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LOI CAM DOAN

R0

Toi xin cam doan day la cong trinh nghién cGu cida toi, cac so liéu, cac
két qud cda luan an la trung thuc va chua tiing dugc ai cong bd trong bat ky

mot cong trinh nao khac.

Tac gid luan an.



LOI CAM ON

€20k} D)

e Toi xin dudc bay td long bi€t 6n chan thanh va sau sac dén Thay huéng dan,
PGS. TS NGUYEN BIiCH HUY, da tan tinh hudng dan, dong vién va diu dat toi
trong sudt qua trinh hoc tap, nghién clu va thuc hién luan an.

e Toi xin dugc bay t6 1ong bi€t on chan thanh va sau sédc Thay déng hudng dan,
PSG. TS LE HOAN HOA da tan tinh giup d& dong vién téi trong sudt qua trinh
hoc tap, nghién cuu va thuc hién luan an.

e Toi xin chan thanh cam dn cac thay gidi thiéu ludn an, da doc va cho y kién
nhan xét sau séic.

e T6i xin chan thanh cam on Ban Giam Hiéu, Khoa Toan, Phong Khoa Hoc
Cong nghé va Sau Pai Hoc trudng Pai Hoc Su Pham thanh phé H6 Chi Minh, da
tao moi diéu kién thuan Igi cho toi trong su6t qua trinh hoc tap, nghién clu va

thuc hién luan an.

Téac gia luan an



MO DAU

1. Trong ludn 4n nay ching tdi s& 4p dung mot s6 k€t qua cua ly thuyé&t phudng
trinh todn tif trong khong gian Banach c6 thit ty, d€ nghién cifu ciu triic nghiém clia mot s&
16p phuong trinh va b4t phuong trinh vi phan.

Ly thuy&t phuong trinh todn tif trong khong gian Banach cé thi ty dudc hinh thanh
trong cong trinh m& dau [22] clia M. Krein va A. Rutman vao nhitng nim 1940 va dugc
phdt tri€n ruc rd vao thdi ky 1950-1980 trong céc cdng trinh clia M. A. Krasnoselskii va cic
hoc tro ctia 6ng [19,20,21], cua H. Schaffer, H. Amann, N. E. Dancer, R. Nussbaum, ... (xem
[3,11,33] va céc tai liéu tham khdo trong d6). C4c két qua triru twgng cla 1y thuy€t nay tim
dugc nhitng ¥ng dung rong rdi trong viéc nghién cifu dinh tinh v dinh lugng nhiéu 16p
phuong trinh va bat phudng trinh vi phan xudt phdt tir co hoc, vat 1y, hdéa hoc, y-sinh hoc, ...
vi nhitng vu diém sau:

oChiing cho phép chitng minh sy ton tai nghiém véi cdc tinh chit dic biét nhu tinh
duong, tinh 101, ... 1a nhitng tinh chi't can ¢ clia nghiém cdc phuong trinh xuét ph4t tir nhitng
mo hinh thuc t€.

eChiing cho phép chitng minh sy ton tai nghiém ctia nhitng phuong trinh chita cic ham
gidn doan 12 nhitng phuong trinh thudng gip trong thuc t€.

DPén nay, viéc xay dung 1y thuy&t phuong trinh todn tf trong khong gian Banach c6 thi
tu vé co bdn dd hoan thanh va sy chd y dugc tp trung vao viéc tim nhitng ng dung ctia ly
thuy&t vao cdc 16p bai todn méi. Chinh ti viéc nghién cttu cdc 16p phuong trinh méi ma gan
day cling da nhan dugc mot s6 k€t qua triru tugng mdi [8,9,26,28].

Luin 4n gdm phan m& dau, k€t luan va hai chuong. Trong chuong 1 ching to6i nghién

cltu ciu tric tAp nghiém clia mot sd 16p phuong trinh vi phan thudng chia tham s6. Trong



chuong 2 chiing t6i chitng minh sy ton tai nghiém cuc tri (nghia 12 nghiém 16n nhat, nhd
nhat) cho hai bai todn dang bi€n phan.

2. Céc bai todn dugc khio st & chuong 1 ¢6 dang tdng quat sau:

Cho X la khong gian Banach thyc va Pc X la mét nén, 1=(0,0) hodc
I= [0,00), F:I1xP — P la d4nh xa hoan toan li€n tuc. Xét bai todn tim cdp (A, x)elxP\ {9}
thda man phuong trinh:

x =F(L, x). (0.1)

Thong thudng, nghiém ctia (0.1) khong ton tai don 1&, rdi rac va ta quan tAm nhiéu vé

van dé, liéu tip nghiém:
> ={x)eIxP\{0}: x=F(Lx)}

c6 chita mot tip con lién thong hay khong va tip cdc gid tri A d€ (0.1) c6 nghiém, c6
14p diy mot khodng hay khong. Céc tdc gid H. Amann, E. N. Dancer, R. Nussbaum, Nguyén
Bich Huy, ... d@ nhan dugc cdc k&t qud v€ sy phan nhdnh todn cuc cda tap nghiém Z cua
phuong trinh (0.1) trong khong gian c6 thu ty, tuong tu dinh 1y Rabinowitz. Tuy nhién, viéc
nghién cttu tdp nghi€ém Z chi thuin 1gi khi 4nh xa F kha vi Frechet tai

0 hodc .

Trong ludn 4n ching t6i s€ khdo sdt cdc phuong trinh v6i dnh xa khong kha vi tai 0
hodc . Do dé, d€ nghién ctfu ciu tric nghiém ctia (0.1) ching t6i 4p dung phuong phip
cua Krasnoselskii khdo st riéng r& ciu tric clia tap:

S={xeP\{8} [Fnel:(hx)e) |

(tap hinh chi€u ctia Z 1én X ) va sau d6 tap cdc gid tri el d€ (0.1) c6 nghiém. Ta
c6 dinh nghia sau cta Krasnoselskii [20].

Dinh nghia

Ta néi tdp S 1a nhdnh lién tuc, khong bi chin xuat phdt tt 0 néu vdi moi tip md, bi

chin G360 thi SNoG=#¢.



Khi tdp nghiém S la nhédnh li€n tuc, khong bi chin, Krasnoselskii da chitng minh mot
dinh 1y bdo ddm tap cdc gid tri A d€ (0.1) c6 nghiém, 14p ddy mot khodng. Tuy nhién theo
ching t0i, cdc gid thi€t ma Krasnoselskii dua ra chwa di va trong ching minh cta 6ng con
mdt khodng trong. Trong §1 cta chudng 1 ching t0i dua ra va chitng minh mot chinh 1y két
qua trén cua Krasnoselskii (dinh 1y 1.1.8). Ciing trong §1 nay ching t6i cling chitng minh
mdt s& k€t qui vé haim 1dm va néu mot sd k&€t qui di c6 vé ddnh gid ban kinh pho clia cdc
todn tl tuyén tinh up-bi chin. C4dc két qud nay dudc sit dung nhiéu 1an & cdc muc sau.

0 §2 clia chuong 1 chiing t61 nghi€n cu bai todn bi€n gid tri ri€éng sau:
x +ramf(x)=0,  0<t<l,
x(0)=x(1)=0,

(0.2)

trong d6 a:[0,1]] > IR, , f: IR, — IR, 1a cdc ham lién tuc, khong déng nhit bing 0 trén

moi khodng va ton tai cdc gi6i han:

Limm:fo, Lim@:foo.
x—>0 X X—o X

Bai todn (0.2) xudt phdt tr nhi€u linh vuc cda khoa hoc ty nhién (xem
[17] va tai liéu tham khdo & d6). Néu f, , f, 1a cdc s6 hitu han, khdc 0 thi cdc todn t tich
phan tuong tng vdi bai todn bi€n (0.2) c6 daohamtai 6 hodc oo. Trong ludn dn ching toi
cho phép f, , f,, c6 thé bing 0 hodc oo. Khi nghién ciu bai todn (0.2) trong [17], cdc tdc
gid J. Henderson va H. Wang khong khdo sdt cdu tric ciia tdp nghiém S hodc ) va
ding mot dinh 1y Krasnoselskii vé diém bat dong trong nén dé chiing minh ton tai mot
khodng céc gid tri A d€ bai todn (0.2) c6 nghiém duong. Chiing tdi ding phuong phédp khéc
d€ nghién cttu (0.2). PAu tién chiing to6i dung 1y thuy&t bac topd cla trudng compic vSi todn
tt duong d€ chiing minh tip nghiém S chia (0.2) tao thanh nhdnh lién tuc khong bi chin.
Dua vao két qua nay va dinh 1y 1.1.8, chiing t6i nhan dudc mot khodng cu thé cdc gia tri A

d€ (0.2) c6 nghiém duong, khodng nay rong hon khodng nhan dugc trong [17]. K&t qua trinh



Qp

bay §2 chuong 1 da dudc cong bo
trong [ I ].

Trong §3 chuong 1 ching t6i khdo sdt bai todn bién gid tri riéng:

o)) +Aftxxy=0, 0<t<I,
x(0)=x(1)=0,

(0.3)

PN
trong d6 lo(x))| = [x’ x| va goi la todn t& p-Laplace. Bai toan dang (0.3) m6 ta
g X

nhiéu hién tugng trong cdc linh vire khoa hoc ty nhién va dudce nhiéu nha todn hoc quan tim
nghién ctfu trong thdi gian gan day (xem [1,13,14,15] va cdc tai liéu tham khdo & do6).
Trong [1], cdc tac gia  R. Agarwal, H. LU, D. O’Regan nghién cttu bai toan (0.3) v6i ham
f khong phu thudc dao ham x’ va ching minh ton tai khodng gid tri A d€ bai todn c6 1
nghiém duong hoic 2 nghiém duong. Chiing téi vAn 4p dung phuong phdp Krasnoselskii dé
nghién cttu (0.3) va da nhan dugc cdc k&t qud sau:

e Tapnghiém S cuda (0.3) 1a nhdnh lién tuc khong bi chin xuit phat tir 0.

e Tap cic gid tri A d€ (0.3) c6 nghiém duong sé& 1ap diy mdt khodng.

Khodng nay rong hon khodng nhan dudc trong [1 ]. Hon nita, cdc dau miit ciia khodng
trong ludn 4n dudc tinh bing cdc cong thiic gon va rd rang hon so véi cdc diu mit cla
khodng dugc tim trong [1]. P€ nhan dudc k&t qua tot hon nay ching tdi dd chiing minh mot
s6 k&t qua phu c6 ¥ nghia doc 1ap vé cdc bat phuong trinh vi phan va vé€ gid tri riéng chinh
cla todn ti p-Laplace.

C4c k€t qud nhan dugc & §3 cia chuong 1 di dudc cong bd trong
[V].

Trong §4 clia chuwong 1 ching t0i nghién cifu bai todn bién chita tham sd sau:

x" +7»2f(x,lx/j20, O0<t<l1,
A (0.4)

x(0)=x(1)=0.



Nhu dudc chi ra trong [20], bai todn bién (0.4) xudt phat tit bai todn tim nghiém tuin
hoan (chu ky chua bi€t) cia phuong trinh vi phin 6tdndém bic 2 sau diy thudng gip trong
linh vuc co hoc thién thé

y" +1(y,y)=0.

Tuy dugc dit ra tir 1au nhung viéc nghién cttu (0.4) méi dat dudc két qud vé tdn tai
nhénh lién tuc khong bi chiin ctia tAp nghiém. Krasnoselskii chitng minh k€t qua nay cho
truong hgp f khong phu thuéc dao ham x’, Bakhtin va Nguyén Bich Huy [25] chitng minh
cho trudng hop tdng quit. VAn dé€ vé ton tai mot khodng cu thé cdc gid tri A d€ (0.4) c6
nghiém, cho d€n nay van chwa dugc nghién citu théa ddng. Trong luin 4n ching t6i da nhin
dudc cac k&t qud sau day vé€ bai todn (0.4).

e Tapnghiém S cuda (0.4) 12 nhdnh lién tuc khong bi chin xuit phat tirt 0 n€u f
thda diéu kién:
g1(x) < f(x') < gy (0 +cfx’ ‘q (0.5)

vl ¢>0,qe(0,1) va g;.g,:IRi— IRy la cdc ham lién tuc, khong bing hing 0 trén
moi khodng.

N&u so vdi gia thi€t sau day dugc dit ra trong [25]:
ax—b < f(x,x') < c(x)(l + ‘x/m . 1re(0,2)

thi ching t6i da gidm nhe diéu kién vé chin dudi nhung 1am chit diéu kién vé chin
trén ciia ham f.
®  Vdi gid thi€t (0.5) va gia thi€t vé ton tai gidi han khi x = 0, x — o clda

am g(x) , g, (x)
X X

chiing t6i d3 nhan dugc hai két qui vé khodng gid tri A d€ (0.4)

cach

c6 nghiém.

Cé4c k€t qua clia §4 da dudc cong bo trong [ IV ].



3. Trong chuong 2 cia ludn dn ching tdi dd st dung mot dinh 1y vé di€m bat dong
clia 4nh xa ting trong khong gian c6 thit ty d€ chiing minh sy ton tai nghiém cuc tri cho hai
bai todn dang bi€n phan. Viéc 4p dung truc ti€p cdc dinh 1y diém bat dong vao cdc bai todn
bién phan thudng gip khé khin. Phuong phdp ctia ching t6i 1a st dung cdc k&t qua cia ly
thuyé&t phuong trinh dao ham riéng d€ dua bai todn bi€n phan vé bai todn tim diém bat dong
clia mot 4nh xa ting. Sau d6 nhd dinh 1y vé ton tai diém bat dong cuc tri clia 4nh xa ting
ma chitng minh sy ton tai nghiém cuc tri cla bai todn bi€n phan ban dau.

Trong §2 cta chuong 2 nay ching toi nghién cdtu bai todn tim nghiém yé&u cuc tri cho
phuong trinh logistic, 1a mdt trudng hgp dic biét ctia phuong trinh elliptic sau:

—Au=f(x,u) trong Q, u=0 trén 0Q, (0.6)

véi QelRY 1a mién md, bi chin véi bién tron, f: QxIR—IR 12 hAim Caratheodory.

Khi f 12 ham kh3 vi, Amann va Crandal [2] d3 chitng minh sy ton tai nghiém c6 dién
(thuoc 16p C27*(Q) hoge WZP(Q) ) 16n nhat va nhé nhdt ciia (0.6) giita mot nghiem dudi
va mdt nghiém trén da cho. Sy tdn tai nghiém y&u I6n nhat, nhd nhat ctia (0.6) giita nghiém
y€u dudi va nghiém y€u trén dudgc chitng minh bdi Dancer — Sweers [12] khi f lién tuc va
Carl-Heikkila [10] khi f c6 thé gidn doan. Gin diy tic gid Nguyén Bich Huy [27] da
nghién ctfu sy ton tai nghiém yé&u cuc tri clia (0.6) theo hudng gid thiét ton tai nghiém yé&u
dudi va thay diéu kién ton tai nghiém yé&u trén bing diéu kién bi chin cla tip cdc nghiém
dué6i y&u. Trong ludn 4n ching tdi cling nghién citu theo hudng nay.

