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LGOI CAM DOAN

T6i xin cam doan day 13 cong trinh nghién cttu cia riéng t6i. Cac s6 liéu va
céc k€t qua néu trong ludn 4n 1a trung thyc va chua tirng dugc ai cong bd trong

bat ky mot cdng trinh nao khic.

Tac gia ludn an.



LO1 CAM ON

Trudc tién, tic gia xin tri 4n v han Thay, GS.TS. Ping Pinh Ang, Gido Su
huéng din, ngudi Thay kha kinh da tan tinh chi bdo, day db, din dit tic gid tirng
budc trén con dudng hoc tap va khdo citu. Ludn theo guong Thay, tdc gid da,
dang va s€ mai mai hoc tap.

T6i xin v cling bi€t on Thay huéng din phu, TS. Nguyén Cam, di tin tinh
chi bdo va cho y ki€n trong qua trinh thyc hién lun 4n.

T6i xin vo cling biét on hai Thay, PGS.TS. Pinh Ngoc Thanh va PGS.TS.
Ding Ptic Trong da tin tinh hét long diu dit va chi day cho toi trong sudt thdi
gian lam ludn an.

T6i xin vo cung bi€t on Thay, PGS.TS. Lé Hoan Héa, di tin tinh chi day
cho t6i trong sudt thdi gian hoc Pai hoc va Cao hoc.

T6i xin v cung bi€t on Thay, GS. TS. Alain Pham Ngoc Dinh da chi bdo
nhitng k&t qua tinh s& vo cling quy bdu doi vdi toi.

T6i xin chan thinh cdm on cdc Thay gi6i thiéu ludn 4n d3 doc va cho nhiéu
y ki€n sdu sic.

T6i xin chan thanh cdm on nhitng ¥ ki€n déng gép cla cdc chuyén gia,
ngudi nhan xét. Nhitng y ki€n ndy da gitp ching t6i cdi thién ludn 4n t6t hon.

T6i xin chan thanh cdm on Ban Gidm Hiéu, Khoa Todn, Phong Khoa Hoc
Cong nghé va Sau Pai Hoc cua trudng Pai hoc Su Pham va Pai hoc Khoa Hoc
Ty Nhién, d3 tao moi di€u kién thuin 16i cho toi trong sudt qué trinh thyc hién
dé tai nghién cttu.

Tran trong cdm on quy Thay C6 va cdc ban dong nghiép d3 dong vién,
gidp d6 toi rat nhiéu.

Tran trong bi€t on quy Thay Co da tirng day dd va chi bdo cho t6i, xin tri
an gia dinh cia toi.

Pham Hoang Quan
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LOINOI PAU

Cung véi bai todn cho phuong trinh séng va phuong trinh thé& vi, cdc bai
toan nhiét 1A mot trong nhitng bai todn cd di€n cé nhiéu ng dung trong khoa
hoc k¥ thuit. Bai todn lién quan t6i van dé truyén nhiét di dudc khio sit tir thdi
Fourier trong thé ky 19. Trong cd s& dit liéu ctia AMS hién nay, s6 lugng bai bdo
c6 tir khéa “heat equation” 1én ti trén nim ngan bai. Trong s6 d6, kha nhiéu
bai todn nhiét ngugc dugc khao sat (xem [16, 1, 50, 51] va cdc tai liéu tham
khdo trong d6). Theo su tdng két ctia O. M. Alifanov (xem [1], trang 13), c6 bon
loai bai todn nhi€t ngugc

1. Bai todn nhi€t ngudc thdi gian (retrospective heat conduction problem
hay backward problem): xdc dinh nhiét do ctia thdgi di€m ban dau tir phan bd
nhiét d6 tai thdi di€m cudi,

2. Bai todn bién ngugc (boundary inverse problem): x4c dinh sy phin bd
nhiét do hay thong lugng nhiét trén bién clia vat din nhiét,

3. Bai todn x4dc dinh hé s6 (coefficient inverse problem): xdc dinh cdc hé s6
nhu hé s& din nhiét, ngudn nhiét ...,

4. Bai todn hinh hoc: xdc dinh cdc dic trung hinh hoc nhy hinh dang cdc 16
héng hay cdc vét nidt trong vat din nhiét, ...

Lu4n 4n nay chi tdp trung khio sdt mot s6 van dé trong cdc bai todn 1, 2, 3.
Cdc bai todn nhiét ngugc con dudc chia ra thanh hai loai: chinh (well-posed) va
khong chinh (ill-posed). Theo Hadamard, bai todn tim x thda Ax =y goi la chinh
néu

a. nghiém, néu c6, 1a duy nhait,

b. nghiém ton tai,

LN z 4z A .
c. nghi€ém co6 tinh 6n dinh.
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Tudng ng v6i ba tinh chat trén, ta c6 thé khio sit ba loai bai todn vé tinh
duy nhat (uniqueness), tinh tdn tai (solvability) va tinh 6n dinh (stability). Cic
bai todn khong thda mot trong ba diéu a, b, ¢ goi 12 bai todn khong chinh (theo
nghia Hadamard). P&i vé6i cdc bai todn ¢6 nghiém khong 6n dinh, ngudi ta can
x4y dyng cdc nghiém xAp xi n dinh nghiém cin tim. Bai todn nay goi la

d. bai toan chinh hda (regularization).

Tinh chinh hay khong chinh phu thudc vao nhiéu diéu kién. Vi du c6 nhiéu
bai todn 1a khong chinh khi dit liéu cho dugc xét trén cac khong gian thong dung
nhung lai chinh né€u dit liéu xét trén khong gian thu hep hon. Piéu nay dudc
minh hoa, ching han, nhu mot ddu hiéu phd quat dé nhan dién phuong phap
mollification. Trong [41], tdc gid di vi€t nhu sau: “The idea of our method is as
follows: if @ eL’(R) is given inexactly by ¢ € L’(R) then we mollify ¢° by
convolution with the Dirichlet kernel and the de la Vallé Poussin kernel... The
mollified data belong to the spaces of entire functions of exponent type... in
which our (mollified) problem is well-posed” . Tinh chinh cia bai todn con c6 thé
phu thudc vao tinh chit clia cdc hé so trong bai toin. Ching han trong bii todn
xdc dinh ngudn nhiét (xem [51] trang 222) dang ¢(X,t)f(X), Isakov di phat biu
mot k&t qua danh gid dn dinh cho trudng hdp ¢(x,t) thda

(9.1.1) 0<¢,0<0,0 ..

va vi€t: “.. Without the conditions (9.1.1), nonuniqueness is possible”, nghia 1a

N 2 7 P A , Al ~ & A A ~ A N
bai todn c6 thé khong chinh. Chiing tdi s€ néi thém vé van dé nay sau.

Nhu vay, phoi hdp cdc loai baitodn a, b, ¢, d va 1, 2, 3, 4, chiing ta ¢ thé
c6 d&n 16 loai bai todn nhiét ngugc ma sy khic nhau c6 thé rat xa. Vily do nay,

khi so sinh k€&t qua clia cdc cdng trinh, ching ta phdi xem xét xem cdc bai todn
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dit ra trong d6 1a loai ndo trong c4c loai 1, 2, 3, 4 va van dé xéttGilaa, b, c hay
d, chua k& d€n su khic nhau vé viéc sit dung cdc khong gian ham, vé cdc diéu
kién trén dit liéu hay trén cdc hé s6. Trong luin 4n nay ching tdi tdp trung khdo
sdt vdn dé chinh héa (tic 12 van d€ d) cho mot s§ bai todn loai 1, 2, 3. Tuy
nhién, chiing t6i khong khdo sit vin dé tinh todn bing s6 nghiém chinh héa.
Trong mot sd trudng hgp, cdc vi du sd duwa ra nhim muc dich minh hoa cho céc

phuong phép.

Tht ty trinh bay cda cdc bai todn dudc sip x€p thanh hai nhém: tuyén tinh
(cdc chuong 1, 2, 3) va phi tuyén (cdc chuong 4, 5, 6, 7). Cu thé luan 4n sé& khio
sdt sy chinh héa nghiém cda cdc bai todn nim trong bon dang da liét ké nhu sau

1. Bai todn nhiét ngugc thdi gian

- tuyén tinh hai chiéu khong gian vé6i cdc dif kién nhiét dd cudi 1a rdi rac
(chuong 1)

- phi tuy&n mot chiéu khong gian trén mot tip hop bi chidn (chuong 6)

- phi tuy&n mot chiéu khong gian trén toan b truc sd thuc (chuong 7),

2. Bai toan xdc dinh nhiét do bién

- tuyé&n tinh cda mo hinh chit din nhiét mot chiéu cé hai 16p tir dit kién
nhiét d6 do tai ba vi tri bén trong cua vat (chudng 3),

- phi tuy&n hai chiéu khdng gian xdc dinh nhiét do bé mit khi bi€t nhiét do
tai mot vi tri bén trong (chuong 5),

3. Bai todn hai chiéu khong gian xdc dinh ngudn nhiét dang tich bién
khong gian va thoi gian @(t)f(x) trong d6 ham phu thudc bién thdi gian ¢(t)

dugc cho dudi dang dit liéu nhi€u khong chinh xdc (chuong 4).
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Bai todn nhiét ngudc thdi gian dugc khdo sit qua rat nhiéu cong trinh, cho
dé&n gan diy, bai todn trén khong gian Banach triru tuong vin con dugc cong bo
(xem [49]). Bt diu tir cong trinh tién phong cia Fritz John [54] vao thip nién
50, cdc bai todn nhiét ngudc thdi gian tuyén tinh da dugc khdo sat rit nhi€u bing
cdc phuong phdp nia nhém qua cdc cong trinh cta Krein [56], phudng phdp
quasi-reversibility ctia Lattes-Lions [58], Miller [66], phuong phdp pseudo-
parabolic ctia Gajewski and Zacharias [34], phuong phdp chinh héa hyperbolic
[5]. Tuy nhién, bai todn khdi phuc phan bd nhiét dd ban dau tir cic dit liéu nhiét
dd cudi rdi rac ching toi chi méi tim thay trong [13] va bai bao [70] (12 ndi dung
chinh ctia Chuong 1 cda ludn dn). Bé€n canh d6, bai todn nhiét ngugc thsi gian
v6i ngudn nhiét phi tuyén ciing chi méi dugc nhém chiing tdi khio sat gan day
trong cdc bai bdo [69, 73] d3 cong bo (ndi dung chinh clia chuong 6 va 7) va
trong cong trinh [80] (gl ding & tap chi ZAA). Trong khudn khé cic tai liéu tim

dudc, chiing toi chua tim dugc cdc cdng trinh khdc vé bai todn phi tuyén nay.

Bai todn xdc dinh nhiét do bé mit tir cdc dit liéu do bén trong (borehole
measurements) 13 bai todn d3 dugc khdo sdt rit nhiéu trong trudng hop vat thé
din nhiét chi c6 mot 16p (one layer). Bai todn nay dd dudc phdt bi€u trong [1,
16, 19, ...]. Trudng hop bi€n khong gian x thudc vé ni¥a truc thyc bai todn (v6i hé
s6 hiing) di dugc khdo st bdi Carasso [22], Talenti va Vessella [76]. Pinh Nho
Hao,H.J. Reinhardt va A. Schneider [45, 46, ..] s dung phudng phdp
mollification di khdo sdt bai todn trong trudng hdp hé s6 phu thudc vao bi€n x
(v6i gid thiét tru cot 1a nhiét dd ban dau triét tiéu) va cho cdc ddnh gid 6n dinh
loai Holder. Gan diy, Chu-Li Fu [33] ciing sit dung phuong phdp chinh héa
Fourier (chit cut cdc tan sd cao) d€ khido sit bai todn. Tuy nhi€én bai toan

sideways cho trudng hdp vat thé c6 nhiéu 16p (multi-layer) vin chua dugc khdo
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sat nhiéu mic du da dugc dé cap rit rd rang trong cudn sach kinh dién ciia [16].
C6 1& mdt trong nhitng 1y do 14 quan diém cho ring bai todn dé di duoc gidi
quyét vé mit nguyén tic vi c6 thé phan thanh nhi€u bai toin mot 16p va ta c6
thé 1an lugt gidi theo tirng 16p tir trong ra ngoai. Tuy nhién, phudng phdp nay c6
céc tinh todn nhi€u va khé rit ra cdc danh gid vé sai s6. Ching tdi da khdo sit
bai todn trén quan di€m tinh todn dong thdi phan bd nhiét do trong tat cd cic 16p
nhu 13 hé thdng cia cdc phuong trinh tich chip, nhd d6 c6 thé tinh truc ti€p nhiét
dd bé mit ma khong phai tinh theo 16i quy nap. Trong Chuong 3, cic két qua
cho mot vat th€ din nhiét hai 16p da dudc trinh bay nhu mdt minh hoa cho y
tudng cla phuong phdp. Céc k€t qua nay da dugc cong bd trong bai [71] trén tap

chi Applicable Analysis.

Trudng hdp xdc dinh nhiét @6 bé mit clia vat thé thda phuong trinh elliptic
phi tuyén dugc khdo sdt trong chudng 5. Ciing nhu cdc bai todn phi tuy&n nhiét
ngudc thsi gian, ching t6i cling chua tim ra dugc cdac cong trinh khdo sdt bai
todn phi tuyé&n tuong tu. Bai todn ditra & diy 1a xdc dinh phan bd nhiét do trén
bién (truc Ox) tir nhiét 46 do & nhitng di€m c6 phuong trinh y=1 cla n¥a mit
phing trén. Viéc khdo sit nay s dung y tudng thong dung dudc ndi tdi trong
[16, 46, ...]: khdo sdt bai todn trong phdn mit phing y>1 (bai todn chinh) rdi 14y
k&t qué 1am dit lieu d€ khao st trong dai O<y<l (bai todn khong chinh). C4c két
qud nay chi 1a cdc k&t qua budc dau cho viéc nghién cttu bai todn phi tuyén nay.
Noi dung clia bai todn dudc trinh bay trong bai bdo [72] da cong bd trén tap chi

Vietnam Journal of Mathematics va 1a ndi dung ciia Chuong 5.

Trong cdc bai todn xdc dinh vé hé sd, ludn 4n chi khdo st bai todn tim

ngudn nhiét. PAy 12 mot loai bai todn phi tuyén (xem [51, trang 222]). Mot s6
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dang dic biét cda ngudn nhiét F thudng dudc xem xét. Trong [64], dang

F(x, 1) =g, (x, 1) + ,(x)g(t) + f,(t)g, (x)
dudc khdo sat. Céc tdc gid Isakov [51], D. N. Hao [42] kh3o s4t dang ngudn
nhiét

F(x,t) = o(x,t)f(x)
véi f(x) 12 &n ham va o(X,t) 1a ham trong luong (weight function) da cho chinh
xdc. Cannon-Esteva, Pinh Nho Hao, Saitoh-Vii Kim Tuin-Yamamoto,
Yamamoto [20, 21, 40, 75, 82] dd khdo s4t dang tdch bi€n

F(x,1) = p(x)f (1)
trong d6 mot trong hai ham 1a 4n ham. Ham u= u, va F=F la ham phu thudc
phi tuyén vao ¢. Néu ham ¢ da biét chinh xdc (exactly given function) thi bai
toan trd thanh tuyén tinh. D€ gidi dudc bai todn nay mot s diéu kién dudc b
sung thém (overdetermination conditions). Trudng hgp bd sung thém gid tri nhiét
dd do & phan trong ctia vat thé, bai todn khdo sit sy on dinh clia ngudn nhiét
dudc trinh bay trong [20, 21, 75, 82]. Bai to4dn ton tai va duy nhat cho bai todn
hé s trén mién khong gian 12 doan (0,1) di dugc khdo sit trong [40] st dung
diéu kién Cauchy § mot phan clia bién.

Trong luin 4n nay, ching tdi xét bai todn xdc dinh ngudn nhiét c6 dang
hai chiéu khong gian c6 dang ¢(t)f(X,y) v6i ¢(t) 12 ham cho bi€t khong chinh
xdc (inexactly given function) va diéu kién bS sung cda chiing toi ciing 1a diéu
kién cudi (final overdetermination) nhu trong [51]. Cong trinh clia ching toi
khic cic két qua dudc phat bi€u bdi Isakov § nhitng di€m sau:

Thit nhat, bai todn trong [50, 51] dugc khdo sat & khia canh 6n dinh va duy
nhat, con cdng trinh cla ching t6i khdo sdt viéc chinh hda bai todn. Nhu ching

t6i da phan tich & phan dau, d6 12 hai bai todn khdc nhau.
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Thit hai, trong [51], ham ¢(X,t) xem nhu biét chinh xdc, do d6, nhu da luu
v, k&t qua phat biéu trong [51] (Pinh 1y 9.1.1, trang 222) dudc st dung cho bai
todn tuy€n tinh. Trong khi d6, trong bai todn ching to6i nghién citu, ham o(t)
dugc xem 12 dit kién bi€t khong chinh xdc, chi bi€t ham xap xi ¢, (t) cta o(t),

do d6 bai todn tim (u,F)=(u,,F,) 1a phi tuy€n.

Thit ba, dang ngudn nhiét chiing t6i khio sit c6 vé don gidn hon dang khio
sat trong [51]. Tuy nhién di kém v&i dang ngudn nhiét 1a cdc diéu kién trén dé.
Véi dic diém phic tap clia loai todn nay, véi cdc diéu kién khdc nhau, phuong
phdp gidi quyét c6 thé khac nhau hoan toan. Do dé dang tdng quit cia ngudn
nhiét nhu trong [51] néu chua xét d&€n cic diéu kién thi chua thé€ so sdnh thda
ddng dudc. Thuc t&, Isakov da chitng minh dugc ring néu c6 diéu kién

(9.1.1) 0<,0<¢, rén Q va ¢>e>0 trén Qx(T)
thi bai todn &n dinh nghiém trong khdng gian cdc ham c6 dao ham lién tuc véi
cAp thich hdp. Vay vdi diéu kién nay, bai todn trd thanh chinh trong C*™ ([51]
khong xét bai todn trén trong khdng gian cdc ham khd tich L* véi diéu kién diu
va cudi ciing thudc L?). Tuy nhién, n€u diéu kién (9.1.1) néi trén khong thda thi
nhu ching t6i di trich ddn, bai todn c6 thé khong duy nhit nghiém (xem [51],
trang 222), nghia 1a bai todn trd thanh khong chinh. Trong cong trinh [79], cac
diéu kién trén ham ¢ dudc gidm nhe rat nhiéu (xem Chuong 4 cta ludn 4n) va

do d6 nim ngoai pham vi clia cdc két qua trinh bay trong [50, 51].

Thit tw, d@€ thyc hién chinh héa mot cdch tudng minh, chiing toi sit dung cic
di€u kién dang Dirichlet trén mdt phan bién do cdc y nghia vat 1y clia bai todn.
Viéc chinh héa ma khong st dung thém cdc di€u kién Dirichlet dang dudc

nghién citu ti€p tuc, ching toi hy vong ring sé& cé tién tri€n trong tuong lai gan.
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Céc két qud clia chiing t6i da dudc cong bd trong bai bdo [79] va 1a ndi dung cia

chuong 4.

