, y)

∂x
héi tô ®Òu tíi v1(x, y).

• Trêng hîp x = 0: Khi ®ã p = 0, theo [9] ta cã F (p) = 1. Do ®ã

Ea,b
k,c(x, y, u, v) = M(x, y, u, v)

vµ
∂Ea,b

k,c(x, y, u, v)

∂x
=
∂M(x, y, u, v)

∂x
= 0.

V× vËy (1.11) vµ (1.13) ®îc chøng minh. TiÕp theo, chóng ta chøng minh

(1.12). §Ó chøng minh (1.12) tríc tiªn ph¶i chøng minh (1.14), chóng ta
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cã ∫
Ω

∂Ea,b
k,c(x, y, u, v)

∂y
h(u, v)dudv = lim

ε→0

∫
Ωε

∂Ea,b
k,c(x, y, u, v)

∂y
h(u, v)ds

= −lim
ε→0

∫
Ωε

∂Ea,b
k,c(x, y, u, v)

∂v
h(u, v)dudv

= −
∫
∂Ωε

Ea,b
k,c(x, y, u, v)h(u, v)ν2ds+

∫
Ωε(x,y)

Ea,b
k,c(x,y,u,v)

∂h(u, v)

∂v
dudv.

V× vËy
∫
Ω

∂Ea,b
k,c(x, y, u, v)

∂y
h(u, v)dudv lµ héi tô.

TiÕp ®Õn, chóng ta chøng minh

∂W (x, y)

∂y
=

∫
Ω

∂Ea,b
k,c(x, y, u, v)

∂y
h(u, v)dudv.

§Æt v2(x, y) =

∫
Ω

∂Ea,b
k,c(x, y, u, v)

∂y
h(u, v)dudv.

T¬ng tù nh ®¸nh gi¸
∣∣∣v1(x, y)− ∂Wε(x, y)

∂x

∣∣∣ ta còng cã ta còng thu ®îc∣∣∣∣v2(x, y)−∂Wε(x, y)

∂y

∣∣∣∣≤ D1(D2ε log ε+D3ε),

víi D1, D2, D3 lµ c¸c h»ng sè.

Tõ ®ã chóng ta cã Wε(x, y),
∂Wε(x, y)

∂x
,
∂Wε(x, y)

∂y
héi tô ®Òu ®ÕnW (x, y),

v1(x, y), v2(x, y) trªn Ω.

Do ®ã:

W (x, y) ∈ C1(Ω) vµ
∂W (x, y)

∂x
= v1(x, y),

∂W (x, y)

∂y
= v2(x, y).

V× vËy, víi tÝch ph©n
∫
Ω

Ea,b
k,c(x, y, u, v)h(u, v)dudv, chóng ta cã thÓ lÊy ®¹o

hµm vµo trong dÊu tÝch ph©n mét lÇn theo biÕn x vµ mét lÇn theo theo biÕn

y mµ vÉn cã ®îc hµm sè liªn tôc.
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Chóng ta hoµn thµnh chøng minh Bæ ®Ò 1.2.1 �

NÕu trong Bæ ®Ò 1.2.1, thay gi¶ thiÕt h ∈ C1(Ω) b»ng h ∈ C∞(Ω), th×

chóng ta cã kÕt luËn lµ cã thÓ lÊy ®îc ®¹o hµm theo biÕn y bËc tïy ý

vµo trong dÊu tÝch ph©n. Ta ph¶i chøng minh cã thÓ lÊy ®¹o hµm mäi cÊp

cña f(x, y) theo x, y. Gi¶ sö r»ng f ∈ Cn−1(Ω), ta ph¶i chøng minh f ∈

Cn(Ω) ∀ n. Theo nhËn xÐt trªn vµ gi¶ thiÕt quy n¹p, ta cã
∂nf(x, y)

∂yn
,

∂nf(x, y)

∂yn−1∂x
vµ
∂α+βf(x, y)

∂yα∂xβ
, α+β ≤ n− 1 thuéc C(Ω), chóng ta ph¶i chøng

minh r»ng
∂nf(x, y)

∂yn−2∂x2
, · · · , ∂

nf(x, y)

∂xn
thuéc C(Ω). Hay nãi c¸ch kh¸c, tõ

∂nf(x, y)

∂yn
,
∂nf(x, y)

∂yn−1∂x
, · · · , ∂

nf(x, y)

∂yn−j∂xj
thuéc C(Ω), víi 1 ≤ j ≤ n−1, chóng

ta chøng minh r»ng
∂nf(x, y)

∂yn−j−1∂xj+1
∈ C(Ω).

Tõ ph¬ng tr×nh (1) ta suy ra

∂2f(x, y)

∂x2
= h(x, y) + i(a+ b)xk

∂2f(x, y)

∂x∂y
+ abx2k∂

2f(x, y)

∂y2

− i(c− kb)xk−1∂f(x, y)

∂y
. (1.15)

§¹o hµm
∂n−2

∂yn−j−1∂xj+1
c¶ hai vÕ cña (1.15) ta ®îc:

∂nf(x, y)

∂yn−j−1∂xj+1
=

∂n−2h(x, y)

∂yn−j−1∂xj−1

+ i(a+ b)

j−1∑
i=0

(
j

i

)
k(k − 1) · · · (k − i+ 1)xk−i

∂n−if(x, y)

∂yn−j∂xj−i

+ ab

j−1∑
i=0

(
j

i

)
2k(2k − 1) · · · (2k − i+ 1)x2k−i ∂n−if(x, y)

∂yn−j+1∂xj−i−1

− i(c− kb)
j−1∑
i=0

(
j

i

)
(k − 1)(k − 2) · · · (k − i)xk−i−1∂

n−i−1f(x, y)

∂yn−j∂xj−i−1

thuéc C(Ω) theo gi¶ thiÕt quy n¹p.

Nh vËy, chóng ta hoµn thµnh chøng minh §Þnh lý 1.2.1. �
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Sau ®©y, chóng t«i xin giíi thiÖu mét sè kh«ng gian hµm quan träng.

Tríc tiªn lµ kh«ng gian

Gm
k,loc(Ω) =

{
f ∈ L2

loc(Ω) :
∑

(α,β,γ)∈Ξmk

||γ∂α,βf ||L2(K) <∞
}
.

ë ®©y, K lµ tËp compact nµo ®ã trong Ω vµ

Ξm
k =

{
(α, β, γ) ∈ Z3

+ : α + β ≤ m, km ≥ γ ≥ α + (1 + k)β −m
}
.

§Þnh nghÜa kh«ng gian nµy ®îc Grushin ®a ra.

TiÕp theo lµ kh«ng gian

Smloc(Ω) =
{
f ∈ L2

loc(Ω) :
∑
|l|≤m

||Zlf ||L2(K) <∞
}
,

víi K lµ tËp compact nµo ®ã trong Ω vµ Z1 =
∂

∂x
, Z2 = xk

∂

∂y
, l− ®a bËc,

l = (l1, l2, · · · , lr), ls = 1, 2; s = 1 · · · r; |l| = r vµ Zl = Zl1 · · ·Zlr . Kh«ng
gian Sm

loc
(Ω) ®îc Stein ®Þnh nghÜa. Nã cã c¸c tÝnh chÊt thó vÞ sau:

• Cm(Ω) ⊂ Smloc(Ω); ∀m ≥ 0. (1.16)

• NÕu f ∈ Smloc(Ω) vµ |l| ≤ m, th× Zlf ∈ Sm−|l|
loc

(Ω). (1.17)

• NÕu m ≤ m̃, th× Sm̃loc(Ω) ⊂ Smloc(Ω). (1.18)

• Smloc(Ω) ⊂ H
m
k

loc
(Ω) (xem [31]). (1.19)

• §Æt S∞loc(Ω) =
∞⋂
m=0

Smloc(Ω), th× S∞loc(Ω) = C∞(Ω). (1.20)

Bæ ®Ò 1.2.2 Ta cã ®ång nhÊt thøc sau: Gm
k,loc(Ω) = Sm

loc
(Ω).

Chøng minh. §Çu tiªn, chóng ta chøng minh r»ng, Gm
k,loc(Ω) ⊂ Sm

loc
(Ω).

LÊy f ∈ Gm
k,loc(Ω), víi mäi ®a bËc l mµ |l| = m, tån t¹i sè αj, βj ∈ Z̄+, j =

1, ..., p, sao cho Zl = Zα1
1 Zβ1

2 · · ·Z
αp
1 Z

βp
2 vµ tõ ®ã, Zlf lµ tæ hîp tuyÕn tÝnh

cña c¸c sè h¹ng d¹ng xk|β|−|ϑ|
∂|β|+|α|−|ϑ|f

∂x|α|−|ϑ|∂y|β|
, ë ®©y α = (α1, ..., αp), β =

(β1, ..., βp), ϑ = (ϑ1, ..., ϑp) lµ c¸c ®a chØ sè, sao cho ϑj ≤ min{αj, kβj}, j =
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1, ..., p . H¬n n÷a chóng ta cã c¸c bé

(|α| − |ϑ|, |β|, k|β| − |ϑ|) ∈ Ξm
k ,

nªn ∥∥∥xk|β|−|ϑ| ∂|β|+|α|−|ϑ|f
∂x|α|−|ϑ|∂y|β|

∥∥∥
L2(K)

<∞

vµ do ®ã
∑
|l|≤m
||Zlf ||L2(K) <∞. VËy f ∈ Smloc(Ω).

B©y giê, chóng ta sÏ chøng minh bao hµm thøc ngîc l¹i Sm
loc

(Ω) ⊂ Gm
k,loc(Ω).

LÊy f ∈ Sm
loc

(Ω), chóng ta chøng minh f ∈ Gm
k,loc(Ω) hay γ∂α,βf ∈ L2

loc(Ω)

víi mäi (α, β, γ) ∈ Ξm
k .

NÕu α+(k+1)β−m ≥ 0, chóng ta cã thÓ gi¶ sö r»ng γ = α+(k+1)β−m.

§Æt α′ = m− (α + β). Chóng ta cã

xγ
∂α+βf

∂xα∂yβ
∼
[
∂

∂x
· · ·
[

︸ ︷︷ ︸
α′−lÇn

∂

∂x
, xkβ

∂α+β

∂xα∂yβ

]
· · ·
]
f

=
[
Z1 · · ·

[︸ ︷︷ ︸
α′−lÇn

Z1,Z
β
2Z

α
1

]
· · ·
]
f ∈ L2

loc(Ω).

NÕu α + (k + 1)β − m < 0, chóng ta cã thÓ gi¶ sö r»ng γ = 0. §Æt

α′ = m− (α + (k + 1)β). Khi ®ã

∂α+βf

∂xα∂yβ
∼
[
∂

∂x
· · ·
[

︸ ︷︷ ︸
kβ−lÇn

∂

∂x
, xkβ

∂α+β

∂xα∂yβ

]
· · ·
]
f

=
[
Z1 · · ·

[︸ ︷︷ ︸
kβ−lÇn

Z1,Z
β
2Z

α
1

]
· · ·
]
f ∈ Sm−α′

loc
(Ω) ⊂ L2

loc
(Ω). �

MÖnh ®Ò 1.2.1 LÊy m ≥ 2k + 3 vµ ψ(x, y, τ0, τ1, τ2) ∈ C∞. Gi¶ sö r»ng

f ∈ Sm
loc

(Ω). Khi ®ã ψ(x, y, f,
∂f

∂x
, xk

∂f

∂y
) ∈ Sm−1

loc
(Ω).

Chøng minh. Ta ph¶i chøng minh víi mäi ®a bËc |l| ≤ m− 1 th×

Zlψ(x, y, f,
∂f

∂x
, xk

∂f

∂y
) ∈ L2

loc(Ω).
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§Çu tiªn chóng ta thÊy Zlψ(x, y, f,
∂f

∂x
, xk

∂f

∂y
) ®îc viÕt díi d¹ng tæ hîp

tuyÕn tÝnh cña c¸c sè h¹ng d¹ng

aα1,α2
(x)

∂α1+α2ψ(x, y, f,
∂f

∂x
, xk

∂f

∂y
)

∂xα1∂yα2
(1.21)

vµ

aα1,α2,β0,β1,β2
(x)

∂|α|+|β|ψ(x, y, f,
∂f

∂x
, xk

∂f

∂y
)

∂xα1∂yα2∂τβ0

0 ∂τβ1

1 ∂τβ2

2

(
Zl1f

)m1 · · ·
(
Zlpf

)mp, (1.22)

ë ®©y

|α| = α1 + α2, |β| = β0 + β1 + β2, |l1|, · · · , |lp|,m1, · · · ,mp ≥ 1,

|l1|m1 + · · ·+ |lp|mp ≤ m; aα(x), aα,β(x) ∈ C∞(Ω). (1.23)

MÖnh ®Ò 1.2.1 sÏ ®îc hoµn thµnh nÕu ta chøng minh ®îc c¸c sè h¹ng

(1.21) vµ (1.22) thuéc L2
loc

(Ω).

Tríc tiªn, chóng ta thÊy aα1,α2
(x) ∈ C∞(Ω) nªn còng thuéc L2

loc
(Ω).

TiÕp ®ã, do m ≥ 2k+3 nªn theo (1.18) chóng ta cã Sm
loc
⊂ S2k+3

loc
.MÆt kh¸c

do gi¶ thiÕt f ∈ Sm
loc

(Ω) nªn, f ∈ S2k+3
loc

(Ω). ¸p dông (1.19) chóng ta ®îc

f ∈ H2+ 3
k

loc
(Ω). Do 2 +

3

k
> 1 nªn theo ®Þnh lý nhóng th× f ∈ C(Ω).

TiÕp theo, chóng ta kiÓm tra Z1f,Z2f . Do f ∈ Smloc(Ω), nªn theo (1.19)

ta cã Z1f ∈ Sm−1
loc

(Ω) hay Z1f ∈ S2k+2
loc

(Ω). Sau ®ã, ¸p dông (1.19) ta cã

Z1f ∈ H
2+ 2

k

loc
(Ω) ⊂ C(Ω). T¬ng tù chóng ta cã Z2f ∈ C(Ω), cïng víi

ψ(x, y, τ0, τ1, τ2) ∈ C∞(Ω) nªn ψ(x, y, f,
∂f

∂x
, xk

∂f

∂y
) ∈ C(Ω). V× vËy, sè

h¹ng d¹ng (1.21) thuéc L2
loc

(Ω).

Sau cïng, ta chøng minh c¸c sè h¹ng d¹ng (1.22) thuéc L2
loc

(Ω). §Æt

r = max{|l1|, · · · , |lp|} ≥ 1. Chän j0 sao cho r = |lj0|, tøc lµ lj0 lµ ®a bËc

cã ®é dµi lín nhÊt. Khi ®ã:

A. NÕu mj0 ≥ 2, chóng ta thÊy lj ≤
[m

2

]
∀j = 1, · · · , p. ThËt vËy, víi
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j 6= j0 nÕu lj >
[m

2

]
th× |lj0| > |lj| >

[m
2

]
⇒ |lj0| + |lj| > m m©u thuÉn

víi (1.23); víi j = j0 vµ |lj0| >
[m

2

]
th× |lj0|mj0 ≥ 2|lj0| > m còng m©u

thuÉn víi (1.23). VËy lj ≤
[m

2

]
∀j = 1, · · · , p.

Do f ∈ Sm(Ω) nªn theo (1.16) Zljf ∈ S
m−|lj |
loc

(Ω), mµ m − |lj| ≥
[m

2

]
,

suy ra Zljf ∈ S
[m2 ]

loc
(Ω) hay Zljf ∈ Sk+1

loc
(Ω). ¸p dông (1.19) chóng ta cã

Zljf ∈ H
1+ 1

k

loc (Ω). V× vËy Zljf ∈ C(Ω). Tõ ®ã chóng ta thÊy c¸c sè h¹ng

d¹ng (1.22) thuéc L2
loc

(Ω).

B. NÕu mj0 = 1 vµ kh«ng cã chØ sè j nµo mµ j 6= j0. Khi ®ã (1.22) cã d¹ng

nh sau:

aα1,α2,β0,β1,β2
(x)

∂|α|+|β|ψ(x, y, f,
∂f

∂x
, xk

∂f

∂y
)

∂xα1∂yα2∂τβ0

0 ∂τβ1

1 ∂τβ2

2

(Zlj0f).

Do aα1,α2,β0,β1,β2
(x) ∈ C(Ω),

∂|α|+|β|ψ(x, y, f,
∂f

∂x
, xk

∂f

∂y
)

∂xα1∂yα2∂τβ0

0 ∂τβ1

1 ∂τβ2

2

∈ C(Ω), mÆt kh¸c

|lj0| ≤ m nªn Zlj0f ∈ L2
loc

(Ω). V× vËy sè h¹ng (1.22) thuéc L2
loc

(Ω).

C. NÕu mj0 = 1 vµ cã Ýt nhÊt mét chØ sè j mµ j 6= j0. Khi ®ã (1.22) cã d¹ng

aα1,α2,β0,β1,β2
(x)

∂|α|+|β|ψ(x, y, f,
∂f

∂x
, xk

∂f

∂y
)

∂xα1∂yα2∂τβ0

0 ∂τβ1

1 ∂τβ2

2

(
Zlj0f

)1 · · · (Zljf
)mj · · ·

(
Zlpf

)mp.

Nh ë phÇn (A), ta cã |lj| ≤
[m

2

]
víi mäi j, v× nÕu cã mét lj cã ®é dµi

|lj| >
[m

2

]
th× |lj0| >

[m
2

]
. Tõ ®ã suy ra |lj0|mj0 +

p∑
j=1
j 6=j0

|lj|mj > m, m©u

thuÉn víi (1.23). Do vËy chóng ta cã Zljf ∈ C(Ω) nh ë phÇn A. Nh

vËy, chóng ta thÊy r»ng tÊt c¶ c¸c sè h¹ng cña (1.22) ®Òu thuéc C(Ω) trõ

Zj0f thuéc L2
loc

(Ω). Cuèi cïng, chóng ta l¹i ®îc sè h¹ng d¹ng (1.22) thuéc

L2
loc

(Ω). MÖnh ®Ò 1.2.1 ®îc chøng minh. �
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§Þnh lÝ 1.2.2 Cho ψ lµ mét hµm thuéc C∞ víi c¸c ®èi sè cña nã vµ m ≥
2k + 3. Gi¶ sö r»ng, k lµ sè lÎ vµ a, b, c, k lµ chÊp nhËn ®îc. Khi ®ã mäi

Gm
k,loc(Ω)- nghiÖm cña ph¬ng tr×nh (1) thuéc C∞(Ω), vµ to¸n tö phi tuyÕn

Ψa,b
k,c lµ hypoelliptic.

Chøng minh. Do gi¶ thiÕt f ∈ Gm
k,loc(Ω), nªn theo Bæ ®Ò 1.2.2 f ∈ Smloc(Ω).

Do vËy, ¸p dông MÖnh ®Ò 1.2.1 ta nhËn ®îc

ψ
(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
∈ Sm−1

loc
(Ω). (1.24)

Nhng do f lµ nghiÖm cña ph¬ng tr×nh

Ga,b
k,cf + ψ

(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
= 0,

nªn

Ga,b
k,cf = −ψ

(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
.

Theo (1.24) chóng ta cã Ga,b
k,cf ∈ Sm−1

loc
(Ω). MÆt kh¸c do Gm−1

k,loc(Ω) =

Sm−1
loc

(Ω) nªn Ga,b
k,cf ∈ Gm−1

k,loc(Ω). Khi ®ã, ¸p dông §Þnh lý cña Grushin

[16] chóng ta cã f ∈ Gm−1+2
k,loc (Ω) hay f ∈ Sm+1

loc
(Ω). Chóng ta thÊy r»ng, tõ

f ∈ Sm
loc

(Ω) suy ra f ∈ Sm+1
loc

(Ω), nªn f ∈ Sm
loc

(Ω) ∀m, hay f ∈
⋂
m
Sm
loc

(Ω).

Theo (1.20) th× f ∈ C∞(Ω). Chóng ta hoµn thµnh chøng minh §Þnh lý 1.2.2.

�

1.3 TÝnh chÝnh qui Gevrey cña nghiÖm

Trong môc nµy, chóng t«i tr×nh bµy c¸c kÕt qu¶ vÒ tÝnh chÝnh qui Gevrey

cña nghiÖm cña ph¬ng tr×nh (1). §Æt r0 = 2k+ 2. Víi mçi r ∈ Z+, ký hiÖu

Γr lµ tËp ®a chØ sè (α, β) sao cho Γr = Γ1
r ∪ Γ2

r. ë ®©y:

Γ1
r = {(α, β) : α ≤ r0, 2α + β ≤ r},

Γ2
r = {(α, β) : α ≥ r0, α + β ≤ r − r0}.
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§Æt

|f,Ω|r = max
(α,β)∈Γr

|∂α1 ∂
β
2 f,Ω|+ max

(α,β)∈Γr

α≥1,β≥1

max
(x,y)∈Ω̄

|∂α+2
1 ∂β2 f |,

ë ®©y

|f,Ω| = max
(x,y)∈Ω̄

∑
(α,β,γ)∈Ξ1

k

|γ∂α,βf |,

hay

|f,Ω| = max
(x,y)∈Ω̄

(
|f |+

∣∣∣∂f
∂x

∣∣∣+
∣∣∣xk∂f

∂y

∣∣∣).
§Þnh lÝ 1.3.1 Cho k lµ sè lÎ vµ c¸c tham sè a, b, c, k chÊp nhËn ®îc. Khi

®ã:

i) NÕu ψ ∈ Gs (s ≥ 1), th× mäi C∞(Ω)- nghiÖm cña ph¬ng tr×nh (1)

thuéc Gs(Ω); to¸n tö phi tuyÕn Ψa,b
k,c lµ s-hypoelliptic më réng.

ii) Trêng hîp ®Æc biÖt, nÕu ψ lµ gi¶i tÝch, th× mäi C∞(Ω)- nghiÖm cña

ph¬ng tr×nh (1) lµ hµm gi¶i tÝch trªn Ω; to¸n tö Ψa,b
k,c lµ gi¶i tÝch hypoelliptic

më réng.

Chøng minh. Chóng ta ®· biÕt r»ng, to¸n tö Ga,b
k,c lµ elliptic suy biÕn. ChØ

t¹i ®iÓm (x, y) mµ x 6= 0 th× nã lµ elliptic. VËy chóng ta chØ cÇn chøng minh

®Þnh lý trªn miÒn Ω, víi Ω lµ miÒn bÞ chÆn chøa (0, 0). XÐt metric sau:

ρ((u, v), (x, y)) =

{
max {|xk+1 − uk+1|, (k + 1)|(y − v)|} víi xu ≥ 0,

max {xk+1 + uk+1, (k + 1)|(y − v)|} víi xu ≤ 0.

Víi hai tËp S1 vµ S2, kho¶ng c¸ch gi÷a chóng ®îc ®Þnh nghÜa nh sau:

ρ(S1, S2) = inf
(x,y)∈S1,(u,v)∈S2

ρ((x, y), (u, v)).

Chóng ta ph¶i chøng minh, nÕu ψ ∈ Gs víi c¸c ®èi sè cña nã, th× f ∈ Gs(Ω).

Tøc lµ, víi mäi (x, y) ∈ Ω tån t¹i mét l©n cËn cña (x, y) sao cho tån t¹iC0, C1

lµ c¸c h»ng sè d¬ng ®Ó víi mäi ®a chØ sè (α1, α2) th×∣∣∣ ∂α1+α2f

∂xα1∂yα2

∣∣∣ ≤ C0C
α1+α2
1 ((α1 + α2 − 2)!)s, (1.25)
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trong l©n cËn ®ã.

LÊy V T (T ≤ 1) lµ h×nh vu«ng cã t©m (0, 0), c¸c c¹nh song song víi c¸c

trôc to¹ ®é vµ cã ®é dµi b»ng 2T (®é dµi víi metric ρ). Ký hiÖu V T
δ lµ h×nh

vu«ng con ®ång d¹ng víi V T , sao cho kho¶ng c¸ch gi÷a biªn cña nã vµ biªn

cña V T lµ δ. Chóng ta ph¶i chøng minh r»ng, víi T vµ δ ®ñ nhá, tån t¹i c¸c

h»ng sè H0, H1 víi H1 ≥ CH2k+3
0 sao cho

|f, V T
δ |n ≤ H0 víi 0 ≤ n ≤ 6k + 4, (1.26)

vµ

|f, V T
δ |n ≤ H0

(H1

δ

)n−r0−2

((n− r0 − 2)!)s víi n ≥ 6k + 4. (1.27)

Nh vËy th× (1.25) sÏ ®îc tho¶ m·n. Chóng ta lu«n cã (1.26) v× f ∈ C∞(Ω).

Chóng ta chøng minh (1.27) b»ng qui n¹p. Gi¶ sö (1.27) ®îc tho¶ m·n víi

n = N . Khi ®ã ta cã

| f, V T
δ |N≤ H0

(H1

δ

)N−r0−2

((N − r0 − 2)!)s. (1.28)

Ta ph¶i chøng minh (1.27) ®óng víi n = N + 1, tøc lµ

| f, V T
δ |N+1≤ H0

(H1

δ

)N−r0−1

((N − r0 − 1)!)s. (1.29)

§Æt δ′ = δ
(

1 − 1

N

)
, δ” = δ(1 − 4

N
). T¹i (x, y) ∈ V T

δ ta ®Þnh nghÜa

σ(x, y) = ρ((x, y), ∂V T ), σN(x, y) =
σ(x, y)

N
. LÊy VσN (x,y)(x, y) lµ h×nh

vu«ng cã t©m t¹i (x, y), c¸c c¹nh cã ®é dµi 2σN(x, y) vµ song song víi c¸c

trôc to¹ ®é, SσN (x,y)(x, y) lµ biªn cña VσN (x,y)(x, y). Nh vËy VσN (x,y)(x, y) ⊂

V T
δ′ . §Ó chøng minh (1.29) chóng ta cÇn ph¶i ®¸nh gi¸

max
(x,y)∈V Tδ

|γ∂α,β(∂α1
1 ∂β1

2 f)| víi (α1, β1) ∈ ΓN+1, (α, β, γ) ∈ Ξ1
k (1.30)
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vµ

max
(x,y)∈V Tδ

|∂2+α1
1 ∂β1

2 f | víi (α1, β1) ∈ ΓN+1, α1 ≥ 1, β1 ≥ 1. (1.31)

§¸nh gi¸ (1.30) ®îc lµm râ qua c¸c MÖnh ®Ò 1.3.2, 1.3.3 vµ 1.3.4, ®¸nh gi¸

(1.31) ®îc lµm râ qua MÖnh ®Ò 1.3.5. §Ó chøng minh c¸c mÖnh ®Ò nµy,

chóng t«i xin trÝch dÉn mét mÖnh ®Ò cña N. M. Tri [37]:

MÖnh ®Ò 1.3.1 Cho ψ lµ hµm thuéc líp Gs víi c¸c ®èi sè cña nã. Khi ®ã

tån t¹i c¸c h»ng sè C, D sao cho víi mäi H0, H1 ≥ CH2k+3
0 nÕu

|f,Ω|d ≤ H0H
d−r0−2
1 ((d− r0 − 2)!)s, 0 ≤ d ≤ N, r0 + 2 ≤ N,

th×

max
(x,y)∈Ω̄

∣∣∣∂α1 ∂β2ψ(x, y, f,∂f∂x,xk∂f∂y )∣∣∣≤D(|f,Ω|N+1+H0H
N−r0−1
1 ((N−r0−1)!)s

)
víi mäi (α, β) ∈ ΓN+1.

§©y lµ mÖnh ®Ò rÊt quan träng, khi chøng minh c¸c MÖnh ®Ò 1.3.2, 1.3.3,

1.3.4 vµ 1.3.5 ta dïng nã ®Ó ®¸nh gi¸ phÇn phi tuyÕn. Trong chøng minh c¸c

mÖnh ®Ò nµy, chóng ta ph¶i sö dông ®¸nh gi¸ Ea,b
k,c(x, y, u, v) vµ c¸c ®¹o hµm

cña nã. C¸c ®¸nh gi¸ nµy ®îc tr×nh bµy qua c¸c Bæ ®Ò 1.3.1, 1.3.2 vµ 1.3.3

sau ®©y.

Bæ ®Ò 1.3.1 Trªn h×nh vu«ng V T∣∣∣∣ xγ ∂α+βEa,b
k,c(x, y, u, v)

∂xα∂yβ

∣∣∣∣ ≤ CR
− 1

2
1 , ∀(α, β, γ) ∈ Ξ1

k. (1.32)

Chøng minh. §Ó chøng minh Bæ ®Ò 1.3.1, chóng t«i cã mét sè kÕt luËn sau.

Chøng minh c¸c kÕt luËn sau trªn h×nh vu«ng V T lµ c¸c biÕn ®æi s¬ cÊp nªn

chóng t«i kh«ng tr×nh bµy chi tiÕt c¸c chøng minh nµy.
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1. Tån t¹i h»ng sè C ®Ó: |R| ≥ CR̃.