Xét phuong trinh logistic md td sy ting trudng cua thd trong mdi trudng tu nhién:

- A(vn ): Am(x)v —v9 trong Q, v=0 trén 0Q, (0.7)

trong dé n € IN, g>1 va ham trong m(x) thuéc mot khong gian ham cu thé. Trudng hgp
n = 1 (m6 hinh khu&ch tidn tuyén tinh) va m(x) bi chin sy tdn tai nghiém c6 dién dugc
nghién ctfu tir nhitng nim 1980. Trudng hdp n=1 vd m(x)eL’(Q) véi s<oo, sy tdn tai
nghiém yé&u cta (0.7) dudc nghién citu bdi J. Hernandez, Drabek [13,18] va Nguyén Bich

Huy



[27]. C4dc nghién cttu chi ra ring tinh chinh qui ctia nghiém y&u phu thudc vao do 16n ctia s:

khi s >N nghiém y&u thuoc 16p C'(Q2), khi s> 2(Nq |, nghiém y&u thude WE2(Q) AL (Q).
q J—

Trudng hgp n>1 va s >§ cling dudc nghién citu trong [18].
A 2 2 Al z N N 2 2 ~ 2 N
Trong ludn 4n ching t61 xét trudng hgp n>1 va cho phép s c6 th€ nho hon 5
Biing phép bi€n ddi u=v" bai todn bién (0.7) dugc dua vé dang:
—Au=Am(x)u’ —u? trong Q, u=0 trén 0Q, (0.8)
vl r<q, r<l.
V6i gid thiét:

mx)el} Q) , s> 2N@+1)
2(q+ 1)+ N(q+1-2r)

va gid thi€t vé chin dudi cia m(x) ching tdi di chiing minh sy ton tai nghiém yé&u cuc
tri cda (0.8) trén khoang [uo,oo) v6i u, dugc xay dyng cu thé qua cdc di kién clia bai
todn. K&t qua ndy da dugc cong bd trong[ 111 .

Trong §3 ctia chuong 2 chiing toi xét bai todn tim nghiém cuc tri cda bat ding thifc bi€n
phan sau:

Tim ham v thda man:

vekK, f(x,v)eLl(Q), vi(x,v)e LI(Q),

(Av,v—w)2 [T (v -widx, YweKnLo @), 0
Q

trong do:

Qc IR 12 mién md, bi chin c6 bién tron,
K= {w e Wé’p(Q): w=>¢ hk.n trén Q}, 0<ope Wé’p(Q) NL7(Q),
Av = —diVQVV‘p _ZVV) la todn t& p-Laplace,

<AV,V — W> = ”VV‘F_ZVV.V(V —w)dx.
0



f(x,u) = F(x,u,u) véi F:QxIR,xIR, >IR ting theo bién u,} 0.10)

gidm theo bi€n v va thda mdt s diéu kién khic

Sy ton tai nghiém cda bai todn (0.9) dudc Boccardo, Giachetti, Murat chitng minh trong
[5] khi ham f 13 ham Caratheodory va thda mian mot sd diéu kién trong dé c6 diéu kién
uf(x,u)>0.

Van dé ton tai nghiém cuc tri clia bdt dang thitc bi€n phan mdi dudc nghién ctu gin
day trong cdc bai bdo [31,32] ciia Lé Khdi V¥, sau khi tac gid duwa ra mdt dinh nghia chinh
vé nghiém dué6i va nghiém trén cho bat ding thic bi€n phan. St dung khdi niém nghiém
dué6i, nghiém trén nay va cédc kj thudt trong 1y thuyé&t clia phuong trinh dao ham riéng, Lé
Khéi V§ da chitng minh sy ton tai nghiém cuc tri cia mot sd 16p bat ding thitc bi€n phan.
D€ chitng minh sy tdn tai nghiém cuc tri cda (0.9) chiing t6i da st dung phuong phap khic.
D6 1a st dung k&t qua ciia [5] vé bai todn (0.9) khi f 13 ham ting theo bi€n u. Vi f thda
(0.10), bai todn (0.9) dugc dua vé bai todn diém bat dong clia 4nh xa ting. Pi€m bat dong
cyc tri clia 4nh xa nay chinh 12 nghiém cuc tri cta (0.9). Phudng phdp ti€p cin nay cho
phép chiing to6i xét cac ham f c6 thé gidn doan theo bi€n u. Cic két qua cla luin 4n vé
bai todn (0.9) da dudc cong bd trong [ 11 ].

4. Cdc két qua clia ludn 4n da dudc cong bd trong cidc bai bdo [ I-V |
va dugc bdo cdo trong hdi nghi Todan hoc toan qudc lan thit 5 tai Hué (9/2002), Hoi nghi

khoa hoc khoa Todn — Tin hoc PHSPTpHCM 1an thit 2 (12/2002).



CHUONG 1

MOT SO PHUONG TRINH

CHUA THAM SO

Trong chuwong nay ctia ludn 4n chiing tdi nghién ctfu ciu tric nghiém clia cdc phuong
trinh vi phin chda tham s6 sau:

o x" +ra()f(x)=0 , te(0, 1),

o —(o)) =nftx.x"), te(0, 1),

(G day o(x)=[x""x, p>1)
3 x//+7»2f(x,%x/j20, te(0, 1),

v6i diéu kién bién:
x(0) =x(1) =0.

Chiing t0i s& sit dung mdt sd k€t qua ctia Iy thuyé&t phuong trinh todn tf trong khong gian
Banach c6 tht ty d€ nghién cifu sy ton tai nghiém duong clia cdc bai todn trén. Vi mot sd
gid thi€t dit 1én ham f ching t6i chitng minh dugc ring tip nghiém duong clia cdc bai todn
nay 12 nhdnh lién tuc khong bi chin, va tap cdc gid tri A d€ cdc bai todn d6 c6 nghiém
duong, 14p diy mot khodng véi cdc ddu mit c6 thé x4c dinh dugc.

Céc k&t qua cla chiing t6i vé cdc bai todn dugc xét t6t hon cdc két qua lién quan cda J.
Henderson va H. Wang; ctia R. Agarwal, H. Lu,

D. O’Reagan va cda M. Krasnoselskii. Piéu d6 c¢6 dudgc 1a do:



e Chiing t6i di chitng minh mot s& k€t qua v€ ham 16m, cho phép xét cidc phuong trinh
vi-tich phan trén khong gian C[0,1] thay vi trén khong gian c'io,1.

e Chiing to6i da st dung mot ciach hé thong cdc k&t qua vé todn tif tuyén tinh uy-bi chiin
d€ d4dnh gid ddng diéu tiém can clia tham s& A.

e Chiing t6i da chitng minh va st dung céc két qua phu vé gid tri riéng chinh cla todn t
p-laplace mot chiéu va vé bat phuong trinh vi phan chifa todn ti p-laplace.

Phuong phdp ctia ludn 4n nghién ctu cdc bai todn & chuong nay c6 thé 4p dung cho cic
di€u kién bién khdc sao cho ham Green tuong ng 1a khong Am hoic cho cdc phuong trinh
vi phian bic cao vé6i diéu kién bién nhiéu di€m.

§1. CAC KHAI NIEM VA KET QUA PUGC SU DUNG.

A. Khong gian Banach c6 thid tu

Dinh nghial.1.1.

Cho khong gian Banach thuc X.

e Tap Kc X goila mdtnén trén X néu:

i) Kla tap déng, K = {0}.

K+KcK
{tK cK v61i moi t=>0.

iii) K N (-K) = {0}.

e Né&u K < X 1a nén thi thit ty trong X sinh bdi nén K dudc dinh nghia nhu sau:
x<y khivachikhi y-xeK.

Chd ¥ ring trong ly thuyé&t phuong trinh trong khong gian c6 thi tu, thuit ngit nén dudc
dung d€ chi taip K thda min cdc diéu kién i)—iii). Trong Giai tich da tri, Ly thuyét diéu

khién, .., tip K thda cdc diéu kién i)—iii) goi 12 nén 16i déng nhon.

Dinh nghial.1.2.

Cho X 1a khong gian Banach véi thit ty sinh bdi nén K. Khi d6 ta néi:



¢ K 12 n6n sinhnéu: K- K=X.
+ K 12 nén chuin néu:
IN>0, Vx,yeK: x<y = HXHSNHyH
+ K 12 nén chinh qui n€u: Moi day don diéu ting bi chin trén déu hoi tu.
+ K 13 nén hoan toan chinh qui n€u: Moi diy don diéu ting bi chin theo chuin, déu
hoi tu.
Ta dé dang ki€ém tra ring:
¢ N6n cidc ham khong am trong khong gian C(X) cdc ham li€n tuc trén khdong gian
compic X 12 nén sinh, nén chudn nhung khong 1a nén chinh qui.
¢ N6n cdc ham khong &m h. k. n trong LP (X, u), (1<p<o0) la nén sinh, n6n hoan
toan chinh qui.

B. Todn ti§ tuyén tinh uy-bi chiin

Dinh nghia 1.1.3.

Cho X la khong gian Banach véi thit ty sinh bdi nén K va A:X — X 1a todn tif tuyén
tinh va u, e K\ {0}.
¢ Toan td A goila duong néu: A(K)cK,
noi cach khéc:
VxeX, x>0 = AXx)=>0.
+ Todn tf A goi la up-bi chin trén néu: Vi mdi x e K\ {0} ton tai s& tw nhién n =
n(x), s0 a = a(x) >0 sao cho
A"(x)<au,.
+ Todn t& A goi 12 ug-bi chin dudi néu: V6i mdi x e K\ {8} ton tai s6 ty nhién n =
n(x), sd b =b(x) >0 sao cho

A"(x) > bu,,.



* Néu A 1a ug-bi chin dudi va ug-bi chin trén thi ta n6i A 12 uy-bi chiin hay uy-
duong.

Trong cdc phin sau chiing ta cin cdc két qui dudi dady vé danh gid bdn kinh phd cia
todn tif tuy&n tinh duong (xem trong [20,21]).

Ménh dé1.1.4.

Gia sit K la nén sinh va A : X — X la todn tit tuyén tinh hoan toan lién tuc va uy-bi

chdn. Khi do:

1) A c6 duy nhdt trong K vecto riéng  xp, ‘xOH =1, tuong ung voi gid tri riéng
Ao > 0.

2) Gid tri riéng A, trung vdi bdn kinh phd r(A) cia A; trong do r(A) cé thé tinh béing

cong thitc r(A) = Limn||A"|.
n—»

Ménh dé1.1.5.

1) Gid st A la todn tit tuyén tinh dwong, hoan toan lién tuc va toén tai phdn tit
x=u—-v (u,veK, u#80), sé tw nhién n va sé duong o. sao cho
A" (x)> ax.
Khi do:
rA)=%a.
2) Cho A la todn tit tuyén tinh duong, hoan toan lién tuc, uy-bi chdn trén, K la non
sinh va chudn. Gid sit ton tai x € K \ {6’} sO tw nhién nva s6 duong o. sao cho
A (x)< ax.
Khi do:
r(A)<¥a,

hon nita néu x khéng la vecto riéng ciia A thi bdt dang thitc la nghiém ngdt.



C. Nhianh lién tuc cdc nghiém cua phuong trinh chita tham so

Cho X Ia khong gian Banach va K 1a nén xdc dinh thtt ty trong X. Cung vdi hinh nén
K, ching ta xét thém mot n6n P — K. Ta xét bai todn
im Ael,xeP\{0} thda min phuong trinh:

x = F(A, x) (1.1)
trong d6 1=[0,00) hodc 1=(0,00), F: Ix P—P 1a mot todn t hoan toan lién tuc, nghia la
F lién tuc va F([a,b]x P E(O,r)) 12 tAp compic tuong d6i véi moi [a,b] c I, moi r>0.
Ta ky hi€u Z la tdp nghiém ctia phudng trinh (1.1)
Zz {(K,x)el x PIx=F(A,Xx), X # 0},
va dat
S={xeP\{0}| 3rel:x=F,x)}. (1.2)

Né&u todn t F 1a khd vitai 0 hoidc c6 mot chin dudi don diéu theo nghia Krasnoselski
thi sy tOn tai nhdnh nghiém lién tuc khong bi chin trong ) ¢6 thé nghién ciu bing cdch
st dung dinh 1y tong qudt ctia Dancer [11], Amann [3]. Trong cdc phuong trinh ma ching tdi
s€ xét, cdc todn t& khong doi hdi tinh kha vi tai 6 cling nhu khéng ¢6 chin dudi don diéu
va vi vy thay thé€ cho tAp nghiém Z ching t6i s& xét hinh chi€u S ctia né trén khong gian
X. Dinh nghia sau diy dugc dua ra bdi Krasnoselski.

Dinh nghia 1.1.6.

Tanéiring S 1a mdt nhdnh lién tuc khong bi chin xudt phdttr © néu SNOG#¢ véi
moi tip mG bi chan G chda 6.
P& khdo sat S chiing toi sit dung nhiéu 1an dén cic két qua sau:

Ménh dé1.1.7. [19]

Cho F : I x P — P la mét todn tit hoan toan lién tuc va G la mot lan



cdn mé bi chan ciia 6. Gid sit rdng ton tai cdc s6° Ay, A, thudc I va phdn it x, € P\ {8}
sao cho

i) ux#F(A;,x) voi xePnMoG va u=1.

ii) x—uxy #F(A,,x) véi xePnMnoG va u=0.
Khi do: SNoG # ¢.

Dinh 1y1.1.8.

Gid sit F :1 x P — P la dnh xa hoan toan lién tuc théa mdan cdc diéu kién sau:
1) Téap nghiém S ciia (1.1) la nhdnh lién tuc khong bi chdn xudt phdt tir 0.
2) Véimdi xeS tontaiduynhdt A=A(x)el dé (A,x) théa (1.1).

3) Véi mbi doan [r,R]c (0, ) tén tai doan [a, B]< (0, ©) sao cho

xeS, |[delrR] = Alx)ela,p].
4)
a) Lim sup A(x) =g < A, = Lim inf A(x),
hogic

b) Lim sup A(x)= A, <Ay = Liminf A(x).

o[>0 x|—0
Khi do voi moi ﬂ,e(ﬂ,o,/loo) ( hodc Z.e(/lw,ﬂ,o)) thi phuong trinh (1.1) c6 nghiém
x e P\ {6’}

Ching minh

Ta chitng minh dinh ly cho trudng hgp a), trudng hgp b) chitng minh
hoan toan tuong tu.
Gia su trai lai
37_\,6(7\,0,7\.00)2 x;tF(X,x) ‘v’xeP\{B}. (1.3)

Ta dinh nghia:



S ={xeS: K(x)<7_»},
Szz{xeS: K(x)>7_»}.