Cu6i cung, ching t6i xin thdo ludn vé cdc phuong phdp chinh héa dugc st
dung trong ludn 4n nay dong thdi cling thdo ludn vé nodi dung cia Chuong 2 clia
luan 4n. D€ tién 1gi trong c4c thdo ludn vé sau, ching t6i néu 1én dinh nghia cda
st chinh héa. Vi trong ludn 4n c6 su chinh hod cédc bai todn phi tuy€n nén chiing
tdi dinh nghia 18y y tuwdng trong [78, trang 43]

Xét phuong trinh

Au=f, ueDA)cX,feY
trong d6 X va Y la cdc khong gian métric v6i métric d va p, A la toan ti
tr X vao Y. Gid st u,, (goi la nghiém chinh xdc, exact solution) va f_
(goi 1a dit lieu chinh xdc, exact data) théa Au,, =f, . Todn tr R_(f) (phu
thudc vao tham s6 o va cé thé€ khdng tuyén tinh) goi 1a todn tit chinh
héa cho phuong trinh Au=f trong mot 1an cAn m& W ctia f, néu

A. ton tai mot s6 d, >0 sao cho R xdc dinh v6i moi a >0 va véi

moi f € W trén sao cho p(f,,,f) <3<,

B. véi moi € € (0,9,) ta tim dugc a(e) va o(e) thda
o(e) >0 khi e >0
o(e) >0 khi e >0

va néu p(f,.f.)<e

thi
d(u,, U ) < oo(e)

v6i u, =R, ().
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Trudng hop tham s6 o 12 s& ty nhién thi trong dinh nghia trén ta
thay diéu kién ti€n vé 0 cda a(e) bdi diéu kién a(e) - o khi € > 0.

SO o goi 1a tham 56 chinh héa. Ham U, goi 12 nghi¢m chinh hod
cia bai todn, Dit liéu f_ goi la di¥ liéu khong chinh xdc (inexact data).
Thong thudng dit liéu do do dac (measured data) hay dit liéu duoc cho
(given data) clia bai todn khong phdi 1a f,. Ham f_1a k&t qud phdi hgp
cla cdc dit lieu duoc cho thdong qua nhiéu phép todn khac nhau nén chi c6
thé€ goi 1a dit lidéu c¢é duoc do tinh todn (calculated data) tir cdc dit liéu
dugc cho hay goi 1a cdc dit liéu thit cdp (tam goi 1a processed data). Sai s
so vdi dit liéu chinh x4c thudng dugc ngdm dinh cho dit liéu duoc cho va
c6 thé goi 1a sai s& ban diu. Sai s trén cdc dif liéu thit cdp phai dugc

d4dnh gid tir sai s6 ban ddu trén dit liéu dugc cho.

Nhu vay qua dinh nghia clia nghiém chinh héa ta thi'y ¢6 hai bai todn riéng.
Thit nhat 12 tim todn t& chinh héa R_. Thi hai 12 tim mot phuong phdp chon
tham s& chinh héa o(g). Nhi€u cdng trinh vé€ chinh héa chi gidi quyé&t van dé thi
nhét, con van dé thd hai dugc phat bi€u dudi dang “tdn tai”. Nhu da dugc phan
tich trong [1], cdc phuong phap gidi c6 thé dugc chia thanh hai loai: phuong phap
phd qudt (universal) va phuong phap dudc dinh huéng vao bai toin (problem-
oriented) hay con goi 13 phuong phédp tryc ti€p (direct methods). Ching han
phuong phap chinh héa Tikhonov 12 mot phuong phap phd quét cé thé 4p dung
cho céc 16p bai todn rat rong. Trong phuong phép truc ti€p, ta xem xét cic yéu
ciu cu thé trén cic dif liéu va do d6, pham vi 4p dung ctia né hep hon. Bu lai,
cdc phuong phdp chinh héa truc ti€p don gidn hon va cé thé mang lai su xap xi
tot trong tiing trudng hop. Khi st dung phuong phiap phd quit nhu chinh héa

Tikhonov, ching tdi thudng gip khé khin khi phdi chon tham s6 chinh héa o.(g)



Loi néi ddu 10

néu khong st dung mot vai diéu kién (rit khé ki€m tra) ching han nhu
f e Range A" (xem [38]). Theo chiing toi, mot trong nhitng diu hiéu dé€ phan biét
mdt phuong phdp 1a truc ti€p hay khong c6 thé dua trén viéc chon todn ti¥ chinh
héa va tham s6 chinh héa cé cu thé hay khong. Con dinh nghia thé€ nao 1a cu thé
thi xin trich mdt doan vin hém hinh cta gido su Groesch: “... we find ourselves in
a position akin to that experienced by Justice Potter Stewart who, in referring to
pornography, said he couldn’t define it, but he knew it when he saw it”. Theo
cach thao tic xit [y trén cdc yéu t6 ciia bai todn, ching ta c6 thé phan thanh ba
loai chinh héa. Thit nhat, ta xdp xi dit kién hay thu hep khong gian d€ bai toan trd
thanh chinh va giai bai todn, phuong phap mollification dugc st dung trong [41,
47, ..] c6 thé x&p vao loai nay. Thit hai, ta xdp xi phuong trinh d€ dudc bii todn
chinh va gidi, cdc phuong phap quasi-reversibility, quasi-boundary value, ... ¢6
th€ x&p vao loai nay. Thit ba, chinh héa bing cdch x4p xi truc ti€p cdc nghiém,
phuong phéap chinh héa Fourier (xem [33]), phudng phdp chdr cut gid tri ky di
(truncated singular value decomposition), phuong phap chdt cut tan s6 xdu trong

cdc dnh Fourier déu thudc loai nay.

Luin 4n nay theo quan di€m st dung cic phuong phdp tryc ti€p. Vi vay,
chiing tdi chi ¥ nhiéu vao cdc phuong phdp cho phép bi€u dién nghiém tudng
minh va chon tham s& chinh héa cu thé. Phuong phdp dugc st dung nhiéu nhat 1a
phuwong phdp chdt cut (truncation). Phuong phéap chit cut bao gdm rat nhiéu loai
khac nhau, chﬁng han chit cut chudi, chiit cut da thitc, chit cut tich phan ... Chit
cut c6 y nghia 12 khit cdc y&u t& “x4u” trong bi€u dién cda mot ham sd. Trong
linh vuc bai todn khong chinh, cidc yéu td “xau” la cdc yéu td 1am nghiém bai

2 R .
todn mat on dinh.
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Ta c6 thé minh hoa bing phudng phap chinh héa chiit cut gid tri ky di. Nhic
lai ring n€u X, Y la hai khong gian Hilbert va A:X — Y la todn tif compic
tuy€n tinh lién tuc, gid st A, >4, >... (A; >0 khi j—>o) la cdc gid tri riéng
cia A"A tuong ng v6i cdc hé cic véctd riéng truc giao (e;) trong X. bt

a2,
o, =\, ,fj—cj Ae,

thi o; goi la gid tri ky di va ta c¢6 khai trién sau véi moi x € X

X =Xo+ Y 0, <X,€ >X,eKerA
=1

Ax=chj<x,ej>fj.

=1
Céc khai tri€n nay goi 12 sy phan tich gid tri ky di clia A (singular value
decomposition of A). Néu Ax, =y, va A don dnh thi
Xo= .G, <Y€ >6.
j=1

Bay gid, @€ xay dung phép chinh héa, ta c6 thé st dung tong

X, = > 6,<Y.e >e,.
Gj>5

So d6 chinh héa nay dudc goi la chit cut cdc gid tri ky di (truncated

singular value decomposition hay TSVD, xem [15], trang 79-80, [38], trang 100).

Trong ludn 4n, ching toi c6 xét t6i hai loai chit cut: chdt cut chudi va chdt
cut tan s6 xdu trong cdc dnh Fourier. Phuong phdp chit cut chudi dua trén cic
khai trién tryc giao trong khong gian Hilbert va khit cdc s6 hang sau ctia chudi.
Phuong phap nay ¢d dién nhung 4p dung d€ chon tham s& chinh héa tudng minh
rat tot. Trong Chuong 1 ching tdi st dung khai trién truc giao theo cic da thic

shifted-Legendre trong L?(0,1) va chit cut chudi d€ dugc mot xap xi dn dinh.
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Phuong phép chit cut tin s6 xdu trong ciac dnh Fourier 13 tén goi chinh x4dc hon
cla phuong phdp chdt cut tich phdn st dung trong ludn 4n nay. Trudc hét, ta can
mot gidi thich ngdn vé tir “tAn s& xau”. V& dai thé, mdt s6 phuong trinh vi phén,
tich phan c6 thé viét dugc dudi dang bai todn tim ham u thda

K(&)a=f()
v6i f 1a bi€n d8i Fourier ctia ham f (thudng 1a dit liéu thit cap tinh tr dit liéu
dugc cho hay t céc dit liéu do do dac). V6i moi & khong nam trong tap hop

D ={&:K(§) =0}
thi ta c6 thé viét U(E) = f(&) K™(€). D€ c6 thé 6n dinh héa cong thic trén ta phai
loai bd cdc & thudc D (tam goi 1a tdn sé ky di, singular frequency) va cic & c6
€| 16n (tam goi 1a tdn 56" cao, hight frequency). Hai loai tn s nay c6 thé goi

chung 1a cdc tan s6 xdu (bad frequency). Cic phuong phap chit cut tich phan
Fourier ma ching toi bi€t dugc déu & dang chit cut c4c tan sd cao. Trong cudn
sach kinh dién cta Tikhonov Arsenin [78] (Chuong 4, trang 97) ta thi'y phuong
phdp chit cut dd dugc phat biu. Hién tai ching toi bi€t dugc c6 hai loai chit
cut. Loai chdt cut tdn s6 cao ciia dnh Fourier ciia dit liéu trinh bay trong phuong
phéap mollification va loai chdt cut tdn sé cao ciia nhdn K trinh bay trong phuong
phap c6 tén Fourier regularization hay c6 tén chit cut tich phin (dugc nhom
ching t6i st dung). That ra phudng phdp chit cut tich phdn ma ching tdi trinh
bay 1a phuong phdp chdt cut cdc tan s6 xdu ciia nhan K.

Phuong ph4p mollification do Pinh Nho Hao phit trién trong cdc cdng trinh
[41, 44, 47, ...] dua trén su chit cut cdc tdn s6 cao ciia dnh Fourier ciia dit liéu
(xem [41], “.. we mollify ¢, in such a way that its mollification does not have
high frequencies ...”). Trong phuong phap mollification, dnh Fourier dugc cta dit

liéu dugc nhan v6i mot ham dic trung ciia khodng [-v,v] (dnh ngugc chip véi
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ham dang nhdn Dirichlet) hay nhin vGi anh Fourier clia nhdn de la Vallé Poussin
ciing ¢6 gid compic (xem [47]). Pdnh gid rit cao the mollification method
proposed by Dinh Nho Hao, gido su G. Anger mo ta nhu sau: “If the data are
given inexactly then one tries to find a sequence of “mollification operators”
which maps the improper data into well-posedness classes of the problem” va
“In classical topology the following (Tikhonov) is well known: If A is compact
one-to-one mapping defined on a compact space onto its image A(K), then the
inverse A™ is continuous...” khi binh luin vé cong trinh [40, 41]. D. N. Hao da
md rong mdt cdch khdng tim thudng cdc két qud clia minh sang trudng hop
khong gian L” nghia 1a cho khong gian Banach, trén d6 dinh 1y Plancherel khong

con dung nira.

Phuong phdp chinh héa Fourier (Fourier regularization) hi€én dang dudc ap
dung b&i nhém ctia Chu Li Fu § dai hoc Lanzhou (Trung Qudc) thudc loai chit
cut tan s6 cao (xem [33]) . Viéc khdo sit cda nhém nghién citu § Thanh phd Ho6
Chi Minh do gido su Ping Pinh Ang huéng din di déng gép nhiéu bai cho

huéng chit cut cdc tan sd cao (xem cdc bai[18, 77, ...]).

Nhu vay chiing ta c¢6 thé hinh dung dugc phan nio vé sy phong phi ciia cdc
danh tir dung dé€ chi cho phuong phip nay. Do phuong phap nay cé tinh tir chdt
cut (truncated) v6i ndi ham qud rong nhu vdy nén da c6 ngudi nham 14n, xem
phuong phdp nay la trudng hgp dic biét cia phudng phap chat cut gid tri ky di
(TSVD). Nhu da ban t6i trong phan chit cut chudi, ta ¢6 thé thdy ngay hai

phuong phap hoan toan khac nhau.
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Trong ludn 4n nay ching t6i dé cap d€n phudng phdp chit cut cdc tan sé
xdu ciia nhdn, trong d6 c6 cdc tan so ky di. Trong [78], cdc tdc gid dd dua ra bon
loai nhan K(&) trong d6 cdc nhan loai 2, 3, 4 ¢6 thé c6 tan sd ky di (xem [78],
Chuong 3, trang 105). St dung phuong phap chinh héa Tikhonov va phép tinh
thing du, cdc tdc gid di dua ra mot s ddnh gid cho phuong phdp chinh héa
Tikhonov. Trong [15], chudng 10, trang 183-184, tac gid da khdo sdt bai todn
phuong trinh tich chap vdi hai loai nhin, trong d6, loai nhan K(E) thd nhit c6
thé c6 vd han d€m dugc cic tin s6 ky di. V6i mot s6 diéu kién phic tap,
Baumeister ciing st dung phuong phap Tikhonov dé chinh héa bai todn vdi cdc
ddnh gid sai s8. Trong chudng hai clia luin 4n, ching t6i st dung phuong phap
chiit cut tich phan d€ chinh héa hé n phuong trinh tich chdp. Ching toi chua tim
dudc cong trinh ndo nghién citu vé loai hé nay. Cdc ddnh gid trong trudng hop

n=1 ctia luan 4n ciing dat k€t qua vé sai s6 nhu Baumeister.

Khi nghién citu dé tai ndy, chiing t6i mdi thdy dugc nhiéu cdi khé clia van
dé. Vi sd lugng cdc nghién citu vé linh vuc ndy qud nhiéu, cdc phudng phap
ciing da dudc st dung rat nhi€éu nén dé c6 cdm gidc tdt cd déu di dugc nghién
ctu. Tuy nhién, nhu ching t6i dd phan tich, sd ludng cdc loai bai todn truyén
nhiét ngugc khdc nhau 13 rat nhi€u. Ngay cd vé6i cing mot loai bai todn, do cdch
dit van dé, do cdc di€u kién trén dit kién cho trudc va do phuong phdp st dung
ma cdc két qua thu dugc cling khdc nhau. Ngoai ra, do dinh hudng clia chiing toi
12 nghién cttu theo phudng phdp truc ti€p chit khong phai phuong phap phd quat
nén chiing tdi khong dit ra van dé tong quit héa cic k&t qua va ciing khong so
sanh tinh tong quat clia né vdi cdc két qua da biét. C4c bai todn chiing tdi xét t&i
luén c6 nhitng dic di€m khong triing v6i cdc bai todn nhiét trong cdc cong trinh

ma ching toi bi€t nén ciing khé xem xét van dé k&t qud manh hay y&u néu so
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sanh v6i cdc k&t qui ma ching tdi bi€t vi ching ta chi c6 thé so sanh két qua
cla cing mdt bai todn v4i cing mdt gid thi€t nhu nhau. Do d6, ching tdi cho
rang nhitng k&t qua clia ludn 4n nay 13 nhitng k&t qud mdi, 13 budc ddu trong
nghién cttu clia chiing toi. Chiing tdi cling khong c6 ¥ dinh viét tong quan vé bai
todn nhiét ngugc vi sy han ché& vé tai liéu va trinh do cda chiing téi. Do yéu cau
cla cdc phan bién, ching to6i da thuc hién mot s6 so sdnh vdi cdc cong trinh lién
quan. Chiing toi xin cdm on nhitng y ki€n déng gép xdc ddng clia cdc chuyén
gia, nhd vay ching to6i di tim hi€u dudc thém nhiéu diéu vé bai todn nhiét ngudc

~ , o A, . N
bd sung cho cédc hi€u biét it 4i ctia minh.
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MOT SO KET QUA SUDUNG TRONG LUAN AN

1. Dinh ly dnh xa co

Cho X la mét khéng gian Banach véi chudn

|, M la mot tdp hop dong trong
khong gian X, dnh xa T :M — M thda
If (%) —F ()| < K%, = X, || vdi moi x;, %, trong M (vdi 0 <k < 1).
Thi ton tai duy nhdt mot diém bdt dong ciia f, nghia la c6 duy nhdt phdn tit

X, € M sao cho T(X,) =X,.

2. Cong thiic Green
2.1 Cong thiic Green
Cho Q la mét mién bi chdn trong R",u,v e C*(Q) N C(Q) thi ta cé

IvAudx+J.Vqudx = J.va—udcs.
Q Q oQ an

2.2 Cong thitc Green md rong
Cho Q la mét mién bi chdn trong R" vdi bién 0Q tron, véi ue H*(Q),

ve HY(Q) thi ta cé

IvAudx+.|.Vqudx = Iva—udc.
Q Q oQ an

3. Tich chdp va bién doi Fourier mjt chiéu
3.1 Dinh nghia tich chdp va bién doi Fourier
Cho f e '(R) va g e L*(R), dinh nghia

(2900 == [fo-Yomy  (xeR),

va f(t) = %Tf(x)emdx (teR)
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g(t) = J_ lim jg(x)e Xgx  (teR)

3.2 Cdc tinh chat co ban

3.2.1 Néu f e '(R) va ge X(R) thi
fxg(t) =F (3.

3.2.2 Néu f € L'(R) va dao ham ciia fla f'e L'(R) thi
(1) = itf (t).

3.2.3 Dinh ly Plancherel

Néu f e L2(R) thi Hf

2@R) :||f||L2(R)'
3.24Cho1<p<w, fel’)(R) va gel’(R). Tacé :

frgel’(R) va |f *9||Lp(R) < ”f”B(R) ||g“L"(R>'

4. Tich chdp va bién doi Fourier nhiéu chiéu

Cho k=2,3,4,... ta dinh nghia tuong tu nhu trén
1
(f*g)(x):—yjf(x—y)g(y)dy (xeRY)
27'5) 2 RK

va f(t) :Lk J' f(x)e (Xl 4y dx,...dX,

(2n)" &
trong do X=(X1,X2,...,Xk)eRk va t=(t,t,,...t)e RX,

Cdc tinh chdt trong phdn nay tuong tu nhu tinh chdt ciia tich chdp va bién

P . A A
doi Fourier mot chiéu.

5. Bdt ddng thitc Gronwall
Cho T>0, Lel(0,T), A>0 hdu khdp noi va C,C,>0. Gid si

¢e (0, T), =0 hdu khdp noi sao cho Lo € L'(0,T)
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t
1) Néu o(t) < C, +C, [A(s)o(s)ds, hdu khdp noi trong (0,T), thi ta cé
0
t
o(t) <C, eXp[CZIK(S)dSJ hdu khdp noi trong (0,T).
0
)
2) Néu @(t) < C, +C, [(s)o(s)ds, hdu khdp noi trong (0,T), thi ta c6
t

.
o(t)<C, eXp[CZIK(S)dSJ hdu khdp noi trong (0,T).
t

6. Dinh ly Hadamard [63, trang 18]
6.1 Pinh nghia bdc cia ham nguyén f
Bdc cia ham nguyén f la

D= IimsupInIn M; (1)
r— Inr

trong do

M, (r) = r‘r;‘grx|f(z)|.