2. Tån t¹i h»ng sè C1, C2 ®Ó trªn V T : C2R ≤ R̃ ≤ C1R.

3. Trªn h×nh vu«ng V T , tån t¹i h»ng sè C sao cho: 0 ≤ R1 ≤ R̃ ≤ C.

4. Tån t¹i h»ng sè C sao cho trªn V T : |M | ≤ CR̃−
k
k+2 .

5. Trªn V T tån t¹i C ®Ó:

max

{∣∣∣∣∂M∂x
∣∣∣∣ , ∣∣∣∣xk∂M∂y

∣∣∣∣} < CR̃−
1
2 .

6. Trªn VT tån t¹i h»ng sè C ®Ó: |1− p|−1 ≤ CR̃R−1
1 .

7. Trªn h×nh vu«ng V T tån t¹i h»ng sè C sao cho |F a,b
k,c;i| ≤ C R̃

1
4R
− 1

4
1 .

Chøng minh. Chóng ta thÊy hµm F a,b
k,c;i chØ kh«ng x¸c ®Þnh khi p = 1. Khi

p→ 1, chóng ta cã khai triÓn tiÖm cËn cña F a,b
k,c;i lµ∣∣∣F a,b

k,c;1(p)
∣∣∣ = −

Γ( k
k+1)

Γ( c
(k+1)(b−a))Γ( k(b−a)−c

(k+1)(b−a))
log(1− p) +O(1),

vµ ∣∣∣F a,b
k,c;2(p)

∣∣∣ = −
Γ(k+2

k+1)

Γ( c
(k+1)(b−a))Γ( k(b−a)−c

(k+1)(b−a))
log(1− p) +O(1),

(
xem [9]

)
. Cho nªn tån t¹i C ®Ó∣∣∣F a,b
k,c;i(p)

∣∣∣ ≤ C1| log(1− p)| ≤ C2

( 1

1− p

) 1
4

= C3R̃
1
4R

−1
4

1 .

Nh vËy ta còng cã kÕt luËn, tån t¹i h»ng sè C sao cho∣∣∣F a,b
k,c;i(p)

∣∣∣ ≤ CR̃
1
4R

−1
4

1 (i = 1, 2).

8. Trªn h×nh vu«ng V T tån t¹i h»ng sè C sao cho∣∣∣∣∣dF
a,b
k,c;i(p)

dp

∣∣∣∣∣ ≤ C
1

(1− p)
≤ CR̃R−1

1 (i = 1, 2).

Chøng minh. Chóng ta cã:∣∣∣∣∣dF
a,b
k,c;1(p)

dp

∣∣∣∣∣ =
Γ( k

k+1)

Γ( c
(k+1)(b−a))Γ( k(b−a)−c

(k+1)(b−a))(1− p)
+ o
( 1

1− p
)
,
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∣∣∣∣∣dF
a,b
k,c;2(p)

dp

∣∣∣∣∣ =
Γ(k+2

k+1)

Γ( c+b−a
(k+1)(b−a))Γ( (k+1)(b−a)−c

(k+1)(b−a) )(1− p)
+ o
( 1

1− p
)
,

cho nªn tån t¹i C sao cho∣∣∣∣∣dF
a,b
k,c;i(p)

dp

∣∣∣∣∣ ≤ C

(1− p)
≤ CR̃R−1

1 (i = 1, 2).

9. Trªn h×nh vu«ng V T tån t¹i h»ng sè C > 0 sao cho

max

{∣∣∣∣∂p∂x
∣∣∣∣ , ∣∣∣∣xk∂p∂y

∣∣∣∣} < CR̃−
k+2
2k+2R

1
2
1 .

10. Trªn h×nh vu«ng V T tån t¹i h»ng sè C tho¶ m·n∣∣∣∂p 1
k+1

∂x

∣∣∣ ≤ CR̃−
1

2k+2 ,
∣∣∣xk∂p 1

k+1

∂y

∣∣∣ ≤ CR̃−
1

2k+2 .

B©y giê chóng ta trë l¹i chøng minh Bæ ®Ò 1.3.1. §Ó chøng minh∣∣∣∣ xγ ∂α+βEa,b
k,c(x, y, u, v)

∂xα∂yβ

∣∣∣∣ ≤ CR
− 1

2
1 ; ∀(α, β, γ) ∈ Ξ1

k,

chóng ta ph¶i chøng minh c¸c kÕt luËn sau:∣∣∣Ea,b
k,c(x, y, u, v)

∣∣∣ ≤ CR
− 1

2
1 , (1.33)∣∣∣∣∂Ea,b

k,c(x, y, u, v)

∂x

∣∣∣∣ ≤ CR
− 1

2
1 , (1.34)∣∣∣∣ xk∂Ea,b

k,c(x, y, u, v)

∂y

∣∣∣∣ ≤ CR
− 1

2
1 . (1.35)

a. Chøng minh
∣∣∣Ea,b

k,c(x, y, u, v)
∣∣∣ ≤ CR

− 1
2

1 :

Chóng ta cã ∣∣∣Ea,b
k,c(x, y, u, v)

∣∣∣ ≤ C|M |
∣∣∣(F a,b

k,c;1 + F a,b
k,c;2

)∣∣∣
≤ C|M |

(∣∣F a,b
k,c;1

∣∣+
∣∣F a,b

k,c;2

∣∣)
≤ CR̃−

k
2k+2 R̃

1
4R
− 1

4
1 ,
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ta chØ cÇn chøng minh cã h»ng sè C ®Ó

R̃−
k

2k+2 R̃
1
4R
− 1

4
1 ≤ CR

− 1
2

1 .

§iÒu nµy t¬ng ®¬ng víi R̃
−k+1
4(k+1) ≤ CR−

1
4 hay R

1
4
1 R̃

1
2k+2) ≤ CR̃

1
4 . Do

R1 ≤ R̃ nªn chØ cÇn chän C = max
V T

R̃
1

2k+2 lµ tháa m·n. Nh vËy (1.33) ®îc

chøng minh.

b. Chøng minh

∣∣∣∣∂Ea,b
k,c(x, y, u, v)

∂x

∣∣∣∣ ≤ CR
− 1

2
1 :

Chóng ta cã∣∣∣∣∂Ea,b
k,c(x, y, u, v)

∂x

∣∣∣∣ =

∣∣∣∣∂M
(
C1F

a,b
k,c;1 + C2F

a,b
k,c;2

)
∂x

∣∣∣∣
=

∣∣∣∣∂M∂x (C1F
a,b
k,c;1 + C2F

a,b
k,c;2

)
+M

(
C1

dF a,b
k,c;1

dp

∂p

∂x
+ C2

dF a,b
k,c;2

dp

∂p

∂x

)∣∣∣∣,∣∣∣∣∂M∂x F a,b
k,c;i

∣∣∣∣ =

∣∣∣∣∂M∂x
∣∣∣∣∣∣F a,b

k,c;i

∣∣ ≤ CR̃−
1
2 R̃

1
4R
− 1

4
1 = CR̃−

1
4R
− 1

4
1 .

Do ®ã, ta chØ cÇn chøng minh R̃−
1
4R
− 1

4
1 ≤ R

− 1
2

1 . §iÒu nµy ®óng, v× nã t¬ng

®¬ng víi R1 ≤ R̃.

TiÕp theo chóng ta cã∣∣∣∣MdF a,b
k,c;i

dp

∂p

∂x

∣∣∣∣ ≤ CR̃−
k

2k+2 R̃R−1
1 R̃−

k+2
2(k+1)R

1
2
1 = CR

− 1
2

1 .

VËy (1.34) ®îc chøng minh.

c.

∣∣∣∣ xk∂Ea,b
k,c(x, y, u, v)

∂y

∣∣∣∣ ≤ CR
− 1

2
1 còng ®îc chøng minh t¬ng tù.

Chóng ta hoµn thµnh chøng minh Bæ ®Ò 1.3.1. �

Bæ ®Ò 1.3.2 Trªn biªn SσN (x,y)(x, y), nÕu |x| ≤
(
2σN(x, y)

) 1
k+1 th×∣∣∣γ∂α,βX̃2E

a,b
k,c(x, y, u, v)

∣∣∣ ≤ C

σ
k+2
k+1

N (x, y)
. (1.36)
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Chøng minh. §Çu tiªn chóng ta cã kh¼ng ®Þnh, nÕu |x| ≤
(
2σN(x, y)

) 1
k+1

th× |u| ≤
(
3σN(x, y)

) 1
k+1 . §Ó chøng minh Bæ ®Ò 1.3.2, ®Çu tiªn chóng ta cã

c¸c kÕt luËn sau:

1. Trªn SσN (x,y)(x, y) chóng ta cã

0 ≤ R1 ≤ R̃ ≤ C.

2. Tån t¹i h»ng sè C ®Ó

C−1 ≤ |1− p| ≤ C.

3. Trªn SσN (x,y)(x, y) tån t¹i h»ng sè C sao cho

max

{
|F a,b

k,c;i(p)|,

∣∣∣∣∣dF
a,b
k,c;i(p)

dp

∣∣∣∣∣ ,
∣∣∣∣∣d2F a,b

k,c;i(p)

dp2

∣∣∣∣∣
}
≤ C; (i = 1, 2). (1.37)

Chøng minh. §iÒu nµy lu«n ®óng, v× chóng ta ®ang xÐt trªn biªn cña h×nh

vu«ng VσN (x,y)(x, y) trong trêng hîp |x| < (2σN(x, y))
1
k+1 , khi ®ã |u| <

(3σN(x, y))
1
k+1 . V× vËy, trong trêng hîp nµy p 6= 1 vµ ®ñ gÇn 0 nªn F a,b

k,c;i(p)

vµ c¸c ®¹o hµm cña nã lµ liªn tôc vµ bÞ chÆn.

4. Trªn SσN (x,y)(x, y) tån t¹i h»ng sè C sao cho Cσ2
N(x, y) ≤ R̃.

5. Trªn SσN (x,y)(x, y) tån t¹i h»ng sè C > 0 sao cho

0 ≤ R1 ≤ R̃ ≤ Cσ2
N(x, y).

6. Trªn SσN (x,y)(x, y) tån t¹i h»ng sè C sao cho |M | ≤ CR̃−
k

2k+2 .

7. Trªn SσN (x,y)(x, y) tån t¹i h»ng sè C sao cho

max

{∣∣∣∣∂M∂x
∣∣∣∣ , ∣∣∣∣∂M∂u

∣∣∣∣ , ∣∣∣∣xk∂M∂y
∣∣∣∣ , ∣∣∣∣uk∂M∂v

∣∣∣∣} ≤ CR̃−
1
2 ,

max

{∣∣∣∣∂p∂x
∣∣∣∣ , ∣∣∣∣∂p∂u

∣∣∣∣ , ∣∣∣∣xk∂p∂y
∣∣∣∣ , ∣∣∣∣uk∂p∂v

∣∣∣∣} ≤ CR̃−
k+2
2k+2R

1
2
1 .
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8. Trªn SσN (x,y)(x, y) tån t¹i h»ng sè C sao cho

max

{∣∣∣∣ ∂2M

∂x∂u

∣∣∣∣ , ∣∣∣∣uk ∂2M

∂x∂v

∣∣∣∣ , ∣∣∣∣xk ∂2M

∂y∂u

∣∣∣∣ , ∣∣∣∣xkuk ∂2M

∂y∂v

∣∣∣∣} ≤ CR̃−
k+2
2k+2 .

9. Trªn SσN (x,y)(x,y) tån t¹i c¸c h»ng sè C sao cho

max

{∣∣∣∣ ∂2p

∂x∂u

∣∣∣∣ , ∣∣∣∣uk ∂2p

∂x∂v

∣∣∣∣ , ∣∣∣∣xk ∂2p

∂y∂u

∣∣∣∣ , ∣∣∣∣xkuk ∂2p

∂y∂v

∣∣∣∣} ≤ CR̃−
1
k+1 .

Chóng ta trë l¹i chøng minh kÕt luËn (1.36) cña Bæ ®Ò 1.3.2. §Ó chøng minh

(1.36) chóng ta cÇn ph¶i chøng minh tån t¹i c¸c h»ng sè C sao cho trªn

SσN (x,y)(x, y) ∣∣∣X̃2E
a,b
k,c(x, y, u, v)

∣∣∣ ≤ C

σ
k+2
k+1

N (x, y)
, (1.38)∣∣∣∣∣∂X̃2E

a,b
k,c(x, y, u, v)

∂x

∣∣∣∣∣ ≤ C

σ
k+2
k+1

N (x, y)
, (1.39)∣∣∣∣∣xk∂X̃2E

a,b
k,c(x, y, u, v)

∂y

∣∣∣∣∣ ≤ C

σ
k+2
k+1

N (x, y)
. (1.40)

a. §Çu tiªn chóng ta chøng minh (1.38). Chóng ta cã∣∣∣X̃2E
a,b
k,c(x, y, u, v)

∣∣∣ =
∣∣∣( ∂
∂u
− iauk ∂

∂v

)(
M
(
C1F

a,b
k,c;1 + C2F

a,b
k,c;2

)) ∣∣∣
=

∣∣∣∣C1
∂M

∂u
F a,b
k,c;1 + C1M

dF a,b
k,c;1

dp

∂p

∂u
+ C2

∂M

∂u
F a,b
k,c;2

+ C2M
dF a,b

k,c;2

dp

∂p

∂u
− iaC1u

k∂M

∂v
F a,b
k,c;1 − iaC1u

kM
dF a,b

k,c;1

dp

∂p

∂v

− iaC2u
k∂M

∂v
F a,b
k,c;2 − iaC2u

kM
dF a,b

k,c;2

dp

∂p

∂v

∣∣∣∣.
Ta thÊy r»ng,∣∣∣∣∂M∂u F a,b

k,c;1

∣∣∣∣ ≤ CR̃−
1
2

∣∣∣F a,b
k,c;i

∣∣∣ ≤ C

σN(x, y)
≤ C

σ
k+2
k+1

N (x, y)
do σN(x, y) < 1,
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∣∣∣∣MdF a,b
k,c;i

dp

∂p

∂u

∣∣∣∣ ≤ CR̃−
k

2k+2 R̃−
k+2
2k+2R

1
2
1 ≤

C

σN(x, y)
≤ C

σ
k+2
k+1

N (x, y)
,

∣∣∣∣ukMdF a,b
k,c;i

dp

∂p

∂v

∣∣∣∣ ≤ C

σ
k+2
k+1

N (x, y)
,

cho nªn (1.38) ®îc chøng minh.

b. TiÕp theo chóng ta chøng minh (1.39). §Ó chøng minh (1.39) chóng ta

chØ cÇn ®¸nh gi¸ c¸c sè h¹ng sau ®©y:∣∣∣∣ ∂∂x(∂M∂u F a,b
k,c;i

)∣∣∣∣, ∣∣∣∣ ∂∂x(MdF a,b
k,c;i

dp

∂p

∂u

)∣∣∣∣, ∣∣∣∣ ∂∂x(ukMdF a,b
k,c;i

dp

∂p

∂v

)∣∣∣∣,
vµ

∣∣∣∣ ∂∂x(uk∂M∂v F a,b
k,c;i

)∣∣∣∣.
(1.41)

§¸nh gi¸ sè h¹ng thø nhÊt trong (1.41), chóng ta cã∣∣∣∣ ∂∂x(∂M∂u F a,b
k,c;i

)∣∣∣∣ =

∣∣∣∣ ∂2M

∂x∂u
F a,b
k,c;i +

∂M

∂u

dF a,b
k,c;i

dp

∂p

∂x

∣∣∣∣,
trong ®ã∣∣∣∣ ∂2M

∂x∂u
F a,b
k,c;i

∣∣∣∣ ≤ CR̃−
k+2
2k+2 ≤ Cσ

−k+2
k+1

N (x, y) ≤ C

σ
k+2
k+1

N (x, y)
,

vµ ∣∣∣∣∂M∂u
∣∣∣∣∣∣∣∣dF a,b

k,c;i

dp

∣∣∣∣∣∣∣∣∂p∂x
∣∣∣∣ ≤ CR̃−

1
2 R̃−

k+2
2k+2R

1
2
1 ≤ Cσ

− 2k+3
k+1 +1

N (x, y) ≤ C

σ
k+2
k+1

N (x, y)
.

§¸nh gi¸ sè h¹ng thø hai, thø ba, thø t trong (1.41), chóng ta lµm t¬ng tù.

Nh vËy chóng ta chøng minh ®îc (1.39).

c. Chøng minh (1.40). §Ó chøng minh (1.40), chóng ta ph¶i ®¸nh gi¸ c¸c sè

h¹ng sau ®©y:∣∣∣∣xk ∂∂y(∂M∂u F a,b
k,c;i

)∣∣∣∣, ∣∣∣∣xk ∂∂y(MdF a,b
k,c;i

dp

∂p

∂u

)∣∣∣∣,∣∣∣∣xk ∂∂y(uk∂M∂v F a,b
k,c;i

)∣∣∣∣, ∣∣∣∣xk ∂∂y(ukMdF a,b
k,c;i

dp

∂p

∂v

)∣∣∣∣.
(1.42)
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§¸nh gi¸ sè h¹ng thø nhÊt trong (1.42), chóng ta cã∣∣∣∣xk ∂∂y(∂M∂u F a,b
k,c;i

)∣∣∣∣ =

∣∣∣∣xk ∂2M

∂y∂u
F a,b
k,c;i + xk

∂M

∂u

dF a,b
k,c;i

dp

∂p

∂y

∣∣∣∣,
trong ®ã∣∣∣∣xk ∂2M

∂y∂u
F a,b
k,c;i

∣∣∣∣ ≤ ∣∣∣∣xk ∂2M

∂y∂u

∣∣∣∣∣∣∣∣F a,b
k,c;i

∣∣∣∣ ≤ CR̃−
k+2
2k+2 ≤ C

σ
k+2
k+1

N (x, y)
,

vµ ∣∣∣∣xk∂M∂u dF a,b
k,c;i

dp

∂p

∂y

∣∣∣∣ ≤ ∣∣∣∣∂M∂u
∣∣∣∣∣∣∣∣dF a,b

k,c;i

dp

∣∣∣∣∣∣∣∣xk∂p∂y
∣∣∣∣

≤ CR̃−
1
2 R̃−

k+2
2k+2R

1
2
1 ≤

C

σ
k+2
k+1

N (x, y)
.

§¸nh gi¸ sè h¹ng thø hai, thø ba, thø t trong (1.42) chóng ta lµm t¬ng tù.

V× vËy ∣∣∣∣xk ∂∂yX̃2E
a,b
k,c(x, y, u, v)

∣∣∣∣ ≤ C

σ
k+2
k+1

N (x, y)
,

Bæ ®Ò 1.3.2 ®îc chøng minh. �

Bæ ®Ò 1.3.3 Trªn SσN (x,y)(x, y), nÕu |x| ≥
(
2σN(x, y)

) 1
k+1 th×∣∣∣∣γ∂α,βX̃2E

a,b
k,c(x, y, u, v)

uk

∣∣∣∣ ≤ C

σ2
N(x, y)

; ∀(α, β, γ) ∈ Ξ1
k.

Chøngminh. NÕu |x| ≥
(
2σN(x, y)

) 1
k+1 th× xu > 0 vµ |u| ≥

(
σN(x, y)

) 1
k+1 .

Trong trêng hîp nµy ®¸nh gi¸ cña
∣∣F a,b

k,c;i(p)
∣∣, ∣∣∣∣dF a,b

k,c;i(p)

dp

∣∣∣∣, ∣∣∣∣d2F a,b
k,c;i(p)

dp2

∣∣∣∣ trong
(1.37) kh«ng cßn ®óng, nhng chóng ta cã c¸c kÕt luËn sau:

1. Víi |x| ≥
(
2σN(x, y)

) 1
k+1 th× trªn SσN (x,y)(x, y) tån t¹i h»ng sè d¬ng C

sao cho C−1R̃
1

2(k+1) ≤ |u| ≤ CR̃
1

2(k+1) .

2. Víi |x| ≥
(
2σN(x, y)

) 1
k+1 th× trªn SσN (x,y)(x, y) tån t¹i h»ng sè d¬ng C

sao cho C−1σ2
N(x, y) ≤ R1 ≤ Cσ2

N(x, y).
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3. Víi |x| ≥
(
2σN(x, y)

) 1
k+1 th× trªn SσN (x,y)(x, y) tån t¹i h»ng sè C sao cho

∣∣F a,b
k,c;i(p)

∣∣≤CR̃ 1
2R
− 1

2
1 ,

∣∣∣∣dF a,b
k,c;i(p)

dp

∣∣∣∣≤CR̃R−1
1 ,

∣∣∣∣d2F a,b
k,c;i(p)

dp2

∣∣∣∣ ≤ CR̃2R−2
1 ,

víi i = 1; 2.

B©y giê chóng ta trë l¹i chøng minh Bæ ®Ò 1.3.3. §Ó chøng minh∣∣∣∣γ∂α,βX̃2E
a,b
k,c(x, y, u, v)

uk

∣∣∣∣ ≤ C

σ2
N(x, y)

; ∀(α, β, γ) ∈ Ξ1
k,

th× chóng ta ph¶i chøng minh:∣∣∣∣X̃2E
a,b
k,c(x, y, u, v)

|u|k

∣∣∣∣ ≤ C

σ2
N(x, y)

, (1.43)

∣∣∣∣
∂

∂x
X̃2E

a,b
k,c(x, y, u, v)

|u|k

∣∣∣∣ ≤ C

σ2
N(x, y)

, (1.44)

∣∣∣∣x
k ∂

∂y
X̃2E

a,b
k,c(x, y, u, v)

|u|k

∣∣∣∣ ≤ C

σ2
N(x, y)

. (1.45)

a. Tríc tiªn, ta chøng minh (1.43):∣∣∣∣∣∣∣
( ∂
∂u
− iauk ∂

∂v

)(
M
(
C1F

a,b
k,c;1 + C2F

a,b
k,c;2

))
|u|k

∣∣∣∣∣∣∣ ≤
C

σ2
N(x, y)

.

§Ó chøng minh ®iÒu nµy, ta ph¶i ®¸nh gi¸ c¸c sè h¹ng sau:∣∣∣∣ 1

|u|k
∂M

∂u
F a,b
k,c;i

∣∣∣∣, ∣∣∣∣ 1

|u|k
M
dF a,b

k,c;i

dp

∂p

∂u

∣∣∣∣, ∣∣∣∣∂M∂v F a,b
k,c;i

∣∣∣∣, ∣∣∣∣MdF a,b
k,c;i

dp

∂p

∂v

∣∣∣∣. (1.46)

§¸nh gi¸ sè h¹ng thø nhÊt trong (1.46), ta cã∣∣∣∣ 1

|u|k
∂M

∂u
F a,b
k,c;i

∣∣∣∣ ≤ CR̃−
k

2k+2 R̃−
1
2 R̃

1
2R
− 1

2
1 ≤ Cσ

− k
k+1

N (x, y)σ−1
N (x, y)

=
C

σ
2k+1
k+1

N (x, y)
≤ C

σ2
N(x, y)

, do |σN(x, y)| ≤ 1.

§¸nh gi¸ sè h¹ng thø hai, thø ba trong (1.46) ta lµm t¬ng tù.
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b. TiÕp theo, ®Ó chøng minh (1.44) ta ph¶i ®¸nh gi¸ c¸c sè h¹ng sau:∣∣∣∣ ∂∂x( 1

|u|k
∂M

∂u
F a,b
k,c;i

)∣∣∣∣, ∣∣∣∣ ∂∂x(M 1

|u|k
dF a,b

k,c;i

dp

∂p

∂u

)∣∣∣∣,∣∣∣∣ ∂∂x(∂M∂v F a,b
k,c;i

)∣∣∣∣, ∣∣∣∣ ∂∂x(MdF a,b
k,c;i

dp

∂p

∂v

)∣∣∣∣. (1.47)

§¸nh gi¸ sè h¹ng thø nhÊt trong (1.47), ta cã∣∣∣∣ ∂∂x( 1

|u|k
∂M

∂u
F a,b
k,c;i

)∣∣∣∣ =

∣∣∣∣ 1

|u|k
∂2M

∂x∂u
F a,b
k,c;i +

1

|u|k
∂M

∂u

dF a,b
k,c;i

dp

∂p

∂x

∣∣∣∣,
trong ®ã:∣∣∣∣ 1

|u|k
∂2M

∂x∂u
F a,b
k,c;i

∣∣∣∣ ≤ CR̃−
k

2k+2 R̃−
k+2
2k+2 R̃

1
2R
− 1

2
1 ≤ CR̃−

1
2R
− 1

2
1 ≤ C

σ2
N(x, y)

,

∣∣∣∣ 1

|u|k
∂M

∂u

F a,b
k,c;i

dp

∂p

∂x

∣∣∣∣ ≤ CR̃−
k

2k+2 R̃−
1
2 R̃R−1

1 R̃−
k+2
2k+2R

1
2
1 =

= CR̃−
1
2R
− 1

2
1 ≤ C

σ2
N(x, y)

.

§¸nh gi¸ sè h¹ng thø hai, thø ba, thø t trong (1.47) ta còng cã kÕt qu¶ nh vËy.

3. Sau cïng, chóng ta chøng minh (1.45):∣∣∣∣xk ∂
∂yX̃2E

a,b
k,c(x, y, u, v)

|u|k

∣∣∣∣ ≤ C

σ2
N(x, y)

.

§Ó chøng minh bÊt ®¼ng thøc nµy, chóng ta ph¶i ®¸nh gi¸:∣∣∣∣ |x|k|u|k ∂∂y(∂M∂u F a,b
k,c;i

)∣∣∣∣, ∣∣∣∣ |x|k|u|k ∂∂y(MdF a,b
k,c;i

dp

∂p

∂u

)∣∣∣∣,∣∣∣∣|x|k ∂∂y(∂M∂v F a,b
k,c;i

)∣∣∣∣, ∣∣∣∣|x|k ∂∂y(MdF a,b
k,c;i

dp

∂p

∂v

)∣∣∣∣.
(1.48)

§¸nh gi¸ sè h¹ng ®Çu tiªn trong (1.49) ta cã∣∣∣∣ |x|k|u|k ∂∂y(∂M∂u F a,b
k,c;i

)∣∣∣∣ =

∣∣∣∣ |x|k|u|k ∂2M

∂y∂u
F a,b
k,c;i +

|x|k

|u|k
∂M

∂u

dF a,b
k,c;i

dp

∂p

∂y

∣∣∣∣,
trong ®ã:
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∣∣∣∣ |x|k|u|k ∂2M

∂y∂u
F a,b
k,c;i

∣∣∣∣ =
1

|u|k

∣∣∣∣xk ∂2M

∂y∂u

∣∣∣∣∣∣F a,b
k,c;i

∣∣ ≤ CR̃−
k

2k+2 R̃−
k+2
2k+2 R̃

1
2R
− 1

2
1 =

= CR̃−
1
2R
− 1

2
1 ≤ C

σ2
N(x, y)

,∣∣∣∣ |x|k|u|k ∂M∂u dF a,b
k,c;i

dp

∂p

∂y

∣∣∣∣ =
1

|u|k

∣∣∣∣∂M∂u
∣∣∣∣∣∣∣∣dF a,b

k,c;i

dp

∣∣∣∣∣∣∣∣xk∂p∂y
∣∣∣∣ ≤

≤ CR̃−
k

2k+2 R̃−
1
2 R̃R−1

1 R̃−
k+2
2k+2R

1
2
1 = CR̃−

1
2R
− 1

2
1 ≤ C

σ2
N(x, y)

.

C¸c sè h¹ng tiÕp theo còng ®îc ®¸nh gi¸ t¬ng tù nh vËy. Chóng ta hoµn

thµnh chøng minh Bæ ®Ò 1.3.3. �

Nh vËy, chóng ta ®· chøng minh xong c¸c bæ ®Ò bæ trî ®Ó chøng §Þnh

lý 1.3.1. C¸c bíc chøng minh ®Þnh lý nµy ®îc tr×nh bµy th«ng qua c¸c

mÖnh ®Ò sau ®©y:

MÖnh ®Ò 1.3.2 Gi¶ sö (α, β, γ) ∈ Ξ1
k, (α1, β1) ∈ ΓN+1, α1 ≥ 1, β1 ≥ 1. Khi

®ã tån t¹i h»ng sè d¬ng C 61 sao cho

max(x,y)∈V Tδ

∣∣
γ∂α,β∂

α1
1 ∂β1

2 f(x, y)
∣∣

≤ C61

(
T

1
k+1 |f, V T

δ′ |N+1 +H0

(H1

δ

)N−r0−1

(N − r0−1)!s
(
T

1
k+1 +

1

H1

))
.