Tur gid thi€t 4) va dinh nghia S;, S, ta c6

sup{[x|: xS, j<oo, inf{x|: xeS,}>0. (1.4)

Tir (1.4) va gid thi€t 1) ta phai c6 inf{x|: xe$;}=0. (1.5)
Ta khang dinh:

inf{x —y|: xeS;,yeS,}=a>0. (1.6)

That vay, n€u (1.6) khong ding thi tim dugc cdc diy {x,}c S, ., {y,}< S, sao cho

Lim|x, —y,||=0. (1.7)

},‘ﬂynH}C[ﬂR]

Do d6 theo gid thi€t 3) ton tai [a,B] dé K(xn),K(yn)e[a,B]. T su bi chidn cida

Tir (1.4) va (1.7) ta thdy tdn tai doan [r,R]c (0,%0) sao cho {fx,,

o) iy e
Xp =F(A(x,).%, ), ¥a =FOUya)¥a),
va tinh hoan toan lién tuc cla F, ta ¢6 thé chon ddy con {n, } sao cho
Xo, = X0 Yn 2X0s  Mxa )2 X Ay, )2,
va ta co
xozF(K/,xo), xozF(K//,XO), V<<,
Nhung khi d6 theo gid thi€t 2) ta phai c6 A’ =2" =1, diéu ndy mau thuin véi (1.3). Nhu
vay (1.6) ding.
Bay gi0 ta dit

(00
G= U B(X,Ej .

XS,



Tac6 G la tdp md, bi chdan (do (1.4)) va chita 6 (do (1.5) ). Theo cach xdy dung G
ta c6 S; NG =¢, con theo (1.6) ta c6 S, NG =¢, do vdy SNIG=¢, di€u nay mau
thuin vdi gia thi€t 1). Vay (1.3) 1a sai. Pinh ly dudc chitng minh.

DPinh 1y 1. 1. 8 12 mot chinh Iy cta dinh 1y tuong ty ctia Kranoselski trong [20]. P6i vdi
trudng hop rieng F(A,x)=AF(x) cédc gid thi€t 2), 3) dugc nghiém ding, n€u F(x)#0 khi
xeP\ {9}

D. M6t s6 tinh chiat cua ham lIom

Trong phan nay ta ky hiéu X =C[0,1] 12 khong gian Banach cidc ham
lién tuc trén doan [0,1] v6i chudn x| = sup{ x(v) : telo, l]}.

Gid sit X dugc sdp thit ty bdi hinh nén K cdc him khong 4m. Xét P 12 hinh nén tat cd
cichamlom xeK saocho x(0)=x(1)=0.

Dinh 1y 1.1.9.

i) Moi ham x € P c6 dao ham hdu khdp noi (h.k.n) trén [0,1] va théa mdn:

x(t) 2 |x|.1(1=1)  véimoi t €[0,1], (1.8)
, x(1) 5
x'(1)| < T hkn  trén[01]. (1.9)

ii) Néu day {xn}c P hoi tu trong C[0,1] dén mot ham x thi tén tai mét ddy con {xnk }

ctia né sao cho {x/ } hoi tu h.k.n trén [0, 1] dén ham X.

nk
Ching minh
i) Gidst [x|=x(tg) v6i toe(0,1) naods.Bditinhlom cla x tacd
t t t
X(t) =] 1—— [x(0) + —x(t) =—x(ty)
Lo to Lo
> t(1-t)x(t, ) véi tel0, tyl,
1- t—t 1-
x(t) > ! X(tg) +—2x(1) = ! X(tg)



> t(1-t)x(ty) Va1 tety,.l].
nén (1.8) dugc thda man.

x(t) —x(s)

la khong
(t—s)

Ciing bdi tinh ham 16m cta x dé dang chdng minh ring ham t+>

ting trén [0,1]\ {s} v6i moi s (0,1). Vi vdy ham x 1a Lipschitz, va do d6 lién tuc tuyét d6i
trén mdi doan con [a,b]c (0,1). Tirdé x kha vi h.k.n trén [0, 1]. (Xem [30]).
Néu x khd vitai t € (0,1) ndo d6 thi bdi tinh 1dm cda x, ta cé
x(t) > x(s) + x'(t)(t —s), se[0,1].
Cho s =0, s =1 tanhan dugc

x()>x" (O, x(t)=x"(©)(t-1),

Do d6
nén XY < X0
td—t) t(1—1t)

Piéu nay chitng minh (1.9).
ii) TU tinh 16m clia x,, suy ra rdng xfl 1a khong ting trong tap hgp ma né xdc dinh.
Véin=1,2,.,te(0,1) tadit:
ya (O =infix’(s) | s€[0,t], X4(s) on tai].
Day {yn} cdc ham khong ting 13 bi chin déu trén moi doan [a,b]c (0,1) (theo (1.9)), do
vay theo dinh 1y chon Helly ¢c6 mot ddy con ndo d6 ctia né hdi tu tai moi t € (a,b). Bing suy
luan vé diy dudng chéo, ta két luan dugc ring c6 mot day con {ynk { hoi tu d&€n mot ham y

taimoi te(0,1).



Viy,(D=x,(1) hkn trén [0,1] néntacé Limx) (t)=y(t) hk.n trén [0, 1]. Ta con

phdi chira y(t) = x/(t) hkntrén [0, 1]. Xét tuy y mdt doan [s,t] (0,1). Theo [30], vi x,,

lién tuc tuyét ddi trén [s,t] nén
t
X, (D =X, (8)=[x}, (u)du.
S
Cho k — o theo dinh 1y hoi tu bi chdn ta c6
t
x(t) —x(s) = Iy(u)du .
S

T d6 x' (1) =y(t) hk.ntrén (0, 1).
Pinh ly dugc chirtng minh.
§ 2. BAI TOAN GIA TRI RIENG CHO MOT LOP BAI TOAN BIEN

BAC 2.

A. Udc luong ban kinh phd ciia todn tf tich phin tuyén tinh

Gid st G:[0,1] x [0,1] = IR 1a ham Green cho bai todn bién:
—x"=y  trong (0,1), x(0) = x(1) = 0,
tice la:

t(l—s) néu 0<t<s<l,
G(t,s) = (1.10)

s(1-t) n€u 0<s<t<l.

k

Gid st a: [0,1] = [0, ©) 12 mdt ham lién tuc khdng ddng nhat bing 0 trén moi doan

[a,B]c [0,1] va a, :[O,l]—) [O,oo) la ham sao cho a_(t)=a(t) trén (g, 1-€), ayt) =0 trén

[0,e]U[1 g, 1]. Xét cdc todn ti tich phan tuyén tinh.

1
Bx(t) = j G(t,s)a(s)x(s)ds, (1.11)
0



1
B.x(1)= [ G(t,5)a, (s)x(s)ds. (1.12)
0

Ta c6 B, B, 1a hoan toan lién tuc tr C[0,1] vao C[0,1].
Ta ky hiéu r(B), r(B;) 1a ban kinh phd ctia B va B, .

DPinh ly 1.2.1. Ky hiéu K la non cdc ham khong am cia C[0,1]. Ta co:

i) gingr(Bg):r(B).
ii) r(B) la mot gid tri riéng cia B vdi mot ham riéng thujc K.
iii) Néu ox <Bx véimot x e K\ {0} thi a<r(B,)
Néu Bx < [fx vdimét x e K\ {6’} thi r(B,) <p.
Cdc khdng dinh tuong tw ciing diing cho todn tit B, vdi cdc bdt ddng thiic nghiém ngdt
trong két lugn néu x khéng la vecto riéng ciia B.

Ching minh

Ta co

1
HB - B, H = sup fG(t, s)‘a(s) —a, (s)‘ds
0<t<ly,

< J}i‘a(s) —a, (s)‘ds

<2¢ sup ‘a(s)‘ .

0<s<1

Do d6 LimB, =B trong L(X). Do d6é khdng dinh i) suy ra tir tinh lién tyc cla todn t

e—>0
A r(A) tir L(X) vao IR.
Ta c6 thé ki€m tra ring:
t(1—t)s(1-s) <G(t,s)<t(1—t)  trén [0,1]x[0,1].

Do @6 vé1 xeK



1 1
t(1—1t) [ s(1 —s)a(s)x(s)ds < Bx(t) < t(1—t) [ a(s)x(s)ds,
0 0

1
B.x(0) <t(1-0)[a,(s)x(s)ds.
0

T cdc bat ding thic nay dé dang ki€m tra todn t& B 1a u,—bi chin
va todn t& B, 134 uy— bi chidn trén, v6i uy(t)=t(1—-t). Twr doé khing dinh ii) suy tif ménh dé
1.1.4, khing dinh iii) 12 hé qua cdia ménh dé 1.1.5.
Pinh ly dugc chirtng minh.

B. Nhinh lién tuc cdc nghiém va khoang gia tri riéng

Trong phan nay X =C[0,1] 12 khong gian Banach cdc ham lién tuc trén doan [0,1] v6i

. telo, 17},

chuéin |x|= sup{ Ix(t)
Gid st X dudc sip thi ty bdi nén K cdc ham khong 4m. Xét P 1a nén tit cd cdc

hamIdm x €K saocho x(0)=x(1)=0.

Chuing ta nghién cttu bai todn bi€n

{X// +ra(O)f(x)=0, te(0,]) (1.13)

x(0)=x(1)=0.
vdi cdc gia thi€t
(H,) f£:[0, ) — [0, ) lién tuc va khdong dong nha't triét tiéu trén moi doan con.
(H,) a: [0, 1] - [0, ) 1a lién tuc va khong bang hing 0 trén moi doan.
(H;) Tbn tai cdc gidi han (c6 th€ bing o)

fo :Lim@ va f, :Limm
x—>0 X X—wo X

va fy=1,.



So vdi cdc nghién citu clia [17] vé bai todn (1.13). Chiing toi s& chitng minh tdp nghiém
duong clia bai todn (1.13) 12 nhdnh lién tuc khong bi chin va ching minh ring tp cdc gid
tri A d€ bai todn (1.13) c6 nghiém duong chita mot doan. Poan nay 1 16n hon doan nhin
dugc trong [17].

Bai todn bién (1.13) tudng duong v4i bai todn gia tri ri€ng sau:
1
x(1) =4[ G(t,s)a(s)f[x(s)]ds, (1.14)
0

& ddy ham G x4c dinh nhu trong (1.10). N€u ta goi F 1a todn tf trong v€ phai cia (1.13)
sau thra sd A thi F: P — P14 hoan toan lién tuc.

Dinh ly 1.2.2.

Gid sit rang cdc diéu kién (H,) va (H,) dugc théa man. Khi dé tdp S dinh nghia trong
(1.2) cho phuong trinh (1.14) la mot nhdnh lién tuc khong bi chdn, xudt phdt tir 6.

Ching minh

Gia st G la mdt tdp con md bi chdn chia 0. bit

, xer@G},

m = inf ﬂ‘x

M =sup{[F(x)| , xeP NG}

Néu pux=AFX) voi u>0,A>0 va x € PN oG thi um < AM.
Vi vy diéu kién i) trong ménh dé 1.1.7 s& thda man néu XA, dd nhd. Biy gid ta sé chiing
minh di€u kién ii) trong ménh d€ 1.1.7 thda man véi A, dG 16n va x,(t) = t(1 - t).
Gia st trdi lai. Khi @6
Xn — UnXo = AnFXo, n=1,2,3, ..

v6i x, ePMOG, u, =0 va A, — o khi n — 0. Theo bat ding



thiic (1.9), ddy {x/| 1a bj chan déu trén moi doan [a,b]c (0.1). Do d6 véi mdi doan

E : 1—5 (k=23,...) {x,}c6 diy con hoi tu déu trén E : 1—5 theo dinh 1y Ascoli. Tir

d6 st dung ky thuat vé day dudng chéo, ta chon dugc tir day {xn} ra mot ddy con, ma ta lai
ky hiéu 1a {x,}, hoi tu tai moi diém te(0,1) d&&n mdt ham x lién tyc trén (0, 1) sao cho
x(t) >mt(l — t) trén (0, 1). Qua giSi han trong bat ding thic:

X, (D)
A

1
>Fx, = [G(t,9)a(s)f[x, (s)ldx ,
0

n

do dinh 1y hoi tu bi chédn, ching ta c6

1
0> j G(t,s)a(s)f[x(s)]ds.
0

DPiéu nay mau thuin vdi vé6i diéu kién (H)).

Vay cédc diéu kién cia ménh dé 1.1.7 dudc thda min. Do dé phuong trinh (1.14) c6
nghiém trén P n 0G.
Dinh ly dudc chirng minh.

Dinh ly 1.2.3.

Gid thiét rdng cdc diéu kién (H;) — (H3) dwoc thda mdn va A; la gid tri riéng bé nhdt
cua bai todn bién
X"+ Aa(t)x = 0 trong (0, 1),
x(0) =x(1) = 0.

Khi do voi moi A théa man:

mzn{ﬁﬁ} <A< max{ﬁ,i—},
fO foo fO foo



, 2 2 S 2«
thi bai todn (1.14) c¢6 trong P\{0} it nhdt mot nghiém. (O ddy chiing ta hiéu réiing F] =00,

A

o0

=0).

Chi'ng minh

Chung ta chi chitng minh cho trudng hop fj < f,.. Trudng hop f, >, dugc chiing minh
mot cdch hoan toan tuong tu .

Ta s€ ching minh ring:

L1m1nf7»(x)>h (1.15)
Jx/-0 fo
: A

Lim supA(x)<—. (1.16)
X||—0 o0

Khi d6 khiang dinh ctia dinh 1y 1.2.3 suy ra tif dinh 1y 1.1.8.
Vi f,<f, nén f;,#o00.
o Moo
Xét s duong m saocho m<—. Vi:
0

Lm@ fy < h
x—>0 X m

nén ta c6 thé chon s6 duong r sao cho

f(x)<hx khi x<r.
m

x = AM(x)Fx
; A
<Mx) [ G(t,s)a(s) - —L x(s)ds
0 m

SMB(X).

m



0] diy B 1a todn t tuy€n tinh xdc dinh trong (1.11). Vi vay, do dinh ly 1.2.1, chiing ta

N 1
o) <r(B).Chud vy riang r(B)=— néntaco AMx)>m.Tu dé
o (B) y rang r(B) » (X)

Lim inf A(x)>m.
x[=0

Vi m c6 thé chon gan % tiy ¥ nén (1.15) dugc chiing minh.
0

. : A
b€ chirng minh (1.16) ta xét m, k tuy ¥ sao cho f—1<m<k. Do:

o0

A
o0 ’

X—0 X m

. f(x
leng >
nén ta c6 thé chon r sao cho
A )
f(x)>—Lx vdix>r.
m

Theo dinh 1y 1.2.1 ta chon dudc s& € >0 dd nhd sao cho

r(BS)>%r(B)=ﬁ. (1.17)
M

Khi xeS, [x|>— thido(1.8)tac
€

x(1) 2 x[t(1-1)
ZHXHSZ >r  véitels, 1-¢].