6.2 S6'mii hi tu (convergence exponent)

Cho mét day sé a,, ay, ..., a, # 0, lima, =0, chdn dudi I6n nhdt ciia . sao

n—oo

< 1 A . N A ~ A
cho Z hoi tu goi la s6 mil hoi tu.
n=1 ‘a ‘X

n

6.3 Dinh ly Hamadard
S6" mii hoi tu ciia cdc khdng diém (cdc zero) ciia mdt ham nguyén khong

Vot qud bdc cua ham nguyén do.

Ghi chu :
of

DPao ham riéng ciia f(x,y) theo bién x cé thé ky hiéu la f, hodc 8_
X
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Chuong 1
DANG ROI RAC CUA BAI TOAN NHIET NGUGC THOI GIAN
TREN MAT PHANG

Chuong nay da cdng bd trong [6] (cia danh muc cong trinh cong bd clia tdc gid).
1.1 MG PAU

Goi u=u(x,y,1),(x,y) e R? t>0 la nhiét d6 clia mdt ban khong bi chin

mo hinh bdi
u, —Au=0,(x,y)eR*t>0.

Chiing ta xét bai todn tim nhiét do dau u(x,y,0) tir tip hdp d€m dugc nhitng
gid tri clia nhiét d6 cudi u(Xm,yn,1). Pay 12 bai todn clia mdt dang rdi rac cia bai
todn nhiét ngugc thdi gian c6 dién. Nhu di biét bai todn c¢d di€n nay 1a khong
chinh va tai liéu twong ing gin diy, trong hai khia canh 1y thuy&t va tinh todn
(ching han [4, 17, 67]), rdt gy 4n tuong. Mic du viy, trong nhiéu trudng hgp
thuc t&, ta chi c6 thé do nhiét do tai mot tip di€m rdi rac ciia mit phing. Do dé,
viéc xdc dinh nhiét do dau u(x,y,0) tir dir liéu cudi rdi rac 12 cAn thi€t. Trong
[13] Chuong 7, bai todn dudc xem xét véi gid thi€t supp u(x,y,0) nim trong goc
phin tu thit nhi't clia mit phing. Trong chuong nay, ching toi xét bai todn trong
trudng hop supp u(x,y,0) c6 thé 1a toan bo mit phang. TruSc tién ching tdi s
dung tinh ch4t ctia ham nguyén d€ chiing minh mot k&t qua vé tinh duy nhat
trong trudng hdp tip cla nhitng diém (X, ,y,) dd trd mat trén mit phang. Sau d6
st dung da thiic Legendre va nghiém bai toin moment Hausdorff [12] ching t6i
s& x4y dung nghiém chinh héa cho bai todn tuong &ng véi tip cu thé cla nhitng

di€m. Viéc danh gi sai s6 tudng minh s& dugc thuc hién.
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1.2 TINH DUY NHAT NGHIEM
Cu thé, ching ta xét bai todn xdc dinh mdt ham v,(X,y) = u(x,y,0), trong
d6 u thoa
Au=u, (x,y,t)eR’xR,,

u(x,.,y,,) =ifr?m
dnt

trong d6 u, u,, u, bi chin trong R*xR, .

St dung ham Green

G(x,y,t,Em,1) =ﬁexp{_ (x=8)" +(y-m) }

4(t—1)

ta c6 thé bi€n ddi bai todn vé phuong trinh tich phan

TTvo(i,n)exp{—(xm_é)zz(y”_n) }d&dn fo ., nm=12,..(1.2.1)

Biy gi¢ ching ta phdt biéu (va chiing minh) két qui vé tinh duy nhat
nghi€ém.

Pinh Iy 1.2.1

Cho 8>0 va (x,),(y,) la hai day ciia nhitng s6 thuc phdn biét doi mdt
trong R\{0}. Gid sit ring

S =1
Z |2+6 z |

S Sy

Khi dé bai todn (1.2.1) cé nhiéu nhdt mét nghiém v, € L*(R?).

Ghi chd: Ta chd y ring néu (X, ) va (y,) c6 di€m tu thi diéu kién trén dugc
thda.

Chitng minh

Pé€ chiing minh dinh 1y trudc tién ta cin bd dé sau
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Bo' dé 1.2.1 Véi k>0, f e *(R) dat
W(z) = j f(t)e @Vt

Goi 8>0va (o, ) la day cdc sé thuc phédn biét trong R\{0} théa man

& 1
Z—ZRSZOO

m=1 (O,

Néu W(a,)=0,m=1,2, ..thi f=0 hau khdp noi.

Chitng minh Bo dé 1.2.1

Ta chira ring W 12 ham nguyén c6 bac <2. Ta cé

W(re®) = [f(t)e " dt r>0,0<0<2n

‘W(re‘e)‘ < ]2 ‘f (t)‘e_kRe(reie_t)zdt

_ T ‘f (t)‘e—k(rcose—t)2+kr2sinzedt

Diéu nay din dén
‘W(reie)‘
L — "T1_p¢

kr?

—kr?cos? 0 ]3 |f (t)| efk(rcoseft)2 dt
e o

1
< g ko0 { T () e‘““"se‘ozdt}2 ﬁ e‘k(“"se‘”zdt}2

<clf|

L*(R)
véi r>0.
Do d6, W(z) 1a him nguyén c6 bac < 2. Chiing ta khing dinh ring W =0.

Gid st W %0, chd y riing o, 1a khong diém cia W. St dung dinh 1y Hadamard
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(xem phan mot s& k€t qud st dung trong ludn 4n hay [63], trang 18), chin dudi

16n nhat cia A thda min

0

2

A
m:1|0(,m|

<0

b

nghia 13, s6 mii hoi tu clia (o) 12 <2. Di€u nay mau thuiin gid thi€t cta (o).

Vithé€ tacé W =0.Diéu ndy din dén

[f(e e dt=0

chomoi zeC.
S dung bién ddi Fourier ngudc ta c6 f =0 hau khip ndi.
B dé 1.2.1 dd dugc chitng minh. Bay gid ta chitng minh dinh 1y 1.2.1.
Chiing minh dinh ly 1.2.1

Véi z,,z, e C , dit

D(z,2,) = | Tvo@,n)exp{— Gzt {2, on) }dédn

—00 —00

w (o )2 _(@-8?
- | ( | vo(a,n)exp{—%}dn} e,

—00 —00

S dung b dé 1.2.1 cho

(0= [vo(em) exp[—@}dn,

o, = Xm’W(Z) = CD(Z’ yn)

ta nhan dudc
0 _ 2
f Vo(E:m) eXp{——(y” 411) }dn =0

chon=1,2,..vachohiuhét £EeR.
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St dung bd dé 1.2.1 mot 1an nita, ta nhan dudc v, =0 hau khip ndi.

Dinh 1y 1.2.1 da dudc chirng minh. |
1.3 NGHIEM CHINH HOA

Trong nhitng két qué sau, ta gid st ring X, = -2(1+m) va y, = -2(1+n). Ta

chi ¥ ring, trong trudng hdp nay
>1 &1
Y +) S<w

nghia 12 day {(X,,,Y,)} 12 khong di trd mat. Do d6, thém mot vai gid thi€t trén

v, 1a hop 1y.

bat
D, =[-Ina,+x)x[-Ina,+wx), a>0 (1.3.1)
va
h(a) = j |V, (&,m) | dédn. (13.2)

Ta chd y ring h(a) 12 ham gidm.

St dung nhitng ky hi€u trén, ta ¢6 dinh 1y sau trong d6 nghiém chinh héa
dudc xay dung.

Dinh ly 1.3.1

Giad sit €>0 va dit liéu do do dac la T, =4nu(X,,Y,,1) théa

sup fmn - fr(r)'m

m,n

<g, (1.3.3)
trong dé X, =-2(1+m) va y, =-2(1+n).
Gid sit phiong trinh (1.2.1) c6 nghiém v, e W**(R?) " L'(R?) tuong iing dit

liéu chinh xdc (fr?m ) va lim 1In% =0 trong do h(a) xdc dinh trong (1.3.2).
a—+o g a

Khi do tw (fmn) ta cé thé xdy dung nghi¢m chinh héa v, ciia v, théa
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v.geLl’(R?)

va

Hg(vg —Vy) 12(R?) <o(e)

_g4m® &

trong do ¢o(e) >0 khi e >0, g(§,m)=€ *+ 2.

1 1

"
~, .2 ?, A - \ A . H a a
Hon nita, gid sit thém 0<ge<e™® va ton tai k > 0 sao cho |ImA=k

a—>+o0 Ina
la(v, = Vo)|2 e, < Dy €XP| =2 _—1In\/g +
g € 0 LZ(RZ)— 1 p 2k
A
— 2
+D2(kln(2—iln\/§D ;
1 -1
D, exp| ——In2[ ==1 ,
+ 3exp( Ll (2k n\/gj]

trong dé D,, D, va D, la cdc hang s duong ddc ldp vdi € .
Chiing minh

thi

Chdng minh cta dinh ly dudc chia thanh ba budc. Trong budc 1, ching ta sé
bi€n ddi bai todn vé bai toan Hausdorff hai chiéu. Trong budc 2, ching ta sé&
xay dung mot nghiém chinh héa ctia bai todn. Cudi cuing, trong budc 3, ching ta
danh gi4 sai s0 .

Budc 1: Bi€n ddi bai todn vé bai todin Hausdorff hai chiéu

Chiing ta nhic lai ring

+00 +00

[] vo(a,n)exp{—(xm‘@ . }dédnﬂrﬁn-

—00 —00

Goi N > e va ddt Dy = [-InN, 400 )x[-InN, +c0 ) nhu trong (1.3.1), ta c6

J‘ I Vo(a’n)exp{_(xm_é) Z(yn_n) :|d§d1’]:

—InN-InN
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=fon — I Vo(E:m) exp{— (X~ &)+, ) }dadn. (1.3.4)

R2\Dy, 4
Tu phuong trinh (1.3.4), ta s& x4p xi (1.3.4) bdi bai todn tim ham v(x,y) thda

man phudng trinh

T f Vo (&) exp{— (Xp &) + (o —1)" }dgdn —f_ (1.3.5)

—InN-InN 4

trong do (fmn ) xédc dinh trong (1.3.3).

bit E=—-In(Ns) va n=-In(Nt), (1.3.5) trd thanh

2 2
Xm+Yn Xm+Yn

11
[[wes.s 2t 2 dsdt=f e © N 2 (1.3.6)
00
trong do
_In®(Ns)+In®(Nt)
w(s,t) = v(—In(Ns),—In(Nt)).e 4
bit

ta c6 bai toan Hausdorff hai chiéu:

O e

1
[w(s,tysmt"dsdt = ., v6im, n =0, 1,2,... (1.3.7)
0

Cht ¥ ring néu dit
~In%(Ns)+In® (Nt)

W, (S, t) = v, (= In(Ns),—In(Nt)).e 4 (1.3.8)

thi w, 12 nghi¢m chinh xdc ctia phuong trinh

W, (s, t)s"t"dsdt =,

O e
O e

trong do
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Xa Ve Xm*Yn Y )2
\Pmn = u(:m —e 4 N 2 I V, (é”ﬂ) exp|:_ (Xm &) + (yn T]) dédn
R2\Dy 4
Xot¥a  Xm+Yn
va ugm =fr?me 4N 2 | (1.3.9)

Budc 2: Xay dung nghi€ém chinh héa
Ta xdy dung cd s& tryc chuén trong L*(I), I =(0,1)x(0,1), bing céch si

dung da thitc Legendre trong [12] dugc xdc dinh bdi

L ()= Zn:c:nkxk : (1.3.10)
k=0
vii
_ e (n+k)!
C, =v1+2n(-1) km. (1.3.11)

Bay gio dit L (s,t) =L (s)L, (t).
Vi (L*m) 12 mdt cd s8 tryc chudn trong L*(0,1), diy (L*mn) 12 ho tryc chudn

day di trong L?(1). Ta cé

I—*mn (51 t) = ZZCmIanSltk :
=0 k=0
N€u p=(u,,) 1a diy so thyc xdc dinh trong(1.3.7), ta dinh nghia
A=a(u)=(*,,) mn=01,..

nhu sau

7\’mn = }\‘mn (“) = chmlcnkulk .
1=0 k=0
Bay gig, dit
pPr=p' (W=D AL, r=12,.. (1.3.12)

m,n=0
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ta nhan dudc chi€u truc chuin clia w (trong (1.3.7)) trén khong gian

{Lmn

\1Sm,n£r}.

bat

&+’ gt n
qE)=e ¢ p (— e—) r=12,... (1.3.13)

Ta s& chitng minh ring q" 1a nghiém x4p xi cda vy,

Budéc 3: Panh gi4 sai s0

Pé€ chiing minh dinh 1y 1.3.1 ta can hai b6 dé sau day :

B dé 1.3.1 (xem chitng minh trong [12])

Véi w,, ¥ =(Y,,) dugc xdc dinh trong(1.3.8), (1.3.9). Néu w, e H'(l) thi

—(F(wo»y (reN)

Oflzqy =

trong do

F(w,) = j s(1—s) dsdt+ j t(1—t) ‘—‘ dsdit.

B6 dé 1.3.2 (xem chitng minh trong [12])
Voi C, xdc dinh trong (1.3.11). Ta co

NMES: 3;3_‘25 (3+2V2)".
k=0

Bay gi¥ , ta ti€p tuc chitng minh dinh 1y 1.3.1.

Ta co
L2(|> () ey TIIP () —w, Hoh (1.3.14)
Tur (1.3.12), ta nhan dugce
p () -p'(¥)= Z (Z i Coic (Mg —‘PIK)JL*mn. (1.3.15)
m,n=0\_I1=0 k=0

V6i N>1y>InN tacé



Chuong 1: Dang rOi rac ciia bai todn nhiét nguoc thoi gian ...

28

2 2
maxe* N <e” N7”.

0<x<y

Vithé€ ttacéd, véi r>InN-1,0<lk<r,

Xt ox
4 N2 < N~

vi
e kN 2 <e(r+l) N (r+1)

trong d6 nhic lai ring x; = -2(1+1), y, =-2(1+k).
DPiéu nay din dén

XI +Yk X+Ye

e 4 N 2 < e2(r+1)2N—2(r+1).
St dung bat ddng thic trén, (1.3.2) va (1.3.9) ta cé
0 _(X,—E_,)2+(yk—n) XI ‘*‘yk Xtk
|H|k _\Vlk| < ‘“Ik _Mlk"" I |Vo(§’n)|e ‘ dédnle ¢ N 2

R2\Dy

1

<[e+h(N)Je ™ gy

Suy ra

n

Lz(l) 2 (i CiCo (kg _le)j

,n=0\_1=0 k=0

1

< - N4(r+1) 4(r+l) (g+h(N)) Z (Z|le|j (Zn]anU .

m,n=0\_ I=0

Do bd dé 1.3.2,ta ¢6 :

5 (3] (B £ |

({228 Lo
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<1 (3ray2)m,
4n

Suy ra
N

! N4(r+1)

(e+h(N))* (1.3.16)

2 <i2(3+2\/§)4(r+1)e4(r+l)2
4n

P -p (P, <
v6ir > InN-1.
Viéc xay dung nghiém chinh héa dudgc chia thanh hai trudng hgp

Trudng hgp 1: h(a) >0 véi moi a > 0.

S| 1 A . 1 -
Bdivi lim —In——=o0, ton tai N, >4 sao cho —In >8 v6i moi

a>e g h(a) N h(N

N>N,.
Khi 0<g<h?(N,), goi N, 1a nghiém duong ctia phudng trinh h(N)=+/ .
Tir dinh nghia ciia N, ta c6

Lt >4,

2N, h(N,) "

€

. et = _
Pit P(N) = IN In TR r(e) [,/NS.P(NE)] 1,
trong d6 [JNE.P(NS)} 12 s6 nguyén 16n nhat < /N_P(N,).

B&ivi P(N,) > 4,InN_ < /N_ va r(e) +12%1/N8.P(NS) _ta nhan dugc
() >IN, —1. Vi thé (1.3.16) thda.
Piéu nay din dén

PO (W) -p" ()|, S N,)

L2(1)

trong d6 a(N.) Ezi(3+ 2/2)2 NP0 2PN e +h(N,)).
T

NEEoE

€

Pong thdi do b dé 1.3.1, ta c6
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(Fwp)”

ol = r(e) +1

P (W) -

St dung hai bit ddng thifc trén, ta c6 :

<(F (Wo))

r(e)
P () = Wo ;) < ((e)+1

+a(N,). (1.3.17)

Ta co

4

2 2
oW 10v IN(N s) ) M- (Nes)+In"(N.t)
0 —_| =20 4v (S)e ,

s soE % 25
suy ra
In2(N,s)+In?(N,t)
{ s(l—s) dsdt_||vo|wlw(R ; j sA-s) + e P dsdt
1 ) 1 (N 1 In*(N,s)
EHVO W“’(Rz).([e 2 S o
InN, UZ InN,
|| °|W1°°<R>N j e 2 du j (2+|u)’e 2du
1
2 N, CZH 0 W““(R)
trong do

C= \/Te UZ du.f(2+|u|) e 2du

—00

1
Do d6 (F(w,))’? < . ol ety
K&t hop v6i (1.3.17), ta c6

C ”VO wh (R?)

pr(g) (1) —-W,

<
|_2(|)_OL(N£)Jr IN, r(e)+1 '

Tu (1.3.8) va (1.3.13), ta c6
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" (s,1) -

P () —w

11
Ollz(ny .”
00

1 400 40

NZ

e —InN, -InN,

l +00 +o0

Ns —-InN, -InN,
Pit
q"@(&m),(En) e Dy,
Ve = { ()¢ D,
Tu dé
v, ~vo)g LZ(R)_N{ (N,)+

qOEm) -V Em) ] e

m/(stﬂ dsdt
(e) & e e—g e’ 2 (& n)d d
rs W ’ e +
(N N, )— O(Ng Ng) &dn

g,
2 (& n)dﬁdn

(a9 &) -vo(&m)a(em | dedn.

CHO

W (R?)

IN, (@) +1

+J [ Vi(eme’(emdedn.

Vi ‘Vo (i,n)‘ < HVO

[ vi(emg’Em)dedn <|v,

2
R%\Dy,

< Hv

<|v,

3
2 j ei >
wh* (R2)

2
wh= (R? )e I €

2 - 2
w (re) © j €

(1.3.18)

W (R?) v6i moi (§,m) € R?, nén

gm? .,
(€ n)dadn

2
R®\Dy,

(E+D)*+(n+D)?

d&dn

2
R%\Dy,

(&) +(n+1)?
d&dn

R%\B

trong d6 B 1a qua ciu tdm (-1,-1) ban kinh R=InN_-1.

Vay
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+00 r2

[ VAot mdedn < 2ne|vy L. . [ € Zrdr

R*\Dy, InN,-1

_(InN,-1)*

e 2 . (1.3.19)

= 2ne||v

W (R?)

Tir (1.3.18), (1.3.19) ta c6 :

H(Vg — V)9 12(R?) <o(e)

trong do

_(InN,-1)°

Wlac(R )

C Molwre |, 5=
o(e)=N {(x(N )+ ®) |+ 2me HV
€ € \/N78

r(e)+1

K&t hgp dinh nghia ctia cdc ham P(N) va h(N), ta c6

(3+2ﬁ)3£3+2ﬁ

27 N

€

2/N.P(N,)-3
o(e) < j ﬁNa)mh(Ngm

_(InN,-1)*
4

Wl°°(R ) +\/_HV0

NP(N)

g (3+ 2\/5)4 ez(l—JW) (\/E +1) . C||V

+
o P -

_(InN,-1)?