Chøng minh. Ph¬ng tr×nh (1) cã d¹ng

∂2f(x, y)

∂x2
− abx2k∂

2f(x, y)

∂y2
− i(a+ b)xk

∂2f(x, y)

∂x∂y

−i(kb− c)xk−1∂f(x, y)

∂y
+ ψ

(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
= 0. (1.49)

LÊy ®¹o hµm hai vÕ cña ph¬ng tr×nh (1.49) β1 lÇn theo biÕn y vµ α1 lÇn theo

biÕn x ta cã

∂α1+2
1 ∂β1

2 f(x, y)− abx2k∂α1
1 ∂β1+2

2 f(x, y)− i(a+ b)xk∂α1+1
1 ∂β1+1

2 f(x, y)

− i(kb− c)xk−1∂α1
1 ∂β1+1

2 f(x, y)



55

= ab

min{α1,2k}∑
m=1

(
α1

m

)
2k(2k − 1)...(2k −m+ 1)x2k−m∂α1−m

1 ∂β1+2
2 f(x, y)

+ i(a+ b)

min{α1,k}∑
m=1

(
α1

m

)
k(k − 1)...(k −m+ 1)xk−m∂α1+1−m

1 ∂β1+1
2 f(x, y)

+ i(kb− c)
min{α1,k−1}∑

m=1

(
α1

m

)
(k − 1)...(k −m)xk−m−1∂α1−m

1 ∂β1+1
2 f(x, y)

− ∂α1
1 ∂β1

2 ψ(x, y, f,
∂f

∂x
, xk

∂f

∂y
).

§Æt

A(x, y)= ab

min{α1,2k}∑
m=1

(
α1

m

)
2k(2k−1)...(2k−m+1)x2k−m∂α1−m

1 ∂β1+2
2 f(x, y)

+i(a+ b)

min{α1,k}∑
m=1

(
α1

m

)
k(k − 1)...(k −m+ 1)xk−m∂α1+1−m

1 ∂β1+1
2 f(x, y)

+i(kb− c)
min{α1,k−1}∑

m=1

(
α1

m

)
(k − 1)...(k −m)xk−m−1∂α1−m

1 ∂β1+1
2 f(x, y),

vµ

B(x, y) = − ∂α1
1 ∂β1

2 ψ
(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
.

Ta cã

Ga,b
k,c∂

α1
1 ∂β1

2 f(x, y) = A(x, y) +B(x, y).

¸p dông c«ng thøc (1.10) víi miÒn Ω thay b»ng VσN (x,y)(x, y) chóng ta cã

∂α1
1 ∂β1

2 f(x, y) =

∫
VσN (x,y)(x,y)

Ea,b
k,c(x, y, u, v)G̃a,b

k,c∂
α1
u ∂

β1
v f(u, v)dudv

−
∫

SσN (x,y)(x,y)

Ea,b
k,c(x, y, u, v)B̃1

(
∂α1
u ∂

β1
v f(u, v), a, b, c, k

)
ds

+

∫
SσN (x,y)(x,y)

∂α1
u ∂

β1
v f(u, v)B̃2(E

a,b
k,c(x, y, u, v), a, b, c, k)ds. (1.50)



56

ë ®©y:

B̃1

(
f(u, v), a, b, c, k

)
= (ν1 − iaukν2)X̃1f(u, v) + icuk−1ν2f(u, v),

B̃2

(
Ea,b
k,c(x, y, u, v), a, b, c, k

)
= (ν1 − ibukν2)X̃2E

a,b
k,c(x, y, u, v),

ν = (ν1, ν2) lµ vÐc t¬ ph¸p tuyÕn ®¬n vÞ ngoµi trªn SσN (x,y)(x, y).

VËy ta cã

∂α1
1 ∂β1

2 f(x, y) =

∫
VσN (x,y)(x,y)

Ea,b
k,c(x, y, u, v)

(
A(u, v) +B(u, v)

)
dudv

−
∫

SσN (x,y)(x,y)

Ea,b
k,c(x, y, u, v)B̃1

(
∂α1
u ∂

β1
v f(u, v), a, b, c, k

)
ds

+

∫
SσN (x,y)(x,y)

∂α1
u ∂

β1
v f(u, v)B̃2

(
Ea,b
k,c(x, y, u, v), a, b, c, k

)
ds.

TiÕp theo, lÊy ®¹o hµm γ∂α,β chóng ta ®îc:

γ∂α,β
(
∂α1

1 ∂β1

2 f(x, y)
)

=

∫
VσN (x,y)(x,y)

γ∂α,βE
a,b
k,c(x, y, u, v)(A(u, v) +B(u, v))dudv

−
∫

SσN (x,y)(x,y)

γ∂α,βE
a,b
k,c(x, y, u, v)B̃1

(
∂α1
u ∂

β1
v f(u, v), a, b, c, k

)
ds

+

∫
SσN (x,y)(x,y)

∂α1
u ∂

β1
v f(u, v)γ∂α,βB̃2

(
Ea,b
k,c(x, y, u, v), a, b, c, k

)
ds

:= I1 + I2 + I3. (1.51)

Chóng ta sÏ dïng c¸c Bæ ®Ò 1.3.1, 1.3.2, 1.3.3 ®Ó ®¸nh gi¸ c¸c tÝch ph©n

I1, I2, I3 trong (1.51).

A. §¸nh gi¸ tÝch ph©n I1:

¸p dông Bæ ®Ò 1.3.1 chóng ta cã∣∣∣γ∂α,βEa,b
k,c(x, y, u, v)

∣∣∣∣∣∣∣
V T
≤ CR

− 1
2

1 , víi(α, β, γ) ∈ Ξ1
k.

Sau ®©y, chóng ta ®¸nh gi¸ A(u, v) trªn VσN (x,y)(x, y):

I. NÕu α1 = 1 th× m = 1.
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§Ó ®¸nh gi¸ A(u, v) trong trêng hîp nµy ta ph¶i ®¸nh gi¸ c¸c sè h¹ng sau:

|u2k−1∂β1+2
v f |,

∣∣xk−1∂1
u∂

β1+1
v f

∣∣ , |u2k−2∂β1+1
v f |.

Trªn VσN (x,y)(x, y) ta cã

•
∣∣u2k−1∂β1+2

v f
∣∣ ≤ C1

∣∣uk∂v∂β1+1
v f

∣∣ ≤ C2|f, V T
δ′ |N ,

•|uk−1∂1
u∂

β1+1
v f | ≤ C3

∣∣∂1
u∂

β1+1
v f

∣∣ ≤ C4|f, V T
δ′ |N ,

•
∣∣xk−2∂β1+1

v f
∣∣ ≤ C5

∣∣∂β1+1
v f

∣∣ ≤ C6|f, V T
δ′ |N ,

do (0, β1 + 1) ∈ ΓN .

II. NÕu 2 ≤ α1 ≤ 4k + 4, khi ®ã ta cã β1 ≤ N − 3.

1. XÐt trêng hîp m = α1, ®Ó ®¸nh gi¸ A(u, v) chóng ta ®¸nh gi¸:

•
∣∣u2k−m∂β1+2

v f
∣∣ ≤ C7|f, V T

δ′ |N ,

•
∣∣uk−m∂1

u∂
β1+1
v f

∣∣ ≤ C8|∂1
u∂

β1+1
v f | ≤ C9|f, V T

δ′ |N ,

•
∣∣uk−m−1∂β1+1

v f
∣∣ ≤ C10|f, V T

δ′ |N

do (0, β1 + 2), (0, β1 + 1) ∈ ΓN−1.

2. NÕu 2 ≤ α1 ≤ 2k + 2 vµ m < α1, ®Ó ®¸nh gi¸ A(u, v) chóng ta ®¸nh gi¸∣∣u2k−m∂α1−m
u ∂β1+2

v f
∣∣ ≤ ∣∣∂1

u(∂
α1−m−1
u ∂β1+2

v f)
∣∣.

Khi ®ã ta ph¶i chøng minh (α1 −m− 1, β1 − 2) ∈ ΓN . ThËt vËy, do

α1 ≤ 2k + 2 = r0 suy ra α1 −m− 1 ≤ 2k + 2 = r0.

VËy (α1−m− 1, β1− 2) ∈ ΓN nÕu vµ chØ nÕu 2α1− 2m− 2+β1+2 ≤ N,

hay 2α1 + β1 ≤ N + 4m. §iÒu nµy ®óng do α1 ≤ r0 vµ (α1, β1) ∈ ΓN .

Tõ ®ã
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•
∣∣u2k−m∂α1−m

u ∂β1+2
v f

∣∣ ≤ ∣∣∂1
u(∂

α1−m−1
u ∂β1+2

v f)
∣∣ ≤ C11|f, V T

δ′ |N

≤ C11H0

(H1

δ′

)N−r0−2

(N − r0 − 2)!s.

•
∣∣uk−m∂α1+1−m

u ∂β1+1
v f

∣∣ ≤ C12

∣∣∂1
u(∂

α1−m
u ∂β1+1

v f)
∣∣ ≤ C13|f, V T

δ′ |N

≤ C14H0

(H1

δ′

)N−r0−2

(N − r0 − 2)!s,

do (α1 −m,β1 + 1) ∈ ΓN .

•
∣∣uk−m−1∂α1−m

u ∂β1+1
v f

∣∣ ≤ C15

∣∣∂1
u(∂

α1−m−1
u ∂β1+1

v f)
∣∣ ≤ C16|f, V T

δ′ |N

≤ C17H0

(H1

δ′

)N−r0−2

(N − r0 − 2)!s,

do (α1 −m− 1, β1 + 1) ∈ ΓN .

3. NÕu 2k+ 3 ≤ α1 ≤ 4k+ 4 vµ 1 < m < α1, ®Ó ®¸nh gi¸ A(u, v) chóng ta

®¸nh gi¸:

•|u2k−m∂α1−m
u ∂β1+2

v f | ≤ C18|∂u∂α1−m−1
u ∂β1+2

v f | ≤ C19|f, V T
δ′ |N

≤ C19H0

(H1

δ′

)N−r0−2

(N − r0 − 2)!s,

do (α1 −m− 1, β1 + 2) ∈ ΓN .

•|uk−m∂α1+1−m
u ∂β1+1

v f | ≤ C20|uk∂v(∂α1−m+1
u ∂β1

v f)| ≤ C21|f, V T
δ′ |N

≤ C21H0

(H1

δ′

)N−r0−2

(N − r0 − 2)!s,

do (α1 −m− 1, β1) ∈ ΓN .

•|uk−m−1∂α1−1−m
u ∂β1+1

v f | ≤ C22|∂α1−1−m
u ∂β1+1

v f | ≤ C23|f, V T
δ′ |N

≤ C23H0

(H1

δ′

)N−r0−2

(N − r0 − 2)!s,

do (α1 −m− 1, β1 + 1) ∈ ΓN .
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4. NÕu 2k + 3 ≤ α1 ≤ 4k + 4 mµ m = 1, α1 −m ≥ 4, ®Ó ®¸nh gi¸ A(u, v)

chóng ta ®¸nh gi¸:

•|u2k−1∂α1−1
u ∂β1+2

v f | ≤ C24|∂2
u(∂

α1−3
u ∂β1+2

v f)| ≤ C25|f, V T
δ′ |N

≤ C25H0

(H1

δ′

)N−r0−2

(N − r0 − 2)!s,

do (α1 − 3, β1 + 2) ∈ ΓN vµ α1 − 3 ≥ 1, β1 + 2 ≥ 1

•
∣∣uk−1∂α1

u ∂
β1
v f(u, v)

∣∣ ≤ C26

∣∣∂2
u(∂

α1−2
u ∂β1+1

v f)
∣∣ ≤ C27

∣∣f, V T
δ′

∣∣
N

≤ C27H0

(H1

δ′

)N−r0−2

(N − r0 − 2)!s,

do α1 − 2 ≥ 1, β1 + 1 ≥ 1 vµ (α1 − 2, β1 + 1) ∈ ΓN .

•
∣∣uk−2∂α1−1

u ∂β1+1
v f(u, v)

∣∣ ≤ C28

∣∣∂2
u(∂

α1−3
u ∂β1+2

v f)
∣∣ ≤ C29

∣∣f, V T
δ′

∣∣
N

≤ C29H0

(H1

δ′

)N−r0−2

(N − r0 − 2)!s,

do α1 − 3 ≥ 1, β1 + 2 ≥ 1vµ (α1 − 3, β1 + 2) ∈ ΓN .

V× vËy trªn VσN (x,y)(x, y) ta cã

|A(u, v)|
∣∣∣
VσN (x,y)(x,y)

≤ C28H0

(H1

δ′

)N−r0−2

(N − r0 − 2)!s.

III. Trêng hîp α1 ≥ 4k + 5. Trong trêng hîp nµy ®Ó ®¸nh gi¸ A(u, v)

chóng ta ®¸nh gi¸:

•
∣∣u2k−m∂α1−m

u ∂β1+2
v f(u, v)

∣∣ ≤ C30

∣∣∂2
u

(
∂α1−m−2
u ∂β1+2

v f(u, v)
)∣∣

≤ C31

∣∣f, V T
δ′

∣∣
N
,

do α1 −m− 2 ≥ 1, β1 + 2 ≥ 1 vµ (α1 −m− 2, β1 + 2) ∈ ΓN+1−m.

•
∣∣uk−m−1∂α1−m

u ∂β1+1
v f(u, v)

∣∣ ≤ C32

∣∣∂2
u

(
∂α1−m−2
u ∂β1+1

v f(u, v)
)∣∣

≤ C33

∣∣f, V T
δ′

∣∣
N
,

do α1 −m− 2 ≥ 1, β1 + 1 ≥ 1 vµ (α1 −m− 2, β1 + 1) ∈ ΓN+1−m.
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•
∣∣uk−m∂α1+1−m

u ∂β1+1
v f(u, v)

∣∣ ≤ C34

∣∣∂2
u

(
∂α1−m−1
u ∂β1+1

v f(u, v)
)∣∣

≤ C35

∣∣f, V T
δ′

∣∣
N
,

do α1 −m− 1 ≥ 1, β1 + 1 ≥ 1 vµ (α1 −m− 1, β1 + 1) ∈ ΓN+1−m.

V× vËy

|A(u, v)| ≤ C36H0

(H1

δ′

)N−r0−2

(N − r0 − 2)!s.

Tõ tÊt c¶ c¸c trêng hîp I, II, III ta cã

|A(u, v)| ≤ C37H0

(H1

δ′

)N−r0−2

(N − r0 − 1)!s.

TiÕp theo ta xÐt

B(u, v) = −∂α1
u ∂

β1
v ψ
(
u, v, f,

∂f

∂u
, uk

∂f

∂v

)
.

Theo MÖnh ®Ò 1.3.1 vµ gi¶ thiÕt quy n¹p th×∣∣B(u, v)
∣∣ ≤ C

( ∣∣f, V T
δ′

∣∣
N+1

+H0

(H1

δ′

)N−r0−1

((N − r0 − 1)!)s
)
.

Tãm l¹i, chóng ta ®îc

|I1| ≤ C

( ∣∣f, V T
δ′

∣∣
N+1

+H0

(H1

δ′

)N−r0−1

(N − r0 − 1)!s
)

×
∫

VσN (x,y)(x,y)

[(
xk+1 − uk+1

)2
+ (k + 1)2(y − v)2

]− 1
2

dudv.

B©y giê ta ®¸nh gi¸

I0
1 =

∫
VσN (x,y)(x,y)

[(
xk+1 − uk+1

)2
+ (k + 1)2(y − v)2

]− 1
2

dudv.

Ta cã

I0
1 ≤

∫
VσN (x,y)(x,y)

[
C(x− u)k+1 + (k + 1)2(y − v)2

]−1
2

dudv.
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§Æt

{
u− x = r

1
k+1 cos

1
k+1 ϕ,

v − y = r sinϕ,
hay

{
u = x+ r

1
k+1 cos

1
k+1 ϕ,

v = y + r sinϕ.

Ta cã Jacobian J =
r

1
k+1

k + 1
cos

−k
k+1 ϕ.

Víi (u, v) ∈ VσN (x,y)(x, y) th× ρ
(
(u, v), (x, y)

)
≤ σN(x, y) nªn r ≤ σN(x, y).

Do ®ã ta cã

|I0
1 | ≤ C

π∫
−π

σN (x,y)∫
0

r−1r
1
k+1 cos

−k
k+1ϕ drdϕ

=

+∞∫
−∞

σN (x,y)∫
0

r−1r
1
k+1

(1− t2

1 + t2

) −k
k+1 1

1 + t2
dtdr.

TÝch ph©n nµy cã kú dÞ t¹i r = 0, t = ±1, vµ khi t → ±∞, nhng vÉn héi

tô vµ ta cã

|I0
1 | ≤ C36σ

1
k+1

N (x, y) ≤ CT
1
k+1 .

Do ®ã

|I1| ≤ C37

( ∣∣f, V T
δ′

∣∣
N+1

+H0

(H1

δ′

)N−r0−1

(N − r0 − 1)!s
)
T

1
k+1 . (1.52)

B. §¸nh gi¸ tÝch ph©n I3 trong (1.51).

I3 =

∫
SσN (x,y)(x,y)

∂α1
u ∂

β1
v f(u, v)γ∂α,βB̃2(E

a,b
k,c(x, y, u, v), a, b, k, c)ds

=

∫
SσN (x,y)(x,y)

∂α1
u ∂

β1
v f(u, v)(ν1 − ibukν2)γ∂α,βX̃2E

a,b
k,c(x, y, u, v)ds.

§Æt I3 trªn E1 ∪ E3 lµ I0
3 , víi E1, E3 lµ hai c¹nh cña h×nh vu«ng, c¸c c¹nh

nµy song song víi Ox. Trªn E1 vµ E3 th× ν1 = 0, ν2 = 1 nªn chóng ta cã

I0
3 =

∫
E1∪E3

∂α1
u ∂

β1
v f(u, v)(−ibuk)X̃2E

a,b
k,c(x, y, u, v)du.

1. Ta xÐt trêng hîp 1: |x| ≤ (2σN(x, y))
k
k+1 .
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Khi ®ã trªn SσN (x,y)(x, y) theo Bæ ®Ò 1.3.2 ta cã∣∣∣γ∂α,βX̃2E
a,b
k,c(x, y, u, v)

∣∣∣ ≤ C

σ
k+2
k+1

N (x, y)
∀(α, β, γ) ∈ Ξ1

k.

MÆt kh¸c∣∣∂α1
u ∂

β1
v f(u, v)

∣∣ =
∣∣∂1
u(∂

α1−1
u ∂β1

v f(u, v))
∣∣ ≤ C38

∣∣f, V T
δ′

∣∣
N
,

do (α1 − 1, β1) ∈ ΓN .

V× vËy

|I0
3 | =

∣∣∣ ∫
E1∪E3

∂α1
u ∂

β1
v f(u, v)(−ibuk)X̃2E

a,b
k,cdu

∣∣∣ ≤ C38

∣∣f, V T
δ′

∣∣
N

σ
k+2
k+1

N (x, y)

∣∣∣∫
E1

− ibukdu
∣∣∣

=
C38

∣∣f, V T
δ′

∣∣
N

σ
k+2
k+1

N (x, y)

uk+1

k + 1

∣∣∣∣u2

u1

=
C38

∣∣f, V T
δ′

∣∣
N

σ
k+2
k+1

N (x, y)

1

k + 1
(uk+1

2 − uk+1
1 ).

Nhng (u1, v1) vµ (u2, v2) (víi u1 ≤ u2) lµ hai ®Ønh thuéc c¹nh E1 cña

h×nh vu«ng, nªn chóng ta cã

ρ
(
(u1, v1), (x, y)

)
= σN(x, y) vµ ρ

(
(u2, v2), (x, y)

)
= σN(x, y),

hay xk+1 − uk+1
1 = σN(x, y) vµ uk+1

2 − xk+1 = σN(x, y).

V× vËy uk+1
2 − uk+1

1 = σN(x, y).

Tõ ®ã ta cã

|I0
3 | ≤

C38

∣∣f, V T
δ′

∣∣
N

σ
k+2
k+1

N (x, y)
σN(x, y) =

C38

∣∣f, V T
δ′

∣∣
N

σ
1
k+1

N (x, y)
≤
C38

∣∣f, V T
δ′

∣∣
N

σN(x, y)

do σN(x, y) < 1.

Sö dông gi¶ thiÕt qui n¹p chóng ta cã∣∣f, V T
δ′

∣∣
N
≤ H0

(H1

δ′

)N−r0−2

(N − r0 − 2)!s,

nªn |I3| ≤ C39
H0

H1

(H1

δ′

)N−r0−1

(N − r0 − 1)!s.
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XÐt I3 trªn E2 ∪ E4, gäi tÝch ph©n nµy lµ I1
3 , ta cã

|I1
3 | =

∣∣∣ ∫
E2∪E4

∂α1
u ∂

β1
v f(u, v)X̃2E

a,b
k,c(x, y, u, v)dv

∣∣∣ ≤ C40

∣∣f, V T
δ′

∣∣
N

σ
k+2
k+1

N (x, y)

∣∣∣∣ ∫
E2∪E4

dv

∣∣∣∣.
Gäi (u1,v1) vµ (u2,v2) (víi v1 ≤ v2) lµ hai ®Ønh thuéc E2 cña h×nh vu«ng th×

|I1
3 | ≤

C41

∣∣f, V T
δ′

∣∣
N

σ
k+2
k+1

N (x, y)
|v2 − v1|.

Nhng do ρ
(
(u1, v1), (x, y)

)
= σN(x, y) vµ ρ

(
(u2, v2), (x, y)

)
= σN(x, y),

nªn (k + 1)(y − v1) = σN(x, y) vµ (k + 1)(v2 − y) = σN(x, y).

Tõ ®ã ta cã v2 − v1 =
2σN(x, y)

k + 1
,

v× vËy |I1
3 | ≤

C41

∣∣f, V T
δ′

∣∣
N

σ
k+2
k+1

N (x, y)

2σN(x, y)

k + 1
≤
C42

∣∣f, V T
δ′

∣∣
N

σN(x, y)
.

Cuèi cïng ta cã

|I3| ≤ C43
H0

H1

(H1

δ′

)N−r0−1

((N − r0 − 1)!)s.

2. Trêng hîp 2.

Khi |x| > (2σN(x, y))
1
k+1 th× theo Bæ ®Ò 1.3.3 trªn SσN (x,y)(x, y) chóng ta cã∣∣∣γ∂α,βX̃2E

a,b
k,c(x, y, u, v)

uk

∣∣∣ ≤ C

σ2
N(x, y)

∀(α, β, γ) ∈ Ξk
1.

V× vËy∣∣∣∂α1
u ∂

β1
v f(u, v)γ∂α,βX̃2E

a,b
k,c(x, y, u, v)

∣∣∣
=
∣∣∣uk∂1

v(∂
α1
u ∂

β1−1
v f(u, v))

γ∂α,βX̃2E
a,b
k,c(x, y, u, v)

uk

∣∣∣
≤ C(

σN(x, y)
)2 ×

∣∣∣uk∂1
v(∂

α1
u ∂

β1−1
v f(u, v))

∣∣∣.
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Tõ ®ã ta suy ra

|I3| ≤ C44
|f, V T

δ′ |N
σ2
N(x, y)

×
∣∣∣ ∫
SσN (x,y)(x,y)

(ν1 − iukν2)ds
∣∣∣.

Nhng ta cã ∣∣∣ ∫
E2∪E4

(ν1 − iukν2)ds
∣∣∣ =

∣∣∣ ∫
E2∪E4

dv
∣∣∣ ≤ C

σN(x, y)
,

vµ ∣∣∣ ∫
E1∪E3

(ν1 − iukν2)ds
∣∣∣ ≤ C

∣∣∣ ∫
E1∪E3

ukdu
∣∣∣ ≤ C

σN(x, y)
,

nªn ta thu ®îc

|I3| ≤ C45
H0

H1

(H1

δ′

)N−r0−1

(N − r0 − 1)!s.

Chóng ta cÇn so s¸nh
H1

δ
vµ

H1

δ′
, v× thÕ ta dïng bæ ®Ò sau:

Bæ ®Ò 1.3.4 Cho δ > 0, δ′ = δ(1− 1

N
). Khi ®ã tån t¹i h»ng sè C ®Ó( 1

δ′

)N−r0−1

< C
(1

δ

)N−r0−1

.

Chøng minh. ThËt vËy, biÕn ®æi t¬ng ®¬ng bÊt ®¼ng thøc cÇn chøng minh,

ta cã ( δ
δ′

)N−r0−1

< C ⇔

(
δ

δ
(
1− 1

N

)
)N−r0−1

< C

⇔
(

1 +
1

−N

)−N+r0+1

< C ⇔
(

1 +
1

−N

)−N(
1 +

1

−N

)r0+1

< C.

Do ®ã, ta chän ®îc h»ng sè C tháa m·n bÊt ®¼ng thøc trªn víi mäi N .

Cô thÓ h¬n lµ chän C > e.

V× vËy ¸p dông Bæ ®Ò 1.3.4 ta cã

|I3| ≤ C45
H0

H1

(H1

δ

)N−r0−1

(N − r0 − 1)!s. (1.53)
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B©y giê chóng ta ®¸nh gi¸ tÝch ph©n I2 trong (1.51):

§Çu tiªn chóng ta ®¸nh gi¸ tÝch ph©n ®êng theo hai c¹nh E2 vµ E4. Ta ®Æt

|I0
2 | =

∣∣∣ ∫
E2∪E4

γ∂α,βE
a,b
k,c(x, y, u, v)B̃1(∂

α1
u ∂

β1
v f(u, v))dv

∣∣∣.
ViÕt l¹i B̃1(∂

α1
u ∂

β1
v f, k, c, a, b) = ∂1

vB̃1

(
∂α1
u ∂

β1−1
v f(u, v)

)
, ta cã

|I0
2 | ≤

∣∣∣ ∫
E2∪E4

∂1
v

(
γ∂α,βE

a,b
k,c(x, y, u, v)

)
B̃1(∂

α1
u ∂

β1−1
v f, a, b, c, k)dv

∣∣∣+
+
∣∣∣γ∂α,βEa,b

k,c(x, y, u, v)B̃1(∂
α1
u ∂

β1−1
v f, a, b, c, k)

∣∣∣∣
∂E2∪∂E4

∣∣∣ := K1 +K2.

XÐt tÝch ph©n K1, ta ®¸nh gi¸ ∂1
v

(
γ∂α,βE

a,b
k,c(x, y, u, v)

)
trªn SσN (x,y)(x, y)

gièng nh ®¸nh gi¸
∣∣∣γ∂α,βX̃2E

a,b
k,c(x, y, u, v)

∣∣∣ .
TiÕp theo ta xÐt

∣∣∣B̃1(∂
α1
u ∂

β1−1
v f, a, b, c, k)

∣∣∣. Trªn E2 ∪ E4 th× ν2 = 0 nªn

chóng ta cã∣∣∣B̃1(∂
α1
u ∂

β1−1
v f, k, c, a, b)

∣∣∣ =
∣∣∣( ∂
∂u

+ ibuk
∂

∂v

)(
∂α1
u ∂

β1−1
v f(u, v)

)∣∣∣
=
∣∣∣∂1
u

(
∂α1
u ∂

β1−1
v f(u, v)

)
+ ibuk∂1

v

(
∂α1
u ∂

β1−1
v f(u, v)

)∣∣∣
≤ C46H0

(H0

δ′

)N−r0−2

(N − r0 − 2)!s,

do (α1, β1 − 1) ∈ ΓN .

V× vËy ®¸nh gi¸ K1 còng gièng ®¸nh gi¸ E1
3 , vµ ta cã

K1 =
∣∣∣ ∫
E2∪E4

∂1
v(γ∂α,βE

a,b
k,c(x, y, u, v))B̃1(∂

α1
u ∂

β1−1
v f, a, b, c, k)dv

∣∣∣
≤ C47

H0

H1

(H1

δ′

)N−r0−1

(N − r0 − 1)!s.
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TiÕp ®Õn xÐt tÝch ph©n K2, ta cã∣∣
γ∂α,βE

a,b
k,c(x, y, u, v)

∣∣∣
∂E2∪∂E4

∣∣ ≤ [|xk+1 − uk+1|2 + (k + 1)2|y − v|2
]− 1

2

≤
[
|σN(x, y)|2 +

(
σN(x, y)

)2
]− 1

2

=
1

σN(x, y)
.

vµ∣∣B̃1(∂
α1
u ∂

β1−1
v f, a, b, c, k)

∣∣∣
∂E2∪∂E4

∣∣ ≤ C48H0

(H1

δ′

)N−r0−2

(N − r0 − 2)!s.

VËy

K2 =
∣∣∣γ∂α,βEa,b

k,c(x, y, u, v)B̃1

(
∂α1
u ∂

β1−1
v f(u, v), a, b, k, c

)∣∣∣ ∣∣∣∣
∂E2∪∂E4

≤ C49
H0

H1

(H1

δ′

)N−r0−1

(N − r0 − 1)!s,

cho nªn ta cã

|I0
2 | ≤ C50

H0

H1

(H1

δ′

)N−r0−1

(N − r0 − 1)!s. (1.54)

B©y giê chóng ta ®¸nh gi¸ tÝch ph©n ®êng trªn c¹nh E1 vµ E3.