Vi vy

1
x(1) = M(x) [ G(t9)a(s)f[x(s) s
0

1
>M(x)[G(t,5)a, (s)h x(s)ds
0 m



AN
= B, (x).

G day ham a, va todn t¢ B, dugc dinh nghia trong phan A cta § 2.

Ap dung dinh 1y 1.2.1 ta c6

m
o >1(B,). (1.18)

K&t hgp (1.17) va (1.18) tacé Mx)<k.Vi k c6 thé chon gan % tuy y ta cé (1.16).

Pinh ly dugc chirtng minh.

Ghi chu 1.2.4.

Ta s& chitng minh riing khodng cic gid tri A d€ bai toan (1.13) c6 nghiém, trong dinh 1y
1.2.3 1a rong hon cdc khoang tim dugc trong [17].

P& lam vi dy, ta xét trudng hgp f, <f,. Trong trudng hgp nay khodng trong dinh Iy

1231 |20 2.
£, f
¥

bit b =Max fG(t, s)a(s)ds,

0<t1
A
1
c= Is(l —s)a(s)ds,
0

thi trong [17] d4 nhan dugc khodng gid tri A d€ (1.13) c6 nghiém la:

4 b
bf, “cfy )
Ta s& chirng minh:

4
7\.1<_ va l<7\.1.
b c

Ta co



1
fG(t, s)a(s)ds<c
0

hay ¢ dang tuong duong B(1)<c.l. Vi ham x(t)=1 khong la vectd riéng cia todn t& B

nén theo dinh Iy 1.2.1 ta ¢c6 KL =r(B)<c.
1

Pit u(t)=min{t, I -t} va y(t)=Bu(t). Ta cé

1
y() = [G(t,s)a(s)u(s)ds
0

%

1
- [ G(t,s)a(s)sds + [ G(t,s)a(s)(1 —s)ds
0 b2
1/ 1%
ZZ [ G(t, s)a(s)c1s+Z [ G(t,s)a(s)ds
Y b
1/
Z I (t,s)a(s)ds.
Y

Do dé || zib. Mit khdc tir ching minh dinh 1y 1.1.9 tac6  y(t) >[y|u(t) hay

Bu(t) > i bu(t).

Do ham u(t) khong 13 vecto riéng clia todn t¢ B nén tir bat ding thic trén va dinh 1y 1.2.1,

1
ta co —b<i
Ay

§3. BAI TOAN GIA TR] RIENG CHO BAI TOAN BIEN BAC 2 CHUA TOAN TU P-

LAPLACE.

o

Trong muc nay ta nghién cdu bai todn bién chda todn tu

p-Laplace sau day:



~ (o)) =af(t.x.x") trong (0, 1), (1.19)
x(0)=x(1)=0.

/
. p_2 M N 7z 2 A LN
véi (p(x/ ) = (x/‘x/‘ j , p>1 dudc goila todn tu p-Laplace mot chiéu.

A. Cic két qua chuin bi

e Trudc tién ta nghién ctfu mot vai tinh chat clia todn t nghich ddo clia todn o p-
Laplace.

V6i mdi ham khong am y e L(0,1), trong [1,14] did chitng minh ring ton tai duy nhat
ham x=A(y)eC![0,]], x' lién tuc tuyét ddi sao cho
((p(x/)y =y h.k.n trong (0,1),
x(0)=x(1)=0.

Ham A(y) dugc xdc dinh bdi:

S

-1 Iy(r)dr ds , 0<t<c,

Ay(t) =1 (1.20)

© |

Iy(r)dr ds , c<t<l.

0 day s6 ¢ dugdc chon sao cho

Jg ¢ U y(r )dr]ds =j‘ 0! U y(r)dr]ds .
0 C C

S
R rang ring Ay(c) 1a gid tri cuc dai cla Ay trén [0,1].
C4c tinh ch4t sau ddy ciia A da dudc thi€t 1ap trong [1,14,15].

Ménh dé 1.3.1.

i) Todn tit A la hoan toan lién tuc tw
L,(0,1)={xeL(0,1): x(t)>0 hkn trén (0,1)} vao C[0,1].

ii) Véi mdi ham duong y € L(0,1) ham A(y) thudc P.



Todn tt A la duong, thudn nhdt bdc va don diéu tang theo nghia 0<y <z kéo

p—1
theo A(y)< A(z).
e Biy gid ta xét vin dé tim s duong A va timham x sao cho

~ (o)) =eox) . x>0 trong (O (Pc)
x(0)=x(1)=0.

0 day ceL”(0]1), c(t)>0 hk.n tén (0,1), c#0.

Ta bi€t riing tOn tai duy nhdts6 A=A, >0, duy nhdt ham x = x_ chinh xdc t6i mot hiing
s& nhan, thda man (Pc).
SO A, goila gid tri riéng chinh cho bai todn (Pc) va dic trung béi:

hx’(t)‘pdt

A, =inf{-0 :xe WyP(0,1), x=0}. (1.21)

[ elx]"dt

L0

D€ nhin dudc khodng gid tri riéng clia bai todn (1.19) ta cAn chitng minh hai k&t qua
sau.

Dinh 1y1.3.2.

Gid st xeC'[0,1] sao cho X lién tuc tuyét doi, x20 , x#0, x#ux, ,
x(0)=x(1)=0.
Khi do:
: /Y R
i) —((p(x )) < Ac(t)p(x) trén (0, 1) (1.22)

kéo theo A > A,

i) —lpx')) = act)px) wen (0, 1) (1.23)

kéo theo A< A..



Chi'ng minh

Trong [34] da chitng minh ring bai todn bién:

- ((p(x/ ))( =A.c()e(x) + h(t) trong (0, 1),
x(0)=x(1)=0,

khong c6 nghiém duong néu haim heL*(0,1) khong ddi diu vd khong déng nhat bing
khong. Vivay A #A_ trong (1.22), (1.23).
Néu (1.22) dugc nghiém ding thi bing cach nhan véi x va tich phin

tirng phan ta dugc

j ‘X/ (U‘p dt< Ki c(HxP (D)dt,
0 0

di€u nay kéo theo A <A bdi (1.21)
Néu (1.23) dugc nghiém ding thi c6
~ o) =200 + (= 1 )e(Op(x) + k(D).
véi mdt ham keL”(0,1),k>0. Do d6 theo két qua da dé cip & trén clia [34] ta két luan
dugc A—A.<O0.
Pinh ly dugc chirtng minh.

Nhan xét 1.3.3.

Chiing ta dé thdy ring bai todn gid tri riéng (Pc) la twong duong v4i phuong trinh todn
tl sau:
x = A(Ac(D)p(x)).
Ta c6 dang yé&u clia khiang dinh ii) trong dinh 1y 1.3.2 nhu sau:

i) Néu x> A(lc(t)p(x)) véi x eC[0,1] naods, x>0, x=0 va A>0 thi A<A,.



That vay, gid st x. 1a mot vecto riéng dng vdi gid tri riéng chinh A_ cda bai todn
(Pc). St dung bi€u dién cia A trong (1.20) va qui tic L'Hospital ta thdy riing c hai gidi
han

Lim =< © , Lim ~</ ©
t—=0 t t->1 (1-t)

l1a hitu han. Nhu vay: x_ (t)<at(l-t) v61 a>0 nao do.
Vi x(t)> A(Ac()p(x))>Bt(1—t) véi B >0 ndo d6 nén x(t)>p'x (t) vdi
B’ >0.Do do tontai mot s6 16n nhat y>0 saocho x(t)>yx_(t). BSi tinh don diéu cia

A taco

1

x = A(hc()p(yx,)) = y(%]p “x..

Do tinh cuc dai ciia vy, ta phdicé

1

At
A

hay A<A..

Dinh ly 1.3.4.

Gid sit c,,c la cdc ham duong trong L*(0,1) va Limc, =c trong L(0,1). Gid sit A,
la gid tri riéng chinh ciia bai todn (P ). Khidé LimA, =24,.

Chi'ng minh

Chi cin chitng minh riing moi diy con ctia ddy {A,} chita mot diy con hoi tu dén A . D&
don gidn ky hiéu, gid thi€t day con dugc xét1a {A }. Gid s x, 12 mot ham riéng tuong ng

v6i A, dd dudc chuéin héa bdi diéu kién |x,|=1.



Vi x,(02[x,[xo(0)  (xo(0)=t(1-1)), tacd
X, =AML, c, (O(x,)) (1.24)
e A(xncn (t)(P(XO))’

va vi vay
1
X, AP > Ale, (D0(Xg)).

Tir d6, day {1, } bi chan va do d6 c6 mdt day con {k, | clia nd hoity dén A, nao dé. Tir
(1.24) va tinh compact clia todn t& A, ta c6 thé gid thi€t diy con {xnk } héi tu trong C[0,1]
dé€nham x#0.
Ta c6 day {Knk cnk(p(xn)} hoi tu dén A c(t)e(x) trong L(0,1).
Do d6 qua gi6i han trong diang thifc:
o, =Al, ¢, (DO(x, )
ta dudc
x = Alkoe(DP(x)).
Vivdy Ay =X\, do tinh duy nhat ciia gid tri riéng chinh ctia bai todn (P.).
Pinh ly dugc chirtng minh.

B. Nhénh lién tuc khdng bi chiin cdc nghiém duong va khoang gii tri riéng

e Cic gia thié't - Pua vé phuong trinh todn tif

P& khio sat bai todn (1.19) chiing ta dua ra cdc gia thiét sau:
(H) Ham f:[0,1]xIR,xIR—IR 1a lién tuc, & diy IR, =[0,00),
(H,) Tdn tai cdc ham duong a, b trong L*(0,1), cic s6 B>0 0<qg< min{l,p — 1} va
ham lién tuc g:IR,—IR, khong dong nhat bing khong trén moi khodng, thda min:
q

a(t)g(x) < f(t,x,x’) < b(t)g(x) + B.‘x/ (1.25)




véi (t,x,x/) € [0,1] xR, xIR.
(H3) Ton tai cdc gidi han

g(X):gO’ Lim 2% _ N
X—>00 Xp_l

Lim
x—0 X p-1

(c6 thé bing 0 hodc ).
e Ta chuyén bai todn bién (1.19) vé mdt phuong trinh todn tif dang (1.1) nhu sau:
V6i mdi x € P (nhidc lai ring P 12 nén cda tat cd cdc ham 16m khong Am, lién tuc trén
[0,1] triét tiéu tai 0 va 1) tacé x/(t) tdntai h.k.n va theo i) cda dinhly 1.1.9 va gia thiét
(H,), ta co

x9(t)

0 < flt,x(t),x’ () )< b(t)g(x(t T
(b0 )< b0gls) +p 7

(1.26)

Tir day ta thi'y todn i Fx(t) = f{t,x(t),x'(t)) 1a tac dong tir P vao L(0,1) va chuyén mdi
tap bi chdn vao mot tap bi chin.

Ta chitng minh F lién tuc. Gia st diy {x,}c P hdi tu trong C[0,]] vé x e P. P& chiing
minh {F(x,)} hoi tu vé F(x) trong L(0,1) ta chi cin chi ra ring moi diy con ciia {F(x,)}
chita mot ddy con hoi tu vé F(x). P don gidn ky hiéu ta coi diy con dugc xét 1a {F(x,)}.
Do khing dinh ii) ctia dinh 1y 1.1.9 ton tai ddy con {xnk } sao cho Lim xflk (t)=x’(t) h.k.n.
Do d6 LimFx, ()=Fx(t) hk.n.

Tir (1.25), (1.26) va tinh bi chin déu ctia diy {x,} ta c6

) ARG B,
0< f(t,xnk (t),xnk (t))_ b, + (-0 .
Ap dung dinh ly hdi tu chdn, ta c6 LimFxnk =FX trong L (0,1).

Twr d6 todn t& A oF 1a hoan toan lién tuc tt P vao P. Bay gid, bai todn (1.19) 1a tudng

dudng v4i phuong trinh gié tri ri€ng sau:



1
x = A(AF(x))= AP ' A o F(x). (1.27)

Ta s& xét phuong trinh (1.27) v6i X =C[0,1] va tim cdc nghi€ém trong nén P.

Dinh Iy 1.3.5.

Gid si rdng gid thiét (H;) va (H,) dugc théa mdn. Khi do tdp nghiém S ciia phuong trinh
(1.27) la mot nhdnh lién tuc khong bi chdn xudt phdt tir 6.

Chi'ng minh

Gid st G 1a mdt 1an cAn md bi chin clia 0. Ta s& chitng minh SN 0G # ¢ bing céch st
dung ménh dé 1.1.7.

R0 rang diéu kién i) cda ménh dé 1.1.7 ding vé6i A =0.
Ta s& ki€m tra ring di€u kién ii) ding v6i x,(t)=t(1—t) vd v6i A, dd 16n. That vy, gid st
trai lai ring

Xn ~HaXg = Al F(x,)),

véi cdc diy {x,}c PN aG, {u,}c[0,0) va A, - khi n—>w. Vi {x,}c6G nén ton tai
m, M théa O<m SHXHH <M v6i moi neN. VSi moi doan [c,d]c (0,1), theo dinh 1y gia
tri trung binh va dinh 1y 1.1.9

ta co

|Xn(t)_xn(s)| —
otes |

X (w)

_ X M

< < vé1l t,se [c,d].
u(l—u) c(1-d)

Nhu vy, diy {x,} dong lién tuc trén [c,d]. S& dung dinh 1y Ascoli va ky thuat day

dudng chéo, ta k€t luan ring ton tai mot day con {x } va motham x sao cho {xnk } hoi tu

'S

d&€n x déu trén moi khodng [c,d]c (0,1).



RO rang ring x la liéntuc trén (0,1) va M >x(t)>mt(l—t). Tu
x, 2 A, F(x,))> AL at)e(x,)),
ta suy ra

1

X, P > Afa(Dg(x,)

Qua gidi hankhi n— oo trong ba't dang thifc trén ta di d€n mdt mau thuin I
0> Ala(t)g(x)).

Vay tit cd cdc diéu kién cia ménh dé 1.1.7 dudc thda man.

Pinh ly dugc chirtng minh.

Dinh ly 1.3.6.

Gid sit cdc gid thiét (H;) — (H3) dugc théa man. Gid sit thém rang:

A

a

A

80 8w

gday A,, A, la cdc gid tri riéng chinh cia cdc bai todn (P,), (P,) tuong iing.

A, A .
Khi do voi moi A e (—“—b] bai todn bién (1.19) co it nhdt mot nghiém duong.

80 8w
2 A , . ﬂ«a A ﬂ’b ~
(O ddy chiing ta coi —+=0 néu g, =0, —=w néu g, =0)
8o 8w
Ching minh

Chiing ta s& chitng minh ring:

A
Lim sup A(x) < —, (1.28)
|x[—0 go
. Ay
Lim inf A(x) > —, (1.29)
x> g

va 4p dung dinh 1y 1.1.8 d€ di d&€n khing dinh ctia dinh ly.