+v2me |V, 4

wh* (R )

Wlac(R )

0llwt=(R2)

St dung bat ding thidc trén va chd y ring khi € >0 thi N, >0 va
P(N,) = o, ta nhan dudc ¢(g) >0 khi € > 0.

Cudi cing, néu

1L
lim 2@ _
a—+o0 Ina

thi
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2kIna >1Ini khi a du 16n
a h()
h(NE) > e72kNE|nNE )

T h(N,) =, suy ra

1
N ——In+e .
> ok Je
va C,=+/2me ||V0

@ va hai ba't ddng thic trén cho ta

(p(8)£<3+2—\/§) _ZV_*'nI(lJM/_)Jr

21

bit C, =Cl|v,

i (12 ddng thdi tir dinh nghia clia

wh? (R?)

+C, e—ﬁln (——Inf)

+C,

2
JP(N,)
S(3+2ﬁ)4e2 ey

T
4 +C eiﬁln (——Inf)
KInN,
4
2
< (3+ 2\/5) e e_g _im\/g .
T

1
kin(-=-Inve
it
Trudng hgp 2: Ton tai s6 dudng a, sao cho h(a,)=0.
Trong trudng hgp ndy h(a)=0 véi moi a>a,. Vi th€ v,(§n)=0 trén

R*\D, v6i moi a>a, . Chon r(g) 1a nghiém duong clia
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(3+2\/§)2(”1) p2(r+1)? :%,

N, =r(e)+1

N

Wl,w(RZ) m .

1 20+ o 0n 1
o(e) = 2_n<3+ 2\/5) g?r@ N e +C||v,

St dung phuong phdp tuong tw nhu cudi trudng hgp 1, ta nhan duge di€u
phai chitng minh. H

Tu dinh 1y 1.3.1 ta dé dang nhan dugc hai hé qua

H¢ qua 1.3.1

Goiv, e W (R?*)NL*(R?) la mot nghiém ciia (1.2.1) tuong ting dit liéu
chinh xdc (2. ). Gid sit ton tai N>0 sao cho v, =0 trén R*\D, va dit liéu do dac
(f.,) thoa
<e.

sup(f —f°

m,n

Khi dé tix (f,,) ta c6 thé xdy dung mét nghiém chinh héa v, ciia V, sao cho

v.geL’(R?) va

HQ(VS — Vo) 12(R?) <o(e)

(84 &

trong do ¢o(e) >0 khi e >0 va g(§,m)=e *+ 2.

H¢ qua 1.3.2
Bai todn (1.2.1) ¢6 nhiéu nhdt mot nghiém v, e W*(R?) " L*(R?) thda man

1 1
lim=In—=w
a—o g h(a)
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Chuong 2
CHINH HOA HE PHUONG TRINH TICH CHAP NHIEU CHIEU
KHONG GIAN BANG PHUONG PHAP CHAT CUT TiCH PHAN
VA MOT SO AP DUNG

Muc 2.3 phin B va phan C da cong b trong [9] va [5] (ctia danh muc cong trinh
cong bo cia tic gid).
2.1 MG PAU

Viéc chinh héa phuong trinh dang tich chap k*u=f da dugc khao sat ti
céch day vai thip ky (xem [78], dic biét xem [15], trang183-190) biing phuong

phap Tikhonov. Baumeister c6 dua ra hai trudng hgp: truGng hgp

k(p)|>0 vp

va trudng hgp K ¢6 khong diém.

Trudng hgp ‘Iz(p)‘ >0 Vp da dudc phat trién trong mdt loat cdc bai bdo [9,

10, 11, 35, 59]. Trong mdt loat cdc bai bao [41, 44, 47, ...], tac gia Binh Nho Hao
da dung phuong phdp chit cut tan s& cao clia dif liéu d€ khido sit cdc bai todn
nhiét. Trong [13], phuong phdp chiit cut tin s6 cao clia cdc nhin trong khong
gian “tan s8” clia cdc 4nh Fourier dudc sit dung d€ gidi bai todn nhiét. Sau d6 né
da dugc trinh bay tdng quat hon trong [60]. Phuong phip nay cé dic di€m la
viéc tinh todn tich phdn Fourier chuyén thanh bai todn tinh tich phin trén
khodng hitu han va nghiém chinh héa tim dugc trong 16p ham gidi tich c6 thé
x4p xi bdi chudi Cardinal. Trong khi dé, theo hi€u bi€t clia chiing tdi, trudng hop
K c6 khong di€m (tan sd ky di) chi dudc néi tdi trong [78, 15].

Chuong 2 khao sdt sy chinh héa ciia mot hé cdc phuong trinh tich chép.

Chinh héa loai hé nay, ta chi y&u gip loai “tan s6 ky di” (xem 13i néi dau).
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Ngoai ra chiing tdi cling chua tim dudc cdc tai liéu néi vé€ viéc khio sdt bai todn
chinh héa cho mdt hé phuong trinh tich chép.

Trong muc 2.2 clia chuong nay ta s& xem xét vi€c gidi hé phudng trinh tich
chap, k&t qua nay bao gdm ci trudng hop K c6 khong di€m da dé cap & trén.
Phuong phép chit cut cdc tin sd xau cla tich phan dudc sit dung triét d€ va cic
ddnh gid sai s6 dugc thyc hién chi ti€t. So v6i phuong phap Tikhonov thi d€ dat
dudc cling mic sai s6, cdc di¢u kién cin thi€t nhe hon va cédc tinh todn ciing don
gidn hon. Trong muc 2.3 ta 4p dung cdc két qua ctia muc 2.2 dé€ khdo sat mot s&
trudng hop cu thé. Muc nay chia 1am 3 phin.

* Phan A khdo sdt bai todn tich chAp mot chiéu xem nhu mdt md rong két
qué clia Baumeister [15], (chuong 10, trang 183-190) trong d6 ta thong nhit hai

trudng hgp ‘lz(p)‘ >0 Vp va K ¢6 khong di€m vao trong mot két qua.

* Phan B 4p dung ké&t qud clia muc 2.2 cho bai todn thong lugng nhiét,
phan ndy cho mot vi du thuc t&€ vé trudng hop K c6 khong diém, v mot vi du vé
tinh todn sd.

* Phan C 4p dung vao bai todn tim nhiét do bé mat cda mot vat thé hai 16p,
phan nay vi du cho mot hé phuong trinh tich chap.
2.2 CHINH HOA HE PHUONG TRINH TICH CHAP NHIEU CHIEU
KHONG GIAN
Chung 61 chia 2.2 thanh 2 budc

Budc 1: Gidi thi€u bai todn

Budc 2: Xay dung nghiém chinh h6a

Budc 1: Gigi thiéu bai toan
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Nhiéu bai todn ngugc quan trong cho phuong trinh nhiét nhu bai todn nhiét
ngudc thdi gian, bai todn xdc dinh phan bo nhiét hay thong lugng nhiét bé mit 15
khoan thim do tir do dac bén trong dudc quy vé viéc gidi phuong trinh tich chap

a*v=F,
hodc hé phuong trinh tich chap (xem [71])

Ay ¥V, +a, *V, +...+a, *V, :fl,0

a21>x<v1+a22=l<v2+...+a2n*vn:fz,O 221

a,*V,+a,*V,+..+a  *V, =fn’O

Vi (@ V)(X) =—¢ [ a(x—E)V(E)AE, x € R, trong d6 v, € L*(R), s=1n Ia
27 RK

2, A N A N N H N 2 N ~ (g 2,
cic an ham can tim, f, va ag S,J=1n la cic ham da bi€t véi

f., € L’(R*), s=1n.Bai toin 12 khong chinh, xem [60].

BuGc 2: Xay dung nghiém chinh héa
Trd lai v4i bai todn (2.2.1), do dezlng thie (2.2.1), nghiém v cta bai todn,

néu ton tai, thda dang thitc

trong d6

- 1 —1(X &+ X80 +..4+X
asj(x) :F j asj(E.’l'E.’zi"'!E_;k)e (1€ +%2E; kﬁk)d&’ldazmdgk ,

27 RK
v, o
x:(xl,xz,...,xk),Q: Ve ,ﬂ: P2
V. f
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Tir d6 nhan dudc D\//; =F,, trong do

D= det(aSj )
& Ay fl,o &,
P N t/‘\ ' N
Eo :Cbt a21 aZZ 20 a2n
4y dp e ﬁ.,o Ay

ts

Dinh 1j 2.2.1 Cho e >¢>0,a.>0.
pgt L, ={x eR*/|D(x)| < a}.
Cho nghi¢m chinh xdc (vig V20 ,...,Vao) cua (2.2.1) tuong ung vdi

/ X P n 7, X .2 2, A .
(F10 ,F20 ,....Fno) 0 vé phdi nam trong (LZ(RK)) . Voi moi o gid sit ton tai

D, DL, va
o~ 2
| vS,O(x)‘ Yo, (X)dX =0 khi o0 =0, 5=1, 2,..., n. (2.2.2)
Rk

Goi (F,....,F,) la dit lieu nhdn duoc do do dac,

Fs - Fs,O

<, vdi ||, chi
chudn trong LZ(RK) va s=1, 2,..., n.

Voi méi ae(0,2),s = 1,2,...,n ton tai nghiém chinh héa U, cia (2.2.1) sao
cho

u..—Vv

S,e 5,0

, <87+, ()

trong do

N.s(€) >0 khi € — 0.

Hon nita
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i/ Néu ton tai m, M, P> 0 sao cho nghiém chinh xdc v, s =1,2,...,n thoa

man
— 2 PY
[ vsyo(x)‘ 1o (X)dx < M[ln—) véimoi oo >0, s=12,..n (2.2.3)
RK “ o
va min{e,e ™ }>¢>0,

thi ton tai nghiém chinh héa U, (s=12,.,n)cia(2.2.1) sao cho

< ,/M +i2[ln[1/—gj]_ .
2 P InN"(1/¢)

ii/ Néu ton tai M, S > 0 sao cho nghi¢m chinh xdc vy, s =1,2,...,n thoa man

J

Rk

u..—V

S,€ s,0

o~ 2
VS’O(X)‘ Yo, (x)dx < oM véimoi o >0,s=12,...n (2.2.4)

cua (2.2.1) sao cho

€

thi ton tai nghiém chinh héa u,

B
, < N1+Me®P vois = 1,2,...n.

Us. — Vo

S,&

Ghi chii:Cac diéu kién (2.2.3) va (2.2.4) chi can ding v6i moi o > 0 dd nhd.
Piéu kién (2.2.2), (2.2.3), (2.2.4) 1 cdc diéu kién tdng quit. Trong phin @ng
dung ta s& so sanh né vdi cdc di€u kién dit ra bdi Baumeister. Trong nhiéu

trudng hop D, = £, . Khi d6 ta c¢6 thé thay ky hieu D, bdi L, .

Chitng minh
baty= (yl'yZ""'yk) ’ & = (ipiz,---,ék) )
Vo (y) = i J. F (&)(D(&))_l Lrio, (EJ)ei(§1Y1+§zyz+...+ék)’k)dgldazmdék .

\/27'Ck RX
Suy ra

V., (X) = Fs(x)(D(x))_lka\Da (X), VOi X = (X1, Xprein X, ) - (2.2.5)
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Ta co
—~ —~p_ (|RO)-F,[
Vs,a _Vs,O 2 = Vs,a “—Vso : D(X) ‘ X’Rk\i)u (X)dX-'-'i'.k
8 2
< St [ 10, 0= 5, 0)
RK
trong do
o~ 2
M (@) = [ Voo O 1o, 00X, 0= va U, =v,,.
Rk
Trudng hop (2.2.3) thda: Chon o, = P'”lsﬂ o =Veo -
€
Tir (2.2.6), (2.2.7) ta nhin dudc
2
u, —v,,| <e - 158 M -
&7 Vsl =5 2 nEm 0y >
In—
a’l
< L + M
PZIn*™(1/¢€) p\"
In—
oy
1
M +72 -m
<P (M +i2)(|n(jLD .
( 5 J P In"™(1/¢)
In—
oy
2
Trudng hop (2.2.4) théa: Chon o, =¢*P va u,, =v,
Ta c6
Uy, — Vi, z: Voa, ~Vso|, S 7+, "M =(1+M)e?P.
0L2

Pinh ly da dugc chitng minh.

o~ 2
Voo (0| s, (X)X

(2.2.6)

(2.2.7)

(2.2.8)
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2.3 AP DUNG

Phan A: Khdo sat bai toan tich chip mot chiéu véi cac diéu kién cua
Baumeister [15], (chuong 10, trang 183-190).
Trong [15], trang 183-190, tac gid Baumeister da xét phu’dng trinh tich chéap

k*u=f v6i &n ham u, sau dé phuong trinh dugc chuyen vé ku="f. Tic gia cé
néu hai trudng hgp d€ nhan dudc cdc dinh gid sai s6. Trudc khi di vio hai

trudng hop cu thé, chd ¥ ring ku=f chinh la DV =F,, trong muc 2.2, nghia
lak chinh la D.

Trudng hop 1: Tdc gid yéu ciu ton tai & > %, C,>0,C,>0,a>0 sao cho

‘l?(p)‘2 >C,exp(-alp|) (2.3.1)

3
uo(p)‘ <C,(1+p?) 2 véi moi p. (2.3.2)

Bing cach dung phudng phdp Tikhonov, ttng véi dit liéu nhan dugc do do

dac f_ théa

f —f0H2 <eg, tdc gid tim dudc nghi€ém chinh héa

z —8+1/2
t(W) e™dw , v4i o = ¢&? (In izj
"o+ w?) kw) €

1 0

u,(x) = \/_

thda man

1
—5+=
2 N -
U, —Uo|, < C(In 1} , C 12 hiing s& duong ddc 1ap véi ¢. (2.3.3)
e

Trong phuong phdp chiit cut tich phan clia ching t6i, tif tinh chat (2.3.1) va

(2.3.2) sé din t6i K =D thda tinh chd't (2.2.3) va nhan dudc sai sd tuong tu

76+§
U, —U[, <Cl In Le , C 1a hiing s duong doc 1ap vdi £.(2.3.4)
2 In(1/¢)

Cu thé 1a
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ID(p)|= ‘Iz(p)‘ <a dindén |p|> —%Ing—2 =p,, nghia 1a
0

£, ={p/[k(p)| < o} ={p/[p|> p.}.

khi d6

2 1-23 2 1-25
It (p)‘ o ()P <2C] I P 1£_§'ng ] o 1{2 OJ
0

nghia 1a tinh chit (2.2.3) dugc théa va nhian dugc danh gi4 sai s6 (2.3.4) theo

dinh ly 2.2.1.

Trudng hdp 2: Tac gid yéu cau ton tai 6>2 ¢ >0¢C,20,C,>0,C, >0,

v=>0, r>%, a >0 sao cho

B
uo(p)‘£C1(1+ p2) 2 v6i moi p

g ‘R(O)‘ >0 (2.3.5)
* K c6 nhiéu nhat mot s6 dé€m dugc cic khong di€m p;, jeJ, khdng ¢

di€m tu n€u J vo6 han. Néu n(M) ky hiéu s& khong di€m cla k trong (0,M) thi
n(M) < C,M". (2.3.6)

*Tdn tai nhitng khodng md rdi nhau D;=(0,) v6i p;eD,, jel
~ 2 or . .
k)| =Cyfp-p|" voi peD;, je3 (2.3.7)

e ,1+p*)* néu pe| JD,. (2.3.8)

jed

Bing cdch dung phuong phdp Tikhonov, ¢ng véi dit liéu nhan dugc do do

dac f_ théa Hf8 —f0H2 < g, tdc gia tim dugc nghi¢m chinh héa
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~ 2
1 i k(W) f W iwx
US(X)ZJ—JA L ‘ A( )e dw ,
2m =, k(w)‘ + oL+ w?) K(w)
o 2 25-1
v4i =g 1=
4r(4+256+v+8a)
théa mian

2t
U, —U,|, < Ce?.

€

Trong phuong phdp chit cut tich phin clia ching t0i, tif tinh chdt (2.3.2) va

(2.3.5)- (2.3.8) nhan dudc sai s tot hon
B

u, —u,|, < Ce?"? (2.3.9)
trong do
B =min 20-1 ,28_1 (luu y ring vi r>l nén <L).
r(y+25-1) 2a 4 2t+1 B+2

Cu thé nhu sau:

a

. x. . 14/C 1
Véimoi O<a < mln{ 4 ,1}, xét M = ¢ "r+25-D

Khi peD; va

\/Ci‘p—pj‘r <o

IA((p)‘ <a taco

1
nén p; - . <p< & +P;-
JC, JC

:m%gmmMﬁp¢UDjm,ﬁ@ﬂ<aﬂﬁJcAup6*<aJ@n

jeld

HLE] 5] o
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Tu cac di€u trén ta co

J|6) 7., G)ap

< [ [0 ke @+ [ 0@ dor [ [0 e Gp

p>M R\| |D;
[UDJO(MVM) " U J
jeld

+00

<G 2 I %o, (P)p+CE [ o[ “dp+2ct [ |p
}D mJ(EJM M)=gs 0! [p]>M l[*/aJl/a

|728

dp

2

o

1 1-28

o 1/a
2 2
<2c1{ a J (M) +1) + 222G 1(£J

JC, 251 25-1\2| o

1

1/a

r 2 C

<ac?| —% | o mr 4 28 e, G |1
JC, 26-1"  25-1\2| «

<3Cao*

8C2C, 2C2 2C2 (cU+Y™®
trong d6 C=max{—/>,—> ——| —
Cl* '25-1"25-1 2

. . 20-1 20-1
va B =min , }
r(y+25-1) 2a

Vay tinh ch't (2.2.4) dugc thda va chiing ta nhan dugc ddnh gid sai s6
(2.3.9). Luu ¥, trong lap ludn ciia ching toi, didu kién ‘12(0)‘ > 0 khong ding t6i.
Phin B: Ap dung vao bai toan tim thong lugng nhiét

Xét bai todn tim thong lugng nhiét

u,(x,1,t) =w(x,t) (2.3.10)

sao cho u thdéa phuong trinh
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Au—g—l::Otrong xeR,1<y<a, t>0, (a>2), (2.3.11)

vGi cac diéu kién bién

u(x,2,t)=g(x,t), xeR, t>0, (2.3.12)
u(x,,t)=f(x,t), xeR, t>0, (2.3.13)
u,(x,Lt)=w(xt), xeR, t>0, (2.3.14)

va diéu kién dau
u(x,y,0)=0, xeR, 1<y<a (2.3.15)

trong d6 f, g cho trudc. Gid sif u, uy, uy bi chdn trén Rx(1,a)x(0,+00).

Pit
e B e
Vﬁ\l G(X,y,t,ﬁ,n,r)=F(X,y,t,ﬁ,nﬂf)—F(X,Af—y,t’g,nﬂ')- (2316)

LAy tich phan ding thitc

div(GVu —uVvG) —ag(uG) =0 trén mién (-n,n)x (1, 2)x (0,t —¢)
T

va cho ¢ >0, n —> 40, ta co

Tj.g(&,,r)Gn(X, y.t,&,2,1)dEdt + TjG(X, y.t,&,Lt)w(E, t)dEdt —

+oo t

_j If(Q’T)Gn(X,y,t,é,l, 1)dedt+u(x,y,t) =0.