§Æt I1
2 =

∫
E1∪E3

γ∂α,βE
a,b
k,c(x, y, u, v)B̃1(∂

α1
u ∂

β1
v f, a, b, c, k)du.

=

∫
E1∪E3

∂1
u(γ∂α,βE

a,b
k,c(x, y, u, v))

×
(
iauk∂α1

u ∂
β1
v f(u, v) + abu2k∂α1−1

u ∂β1+1
v f(u, v)

)
du

+

∫
E1∪E3

γ∂α,βE
a,b
k,c(x, y, u, v)

×
(
(iakuk + icuk−1)∂α1

u ∂
β1
v f(u, v) + 2abku2k−1∂α1−1

u ∂β1+1
v f(u, v)

)
du

−
(
γ∂αβE

a,b
k,c(x, y, u, v)iauk∂α1

u ∂
β1
v f(u, v)+abu2k∂α1−1

u ∂β1+1
v f(u, v)

)∣∣∣
∂E1∪∂E3

.

Ta cã

•
∣∣uk∂α1

u ∂
β1
v f(u, v)

∣∣∣∣∣
E1∪E3

=
∣∣uk∂1

v

(
∂α1
u ∂

β1−1
v f(u, v)

)∣∣∣∣∣
E1∪E3

≤ C51

∣∣f, V T
δ′

∣∣
N
,
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do (α1, β1 − 1) ∈ ΓN .

•|u2k∂α1−1
u ∂β1+1

v f(u, v)|
∣∣∣
E1∪E3

≤ C52

∣∣uk∂1
v

(
∂α1−1
u ∂β1

v f(u, v)
)∣∣ ≤ C53

∣∣f, V T
δ′

∣∣
N
,

do (α1 − 1, β1) ∈ ΓN .

•|uk−1∂α1
u ∂

β1
v f(u, v)| ≤ C55

∣∣∂1
u

(
∂α1−1
u ∂β1

v f(u, v)
)∣∣ ,

•|u2k−1∂α1−1
u ∂β1+1

v f(u, v)| ≤ C57

∣∣uk∂1
v

(
∂α1−1
u ∂β1

v f(u, v)
)∣∣ ≤ C58

∣∣f, V T
δ′

∣∣
N
,

do (α1 − 1, β1) ∈ ΓN .

Do ®ã:

|I1
2 | ≤ C59

H0

H1

(H1

δ

)N−r0−1

(N − r0 − 1)!s. (1.55)

Tõ (1.54) vµ (1.55) chóng ta cã

|I2| ≤ C60
H0

H1

(H1

δ

)N−r0−1

(N − r0 − 1)!s. (1.56)

VËy tõ (1.51), (1.52), (1.53), (1.56) ta cã

max
(x,y)∈V Tδ

∣∣
γ∂α,β∂

α1
1 ∂β1

2 f(x, y)
∣∣

≤ C61

(
T

1
k+1 |f, V T

δ′ |N+1 +H0

(H1

δ

)N−r0−1

((N − r0 − 1)!)s
(
T

1
k+1 +

1

H1

))
.

Chóng ta hoµn thµnh chøng minh MÖnh ®Ò 1.3.2. �

MÖnh ®Ò 1.3.3 Gi¶ sö r»ng, (α, β, γ) ∈ Ξ1
k. Khi ®ã tån t¹i mét h»ng sè C73

sao cho

max
(x,y)∈V Tδ

∣∣
γ∂α,β∂

N+1
2 f(x, y)

∣∣ ≤ C73

[
T

1
k+1

∣∣f, V T
δ”

∣∣
N+1

+

+H0

(H1

δ

)N−r0−1

((N−r0−1)!)s
(
T

1
k+1 +

1

H1

)]
.

Chøng minh. LÊy ®¹o hµm hai vÕ hµm hai vÕ cña ph¬ng tr×nh (1):

Ψa,b
k,cf(x, y) = Ga,b

k,cf(x, y) + ψ
(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
= 0 (1)
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(N + 1) lÇn theo biÕn y chóng ta cã

∂N+1
2 Ga,b

k,cf(x, y) + ∂N+1
2 ψ

(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
= 0.

Tõ ®ã chóng ta viÕt ®îc

Ga,b
k,c

(
∂N+1

2 f(x, y)
)

= −∂N+1
2 ψ

(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
:= B(x, y).

Gäi V4σN (x,y)(x, y) lµ h×nh vu«ng t©m (x, y) c¹nh 8σN(x, y), ta cã

V4σN (x,y)(x, y) ⊂ V T
δ′′
.

¸p dông c«ng thøc (1.10) ta ®îc:

∂N+1
2 f(x, y) =

∫
V4σN (x,y)(x,y)

Ea,b
k,c(x, y, u, v)B(u, v)dudv

−
∫

S4σN (x,y)(x,y)

Ea,b
k,c(x, y, u, v)B̃1

(
∂N+1
v f(u, v), a, b, c, k

)
ds

+

∫
S4σN (x,y)(x,y)

∂N+1
v f(u, v)B̃2

(
Ea,b
k,c, a, b, c, k

)
ds.

LÊy ®¹o hµm γ∂α,β:

γ∂α,β∂
N+1
2 f(x, y) =

∫
V4σN (x,y)(x,y)

γ∂α,βE
a,b
k,c(x, y, u, v)B(u, v)dudv

−
∫

S4σN (x,y)(x,y)

γ∂α,βE
a,b
k,c(x, y, u, v)B̃1

(
∂N+1
v f(u, v), a, b, c, k

)
ds

+

∫
S4σN (x,y)(x,y)

∂N+1
v f(u, v)γ∂α,βB̃2

(
Ea,b
k,c, a, b, c, k

)
ds

:= I4 + I5 + I6. (1.57)

Tõ V4σN (x,y) ⊂ V T
δ′′ , t¬ng tù nh ®¸nh gi¸ I1, chóng ta cã:

|I4| ≤ CT
1
k+1

(∣∣f, V T
δ′′

∣∣
N+1

+H0

(H1

δ

)N−r0−1

((N − r0 − 1)!)s
)
. (1.58)
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B©y giê chóng ta ®¸nh gi¸ I5, I6 trong (1.58).

I. Khi |x| ≤
(
2σN(x, y)

) 1
k+1 .

A. §Çu tiªn chóng ta quan t©m tíi tÝch ph©n ®êng trªn c¹nh Ẽ2 vµ Ẽ4; ë

®©y Ẽ2 vµ Ẽ4 lµ c¹nh cña S4σN (x,y)(x, y), c¸c c¹nh nµy song song víi Oy.

Chó ý r»ng trªn Ẽ2 ∪ Ẽ4 th× |u| ≥
(
2σN(x, y)

) 1
k+1 .

1. §¸nh gi¸ I6:

§Æt I0
6 =

∣∣∣ ∫
Ẽ2∪Ẽ4

∂N+1
v f(u, v)γ∂α,βB̃2

(
Ea,b
k,c(x, y, u, v), a, b, c, k

)
dv
∣∣∣.

Ta nhí lµ khi |u| ≥
(
2σN(x, y)

) 1
k+1 theo Bæ ®Ò 1.3.3, th×∣∣∣∣γ∂α,βX̃2E

a,b
k,c(x, y, u, v)

uk

∣∣∣∣
Ẽ2∪Ẽ4

<
C

σ2
N(x, y)

.

V× vËy ∣∣∂N+1
v f(x, y)γ∂α,βB̃2

(
Ea,b
k,c(x, y, u, v), a, b, c, k

)∣∣∣∣∣
Ẽ2∪Ẽ4

≤ C63

σ2
N(x, y)

∣∣uk∂v (∂Nv f(u, v)
)∣∣∣∣∣

Ẽ2∪Ẽ4

≤ C64

σ2
N(x, y)

∣∣∣f, V T
δ′

∣∣∣
N
,

do (0, 1, k) ∈ Ξ1
k vµ (0, N) ∈ ΓN .

Cho nªn

I0
6 ≤ C69

H0

H1

(
H1

δ′′

)N−r0−1

((N − r0 − 1)!)s.

2. Chóng ta tiÕp tôc ®¸nh gi¸ tÝch ph©n I5 trªn Ẽ2 ∪ Ẽ4.

§Æt

I0
5 =

∫
Ẽ2∪Ẽ4

γ∂α,βE
a,b
k,c(x, y, u, v)B̃1

(
∂N+1
v f(u, v), a, b, c, k

)
dv,

trong ®ã
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B̃1

(
∂N+1
v f(u, v), a, b, c, k

)
= ∂1

vB̃1

(
∂Nv f(u, v), a, b, c, k

)
.

V× vËy

|I0
5 | ≤

∣∣∣∣ ∫
Ẽ2∪Ẽ4

∂1
v

(
γ∂α,βE

a,b
k,c(x, y, u, v)

)
B̃1

(
∂Nv f(u, v), a, b, c, k

)
dv

∣∣∣∣
+
∣∣∣γ∂α,βEa,b

k,c(x, y, u, v)B̃1

(
∂Nv f(u, v), a, b, c, k

)∣∣∣∣∣∣∣
∂Ẽ2∪∂Ẽ4

:= K3 +K4.

Do trªn Ẽ2 vµ Ẽ4, vÐc t¬ ph¸p tuyÕn ®¬n vÞ ngoµi ~ν = (ν1, ν2) cã ν1 = 1,

ν2 = 0, nªn chóng ta cã

K3 =

∣∣∣∣ ∫
Ẽ2∪Ẽ4

∂1
v

(
γ∂α,βE

a,b
k,c(x, y, u, v)

)
B̃1

(
∂Nv f(u, v), a, b, c, k

)
dv

∣∣∣∣
=

∣∣∣∣ ∫
Ẽ2∪Ẽ4

∂1
v

(
γ∂α,βE

a,b
k,c(x, y, u, v)

)[( ∂
∂u
− ibuk ∂

∂v

)
∂Nv f(u, v)

]
dv

∣∣∣∣.
Nhng∣∣∣∂1

v

(
γ∂α,βE

a,b
k,c(x, y, u, v)

)∣∣∣∣∣∣∣
∂Ẽ2∪∂Ẽ4

≤ C70

σ
k+2
k+1

N (x, y)
(do Bæ ®Ò 1.3.1),

vµ ∣∣∣( ∂
∂u
− ibuk ∂

∂v

)
∂Nv f(u, v)

∣∣∣ ≤ ∣∣∣ ∂
∂u

∂Nv f(u, v)
∣∣∣+
∣∣∣uk ∂

∂v
∂Nv f(u, v)

∣∣∣
≤ C71

∣∣∣f, V T
δ′

∣∣∣
N
≤ C71

(
H0

δ′

)N−r0−2

((N − r0 − 2)!)s,

do (0, N) ∈ ΓN .

V× vËy

K3 ≤ C73
H0

H1

(
H1

δ′

)N−r0−1

((N − r0 − 1)!)s. (1.59)

TiÕp theo xÐt:

K4 =
∣∣∣γ∂α,βEa,b

k,c(x, y, u, v)B̃1

(
∂Nv f(u, v), a, b, c, k

)∣∣∣∣∣∣∣
∂Ẽ2∪∂Ẽ4

.
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Chóng ta cã∣∣∣B̃1

(
∂Nv f(u, v), a, b, c, k

)∣∣∣ =
∣∣∣( ∂
∂u
− ibuk ∂

∂v

)
∂Nv f(u, v)

∣∣∣∣∣∣∣
∂Ẽ2∪∂Ẽ4

≤
[∣∣∣ ∂
∂u

∂Nv f(u, v)
∣∣∣+
∣∣∣uk ∂

∂v
∂Nv f(u, v)

∣∣∣]∣∣∣∣
∂Ẽ2∪∂Ẽ4

≤ C74

∣∣∣f, V T
δ′

∣∣∣
N

(1.60)

do (0, N) ∈ ΓN .

MÆt kh¸c ta cã ∣∣∣γ∂α,βEa,b
k,c(x, y, u, v)

∣∣∣ ≤ C

σN(x, y)
. (1.61)

Do ®ã tõ (1.60) vµ (1.61) chóng ta cã

K4 ≤ C76
H0

H1

(
H1

δ′

)N−r0−1

((N − r0 − 1)!)s. (1.62)

V× vËy trªn Ẽ2 ∪ Ẽ4:

|I0
5 | ≤ C77

H0

H1

(
H1

δ′

)N−r0−1

((N − r0 − 1)!)s. (1.63)

B. B©y giê ta quan t©m tíi tÝch ph©n ®êng trªn Ẽ1 ∪ Ẽ3, ë ®©y Ẽ1 vµ Ẽ3

lµ ký hiÖu c¸c c¹nh cña h×nh vu«ng S4σN (x,y)(x, y) - c¸c c¹nh song song víi

Ox; trªn Ẽ1, Ẽ3, vÐc t¬ ph¸p tuyÕn ~ν = (ν1, ν2) cã ν1 = 0, ν2 = 1.

1. Tríc hÕt chóng ta ®¸nh gi¸ I6 trªn Ẽ1 ∪ Ẽ3.

§Æt I1
6 =

∫
Ẽ1∪Ẽ3

∂N+1
v f(u, v)γ∂α,βB̃2

(
Ea,b
k,c(x, y, u, v), a, b, c, k

)
du.

Theo Bæ ®Ò 1.3.2, khi |x| ≤ (2σN(x, y))
1
k+1 th×:∣∣

γ∂α,βX̃2E
a,b
k,c(a, b, c, k)

∣∣∣∣∣
Ẽ1∪Ẽ3

≤ C78

σ
k+2
k+1
N (x,y)

vµ |u|
∣∣
Ẽ1∪Ẽ3

≤ C79σ
1
k+1

N (x, y).

V× vËy

I1
6 ≤ C81

(
H0

H1

)(
H1

δ′′

)N−r0−1

((N − r0 − 1)!)s.
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2. B©y giê ta ®¸nh gi¸ I5, ®Ó ®¸nh gi¸ tÝch ph©n I5 trªn Ẽ1 ∪ Ẽ3, ta còng chó

ý r»ng vÐc t¬ ph¸p tuyÕn ®¬n vÞ ~ν = (ν1, ν2) cã ν1 = 0, ν2 = 1. Tõ ®ã chóng

ta cã:

I1
5 =

∫
Ẽ1∪Ẽ3

γ∂α,βE
a,b
k,cB̃1(∂

N+1
v f(u, v), a, b, c, k)du

=

∫
Ẽ1∪Ẽ3

γ∂α,βE
a,b
k,c

(
−iauk∂1

u∂
N+1
v f − abu2k∂N+2

v f + icuk−1∂N+1
v f

)
du.

XÐt

G̃a,b
k,c(∂

N
v f) = ∂2

u∂
N
v f − abu2k∂N+2

v f − i(a+ b)uk∂1
u∂

N+1
v f(u, v)

− i(kb− c)uk−1∂N+1
v f(u, v).

Do ®ã

−abu2k∂N+2
v f = + ∂Nv ψ

(
u,v,f,

∂f

∂u
, uk

∂f

∂v

)
−∂2

u∂
N
v f+ i(a+b)uk∂1

u∂
N+1
v f

+ i(kb− c)uk−1∂N+1
v f.

VËy chóng ta cã

|I1
5 | ≤

∣∣∣∣ ∫
Ẽ1∪Ẽ3

γ∂α,βE
a,b
k,c(x, y, u, v)∂Nv ψ

(
u, v, f,

∂f

∂u
, uk

∂f

∂v

)
du

∣∣∣∣
+

∣∣∣∣ ∫
Ẽ1∪Ẽ3

γ∂α,βE
a,b
k,c(x, y, u, v)∂2

u∂
N
v f(u, v)du

∣∣∣∣
+

∣∣∣∣ ∫
Ẽ1∪Ẽ3

γ∂α,βE
a,b
k,c(x, y, u, v)ib∂1

u

(
uk∂N+1

v f(u, v)
)
du

∣∣∣∣. (1.64)

LÊy tÝch ph©n tõng phÇn tÝch ph©n thø ba trong (1.64) ta cã∣∣∣ ∫
Ẽ1∪Ẽ3

γ∂α,βE
a,b
k,c(x, y, u, v)ib∂1

u

(
uk∂N+1

v f(u, v)
)
du
∣∣∣

≤
∣∣∣ ∫
Ẽ1∪Ẽ3

γ∂α,β∂
1
u

(
Ea,b
k,c(x, y, u, v)

)
uk∂1

v∂
N
v f(u, v)du

∣∣∣
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+
∣∣
γ∂α,βE

a,b
k,c(x, y, u, v)uk∂1

v∂
N
v f(u, v)

∣∣∣∣∣
∂Ẽ1∪∂Ẽ3

≤ C82|f, V T
δ′′ |N

σN(x, y)
≤ C83

H0

H1

(H1

δ”

)N−r0−1(
(N − r0 − 1)!

)s
.

TiÕp theo, ta ®¸nh gi¸ tÝch ph©n ®Çu tiªn trong (1.64). Do gi¶ thiÕt quy n¹p

vµ theo MÖnh ®Ò 1.3.1 chóng ta cã∣∣∣∣∂Nv ψ(u, v, f, ∂f∂u, uk∂f∂v

)∣∣∣∣ ≤ C84H0

(H1

δ”

)N−r0−2

((N − r0 − 2)!)s

víi (0, N) ∈ ΓN .

MÆt kh¸c ta cã∣∣∣∣∣
∫

Ẽ1∪Ẽ3

γ∂α,βE
a,b
c,k(x, y, u, v)du

∣∣∣∣∣ ≤ C85

σN(x, y)
|u1 − u2|

≤ C86

σN(x, y)
σ

1
k+1

N (x, y).

V× vËy ∣∣∣ ∫
Ẽ1∪Ẽ3

∂Nv ψ
(
u, v, f,

∂f

∂u
, uk

∂f

∂v

)
γ∂α,βE

a,b
k,c(x, y, u, v)du

∣∣∣
≤ C90

(
H0

H1

)(
H1

δ′′

)N−r0−1

((N − r0 − 1)!)s.

B©y giê chóng ta ®¸nh gi¸ tÝch ph©n thø hai trong (1.64). Ta cã∣∣∣ ∫
Ẽ1∪Ẽ3

∂1
u(∂

1
u∂

N
v f(u, v))γ∂α,βE

a,b
k,c(x, y, u, v)du

∣∣∣
=
∣∣∣− ∫

Ẽ1∪Ẽ3

∂1
u∂

N
v f∂

1
u

(
γ∂α,βE

a,b
k,c(x, y, u, v)

)
du

+ γ∂α,βE
a,b
c,k(x, y, u, v)∂1

u∂
N
v f(u, v)

∣∣∣∣
∂Ẽ1∪∂Ẽ3

∣∣∣
≤
∣∣∣ ∫
Ẽ1∪Ẽ3

γ∂α,β∂
1
uE

a,b
k,c(x, y, u, v)∂1

u∂
N
v f(u, v)du

∣∣∣
+
∣∣∣γ∂α,βEa,b

c,k(x, y, u, v)∂1
u∂

N
v f(u, v)

∣∣∣∣∣∣∣
∂Ẽ1∪∂Ẽ3

,
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trong ®ã∣∣∣γ∂α,βEa,b
c,k(x, y, u, v)∂1

u∂
N
v f(u, v)

∣∣∣∣∣∣∣
∂Ẽ1∪∂Ẽ3

∣∣∣ ≤ C91

∣∣f, V T
δ′′

∣∣
N

(
1

σN(x, y)

)
≤ C92

H0

H1

(
H1

δ”

)N−r0−1

((N − r0 − 1)!)s ,

vµ∣∣∣ ∫
Ẽ1∪Ẽ3

γ∂α,β∂
1
uE

a,b
c,k(x, y, u, v)∂1

u∂
N
v f(u, v)du

∣∣∣
≤ C93

∣∣f,V T
δ′′

∣∣
N

1

σ
k+2
k+1

N (x, y)
σ

1
k+1

N (x, y) ≤ C94
H0

H1

(
H1

δ”

)N−r0−1

((N−r0−1)!)s .

Nh vËy ∣∣I1
5

∣∣ ≤ C95
H0

H1

(
H1

δ

)N−r0−1

((N − r0 − 1)!)s .

II. Khi |x| >
(
2σN(x, y)

) 1
k+1

Trªn h×nh vu«ng VσN (x,y)(x, y) chóng ta cã |u| >
(
σN(x, y)

) 1
k+1 . Khi

®ã, ®Ó ®¸nh gi¸ ∂N+1
v f(u, v) chóng ta l¹i dïng biÓu diÔn tÝch ph©n trªn

SσN (x,y)(x, y):

∂N+1
v f(x, y) =

∫
VσN (x,y)

γ∂α,βE
a,b
k,c(x, y, u, v)B(u, v)dudv

−
∫

SσN (x,y)

γ∂α,βE
a,b
k,c(x, y, u, v)B̃1(∂

N+1
v f(u, v), a, b, c, k)ds

+

∫
SσN (x,y)

∂N+1
v f(u, v)γ∂α,βB̃2(E

a,b
k,c(x, y, u, v), a, b, c, k)ds

= I2
4 + I2

5 + I2
6 .

§¸nh gi¸ I2
4 gièng nh ®¸nh gi¸ tÝch ph©n I1 trong MÖnh ®Ò 1.3.2:∣∣I2

4

∣∣ ≤ C96T
1
k+1

( ∣∣f, V T
δ′

∣∣
N+1

+H0

(H1

δ

)N−r0−1

((N − r0 − 1)!)s
)
.

§¸nh gi¸ I2
6 gièng nh ®¸nh gi¸ I3 víi trêng hîp 2 vµ chóng ta còng cã
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∣∣I2
6

∣∣ ≤ C96H0

(H1

δ

)N−r0−1

((N − r0 − 1)!)s.

§¸nh gi¸ I2
5 gièng nh ®¸nh gi¸ I2 vµ chóng ta còng cã∣∣I2

5

∣∣ ≤ C97H0

(H1

δ

)N−r0−1

((N − r0 − 1)!)s.

Cuèi cïng chóng ta kÕt luËn, tån t¹i mét h»ng sè C97 sao cho

max
(x,y)∈V Tδ

∣∣
γ∂α,β∂

N+1
2 f(x, y)

∣∣ ≤ C97

[
T

1
k+1

∣∣f, V T
δ′

∣∣
N+1

+

+H0

(H1

δ

)N−r0−1

((N − r0 − 1)!)s
(
T

1
k+1 +

1

H1

)]
.

Nh vËy chóng ta hoµn thµnh chøng minh MÖnh ®Ò 1.3.3.

MÖnh ®Ò 1.3.4 Gi¶ sö r»ng, (α, β, γ) ∈ Ξ1
k. Khi ®ã tån t¹i mét h»ng sè C98

sao cho

max
(x,y)∈V Tδ

∣∣∣γ∂α,β∂N−r0+1
1 f(x, y)

∣∣∣ ≤ C98

[
T

1
k+1

∣∣f, V T
δ′

∣∣
N+1

+

+H0

(H1

δ

)N−r0−1

((N − r0− 1)!)s
(
T

1
k+1 +

1

H1

)]
.

Chøng minh. LÊy ®¹o hµm hai vÕ cña ph¬ng tr×nh (1) (N − r0 + 1) lÇn

theo biÕn x, ta nhËn ®îc

Ga,b
k,c∂

N−r0+1
1 f(x, y)− A(x, y)−B(x, y) = 0,

trong ®ã

A(x, y) =

= ab

min{N−r0+1,2k}∑
m=1

(
N − r0 + 1

m

)
2k · · · (2k −m+ 1)x2k−m∂N−r0+1−m

1 ∂2
2f

+ i(a+b)

min{N−r0+1,k}∑
m=1

(
N − r0 + 1

m

)
k · · · (k −m+ 1)xk−m∂N−r0+2−m

1 ∂1
2f

+ i(kb−c)
min{N−r0+1,k−1}∑

m=1

(
N − r0 + 1

m

)
k · · · (k −m)xk−m−1∂N−r0+1−m

1 ∂1
2f
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vµ B(x, y) = −∂N−r0+1
1 ψ

(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
.

Khi ®ã, ¸p dông c«ng thøc (1.10) ta cã:

∂N−r0+1
1 f(x, y) =

∫
VσN (x,y)(x,y)

Ea,b
k,c(x, y, u, v)G̃a,b

k,c∂
N−r0+1
u f(u, v)dudv

−
∫

SσN (x,y)(x,y)

Ea,b
k,c(x, y, u, v)B̃1(∂

N−r0+1
u f(u, v), a, b, c, k)ds

+

∫
SσN (x,y)(x,y)

∂N−r0+1
u f(u, v)B̃2(E

a,b
k,c(x, y, u, v)a, b, c, k)ds.

LÊy ®¹o hµm γ∂α,β hai vÕ cña ®¼ng thøc trªn, ®ång thêi thay

G̃a,b
k,c∂

N−r0+1
u f(u, v) = A(u, v) +B(u, v)

chóng ta cã

γ∂α,β∂
N−r0+1
1 f(x, y) =

∫
VσN (x,y)(x,y)

γ∂α,βE
a,b
k,c(x, y, u, v)

(
A(u, v)+B(u, v)

)
dudv

−
∫

SσN (x,y)(x,y)

γ∂α,βE
a,b
k,c(x, y, u, v)B̃1(∂

N−r0+1
u f(u, v), a, b, c, k)ds

+

∫
SσN (x,y)(x,y)

∂N−r0+1
u f(u, v)γ∂α,βB̃2(E

a,b
k,c(x, y, u, v)a, b, c, k)ds

= I7 + I8 + I9.

XÐt tÝch ph©n I7:

I7 =

∫
VσN (x,y)(x,y)

γ∂α,βE
a,b
k,c(x, y, u, v)

(
A(u, v) +B(u, v)

)
dudv,

A(u, v) + B(u, v) ®îc ®¸nh gi¸ t¬ng tù trong MÖnh ®Ò 1.3.2, nªn chóng

thu ®îc ngay kÕt qu¶

|I7| ≤ C99T
1
k+1

( ∣∣f, V T
δ′

∣∣
N+1

+H0

(H1

δ

)N−r0−1

((N − r0 − 1)!)s
)
. (1.65)
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TiÕp theo chóng ta xÐt ®Õn tÝch ph©n I9

I9 =

∫
SσN (x,y)(x,y)

∂N−r0+1
u f(u, v)γ∂αβB̃2(E

a,b
k,c(x, y, u, v)a, b, c, k)ds.

Chó ý r»ng, chóng ta chØ cã (N − r0, 0) ∈ ΓN mµ cha cã (N − r0 +m, 0) ∈

ΓN víi m ≥ 1.

V× vËy ta viÕt

|∂N−r0+1
u f(u, v)| = |∂1

u∂
N−r0
u f(u, v)| ≤

∣∣f, V T
δ′

∣∣
N
.

Cho nªn ta cã

|I9| ≤
∣∣∣∣ ∫
SσN (x,y)(x,y)

∂N−r0+1
u f(u, v)γ∂α,βB̃2(E

a,b
k,c(x, y, u, v)a, b, c, k)ds

∣∣∣∣
≤ C100

H0

H1

(H1

δ′

)N−r0−1

((N − r0 − 1)!)s. (1.66)

B©y giê ®¸nh gi¸ I8:

|I8| =
∣∣∣∣ ∫
SσN (x,y)(x,y)

γ∂α,βE
a,b
k,c(x, y, u, v)B̃1(∂

N−r0+1
u f(u, v), a, b, c, k)ds

∣∣∣∣
=

∣∣∣∣ ∫
SσN (x,y)(x,y)

γ∂α,βE
a,b
k,c(x, y, u, v)×

×
[
(ν1−iaukν2)(∂

1
u−ibuk∂1

v)(∂
N−r0+1
u f(u, v)+ icuk−1ν2∂

N−r0+1
u f(u, v)

]
ds

∣∣∣∣.
A. Tríc hÕt chóng ta xÐt I8 trªn E2 ∪E4, tÝch ph©n nµy ký hiÖu lµ I0

8 . Nh

®· nãi ë phÇn tríc, vÐc t¬ ph¸p tuyÕn ®¬n vÞ trªn E2 ∪ E4 lµ ~ν = (ν1, ν2)

cã ν1 = 1, ν2 = 0.