D& ching minh (1.28) ta s& xétsd m tly y thda 0<m<g,.



Do Lim gx)
x—0 (p(X)

>m ta cé thé chon r sao cho

g(x)2moe(x) véi 0<x<r.

Néu x eS8 véi HXH <r thitacé

~ o) =ae0fex,x")

> A(0a(e(x) > Ama(ne(s),
va viviy A(0m <A, dodinhly 1.3.2.
Tu do

A
Lim sup A(x) < —.
[x|-0 m

Vi m c6 thé chon tuy y gan g, nén (1.28) ding.

Bay gi ta chitng minh (1.29). C6 dinh € >0 dG nhd va motsd m; >g,, .

Do Lim gx)

X—>00 Xp_

<m; néncésd R saocho
g(x)<m, x! véi x>R.
Néu xe$ véi quzg% thi
x() = [x[td - =R véi telel—g].
Do d6

g(x(0))<m, [x@®F™" véi tele,1-¢].

Nhan (1.19) véi x va ldy tich phan tirng phan ta di dé€n

1 1
I/ @f at = tlt.x.x' © ko
0 0

< {b(t)g(x(t))nt Bix’ (0] }x(t)dt

S —



q+1 (t)

dt |, 1.30
B (1.30)

A m, j b()xP (t)dt + j b(t)g x(t))x(t)dt+BI

§ day E=[0,e]U[l-¢l]. Pit M=sup{g(x):0<x <R}.
Ta 6

g(x)<M +m;x”" v6i moi x e[0,00)
va vi vay

[be(x)xwdt < o], (M| + m,[x|" ps. (131)
E

1 1
h(x) = [ b(®xP(dt, k= [bO)tP(1—1)Pdt.
0 0
Ta ¢6 theo dinh 1y 1.1.9 h(x) >k|x|". Tir (1.21), (1.30 va (1.31) suy ra

‘x/(t)‘pdt

S

"

2¢lb q+l-p 1
<Mm + <|pl.. (M.Hx”l_p +m1)+[3HXH I
k kot (1—t)q

Vi l-p<0, q+1-p<0, tasuyra

[x]=>o0

g|b
Ap < Lim inf A(x). ml[l + HkHw ]

Bing cdch cho € >0 vasaudé m; —>g,,tacé (1.29).
Pinh ly dugc chitng minh.

Dinh 1y 1.3.7.

Gid sit cdc gid thiét (H;) — (H;) dugc théa man véi =0 trong (1.25), tiic la:



a(t)g(x) < f(t,x,x" ) < b(t)g(x), (1.32)
voi  (t,x,x” ) €[0,1] xIR, xIR. Gid thiét thém réing:

A A

8w 8o .

Khi dé bai todn bién (1.19) c6 it nhdt mot nghiém duong vdi moi
Ae [& i—b]
8x 8o

Trudc tién ta ching minh

Ching minh

A
Lim inf A(x)> =2 (1.33)
HxH—>0 £o

Xéts6 m>g, va chon r>0 sao cho

&<m khi xe(0,r).
P(x)

V61 xeS,

XH <r taco

—@aﬁyzx@ﬁaxxﬂsx@mag@)
<AX)b(tH)moe(x).
Do d6 A, <A(x)m theo dinhly 1.3.2.

Tuw diy ta co

.. A
Lim inf > -2
[x[->e0 M

Cho m — g, taco (1.33).

Tié€p theo ta s& ching minh

A
Lim sup A(x) <—%. (1.34)

x> oo



Co6 dinh &>0 di nhd va m, <g,.Chon R I6n sao cho
g(x)>m;p(x) véi x=R.

Néu xeS va quzg% tacé x()=R véi telel—g].
Tu do

~ o)) =20t x,x) = Ax)a(gx)

> A(x)m;a, (t)p(x) trong (0,1). (1.35)

& diy a_(t)=a(t) néu telel—g] va a(t)=0 néu tel0,e)u(l-sl].
Ro rang a, — a trong L(0,1)khi € > 0. Gia st A, la gid tri riéng chinh cla bai todn (Pag )
Khi dé tr (1.35) va dinh 1y 1.3.2tacdé AMx)m; <A,.
Vi vy

A
Lim supA(x) <—5.
x>0 m,

Bing cdch cho ¢ >0 vda m; »> g, ta nhin dugc (1.34) vi theo dinh 1y 1.3.4 ta c6
Ay = A,.Bay gio khing dinh cia dinh 1y dudc suy ra tir (1.33), (1.34) va dinh 1y 1.1.8.

Nhan xét 1.3.8.

/

1. Trong trudng f khong phu thudc x' va thda min cdc gid thiét twong tw (H;) — (Hs), cdc

tic gid cia bai bdo [1] da nhan dugc khodng gia tri riéng sau ddy

1 1
[goo(P(YAZ), gO(P(Al)],

1 1

2 2
A, =max I(p‘1 Ib(r)dr ds,

(p_1 I b(r)dr |ds
0 S 1

2



. . , 1 A
va vy, A, la cdcsd dugce xdc dinh thich hgp. Ta chiing t0 —————< =b
20P(A)  go

That vay, tir sy dinh nghia ciia A, va (1.20) ta thdy ring A(b(t)e(1))< A,.1 hoic mot cich

tuong duong:

1
A b(t)o(l) [<1.
(@(A) ()(p()]

1

Nhu vay:

<\, theo nhin xét 1.3.3.
®(A})

2. Phuong phép clia chiing tdi c6 thé 4p dung d€ nghién citu k€t quéi vé ton tai 2 nghiém.
Chﬁng han néu 8o =8, =oo thi tr (1.28) va (1.34) ta c6

Lim A(x)= Lim A(x)=0.

[x|—-0 [x[—>o0
N€u ta tim dugc mot sd 1, sao cho

Liminf A(x) =4, >0

x|,
thi do mot k&t qué tuong ty dinh 1y 1.1.8 ta k&t luan duge v6i moi A e(0,A,) bai todn bién
(1.19) ¢6 it nhat hai nghiém duong x,, x, thda man |x,| <1y <[x,|.
§4. NGHIEM TUAN HOAN CUA MOT LGP PHUGNG TRINH OTONOM CAP 2.
Trong muc nay cla ludn 4n chdng t6i s€ khdo siat bai todn bién
phu thudc tham s8 sau:

x//+k2f[x,%x/}:o, trong (0,1), (1.36)

x(0)=x(1)=0.
Ching t6i s& chitng minh sy tdn tai nhdnh lién tuc khong bi chin cdc nghiém duong cia

(1.36) va sy ton tai khodng cdc gid tri A d€ (1.36) c6 nghiém.



Viéc nghién cttu bai todn bién (1.36) xuat phat tif viéc tim nghiém tuan hoan (chu ky

chua bi€t) clia phudng trinh 6t6ndm cip 2:
I I\ _
y" +1(y,y' )=0. (1.37)

That vay, gid st ham f: IRxIR—IR 1a ham 1€ d6i véi bi€n thit nhat.
Khi dé tif nghiém (A,x) clia bai todn (1.36) ta c6 thé xdy dung nghiém y vdi chu ky 2\
cua bai todn (1.37) nhu sau:

Trudc hét ta m3 rong ham x(t) 1én doan [-1, 0] biing cdch dat x(t) = —x(~t), thi do tinh

1 ctia f ham nhan dugc s& théa phuong trinh (1.36) trén [-1,1] va x(1)=x(-1)=0. Ti€p
theo ta m3 rong ham nhin dugc 1én IR d€ c6 ham chu ky 2. Khi d6 ham y(t) = x(%) s€ la

nghiém cta (1.37) v6i chuky 2 A.

Bai todn bién (1.36) dugc dua vé phuong trinh todn tif:

1
x(t) = A2 j G(t,s)f[x(s) , %x/ (s)}ds: = F(\,x), (1.38)
0
vGi
t(l1-s) néu 0<t<s<]1,
G(t,s) = .
s(1-t) néu 0<s<t<L1.

Cung vdi bai todn phi tuyén F(A,x) ta xétcédc toan tif tuyén tinh

1
Bx(1) = [ G(t,5) x(s)ds,
01 (1.39)
B.x(t) = [ G(t,9)a, (s)x(s)ds,
0

trong 6 a,(t)=1 néu telel—e] a,(t)=0 trén [0,&)U(1—¢,1].



o A , ., . oA P e N 1 ., . N , , A - DN »,
Tabiét B c6 gid tri riéng 16n nhatla A, =—, gid trinay c6 tinh chat dac biét. N6
T
tring v6i ban kinh phd r(B) cia todn td B va

(x/ (t))2 dt

1

j x 2 (t)dt

0

S —

— =7% =inf{ :xe Wy (0, 1), x#0¢. (1.40)

Chd ¥ ring cdc todn t& B, B, dugc xét & muc ndy 12 trudng hgp riéng cla cdc todn ti
B, B, xét§ §2, do d6 dinh 1y 1.2.1 ding cho B, B, & (1.39).

Chiing ta van xét (1.38) trong C[0,1] vd&i thit ty sinh bdi nén K cdc ham khong Am va
tim nghi€ém trong nén P cdc ham 16m, khong am, b%“lng Otai t=0,t=1.
Ta dit c4c gié thi€t sau 1én ham f.
(Hy f: IR, xIR — IR, lién tuc, f(0, x/) =0 Vx' eR va tdn tai cic ham lién tuc g;,g,: IR,
— IR, khong biing 0 trén moi khodng va cdcs6 c¢>0, qe(0,1) sao cho

g, (0 <X < gy 0+ e[

(H) Né&u A, A, €(0,0), A;#A, thi khong tdn tai ham xeP\{0} sao cho
(A,X) va (A,,x) cung la nghiém cia (1.36).

Dung cdc 1y luan khi dua bai todn (1.19) vé (1.27), tir gia thi€t (H,) ta c6 thé ching
minh ring 4nh xa F(A,x) trong (1.38) tdc dong tir (0,00)x P vao P va hoan toan lién tuc.

Nhin xét 1.4.1.

Diéu kién (H,) khong phdi 12 qud ngit. Ching han né dugc thda man néu ham f c6

dao ham riéng theo bién thit 2 va

2f(x,x/)—x/%f(x,x/)>o , Vx>0, Vx' eIR.
X

That vay, khi dé ta c6



i Kzf(x,lx/j :ZKf(x,lx/j—x/i (x,lx/] > 0.
on A A ox’ U A

Do d6 ham A Kzf(x,%x/] 12 ham ting va diéu kién (H,) dudc nghiém diing.

Dinh ly 1.4.2.

Gid si dieu kién (H;) dwoc théa man. Khi dé tdp S cdc nghiém duong ciia phuong trinh
(1.38) la mot nhdnh lién tuc khong bi chdn xudt phdt tir 6.

Chi'ng minh

Xét tly y tap md, bi chin G>0. D€ chitng minh SNOG # ¢ ta ciing st dung ménh dé
1.1.7. Ly luan tuong ty nhu & chitng minh dinh 1y 1.3.5 ta c6 thé chi ra ring diéu kién ii)
trong ménh dé 1.1.7

(X—uxo =F(\,,x), xer@G) =>u<0

s€ dugc thda méan véi A, du 16n.

Ti€p theo ta ki€m tra ring di€u kién i) cia ménh dé 1.1.7

(ux:F(Kl,x), xer@G) =>u<l
ding v6i A, dG nhd. That vay, gid st m, M 12 cédc s6 dudng thda:

O<mSHXHSM , VxePMnoG.

ux =F(A,x), xe PN oG

thi theo diéu kién (H,) va dinh 1y 1.1.9

‘x’ (s)‘q

7\’(]

ds

1
ujx| < 2% [ G(t,9)] g, (x())+c
0

1

2 x4(s)
<A £ |:g2 (X(S))+ C m}ds



1
M4
hay pum < 7»2[ ¢ +— 0 s
0 Asd(1-s)4

trong do c, = sup{g(u) :0<u< M}
Twrddytacé p<1 khi A @ nhd.
Dinh ly dudc chirng minh.

Dinh ly 1.4.3.

Gid sit cdc gia thiét (H;), (H,) duoc théa mdn va hon nita ta cé

Hy) Lim& — o s a. = Lim &2

x>0 X x—>o X

Khi do bai todn (1.38) co nghiém trong P\ {6’} vdi moi gid tri A théa mdn

()

Ching minh

Ta s& chitng minh ring tit cd cdc diéu kién cla dinh 1y 1.1.8 dugc
nghiém ding cho bai todn (1.38). Piéu kién 1) dugc chitng minh trong dinh 1y 1.4.2. Piéu

kién 2) dudc suy tir gia thi€t (H,). Ti€p theo ta kiém tra diéu kién 3) ctia dinh 1y 1.1.8.

Gia st: x=F(\,x) , HxHe [r,R]. Ta cé
X(t)skzj.G(t S| g (x(s))+i.ﬂ ds
e 29 s9(1—5)d

! q
= rsf A, +7\,2_qC.R— ds,
0 s1(1-s9)4

vl ¢ = sup{gz(x) ‘ X € [O,R]}.

Tir ddy ta thdy tip A = {M(x):x €S, x| €[r,R]} bi chin dudi bdi s6 duong. NEu A khong

bi chin trén thi ta tim dugc cdc diy {x,}cS, A, = o sao cho



X, =F(,,x,),  [x,]elr.R], n=1,2,..
Lip lai Iy luan ding d€ chiéng minh dinh 1y 1.2.2 va 1.3.5 ta tim dugc diy con {x,, | hoi
tu tai moi di€m cda (0, 1) vé ham x lién tuc trén (0,1) va thda x(t)>rt(1-t). Khi d6 qua
giGi han trong bat ding thic:

Xn

7\‘2

1
> [G(t.9)g(x,, s .
0
ta gip di€u vo ly
1
02 [G(t,s)g (x(s))ds  vtelo,1].
0

Vay diéu kién 3) trong dinh 1y 1.1.8 dudc nghiém diing.

Cudi ciing dé€ kiém tra diéu kién 4) trong dinh 1y 1.1.8 dudc thda man ta sé chi ra ring:

Lim supA(x)< (1.41)
|x|—0 A/ a
Lim inf A(X) > (1.42)
x| Vo
Trudc hét ta chitng minh (1.41). Xét s6 duong m < . Do Lim 2! (x) —a,>m’ nén
x—>0 X

ton tai s0 r>0 thda min

g, (x)2 m?x, Vxe [O, r].

1
x(1) 2 17 (0] G(t,9)g; (x(s))ds
0

1
> 2% (x)m> j G(t,8)x(s)ds .
0



Do d6 A*(x)m” <7” theo két qui ctia dinh 1y 1.2.1 4p dung cho 4nh xa B trong (1.39). Tir

day ta co

Lim supA(x) < .
[x|-0 m

Cho m —,/a, tacd (1.41).