-0 0

+oo t

[ [6(y teLnw(E t)dedt =—u(x,y,t) +

—o0 0

+o0 t +oo t

+ [ [6,0y,t.e 10 (€ v)dede— [ [9(6,0)G, (x,y.1.€,2,1)dedr (2.3.17)

—0 0 -0 0
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Cho y — 1" trong (2.3.17), ta ¢6 :

400

J

j 1 exp (x=8*) 1 exp| (x—£)* +4
7ol 2n(t—1) 4(t-1) ) 2n(t-1) 4(t—1)
_f(x, t)+— f j [ 4(5) ;4jf(<‘g,r)d§dr

+

1°¢ (x—£)* +1
el [060 ( A7) jdad

Tudotaco:

trong d6  w(X,t) =f(x,t) =g(x,t) =0 né€u (X,t) € R x(~»,0),

va

(P-Q)*xw(x,t)=—-f(x,t) + R, *f(X,t) + R, *g(X,1)

1 NG
P(x,t) = EeXp(_Ej (X’t)ERX(0,+oo),

0 (X,t) e R x(—0,0]

lexp[—xz+4j (X,t) e R x(0,+0)

Q(x,t) =1t 4t
0 (X't) eRx (—00,0]
1 x* +4
Rl(X,t): t_zexp(_ 4t ] (X,t)GRX(O,+oo)’
0 (X,t) € R x (—0,0]
1 x*+1
R,(x,t) = t_zexp(_ At J (X,t) € Rx(0,+00) |

0 (X,1) € R x (-0, 0]

Ta c6d (xem [31], trang 14, 15, 16, 72, 75)

B(zr) :2—1n [ [ Pox, e axa

—00 —00

\/_\/Z +r?

[\/\/z +r°+z —|sgn(r)\/ '+t -z }

Hw(ﬁ,t)d&dr

(2.3.18)

(2.3.19)

(2.3.20)



Chuong 2: Chinh héa hé phuong trinh tich chdp nhiéu chiéu khdng gian 47

~+00 400

PN ~ _ 1 —i(xz+tr)
va Q(z,r)—z—n jw L Q(x,t)e dxdt
= ;e’2u [u cos2v —vsin2v—isgn(r)(usin2v + vcos 2v)]
z* 412

trong dé

NN NN

U=—=\NZ +I"+2°, V=—~=\NZ +I" -2". (2.3.21)
V2 J2
bit

F(x,t) =—f(x,t) + R, *f(X,t) + R, *g(x,t).
LAy Fourier hai v€ cia (2.3.19), ta c6
(P(z,1)-Q@.n) )W(z.1) =F(z,r).
Hé quéd 2.3.1
Cho a€(0,2), cho 0<e<1.
Gid sit nghiém chinh xdc wq cia (2.3.19) tuong ving dit liéu chinh xdc f,,9, ¢
vé phdi nam trong L*(R?).
Gid sw dit liéu do do dac la T,9 théa
[t <o va Jo-gul, <o,
trong do || ||2 la chudn trong L?(R?).

Khi dé tén tai nghiém chinh héa W, ciia (2.3.19) sao cho

W, —w,|, <y/Ce** +n,(e)

trong dé m,(g) = 0 khi € 0va C la hing s6 dwong doc lap véi .
;3
Gid sit théem, néu w, e L'(R*) "H*(R?) va ¢ 6[0,2 2 J thi

1
Iw, —w,|, < De?
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trong dé D la mot hdang sé duong doc ldp vdi €.
Khi dé W dugc biéu dién thanh
o 2 2
w (x,t)=> > a, (s)TLm,ne3j(x)T[n,ns3}(t)
n=—c0 [m|<|n|
VJi

a_. (8) _ i j _ F(Z,/f\) ein82/3(mz+nr)dzdr ’
2n Ri\D,, P(Z:1) —Q(z,1)

xdc dinh trong chitng minh va
sin[n(z—pd)/d]
n(z-pd)/d

trong do ©

a(e)

T(p,d)(2) =

Chitng minh

, peZ, d>0.

Ta cé

~ N

F-F,

:”F_FO”z

2
<[Rb 201 o), + Rl Jo ool
(IR + R}, +1)e.

Tu (2.3.21), suy ra

‘ﬁ(z,r)—@(z,r)‘ 1 J1-2ecos2v+e™® .
Ju? +v?
.. 1-e2
Chi y rdang néu O<a < va
20° 1)
¢ s<zt+ri< S
(1_e—\/§) 200
thi
1

‘ﬁ(z,r)—@(z,r)‘z = 2\/1—2e‘2”0032v+e‘4u
us+v

(2.3.22)
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1 (1_e—\/§\l\/z4+rz+zz )

>

2
. Yo A=

> 1-e 0.
V1-g™?
Vi the

£,={@n1[P@n-Q@n|<af

2
2 1-e?
c (z,r)ng“Jrr2<2L2 hay z4+r2>q
[1-e?) )

2 1-e™V?
cdz,Nlz*+r* < a}u 0/ z2%+r* > .
{( ) 1-e " {( ) V20 }

bit®,=D,,uD,, trong do

D, :{(z,r)/zz+r2 <2 - a}
, e

2
Dzﬂz{(z,r)/zz+r2>1 ¢ }

V2o,
thi L, cD,.
Suy ra

| ‘v/\/\o(z,r)‘zxga (2.1)dzdr < | ‘v/\/\o(z,r)‘zx% (z.1)dzdr + | ‘v/v\o(z,r)rx% (z,r)dzdr .
R? R? R?

Vi thé

J

RZ

o~ 2
w, (2, r)‘ Yo, (z,1)dzdr — 0 khi o —0.

-3
Gia sir thém, n€u w, e L'(R?) "H*(R?) va ¢ 6[0,2 2 J, ta cé
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Wy (2| 1o, (2.1)dzdl

J

R2
- Wz @+ 1)
—~ TC(X. 0 )
<|lw,(z,r z,r)dzdr
H o( )1 1_e_ﬁ 2 (22+I’2)2 XDz,u( )
—~ 2 2
uso(z,r) 2ma +E 20

11— V2 (l_e—\/i )2

<Ca

2 2n 2E
11_g V2 i (1_e—ﬁ)2 '

trong 46 E =(2° + )W, (z.1) 2 c=|w,(zn)

Ap dung Pinh Iy 2.2.1, ta ¢6 cdc ddnh gi sai s6 HWg —W0H2 trong hé qua

2.3.1.
Khi w, € L'(R)(NH?*(R) theo chitng minh dinh Iy 2.2.1, ta c6 o =¢°"° va

W (x.1) :i IE(z,r)

_ _ ei(XZthr)dZdr
21 poyy,., P2 1) —Q(z,1)

ta co
" 1 1 1 1
suppw, — R* \Dyy © [—W’W}{—?’@]
Khi d6 theo [13], trang 121, ta c6

w_(X,t) = i Z a, (S)TLm,nsgj(X)T[n,nsgj(t)

n=—o |m|<|n|

1 IA:z,r .23
amn(s)=W£(mn82/3,nn82/3)— (z,1) i’ (mz+nn) 4

2T . P21 Q1)

Hé qua da dugc ching minh.

*Bay giv ta dua ra vi du vé tinh todn so’
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Ta gidi thi€u hai k€t qua bing s6 so sanh gifta nghiém chinh héa cho bdi
cong thitc (2.3.22) va nghi€m chinh xéc.

K&t qua 1 (hinh 1 va hinh 2)

Xét bai todn

Au—%zo, (X,¥) e Rx(1,3),t>0

—x?-1

u(x,Lt) = %e a

-x*-4
u(x,2,t) :Ie a
u(x,y,0)=0

trong d6 him sd can tim 1a

w(x,t)=u (x,11).

Nghiém chinh xdc cla bai todn la

—x?-1

w(x,t) = %e a

Nghiém chinh héa cho bdi cong thic (2.3.22) trong d6

£

e . €
u? +v2 o =pv)=i(au+pv)l+ wrl +17z% +1

a=e"?"cos3v—cosv; p=e?"sin3v-sinv
P-Q=a,+ib,

trong do

2 (vcos2v + usin 2v)].

a, =u—e(ucos2v—vsinv); b, =sgn(r)[-v+e
Khi dé6 ta ¢6

E_F e

2
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Véi ¢ = 5—10, N =50 (kich thudc ctia chudi ch bdi cdng thitc (2.3.22)) va véi

(%,1) €[0,2]x[0,2] ta c6 dd thi (X,t) = W (X,t) trong hinh 1.
Ta c6 dd thi (X,t) = w(x,t) trong hinh 2.
K&t qua 2 (hinh 3 va hinh 4)
St dung phudng phdp tuong ty nhu trén ta c6 do thi
(x,t) €[0,4]x[0,4] - w_(X,t) trong hinh 3, 12 nghiém chinh héa clia bai todn
Au —%“:0, (X,¥) e Rx(1,3),t>0

-x*-4 -1
u(x,1,t)=0; u(x,2,t)=%e at (1—et ]; u(x,y,0)=0

trong d6 him sd can tim 1a
w(x,t)=u (x,11t).

D6 thi nghiém chinh xédc

-x241

w(X,t) =t—ze at

dudc vé trong hinh 4.
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Hinh 1

approximate solution
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Hinh 2

exact solution
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Hinh 3

approximate solution
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Hinh 4

exact solution
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Phan C: Ap dung vao bai toan tim nhiét do bé mit cia mot vat thé hai
16p

Bai nay sé& dugc trinh bay chi ti€t trong Chuong 3, muc 3.2, cOn tai ddy chi
trinh bay y chinh d€ 4p dung chinh héa hé phuong trinh tich chip vao bai todn
tim nhiét d6 bé mit cia mot vat thé hai 16p .

Chiing ta xét bai todn tim ham uy(0,t) =vo(t) trong d6 u, thda hé phudng
trinh

o’u, ou,

15 _EZO O<x<2,t>0
X (2.3.23)

2
28 “20—%=0 2<x<b,t>0
OX ot

va cic diéu kién

u,(x,0)=0
u,Lt)="f,(t), t>0
u,(3,t) =g, (t), t>0 (2.3.24)

Uo(4,t) =h,(t), t>0
lim u,(x,t) = Iin; u,(x,t), t>0.

X—2"

Gia st uy, ugy bi chian trong (0,b)x (0,+x).

Hé s6 truyén nhiét trong tirng 16p 12 ki, k, 12 nhitng hiing s6 dudng va
nhitng ham £y, gy, hyc6 dit liéu do dac bi nhiéu tuong tng 1a f, g, h.

St dung cdng cu ham Green, ta nhan dugc hé phudng trinh tich chap

{\/I o (1) +2F %9, () —F, %y (2,.)(t) —F, *h, () = 0,

2.3.25)
2K, Fo (1) + 2F, %o (1) — F, %V, (1) = F, % Ug (2,.)(8) = 0 (

trong do

1 1

——exp| —— |, t>0,
F(t) =41t p[ kztj

0, t<0,
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iexp 1 t>0
F(t) =1 t¥? 4kt )’ ’
0, t<0,

1 1
Lep[-L|  ts0
F() = {17 p[ kltj

0, t<0,

iexp _ t>0
F,(t) =<t 4kt )’ |

0, t<0.

Céac ham nay c6 bi€n ddi Fourier tuong tng 13 (xem [31], trang 16, 75)

E(p) = \/7 J@pTi (cos / Pl _isgn(p)sin 121pl IIOJ
I?(IO)= 2k, e e | cog M—isgn(p)gin Ipl ,
i i 2k, 2k,
I%(If)):\/Ee“(2"")”‘1 cos M—isgn(p)Sin 2lp] ,
2 k1 kl
F(p) = 2k, e "] cos 1Pl isgn(pysin 121 (2.3.26)
2k, 2k,

LAy Fourier ding thic (2.3.25), ta nhan dudc

{J@ 05 () + 2. (D)3 (1) — F5 () Uy (2. (P) — F; (PP () = O,
J2K, £ () + 25, (p)F, (p) — 2 (P)Vo (p) — F, (P)Ug (2,.)(p) = O,

biéu nay din dén
D(p).v, () = 2k, T, (P)F, (P) + 2R, (P)F, (M), (P)
—J2K; 9, (P)F, (P) — 2R, (P)F, (P)Go (P) + F (P)F, (P)No (P) = G, (P)

trong do
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D(p) = F, ()R, (p).
Hé qué 2.3.2 Gid sit up la nghiém duy nhdt ciia (2.3.23)-( 2.3.24) théa
Uy € L* (R H?[(0,b)\{2} JNH!(0,b)), (8u, /) e L* (R*;L°(0,b)). Pt
Vo(t) =U,(0,t). Cho y<€(0,2), €€ (0,2) va f,g,hel’(R")la nhitng dit liéu nhdn

h—hOH2 <g

9-0o|, <&,

dugc do do dac tuong iing f, go, ho. Néu Hf —f0H2 <eg,

trong do ||||2 la chudn trong L*(RY). Khi dé tix f, g, h chiing ta cé thé xdy dung
mét ham v, € L2(R") sao cho

2-
——¢" T +m,(g)

ve=vole <k

€

trong dé m, () > 0 khi ¢ 30.
Néu ching ta gid st thém Vv,eH"(R)NL(R), m>0 va

2 2
O<e< max{e‘4m e } thi

PRI (¥ T SR

In*™(1/¢€) (2klk2)2m 4k k,
—~ 2
trong dé E =|v,(p)p"™ .
Chitng minh
bit

G(p) = /2k, F(P)F, (p) + 2R, (p)F, (P)F (p)
—J2k, 9(p)F, (p) - 2F.(P)F, (P)I(P) + F, (P)F, (P)N(p) .

~ Kk
F3(p)‘ S \/;’

T (2.3.26), ta c6
~ K 1~
Fl(p)\s\g R <2k, .

diéu nay cho ta

R ()| < 2K, (2.3.27)
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6 -G, <

EO[V2K (fe-f0)+ 22 @) (f e -f0)

+R(P)[/2K, @) - 9, (P) - 2R (P)G(P) ~ 54 (P) + R (P)(A(R) - (P)) ||

< ZKZ[ 2k18+2\/E8:|+ ZK{ 2k28+2\/E8+ ZKZS}
2 2

<10\k/kK,«.
Ta co

2k1k2 Inz 2 k1k2

k)

|D(p)| <a thi

<lp|, vi th& néu dit

L, ={p/|D(p)| <}, tacé

2

%e, (P)dp — 0 khi o —>0 .

+00

J

—00

Vo(p)

Gia st thém v, e H"(R)NL(R), m>0 va 0<& < max{e*“mz e } ta 6

PN (Vi ks ) (In 2 JkK, J‘“".

Vo d
.[O Vo(P)| %, (P)dPp <E (2k1k2)2m

(0]

Ap dung Pinh 1y 2.2.1, ta ¢6 Hé qua 2.3.2. u
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Chuong 3
MOT SO BAI TOAN NHIET NGUGC TRONG LO KHOAN
THAM DO

Muc 3.2 va muc 3.3 di cong bd trong [5] va [8] (clia danh muc cOng trinh

cong bo clia tdc gid).
3.1 MG PAU

Mot trong nhitng bai todn nhi€t ngudc quan trong trong Ung dung la bai
todn xdc dinh phan bd hay thong lugng nhiét bé mit trong 16 khoan thim do tir
nhitng do dac thyc hién bén trong 15 khoan.

Trong [22, 30, 59, 76], céc tic gid kh3o sit bai todan mot chiéu trong d6 trdi
dA't dugc md hinh 12 nifa truc Ox vdi phdn bd nhiét u(x,t), tai di€ém x>0 vao

thdi di€ém t > 0. Khi d6 véi dit liéu f(t) =u(l,t) va ddng diéu cla u tai +oo, phan
b6 nhiét u(0,t) hay thong lugng nhiét Z—U(O, t) bé mit dugc xdc dinh.
X

Trudng hdp hé s& din nhiét phu thudc vao bi€n khong gian mot chiéu da
dudc khio sit trong [45, 46, ...] bing phuong phap mollification st dung bi€n d6i
Fourier theo bi€n thdi gian.

Trong cdc md hinh khdc [16, 61] (c6 vé sat thyc t&€ hon) cdc tdc gid coi trdi
da't cau tao bsi nhi€u 16p, mdi 16p c6 hé s6 din nhiét hiing va do d6, cic tic gid
khédo st bai todn nhiét ngudc trén (0,a) thay vi trén (0,+0). Khi d6, cac tic gia
ching t6 dudc ring phan bo nhiét u(0,t) dudc xdc dinh bing dit liéu do tai hai

di€m bén trong 15 khoan, ching han tai (Lt) va (2,t), v6i a>2. P& c6 thé xic
dinh u(0,t), cédc tac gia [16, 61] khao sat dir liéu w(t) :Z—U(l,t) va df li€u nay
X

dugc chi ra 1a nghiém cua mdt phuong trinh Volterra loai 2 theo cic dir li€u
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u(,t) va u(2,t). Chd y ring, phuong trinh tich phin loai 2 véi cdc diéu kién
tdng quat 12 bai todn chinh theo chuin sup tinh trén khodng thdi gian hitu han.

Tuy nhién, do &n ham u(0,t) dudc quy vé mot phuong trinh tich chap vdi dit liéu
la u(@,t) va g—u(l, t) va dugc khdo sit trong khong gian L*(0,+00). Bai todn trd
X

thanh khong chinh. Phuong phdp nay c6 cdc tinh todn nhi€u va khé rit ra cic
ddnh gid vé sai s0 clia nghiém tif sai s& do do dac. Do d6, trong muc 3.3 clia

chuong nay, ching to6i xay dung nghiém x4p xi 6n dinh truc ti€p cho u(x,0,t)
ma khong thong qua phan ddnh gid sai s6 cho 2—u(x,1,t), theo chuin
X

L*(R x (0,400)) vdi dit lieu 1a u(x,1,t) va u(x,2,t).

Tuy nhién, m6 hinh néi trén khong thich hgp cho trudng hdp ctia mdt vt
composite dugc xem nhu mot vat thé nhiéu 16p, mdi 16p véi mot hé s6 din nhiét
12 hiing. Trong muc 3.2 chiing tO6i s& xem bai todn tuong ng véi vat composite,
dugc md hinh bdi mot khodng (0,b), cé6 mdt mit ngoai va hai 16p bi€u dién bdi x
=0 va hai khodang 0<x<a va a<x<b (0<a<b). Trong muc nay, do nhiét do
tai ba di€m & trong vat thé 13 can thi€t d€ bido ddm tinh duy nhat nghiém. Mic
diu vay bai todn cla chiing ta vin khong chinh (xem [16]). Chiing toi s& bién
ddi bai todn vé hé phuong trinh tich chip va st dung bi€n ddi Fourier va phuong
phdp chit cut tich phan d€ chinh héa bai todn. Sai s6 trong trudng hgp dit liu bi
nhiéu sé& dudc dua ra.

3.2 TIM NHIET PO BE MAT CUA MOT VAT THE HAI LGP

Khong mat tdng quit, ching ta gid st riing a=2, b>4 va nhiét d6 dudc cho
(c6 thé v6i sai sd nhd) tai x=1, x=3, x=4. Goi uy(x,t) 12 nhiét d6 cda vat
composite v6i O<x<b, t>0. Ching ta xét bai todn tim ham uy(0,t) =v(t) trong d6

u, thda hé phuong trinh
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2
1(2“20—%:0 0<x<2,t>0
x> a (3.2.1)
U Mo g pox<bt>0
OX ot
va cdc diéu kién
u,(x,0)=0
u,(Lt)=f,(t), t>0
Uy (3,1) =g, (t), t>0 (3.2.2)

Uo(4,t) =h,(t), t>0
Iirg U, (X,t) = Iin; u,(x,t), t>0.