Khi ®ã

I0
8 =

∫
Ẽ2∪Ẽ4

γ∂α,βE
a,b
k,c(x, y, u, v)(∂1

u − ibuk∂1
v)(∂

N−r0+1
u f)ds.
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Nhng

(∂1
u − ibuk∂1

v)∂
1
u∂

N−r0
u f = G̃a,b

k,c∂
N−r0
u f + (iauk∂1

v)∂
N−r0+1
u f

+ abu2k∂1
v∂

N−r0
u ∂1

vf + i(kb− c)uk−1∂1
v∂

N−r0
u f

vµ

G̃a,b
k,c∂

N−r0
u f(u, v) =

= ab

min{N−r0,2k}∑
m=1

(
N − r0

m

)
2k...(2k −m+ 1) u2k−m∂N−r0−m

u ∂2
vf(u, v)

+ i(a+ b)

min{N−r0,k}∑
m=1

(
N − r0

m

)
k...(k −m+ 1)uk−m∂N−r0+1−m

u ∂1
vf(u, v)

+ i(kb− c)
min{N−r0,k−1}∑

m=1

(
N−r0

m

)
k...(k −m)uk−m−1∂N−r0+1−m

1 ∂1
vf(u, v)

−∂N−r0
u ψ(u, v, f,

∂f

∂u
, uk

∂f

∂v
) = 0,

nªn ta cã

(∂1
u − ibuk∂1

v)∂
1
u∂

N−r0
u f(u, v) = − ∂N−r0

u ψ
(
u, v, f,

∂f

∂u
, uk

∂f

∂v

)
+ ab

min{N−r0,2k}∑
m=1

(
N − r0

m

)
2k...(2k −m+ 1)u2k−m∂N−r0−m

u ∂2
vf(u, v)

+ i(a+ b)

min{N−r0,k}∑
m=1

(
N − r0

m

)
k...(k −m+ 1)uk−m∂N−r0+1−m

u ∂1
vf(u, v)

+ i(kb− c)
min{N−r0,k−1}∑

m=1

(
N−r0

m

)
k...(k −m)uk−m−1∂N−r0+1−m

1 ∂1
2f(u, v)

+ iauk∂1
v∂

N−r0+1
u f + abu2k∂1

v∂
N−r0
u ∂1

vf + i(kb− c)uk−1∂1
v∂

N−r0
u f

:= − ∂N−r0
u ψ(u, v, f,

∂f

∂u
, uk

∂f

∂v
) +D(u, v)

+ ∂1
v(iau

k∂N−r0+1
u f + abu2k∂1

v∂
N−r0
u f).
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Tõ ®ã chóng ta viÕt l¹i I0
8 :

I0
8 = −

∫
E2∪E4

γ∂α,βE
a,b
k,c(x, y, u, v)∂N−r0

u ψ
(
u, v, f,

∂f

∂u
, uk

∂f

∂v

)
dv

+

∫
E2∪E4

γ∂α,βE
a,b
k,c(x, y, u, v)D(u, v)dv

+

∫
E2∪E4

γ∂α,βE
a,b
k,c(x, y, u, v)∂1

v(iau
k∂N−r0+1

u f + abu2k∂1
v∂

N−r0
u f(u, v))dv

:= I10 + I11 + I12 .

Tõ gi¶ thiÕt quy n¹p ta cã
∣∣f, V T

δ

∣∣
N
≤ H0

(H1

δ

)N−r0−2

((N − r0 − 2)!)s vµ

(N − r0, 0) ∈ ΓN . ¸p dông MÖnh ®Ò 1.3.2 ta nhËn ®îc∣∣∣∂N−r0
u ψ

(
u, v, f,

∂f

∂u
, uk

∂f

∂v

)∣∣∣ ≤ H0H
N−r0−1
1 ((N − r0 − 1)!)s.

V× vËy lµm t¬ng tù nh tÝch ph©n I1 ta thu ®îc

|I10| ≤ C101T
1
k+1

( ∣∣f, V T
δ′

∣∣
N+1

+H0

(H1

δ

)N−r0−1

((N − r0 − 1)!)s
)
.

B©y giê chóng ta tiÕp tôc xÐt tÝch ph©n I11. Do N ≥ 6k + 4 nªn (N − r0 −

m, 1) ∈ ΓN , (N − r0 + 1−m, 1) ∈ ΓN , (N − r0, 0) ∈ ΓN . Do vËy ta cã:∣∣∣u2k−m∂N−r0−m
u ∂2

vf(u, v)
∣∣∣ ≤ C102

∣∣∣uk∂1
v∂

N−r0−m
u ∂1

vf(u, v)
∣∣∣

≤ C103H0

(H1

δ

)N−r0−2

((N − r0 − 2)!)s,

∣∣∣uk−m∂N−r0+1−m
u ∂1

vf(u, v)
∣∣∣ ≤ C104

∣∣∣uk∂1
v∂

N−r0+1−m
u f(u, v)

∣∣∣
≤ C105H0

(H1

δ

)N−r0−2

((N − r0 − 2)!)s,

∣∣∣uk−m−1∂N−r0+1−m
u ∂1

vf(u, v)
∣∣∣ ≤ C106

∣∣∣uk∂1
v∂

N−r0+1−m
u f(u, v)

∣∣∣
≤ C107H0

(H1

δ

)N−r0−2

((N − r0 − 2)!)s,
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∣∣∣uk−1∂N−r0
u ∂1

vf(u, v)
∣∣∣ ≤ C108

∣∣∣uk∂1
v∂

N−r0
u f(u, v)

∣∣∣
≤ C109H0

(H1

δ

)N−r0−2

((N − r0 − 2)!)s.

VËy

|I11| ≤ C110
H0

H1

(H1

δ′

)N−r0−1

((N − r0 − 1)!)s.

TiÕp theo ta xÐt ®Õn tÝch ph©n I12, ¸p dông tÝch ph©n tõng phÇn chóng ta cã

|I12| =

=

∣∣∣∣ ∫
E2∪E4

γ∂α,βE
a,b
k,c(x, y, u, v)∂1

v(iau
k∂N−r0+1
u f(u, v)+abu2k∂1

v∂
N−r0
u f(u, v))dv

∣∣∣∣
≤
∣∣∣∣ ∫
E2∪E4

∂1
v

(
γ∂α,βE

a,b
k,c(x, y, u, v)

)
(iauk∂N−r0+1

u f + abu2k∂1
v∂

N−r0
u f)dv

∣∣∣∣
+
∣∣∣γ∂α,βEa,b

k,c(x, y, u, v)∂1
v(iau

k∂N−r0+1
u f + abu2k∂1

v∂
N−r0
u f)

∣∣∣∣∣∣∣
∂E2∪∂E4

≤ C
H0

H1

(H1

δ′

)N−r0−1

((N − r0 − 1)!)s.

Tõ ®ã ta cã

|I0
8 | ≤ C111

H0

H1

(H1

δ′

)N−r0−1

((N − r0 − 1)!)s. (1.67)

B. §¸nh gi¸ I8 trªn Ẽ1 vµ Ẽ3, tÝch ph©n nµy ®îc ký hiÖu lµ I1
8 .

Trªn Ẽ1 vµ Ẽ3 ta lu«n cã ν1 = 1, ν2 = 0. V× vËy

I1
8 =

∫
E1∪E3

γ∂α,βE
a,b
k,c(x, y, u, v)∂1

u

(
∂N−r0+1
u f − ibuk∂1

v∂
N−r0
u f

)
du

+

∫
E1∪E3

γ∂α,βE
a,b
k,c(x, y, u, v)ibkuk−1∂1

v∂
N−r0
u f(u, v)du.
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Tõ ®ã ta cã

|I1
8 | ≤

∣∣∣∣ ∫
E1∪E3

γ∂α,β∂
1
uE

a,b
k,c(x, y, u, v)

(
∂N−r0+1
u f(u, v)−ibuk∂1

v∂
N−r0
u f(u, v)

)
du

∣∣∣∣
+
∣∣∣γ∂α,βEa,b

k,c(x, y, u, v)
(
∂N−r0+1
u f(u, v)− ibuk∂1

v∂
N−r0
u f(u, v)

)∣∣∣∣∣∣∣
∂E1∪∂E3

+

∣∣∣∣ ∫
E1∪E3

γ∂α,β∂
1
uE

a,b
k,c(x, y, u, v)uk−1∂1

v∂
N−r0
u f(u, v)du

∣∣∣∣.
Do ∣∣∂N−r0+1

u f
∣∣ =

∣∣∂1
u∂

N−r0
u f

∣∣ ≤ C112

∣∣f, V T
δ′

∣∣
N
,

vµ ∣∣uk∂1
v∂

N−r0
u f

∣∣ ≤ C113

∣∣f, V T
δ′

∣∣
N
,

cho nªn chóng ta còng cã

|I1
8 | ≤ C114

H0

H1

(H1

δ′

)N−r0−1

((N − r0 − 1)!)s. (1.68)

VËy

|I8| ≤ C115
H0

H1

(H1

δ′

)N−r0−1

((N − r0 − 1)!)s. (1.69)

Tõ (1.65), (1.66), (1.69) ta cã

max
(x,y)∈V Tδ

∣∣
γ∂α,β∂

N−r0+1
1 f(x, y)

∣∣ ≤ C116

[
T

1
k+1

∣∣f, V T
δ′

∣∣
N+1

+

+H0

(H1

δ

)N−r0−1

((N − r0 − 1)!)s
(
T

1
k+1 +

1

H1

)]
.

Nh vËy chóng ta hoµn thµnh chøng minh MÖnh ®Ò 1.3.4.

MÖnh ®Ò 1.3.5 Gi¶ sö (α1, β1) ∈ ΓN+1 \ΓN , α1 ≥ 1, β1 ≥ 1. Khi ®ã tån t¹i

mét h»ng sè C117 sao cho

max
(x,y)∈V Tδ

∣∣∣∂α1+2
1 ∂β1

2 f(x, y)
∣∣∣ ≤ C117

[
T

1
k+1

∣∣f, V T
δ′′

∣∣
N+1

+H0

(H1

δ

)N−r0−1(
(N − r0 − 1)!

)s(
T

1
k+1 +

1

H1

)]
.
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Chøng minh. XÐt ph¬ng tr×nh

Ga,b
k,cf(x, y) + ψ

(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
= 0. (1)

LÊy ®¹o hµm ∂α1
1 ∂β1

2 cña ph¬ng tr×nh (1) chóng ta ®îc

∂α1+2
1 ∂β1

2 f(x, y) = − ∂α1
1 ∂β1

2 ψ
(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
+ ab

min{α1, 2k}∑
m=0

(
α1

m

)
2k · · · (2k −m+ 1)x2k−m∂α1−m

1 ∂β1+2
2 f(x, y)

+ i(a+ b)
min{α1, k}∑
m=0

(
α1

m

)
k · · · (k −m+ 1)xk−m∂α1+1−m

1 ∂β1+1
1 f(x, y)

+ i(kb−c)
min{α1, k−1}∑

k=0

(
α1

m

)
(k−1)...(k−m)xk−m−1∂α1−m

1 ∂β2+1
2 f(x, y)

:= J1 + J2 + J3 + J4.

§Çu tiªn chóng ta xÐt

|J1| =
∣∣∣∂α1

1 ∂β1

2 .ψ
(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)∣∣∣.
Do gi¶ thiÕt quy n¹p

∣∣f, V T
δ

∣∣
N
≤H0

(H1

δ

)N−r0−2(
(N−r0−2)!

)s
víiN≥ 6k+4,

nªn ¸p dông MÖnh ®Ò 1.3.1 chóng ta cã

max
x∈V Tδ

∣∣∣∂α1
1 ∂β1

2 ψ
(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)∣∣∣
≤ C118

( ∣∣f, V T
δ

∣∣
N+1

+H0

(H1

δ

)N−r0−1(
(N − r0 − 2)

)s)
. (1.70)

Chóng ta thÊy r»ng, trong ∂α1
1 ∂β1

2 ψ
(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
, ®¹o hµm cao nhÊt

cña f chØ cã thÓ lµ c¸c sè h¹ng xγ∂α1
1 ∂β1+1

2 f(x, y), xγ∂α1+1
1 ∂β1

2 f(x, y) mµ c¸c

sè h¹ng nµy viÕt ®îc thµnh D
∣∣∣xk∂1

2

(
∂α1

1 ∂β1

2 f(x, y)
)∣∣∣, E∣∣∣∂1

(
∂α1

1 ∂β1

2 f(x, y)
)∣∣∣

víi (α1, β1) ∈ ΓN+1, D,E, lµ h»ng sè. V× vËy, ¸p dông c¸c MÖnh ®Ò 1.3.2,

1.3.3, 1.3.4 chóng ta cã thÓ ®¸nh gi¸ ®îc
∣∣f, V T

δ

∣∣
N+1

. Trong trêng hîp
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nµy, ta cã

max
(x,y)∈V Tδ

∣∣∣∂α1
1 ∂β1

2 ψ
(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)∣∣∣
≤C119

[
T

1
k+1

∣∣f, V T
δ′′

∣∣
N+1

+H0

(H1

δ

)N−r0−1(
(N − r0 − 1)!

)s(
T

1
k+1 +

1

H1

)]
.

(1.71)

§Ó ®¸nh gi¸ J2, J3, J4 chóng ta chia lµm hai trêng hîp sau ®©y:

1. Trêng hîp 1: α1 ≤ r0

a) Víi m < α1, chóng ta biÓu diÔn

x2k−m∂α1−m
1 ∂β1+2

2 f(x, y), xk−m−1∂α1−m
1 ∂β1+1

2 f(x, y),

xk−m∂α1−m+1
1 ∂β1+1

2 f(x, y),

thµnh x2k−m∂1
1

(
∂α1−m−1

1 ∂β1+2
2 f(x, y)

)
, xk−m−1∂1

1

(
∂α1−m−1

1 ∂β1+1
2 f(x, y)

)
,

xk−m∂1
1

(
∂α1−m

1 ∂β1+1
2 f(x, y)

)
.

Ta thÊy (α1−m−1, β1 +2), (α1−m−1, β1 +1), (α1−m,β1 +1) ∈ ΓN+1.

Do ®ã, ¸p dông c¸c MÖnh ®Ò 1.3.2, 1.3.3, 1.3.4 chóng ta cã

|J2|+|J3|+|J4| ≤C120

[
T

1
k+1

∣∣f, V T
δ′′

∣∣
N+1

+
H0

H1

(
H1

δ

)N−r0−1(
(N − r0 − 1)!

)s]
.

(1.72)

b) Víi m = α1, ®Ó ®¸nh gi¸ J2, J3, J4 chóng ta ph¶i ®¸nh gi¸∣∣x2k−m∂α1−m
1 ∂β1+2

2 f(x, y)
∣∣, ∣∣xk−m∂α1−m+1

1 ∂β1+1
2 f(x, y)

∣∣,∣∣xk−m−1∂α1−m
1 ∂β1+1

2 f(x, y)
∣∣.

Chóng ta cã:

•
∣∣x2k−m∂α1−m

1 ∂β1+2
2 f(x, y)

∣∣= ∣∣x2k−m∂β1+2
2 f(x, y)

∣∣≤C121

∣∣xk∂1
2∂

β1+2
2 f(x, y)

∣∣
≤ C122

[
T

1
k+1

∣∣f, V T
δ′′

∣∣
N+1

+
H0

H1

(
H1

δ

)N−r0−1 (
(N − r0 − 1)!

)s]
,

do (0, β1 + 1) ∈ ΓN+1 vµ MÖnh ®Ò 1.3.4.
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•
∣∣xk−m∂α1−m+1

1 ∂β1+1
2 f(x, y)

∣∣ =
∣∣xk−m∂1

1∂
β1+1
2 f(x, y)

∣∣
≤ C123

[
T

1
k+1

∣∣f, V T
δ′′

∣∣
N+1

+
H0

H1

(
H1

δ

)N−r0−1 (
(N − r0 − 1)!

)s]
,

do (0, β1 + 1) ∈ ΓN+1 vµ MÖnh ®Ò 1.3.4.

•
∣∣xk−m−1∂α1−m

1 ∂β1+1
2 f(x, y)

∣∣ =
∣∣xk−m−1∂β1+1

2 f(x, y)
∣∣

≤ C124

[
T

1
k+1

∣∣f, V T
δ′′

∣∣
N+1

+
H0

H1

(
H1

δ

)N−r0−1(
(N − r0 − 1)!

)s]
,

do (0, β1 + 1) ∈ ΓN+1 vµ MÖnh ®Ò 1.3.4.

Tõ ®ã chóng ta cã

|J2|+ |J3|+ |J4|

≤ C125

[
T

1
k+1

∣∣f, V T
δ′′

∣∣
N+1

+
H0

H1

(
H1

δ

)N−r0−1 (
(N − r0 − 1)!

)s]
. (1.73)

2. Trêng hîp 2: α1 ≥ 2k + 1

Trong trêng hîp nµy chóng ta cã α1 −m ≥ 3.

a) m = 0 : ®Ó ®¸nh gi¸ J2, J3, J4 chóng ta ph¶i ®¸nh gi¸∣∣x2k∂α1
1 ∂β1+2

2 f(x, y)
∣∣, ∣∣xk−1∂α1

1 ∂β1+1
2 f(x, y)

∣∣, ∣∣xk∂α1+1
1 ∂β1+1

2 f(x, y)
∣∣.

Ta cã:

•
∣∣x2k∂α1

1 ∂β1+2
2 f(x, y)

∣∣ ≤ C126

∣∣xk∂2
1(∂α1−2

1 ∂β1+2
2 f(x, y))

∣∣
≤ C127T

1
k+1

∣∣∂2
1(∂α1−2

1 ∂β1+2
2 f(x, y)

∣∣,
do (α1 − 2, β1 + 2) ∈ ΓN+1, α1 − 2 ≥ 1, β1 + 2 ≥ 1.

•
∣∣xk−1∂α1

1 ∂β1+1
2 f(x, y)

∣∣ ≤ C128

∣∣∂2
1(∂α1−2

1 ∂β1+1
2 f(x, y))

∣∣
≤ C129

H0

H1

(
H1

δ

)N−r0−1(
(N − r0 − 1)!

)s
,

do (α1 − 2, β1 + 1) ∈ ΓN , α1 − 2 ≥ 1, β1 + 1 ≥ 1.

•
∣∣xk∂α1+1

1 ∂β1+1
2 f(x, y)

∣∣ =
∣∣xk∂2

1(∂α1−1
1 ∂β1+1

2 f(x, y))
∣∣

≤ C130T
1
k+1

∣∣∂2
1(∂α1−2

1 ∂β1+2
2 f(x, y))

∣∣,
do (α1 − 1, β1 + 1) ∈ ΓN+1, α1 − 1 ≥ 1, β1 + 1 ≥ 1.
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VËy khi m = 0 ta cã

|J1|+ |J2|+ |J3| ≤ C131T
1
k+1

∣∣∂2
1(∂α1−1

1 ∂β1+1
2 f(x, y))

∣∣
+ C132T

1
k+1

∣∣∂2
1(∂α1−2

1 ∂β1+2
2 f(x, y))

∣∣
+ C133

H0

H1

(
H1

δ

)N−r0−1(
(N − r0 − 1)!

)s
,

b) m ≥ 1, α1 ≤ 4k + 3. §Ó ®¸nh gi¸ J1, J2, J3 chóng ta ®¸nh gi¸:∣∣x2k−m∂α1−m
1 ∂β1+2

2 f(x, y)
∣∣, ∣∣xk−m∂α1−m+1

1 ∂β1+1
2 f(x, y)

∣∣,∣∣xk−m−1∂α1−m
1 ∂β1+1

2 f(x, y)
∣∣.

Ta cã

•
∣∣x2k−m∂α1−m

1 ∂β1+2
2 f(x, y)

∣∣ =
∣∣x2k−m∂2

1(∂α1−m−2
1 ∂β1+2

2 f(x, y))
∣∣

≤ C134
H0

H1

(
H1

δ

)N−r0−1 (
(N − r0 − 1)!

)s
,

do (α1 −m− 2, β1 + 2) ∈ ΓN vµ α1 −m− 2 ≥ 1, β1 + 2 ≥ 1.

•
∣∣xk−m−1∂α1−m

1 ∂β1+1
2 f(x, y)

∣∣ =
∣∣xk−m−1∂2

1(∂α1−m−2
1 ∂β1+1

2 f(x, y))
∣∣

≤ C135
H0

H1

(
H1

δ

)N−r0−1 (
(N − r0 − 1)!

)s
,

do (α1 −m− 2, β1 + 1) ∈ ΓN) vµ α1 −m− 2 ≥ 1, β1 + 1 ≥ 1.

•
∣∣xk−m∂α1−m+1

1 ∂β1+1
2 f(x, y)

∣∣ =
∣∣xk−m∂2

1(∂α1−m−1
1 ∂β1+1

2 f(x, y))
∣∣

≤ C136
H0

H1

(
H1

δ

)N−r0−1 (
(N − r0 − 1)!

)s
,

do (α1 −m− 1, β1 + 1) ∈ ΓN vµ α1 −m− 1 ≥ 1, β1 + 1 ≥ 1.

c) m ≥ 1, α1 ≤ 4k + 4. Khi ®ã

•
∣∣x2k−m∂α1−m

1 ∂β1+2
2 f(x, y)

∣∣ =
∣∣x2k−m∂2

1(∂α1−m−2
1 ∂β1+2

2 f(x, y))
∣∣

≤ C137
H0

H1

(
H1

δ

)N−r0−1 (
(N − r0 − 1)!

)s
,

do (α1 −m− 2, β1 + 2) ∈ ΓN+1−m vµ α1 −m− 2 ≥ 1, β1 + 2 ≥ 1.
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•
∣∣xk−m−1∂α1−m

1 ∂β1+1
2 f(x, y)

∣∣ =
∣∣xk−m−1∂2

1(∂α1−m−2
1 ∂β1+1

2 f(x, y))
∣∣

≤ C138
H0

H1

(
H1

δ

)N−r0−1 (
(N − r0 − 1)!

)s
,

do (α1 −m− 2, β1 + 1) ∈ ΓN+1−m vµ α1 −m− 2 ≥ 1, β1 + 1 ≥ 1.

•
∣∣xk−m∂α1−m+1

1 ∂β1+1
2 f(x, y)

∣∣ =
∣∣xk−m∂2

1(∂α1−m−1
1 ∂β1+1

2 f(x, y))
∣∣

≤ C139
H0

H1

(
H1

δ

)N−r0−1 (
(N − r0 − 1)!

)s
,

do (α1 −m− 1, β1 + 1) ∈ ΓN+1−m vµ α1 −m− 1 ≥ 1, β1 + 1 ≥ 1.

Tõ hai trêng hîp trªn chóng nhËn ta ®îc

|J2|+ |J3|+ |J4| ≤
[
C141T

1
k+1

∣∣∣∂2
1

(
∂α1−2

1 ∂β1+2
2 f(x, y)

)∣∣∣
+C142T

1
k+1

∣∣∣∂2
1

(
∂α1−1

1 ∂β1+1
2 f(x, y)

)∣∣∣+ C143
H0

H1

(
H1

δ

)N−r0−1(
(N − r0 − 1)!

)s]
.

(1.74)

VËy tõ (1.70), (1.72), (1.73) vµ (1.74) chóng ta cã

max
(α1, β1)∈ΓN+1\ΓN

max
(x,y)∈V Tδ

∣∣∣∂2
1

(
∂α1

1 ∂β1

2 f(x, y)
)∣∣∣

≤ C144T
1
k+1 max

(α1, β1)∈ΓN+1\ΓN
max

(x,y)∈V Tδ

∣∣∣∂2
1

(
∂α1

1 ∂β1

2 f(x, y)
)∣∣∣

+C146

[
T

1
k+1

∣∣f, V T
δ′′

∣∣
N+1

+H0

(H1

δ

)N−r0−1(
(N−r0−1)!

)s(
T

1
k+1 +

1

H1

)]
.

§Çu tiªn chóng ta chän T sao cho C144 T
1
k+1 <

1

2
hay T <

( 1

2C144

)
. Khi

®ã chóng ta ®îc

max
(α1, β1)∈ΓN+1\ΓN

α1≥1, β1≥1

max
(x,y)∈V Tδ

∣∣∣∂2
1

(
∂α1

1 ∂β1

2 f(x, y)
)∣∣∣

≤ C146

[
T

1
k+1

∣∣f, V T
δ′′

∣∣
N+1

+H0

(H1

δ

)N−r0−1(
(N−r0−1)!

)s(
T

1
k+1 +

1

H1

)]
.

Nh vËy, chóng ta hoµn thµnh chøng minh MÖnh ®Ò 1.3.5. Sau ®©y chóng

t«i trÝch dÉn mét bæ ®Ò s¬ cÊp do Friemand tr×nh bµy trong [12].
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Bæ ®Ò 1.3.5 Tån t¹i mét h»ng sè E sao cho nÕu g(z) lµ mét hµm d¬ng ®¬n

®iÖu gi¶m, ®îc ®Þnh nghÜa trªn ®o¹n (0, 1], vµ tho¶ m·n

g(z) ≤ 1

102
g
(
z
(

1− 4

n

))
+

C

zn−r0−1
; (n > r0 + 2, C > 0)

th× g(z) ≤ CE

zn−r0−1
.

B©y giê chóng ta quay l¹i chøng minh §Þnh lý 1.3.1. §Þnh lý 1.3.1 ®îc

chøng minh nÕu chóng ta chøng minh ®îc∣∣f, V T
δ

∣∣
N+1
≤ H0

(H1

δ

)N−r0−1(
(N − r0 − 1)!

)s
.

Nhng chóng ta ®· biÕt∣∣f, V T
δ

∣∣
N+1

= max
(α, β)∈ΓN+1

∣∣∣∂α1 ∂β2 f, V T
δ

∣∣∣+ max
(α, β)∈ΓN+1

α≥1, β≥1

max
(x,y)∈V Tδ

∣∣∣∂2
1

(
∂α1 ∂

β
2 f(x, y)

)∣∣∣.
§¸nh gi¸ max

(α, β)∈ΓN+1

∣∣∣∂α1 ∂β2 f, V T
δ

∣∣∣ ®îc tr×nh bµy trong c¸c MÖnh ®Ò 1.3.2,

1.3.3, 1.3.4; ®¸nh gi¸ max
(α, β)∈ΓN+1

α≥1, β≥1

max
(x,y)∈V Tδ

∣∣∣∂2
1

(
∂α1 ∂

β
2 f(x, y)

)∣∣∣ ®îc tr×nh bµy

trong MÖnh ®Ò 1.3.5. Tõ c¸c mÖnh ®Ò ®ã ta cã∣∣f, V T
δ

∣∣
N+1

≤ C147

[
T

1
k+1

∣∣f, V T
δ′′

∣∣
N+1

+H0

(H1

δ

)N−r0−1(
(N−r0−1)!

)s(
T

1
k+1 +

1

H1

)]
.

§Æt g(δ) =
∣∣f, V T

δ

∣∣
N+1

, râ rµng g(δ) lµ mét hµm d¬ng, ®¬n ®iÖu gi¶m vµ

x¸c ®Þnh trªn kho¶ng (0, 1). Chän h×nh vu«ng V T sao cho

C147T
1
k+1 <

1

1012
, hay T <

( 1

C1471012

)k+1

,

khi ®ã chóng ta cã

g(δ)≤ 1

1012
g
(
δ
(

1− 4

N

))
+H0

(H1

δ

)N−r0−1(
(N−r0−1)!

)s(
C147T

1
k+1 +

C147

H1

)

=
1

1012
g
(
δ
(

1− 4

N

))
+
H0H

N−r0−1
1

(
(N − r0 − 1)!

)s(
C147T

1
k+1 +

C147

H1

)
(δ)N−r0−1

.
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Theo Bæ ®Ò 1.3.5 th× cã mét h»ng sè E sao cho

g(δ) ≤ E
H0H

N−r0−1
1

(
(N − r0 − 1)

)s(
C147T

1
k+1 +

C147

H1

)
(δ)N−r0−1

= EH0

(H1

δ

)N−r0−1(
(N − r0 − 1)

)s(
C147T

1
k+1 +

C147

H1

)
.

Chän T,H1 sao cho EC147T
1
k+1 <

1

2
, EC147

1

H1
<

1

2
. Chóng ta cã

∣∣f, V T
δ

∣∣
N+1
≤ H0

(H1

δ

)N−r0−1(
(N − r0 − 1)

)s
.

Nh vËy ®¸nh gi¸ ®óng víi n = N + 1, nªn còng ®óng víi mäi n, chóng ta

hoµn thµnh chøng minh §Þnh lý 1.3.1.

KÕt hîp §Þnh lý 1.2.2 vµ §Þnh lý 1.3.1 chóng ta cã §Þnh lý 1.3.2 sau ®©y:

§Þnh lÝ 1.3.2 Gi¶ sö r»ng, k lµ sè lÎ, c¸c tham sè a, b, c, k lµ chÊp nhËn ®îc

vµ m ≥ 2k + 3. Khi ®ã:

i) NÕu ψ ∈ Gs(s ≥ 1) th× mäi Gm
k,loc(Ω) - nghiÖm cña ph¬ng tr×nh (1)

thuéc Gs(Ω); to¸n tö phi tuyÕn Ψa,b
k,c lµ s- hypoelliptic.

ii) Trong trêng hîp ®Æc biÖt, nÕu ψ lµ hµm gi¶i tÝch th× mäi Cm(Ω)-

nghiÖm cña ph¬ng tr×nh (1) còng lµ gi¶i tÝch trªn Ω; to¸n tö phi tuyÕn Ψa,b
k,c

lµ gi¶i tÝch hypoelliptic.