4 . ’ 2 2 N g . X
bé€ chitng minh (1.42) ta xét s6 €¢>0 du nho va s6 m; >./a,, . Do Lim & ( ):aoO <m7

X—>0 X

nén ton tai s6 r >0 sao cho
gz(x)<m12x , Vxz=r.
Pit M =supig, (x):0<x<r} tacé

g (x)<M+mix , Vxel0,).

Xét x €S,

x| = iz >r . Nhan hai v€ ctia (1.36) v6i x(t) va 14y tich phan titng phan ta c6
1 ) 1 1
| (<) de =22 | f[x(t),X x/ (t)}x(t)dt
0 0

1 q
<)\? t _x)! t)dt.
| {gz(x( M ssanon [

Ta ¢6 x(®2[x|td 0> =r khi tefe,1-¢] nén
e

1-¢ 1-¢ 1
[ g2(xx@dt< [ mix*(ndt< [mixodt.
€ 0

€

Pat E=[0,e)u(l—¢,1l] thitacé

[ 22 (x(O)x(0dt < 2¢[x|(M + m? x]).
E

Do doé ta co



1 1
[l ) de <22 m3 [ x> @dt+ 2efx|(M+m3 x| + 2> x|*" . 1.43)
0 0

1 1
h(x)=[x*(0dt ,  k=[*(1-0’dt.
0 0

® tir (1.40), (1.43) ta c6

n’ < ﬁj(x/ (t))2 dt

0

2-q
“{m“%( "k Hﬂ SR a

Né&u Lim inf A(x) = oo thi hi€én nhién (1.42) ding. Trudng hop ngudc lai thi tir (1.44) ta c6

[x]=>o0

n? <Lim inf A* (x).m] (1 +%} (1.45)

x|
Cho €0 r6i m; —>.a,, , tr (1.45) ta dugc (1.42).
Pinh ly dugc chirtng minh.

Dinh ly 1.4.4.

Gid sit cdc gid thiét (H;), (H,) duoc théa man vdi ¢ = 0 trong diéu kién (H;) va hon nita
ta co

(Hy Lim®2Y — 0 <a, = Lim81).

x—=0 X x—o X

Khi do bai todn (1.38) c6 nghiém trong P\ {6’} vJdi moi A théa man

T
S
a

Ching minh




Ly ludn tudng ty trong ching minh dinh 1y 1.4.3 ta thdy cdc gid thi€t 1), 2), 3) ctia dinh

ly 1.1.8 dudc nghiém ding. Ta s& ching minh gid thi€t 4) trong dinh 1y 1.1.8 dugc thda min

g dang:
Lim inf A(x) > (1.46)
i[>0 f
Lim sup A(x) < (1.47)

x> Vo

DE& chitng minh (1.46) ta xéts6 m >./a, . Ta c6

Lim 8% (x) <
x—>0 X

néncd sd r>0 sao cho
2
g,(x)<m7x, Vxe[O,r].

Véi xeS,

1
x(1) < 2(x)| G(t,9)g, (x(s))ds
0

1
<A (x)m> [ G(t,s)x(s)ds = 22 (x)m>B(x).
0

Do do

1
———<r(B)=—
Kz(x)m2<r( ) 2

theo dinh 1y 1.2.1. Tu day ta c6

Lim inf 4(x) > .
[x|-0 m



Cho m — ,/a, tac6 (1.46).

By gi¢ ta chitng minh (1.47). Xétsd £>0 dd nhd va s6 k<./a, .Tachon r di 16n

sao cho
gl(X)>k2X VX>r.
Véi xeS, XHZ% ta co
x(t) > [x|t(1—1t)
2%.a.a:r khi te[a,l—a].
€
Do d6
g, (x(0)> k*x(1) khi tele, 1-g]
g (x(0)> k?a, (Ox(1) veelo,1],

trong 46 a,_(t)=1 néu tele,1-¢, a,(t)=0 néu te[0,g)U(l-g,1].

Tu diy ta co

1
x(1) 2 X (x)| G(t,9)g, (x(s) s
0

1
> 1 (0k? [ G(t,9)a, ()x(s)ds = A% ()k B, (x)
0

va do d6, theo dinh 1y 1.2.1 ta c6

>1(B;).

——— 2T
22 (x)k?
Do vay

Lim supA(x) < ———.
[x][=>=0 k/1(B,)

Cho ¢—>0, k—./a,, vachiy ring



Limr(B,)=r(B)= iz
T

0

ta c6 (1.47) dugc chirng minh.



CHUONG 2

NGHIEM CUC TRI CUA MOT SO

BAI TOAN BIEN PHAN

§1. CAC KHAI NIEM VA KET QUA PUGC SU DUNG.

A.Pi€m bat dong clia 4nh xa ting

Gid st X 1a khong gian Banach trén trudng s6 thyc cé thit tw dude sinh bdi mot nén. Ta
s& ky hiéu [u,0) 1atip {xeX:x>u}.
® Tanéitip M c X Ia c¢6 hudng n€u
VX1,X, eM dxeM:x; <X, X, <X.
e Anhxa T:McX— X dugc goi 1a 4nh xa ting néu
VX, yeM, x<y=T(x)<T(y).

Trong chuong nay chiing tdi s& 4p dung mot dinh 1y di€m bat dong cla 4nh xa ting dé
chitng minh sy ton tai nghiém cuc tri cho mdt bai todn tim nghiém yé&u cla phuong trinh
elliptic va cho mdt 16p bat ding thitc bi€n phan.

Ménh dé sau day 1a sy két hgp clia hai k&€t qud trong [8] va trong [27].

Ménh dé 2.1.1.

Gid sit X la khong gian Banach co thit tu sinh boi mot non, M X

latap dongva T :M —> M la dnh xa tdng théa mdn cdc diéu kién sau:
i) Tdp My=1{ue M : u<Tu} khdc trong va cé hudng.

ii) Voi moi ddy tdang {un}cMO thi day {Tun} hoi tu.



Khi d6, véi mdi ue M, thi dnhxa T cé trong M N [u,0) diém bdt dong Ion nhdt u va
diém bat dong nhé nhdt u-, nghia la, néu ve M N [u,0) la mét diém bat dong ciia T thi

u. <v<u .

Ghi chu 2.1.2.

Ching t6i sé 4p dung ménh dé 2.1.1 cho 4nh xa T tdc dong trong cdc khong gian
X =LP(Q), 1<p<oo, véi thit ty sinh bdi nén cdc hAm khong Am hiau khip noi. Véi thit t
nay thi d€ chitng minh diy ting {Tu,} hdi tu, ta chi cAn chitng minh né bi chin theo chuén.

B. Khong gian Sobolev

Gigd st Qc RN 12 mot mién. VGi 1< p<o va m=0, 1, 2,... ta dinh nghia:
o W™P(Q)) Ia khdng gian cdic ham uelP(Q) c6 dao ham suy rong d€n bic m va
D% elP(Q) véimoi  ma |of<m, Véim =0, tadit WP(Q)=LP(Q). Trong

W™P(Q) ta xét chuin:

ul,, = > |p*u
a<m

9

p
trong dé HHP 12 chudn trong LP(Q)).
e W,"P(Q) 1a bao déng cia CZ(Q) trong W™P(Q). G day C*(Q) 1a khong gian céc

ham ¢6 gid compdc trong Q va ¢6 dao hAm moi hang lién tuc trén Q.

Ta thudng xét khong gian Wé’p (Q), trong Wé’p (Q) ta sé& xét chuin:

o], =Vl
Chudn nay tuong duong vSi chudn:

Jul, +[Vul,-

Khong gian W'*(Q) con dugc ky hiéu 1a H' (Q).



o ,, — 11 ]

e Khong gian lién hgp ciia W'P(Q) 1a W' (@) véi —+— =1 va W' (Q) duge
P p

dinh nghia trong [16].

Ménh dé 2.1.3. [9,16]

1) Khi 1< p<N phép nhiing W'P(Q)— LP (Q) la lién tuc, véi p

va ta co
N-p

w/ /
LPV (Q)cw P (Q),

- .. .1 1
trong dé s’ la chi s6'lién hop véi s theo nghia = + — = 1.
S s

2) Néu u,ve WP (Q) thi max(u,v), min(u,v) thuéc WP (Q) va

D; (max(u,v))x) = {Di“(x)’ néu u(x)=v(x)

D.v(x), néu v(x)>u(x),

Di(min(u,v))(x):{Di“(x), néu u(x)<v(x)

D.v(x), néu v(x)<u(x).

0 dday Du la dao ham riéng suy rong theo bién x; ciia ham wu.
Ndi riéng ta co
D.u(x), néu u(x) >0
Dl-u+(x):{ u(x), néi u(x)

0 , néu u(x)<0,

_ 0 , néu u(x)=0
Diu (x)= »
D;u(x), néu u(x) <O0.

o Bit ding thiic Gagliardo — Nirenberg

® VGi ue W™P(Q)NLYQ) va 0<|f<m-1, taco

0 1-6
HDBU r . C'HuHm,p Hqu

trong d6 O dinh bdi:

1=@+e[l—3]+(1—e).1.
r N p N q



® V6i B=0,m=1,tacd

Jul, < Cluly, Jul,

§2. NGHIEM YEU cuUC TRI CUA PHUONG TRINH LOGISTIC.

Trong muc nay ching t6i xét phuong trinh logistic v6i su khué&ch tdn phi tuyén

— Al )= amx)v - vP trong Q, @2.1)

v=0 trén 0Q,

véi n>1, p>1.

Biing phép ddi bi€n u=v", phuong trinh (2.1) dugc duwa vé phudng trinh:
g phep

—Au=Am(x)u’ —uf trong Q, (2.2)

u=0 trén 0Q).
Ta xét sy ton tai nghiém yé&u cuc tri clia (2.2) véi cdc gid thiét:

Qc IRY (N>3) 12 mién md, bi chin vdi bién tron,
A 12 tham s6 duong, m(x)eL’(Q),
r<l, r<q.

Dinh nghia 2.2.1.

Xét phuong trinh:
— Au=1f(x,u) trong €, (2.3)
u=0 trén 0Q,
vOi:

Qe RN 1a tip m3, bi chin c6 bién tron,
f:QxIR = IR 12 mdt hAm thda diéu kién Caratheodory.

1) Tanéihaim ueH'(Q) 12 motnghiém y&u cia (2.3) néu

2N
f(x,u)e LN (),




[Vuveds = [f(x,u)edx Vo e Hy(Q).
Q Q

2) Tanéiham ueH'(Q) 12 mot nghiém dudi cia (2.3) néu

2N
f(x,u) e LN (Q), u<0 trén 0Q,

[Vuveds < [f(x,u)gdx VoeHy(Q), 20 hkn tén Q.
Q Q

Ménh dé 2.2.2. [6]

Gid sit ham g : Q2 xIR — IR théa man diéu kién Caratheodory va cdc diéu kién sau:
i) Voimoi xe£2 thi g(x,0)=0 va ham uw> g(x,u) la tdng.
ii) Véi moi t> 0 ton tai ham h, eL](_Q) sao cho
sup{]g(x,u)‘ : ‘u‘ St}S h,(x).
Thé thi véi moi he H(Q) bai todn bién
—Au+g(x,u)=nh trong (2,
u=0 trén 042,
c6 duy nhdt nghiém yéu u théa man diéu kién ug(x,u) € L)

e Gid st cdc dif kién trong bai todn (2.2) théa man cic di€u kién sau:

S B 2N(q +1)
(Hl) m(X)EL (Q) vor sz 2(q+1)_+_N(q—+—1—2r)

, T<q, r<l.

(H) m(x)>0 hk.ntrong Q va tdn tai sd mg >0, tap Q/ ¢6 bién tron sao cho

Q'O m(x)=>my, vxeQ'.

Goi u; 12 hAm riéng tng vdi gi4 tri riéng thd nhat clia bai todn bién
—Au=Au trong Q/, (2.4)

u=0 trén 0Q’



vd u, lahambing 0 trén Q\Q’ bing cu, trén Q' véi c>0 di nhd.

Dinh ly 2.2.3.

Gid sit cdc diéu kién (H;), (H>) duoc théa man va ham uy duogc dinh nghia nhu trén. Khi
do6 phuong trinh (2.2) c6 nghiém 16n nhdt va nhé nhdt trong [u,, ).

Chi'ng minh

Budc 1: Ta s& chifng minh riing hAm u, n6i trong phdt bi€u dinh 1y s&
la mot nghiém dudi cia (2.2).
Goi A, la gid tririéng dau cla bai todn bién (2.4) va dit

— u,;(x), xeQ’
u(x)= )
0, xeQ\Q",

thi theo [4] tacé —Au< 7»11_1, theo nghia y€u, nghia la:

[Vuvedx <2, [updx, VoeH'(Q), 9=0.
Q Q

Do d6 dé u, = cu la nghiém dudi cia (2.2) ta chi cin chon ¢ sao cho
A [ cupdx < | [m(x)(cﬁ(x))r ~ (cu)’? }pdx, YoeHL(Q), 920, (2.5)
9 9

hay

A I cu, @dx < H?»m(x) (cu; (x))" = (cuy (x))* J(pdx, Vo e Hy(Q), ¢=>0.
o o

Ta co

am(x)(cu; (x))" = (cu; (x))* = 1qcu, (x) >

(cu,(x)) l?»mo —(cu, (x))¥" =&, (cu; ()" JZ 0, vxeQ',
khi ¢>0 ddnhdvi q—r>0,1-r>0 va u,(x) bichintrén Q. Nhuvay tacé thé chon
¢ dd nhé d€ (2.5) ding hay u, = cu la nghiém dudi cua (2.2).

Buéc 2: Pua vé bai todn tim di€m bat dong cla 4nh xa ting.



Vi mdi ueldt! (Q) ta xét bai todn tim nghiém y€&u cta bai todn:
—Az+2z9 =Am(x)u’ trong Q, (2.6)
z=0 trén 0Q).
Ta s& 4p dung ménh dé 2.2.2 cho bai todn (2.6). Hi€n nhién ham g(x,z)=z% thda min
cic dieu kién i), ii) cda ménh dé 2.2.2.

Vi uel(Q), meL*(Q) ta d& dang suy ra

1
mexa’ eL'(Q). véi t=9dtD
rs+q+1
N LN A 9 . , , N ,
Tu dieu ki€n (H;) cua dinhly tacé t> ,do dé
N+2

2N
m(x)u’ € LN+*2(Q)c H Q).

Nhu vay, tat cd cdc diéu kién cila ménh dé€ 2.2.2 dudc théa min va bai todn (2.6) c6 duy
nhdt nghiém yéu zeHy(Q) saocho z9 e L'(Q).

Xétdnh xa T dit twong dng mdi ue L' véinghiém duy nhat z clia (2.6) thitacé T
12 mot 4nh xa t L9 vao L9*' va u 12 nghiém y&u cda (2.2) khi va chi khi u 12 diém
bat dong clia 4nh xa T.

e Ta sé€ ching minh T la anh xa tang.