Gia st ug, ug, bi chdn trong (0,b)x(0,+x0).

Diéu kién sau cung 12 nhiét dd lién tuc trong vat thé composite. 0 day chu
y ring thong lugng nhiét c6 thé khong lién tuc tai bé mit ti€p xic x=2. Hé s6
truyén nhiét trong tirng 16p 1a k;, k, 12 nhitng hiing s& duong va nhitng ham f,, g,
ho ¢6 dit liéu do dac bi nhiéu tuong ng 1a f, g, h. Tr day ching ta ki hiéu R* 1a
tap nhitng s6 thyc duong, mdi him¢xdc dinh trén R* c¢6 thé xem nhu mot ham
xdc dinh trén R bing cdch dit ¢(t)=0 cho t<0. Trong (3.2.2), d€ tinh todn don
gidn, di€u kién dau tién 1a u,(x,0) triét tiéu. Tuy nhién, di€u kién nay khong
phai 1a diéu kién tru cot. Trong thuc t&, phuong phap ctia bai nay c6 thé dudc ap
dung cho bai todn véi uy(x,0) 12 khong tam thudng.

Tru6c khi phéat bi€u két qua chinh, ching ta cAn dé cip vé phuong phdp
chinh héa. Trong phuong phdp dé nghi bdi [16], tic gid trudc tién si dung dir
li€u u(3,t), u(4,t) trong 16p thd hai dé€ tinh nhiét do u(2.t) tai bé mit ti€p xic.
Tiép theo, tir u(2,t) va u(l,t), cdc tdc gid c6 thé tim 4n ham u(0,t). Do d6, trong
phuong phédp, Bai todn (3.2.1)-(3.2.2) dugc chia thanh hai bai todn mdt 16p. Bay

gi¥, trong phuong phap ciia ching ta, 4n ham u(0,t) dudc tim truc ti€p tif cac dif
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kién ma khong can tinh u(2,t). Piéu ndy c6 nghia s& c6 mdt xap xi tot hon cho
u(0,t). Hon nita, chiing ta ciing chi y phuong phap nay cé thé dp dung cho bai
todn ctia vat thé composite n-16p (n=3).

Ta c6 két qua sau day

Dinh Iy 3.2.1 Gia si uy la nghiém duy nhdt cia (3.2.1)-(3.2.2) théa
U, € (R H[(0,)\{2} JNH'(0.b)), (U, /6t) € L* (R*; L (0,b)). Pat vo(t) = Uy (0,1).
Cho y€(0,2), e€(0,1) va f,g,h e L>(R*)la nhitng dit liéu nhdn dugc do do dac

h—hOH2 <g trong do HHZ la

tuong vng f, go ho. Néu Hf —fOH2 <eg, g—gOH2 <eg,
chudn trong *(R"). Khi dé tix f, g h chiing ta cé thé xdy dung mot ham

v, e L*(R") sao cho

v _V0H2 <

€

1,
+
kK, © T

trong dé m,(g) —> 0 khi ¢ 40.
Néu chiing ta gid sit thém

vV, e H"(R)NLLR), m > 0 va O<e < max{e“‘mz,e‘ez}

eeteo{oll)]

trong dé D la hdng s6 dwong djc 1Gp véi €.

thi

Hon nita, trong hai truong hop trén, chiing ta cé biéu dién

sin(ta, — nm)
ta, —nn

v.)= 3 C, ) (3.2.3)

trong do a_dugc xdc dinh trong (3.2.13) hodc (3.2.14) va C_(g) xdc dinh trong

(3.2.15).
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Chitng minh

Chitng minh dugc chia thanh 2 budc. Trong budc 1, st dung ham Green va
bi€n d6i Fourier ching ta s& bi€n dd6i hé (3.2.1)-(3.2.2) thanh hé 2 phuong trinh
tich chap. Trong budc 2, chiing ta s& xay dung ham v, xap xi clia v.

Buéc 1: Bién ddi hé (3.2.1)-( 3.2.2) thanh hé phuong trinh tich chap

bit

F(X,t,E_,,‘E) — _ﬂJ

1
2\n(t—1) exp( 4k, (t—1)

G(x,t,&1)=T(x1¢&1)-T'(x,t,8-&,1).
Tich phan ding thic

0 o1

—(u,G, -u,.G)+—| —u,G [=0

5§( oe 0¢ ) 8r(k2 0 ]

trén mién (3,4)x(0,t —¢), chiing ta nhan dugc

—tjg[u0(3, r)Gé(X, t,3,1)— Uge (3,7)G(x,t,3,7)]dt + Tuo(4’f)Ga(X’ t,4,7)dt

4
+kijuo(g,t—a)e(x,t,g,t—g)da:o.
23
Cho ¢ —>0,taco

—j[u0(3, )G, (%,1,3,7) — U (3,1)G(X,t,3,7)]dt +ju0(4, )G, (X, 1,4,1)dt

+iuo(x,t)=0.

i

Cho X — 3" va chd y ring

ot X—-3 (x-3)° 1
lim [u,(3, 2 e Lt el IC R
x=3" 9 0( T)4k2(t—’t)3/2\/; p{ 4k2(t—‘[?) ' 2\/k72 0( )
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ching ta c6
0 1
XILrEIG(X,t,B,t)uog(&r)dt: 2\/kjuo(s,t)
J' u,(3,7) 1 dt
2& k,(t— 1)3’2 Kk, (t—1)
J‘ u,(4,7) 1 d
2& k,(t— 1)3’2 4k, (t—1)
1
=————g,(t
> JEQM
go(T) 1
exp| — d
ijk -0 P T t=n) )
hy (%) 1
exp| ————— |dt.(3.2.4
2\/—jk (o) P 4k2(t—r)J (.24

Ti€p theo, dit :

N(x,t,&,1)=T(x,t,&,1)-T'(x,t,4-E&,1),

tich phan ding thitc

0
a—&(uON};—u0

o

trén mién (2,3)x(0,t—¢€) va cho € >0, ta c6

juoé(S,r)N(X, t,3,7)dt = —j.uo(Z,r)Ni(X,t, 2,7)dt

Cho X — 3" va chi y ring

o X—3 (x93 o
X'LTQUO(B’T)%( —1)3’2JEeXp[ 4k2(t—r)JdT_

t
+[uB DN, (x, 1,3, t)dr+
0

2k

1
Kuo(x,t).

1

Up(31),
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ta co

t
XILT!uog(&r)N(x,t,B,r)dr:

1
ﬁuo(& t)

2JEI K u(t(srt))”2 |<2(tl - r)}dT

e S
=ﬁgo(t)

2[ j K (gtO(?)?”2 P _kz(tl-r)jOlT

U9 el L
2\/—jk (t T)3/2 exp 4k2(t—r)jd’c' (325)

St dung ding thitc
t t
lim ! G(X,t,3, 1)Uy, (3, )de = lim ! N(x,1,3,7)u, (3,7)dt,

va tir (3.2.4), (3.2.5) ta c6

9,(7) _ 1
fg"() fjk(t ¥ Xp( kz(t—r)JdT

U, (2,7) B 1
2[ j -7 P T ao e )

h, (t) 1 ~
- f j TRk ey dr=0. (3.2.6)

Tuong tu, ta cé

f, (1) 1
(”) Hu Xp[ kla—r)j‘“
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2\/_'[k (\t/ (?)3/2 Xp —m dr
zf j k (:(21;2/2 exp —m dr=0 (3.2.7)
bat
HOB ﬁ%eXp(_k%J’ t>0,

0, t<0,

iexp - t>0
F(t) = t*'? 4k, t ’ ’

0, t<0,

1 1

—5 EXP| —— |, t>0,
RO =17 p( kltj

0, t<0,

iexp 1 t>0
F () =1t 4kt )’ |

0, t<0.

Nhic lai ring bi€n d6i Fourier cia mot ham @ 1a
d(p) = iTcD(t)e‘ip‘dt.
NV

Ching ta c6 ([31], trang 16, 75)

'§1(I0)=\/k—jeJm cos M—ngn(IO)Sin 2lp] :

2 k2 k2

R (p) = 2k2e‘V'p"(2k2’(cos /L—E—isgn(p)sin /lz—ilj

Ea(p)=\/Ee’V‘2'p')“‘l cos w—isgn(p)sin 2Iel ).
2 |(1 k1
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F,(p) = \[2k,e P | cos M—isgn(p)sin Ip] . (3.2.8)
2k, 2k,

Tu (3.2.6), (3.2.7) ta nhan dugc hé phuong trinh tich chap

\/@ o(t) + 2F1 *go(t) - Fz * UO(Z,.)(t) o I:2 * ho(t) =0,
\/2T<1fo(t) + 2F3 >kfo (t) o F4 * Vo(t) o F4 * UO(Z,.)(I) =0.

(3.2.9)

Budc 2: Xay dung Vv,
L4y Fourier ding thic (3.2.9), ta nhan dudc

{R 0y (D) + 2R, (0)9, (P) - F, (0)Ug (2,.)(p) — 5 (P)y (p) =0,
J2K, £ () + 25, (p)F, (0) — ., (P)Vo (p) — F, (P)Ug (2,.)(p) = O,

Piéu nay din dén
F (DR (P)Vo(P) = /2K, Ty ()R, (p) + 2F, (P)F, (D), ()
2K, 8, (P)F, (P) — 2R, (P)F, (P) G, (P) + F, (P)F, (PP, (P) = Gy () - (3.2.10)
bat
G(p) = /2K, T (D)F, (p) + 2F,(P)F, (0)F (p)
~J2K,9(P)F,(P) - 2R (PR (MI(P) + KPR, (PA(P).  (3.2.11)

Tir (3.2.8), ta c6

EO[V2K (fo)-f,0)+ 2R e)(fE) -0

J2k, J2k, (3.2.12)

diéu nay cho ta

[6-Gol, <

+R(P)[/2K, @)~ 9, (P) - 2R (P)E(P) 54 () + F(P)(A(R) -1y (P)) ||

< ZK{ 2k18+2\/§8:|+@1|: 2kzg+2\/§a+ 2k28j|
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<10\k/kK,¢.
Tacé:
G (p) ipt
Vv, (t e*™d
o= FJF(p)F(p)
bat
G(p) ipt
v (t e*™d
0= FIF(p)F(p)
trong do
2
a_= Kikoy 2|n2(1j. (3.2.13)
(o) e
Ta co
G G —~
ol =V~ vs I‘ O)-Colo) J Ve ob
-a, |P|Zas
2
& eWkiHio)2a,
T [ vo(p)| dp
1 _
<wlk282y+ny(8)
trong do

n,(e)= | ‘\/Ao(p)‘zdp—w khi £4.0.

Ipl>a,

Bay gi%, n€u v, e H"(R),m >0, ta dit

_ 2Kk, e Ve (3.2.14)
(\/* \/*) In™(L/¢)
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71

b (p) ipt
v (t) = e™dp
{ F,(P)F, (p)

L (k)

2kk,  2"k[ky

/ 1
D:C1 1+W

Tu bat ddng thic u > 2mlinu véi moi u > max{e2,4m2} ,ta co

2 g’ . a l
0||2< eW kit ie)2a, | pa 1
4k1k2 "

€

get i 1 ATk

T di )

1
<C? e2p2IN@/e) /" /e) |

In*"((U/e) /In" (e))

<C? L + L j
In*"(1/e) ~ In*"((1/e)/In" (I/e))

(1 1 L1
Sl m4m|n2m(yg)j_D 2" (Vg)

A N A A - R 4 .
Cu6i cung dé nhdn dudgc bi€u dién sinc cua Vv,

N

<C]

N

suppV, < [-a,,a,]. Ta c6

\Z(S) - gi Z Cn(g)e—(inns)/ac
ag N=-—o0

trong do

chi y ring
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l t - inns)/a 1 't G(S) inns)/a
C,(e) =—— | v, (s)e""™ *ds = 7 e"™)aqg (3.2.15)
V21 I V2m I F,(S)F,(s)
Vay
v_(t) 1 } v (s)e™ds
‘ \N2n a, )
= i +Z.O C (S)T eis(t*(nn)/aa)ds
2a8 n=-o0 ' —-a,
sin(ta, —
= Z C, (e ——=—= (ta, —nm).
ta, —nm
Pinh ly da dugc chitng minh. |
3.3 TIM PHAN BO NHIET BE MAT CUA BAI TOAN HAI CHIEU
Xét bai todn tim phan bd nhiét
u(x,0,t) = v(x,t) (3.3.1)
trong d6 u thda
ou
AU—E—O xeR,0<y<2,t>0, (3.3.2)
va cdc diéu kién
u(x,2,t)=g(x,t),xeR,t>0, (3.3.3)
u(x,L,t)=f(x,t),xeR,t>0, (3.3.4)
u(x,y,0)=0,xeR,0<y<2. (3.3.5)

Gia st u, uy, uy bi chdn trén R x(0,2)x(0,+0).

Trong bai todn f, g cho trude. Chiing ta bién doi (3.3.1)-(3.3.5) vé phuong

trinh tich chap.
bit

- +(y-n)°
4(t—1)

(3.3.6)
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va
G,y t&m 1) =T(xy,t,5n,1)-T(x, 4=y, 1,§n,1). (3.3.7)
Ching ta c6
G,.+G,, +G,=0.
Tich phan ding thic

div(GVu—uvG) —aﬁ(ue) 0
T

trén mién R x (1,2) x (0, t- €) va cho € >0, ta cé

+o0 t +oo t

[ [0 06, 0y, 182, 0dedt+ [ [GOx,y, L& LT, (&L 7)dedr
_ij (€16, (XY, 1, 1)dedt+u(x,y,t) =0.
Do d6

+oo t

[ [0y tg LT, (&L 7)dedt =—u(x,y, 1)+

o " (3.3.8)
[ ]G, (xy.teL0fEdede- [ [9(61)G, (XY, 1,62, 1)ddr.

Cho y —» 1" trong (3.3.8), ta c6

(-8°)__1 (x5 +4
'[Ln(t =) ( 4(t—r)j_2n(t—r)exp 4(t-1) ﬂ”y(@lﬂ)dédr

_ __*‘“ (x=§)*+4 B
=—f(x,t) j j ( pro f(&,7)dedr
_ﬂg(g r)( ) [ %}dgdr. (3.3.9)

Ta dat N(x,y,t,&,n,7)=T'(x,y,t,&,n,7)-T'(X,—y,t,§,n,1).

Tich phan ding thic
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div(NVU - uVN) _aﬁ(uN) 0
T

trén mién (-n, n) x (0,1) x (0, t-g) va cho N = o0,e = 0, ta nhin dugc

+oo t 4o t

[ INCGy tELDu, (€ Lrded— [ [T DN, (Xt L 7)dede
+Tj"(§ﬂ)'\'n(x’y’t,i,o,f)didr—U(X,y,t) =0. (3.3.10)

Choy—-1, dezmg thitc (3.3.10) trg thanh

l +oo t 1 ( _g) (X_é)2+4
I { ( )J ex‘{‘mﬂuy(é,l,r)dgdr

___“‘ (x-8)" +4
H €9 ( T jd&d

v fj (t-1) [ Af(f—_)zr)ﬂjv(é,f)didr—Bf(x,thO. (3.3.11)

Tu (3.3.9) va (3.3.11), ching ta nhan dugc phuong trinh tich chap

L &)’ +4
jj(t 1)? ( A(t-1) ]f(ﬁ,’t)dﬁdr

+

1 (x-§)* +1
+Z—RHG(§ 1-7)( ) [ mjd&dr

L1 (x-)*+1 .
+%_‘L£WGXD( T J (£, 7)dedT—4F (x,1) =0

c6 thé viét lai 1a
S*v(Xx,t) =2R = f(X,t) =S=*g(x,t) + 4f (x, 1) (3.3.12)
trong d6 ching ta dinh nghia ring v(X,t) =f(x,t)=g(x,t) =0 khi t<0,

1 X +4
R(x,1) = ETEXp(‘ at ] (x,) € RX (0, +0)
(X,t) e RX(=0,0]

0
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L exp(— X +1J (%,t) € Rx(0,+o0)
(X,1) € R X (—o0,0]

F(x,t) = 2R = f(x,t) —S*g(x,t) + 4f (x,1).
L4y bi€n d6i Fourier ctia (3.3.12), ta dudc
S(z,nVv(z,r) = F(z,1)

trong dé

Q — 1 i —i(xz+tr)
S(z,ur)_z j j S(z,r)e dxdt

—00 —00

N N
=2e V2 [cos% NZ' 1P = 7P —isgn(r)sin% Nzt +1? —22}

‘é(z, r)‘ = 2e7% s .

Ta c6 két qua sau:

Dinh ly 3.3.1

Cho v <(0,2) va e (0,e%).

Gid sit V, € L*(R?) la nghi¢m duy nhdt ciia (3.3.12) tuong ving dit liéu chinh
xdc f,,0, € L’(R?) va f,gel’(R?) la dit liéu do dac théa man Hf —f0H2 <g va
||g - 90”2 <g trong do ||.||2ld chudn trong *(R?).

Khi dé chiing ta cé thé xdy dung tir g, f mot ham v, € L*(R?) sao cho

V, =V, <y/Ce** +1,(¢)

trong dé C la hing s& duong djc lap vdi & va m,(g) = 0 khi 40,
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Hon nita néu ta gid sit théem v, e H"(R*) "L'(R?),m >0 va

. 02 _am2 .
0<s<m|n{e ¢ e™m } thi

eteofoll)

trong dé D la hang s6 duong déc ldp vdi «.

Trong cd hai truong hop trén, Vv dugc biéu dién thanh
+00

v.(x, )= > > C..(e)T(m,ma,)(X)T(n,ma,)(t) (3.3.13)

n=—o |m|<|n|

trong dé a_ dugc xdc dinh trong (3.3.14) va (3.3.16), C,..(€) dugc xdc dinh trong

(3.3.15).
T(p,d)(z) = sin| (2 —pd)/d] ,pezd>0.
n(z—pd)/d
Chiing minh
Ta dat

F(x,t) = 2R *f(Xx,t) —=S*g(x,t) + 4f (X, 1)

va
F (X, 1) =2R =f (x,t) =S*g, (X, t) + 4f, (X, 1)
thi
=R - IF-Fl,
< @+ 2[R|DIf ~fo[, + 8], lo - gl
< (4+2|R[| +[9],)e -
Pit

vs(x,t)zi Me“x”t’)dzdr
21 5 S(z,r)
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) . N 1 4
trong d6 D, ={(z,1)/[z]<b, va |f|<b?} véi b, =————1In—.
22 +1 E
Ta co
N N 2
—~ —~ 12 _ ~ 2
v, vl =V -, :j|F(Z’r? Fo@.0) 4014 [ [wo(@.n)| dzar
2 D, S(Z1r) R2\D,
A~ 2
<™ (4+2R|, +[8])*+ | [vo@ 1) dadr.
R2\D,
A~ 2
Néudat n,(e) = [ vO(z,r)\ dzdr thi 1, () >0 khi 0.
R?\D,
N&u dit agzbgz;lnz(iaj (3.3.14)
2(@ +1) g
thi
suppv, D, c[-a,,a,]x[-a,.a,].
Vi thé, theo [13], trang 121, ta c6
v.(x, )= > > C..(e)T(m,ma,)(X)T(n,ma,)t)
n=—oco|m[<n|
G iﬂ(mz-#nr)
trong @6 C_(g)=v, [ ML AT |_ L (F@D 56 (3.3.15)
ag ag 27[ D, S(Z7r)
Bay gid, ta gid st v, e H"(R?), m >0, dit
V2 In[ le j>1, (3.3.16)

%= J2+1 \Un"(W/s)

Q. =[-a..a]x[-2,a]

v (X,1) = 1 we“m”’dzdr .
21 S(z,r)

Ta co
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J‘ﬁ(z,r)—fo(z,r)‘2

—~ 2
A —dzdr + I vo(z,r)‘ dzdr
Q. S(z, I’)‘ RA\Q,
1 , (22+r?) \/Ao(z,r)2
<% (4+2|R], +[g],) M=+ | — 1 dzdr
4 RA\Q, <22 + r2)

<C aazeﬁwﬁac +—1
' (2a§)m

trong dé

c, - max{%(4+2||R||l+||S||l)2,2m (22 +1)" @)

2
2
Piéu nay din d&én

vit<c | 1/¢ 1
-l = 6 s e

I In™ (1/¢) |
1
<C
: |n2m<1/8) |n2m 1/
I In™ (1/¢) |
<c 1 L2 | 1
B l_lnzm(lls) Inzm(lls) Inzm(lls)

trong d6 D =/C,(1+2°").