Ch¬ng 2

BiÕn ®æi Fourier vµ tÝnh chÝnh qui
Gevrey cña nghiÖm cña mét líp ph¬ng
tr×nh elliptic suy biÕn phi tuyÕn cÊp hai
víi bËc suy biÕn ch½n

Trong Ch¬ng 1, chóng t«i ®· tr×nh bµy c¸c kÕt qu¶ vÒ tÝnh tr¬n C∞,

tÝnh chÝnh qui Gevrey cña nghiÖm cña ph¬ng tr×nh (1) víi k lµ sè nguyªn

d¬ng lÎ. Nhng khi k lµ sè nguyªn d¬ng ch½n, ph¬ng ph¸p t×m nghiÖm

c¬ b¶n cña Ch¬ng 1 kh«ng cßn thÝch hîp n÷a, do c«ng thøc nghiÖm díi

d¹ng

Ea,b
k,c = A

− c
(k+1)(b−a)

+ A
− k(b−a)−c

(k+1)(b−a)

− F (p)

kh«ng x¸c ®Þnh trong trêng hîp nµy. V× vËy trong Ch¬ng 2 nµy, chóng t«i

dïng ph¬ng ph¸p biÕn ®æi Fourier ®Ó t×m nghiÖm c¬ b¶n cña to¸n tö Ga,b
k,c.

B»ng ph¬ng ph¸p nµy, chóng t«i t×m ®îc nghiÖm c¬ b¶n cña to¸n tö Ga,b
k,c

c¶ khi k ch½n vµ k lÎ. V× ph¬ng ph¸p t×m nghiÖm thay ®æi nªn c¸c kü thuËt

®¸nh gi¸ nghiÖm c¬ b¶n vµ c¸c ®¹o hµm cña nã còng hoµn toµn kh¸c. Tuy

nhiªn, chóng t«i vÉn thu ®îc toµn bé c¸c kÕt qu¶ vÒ tÝnh chÝnh qui Gevrey

cña nghiÖm cña ph¬ng tr×nh (1) nh ë trong Ch¬ng 1.

89
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2.1 NghiÖm c¬ b¶n cña to¸n tö Ga,b
k,c

2.1.1 NghiÖm c¬ b¶n cña to¸n tö Ga,b
k,c khi k ch½n

Ta ®· cã nghiÖm c¬ b¶n cña to¸n tö Ga,b
k,c khi k lµ sè tù nhiªn lÎ. B©y giê

chóng ta t×m nghiÖm c¬ b¶n cña Ga,b
k,c khi k lµ sè tù nhiªn ch½n, tøc lµ t×m

Ea,b
k,c(x, y, u, v) sao cho

Ga,b
k,cE

a,b
k,c(x, y, u, v) = δ(x− u, y − v) = δ(x− u)× δ(y − v). (2.1)

ë ®©y δ lµ to¸n tö Dirac. Ký hiÖu Dy = −i ∂
∂y

, khi ®ã ph¬ng tr×nh (2.1)

®îc viÕt l¹i nh sau:

∂2Ea,b
k,c(x, y, u, v)

∂x2
+ (a+ b)xkDy

(∂Ea,b
k,c(x, y, u, v)

∂x

)
+ abx2kD2

yyE
a,b
k,c(x, y, u, v)− (c− kb)xk−1DyE

a,b
k,c(x, y, u, v)

= δ(x− u, y − v)
= δ(x− u)× δ(y − v).

(2.2)

§Ó cho gän, ta viÕt Ea,b
k,c(x, y, u, v) = E(x, y, u, v).

LÊy biÕn ®æi Fourier theo biÕn y c¶ hai vÕ cña ph¬ng tr×nh (2.2), ta nhËn

®îc

Ẽxx(x, ξ, u, v) + (a+ b)xkξẼx(x, ξ, u, v)

+
(
abx2kξ2 + (kb− c)xk−1ξ)Ẽ(x, ξ, u, v) = δ(x− u)e−iξv. (2.3)

Tríc hÕt ta gi¶i ph¬ng tr×nh

Ẽxx(x, ξ, u, v) + (a+ b)xkξẼx(x, ξ, u, v)

+
(
abx2kξ2 + (kb− c)xk−1ξ

)
Ẽ(x, ξ, u, v) = 0. (2.4)

Ta ®Æt

F (τ) = Ẽ(x, ξ, u, v), τ = xξ
1
k+1 , x = ξ

−1
k+1τ. (2.5)
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Ph¬ng tr×nh (2.4) trë thµnh

F ′′(τ) + (a+ b)τ kF ′(τ) +
(
ab τ 2k + (kb− c)τ k−1

)
F (τ) = 0. (2.6)

§Ó gi¶i ph¬ng tr×nh (2.6) nµy ta xÐt ph¬ng tr×nh sau ®©y:

uxx + Axkux + (Bx2k + Cxk−1)u = 0. (2.7)

B»ng c¸ch ®Æt u = f(p) víi p = xk+1 ph¬ng tr×nh nµy cã d¹ng nh sau:

(k + 1)2pf ′′(p)+
(
k(k + 1)+A(k + 1)p

)
f ′(p)+

(
Bp+C)f(p) = 0. (2.8)

Ph¬ng tr×nh (2.8) thuéc lo¹i

(aop+ bo)
d2f

dp2
+ (a1p+ b1)

df

dp
+ (a2p+ b2)p = 0, (2.9)

víi ao = (k + 1)2, bo = 0, a1 = A(k + 1), b1 = k(k + 1), a2 = B, b2 = C.

H. Bateman trong [9] ( trang 250, 252, 258, 278 ) ®· ®a ra c«ng thøc nghiÖm,

d¸ng ®iÖu tiÖm cËn, sù ®éc lËp vµ phô thuéc tuyÕn tÝnh cña c¸c nghiÖm cña

ph¬ng tr×nh (2.9). Chóng ta thÊy r»ng ph¬ng tr×nh (2.6) cã d¹ng nh (2.7)

víi

A = (a+ b), B = ab, C = (kb− c),

D2 = A2 − 4B = (a+ b)2 − 4ab = (a− b)2.

• Khi ξ > 0 ta lÊy

D = a− b, ã1 =
k(−A+D) + 2C

2(k + 1)D
=

c

(k + 1)(b− a)
,

λ̃1 =
−(k + 1)

D
=

(k + 1)

(b− a)
, h̃1 =

−b
k + 1

, c̃1 =
k

(k + 1)
.

Theo [9] nghiÖm cña ph¬ng tr×nh (2.6) lµ

f1(τ)=e
−(a+b)+(a−b)

2(k+1) τk+1

Φ
(
ã1,c̃1,

(b− a)τ k+1

k + 1

)
,

f2(τ)=e
−(a+b)+(a−b)

2(k+1) τk+1((b−a)τ k+1

k + 1

)1−̃c1
Φ
(
ã1 − c̃1+1, 2− c̃1,

(b−a)τ k+1

k + 1

)
.
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Theo [9] hai nghiÖm f1(τ) vµ f2(τ) lµ ®éc lËp tuyÕn tÝnh, nªn ta cã hai

nghiÖm ®éc lËp tuyÕn tÝnh cña (2.4) lµ

e
−bxk+1ξ
k+1 Φ

(
ã1, c̃1,

(b− a)xk+1ξ

k + 1

)
,

vµ

e
−bxk+1ξ
k+1 x

((b− a)ξ

k + 1

) 1
k+1

Φ
(
ã1−c̃1+1, 2−c̃1,

(b− a)xk+1ξ

k + 1

)
.

Ta biÓu diÔn nghiÖm tæng qu¸t cña ph¬ng tr×nh (2.4) díi d¹ng

F1(x, ξ, ) = e
−bxk+1ξ
k+1

[
C1Φ

(
ã1, c̃1,

(b− a)xk+1ξ

k + 1

)
+ C2 x

((b− a)ξ

k + 1

) 1
k+1

Φ
(
ã1 − c̃1 + 1, 2− c̃1,

(b− a)xk+1ξ

k + 1

)]
.

Chän C1 =
Γ(1− c̃1)

Γ(ã1 − c̃1 + 1)
, C2 =

Γ(c̃1 − 1)

Γ(ã1)
, chóng ta thu ®îc mét nghiÖm

riªng cña ph¬ng tr×nh (2.4):

Ẽ1(x, ξ) = e
−bxk+1ξ
k+1

[
Γ(1− c̃1)

Γ(ã1 − c̃1 + 1)
Φ
(
ã1, c̃1,

(b− a)xk+1ξ

k + 1

)
+ x

Γ(c̃1 − 1)

Γ(ã1

((b− a)ξ

k + 1

) 1
k+1

Φ
(
ã1 − c̃1 + 1, 2− c̃1,

(b− a)xk+1ξ

k + 1

)]
.

Do ta chän C1 vµ C2 nh vËy nªn ta cã

Ẽ1(x, ξ) = e
−bxk+1ξ
k+1 Ψ

(
ã1, c̃1,

(b− a)xk+1ξ

k + 1

)
,

trong ®ã

Φ(α, β, z) = 1 +
α

β

x

1!
+
α(α + 1)

β(β + 1)

x2

2!
+ · · ·

vµ

Ψ(α, β, z) =
1

Γ(α)

∞∫
0

e−zttα−1(t+ 1)β−α+1dt.
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Chän: C1 =
Γ(1− c̃1)

Γ(1− ã1)
, C2 =

−Γ(c̃1 − 1)

Γ(c̃1 − ã1)
, ®ång thêi dïng c«ng thøc ®æi

biÕn

Φ(α, β, z) = ezΦ(β − α, β,−z)

ta ®îc mét nghiÖm riªng kh¸c cña ph¬ng tr×nh (2.4) lµ

Ẽ2(x, ξ) = e
−axk+1ξ
k+1

[
Γ(1− c̃1)

Γ(1− ã1)
Φ
(
c̃1 − ã1, c̃1,

(a− b)xk+1ξ

k + 1

)
− x

Γ(c̃1 − 1)

Γ(c̃1 − ã1)

((b− a)ξ

k + 1

) 1
k+1

Φ
(

1− ã1, 2− c̃1,
(a− b)xk+1ξ

k + 1

)]
.

vµ ta còng cã

Ẽ2(x, ξ) = e
−axk+1ξ
k+1 Ψ

(
c̃1 − ã1, c̃1,

(a− b)xk+1ξ

k + 1

)
.

Theo H. Bateman ta cã Ẽ1(x, ξ), Ẽ2(x, ξ) lµ c¸c nghiÖm riªng ®éc lËp tuyÕn

tÝnh cña (2.3). H¬n thÕ n÷a, dùa vµo tÝnh chÊt cña hµm Ψ(α, β, z) ta cã

lim
x→+∞

Ẽ1(x, ξ) = 0

vµ

lim
x→−∞

Ẽ2(x, ξ) = 0.

§Æt Ẽ(x, ξ, u, v) =


e−iξv

Ẽ1(x, ξ)Ẽ2(u, ξ)

W (u, ξ)
nÕu x ≥ u,

e−iξv
Ẽ1(u, ξ)Ẽ2(x, ξ)

W (u, ξ)
nÕu x ≤ u,

trong ®ã

W (u, ξ) = (Ẽ1)x(u, ξ)Ẽ2(u, ξ)− (Ẽ2)x(u, ξ)Ẽ1(u, ξ).

Khi ®ã Ẽa,b
k,c(x, ξ, u, v) còng tho¶ m·n ph¬ng tr×nh (2.4).

B©y giê ta tÝnh W (x, ξ). Do Ẽ1(x, ξ), Ẽ2(x, ξ) lµ nghiÖm cña ph¬ng tr×nh

Ẽxx(x, ξ, u, v) + (a+ b)xkξẼx(x, ξ, u, v)

+
(
abx2kξ2 + (kb− c)xk−1ξ)Ẽ(x, ξ, u, v) = 0,
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cho nªn chóng ta cã

Wx(x, ξ) = −(a+ b)xkξW (x, ξ).

Gi¶i ph¬ng nµy chóng ta ®îc

W (x, ξ) = e−
∫ x

0
(a+b)tkξdtW (0, ξ) = e

−
(a+b)xk+1ξ

k+1 W (0, ξ), (2.10)

víi

W (0, ξ) = (Ẽ1)x(0, ξ)Ẽ2(0, ξ)− (Ẽ2)x(0, ξ)Ẽ1(0, ξ).

Chóng ta tÝnh to¸n ®îc

W (0, ξ) =
(ξ(b− a)

k + 1

) 1
k+1

A(a, b, k, c),

trong ®ã

A(a, b, k, c) =
−(k + 1)

sin( π
2(k+1))

sin
(b− a+ 2c)π

2(k + 1)(b− a)
.

Tõ ®ã chóng ta cã

W (u, ξ) = e
−

(a+b)uk+1ξ
k+1

(ξ(b− a)

k + 1

) 1
k+1 −(k + 1)

sin( π
2(k+1))

sin
(b− a+ 2c)π

2(k + 1)(b− a)
.

Víi ξ > 0 chóng ta thÊy W (u, ξ) 6= 0 nÕu vµ chØ nÕu

c 6= (b− a)
(
N(k + 1)− 1

2

)
,

ë ®©y N lµ sè nguyªn d¬ng.

Tõ ®ã ta nhËn ®îc
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Ẽ(x, ξ, u, v)=



e−iξv e
bξ(uk+1−xk+1)

k+1
( ξ(b−a)

k+1

) −1
k+1 (A(a, b, k, c))−1

×
[

Γ( 1
k+1 )

Γ( c+b−a
(k+1)(b−a) )

Φ( c
(k+1)(b−a) ,

k
(k+1) ,

(b−a)xk+1ξ
k+1 )

+x
Γ( −1

k+1 )

Γ( c
(k+1)(b−a) )

(ξ(b−a)
k+1

) 1
k+1 Φ(b+c−a(k+1) ,

k+2
(k+1) ,

(b−a)xk+1ξ
k+1 )

]
×
[

Γ( 1
k+1 )

Γ( (k+1)(b−a)−c
(k+1)(b−a) )

Φ( k(b−a)−c
(k+1)(b−a) ,

k
(k+1) ,

(a−b)uk+1ξ
k+1 )

−u Γ( −1
k+1 )

Γ( k(b−a)−c
(k+1)(b−a) )

(ξ(b−a)
k+1

) 1
k+1 Φ( (k+1)(b−a)−c

(k+1)(b−a) , k+2
(k+1) ,

(a−b)uk+1ξ
k+1 )

]
nÕu x ≥ u,

e−iξve
aξ(uk+1−xk+1)

k+1
( ξ(b−a)

k+1

) −1
k+1 (A(a, b, k, c))−1

×
[

Γ( 1
k+1 )

Γ( c+b−a
(k+1)(b−a) )

Φ( c
(k+1)(b−a) ,

k
(k+1) ,

(b−a)uk+1ξ
k+1 )

+u
Γ( −1

k+1 )

Γ( c
(k+1)(b−a) )

(ξ(b−a)
k+1

) 1
k+1 Φ(b+c−a(k+1) ,

k+2
(k+1) ,

(b−a)uk+1ξ
k+1 )

]
×
[

Γ( 1
k+1 )

Γ( (k+1)(b−a)−c
(k+1)(b−a) )

Φ( k(b−a)−c
(k+1)(b−a) ,

k
(k+1) ,

(a−b)xk+1ξ
k+1 )

−x Γ( −1
k+1 )

Γ( k(b−a)−c
(k+1)(b−a) )

(ξ(b−a)
k+1

) 1
k+1 Φ( (k+1)(b−a)−c

(k+1)(b−a) , k+2
(k+1) ,

(a−b)xk+1ξ
k+1 )

]
nÕu x ≤ u.

Chó ý r»ng, víi gi¶ thiÕt −π
2
< arg(b− a)xk+1ξ <

π

2
, th×

(b− a)xk+1ξ →∞.

Theo [9] chóng ta cã

Γ( 1
k+1)

Γ( c+b−a
(k+1)(b−a))

Φ
( c

(k + 1)(b− a)
,

k

(k + 1)
,
(b− a)xk+1ξ

k + 1

)
+ x

Γ( −1
k+1)

Γ( c
(k+1)(b−a))

(ξ(b− a)

k + 1

) 1
k+1

Φ
(b+ c− a

(k + 1)
,
k + 2

(k + 1)
,
(b− a)xk+1ξ

k + 1

)
= Ψ

( c

(k + 1)(b− a)
,

k

(k + 1)
,
(b− a)xk+1ξ

k + 1

)
=
((b− a)xk+1ξ

k + 1

)− c
(k+1)(b−a)

+O
((

(b− a)xk+1ξ
)− c

(k+1)(b−a)−1
)
.

• Khi ξ < 0 ta lÊy :

D = b− a,
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ã2 =
k(−A+D) + 2C

2(k + 1)D
=

k(b− a)− c
(k + 1)(b− a)

, λ̃2 =
−(k + 1)

D
=

(k + 1)

(a− b)
,

h̃2 =
−A+D

2(k + 1)
=
−a
k + 1

, c̃2 =
k

(k + 1)
.

Khi ®ã

f1(τ) = e
−aτk+1

(k+1) Φ
(
ã2, c̃2,

(a− b)τ k+1

k + 1

)
,

f2(τ) = e
−aτk+1

(k+1)
((a− b)τ k+1

k + 1

)1−c̃2
Φ
(
ã2 − c̃2 + 1, 2− c̃2,

(a− b)τ k+1

k + 1

)
.

Chóng ta cã hai nghiÖm nµy lµ ®éc lËp tuyÕn tÝnh, nªn ta cã hai nghiÖm ®éc

lËp tuyÕn tÝnh cña (2.4)

e
−axk+1ξ
k+1 Φ

(
ã2, c̃2,

(a− b)xk+1ξ

k + 1

)
,

vµ

e
−axk+1ξ
k+1 x

((a− b)ξ
k + 1

) 1
k+1

Φ
(
ã2 − c̃2 + 1, 2− c̃2,

(a− b)xk+1ξ

k + 1

)
.

Khi ®ã ta ®îc nghiÖm cña (2.4) lµ

F1(x, ξ) = e
−axk+1ξ
k+1

[
C5 Φ

(
ã2, c̃2,

(a− b)xk+1ξ

k + 1

)
+ C6 x

((a− b)ξ
k + 1

) 1
k+1

Φ
(
ã2 − c̃2 + 1, 2− c̃2,

(a− b)xk+1ξ

k + 1

)]
.

Chän C5 =
Γ(1− c̃2)

Γ(ã2 − c̃2 + 1)
, C6 =

Γ(c̃2 − 1)

Γ(ã2)
chóng ta ®îc nghiÖm riªng

Ẽ1(x, ξ) = e
−axk+1ξ
k+1

[
Γ(1− c̃2)

Γ(ã2 − c̃2 + 1)
Φ
(
ã2, c̃2,

(a− b)xk+1ξ

k + 1

)
+ x

Γ(c̃2 − 1)

Γ(ã2

((a− b)ξ
k + 1

) 1
k+1

Φ
(
ã2 − c̃2 + 1, 2− c̃2,

(a− b)xk+1ξ

k + 1

)]
.

Ta thÊy r»ng, Ẽ1(x, ξ) = e
−axk+1ξ
k+1 Ψ

(
a2, c2,

(a− b)xk+1ξ

k + 1

)
.
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Dïng c«ng thøc ®æi biÕn Φ(a, c, z) = ez Φ(c− a, c,−z), chóng ta lÊy

F2(x, ξ) = C7 e
−bxk+1ξ
k+1 Φ

(
c̃2 − ã2, c̃2,

(b− a)xk+1ξ

k + 1

)
+ C8 e

−bxk+1ξ
k+1 x

((a− b)ξ
k + 1

) 1
k+1

Φ
(

1−ã2, 2−c̃2,
(b−a)xk+1ξ

k+1

)
.

Chän C7 =
Γ(1− c̃2)

Γ(1− ã2)
, C8 =

−Γ(c̃2 − 1)

Γ(c̃2 − ã2)
,

ta ®îc mét nghiÖm riªng

Ẽ2(x, ξ) = e
−bxk+1ξ
k+1

[
Γ(1− c̃2)

Γ(1− ã2)
Φ
(
c̃2 − ã2, c̃2,

(b− a)xk+1ξ

k + 1

)
− x Γ(c̃2 − 1)

Γ(c̃2 − ã2)

((a− b)ξ
k + 1

) 1
k+1

Φ
(

1−ã2, 2−c̃2,
(b−a)xk+1ξ

k + 1

)]
.

Ta còng cã

Ẽ2(x, ξ) = e
−bxk+1ξ
k+1 Ψ

(
c̃2 − ã2, c̃2,

(b− a)xk+1ξ

k + 1

)
.

Do nhËn xÐt nµy, ta cã Ẽ1(x, ξ), Ẽ2(x, ξ) lµ ®éc lËp tuyÕn tÝnh.

Khi ®ã chóng ta thÊy r»ng,

Ẽ(x, ξ, u, v) =


e−iξv

Ẽ1(x, ξ)Ẽ2(u, ξ)

W (u, ξ)
nÕu x ≥ u,

e−iξv
Ẽ1(u, ξ)Ẽ2(x, ξ)

W (u, ξ)
nÕu x ≤ u,

víi

W (x, ξ)=(Ẽ1)x(x, ξ)Ẽ2(x, ξ)−(Ẽ2)x(x, ξ)Ẽ1(x, ξ),

còng lµ nghiÖm cña (2.4), vµ ta còng cã

Ẽa,b
k,c(x, ξ, u, v) −→ 0 khi x→ ±∞.

Theo (2.10) chóng ta cã

W (x, ξ) = e
−(a+b)xk+1ξ

k+1

(ξ(b− a)

k + 1

) 1
k+1

A(a, b, k, c)
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trong ®ã

A(a, b, k, c) =
−(k + 1)

sin( π
2(k+1))

sin
(b− a+ 2c)π

2(k + 1)(b− a)
.

Tõ ®ã chóng ta cã

W (u, ξ) = e
−

(a+b)uk+1ξ
k+1

(ξ(b− a)

k + 1

) 1
k+1 −(k + 1)

sin( π
2(k+1))

sin
(b− a+ 2c)π

2(k + 1)(b− a)
.

Víi ξ < 0, chóng ta thÊy W (u, ξ) 6= 0 nÕu vµ chØ nÕu

c 6= (b− a)
(
N(k + 1)− 1

2

)
.

V× vËy, thay W (u, ξ) vµo Ẽ(x, ξ, u, v) ta nhËn ®îc

Ẽ(x, ξ, u, v) =



e−iξve
aξ(uk+1−xk+1)

k+1
(ξ(a−b)

k+1

) −1
k+1
(
A(a, b, k, c)

)−1

×
[

Γ( 1
k+1 )

Γ( (k+1)(b−a)−c
(k+1)(b−a) )

Φ( k(b−a)−c
(k+1)(b−a) ,

k
(k+1) ,

(a−b)xk+1ξ
k+1 )

+x
Γ( −1

k+1 )

Γ( k(b−a)−c
(k+1)(b−a) )

(ξ(a−b)
k+1

) 1
k+1 Φ( (k+1)(b−a)−c

(k+1)(b−a) , k+2
(k+1) ,

(a−b)xk+1ξ
k+1 )

]
×
[

Γ( 1
k+1 )

Γ( c+b−a
(k+1)(b−a) )

Φ( c
(k+1)(b−a) ,

k
(k+1) ,

(b−a)uk+1ξ
k+1 )

− u
Γ( −1

k+1 )

Γ( c
(k+1)(b−a) )

(ξ(a−b)
k+1

) 1
k+1 Φ(b+c−a(k+1) ,

k+2
(k+1) ,

(b−a)uk+1ξ
k+1 )

]
nÕu x ≥ u,

e−iξve
bξ(uk+1−xk+1)

k+1
(ξ(a−b)

k+1

) −1
k+1 (A(a, b, k, c))−1

×
[

Γ( 1
k+1 )

Γ( (k+1)(b−a)−c
(k+1)(b−a) )

Φ( k(b−a)−c
(k+1)(b−a) ,

k
(k+1) ,

(a−b)uk+1ξ
k+1 )

+ u
Γ( −1

k+1 )

Γ( k(b−a)−c
(k+1)(b−a) )

(ξ(a−b)
k+1

) 1
k+1 Φ( (k+1)(b−a)−c

(k+1)(b−a) , k+2
(k+1) ,

(a−b)uk+1ξ
k+1 )

]
×
[

Γ( 1
k+1 )

Γ( c+b−a
(k+1)(b−a) )

Φ( c
(k+1)(b−a) ,

k
(k+1) ,

(b−a)xk+1ξ
k+1 )

− x
Γ( −1

k+1 )

Γ( c
(k+1)(b−a) )

(ξ(a−b)
k+1

) 1
k+1 Φ(b+c−a(k+1) ,

k+2
(k+1) ,

(b−a)xk+1ξ
k+1 )

]
nÕu x ≤ u.

Chó ý r»ng víi gi¶ thiÕt −π
2
< arg(b−a)xk+1ξ <

π

2
th× (b−a)xk+1ξ →∞.
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Theo [9] ta cã

Γ( 1
k+1)

Γ( c+b−a
(k+1)(b−a))

Φ
( c

(k + 1)(b− a)
,

k

(k + 1)
,
(b− a)xk+1ξ

k + 1

)
+ x

Γ( −1
k+1)

Γ( c
(k+1)(b−a))

(ξ(b− a)

k + 1

) 1
k+1

Φ
(b+ c− a

(k + 1)
,
k + 2

(k + 1)
,
(b− a)xk+1ξ

k + 1

)
= Ψ

( c

(k + 1)(b− a)
,

k

(k + 1)
,
(b− a)xk+1ξ

k + 1

)
=
((b− a)xk+1ξ

k + 1

)− c
(k+1)(b−a)

+O
((

(b− a)xk+1ξ
)− c

(k+1)(b−a)−1
)
. (2.11)

Dïng biÕn ®æi Fourier ngîc, chóng ta hy väng r»ng

E(x, y, u, v) =
1

2π

∞∫
−∞

eiyξẼ(x, ξ, u, v)dξ,

sÏ trë thµnh nghiÖm c¬ b¶n cña Ga,b
k,c.

2.1.2 NghiÖm c¬ b¶n cña to¸n tö Ga,b
k,c khi k lÎ.

Khi k lµ sè tù nhiªn lÎ, chóng ta ®· t×m ®îc nghiÖm cña to¸n tö Ga,b
k,c ë

Ch¬ng 1 b»ng c¸ch chØ ra cÊu tróc cña c«ng thøc nghiÖm. Nhng b»ng

c¸ch ®ã, chóng t«i kh«ng t×m ®îc nghiÖm c¬ b¶n cña Ga,b
k,c trong trêng hîp

k ch½n. §Ó vît qua khã kh¨n nµy chóng t«i ph¶i dïng ph¬ng ph¸p biÕn

®æi Fourier ®Ó t×m nghiÖm c¬ b¶n cña to¸n tö Ga,b
k,c . Sau khi t×m nghiÖm c¬

b¶n cña Ga,b
k,c trong trêng hîp k ch½n b»ng biÕn ®æi Fourier, chóng t«i còng

t×m ®îc nghiÖm c¬ b¶n cña Ga,b
k,c trong trêng hîp k lÎ b»ng c¸ch t¬ng tù.

Trong môc nµy, chóng t«i tr×nh bµy kÕt qu¶ mµ kh«ng tr×nh bµy chi tiÕt c¸c

bíc t×m nghiÖm.

Víi ξ > 0, nghiÖm cña (2.4) lµ:
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Ẽ(x, ξ, u, v) =



e−iξve
auk+1ξ−bxk+1ξ

k+1
(ξ(b−a)

k+1

) −1
k+1 (B1(a, b, k, c))

−1

×
[

Γ( 1
k+1 )

Γ( b+c−a
(k+1)(b−a) )

Φ( c
(k+1)(b−a) ,

k
k+1 ,

(b−a)xk+1ξ
k+1 )

+ x
Γ(− 1

k+1 )

Γ( c
(k+1)(b−a) )

( (b−a)ξ
k+1

) 1
k+1 Φ( b+c−a

(k+1)(b−a) ,
k+2
k+1 ,

(b−a)xk+1ξ
k+1 )

]
×
[

Γ( 1
k+1 )

Γ( b+c−a
(k+1)(b−a) )

Φ( c
(k+1)(b−a) ,

k
k+1 ,

(b−a)uk+1ξ
k+1 )

− u
Γ(− 1

k+1 )

Γ( c
(k+1)(b−a) )

( (b−a)ξ
k+1

) 1
k+1 Φ( b+c−a

(k+1)(b−a) ,
k+2
k+1 ,

(b−a)uk+1ξ
k+1 )

]
nÕu x ≥ u,

e−iξve
auk+1ξ−bxk+1ξ

k+1
(ξ(b−a)

k+1

) −1
k+1 (B1(a, b, k, c))

−1

×
[

Γ( 1
k+1 )

Γ( b+c−a
(k+1)(b−a) )

Φ( c
(k+1)(b−a) ,

k
k+1 ,

(b−a)uk+1ξ
k+1 )

+ u
Γ(− 1

k+1 )

Γ( c
(k+1)(b−a) )

( (b−a)ξ
k+1

) 1
k+1 Φ( b+c−a

(k+1)(b−a) ,
k+2
k+1 ,

(b−a)uk+1ξ
k+1 )

]
×
[

Γ( 1
k+1 )

Γ( b+c−a
(k+1)(b−a) )

Φ( c
(k+1)(b−a) ,

k
k+1 ,

(b−a)xk+1ξ
k+1 )

− x
Γ(− 1

k+1 )

Γ( c
(k+1)(b−a) )

( (b−a)ξ
k+1

) 1
k+1 Φ( b+c−a

(k+1)(b−a) ,
k+2
k+1 ,

(b−a)xk+1ξ
k+1 )

]
nÕu x ≤ u,

ë ®©y

B1(a, b, k, c) =
2(k + 1)π

sin π
k+1Γ( c

(k+1)(b−a))Γ( b+c−a
(k+1)(b−a))

.