Gid st u,veLd(Q) va u<v. Véi ¢e H%)(Q), theo dinh nghia cia T va khdi niém
nghiém y€u ta c6

[VTuVedx = [ amou’ —(Tuy Jdx,
Q Q

[VTvWedx = [ mGov’ - (Tu)? Jedx,
Q Q

va do do



[V(Tu-Tv)WVedx = [ rmGofu’ —vF )= (Tw? —(Tv)® Jodx. 2.7)
Q Q

Theo ménh dé 2.1.3tacé (Tu—Tv)" e Hy(Q) va dé dang ki€m tra:
| (Tw)? —(Tv)9|(Tu=Tv)* 20 trong Q.
Do dé, cho @=(Tu—-Tv)" trong (2.7) ta suy ra

j V(Tu — Tv)V(Tu — Tv)*dx <0. (2.8)
Q

Mt khic, véi moi w e Hy(Q) ta c6 theo ménh dé 2.1.3

j Vw Vw dx =0. (2.9)
Q

Do vay, tr (2.8) ta co

HV(Tu _1v* dx =0.
Q

Tu ddy,tasuyra V(Tu—-Tv)" =0 hay (Tu-Tv)" =0 hkn tén Q.
DPiéu ndy c6 nghia Tu<Tv hk.n trong Q. Nhuvady, u<v kéotheo Tu<Ty.

e Tiép theo ta chitng minh

ug < Tu,. (2.10)
Vi u, la nghiém duéi cia (2.2) nén ta c6

[VugVeds < [m(up - ul Jodx . Ve eHY(Q) , 920.
Q Q

K&t hgp véi

[VTuVedx = [ am)uf - (Tug)tJodx , VeeHL(Q) |
Q Q

ta dudc

[V, —TuO)V(pde—Hug —(Tuo)qJ(pdx, VoeHL(Q), 9=0. (2.11)
Q Q



Cho ¢=(uy —Tu,)" trong (2.11) va chi y riing:
[ugd = (Tug)? | (up = Tug)* =0
ta dudc

[V =Tug)V(uy - Tuy)"dx <0.
Q

Lai st dung (2.9) ta dugc

2
dx =0.

HV(uO ~Tug )"

Tirdiy tasuyra (uy —Tuy)" =0 hkn hay u,<Tu,.

T (2.10) va T Ia 4nh xa ting ta thAiy T bién tAp dong [uo,oo) vao chinh né. Nghi€ém
yé&u cuc trj clia (2.2) trén [u,,0) chinh Ia cdc di€m bit dong 16n nhdt va nhd nhdt ciia T
trén [uo,oo).

Buéc 3: Chitng minh T c6 diém bat dong 16n nhat, nhé nhat trén [u,,).
Ta sé& ki€m tra ring tit cd cdc diéu kién cia ménh dé 2.1.1 dudc thda min. Véi
u;,u, eM, :{ue[uo,oo):uSTu} ta dat uy; =max(u;,u,)
thi ta ¢6 do tinh ting ctia T:
u, <Tu, <Tuy; u, <Tu, <Tu;.
Turddy tacé u; <Tu; hay u;eM,. Viy M, la tip c6 hudng.

Pé chiraring 4nh xa T thda min diéu kién ii) cda ménh d€ 2.1.1 ta chi cin chi ra ring
tAp T(M,) bi chin theo chuén trong LI (Q).

V6imbdi ueM,, ta cé

[VTuvedx = [ rm(0u’ — (Tu)? |pdx
Q

Q
< [rm()(Tw)" — (Tw)® Jodx, Vo e H (), 92 0.
Q



Cho ¢=Tu ta dugc

”_‘VTu‘z + (Tu)q+1 de < J.km(x)(Tu)rJrl dx .
Q Q

Dudi day ta s& thdy Tue LD (), do d6 4p dung bAt dang thitc Holder cho v€& phdi ta ¢

r+l

Tl +[ru <l Jrafi

q+l —
1

trong d6 | 1a chudn trong L'(Q), |uf, :U‘Vu‘z]z.
)

e Truéng hdp (r+ 1)s/ <qg+l

Do Tuel(Q) tacé TueL ™D Q). Tir (2.12), ta c6

q+l r+1

[Tulger = dTu]

q+l q+l

(2.12)

v6i ¢ 12 moOt hing s§ duong. T ddy va chd y ring r<q ta suy ra T(M,) la tdp bi chin

trong LI (QY).

e Trudng hgp (r+1)s/ > g+l

Tur ba't ding thic dit1én chi sd s trong diéu kién (H;) clia dinh 1y ta suy ra

2N < s(q+1)
N+2 rs+q+1

Viham t—

tding nén tr (2.13) ta co
(rs+1)

2N s(e+ s’ (r+1)s’
N+2 rs+(r+1s’ (r+1Ds’ =1

N /
>(r+1)s".
5 (r+1)

Nhu vay ta c6

2N

+l<(r+1s’ <
q (r+1) N2

(2.13)



va do d6 ta c6 thé dp dung bat ding thiic Gagliardo — Nirenberg d€ c6:

t

[Ty <C ol ol 214

trong d6 s6 t dugc xdc dinh tir di€u kién:
11 :t( 1 _N—2]

1+q d+rs’ \U+q 2N )

Nhu viy ta ciing ¢6 Tue L™ (Q). Tir (2.12) ta ¢6
r7+1
mly <cifrd 2 2.15)
r+1

mal,., <cr

Ké&t hgp (2.14) va (2.15) ta dugc

t(r+) (1= (r+1)
2 q+l
(r+1)s/

[Tt e <Co[Tl]

Chi ¥ ring:

t(r+1)+(1—t)(r+1)<t

+1-t=1,
2 q+1

ta suy ra tip T(M,,) bi chdn trong L(”l)s/ (Q) va do d6 ciing bi chin trong LI™(Q).

Nhu vdy, 4nh xa T théa min tit cd cdc diéu kién clia ménh d€ 2.1.1 va do dé né cé
di€ém b4t dong 16n nhat va nhd nhat trén [u,,0), chinh 1a nghiém yé&u 16n nhit va nhé nhat
cua bai todn (2.2).

Pinh ly dugc chirtng minh.

Dinh ly 2.2.4.

Gid sit cdc gid thiét ciia dinh 1y 2.2.3 dugc théa man va u, la ham dugc dinh nghia trong
phdt biéu cia dinh 1y 2.2.3. Goi u, la nghiém yéu (duy nhdt) ciia bai todn:

—Au, +u! =Am(x)u,_; trén 2, u, =0 trén 02 (n € IN).



Khi dé day {un} hoi tu trong Hé (2) vé nghiém yéu nhé nhdt ciia bai todn (2.2) trén
[”0:00)-

Chi'ng minh

Ap dung ménh dé 2.2.2 va 1y luan & phan dau budc 2 trong ching minh dinh Iy 2.2.3 ta
thdy ham u, dugc x4c dinh duy nhit theo u,.;.

Tu dinh nghia cia 4nh xa T trong chiing minh dinh 1y 2.2.3 va dinh nghia cia u,, ta suy
ra u, =T(u, ). Do uy,<Tu, nén d& dang ching minh dugc {u,} Ia diy ting. Ciing
theo ching minh dinh 1y 2.2.3 ta c6 {un} bi chdn trong LA+ (Q). Do d6 ton tai gidi han

y=Limu, hk.ntrong Q va trong LI"(Q).

n—oo

Vi T 1a 4nh xa ting,tacé u, <Tu, <Ty (ne IN). Theo dinh nghia nghiém yéu ta c6

[V(Ty —u,)Vodx == [[(Ty)® —ud Jodx + & [m(oly" —ul_ Jodx,
Q Q Q

VoeHy(Q).

Cho ¢=Ty—u, va dp dung bit ding thic Poincare ta c6

cI(Ty - un)zdx < HV(Ty - un)‘zdx:
Q Q

= —j |_(Ty)q —u] J(Ty —u,)dx + 7»fm(><)(yr —Up )(Ty —u, Jdx
0 Q

< kjlm(x)(yr —uy kTy —u,)dx
Q

Cho n—c va 4p dung dinh 1y Beppo-Levi ta c6 Ty=y. Viy y 12 mot di€m bat dong
clia T. Ciing tir bt ding thifc trén ta suy ra Limu, =y trong H%)(Q).

Ta con phai chitng minh y 1a di€m bat dong nhd nhdt cia T trén [u,,o). That vay,
néu y, €fu,,0) la mot diém bat dong cha T thi ding qui nap ta chitng minh dugc

u, <y, (nelIN) vadods y<y,.

n



Pinh ly dugc chirtng minh.

§3. NGHIEM CUC TRI CUA MOT LGP BAT PANG THUC BIEN PHAN.

Trong muc nay ching toi s& nghién ctfu sy ton tai nghiém 16n nhat, nhd nhat clia bai
todn sau.

Tim ham v sao cho

vekK, f(x,v)eL(Q), vi(x,v)e L (Q),

<AV, W — V> > If(x, v)(w—-v)dx, YweKNL*(Q), (2.16)
Q
trong do:
O 1a tip md bi chin trong IRY, v§i bién tron,
K ={weWiP@Q): w>o hkn trong Qf (2.17)

0<@eWyP(Q)NL*(Q) 1a ham ¢ dinh,
. p—2 < . 2
Av = —leQVV‘ Vv) la todn tu p-Laplace, p =2,

<AV,W — V> = HVV‘ p-2 Vv.V(w-v)dx.
0

Ching tdi sé& dit cdc diéu kién sau Ién ham f.
f(x,u)=F(x,u,u) véi F:Q x IR,xIR,— IR thda man:

H) {(x, u) - F(x,u,v) 12 ham do dugc véi moi v e IR, ¢d dinh,
1

v = F(x,u,v) 1a ham lién tuc véi moi (x,u)e Q x IR, .

F(x,0,0)=0 v6i hkn xeQ,
(H,) <ur—> F(x,u,v) 1a ham khéng giam v6i moi (x,v)€Q x R, ,
vi= F(x,u,v) 1a ham khong ting v6i moi1  (X,u)eQ x |R, .

(H;) F(x,0,v)eL'(Q) véimoi v >0 va tdn tai cic s6 a>0 va cdcchisé qr>0 va
ham m eL’(Q) sao cho

F(x,u,0)-F(x,u,v) > av9, (2.18)



F(x,u,0) < m(x)u’, (2.19)
r<g.

(H,) Tt nhat mot trong hai bat ding thic sau dugc thda:

%k
(p*) <2, (2.20)
sr+p*
pr) < SA*+D (2.21)
sr+q+1

A. Pua vé bai todn di€ém bat dong cia anh xa ting

Trong phan nady ching to6i s& dua viéc tim nghiém bai todn (2.16) vé bai todn tim
di€m bat dong cila mot 4nh xa ting, tic dong trong khong gian L0 (Q), véi Po = p* néu
c6 di€u kién (2.20) va py, =q+1 n€u c6 (2.21). Ching ta s& st dung hai k€t qui sau day.

Ménh dé 2.3.1. [5]

Gid sit QIR la mor tdp md, bi chdn, (peWOJ’p(Q)me(Q), zeW_]’p/ (), K la
tdp hop 6 (2.17) va g: 2 x IR=IR la ham théa diéu kién Caratheodory sao cho
g(x, u) la ham khong gidm theo bién u va g(x, 0) = 0,
supﬂg(x,u)‘ ‘u‘ < t}zht(x) € L](_Q) voi moi t > 0.
Khi do bai todn tim v thoa:
vekK, g(x,v)e L](Q) , vg(x,v) € L](Q),

<Av—z,w—v>+ fg(x,v)(w—v)dx >0, YweKnNL”(Q),
Q

c6 duy nhdt nghiém, théa mdn ddng thic:

<Av—z,(p—v>+ Ig(x,v)ﬂp—v)dsz.
0

) L o
G day (-, ) 1a tic dung clia cip ddi ngiu Wy (Q) va WP (Q).

Ménh dé 2.3.2. [5]




Gid sut ueWOJ’p(_Q), zeW_]’p/ () sao cho u>0 h. k. n trong 2, z=u+h, vdi
hel'(Q2) va ue () (tap cdc do do Radon duong). Gid thiét thém rang hu>=v h.
k.n trong €2 vdi mdt ham
veL'(2) nao do.

Khi do hueL](_Q) , ueL](_Q,dy) va ta co hé thitc

<y+h,u>= Iudy+ Ihudxz Ihudx.
0 0 0

0] day L'©Q) 1 khong gian cdc ham kha tich trén Q d6i véi @6 do Lebesgue, con
L' (Q,dp) 12 khong gian cdc ham kha tich trén Q d6i v6i do do p.
Bo dé 2.3.3.

Gid sit cdc gid thiét (H;) — (Hy) dugc théa va p, =p" hodc po =q+ 1 tuong ung khi

(2.20) hodic (2.21) diing. Khi dé véi mdi ham u e [(p,oo)c Lo (£2) bai todn tim v thoa:

vek, F(x,u,v)eL](Q), vF(x,u,v)eLl(Q),

<Av,w — v> > IF(x,u,v)(w —v)dx , Ywe K NL"(0), (2.22)
0
c6 nghiém duy nhdt v sao cho
(Av,0—v)= [ F(x,u,v)(p—v)dx. (2.23)
0
Chi'ng minh
Td uelP(Q) va mel’(Q) tasuyra
T t 2 _ SpO
m(x)u eL'(Q) v t=——— (2.24)

ST+pg
Do gid thi€t (Hy) tacé (p ) <t, néntir(2.19) va (2.24) ta c6

F(x,u,0)e L'(Q) < L® Q) c W' (Q). (2.25)



Do d6 ba't diang thitc (2.22) c6 thé viét & dang tuong duong

<AV -F(x,u,0),w— V> + “F(x, u,0) — F(x,u, V)](W —v)dx >0, (2.26)
9

Vwe KNL*(Q).

F(x,u(x),0)-F(x,u(x),v) , ve [ano)
—-g(x,—v) , v € (—0,0)

Ham g(x,v)= {
1a khong gidm theo bi€n v va théa min

Sup{ ‘g(x, V)‘ : M < t}s F(x,u,0) - F(x,u,t)

<F(x,u,0) - F(x,0,t) e L'(Q).

o) day ta da st dung cac gid thi€t (H,), (H3) va (2.25).
Do gid thi€t (H;) va diéu kién hAm u > F(x,u,v) khong gidm, trong [23] di ching minh
ring ham F(x, u(x),O) do dudc, ham (x,v)— F(x, u(x),v) 1a ham Caratheodory. Do dé
ham g 1a ham thda diéu kién Caratheodory.

Ap dung ménh dé 2.3.1 thi bai todn (2.26) ¢6 duy nhit nghiém v € K thda man (2.23)

F(x,u,0) - F(x,u,v),

1 : 2.2
v(F(x,1,0) - F(x,u, w)} <L (2.27)

i ve WP(Q) c L (Q), F(x,u,0)e L (),
nén tr (2.27) ta suy ra
F(x,u,v) e L'(Q), VF(x,u,v) € L'(Q).