Pinh ly da dugc chitng minh.

*Bay gi¢' chiing ta cho mot vi du vé tinh todn sé
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Ta giGi thiéu mot vai két qua so sdnh giita nghiém chinh héa cho bdi
cong thitc (3.3.13)-(3.3.16) va nghi€m chinh xéc.
Trudng hgp 1: (hinh 1 va hinh 2)
Xét bai todn
Au—g—l::o, (x,y)eRx(0,2), t>0

—x2-1

u(x,l,t):¥eT;

—x2-4

u(x,2,1) :Ie a

u(x,y,0)=0
trong d6 him sd can tim 1a
v(x,t) =u(x,0,t).

Nghiém chinh xdc cla bai todn la
V(Xx,t) = —e_Tt .
t
Nghiém chinh héa cho bdi cong thirc (3.3.13) trong d6

e—\/ r4z*

Khi d6 ta co

A~ A~

F-Fol| =¢.

2

Vi €= %, N =50 ( kich thudc ctia chudi cho bdi cong thitc (3.3.13)-

(3.3.16)) va v6i (x,t) €[0.25,1.3]x[0,4] ta c6 dd thi (x,t) > v,(x,t) trong hinh 1.

Ta c6 do thi (x,t) - v(x,t) trong hinh 2.
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Trudng hgp 2: (hinh 3 va hinh 4)
St dung phuong phdp twong tu nhu trén ta c6 do thi

(%,t) €[0,1]x[0,4] > v, (x, t) trong hinh 3, 1a nghi€ém chinh hda cia bai todn

Au—i—l:=0, (x,y)eRx(0,2), t>0

u(x,,t)=0,

—x2-4

u(x,2,t):¥eT,

u(x,y,0)=0
trong d6 hAm s6 can tim 12 v(x,t) =u(x,0,1).

D6 thi nghiém chinh xédc

—x2-4
v(X,t) :—Ee ot

dudc vé trong hinh 4.
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Hinh 1

approximate solufion
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3 40.

20-
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Hinh 2

exact solution

25-
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Hinh 3

approximate solufion

08~ """ .

0.2
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Hinh 4

exact solution
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Chuong 4
BAI TOAN XA C PINH NGUON NHIET :
TINH DUY NHAT, CHINH HOA VA PANH GIA SAI SO

Chuong 4 da cong bo trong [4] (cia danh muc cdng trinh cdng bd cia tic gid).
41 MG PAU

Goi M 1a mot vat dian nhiét c6 hé s6 din nhiét 12 hiing, gid s bing 1, va c6
bién cd 1ap. Trong chudng nay, ching ta xét bai todn xdc dinh ngudn nhiét phia
trong cia M tir nhiét do cho trudc trén OM va phan bd nhiét dd trong M & thdi
di€m t = 0 va t = 1. N6i cach khdc bai todn c6 dit lieu Cauchy trén mot phan clia
bién. Bai todn dugc nghién citu gin diy trong ba thap ky (ching han [28, 52, 53,
64, 75, 81]). V6i u 13 nhiét dd trong M va F=F(x,t,u) 12 ngudn nhiét, ta c6
phuong trinh

—@+Au =F(x,t,u).
ot

Bai todn 1a khong chinh. Thyc t€, vi nhitng sai s6 do do dac, bai todn xdc dinh
ngudn nhiét thudng khé khin (xem [16]). Dit liéu do dac thudng 12 két quéd cla
do dac thyc nghiém rdi rac va di nhién 1a c6 sai s6. Do d6 mot nghiém tuong ng
véi dit liéu d6 khdng ludn ton tai va hon nita néu ton tai thi khong phu thudc lién
tuc theo dif liéu. Vi thé€ ta phdi st dung mdt phép chinh hoéa.

D€ don gidn bai todn, nhiéu gid thi€t truc ddy cho dang clia ngudn nhiét.

N6i chung, ta c¢6 thé xap xi ham F(X,t,u) bdi mdt ham c6 dang
M
D Wa (W, (1, (X).
n=0

S& hang thit nhat clia dang trén c6 thé viét 1a

F=wy,Uu)+o,(t)+f,(X)+ o, (t)f,(X)+....
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Trong [52, 53], tac gid xét ham F ¢6 dang

F(x,t,u) = go(x, 1) +f,(x)g, (1) + ,(x)g, (),

trong d6 f,,f, chua bi€t. Trong [64],
F(x,t,u) =f(u)+r(x,t),
trong d6 f chua bi€t (xem [55]) véi dang tuong tu clia ngudn nhiét. Trong [50,51]
c6 tdng quan mdt s6 k&t qua 6n dinh vdi
F(x,t,u) =o(t,x)f (x)
trong d6 o 12 ham bi€t chinh x4c. Mot s6 phan tich sy khdc biét cia chudng nay
véi tai lidu [50, 51] @3 dugc thuc hién & 151 n6i ddu cda ludn 4n.
Trong [20, 21, 40, 75, 82], ta ¢c6 dang tich
F(x,t,u) =o(t)f (x)

trong d6 mot trong hai hAim o,f chua bi€t, ham con lai bi€t chinh x4dc (khong cé
nhiéu).

PE don gidn ching ta xét mo hinh trong d6 ngudn nhiét c6 dang
o(t)f(X,y) trong dé f 12 ham chua bi€t. Nhu chiing ta sé thay, vdi gia thi€t tron
kha it, bai todn c6 duy nhat nghiém, mic dii vAy bai todn vin khdng chinh.

Chiing ta gid st ring M = (0,1) x (0,1)..

Tim u va f thda phuong trinh sau

—%J+Au — o(DF (X,Y), (6. y,t) € Mx (0,1) (4.1.1)
va cdc diéu kién cach nhiét

u,(0,y,t)=u, Ly,t)=0, (4.1.2)

u,(x,0,t)=u,(x,1t)=0, (4.1.3)
diéu kién nhiét dd bién theo thdi gian

u@y,t)=0 (4.1.4)
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u(x,1,t)=0, (4.1.5)
diéu kién ban dau

u(x,y,0)=0, (4.1.6)
va diéu kién thém

u(x,y,) =g(x,y), (4.1.7)
véi moi (X,Y,t) e Mx(0,1), trong d6 ¢,g 1a hai ham cho trudc.

Trong (4.1.4)-(4.1.6), &€ don gidn ta gid st u(ly,t),u(x,1t),u(x,y,0) bing
khong. Trong thyc t&, phuong phap trong chuong nay cé thé dp dung cho bai
todn vdi nhitng dit liéu khac khong. Tuy nhién, dé tinh todn don gidn va 1am ro
rang ¥ chinh clia phuong phdp, ta chi xem diéu kién don gidn nhu trén.

Bai todn véi mot s6 diéu kién thich hgp tuong duong viéc tim ham f thda
phuong trinh tich phan Voltera loai 1(xem [32])

K f(X,y) =-9(x,y)

trong do

K y) = | | N(X,y,1.En,1)e(0)f (€, n)dedndt

O e
O ey
O e

é)2+(y_n)2J+exp[— (x+8)+(y-n)’

b (pf
NGy t&m ) = zm[p( 4t 4t

Ta chi ¥ riing su ton tai nghiém cda bai todn khong dugc xem xét trong
chuong nay. T4p hgp cua cip (9,9) sao cho (4.1.1)-(4.1.7) vo nghi€m thi trit mat
trong L*(0,2) x L*(M). That vy, tir phuong trinh K f(X,y) =—-g(X,y) ta c6 thé chi
ra rang g 12 tron néu f € L*(M) va ¢ L?(0,1). Mic du vay, trong thuc t&, g va
¢ 1a nhitng dir li€u do dac va do d6 g thudng khdong tron. Vi nhitng di liéu do
dac, (4.1.1)-(4.1.7) thudng khong c¢6 nghiém va do d6 chiing ta s€ phai st dung

mot phép chinh héa. N&u ta ky hiéu (g,,9,) (c6 th€ chua biét) 1a dit liéu chinh

)
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xdc tuong Wng nghi€ém chinh xdc (u,,f,) cia (4.1.1)-(4.1.7) thi tir dir liéu do dac
(9,¢) xap xi v6i (g,,0,) , ta s& xay dung nghiém chinh héa cda (4.1.1)-(4.1.7).
Nhu da néi trong phuong trinh K f =—g & trén, todn i tich phan K_ phu thudc
vao dif liéu do dac ¢, diéu nay din té6i K, cling khong chinh xdc. Do do, bai
todn phi tuy€n va né tao ra khé khiin trong viéc nhan dugc ddnh gid sai s6 clia
phuong phdp chinh héa. Trong trudng hgp clia bai toin mot chi€u, phuong trinh
tich phan tuyé&n tinh dugc chinh héa kh4 nhiéu trong vai thip ky gan day (xem
[9, 15, 40, 78, 28]), tuy nhién trudng hdp hai chiéu it dugc xem xét. Trong
chuong nay, ching ta s& bi€n ddi (4.1.1)-(4.1.7) vé bai todn tim f tir bi€n d6i
Fourier ctia né tinh tir dit liéu cho trudc (g,¢) (xem bd dé 4.2.1). Gid si¥ sai s6
gitta dir liéu chinh xdc (9,,9,) va dir liéu do dac (9,¢) c6 bac >0, ta s€ st
dung phuong phédp chit cut cic tan sd ky di cta tich phan dé€ xay dung (tir dit
liéu do dac (g,¢)) mdt nghiém chinh héa f,. Hon nita, sai s gitta f, va nghiém
chinh x4c f, phu thudc vao tinh chdt clia @,va tinh tron cda f,) s& dugc dua ra
mot cdch tudng minh. Phin con lai clia chuong nay sé& dudc chia thanh hai muc
4.2 va 4.3. Trong muc 4.2, chiing tdi trinh bay tinh duy nhat nghiém cida bai todn
(4.1.1)-(4.1.7). Trong muc 4.3, ching t6i tim nghiém chinh héa va dinh gid sai
$0.
4.2 TINH DUY NHAT NGHIEM

Chiing ta nhic lai ring M = (0,1)x (0,1) . Tir day, chiing ta gid st g € L*(M)

va e l?(0,1). Tir (4.1.1)-(4.1.7) ta c6 (u,f) thda

—%< Uy >—<U,y, >—<U,y, >=0<fy>Vye H'(M) (4.2.1)

va (4.1.2)-(4.1.7) (4.2.2)

trong d6 <,> 1a tich vd huéng trong L*(M).
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Tir (4.2.1)-(4.2.2), dau tién ta c6 bd dé sau

Bo dé 4.2.1
Néu u e C([0,1]; L*(M)) N C([0,1]; H*(M)),f € L(M) théa (4.2.1), (4.2.2) thi

11
g P’ J' I g(X, y) cos ax cos Bydxdy =
00

1 11
—Ie(“2+52)t(p(t)dtjj.f (x,y)cosaxcosfydxdy Va,peC,  (4.2.3)
0 00

trong dé C la truong so phiic.
Chiing minh

Chon wy(X,y) =cosaxcosfy, ta co

11 11
_%”u(x,y,t) cosax cosPydxdy + oc”ux(x, y, t)sin ax cosBydxdy
00 00

11 11
+[3”uy(x, y, t)cos axsinBydxdy = (p(t)”f (X,y)cosaxcosBydxdy. (4.2.4)
00 00

T u(ly,t) =0, ta nhan dugc

O ey

1 11
qu (X,y,t)sinax cosPydxdy = —oc” u(x,y,t)cosaxcospydxdy.(4.2.5)
0 00

Tuong tu

11 11
j u, (X, y,t)cosaxsinBydxdy = —[3” u(x,y,t)cosoaxcospydxdy. (4.2.6)
00 00

Twr (4.2.4)-(4.2.6), ta c6

11 11
—% [ Jutx,y,t)cosaxcosydxdy — (a” +B°)[ [u(x,y,t)cosaxcosBydxdy
00 00

= o(t)[ [(x,y)cosaxcosBydxdy . (4.2.7)

Xét
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d (2+Bz)tll
¢ Hu X, Y, t) cosax cospBydxd
It( /] (X,y,1) yaxay

11
= —(p(t)e("‘2+‘32>t J' jf (X,y)cosax cospydxdy . (4.2.8)
00
LAy tich phan hai v€ (4.2.8) trén [0,1], ta suy ra
- 11 1 - 11
e P ”g(x, y)cosax cosBydxdy = — j p(t)e P )tdt”f (X,y)cosaxcospBydxdy .
00 0 00
B6 dé 4.2.1 di dugc chitng minh. |
Bay gid, ching ta c6 két qud vé duy nhat

Pinh Iy 4.2.1
Cho uy,u, € C([0,1]; L (M)) A C([0,1]; H:(M)) va f,,f, € L>(M).

Néu u,,f. théa (4.2.1), (4.2.2) (i=1,2) vag#0, thi

(ul'fl) = (Uz'fz)-
Chitng minh
batv=u,—u, va f =f —f,, thivva fthda (4.2.1) va (4.2.2) dac biét l1a

v(x,y,1) =0. (4.2.9)

f(x,y) (X,y)€(0,1)x(0,3)

. f(x.-y)  (Xy)e(=10)x(-10)

f(x,y) = f(xy)  (xy)e(-10)x(0,1)

f(x,-y)  (xy)e(0,1)x(-1,0)
0 x,y) ¢ (-1,D)x(-1,2)

Khi dé

=ho

(., B) _1 I f(x,y)e P dxdy
21 3,
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:%ﬂ'f(x,y)cowxcosﬁydxdy. (4.2.10)
Tir (4.2.3), (4.2.9) va (4.2.10) ta c6
ﬁew”ﬁzﬂ(p(t)dt}? (0,B) =0. 4.2.11)
Pit
h(a,B) = j e PN (t)dt = Z(O‘ +B)" ¢ j o(H)t"dt.

Né&u h =0, dung dinh Iy Weierstrass, ta c6 ¢=0(vd 1y), do d6 h=0, cho
nén 3(a,,B,) €eCxC va r>0 sao cho |h(oc,B)| >0 v6i moi (a,B) thudc qua ciu
mé B=B((a,,B,), ) tdm (o,,p,) ban kinhr.

Suy ra

f(o,B)=0 V(op)eB.

Péng thai f 12 ham gidi tich, nén

f(o,B)=0 V(cB)eCxC.

Suy ra f =0 hiu khip ndi trén RxR.

Piéu nay din t6i f =0 hiu khip ndi trén M.

Pinh ly da dugc chitng minh. u
4.3 TIM NGHIEM CHINH HOA VA PANH GIA SAI SO

Trong phan ndy, ta xét bai toan chinh héa trong hai trudng hgp. Trudng hgp
thi nhit 1a ¢@,(t)>C, >0. Bai todn 6n dinh trong khong gian C*** cla trudng
hdp téng qudt hon trudng hop nay da dudc khio sat trong [50, 51]. Trudng hop
thd hai, @, c¢6 th€ biing khong tai mot s6 vo han di€m, do d6 khdng nim trong

khudn khd di dugc tdng két bdi Isakov.
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Tru6c khi phat bi€u va chitng minh hai dinh 1y vé chinh héa, chiing ta phat

bi€u va chiing minh hai bd dé

B&dé 4.3.1:
pgt D, ={(a,B)/a’ +B* <r*}vdi r>+2.

Néu T, e H*(M) thi

2

I j fo(X,y) cosax cosPydxdy | dadp <512v/2]f,|’

R?\D,

-1

H? (M)

Chiing minh
T tinh trd mat cia C*(M) trong H*(M), chiing ta chi xét trudng hop
f, e C*(M).

Ta co

O e
O ey

f,(X,y)cosax cospydydx =

1 1 - 1 x=1
= ” 0( y) A ox cosBydxdy+.[{ . 3! ax} cosBydy
00 o 0 x=0

11 . 1 .
_ J~ J- of, (X,y) SlnaaX cosBydxdy + I f, (1, y)%cos Bydy
0

1

11 A2 - . . y=1 .
:” o, (X’y)smﬁy sin ax dxdy—j{%(x,y)smﬁy} sinax
00 axay X y=0

B a oL O B a

_pof sinBy sina sinfy | sina
{ay(l’y) - dy{fo(l,y) 5 } "

y=0

dx

11 2 . . 1 . .
:” o°f, (X’y)smBy sin ax dxdy—.[af" (X,1)3|n[3 sin ax
0 OXOY B o 0

OX

J~ 0 (1, )smBy Slnoc
2 0Y p

o f (11)SmBS|na.
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Ta cé
11 2 H H 2
I gx(‘;‘)y (x.y) S'”BBV X dxdy| < k(BK() jxg‘)y
00 L2(M)
1 je[<1
trong d6 K(0) = 1 ‘6‘ o1
0

Ta co

£(L1) = ! ! %g;‘))dxdy

B 11 5_1:0 8_f0 62f0
_ll(fo(X,VHy oy (X,y) +x ™ (x,y)eranay (x,y)jdxdy.