Chó ý r»ng, nÕu

c 6= N(k + 1)(b− a)

vµ

c 6= (b− a)
(
N(k + 1)− 1

)
,

víi N lµ sè nguyªn kh«ng ©m, th×

B1(a, b, k, c) 6= 0.
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Cßn khi ξ < 0, nghiÖm cña (2.4) lµ:

Ẽ(x, ξ, u, v) =



e−iξve
buk+1ξ−axk+1ξ

k+1
(ξ(a−b)

k+1

) −1
k+1 (B2(a, b, k, c))

−1

×
[

Γ( 1
k+1 )

Γ( (k+1)(b−a)−c
(k+1)(b−a) )

Φ( k(b−a)−c
(k+1)(b−a) ,

k
k+1 ,

(a−b)xk+1ξ
k+1 )

+x
( (a−b)ξ

k+1

) 1
k+1

Γ( −1
k+1 )

Γ( k(b−a)−c
(k+1)(b−a) )

Φ( (k+1)(b−a)−c
(k+1)(b−a) , k+2

k+1 ,
(a−b)xk+1ξ

k+1 )
]

×
[

Γ( 1
k+1 )

Γ( (k+1)(b−a)−c
(k+1)(b−a) )

Φ( k(b−a)−c
(k+1)(b−a) ,

k
k+1 ,

(a−b)(−u)k+1ξ
k+1 )

−u
( (a−b)ξ

k+1

) 1
k+1

Γ( −1
k+1 )

Γ( k(b−a)−c
(k+1)(b−a) )

Φ( (k+1)(b−a)−c
(k+1)(b−a) ,

k+2
k+1 ,

(a−b)(−u)k+1ξ
k+1 )

]
nÕu x ≥ u,

e−iξve
buk+1ξ−axk+1ξ

k+1
(ξ(a−b)

k+1

) −1
k+1 (B2(a, b, k, c))

−1

×
[

Γ( 1
k+1 )

Γ( (k+1)(b−a)−c
(k+1)(b−a) )

Φ( k(b−a)−c
(k+1)(b−a) ,

k
k+1 ,

(a−b)uk+1ξ
k+1 )

+u
( (a−b)ξ

k+1

) 1
k+1

Γ( −1
k+1 )

Γ( k(b−a)−c
(k+1)(b−a) )

Φ( (k+1)(b−a)−c
(k+1)(b−a) , k+2

k+1 ,
(a−b)uk+1ξ

k+1 )
]

×
[

Γ( 1
k+1 )

Γ( (k+1)(b−a)−c
(k+1)(b−a) )

Φ( k(b−a)−c
(k+1)(b−a) ,

k
k+1 ,

(a−b)(−x)k+1ξ
k+1 )

−x
( (a−b)ξ

k+1

) 1
k+1

Γ( −1
k+1 )

Γ( k(b−a)−c
(k+1)(b−a) )

Φ( (k+1)(b−a)−c
(k+1)(b−a) , k+2

k+1 ,
(a−b)xk+1ξ

k+1 )
]

nÕu x ≤ u.

ë ®©y

B2(a, b, k, c) =
2(k + 1)π

sin π
k+1Γ( k(b−a)−c

(k+1)(b−a))Γ( (k+1)(b−a)−c
(k+1)(b−a) )

.

Chó ý r»ng, nÕu c 6= (1−N)(k+ 1)(b−a) vµ c 6= (b−a)
(
−N(k+ 1) +k

)
,

víi N lµ sè nguyªn kh«ng ©m, th× B2(a, b, k, c) 6= 0.

Dïng biÕn ®æi Fourier ngîc chóng ta hy väng r»ng

E(x, y, u, v) =
1

2π

∫ ∞
−∞
eiyξẼ(x, ξ, u, v)dξ

sÏ trë thµnh nghiÖm c¬ b¶n cña Ga,b
k,c.
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2.2 C¸c ®¸nh gi¸ ®èi víi nghiÖm c¬ b¶n

C¸c tham sè a, b, k, c gäi lµ chÊp nhËn ®îc nÕu A(a, b, k, c) 6= 0 khi k ch½n

vµ B1(a, b, k, c) 6= 0, B2(a, b, k, c) 6= 0 khi k lµ lÎ. B©y giê víi a, b, k, c chÊp

nhËn ®îc, víi mçi (u, v) ∈ R2 chóng ta x©y dùng ¸nh x¹:

E(u, v) : C∞0 (R2)→ C

nh sau:

E(u, v) : ϕ(x, y) ∈ C∞0 (R2) −→ 1

2π

∫
R2

Ẽ(x, ξ, u, v)ϕ̂(x, ξ)dξdx ∈ C,

ë ®©y ϕ̂(x, ξ) =

∫
R

eiξyϕ(x, y)dy.

Chóng ta thÊy r»ng, E(u, v) lµ mét ph©n bè Schwartz.

§Þnh lÝ 2.2.1 Gi¶ sö r»ng a, b, k, c chÊp nhËn ®îc. Khi ®ã víi mäi (u, v) ∈

R2 th× E(u, v) ∈ C∞(R2 \ (u, v)) vµ Ga,b
k,cE(x, y, u, v) = δ(x− u, y − v).

Chøngminh.§Çu tiªn chóng ta chøng minh r»ng, E(u, v) ∈ C∞(R2\(u, v)).

LÊy (x0, y0) ∈ (R2 \ (u, v)), chóng ta chøng minh tån t¹i mét l©n cËn

O(x0, y0) ⊂ (R2 \ (u, v)), sao cho tån t¹i E(x, y, u, v) ∈ C∞x,y(O(x0, y0))

®Ó víi mäi ϕ(x, y) ∈ C∞0 (O(x0, y0) th×(
E(u, v), ϕ(x, y)

)
=
(
E(x, y, u, v), ϕ(x, y)

)
,

hay

1

2π

∫
R2

Ẽ(x, ξ, u, v)ϕ̂(x, ξ)dξdx =

∫
R2

E(x, y, u, v)ϕ(x, y)dxdy.

1. NÕu x0 6= u, kh«ng mÊt tÝnh tæng qu¸t, chóng ta gi¶ sö r»ng x0 > u, khi

®ã tån t¹i mét l©n cËn O(x0, y0) cña (x0, y0) sao cho

xk+1 − uk+1 > d, ∀(x, y) ∈ O(x0, y0).
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Gi¶ sö r»ng ssupϕ(x, y) b O(x0, y0). Trong O(x0, y0), dïng c«ng thøc khai

triÓn tiÖm cËn cña hµm Ψ(α, β, z) khi ®èi sè dÇn tíi v« cïng, ( xem [9]-

trang 278) chóng ta cã:

∣∣eiyξẼ(x, ξ, u, v)
∣∣ =

∣∣∣ei(y−v)ξ+
bξ(uk+1−xk+1)

k+1

(ξ(b− a)

k + 1

)− 1
k+1

×
[((b− a)xk+1ξ

k + 1

)− c
(k+1)(b−a)

+O
((

(b− a)xk+1ξ
)− c

(k+1)(b−a)−1
)]

×
[((b− a)uk+1ξ

k + 1

)− k(b−a)−c
(k+1)(b−a)

+O
((

(b− a)xk+1ξ
)− c

(k+1)(b−a)−1
)]∣∣∣

khi ξ > 0, vµ

∣∣eiyξẼ(x, ξ, u, v)
∣∣ =

∣∣∣ei(y−v)ξ+
aξ(uk+1−xk+1)

k+1

(ξ(a− b)
k + 1

)− 1
k+1

×
[((b−a)xk+1ξ

k + 1

)− k(b−a)−c
(k+1)(b−a)

+O
((

(b− a)xk+1ξ
)− c

(k+1)(b−a)−1
)]

×
[((b−a)uk+1ξ

k + 1

)− c
(k+1)(b−a)

+O
((

(b− a)xk+1ξ
)− c

(k+1)(b−a)−1
)]∣∣∣

khi ξ < 0.

V× vËy

∣∣eiyξẼ(x, ξ, u, v)
∣∣ ≤ |ξ|− 1

k+1e
−
m0|ξ|d
2(k+1)(

1 + |ξ|
) k
k+1

, (ξ 6= 0), (2.12)

ë ®©y m0 = min {−Re(a),Re(b)}.

Tõ ®ã chóng ta cã∫
R3

|eiyξẼ(x, ξ, u, v)ϕ(x, y)|dξdxdy <∞.

¸p dông §Þnh lý Fubini chóng ta cã

1

2π

∫
R3

eiyξẼ(x,ξ,u,v)ϕ(x,y)dξdxdy =

∫
R2

(∫
R

eiyξẼ(x,ξ,u,v)dξ
)
ϕ(x,y)dydx.



104

Tõ (2.12) chóng ta nhËn ®îc

E(x, y, u, v) =
1

2π

∫
R

eiyξẼ(x, ξ, u, v)dξ.

Sau ®ã, dïng c«ng thøc ®¹o hµm cña hµm Ψ(α, β, z), chóng ta còng ®¸nh

gi¸ ®îc ∣∣∂αx∂βy (eiyξẼ(x, ξ, u, v))
∣∣ ≤ e

−
m0|ξ|d
2(k+1) |ξ|−

1
k+1+α+β(

1 + |ξ|
) k
k+1

,

vµ chóng ta còng cã

∂αx∂
β
yE(x, y, u, v) =

1

2π

∫
R

∂αx∂
β
y (eiyξẼ(x, ξ, u, v))dξ <∞.

V× vËyE(x, y, u, v) nh lµ hµm sè ®èi víi (x, y), vµE(x, y, u, v) ∈ C∞
(
O(x0, y0)

)
.

2. x0 = u. Trong trêng hîp nµy y0 6= v. Kh«ng mÊt tÝnh tæng qu¸t, gi¶ sö

r»ng y0 > v. Khi ®ã tån t¹i mét sè d > 0 vµ mét l©n cËn O(x0, y0) sao cho

y − v > d, ∀(x, y) ∈ O(x0, y0).

Gi¶ sö r»ng suppϕ(x, y) b O(x0, y0). Khi ®ã chóng ta biÓu diÔn

E(ϕ) =
1

2π

∫
R2

h(ξ)Ẽ(x, ξ, u, v)ϕ̂(x, ξ)dxdξ

+
1

2π

∫
R2

(1− h(ξ))Ẽ(x, ξ, u, v)ϕ̂(x, ξ)dxdξ := E1(ϕ) + E2(ϕ),

víi h(ξ) lµ hµm thuéc C∞0 (R2).

Râ rµng tÝch ph©n

E1(ϕ) =

∫
R2

h(ξ)Ẽ(x, ξ, u, v)ϕ̂(x, ξ)dxdξ

héi tô vµ chóng ta cã thÓ lÊy ®¹o hµm theo y sè lÇn chóng ta muèn.

Dïng c«ng thøc Fubini, ta cã

E1(ϕ) =

∫
R2

(∫
R

eiyξh(ξ)Ẽ(x, ξ, u, v)dξ
)
ϕ(x, y)dxdy.
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V× vËy tån t¹i hµm

E0(x, y, u, v) =

∫
R

eiyξh(ξ)Ẽ(x, ξ, u, v)dξ ∈ C∞(R2)

vµ E1(ϕ) ≡ E0(x, y, u, v).

B©y giê chóng xÐt ®Õn E2(ϕ). Víi mäi N ∈ Z+ ®Æt

ΥN(x, y, v) =
ϕ(x, y)

(y − v)N
.

Chóng ta cã

e−iξvϕ̂(x, ξ) = DN
ξ

(
e−iξvΥ̂N(x, ξ, v)

)
.

Ta viÕt Ẽ(x, ξ, u, v) díi d¹ng:

Ẽ(x, ξ, u, v) := e−iξvF̃ (x, ξ, u, v).

Khi ®ã ta cã

E2(ϕ) =
1

2π

∫
R2

(1− h(ξ))Ẽ(x, ξ, u, v)ϕ̂(x, ξ)dxdξ

=
1

2π

∫
R2

(1− h(ξ))F̃ (x, ξ, u, v)DN
ξ (e−iξvΥ̂N(x, ξ, v))dxdξ

=
1

2π

∫
R2

e−iξv(−Dξ)
N
(
(1−h(ξ))F̃ (x, ξ, u, v)

)
Υ̂N(x, ξ, v)dxdξ

=
1

2π

∫
R2

e−iξv(−Dξ)
N
(
(1−h(ξ))F̃ (x, ξ, u, v)

)∫
R

eiyξ
ϕ(x, y)

(y − v)N
dydxdξ.

Ta thÊy

DN
ξ (1− h(ξ))F̃ (x, ξ, u, v) =

N∑
m=0

(
N

m

)
DN−m
ξ (1− h(ξ))Dm

ξ F̃ (x, ξ, u, v),

nªn khi m = 0 th×

DN−m
ξ (1− h(ξ)) ∈ C∞0 (R),
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vµ khi m 6= 0 th×

Dm
ξ F̃ (x, ξ, u, v) ∼ |ξ|−

1
k+1(

1 + |ξ|
) k
k+1+m

.

V× vËy

E2(ϕ) =
1

2π

∫
R2

e−iξv(−Dξ)
N
(
(1−h(ξ))F̃ (x, ξ, u, v)

)∫
R

eiyξ
ϕ(x, y)

(y − v)N
dydxdξ

=
1

2π

∫
R2

(∫
R

eiξ(y−v) 1

(y−v)N
(−Dξ)

N
(
(1−h(ξ))F̃ (x, ξ, u, v)

)
dξ
)
ϕ(x, y)dxdy,

=

∫
R2

E(x, y, u, v)ϕ(x, y)dxdy,

víi

E(x, y, u, v)=
1

2π

∫
R

eiξ(y−v) 1

(y − v)N
(−Dξ)

N
(
(1−h(ξ))F̃ (x, ξ, u, v)

)
dξ <∞

vµ thuéc CN−1
y

(
O(x0, y0)

)
. Cho N dÇn tíi v« cïng chóng ta cã E(x, y, u, v)

thuéc C∞y
(
O(x0, y0)

)
. MÆt kh¸c, do Ẽ(x, ξ, u, v) lµ nghiÖm cña ph¬ng

tr×nh (2.4) nªn F̃ (x, ξ, u, v) thuéc C∞
(
O(x0, y0)

)
. Tõ ®ã chóng ta cã

E(x, y, u, v) =

∫
R

eiξ(y−v) 1

(y − v)N
(−Dξ)

N
(
(1− h(ξ))F̃ (x, ξ, u, v)

)
dξ

thuéc C∞
(
O(x0, y0)

)
. VËy cuèi cïng chóng ta cã

E2(ϕ) = E(x, y, u, v)(ϕ) vµ E2 ∈ C∞
(
O(x0, y0)

)
.

B©y giê chóng ta chøng minh ý sau cïng cña Bæ ®Ò nµy:

Ga,b
k,cE(x, y, u, v) = δ(x− u, y − v).

LÊy ϕ ∈ C∞0 (R2), chóng ta ph¶i chøng minh(
G a,b
k,cE(x, y, u, v), ϕ(x, y)

)
=
(
δ(x− u, y − v), ϕ(x, y)

)
= ϕ(u, v).
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Nhng chóng ta cã(
Ga,b
k,cE(x, y, u, v), ϕ(x, y)

)
=
(
E(x, y, u, v), Gb,a

k,−c ϕ(x, y)
)
,

vµ (
E(x, y, u, v), G b,a

k,−c ϕ(x, y)
)

= E(G b,a
k,−c ϕ),

nªn chóng ta cÇn chøng minh

E(G b,a
k,−c ϕ) = ϕ(u, v).

Tríc hÕt ta tÝnh ®îc

G b,a
k,−c ϕ(x, y) =

∂2ϕ(x, y)

∂x2
+ abx2kDyyϕ(x, y) + (a+ b)xkDy

(∂ϕ(x, y)

∂x

)
+ (ka+ c)Dyϕ(x, y),

vµ

Ĝ b,a
k,−c ϕ(x, ξ) =

= ϕ̂xx(x, ξ)− (a+ b)xkξϕ̂x(x, ξ) +
(
abx2kξ2 − (ka+ c)xk−1ξ

)
ϕ̂(x, ξ).

Cho nªn ta cã

E(G b,a
k,−c ϕ) =

1

2π

∫
R2

Ẽ(x, ξ, u, v)Ĝ b,a
k,−c ϕ(x, ξ)dxdξ

=
1

2π

∫
R2

(
Ẽxx(x, ξ, u, v) + (a+b)xkξẼx(x, ξ, u, v)

+
(
abx2kξ2−(kb−c)xk−1ξ

))
ϕ̂(x, ξ)dxdξ

=
1

2π

∫
R

(
e−ivξδ(x− u), ϕ̂(x, ξ)

)
dξ

=
1

2π

∫
R

(
δ(x− u), e−ivξϕ̂(x, ξ)

)
dξ

=
1

2π

∫
R

e−ivξϕ̂(u, ξ)dξ = ϕ(u, v).

Nh vËy, chóng ta hoµn thµnh chøng minh Bæ ®Ò 2.2.1. �
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Bæ ®Ò 2.2.1 Gi¶ sö a, b, k, c chÊp nhËn ®îc. Khi ®ã

|E(x, y, u, v)| ≤ C
(
|xk+1 − uk+1|2 + |y − v|2

)− k
2k+2 (2.13)

víi mäi (x, y, u, v) thuéc mét tËp compac trong R4. H¬n thÕ n÷a E(u, v)

®ång nhÊt víi E(x, y, u, v) ∈ L1
loc(R2(x, y)) theo nghÜa ph©n bè.

Chøng minh. Theo [13] chóng ta cã∣∣∣ ∞∫
−∞

eiyξ|ξ|λdξ
∣∣∣= −2Γ(λ+ 1) sin

λπ

2
|y|−λ−1,

víi mäi λ 6= 0,±1,±2, ..., v× vËy
∞∫

−∞

eiAξ

|ξ|
1

k+1

dξ ≤ C|A|−
k
k+1 . (2.14)

§Ó chøng minh bæ ®Ò nµy, chóng ta chØ cÇn chøng minh cho trêng hîp

x ≥ u, cßn trêng hîp x ≤ u ®îc chøng minh t¬ng tù.

Khi x ≥ u ta cã

E(x, y, u, v) =

+∞∫
−∞

eiyξẼ(x, ξ, u, v)dξ

=

0∫
−∞

e
i(y−v)ξ+

b ξ(uk+1−xk+1)
k+1 |ξ|−

1
k+1 F̃1(x, ξ, u, v)dξ

+

+∞∫
0

e
i(y−v)ξ+

a ξ(uk+1−xk+1)
k+1 |ξ|−

1
k+1 F̃2(x, ξ, u, v)dξ,

trong ®ã

F̃1(x, ξ, u, v) =
(
A(a, b, k, c)

)−1
∣∣∣a− b
k + 1

∣∣∣− 1
k+1

×
[

Γ( 1
k+1)

Γ
(

c+b−a
(k+1)(b−a)

) Φ
(

c
(k+1)(b−a) ,

k
(k+1) ,

(b−a)xk+1ξ
k+1

)
+ x

Γ( −1
k+1)

Γ
(

c
(k+1)(b−a)

)(ξ(b− a)

k + 1

) 1
k+1

Φ
(
b+c−a
(k+1) ,

k+2
(k+1) ,

(b−a)xk+1ξ
k+1

)]
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×
[

Γ( 1
k+1)

Γ
( (k+1)(b−a)−c

(k+1)(b−a)

) Φ
(

k(b−a)−c
(k+1)(b−a) ,

k
(k+1) ,

(a−b)uk+1ξ
k+1

)
− u

Γ( −1
k+1)

Γ
( k(b−a)−c

(k+1)(b−a)

)(ξ(b− a)

k + 1

) 1
k+1

Φ
( (k+1)(b−a)−c

(k+1)(b−a) , k+2
(k+1) ,

(a−b)uk+1ξ
k+1

)]
,

F̃2(x, ξ, u, v) =
(
A(a, b, k, c)

)−1∣∣∣a− b
k + 1

∣∣∣− 1
k+1

×
[

Γ( 1
k+1)

Γ
( (k+1)(b−a)−c

(k+1)(b−a)

) Φ
(

k(b−a)−c
(k+1)(b−a) ,

k
(k+1) ,

(a−b)uk+1ξ
k+1

)
+ x

Γ( −1
k+1)

Γ
( k(b−a)−c

(k+1)(b−a)

)(ξ(b− a)

k + 1

) 1
k+1

Φ
(

(k+1)(b−a)−c
(k+1)(b−a) , k+2

(k+1) ,
(a−b)uk+1ξ

k+1

)]

×
[

Γ( 1
k+1)

Γ
(

c+b−a
(k+1)(b−a)

) Φ
(

c
(k+1)(b−a) ,

k
(k+1) ,

(b−a)xk+1ξ
k+1

)
− u

Γ( −1
k+1)

Γ
(

c
(k+1)(b−a)

)(ξ(b− a)

k + 1

) 1
k+1

Φ
(
b+c−a
(k+1) ,

k+2
(k+1) ,

(b−a)xk+1ξ
k+1

)]
.

Chóng ta ®· cã khai triÓn tiÖm cËn cña F̃1(x, ξ, u, v) vµ F̃2(x, ξ, u, v) khi
(a− b)xk+1ξ

k + 1
→∞, v× vËy chóng ta cã

∣∣E(x,y,u,v)
∣∣≤ ∣∣∣∣

0∫
−∞

e
iξ
(

(y−v)+
Im(a)(uk+1−xk+1)

k+1

)
+

Re(a)ξ(uk+1−xk+1)
k+1 F̃1(x, ξ, u, v)dξ

∣∣∣∣
+

∣∣∣∣
+∞∫
0

e
iξ
(

(y−v)+
Im(b)(uk+1−vk+1)

k+1

)
+

Re(b)ξ(uk+1−xk+1)
k+1 F̃2(x, ξ, u, v)dξ

∣∣∣∣.
Do Re(a) < 0,Re(b) > 0 cho nªn

Re(a) ξ(uk+1 − xk+1)

k + 1
< 0 khi ξ < 0

vµ
Re(b) ξ(uk+1 − xk+1)

k + 1
< 0 khi ξ > 0, theo (2.14) chóng ta cã

∣∣E(x, y, u, v)
∣∣ ≤ ∣∣∣∣

0∫
−∞

e
iξ
(

(y−v)+
Im(a)(uk+1−xk+1)

k+1

)
|ξ|−

1
k+1 dξ

∣∣∣∣
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+

∣∣∣∣
+∞∫
0

e
iξ
(

(y−v)+
Im(b)(uk+1−xk+1)

k+1

)
|ξ|−

1
k+1 dξ

∣∣∣∣
≤ C

∣∣(y − v) + Im(b)(uk+1 − xk+1)
∣∣ 1
k+1−1

≤ C
(
|y − v|2 + |uk+1 − xk+1|2

) −k
2k+2

.

Nh vËy, chóng ta chøng minh xong ý ®Çu cña Bæ ®Ò 2.2.1. TiÕp theo,

chóng ta chøng minh ý sau cña bæ ®Ò nµy. Tõ Bæ ®Ò 2.2.1 chóng ta suy ra

E ∈ C∞(R2 \ (u, v)), b»ng ®¸nh gi¸ (2.13), râ rµng chóng ta cã

E(u, v) ≡ E(x, y, u, v) ∈ L1
loc(R2

(x,y) \ (u, v))

theo nghÜa ph©n bè. Gi¶ sö r»ng, ϕ ∈ C∞0 (Ω), ë ®©y Ω lµ tËp compac t¬ng

®èi trong R2 chøa (u, v). §Æt

Br(u, v) =
{

(x, y) : |x− u|2 + |y − v|2 ≤ r2
}
.

§Þnh nghÜa hµm η(x, y) ∈ C∞0 (Ω) tho¶ m·n

η(x, y) =

{
1 nÕu (x, y) ∈ Br(0, 0),

0 nÕu (x, y) ∈ Ω \B2r(0, 0).

Víi 0 < ε ≤ 1, chóng ta cã E(ϕ) = E(ϕ− (ηϕ)ε) + E(ηϕ)ε,

ë ®©y (ηϕ)ε = η
(x− u

ε
,
y − v
ε

)
ϕ(x, y). Tríc hÕt ta tÝnh

(̂ϕη)ε(x, ξ) =

∫
R

eiyξη
(x− u

ε
,
y − v
ε

)
ϕ(x, y)dy

= C
̂

η
(x− u

ε
,
y − v
ε

)
∗ ϕ̂(x, y)(ξ)

= C

∫
R

̂
η
(x− u

ε
,
y − v
ε

)
(ξ − ζ)ϕ̂(x, y)(ζ)dζ

= Cεeiv(ξ−ζ)

∫
R

η̂
(x− u

ε
, ε(ξ − ζ)

)
ϕ̂(x, ζ)dζ.
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Chóng ta cã

ε(1 + |ξ|) ≤ ε(1 + |ξ − ζ|+ |ζ|) ≤ (1 + |ξ|)(1 + ε|ξ − ζ|)

cho nªn(
ε(1 + |ξ|)

) 1
k+1 η̂

(x− u
ε

, ε(ξ − ζ)
)
ϕ̂(x, ζ)

≤
(
1 + ε|ξ − ζ|

) 1
k+1 η̂

(x− u
ε

, ε(ξ − ζ)
)(

1 + |ζ|
) 1
k+1 ϕ̂(x, ζ).

V× vËy∣∣∣E((ηϕ)ε)
∣∣∣= 1

2π

∫
R2

Ẽ(x, ξ, u, v)(̂ηϕ)ε(x, ξ)dξdx

=
1

2π

∫
R2

Ẽ(x, ξ, u, v)

∫
R

εeiv(ξ−ζ)η̂
(x− u

ε
, ε(ξ − ζ)

)
ϕ̂(x, ζ)dζdξdx

≤ Cε
k
k+1

∫
R3

(1 + ε|ξ − ζ|) 1
k+1

|ξ| 1
k+1

(
1 + |ξ|

) k
k+1 (1 + |ξ|) 1

k+1

× η̂
(x− u

ε
, ε(ξ − ζ)

)
(1 + |ζ|)

1
k+1 ϕ̂(x, ζ)dζdxdξ

= Cε
2k+1
k+1

∫
R3

1

|ξ| 1
k+1 (1 + |ξ|)

(1 + ε|ξ − ζ|)
1
k+1 η̂

(
x, ε(ξ − ζ)

)
× (1 + |ζ|)

1
k+1 ϕ̂(u+ εx, ζ)dζdxdξ.

XÐt hä c¸c hµm ϕ(u+ εx, y) ∈ C∞0 (Ω) víi tham sè ε, chóng ta cã∣∣∣D2
yϕ(u+ εx, y)

∣∣∣≤ C

(1 + |u+ εx|+ |y|)2
≤ C

(1 + |y|)2
.

V× vËy∣∣∣D̂2
yϕ(u+ εx, ξ)

∣∣∣= ∣∣∣∫
R

eiyξD2
yϕ(u+ εx, y)dy

∣∣∣≤ ∣∣∣∫
R

C

(1 + |y|)2
dy ≤ C0.