Viy v 1a nghiém clia bai todn (2.22). B& dé dudc chitng minh.
Bo dé 2.3.4.

Pt T la dnh xa gdn moi ue [(p,oo)c LP0 () vao nghiém duy nhdt v
cia bai todn (2.22). Khi dé T la dnh xa tix [(p,oo)c LP9 () vao chinh né va cé cdc tinh chdt
sau:

1) T la dnh xa tdng.



2) Tap M, ={uep,0):u< Tu} la tdp c6 hudng.

Chi'ng minh

Theo dinh nghia cia T tac6 @<Tue Wé’p (Q). Néu p, = p* thi do phép nhiing

Wé’p (Q)c LP*(Q) ta c6 Tu e LPO(Q). Trong trudng hdp po=9q+1,tacé tir (2.27) va (2.18)

a(Tu)?.Tu < [F(x,u,0) - F(x,u,Tu)] TueL'(Q)
hay TueL9(Q)=LP(Q). Vay T tdc dong tit [p,00)c LPO(Q) vao chinh nd.

1) Xét u;,u, € [(p,oo), u; <u,, ta s€ chitng minh Tu; <Tu,.
bt v, =Tu;, v,=Tu,

Q, = {X eQ:vl(x)sz(x)}, Q, =Q\Q,.

Trudc ti€én ta s& chirng minh:

<AV1,V1 —(v; = vy)* —(p>2 jF(x,ul,vl)(v1 SV =v,)" —o)dx. (2.28)
Q

<AV2,V2 + (v —vy)* —(p> > jF(x,uz,vz)(v2 F(vi—v,)" —o)dx. (2.29)
Q

D€ kiém tra (2.28) ta s& 4p dung ménh dé 2.3.2 vé6i
u=v,—(v;—v,)" —o,
n=Av,-F(x,u;,vy),
h=F(x,u;,v;).

Ta co
e u>0 vicé thé vi€t u=min(v{,v,)—¢@ vad Vv{,v, > Q.
e pu la do do Radon duong vi tir (2.22) ta c6
<u,u> >0, VueC.(Q2),uz0.
e hu=F(x,u;,v,)(min(v,,v,)—¢)

> F(x,up,v))|(v; —9) e L'(Q).



Do d6 céac diéu kién ciia ménh dé 2.3.2 dugc thda min va ta cé

<u+h,u> > Ihudx.
Q

bay chinh 1a (2.28).

Tuong tu, &€ chitng minh (2.29) ta s& 4p dung ménh dé 2.3.2 cho
u=v,+(v;-v,)" -0,
n=Av, -F(x,u,,v,),
h=F(x,u,,v,).

Trong trudng hgp nay, bdi tinh don di€u cia ham F, ta c6

{F(X,uz,vz)(vz - Q) trong Q,,
hu =

F(X,u,,v,)(vi —@) = F(x,u;,v{)(v; —0) trong Q,.
Vivay ham hu 16n hon mot ham thude L'(Q).
Cho u=u;,v=yv, trong (2.23) va cOng diang thiic nhan dugc véi (2.28)
ta dudc

<AV1,(V1 —V2)+> < IF(X,UI,VI)(Vl —v,) dx. (2.30)
Q

Cho u=u,, v=v, trong (2.23) rdi cong vdi (2.29) ta dudc

<AV2,(V1 —V2)+> > IF(X,uz,Vz)(Vl —v,y) dx. (2.31)
9

Tu (2.30), (2.31) ta ¢o

<AV1 —Av,,(v; —V2)+> < I(F(X,ul,vl)—F(X,uz,vz))(vl —v,) dx. (2.32)
0

Chu y ring ham dudi dau tich phan trong v€ phdi cia (2.32) 1a bing 0
trén Q, va khong duong trén Q, (theo tinh don diéu cia F) ta s€ c6

0 Z<AV1 —Av,,(v, —V2)+>



— I( ‘Vvl‘p_ZVVl —‘sz‘p_ZVVz )V(V1 —v,)"dx
Q

2
dx +

1 - _
:EJ.(‘VVI‘I) 2 +‘VV2‘p 2)‘V(Vl _V2)+
Q
e (vl o P2 (vl v fox.

T diy tasuyra V(v,—v,)" =0 hk.n vadods (v,—v,)" =0 hkn tén Q. Picu nay
chota v;=Tu, <v,=Tu, hkn trén Q.
2) Gia st u;,u, € M;;, ta s€ chitng minh u=max(u,,u,) € M,. That vy, theo tinh
ting cda T tacd
u; <Tu; <Tu, u,<Tu,<Tu
Do d6 u<Tu hay ueM,.
B6 dé dudc chitng minh.

B. Su ton tai nghiém cu'c tri

Tur dinh nghia 4nh xa T ta thAy v 13 nghiém bai todn (2.16) khi va chi khi né 13 di€m
bat dong ctia 4nh xa T trén [(p,oo). Do d6 dé chiing minh (2.16) c6 nghiém 16n nhi't, nhd
nhit ta chi cAn chitng minh T ¢6 di€m ba't dong 16n nhat, nhé nhi't trén [g,).

Dinh ly 2.3.5.

Gid sit ham f théa man cdc diéu kién (H;)—(H3). Gid thiét thém rdng:

%k
(Hs) (p¥) <P va r+1<p.
rs+p*

Khi dé bai todn (2.16) c6 mot nghiém I6n nhdt va mot nghiém nhé nhit.

Chi'ng minh

Do diéu kién thi¥ nhat trong (Hs) va bo dé 2.3.4 tacé T 13 4nh xa ting tidc dong tir tAp

dong [(p,oo) vao chinh né trong khong gian LP'(Q) va tap M, ={ue [(p,oo): u<Tu} 1a c6



huéng. Do ghi chi 2.1.2 d€ chitng minh T ¢6 diém bat dong 16n nhat va nhé nhat trén [¢,)
ta chi can chi ra ring T(M,) la tip bi chin. Trong cdc 1y ludn dudi ddy ta s& dung ky hiéu
C; d€ chi nhitng hiing s6 duong kh4c nhau.

V61 v=TueT(M,) ta c6 theo (2.23)

<AV, V> + I(F(X, u,0)— F(x,u, V))(V —@)dx
Q
= [Fx,u,0)(v - @)dx +(Av,¢). (2.33)
Q

Ky hiéu A 1a v€ trdi cia (2.33). Tir (2.18) trong gid thi€t (H3) ta c6

A> I‘Vv‘pdx+aqu(v—¢)dx.
0 0

Tir (2.19) va (2.27) ta c6 v e LY (Q). Tir day va ¢ e L*(Q), ta c6 thé 4p

dung bat dang thic Holder:

q 1

g+l 1
qu@dx < [J.VquX]qu '[f@q+ldX]q+ = CHVH3+1 :
o o o

Vay ta co

A> C(”VHip L —HvH‘qh)

>C, (”VHf,p + HVHL:I ~C, ) (2.34)

Tié€p theo ta di danh gid v€ phdi cia (2.33). Do (2.19) ta c6

[F(x,u,0)(v—@)dx < [ m(x)u" (v - 9)dx
Q Q
< Im(x)vr (v—@)dx
Q

< j m(x)v™dx . (2.35)
Q



D& dang ki€m tra ring:

k
(P*)/ <P < (1+71)s’ <p*.
rs+p*

s / L.,
Do d6,vi veLP (Q) tasuyra v eL® (Q). Tir (2.35) va ba't ding thic Holder ta c6

[Fex,u.0)(v - p)dx < |m| 'HVHZ:DS ,
Q
r+1

< C3HV bt

(2.36)
D€ ddnh gid (Av,¢) ta st dung bat déng thic Young

/
ab<ea? +c(e)bP, a>0,b>0, €>0.
Ta co

(Av,@) = ”VV‘ P2 VvVedx
Q

< I‘Vv‘p_l‘V(p‘dx
Q

< [(qvVvﬁ4m’+mjvwwjdx
Q

< e, +Ca (2.37)

Tu (2.33), (2.34), (2.36), (2.37) ta di d€n

r+l

Cy|lv[, —Co < Cafv],

Lo +C,.

Chon ¢ dd nho ta c6

r+1 " 1)

MP < csl

Cudi ciing do tinh lién tuc cda phép nhing WP (Q) = LP" (Q) ta c6

r+l n 1)

p
p* < C6(”V p*

v



St dung gid thi€t r+1<p, tir ddy ta suy ratip T(M,) bi chin trong LP (Q).
Pinh ly dugc chitng minh.

Dinh ly 2.3.6.

Gid sit cdc gia thiét (H;)—(H3) va (Hg) sau ddy dugc théa man:

(Hy) ey <S4 D <
rs+q+1

Khi dé bat ddng thitc bién phdn (2.16) c6 nghiém I6n nhdt, nhé nhat.

Chi'ng minh

Vi céc gid thi€t (H;)—(Hsz) va (He) ta bi€t dnh xa T dinh nghia trong b3 dé 2.3.4 s& tic
dong tir [@,o0) vao [p,0) trong khong gian LI (Q) va 1a 4nh xa taing. D€ 4p dung ménh dé
2.1.1 v& diém bdt dong ta s& ching minh tip M, = {u e [p,0): u<Tu} 12 bi chin trong
LI(Q).

Véi v=TueT(M,) ta vdn c¢6 ding thic (2.33) va v€ trdi A clia n6 thda man bat ding
thitc (2.34). Ti€p theo ta chia chitng minh lam hai trudng hgp.

e Trudng hdgp (1 + r)s/S 1+qg

/ ’ 2
Do ve L% (Q), nén ta ciing c6 ve L™ (Q). Do d6 tir (2.35) va bat ding thic Holder

ta dudc

r+l

JFoxn 00— <
Q

r+1

<cy @38)

q+l’

Tu (2.33), (2.34), (2.37), (2.38) ta di t61

P, + M-, <csv[

- e’ +Cy

q+l
Chon ¢ <C;tacd

M < sl i)



Do r<q (diéu kién (H3)) nén tir day ta suy ra tap T(M,) bichdn trong Lq“(Q).

e Trudng hdgp (1 + r)s/> 1+q

Bat ding thifc thit nha't trong diéu kién (Hg) c6 thé viét lai & dang
tuong duong

/ . P*(@+D

s’ < . (2.39)

p*r+q+1
%k
Ham tr— (E—tt) don di€u ting nén tur (2.39) va trudng hop dang xét ta dugc
p¥*r+
* /

o < p*(r+1D)s _,

p*r+{+r)s

vadodsé (1+r1)s’ <p*.Nhuvay ta c6
l1+q<(l+1)s’ <p*.
Do vay ta c6 thé 4p dung bat ding thitc Gagliardo — Nirenberg:

Mot < MM - (2.40)

trong d6 s6 O xdc dinh bdi:

11 —e( 1 _L]
a+l (+rs’  \l+q p*)

« / L,
Vi velP (Q) va (1+1)s’ <p* nén ve L™ (Q) va 4p dung bat ding thic Holder ta

co tr (2.35)

r+l

. (2.41)
(r+1)s

[F(x, u,0)(v - @)dx < [m] |}v|
Q

T (2.33), (2.34), (2.37), (2.41) ta di t61

r+l1

(r+1)s

q+l

")y < G

c P, + M e, +C,.

Chon ¢ @u nhd ta cé



1 1
g, + 3 = st ). 0.42)

Tur (2.40) va (2.42) ta di dé€n
6 1-0
+

HVH(Hr)S/ < C6(1+Hvui:r)s/jp e (2.43)

(r+1)(9+1—9]:r+19+ r+1(1_9)
p q+1

<0+(1-0)=1,

nén tir (2.43) ta suy ra tip T(M,) bi chin trong L () va do d6 bi chin trong LI (Q)
vi ta dang c6 trudng hgp q+1<(1+ r)s’ .
Pinh ly dugc chirtng minh.
Vi du 2.3.7.

Xétbai todn (2.16) v6i f(x,u)=mx)u’ —ul va

r<q, mel’(Q).

Ham s6 dang nay xuat hién trong phuong trinh logistic xét & §2.

Céc gia thi€t (H,) — (H3) dudc thda min véi F(x,u,v)=m(x)u’ —v9.

e Theo dinh ly 2.3.5 bai todn (2.16) trong trudng hdp nay c6 nghiém néu

%
(p*)/S °P » va 1+l <p.
1s+p

Piéu nay tuong duong véi:
p %k

SZE , r+1<p.

e Theo dinh 1y 2.3.6, bai todn (2.16) c¢6 nghiém néu



<
o

S sr+q+1

Piéu nay tuong duong vdi:

(q+Dp*

@+ D(p*-D-rp*

r+1<p.

b

L (@+Dp*-D

p>l<



KT LUAN

Trong ludn 4n ching t6i da tng dung mot sd két qué cua 1y thuy&t phuong trinh todn ti
trong khong gian Banach c6 thi tu d€ nghién citu hai 16p bai todn dang dugc quan tAm
nghién cifu gan diy. P4 12 nghién citu ciu triic nghiém cida cédc bai todn bién phi tuyé&n phu
thudc tham s6 va nghién ctfu sy tén tai nghiém cyc tri clia cdc phuong trinh va bat phuong
trinh bi€n phan.

Céc k€t qud chinh ctia ludn 4n bao gom:

1. Chitng minh sy ton tai mot khodng gid tri cda tham s& dé phuong trinh todn ti tdng
quét chita tham s6 ¢6 nghiém.

2. B6i v6i mot 16p bai todn gia tri riéng chifa todn t p-Laplace mot chiéu da chitng minh
dudc:

e Mot sO tinh chit cia gid tri riéng chinh cia todn tit p-Laplace.

e Tap nghiém dudng cla bai todn 1a nhdnh lién tuc khong bi chin.

e Tap cdc gid tri riéng 14p ddy mdt khodng vé6i cdc dau miit dugc tinh bing cdc cong
thic don gidn qua cdc dit kién cta bai todn.

3. Chitng minh sy ton tai nhanh lién tuc khong bi chin cla tip nghiém va tip cdc gia tri
tham sd tuong ng 14p diy mdt khodng, doi véi mot 16p bai todn bién phi tuyén chita tham
s0 xuAt phat tir bai todn tim nghiém tuan hoan clia phudng trinh vi phan 6t6ndm cip hai.

4. Chitng minh ton tai nghiém yéu cuc tri clia phuong trinh logistic v6i sy khuéch tén phi
tuyén.

5. Chitng minh ton tai nghiém cuc tri cho mdt 16p bat ding thitc bi€n phan elliptic.
Phuong phédp nghién ctfu clia luAn 4n vé bai todn nay cho phép khdo sit cdc bat dang thifc

chita cdc ham gidn doan.



ty.

Céc két qua va phuong phdp nghién citu ctia luan 4n c6 thé phit trién theo hudng:
1. Nghién citu ciu tric cda tap nghiém yé&u ctia bai todn bién phan chita tham s6.

2. Nghién cttu bai todn vé diém tSi han clia cdc phi€m ham trén cdc khdng gian c6 thi
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