§iÒu nµy suy ra, víi ζ > 0 ®ñ lín, tån t¹i h»ng sè C0 kh«ng phô thuéc ε sao

cho ∣∣∣ϕ̂(u+ xε, ζ)
∣∣∣≤ C0

|ζ|2
,
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tõ ®ã chóng ta cã∣∣∣E((ηϕ)ε)
∣∣∣ = Cε

2k+1
k+1

∫
R3

1

|ξ| 1
k+1 (1 + |ξ|) 2k+1

2k+2

(1 + ε|ξ − ζ|)
2k+1
2k+2

× η̂
(x− u

ε
, ε(ξ − ζ)

)(1 + |ζ|) 2k+1
2k+2

|ζ|2
dζdxdξ → 0

khi ε→ 0. V× vËy, E((ηϕ)ε) dÇn tíi 0 khi ε→ 0. Tõ ®ã

E(ϕ) = lim
ε→0

E(ϕ− (ηϕ)ε) = lim
ε→0

∫
Ω

E(ϕ− (ηϕ)ε)dxdξ

= lim
ε→0

∫
Ω\Bεr

E(x, y, u, v)ϕ(x, y)dxdy,

mµ tÝch ph©n cuèi cïng nµy héi tô, nªn ta cã ®iÒu ph¶i chøng minh.

Chóng ta hoµn thµnh chøng minh Bæ ®Ò 2.2.1. �

HÖ qu¶ 2.2.1 Gi¶ sö Ω ⊂ R2 lµ mét miÒn bÞ chÆn víi biªn tr¬n tõng khóc,

f ∈ C2(Ω̄) vµ a, b, k, c lµ chÊp nhËn ®îc. Khi ®ã

f(x, y) =

∫
∂Ω

f(u, v)B̃2(E(x, y, u, v), a, b, k, c)ds

−
∫
∂Ω

E(x, y, u, v)B̃1(f(u, v), a, b, k, c)ds+

∫
Ω

E(x, y, u, v)G̃a,b
k,cf(u, v)dudv.

ë ®©y:

B̃1(f(u, v), a, b, k, c) = (ν1 − iaukν2)X̃1f(u, v) + icuk−1ν2f(u, v),

B̃2(E(x, y, u, v), a, b, k, c) = (ν1 − ibukν2)X̃2E(x, y, u, v).

Bæ ®Ò 2.2.2 Gi¶ sö r»ng, a, b, k, c chÊp nhËn ®îc. Khi ®ã víi mäi (x, y, u,

v) n»m trong mét tËp compac cña R4, (x, y) 6= (u, v), vµ víi mäi (α, β) sao

cho 0 ≤ α + β ≤ 1, ta cã
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max
{∣∣∣xkβ∂α+βE(x, y, u, v)

∂xα∂yβ

∣∣∣, ∣∣∣ukβ∂α+βE(x, y, u, v)

∂uα∂vβ

∣∣∣, ∣∣∣∂α+βE(x, y, u, v)

∂xα∂uβ

∣∣∣,∣∣∣xkβ∂α+βE(x, y, u, v)

∂uα∂yβ

∣∣∣, ∣∣∣ukβ ∂α+βE(x, y, u, v)

∂xα∂vβ

∣∣∣, ∣∣∣(xu)kβ
∂α+βE(x, y, u, v)

∂yα∂vβ

∣∣∣}
≤ Cα,β

(
|xk+1 − uk+1|+ |y − v|

)−k+α+β
k+1 .

Chøng minh.

* Víi α + β = 0, theo Bæ ®Ò 2.2.1 ta cã ®iÒu ph¶i chøng minh.

* Víi α = 1, β = 0∣∣∣∂E(x, y, u, v)

∂x

∣∣∣ =
∣∣∣ ∂
∂x

∫
R

e iyξẼ(x, ξ, u, v)dξ
∣∣∣ =

∣∣∣ ∫
R

e iyξ
∂Ẽ(x, ξ, u, v)

∂x
dξ
∣∣∣.

Khi ξ > 0, x > u∣∣∣∂Ẽ(x, ξ, u, v)

∂x

∣∣∣ ≤ [∣∣∣ei(y−v)ξ+
b ξ(uk+1−xk+1)

k+1 |ξ|−
1

k+1 F̃1(x, ξ, u, v)|x|kξ
∣∣∣

+
∣∣∣ei(y−v)ξ+

a ξ(uk+1−xk+1)
k+1 |ξ|−

1
k+1

∂F̃1(x, ξ, u, v)

∂x

∣∣∣]
≤
∣∣∣eiξ(|y−v|+Im(b)ξ|uk+1−xk+1|

k+1 )
e

Re(b)ξ(uk+1−xk+1)
k+1 ξ

k
k+1 F̃1(x, ξ, u, v)|x|k

∣∣∣
+
∣∣∣ei(y−v)ξ+

Im(b)ξ(uk+1−xk+1)
k+1 e

Re(b)ξ(uk+1−xk+1)
k+1 ξ

k
k+1

d

dz
F̃1(ã1, c̃1, z)|x|k

∣∣∣.
V× vËy∣∣∣∂E(x, y, u, v)

∂x

∣∣∣ =
∣∣∣ ∂
∂x

∫
R

e iyξẼ(x, ξ, u, v)dξ
∣∣∣

≤ C|x|k
∫
R

e
iξ(|y−v|+

Im(b) ξ|uk+1−xk+1|
k+1 )|ξ|

k
k+1 dξ

≤ C
(
|y − v|+ |uk+1 − xk+1|

)− k
k+1−1|x|k

≤ C
(
|y − v|+ |uk+1 − xk+1|

)− k
k+1−1(|y − v|+ |uk+1 − xk+1|

) k
k+1

= C
(
|y − v|+ |uk+1 − xk+1|

)−1
.
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Chóng ta cã ®iÒu ph¶i chøng minh.

* Víi α = 0, β = 1∣∣∣∂E(x, y, u, v)

∂y

∣∣∣ =
∣∣∣ ∂
∂y

∫
R

e iyξẼ(x, ξ, u, v)dξ
∣∣∣ =

∣∣∣ ∫
R

e iyξξẼ(x, ξ, u, v)dξ
∣∣∣

≤ C

∫
R

e iξ((y−v)+Im(b)(uk+1−xk+1))|ξ|
k
k+1 dξ

≤ C
∣∣(y − v) + (uk+1 − xk+1)

∣∣− k
k+1−1

.

V× vËy∣∣∣|x|k∂E(x, y, u, v)

∂y

∣∣∣ ≤ C
(
|y − v|+ |uk+1 − xk+1|

)− k
k+1−1+

k
k+1

≤ C
(
|y − v|+ |uk+1 − xk+1|

)−1
.

Víi c¸c trêng hîp kh¸c, chóng ta còng chøng minh t¬ng tù.

Chóng ta hoµn thµnh chøng minh Bæ ®Ò 2.2.2. �

2.3 TÝnh chÝnh quy Gevrey cña nghiÖm

§Þnh lÝ 2.3.1 Cho k lµ sè ch½n vµ c¸c tham sè a, b, c, k chÊp nhËn ®îc. Khi

®ã:

i) NÕu ψ ∈ Gs (s ≥ 1) th×, mäi C∞(Ω)- nghiÖm cña ph¬ng tr×nh (1)

thuéc Gs(Ω); to¸n tö phi tuyÕn Ψa,b
k,c lµ s-hypoelliptic më réng.

ii) Trêng hîp ®Æc biÖt, nÕu ψ lµ gi¶i tÝch th×, mäi C∞(Ω)- nghiÖm cña

ph¬ng tr×nh (1) còng lµ hµm gi¶i tÝch trªn Ω; to¸n tö Ψa,b
k,c lµ gi¶i tÝch

hypoelliptic më réng.

Chøng minh. §Ó chøng minh ®Þnh lý nµy chóng ta chØ cÇn chøng minh c¸c

bæ ®Ò vÒ ®¸nh gi¸ nghiÖm c¬ b¶n trªn h×nh vu«ng V T .
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Bæ ®Ò 2.3.1 Trong h×nh vu«ng V T víi a, b, k, c lµ chÊp nhËn ®îc, k lµ sè

nguyªn d¬ng ch½n, chóng ta cã∣∣∣xγ ∂α+βE(x, y, u, v)

∂xα∂yβ

∣∣∣ ≤ C
[
|xk+1 − uk+1|2 + (k + 1)2(y − v)2

]−1
2

víi mäi (α, β, γ) ∈ Ξ1
k.

Chøng minh.

* NÕu α + β = 0, th× 0 ≤ γ ≤ k,∣∣∣xγ ∂α+βE(x, y, u, v)

∂xα∂yβ

∣∣∣
V T
≤C

∣∣E(x, y, u, v)
∣∣
V T
≤C

(
|xk+1−uk+1|+|y−v|

) −k
k+1

.

B©y giê chóng ta chøng minh tån t¹i C > 0 ®Ó(
|xk+1−uk+1|+ |y−v|

) −k
k+1 ≤ C

[
|xk+1−uk+1|2 +(k+1)2(y−v)2

]−1
2
.

NÕu x 6= u vµ y 6= v th× ®iÒu nµy t¬ng ®¬ng víi[
|xk+1− uk+1|2 + (k+ 1)2(y− v)2

]1
2 ≤ C

(
|xk+1− uk+1|+ |y− v|

) k
k+1

.

Nhng chóng ta cã[
|xk+1−uk+1|2 +(k+1)2(y−v)2

]
≤ (k+1)2

(
|xk+1−uk+1|+ |y−v|

)2

,

cho nªn[
|xk+1−uk+1|2 +(k+1)2(y−v)2

]1
2 ≤ (k+1)

(
|xk+1−uk+1|+ |y−v|

)
.

Nhng(
|xk+1 − uk+1|+ |y − v|

)
≤ C

(
|xk+1 − uk+1|+ |y − v|

) k
k+1

,

v×
(
|xk+1 − uk+1|+ |y − v|

)
≤ 1.

Do ®ã[
|xk+1− uk+1|2 + (k+ 1)2(y− v)2

]1
2 ≤ C

(
|xk+1− uk+1|+ |y− v|

) k
k+1 .
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Nh vËy, trêng hîp α + β = 0 ®îc chøng minh.

* NÕu α = 1, β = 0, chóng ta ph¶i chøng minh∣∣∣xγ ∂E(x, y, u, v)

∂x

∣∣∣
V T
≤ C

[
|xk+1 − uk+1|2 + (k + 1)2(y − v)2

]−1
2
.

Theo Bæ ®Ò 2.2.2∣∣∣xγ ∂E(x, y, u, v)

∂x

∣∣∣
V T
≤ C

(
|xk+1 − uk+1|+ |y − v|

)−1

,

nªn chóng ta chØ cÇn chøng minh(
|xk+1− uk+1|+ |y− v|

)−1

≤ C
[
|xk+1− uk+1|2 + (k+ 1)2(y− v)2

]−1
2 ,

hay[
|xk+1 − uk+1|2 + (k + 1)2(y − v)2

]1
2 ≤ C

(
|xk+1 − uk+1|+ |y − v|

)
.

§iÒu nµy lu«n ®îc tháa m·n.

* NÕu α = 0, β = 1, chóng ta ph¶i chøng minh∣∣∣xγ ∂E(x, y, u, v)

∂y

∣∣∣
V T
≤ C

[
|xk+1 − uk+1|2 + (k + 1)2(y − v)2

]−1
2
.

Theo Bæ ®Ò 2.2.2 chóng ta cã∣∣∣xγ ∂E(x, y, u, v)

∂y

∣∣∣
V T
≤
∣∣∣xk∂E(x, y, u, v)

∂y

∣∣∣
≤ C

(
|xk+1 − uk+1|+ |y − v|

)−1

≤ C ′
[
|xk+1 − uk+1|2 + (k + 1)2(y − v)2

]−1
2
.

Chóng ta hoµn thµnh chøng minh Bæ ®Ò 2.3.1. �

Bæ ®Ò 2.3.2 Trªn SσN (x,y)(x, y) nÕu |x| ≤
(
2σN(x, y)

) 1
k+1

th× |u| ≤ 3
(
σN(x, y)

) 1
k+1 vµ∣∣∣xγ ∂α+βX̃2E(x, y, u, v)

∂xα∂yβ

∣∣∣ ≤ C

σ
k+2
k+1

N (x, y)
∀(α, β, γ) ∈ Ξ1

k.
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Chøng minh. ý ®Çu cña Bæ ®Ò 2.3.2 ®· ®îc chøng minh trong Bæ ®Ò 1.3.2,

b©y giê chóng ta chøng minh ý sau cña bæ ®Ò nµy.

* Tríc tiªn, chóng ta xÐt trêng hîp α + β = 0.∣∣∣xγ ∂α+βX̃2E(x, y, u, v)

∂xα∂yβ

∣∣∣ ≤ ∣∣∣xk( ∂
∂u
− iauk ∂

∂v

)
E(x, y, u, v)

∣∣∣
≤
∣∣∣xγ ∂E(x, y, u, v)

∂u

∣∣∣+ |a|
∣∣∣uk∂E(x, y, u, v)

∂v

∣∣∣.
Theo Bæ ®Ò 2.2.2∣∣∣xγ ∂E(x, y, u, v)

∂u

∣∣∣
SσN (x,y)(x,y)

≤
∣∣∣∂E(x, y, u, v)

∂u

∣∣∣
SσN (x,y)(x,y)

≤ C
(

(xk+1 − uk+1) + |y − v|
)−k+1

k+1

= C
(

(xk+1 − uk+1) + |y − v|
)−1

≤ C ′
[
(xk+1 − uk+1)2 + (k + 1)2(y − v)2

]−1
2
.

Nhng trªn biªn SσN (x,y)(x, y) tån t¹i C ®Ó[
|xk+1 − uk+1|2 + (k + 1)2(y − v)2

]−1
2

≤ C
[
(xk+1 + uk+1)2 + (k + 1)2(y − v)2

]−1
2

= CR̃−
1
2 ≤ Cσ−1

N (x, y) ≤ Cσ
−k+2
k+1

N (x, y),

do 0 < σN(x, y) ≤ 1.

V× vËy ∣∣xγX̃2E(x, y, u, v)
∣∣ ≤ C

σ
k+2
k+1

N (x, y)
.
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* Víi α = 1, β = 0 th×∣∣∣xγ ∂X̃2E(x, y, u, v)

∂x

∣∣∣ ≤ ∣∣∣xγ ∂2E(x, y, u, v)

∂x∂u

∣∣∣+
∣∣∣uk∂2E(x, y, u, v)

∂x∂v

∣∣∣
≤ C

(
|xk+1 − uk+1|+ |y − v|

)−k+2
k+1

≤ C ′
[
|xk+1 + uk+1|2 + (k + 1)2(y − v)2

]− k+2
2(k+1)

≤ C ′R̃−
k+2

2(k+1) ≤ Cσ
−k+2
k+1

N (x, y).

* Víi α = 0, β = 1, ¸p dông Bæ ®Ò 2.2.2 chóng ta cã∣∣∣xγ ∂X̃2E(x, y, u, v)

∂y

∣∣∣ ≤ ∣∣∣xγ ∂2E(x, y, u, v)

∂y∂u

∣∣∣+ |a|
∣∣∣xγuk∂2E(x, y, u, v)

∂y∂v

∣∣∣
≤ C

(∣∣∣xγ ∂2E(x, y, u, v)

∂y∂u

∣∣∣+
∣∣∣xγuk∂2E(x, y, u, v)

∂y∂v

∣∣∣)
≤ C

(
|xk+1 − uk+1|+ |y − v|

)−k+2
k+1

≤ Cσ
−k+2
k+1

N (x, y).

Chóng ta hoµn thµnh chøng minh Bæ ®Ò 2.3.2. �

Bæ ®Ò 2.3.3 Trªn biªn SσN (x,y)(x, y) nÕu |x| ≤ (2σN(x, y))
1
k+1 th×∣∣∣∣ xγ|u|k ∂α+βX̃2E(x, y, u, v)

∂xα∂yβ

∣∣∣∣ ≤ C

σ2
N(x, y)

∀(α, β, γ) ∈ Ξ1
k.

Chøng minh. Do (α, β, γ) ∈ Ξ1
k nªn 0 ≤ α + β ≤ 1.

* Víi α = β = 0∣∣∣∣ xγ|u|k ∂α+βX̃2E(x, y, u, v)

∂xα∂yβ

∣∣∣∣≤ C

|u|k

[∣∣∣∂E(x, y, u, v)

∂u

∣∣∣+ |a||u|k∣∣∣∂E(x, y, u, v)

∂v

∣∣∣]
≤ C

|u|k
(
|xk+1 − uk+1|+ |y − v|

)−1

.

Nhng trong trêng hîp nµy, ¸p dông Bæ ®Ò 1.3.3 ta nhËn ®îc

C−1R̃
− k

2k+2 ≤ |u|k ≤ CR̃
− k

2k+2 .
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MÆt kh¸c do R̃ ≥ σ2
N(x, y), nªn

|u|k ≥ Cσ
k
k+1

N (x, y)⇔ 1

|u|k
≤ C

σ
k
k+1

N (x, y)
.

Sau cïng, chóng ta cã víi α = β = 0∣∣∣∣ xγ|u|k ∂α+βX̃2E(x, y, u, v)

∂xα∂yβ

∣∣∣∣ ≤ C

σ
2k+1
2k+2

N (x, y)
≤ C

σ2
N(x, y)

.

* Víi α = 1, β = 0, ta cã∣∣∣∣ xγ|u|k ∂α+βX̃2E(x, y, u, v)

∂xα∂yβ

∣∣∣∣ =

∣∣∣∣ xγ|u|k ∂
(
∂
∂u − iau

k ∂
∂v

)
E(x, y, u, v)

∂x

∣∣∣∣
≤ C
|xγ|
|u|k

(∣∣∣∂2E(x, y, u, v)

∂x∂u

∣∣∣+ |uk|
∣∣∣∂2E(x, y, u, v)

∂x∂v

∣∣∣)
≤ C

1

|u|k

(∣∣∣∂2E(x, y, u, v)

∂x∂u

∣∣∣+ |a||uk|
∣∣∣∂2E(x, y, u, v)

∂x∂v

∣∣∣)
≤ Cσ

− k
k+1

N (x, y)
(
|xk+1 − uk+1|+ |y − v|

)−k+2
k+1 ≤ C

σ2
N(x, y)

.

* Víi α = 0, β = 1, ta thÊy r»ng∣∣∣∣ xγ|u|k ∂X̃2E(x, y, u, v)

∂y

∣∣∣∣
≤ C

1

|u|k

(∣∣∣xk∂2E(x, y, u, v)

∂y∂u

∣∣∣+ |a||xk||uk|
∣∣∣∂2E(x, y, u, v)

∂y∂v

∣∣∣)
≤ Cσ

− k
k+1

N (x, y)σ
−k+2
k+1

N (x, y) ≤ C

σ2
N(x, y)

.

Chóng ta hoµn thµnh chøng minh Bæ ®Ò 2.3.3. �

Víi c¸c Bæ ®Ò 2.3.1, 2.3.2, 2.3.3, chóng ta ®¸nh gi¸ ®îc E(x, y, u, v) vµ

c¸c kÕt qu¶ ®¹t ®îc ë ®©y còng nh ë Ch¬ng 1. Nh vËy §Þnh lý 2.3.1 ®îc

chøng minh. �

§Þnh lÝ 2.3.2 Gi¶ sö r»ng, k lµ sè ch½n, c¸c tham sè a, b, c, k lµ chÊp nhËn

®îc vµ m ≥ 2k + 3. Khi ®ã
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i) NÕu ψ ∈ Gs th×, mäi Gm
k,loc(Ω) - nghiÖm cña ph¬ng tr×nh (1) lµ thuéc

Gs(Ω); to¸n tö phi tuyÕn Ψa,b
k,c lµ s-hypoelliptic.

ii) Trong trêng hîp ®Æc biÖt, nÕu ψ lµ hµm gi¶i tÝch th×, mäi Cm(Ω)-

nghiÖm cña ph¬ng tr×nh (1) còng lµ gi¶i tÝch trªn Ω; to¸n tö phi tuyÕn Ψa,b
k,c

lµ gi¶i tÝch hypoelliptic.

Chøng minh. Theo §Þnh lý 1.2.2 nÕu f lµ mét nghiÖm thuéc Gm
k,loc(Ω) cña

ph¬ng tr×nh (1), ψ ∈ C∞ th× f ∈ C∞(Ω). KÕt hîp víi §Þnh lý 2.3.1 ta cã

®iÒu ph¶i chøng minh.



KÕt luËn vµ kiÕn nghÞ

Nh÷ng kÕt qu¶ chÝnh cña luËn ¸n

1. T×m ®îc nghiÖm c¬ b¶n cña to¸n tö elliptic suy biÕn

G a,b
k,c =

( ∂
∂x
− iaxk ∂

∂y

)( ∂
∂x
− ibxk ∂

∂y

)
+ icxk−1 ∂

∂y
,

víi a, b, c lµ sè phøc bÊt kú mµ Re(a) < 0, Re(b) > 0, k lµ sè nguyªn d¬ng

c¶ lÎ vµ ch½n.

2. §¸nh gi¸ ®îc tÝnh tr¬n cña nghiÖm cña ph¬ng tr×nh nöa tuyÕn tÝnh

elliptic suy biÕn

Ψ a,b
k,cf = Ga,b

k,cf + ψ
(
x, y, f,

∂f

∂x
, xk

∂f

∂y

)
= 0. (1)

3. Chøng minh ®îc tÝnh gi¶i tÝch, tÝnh chÝnh quy Gevrey cña nghiÖm cña

ph¬ng tr×nh (1).

4. Chøng minh ®îc tÝnh hypoelliptic, gi¶i tÝch hypoelliptic, s-hypoelliptic

cña to¸n tö phi tuyÕn Ψ a,b
k,c .

Nh÷ng vÊn ®Ò cÇn tiÕp tôc nghiªn cøu

Nghiªn cøu tÝnh chÝnh quy Gevrey cho c¸c ph¬ng tr×nh nöa tuyÕn tÝnh

elliptic víi bËc suy biÕn cÊp v« h¹n.

121



Danh môc c«ng tr×nh c«ng bè cña t¸c gi¶

1. V. T. T. Hien, N. M. Tri (2008), "Analiticity of solutions of semi-linear

equations with double characteristics ", J. Math. Anal. Appl., (337), pp.

1249-1260.

2. V. T. T. Hien, N. M. Tri (2010), "Fourier transform and smoothness of

solutions of a class of semilinear elliptic degenerate equations with double

characteristics ",

Russian Journal of Mathematical Physics, Vol. 17, No. 2, pp. 162-178.

C¸c kÕt qu¶ cña luËn ¸n ®· ®îc b¸o c¸o t¹i

- Xemina Phßng Ph¬ng tr×nh vi ph©n - ViÖn To¸n häc.

- Xemina Bé m«n Gi¶i tÝch, Trêng §¹i häc S ph¹m Hµ Néi I.

- Héi nghÞ Nghiªn cøu sinh c¸c n¨m 2007, 2008, 2009 cña ViÖn To¸n häc.

122



Tµi liÖu tham kh¶o

TiÕng ViÖt

[1] NguyÔn Minh Ch¬ng, Hµ TiÕn Ngo¹n, NguyÔn Minh TrÝ, Lª Quang

Trung (2000) Ph¬ng tr×nh ®¹o hµm riªng, NXB Gi¸o dôc, Hµ Néi.

[2] NguyÔn Thõa Hîp (1985) Ph¬ng tr×nh ®¹o hµm riªng tËp 1, 2, NXB

Gi¸o dôc, Hµ Néi.

[3] NguyÔn M¹nh Hïng (2006) Ph¬ng tr×nh ®¹o hµm riªng phÇn I, II, NXB

§¹i häc S ph¹m.

[4] Hoµng Tôy (2003) Hµm thùc vµ gi¶i tÝch hµm, NXB §¹i häc Quèc gia

Hµ Néi, Hµ Néi.

[5] TrÇn §øc V©n (2004) Lý thuyÕt ph¬ng tr×nh vi ph©n ®¹o hµm riªng,

NXB §¹i häc Quèc gia Hµ Néi, Hµ Néi.

TiÕng Anh

[6] Barros-Neto J. and Gel'fand I. M. (1999), "Fundamental solutions of the

Tricomi operator III", Duke Math. J., (98), pp. 465-483.

[7] Barros-Neto J. and Gel'fand I. M. (2003), "Fundamental solutions of the

Tricomi operator II", Duke Math. J., (117), pp. 365-387.

[8] Barros-Neto J. and Gel'fand I. M. (2005), "Fundamentel solutions of the

Tricomi operator III", Duke Math. J., (128), pp. 119-140.

123



124

[9] Bateman H. (1953), Higher Transcendental Function, Vol. I, Mc Graw-

Hill, New York, pp. 302.

[10] Cattabriga L., Rodino L., Zanghirati L. (1990), "Analytic - Gevrey hy-

poellipticity for a class of pseudodifferential operators with multiple char-

acteristics", Commun. Partial Diff. Eq., (15), pp. 81-96.

[11] Egorov V. Yu. (1975), "On subelliptic operators", Uspechi Mat. Nayk.,

(2), pp. 57-114.

[12] Friedman A. (1958), "On the regularity of the solutions of nonlinear

elliptic and parabolic systems of parial differential equations", J. Math.

Mech., (7), pp. 43-59.

[13] Gel'fand I. M. and Shilov G. E. (1964), Generalized Functions, Vol. I,

Academic Press, New York and London.

[14] Gilioli A. and Treves F. (1974), "An example in the solvability theory

of linear FDE's", Amer. J. Math., (96), pp. 367-385.

[15] Gramchev T. and Rodino L. (1999), "Gevrey solvability for partial

diffrential operators with multiple characteritstics", Boll. Unione Mat.

Ital. Sez. B 2, (8) 2 (1), pp. 65-120.

[16] Grushin V. V. (1971), "On a class of elliptic pseudo-differential op-

erators degenerate on a submanifold", Math. USSR. Sbornik, (13), pp.

155-183.

[17] Hanges N. and Himonas A. (1996), "Singular solutions for a class of

Grushin type operators", Proc. Amer. Math. Soc., (124), pp. 1549-1557.

[18] Helffer B. (1982), "Necessary conditions of hypoanalyticity for homo-

geneous left - invariant operators on a grade nilpotent group ", J. Differ-

ential Equations 44, (3), pp. 460-481.

[19] V. T. T. Hien, N. M. Tri (2008), "Analiticity of solutions of semi-linear

equations with double characteristics ", J. Math. Anal. Appl., (337), pp.

1249-1260.



125

[20] V. T. T. Hien, N. M. Tri (2010), "Fourier transform and smoothness

of solutions of a class of semilinear elliptic degenerate equations with

double characteristics ", Russian Journal of Mathematical Physics, Vol.

17, No. 2, pp. 162-178.
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[25] Hörmander L. (1995), "On the theory of general partial differential

equations", Acta Math., (94), pp. 161-248.

[26] John F. (1982), Partial Differential Equation, Springer -Verlag, New

York Heidelberg Berlin.

[27] Kolmogorov N. A. (1934), "Zufällige Bewegungen", Ann. of Math.,

(35), pp. 116-117.

[28] Matsuzawa T. (1997), "Gevrey hypoellipticity for Grushin operators",

Publ. Res. Inst. Math. Sci. , (33), pp. 775-799.

[29] Menikoff A. (1976), "Some example of hypoelliptic partial differential

equations", Math. Ann., (221), pp. 176-181.

[30] Rodino L. (1993), Linear partial differential operators in Gevrey

spaces, World Scientific, Singapore.

[31] Roth Child L. P., Stein E. M. (1976), "Hypoelliptic differential operators

and nilpotent groups", Acta Math., (137), pp. 247-320.



126

[32] Schwartz L. (1950, 1951), ThÐrie des Distributions, Vol. I, II, Hermann.

[33] N. M. Tri (1999), "Remark on non-uniform fundamental solutions and

non-smooth solutions of some classes of differential operators with dou-

ble characteristics", J. Math. Sci. Univ. Tokyo, (6), pp. 437-452.

[34] N. M. Tri (2000), "A note on necessary conditions of hypoelliticity for

some classes of differential operators with double characteristics", Kodai

Math. J., (23), pp. 281-297.

[35] N. M. Tri (1999), "Semilinear perturbations of powers of the Mizohata

operator", Comm. Part. Diff. Equat., (24), pp. 325-354.

[36] N. M. Tri (1999), "On the Gevrey analyticity of solutions of semilinear

perturbations of powers of the Mizohata operator", Rend. Sem. Mat. Univ.

Politec. Torino, (57), pp. 37-57.

[37] N. M. Tri (2002), "On the Gevrey regularity of solutions of a class of

semilinear elliptic degenerate equations on the plane", J. Math. Sci. Univ.

Tokyo, (9), pp. 217-255.

[38] N. M. Tri (2004), "On the Gevrey analyticity of solutions of semilin-

ear Kohn-Laplacian on the Heisenberg group", Abstract and Applied

Analysis, World Sci. Publ., pp. 335-353.

[39] N. M. Tri (2008), "Semilinear hypoelliptic operators with multiple char-

acteristics", Trans. Amer. Math. Soc., (360), pp. 3875-3907.

[40] Weyl H. (1940), "The method of orthogonal projection in potential the-

ory", Duke Math. J., (7), pp. 411-444.

[41] Yagdjian K. (2004), "A note on the fundamental solution for the Tricomi

- type equation in the hyperbolic domain", J. Differential Equations,

206(1), pp. 227-252.