Suy ra
sinpsina| _ of o°f
UL T H e +‘ - K()K(B) -
oy L2(M) X L*(M) OXoy L2(M)
Péng thdi, ta c6
J|8f0( 1)S|nBsmocde .
o
1|1 a 81:
< k(a)k(p) —(y—o(x,y)jdy dx
-!-([ay OX
2
<k(@k@)| [To]  +[ 2 .
OX [lzqmy  ||OXOY 2 (v
Tuong ty
1 2
ﬁf sin Slnoc o°f,
j 20) S Sy < Kk () H ‘
0 8y oy L*(M) OX0y L* (M)
Vay
[ £,(x, y) cos axcos Bydxdy| < 4k(c)K(B) o 2 v -
M

Vi thé
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2

j j f,(X,y)cosoxcosBydxdy | dadp <

R?\D, LM

<16[fofen12 [ | (@)(k@)dadB+2 [ | (k(e))*(k(B))*dodp

H< \BP* H> \ﬁ\>f

L2(R) .[ _dB

7

v KL

H? (M)
BG dé di dugc chiing minh. |
Dinh ly 4.3.1
Cho C,>0,£€(0,1), ¢, € ’(0,1),9, € L*(M) va goi (u,,f,)la nghiém chinh
xdc cia (4.1.1)-(4.1.7) tuong ving dit liéu chinh xdc (¢,,9,)-

Goi ¢,9 la dit liéu do do dac,

[0 =020 < leon <€ (4.3.1)
va ¢(t) > C,, ¢,(t) > C, hdu khdp noi trén (0,1).
Khi dé tén tai nghiém chinh héa f_sao cho
e’ )22
fo=foll o < 4\/ch(c:0 92 )& +1(e) (4.3.2)

trong do n(e) >0 khi ¢ > 0.
Néu gid sit them T, e H*(M) thi tén tai D, hdng s6 duong déc ldp véi & sao

cho

e3
f, _f0||L2(M) = 281/9\/4an (© +”g”L2(M))2 * Dl||f0||2HZ(M)
Chiing minh
Chon
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r——1 >1va D, ={(oc,[3)/a2 +p% < rz}.
Tir (4.2.3) va (4.2.10), ta c6

11
.[ .[ d,(X,y)cosax cosBydxdy

o(o,B) = —e« " 00 (4.3.3)

1
2n j @ Ptg (t)dt
0

Suy ra
60 == [ (o B dadp
21 %

11
. J' j g, (X, y)cosaxcosBydxdy
=3z L — e’ dodp. (4.3.4)
TR [e g, (Dt
0

11
1 ”g (X,y)cosax cosBydxdy
fEQ =y [eF o0 e=BGadp  (4.3.5)
e, [e P p(t)dt

0

suy ra

11
”g(x, y) cos ax cosBydxdy
_eo‘2+l32 00 - ,(OL,B) c Ds,
2n[ e M o(t)dt
0

m_hl)
—~
8
=
=

Il

0 ,(o,B) €D,
Ta ky hiéu ||||2 12 chuén trong L*(R?).
Ta c6

£ (@ p)-F(a.p) (P dadp. (43.6)

J

2\D,

- - o~ 2
e AR

DE

2
dodp +
R

Véi (a,B)eD,, tacéd
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flp-fi@p)-

O e
O e

11
g(x,y)cosax cospydxdy I I d,(X,y)cosaxcospydxdy
00

ea2+Bz
27 1 2 @2 - 1 2,2
j @ () dt j e@ g (t)dt
L 0 a
11
N ” 9o(X,¥) —9(x,y)]cos ax cospydxdy
_ 00 "
27'[ r o2+p2
[e g, (t)dt
L 0
11 1 1
+I _[ g(x,y)cosaxcosBydxdy| - —
00 J'e(a +B )t(po (t)dt J'e(a o (t)dt
0 0 i
_ '1[ _
g e (p(t) - g (1))t
e P Hg Qo2 0
e B el
[e g, (tydt [ e PV p(t)dt
L 0 i
| 1 2(a?+?) } |
2 2 T 5 5l e _1 8
e P € \/2(0(,2 +B%) [
< 27 | C o® +p? 1 (az +Bz)+||(~:]”|_2(|\/|) ) 1
O(e -1 Cg(ea +B _1)2 2 2\2
_ (a+B)_
_A| et +p?)

o Co(l_e_(az+ﬁz)) +|| |||_2(|\/|) \/—C (1 —(a +B? ))

Vir> 1, v6i u=a’+p* <r?, st dung cic bat ding thic

u —<2u<eu<er’ ,vuxl
1-e
u ) ’
—<e<er ,Vue[0,1)
l-e

ta co



Chuong 4:Bai todn xdc dinh ngudn nhiét:Tinh duy nhdt, chinh héa va ddnh gid sai s6 97

g(a® +B%) <ger2 <ee%r3
Coll-e )~ C, G

va
’((X. +B /1 e—2(oc +p2 ) |g||L2(M) r e
Hg L2 (M) = C2 :
C \/_\/ *(Ot +B)
Nén
"dodp < ﬂ[ o+ 0l | j dodp
O
g’e’r® 2
sm[co ol | 4.3.7)
Pit
2
nE)= | dodB, thi n(e) — 0 khi € — 0. (4.3.8)
R\D,
Tit (4.3.6)-(4.3.8), ta nhan dugc
~ ~ 112
fs _fOHZ A C4 |:C +||g|||_2(|v|):| 29 +ﬂ(8) ’
nghia la

H4f€ T LZ(M)]Z 82/9 + T](S) . (439)

e3
ol oy = 4\/?%[% +o

Pt f, = 4f_, ta nhan dugc bat ding thic (4.3.2).

Ta co

fAO( =— j jf (X,y)cosaxcospBydxdy .

St dung bd dé 4.3.1, néu f, e H*(M), ta cén(e) < ——— 28\/_ = ||H sy € > SUY T2
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e’ 2 1282
fs _fo|||_2(,v|) < 281/9\/4 ct [CO +||g|||_2(|v|)} + ||f0|||2-|2(M) ’

2
nC, T

Pinh ly da dugc ching minh. u

Dinh ly 4.3.2
Ddt v, (t) = j@o(s)ds.
1
Gid sit 38 € (0,1) sao cho Vv, khong doi dduva v, =0 trén (1-35,1).
Cho ¢>0,ae (0,%), 9, €L’(0,1), g, e ’(M) va goi (uy,f,) la nghiém
chinh xdc.

Gia sut dit lieu do do dac la ¢,Q thoa

Hg _go

o <€ VA H(p—(po Con <E-

, 7,0 X H a N A — N LA . “A
Ta c6 véi moi b e (O, mm{a, }j va néu 0<g<e?® thiton tai nghiém

chinh héa £, cdc hang s6 C, >0, y, >0 doc ldp vdi & va mdt ham n,(g),

Iiwnb(s) =0 sao cho

f —f0||L2(M) <yCe" +1n,(e).

Néu gid sit them f, e H*(M), thi tén tai D, la hing s6 dvong djc lap vdi €
sao cho

, 1 -1/2
fs _f0|||_2(|\/|) < \/CbSYb + DZ ||f0||H2(M) (b Ingj :
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Luu § : Tap hgp nhitng ham ¢, théa man di€u kién cda dinh 1y khd rong

ching han nhu @,(t)=@1-t)"(@+@A-t)y(t)) v6i a=0 va yel?(0,1) va
Vv, (t) = .t[(po (s)ds thi v, thda min diéu kién 38 € (0,1) sao cho vy khong d6i dau
1
va Vy #0 trén (1-96,1).
DPé€ chitng minh dinh 1y 4.3.2, ta chitng minh b3 dé sau day
Bo'dé 4.3.2

t
Pat vy(t) = [@y(s)ds,
1

1
D, (1) = [e* gy (D),
0

va Br E{(OMB):‘(DO(«/OLZ +B?)

Gid sit ton tai §€(0,1) sao cho Vv, khong doi ddu va v, #0 trén (1-38,1),

<R} vdi R > 0.

thi ton tai y,R, € (0,1) va C, >0 sao cho khi R <R, ta c6
m(Bg) <C,R",
trong do m(Bg) la dj do Lebesgue ciia By.
Chiing minh

Ta chitng minh |® ()| - +ookhi p — oo,

Ta co
1 2 1 2 1 2
D, (1) = [€* g ()dt = [e*“v'y (t)dt = v, (0) — [ v, (t)e™ dlt.
0 0 0

Do céc gid thi€t trén v, khong mat tong quét, gid sk ton tai t, va g >0

sao cho
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1-d<t,—¢g <ty <t,+¢, <1,
va Vo (t) <0 Vtelt,—g,t, +¢].
bat
C,= min (-v,(1)), C,= min (-v,(t)), C,>0

[0,tg—21] [to—er,to+e]
ta co

to—&; to+e 1
@O(H):—VO(O){— j v, (t)e dt - j v, (t)e dt — j vo(t)et“zdt}pz

0 to—g; to+eg

B to—€ to+e;
> —v,(0)+| C, j e''dt+C, j et dt}ﬁ
0

th—g

_ , 2 2
> _VO(O) + Cl(e(to—sl)H _1)+ Cz(e(to+81)u _e(to—gl)p ):|

> _VO (0) + e(to+sl)u2 [Cl (e—zaluz _ e—(t0+al)p2 ) + C2 (1_ e—Zsluz ):| )

Vay |CI)0(u)| — 400 khi p— to0.

Suy ra ®,(u) c6 hitu han khdng diém trén truc thyc, do d6 ta c6 thé viét
p m,
Dy () =D, (W] [(n-1;)
=1

trong do m; =12,.. ij]Tp,

CI)l(u)‘—>+oo khi g — o va @ (u) #0 véi moi p.

Tu

@, (u)| > +0 khi p—> o0 va @, (n) =0 v6i moi p, ton tai C;>0 sao

cho |CI)1(;,L)| >C, v6imoi .
vay [o,(Ja 5|2 T T + B -
j=1

Khong mat tdng qudt, gia si

m;

\/az"'Bz _Hi‘2|ui|)-

Ta xét O<p, <p, <...<p,(trudng hgp p, =0 tudng ty ).

0<p <p, <..<p,(vin€u p; <O thi
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p
bit d= min (ug,; —p), M=) m,,

<s<p-—
1<s<p-1 oy

R1/2ms

2m,
R, = min{ngM,%,Cg (%} d"*™} va § = G,
1<s<p(chd y rang 0 <p, —3§,).
NE&u p, +8, <Jo? +B? <pg,,—8,.,.s=1,p—1, tac
o, (o 5|2 C[ TN + B -
i
trongdd6 M, =M-m,-m,,.
N&u p, +38, <o’ +p*, ta co ‘CDO(\/ocz +B%)
N&u p, -8, > o +B*, tacod |D, (o> +B%)
Piéu nay c6 nghia Ia

B, (B, -8, < Ja?+ 7 <p, +53.

s=1

"> omemad™ =R,

s+1

> JC,Vd" VR >R.

>R.

Do dé

p p Rl/ZmS

p
m(BR) < 2147'[].,[585 <A4r rsrl?%( HSZSS = 4nd rsrl%X MSZW .
S= ' 3

= s=1 ' s=1

Chon y = min 1 , ta dd chitng minh dugc b dé. |
1<s<p 2mS

Biy gio ching ta ching minh dinh 1y 4.3.2.

Chitng minh
Ching ta dat

((e)=.[bin, d(u)= jetﬁp(t)dt ,
€ 0
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D E{(a,B)/‘CI)(«/oc2+B2)

>e*va o’ +p° <r2(8)},

—e¥ j j g(X,y)cosax cosBydxdy
_ 1 00 (o, @8
F(oap)=— (D(\/m) (. p) e,
0 (a,B) gD,

fa(X,y) E%J‘ Fg((x,B)ei(“”By)doch, fg E%fg ,
RZ

va D,, ={(a.B)/a’ +* <r’(e)}, D,, = {(OL,B)/‘(D(\/OCZ +BZ)

<sa}.

Ta co
ff =|f. 1| =
2 2
~ 2 ~ 2 ~ 2
- [[F@p-fiep) dadp+ [ [fo@p)| dadp+ | [fo(ap)| dacp
D, D;.ND, R2\D,
=, +1,+1;.

Pau tién ta uSc lugng I, , ta c6

o T )

1
< [P (1) - gy (1)l

0

1

< ”(P o (P0|||_2(o,1) _l.eZ(a2+B2)tdt
0

ez(a2+32) 1
SE D7 oy
2(0” +B°)
Néu (o,B)eD,, ND,,, ta c6
e2(a2+32) 1
()] (\/oc2+ 2) <gf+g— <t
‘ 0 b 2(a® +p?)

suy ra
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Dy, "Dy, ©B . s, = {(oc,B)/‘cI)o (« [o? + B2 )

Ta co

<& +al‘b}. (4.3.16)

(4.3.17)

L2(m)

1
<o

11
I I f,(x,y)cosax cospydxdy
00

Tir (4.3.16), (4.3.17) va b6 dé 4.3.2, v6i ¢ khd nhd thi tén tai C, >0, y>0

sao cho

|zs4—n2||f0||i2(M) B S 2||f0||Lz(M)co(s‘=‘+al-b)Y. (4.3.18)

Ti€p theo, ta udc lugng 1, , vi (a,B) € D, , ta ¢

‘(D(\/OLZ +B2)

1
>e® v o’ +B° <r’(e)=biln=
g

2(a?+p?)

e -1 _

e —g | ——5—~ >ef—¢>0.
2(a” +p7)

suy ra

\%(W) >

Khi (a,B) e ©,,tacéd

.[ I g(X,y)cosaxcosBydxdy

1 . 11
=oe B 00 CD(W) Mfo(x,y)COSaxcosBydxdy

1 11 ]
. jg(x, y) cosax cosBydxdy J' j d,(X,y)cosax cospBydxdy
o?+B% | 00 00

2 NN Y

O'—,i—-

I
@
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<—e +

2n (Vo + 7 |y (o + 7
2(a®+p?)
90 0 ez( +B)j a0 )~ 0,0, y)]cosaxcosﬁydxdy‘

+

ofJe

o, (e

1 - \/;(a +B )(Hgo L2 (M) H(Po LZ(Ol))
<—e* "
27 o2+ _q
N A PN
2(a” +p7)
Sieahﬁzgl—Za ez(a2+;32) -1 Hgo L2(M) +H(|)0 L2(0,1)
21 2(a” +B%) . p2(0%+p%) _ 1
2(a* +B?)

2
<ie(r(8))251*2a e?) —1”90”L2<M)+”(p0”L2<o,1)
< > .
2n 2(r(e)) _r e20re)* _q
2(r(e))’

2(r(e))’ (

2
< 1 (@)’ c2-4a e Yollu2my +H(P0 L2(0,1>)
2
2
4 2 (l_gl—ae(r(s)) )

2
i82_4a_4b (”gOHLZ(M) +||(P0”|_2(0,1))
81 (1_ 81—an—b )2 '

1 _
+ o ||f0||i2(M) C, (8 +¢' b)Y +m,(€)

2
il J_ (e k)

81 (1_ gl—a—b )2
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trong d6 I, =n,(e) > 0 khi ¢ > 0.

Suy ra

2
., J O (o
(M) ~

f —f,

€

8Tt (1_81 a b) + A Hfo iZ(M) C0(8+817b )Y +1,(€).

St dung bd dé 4.3.1, néu f, € H*(M) thi ta c6

2048\/— 1\
- <0+ 202 (]

Pinh ly da dugc chitng minh. n
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Chuong 5
XAC PINH NHIET PO TU LO KHOAN THAM DO:
TRUONG HQP CUA NHIET PHU THUQC
PHI TUYEN VAO NGUON NHIE T

Noi dung chinh ctia chuong nay di cong bd trong [2] (clia danh muc cong
trinh cong bd cla tiac gid). Ngoai ra ching toi c6 cdi ti€n va dwa thém mot két
qud mdi vé nghiém chinh héa (dinh ly 5.3.2).

5.1 MG PAU
Trong chuong nay ching toi xét bai todn xdc dinh phan bd nhiét dd u(x,y)
trong mot vat bi€u dién bdi ni¥a mit phang RxR* tir nhiét do do dudc trén mot
dudng thing bén trong vat thé. Ta cAn tim him nhiét d6 u(x,y) thda phuong trinh
Au=f(x,y,u(x,y)) ,xeR,y>0
vGi dieu kién
u(x,) =o(x), xeR,
trong d6 f 12 ham phi tuyén cho trudc thda
f(€n,0)=0, (5.1.1)

[F(En.C) =T En.C) <[pE[|G, —C,| v8imoi (Em,0) eRxR"xR. (5.1.2)

Ngoai ra, ham u(x,y) la ham ¢6 cdc dao ham ri€ng bi chin, u (x,1) e L*(R)
va u(x,y) =0 khi |x|,y > .

Nhu d3 néi trong 15i néi dau, bai todn dugc chia thanh hai bai todn nhd
tuong ng véi phan y >1 va phan 0<y<1(xem [16, 47]).

Trong muc 5.2, chiing tdi s& dung nguyén 1y 4nh xa co dé xdc dinh u(x,y)

trong nita mit phing X € R,y >1va tinh xap xi u,(x,1). Bai todn nay 1a bai todn
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chinh trong khong gian cdc ham bi chin theo chuin sup, tuy nhién viéc tinh x4p
xi u,(x,1) tirham ¢ doi h6i mot s6 diéu kién chi ti€t. Trong myc 5.3, chiing toi
xdc dinh u(x,y) trong dai XxeR,0<y<1 ti cic dir liéu @=u(x,1) va dir liéu
v =U,(x,1) dugc tinh gan ding tif trong muc 5.2. Bii todn nay 13 bai todn khong
chinh. Cédc két qud chinh héa bai todn nay dudc phdt bi€u va chitng minh trong
Pinh 1y 5.3.1 va Pinh 1y 5.3.2.

5.2 XAC PINH PHAN BO NHIET TRONG R x (1, +o).

Ta xét bai toan sau

Au=f(x,y,u(x,y)) ,xeR,y>1 (5.2.1)

vGi cac diéu kién

u(x,) =op(x), xeR, (5.2.2)
va

u(x,y)—0
khi

[X| >0 hay y — . (5.2.3)

Pit
l 2 2

FOGY;Em) == —In| (x=8)" + (y )|

va N(x,y;&n) =T(X,y;&n)-T'(X,2-y;§n). (5.2.4)

DPAu tién ching tdi xét mién y>1,xeR. Cho y>1xeR, tich phan ding
thure

0 N, - N 0 N_—Nu_)=-Nf 5.2.5

8_§(u £ ui)+a(u L~ Nu ) =- (5.2.5)

trén mién (—-m,m)x (L, n)\B((x,y),e) (trong d6 B((X,y),€) 12 qua cau tim (x,y)

ban kinh €) va cho n — owo,m — o, — 0 ching ta nhan dugc
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400 +00

u(x,y)= [ N, (¢ v De@)de - [ [ N, y:&m)f (& m,u(g n))dédn. (5.2.6)

—oo 1
Pit
J={ueB(Rx(L+o))|u(x,y) >0 khi[x| - o hay y —>+}, trong d6

B(R x (1,+)) 1a khong gian nhitng ham bi chin trén R x (1,40).
Dé& dang nhan thay J 1a khong gian Banach véi chuin sup, véi

= sp Juby

(X,y)eRx(1,+w)
Phuong trinh (5.2.6) c6 thé dudc viét dudi dang todn tif nhu sau
u=Au (5.2.7)

trong d6 A:J —J xdc dinh béi

+00 +00

Au(x,Y) =h06y,0) = | [ NOGY;En)f(En,u(g n))dedn (5.2.8)
vGi
h(x,y,0) = [ N, (X, y:& Do(&)de. (5.2.9)
Pinh I 5.2.1

Cho ¢ € L'(R)nL"(R).
Gid sit ham f théa diéu kién (5.1.1) va (5.1.2), vdi ham p € L'(R x (1,+0)) cd

tinh chdt

+00 +00

sup [ [ N, y;Em)[p(g,n)|dédn <1

(X,y)eRx(L+0) * 1

K

+00 +00

va [ [ NCGY.En)|p(&m)|dedn — 0 khi [x| >0 hay y — +o.

-0 1

Khido A:J—J la dnh xa co.
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Luu y : Piéu kién trén dugc thda, ching han, véi f(&,1,8) = aq(&)r(n)sing
véi (E,1,0) e RxR" xR trong d6 o >0 dd nhd, suppqc[-B,B] véi >0,
suppr < [y,0]u[0,1) v6i 1<y <d va qlién tuc trén [-f,B], r lién tuc trén [y, 3]

va [0,1).

Chiing minh

Ta cé

~+00 400

AU, Y) = AV, Y)| < [ [ N Y:Em)[p(Em)]Ju(Em) - v(E )| dédn

-0 1
véimoi u,vel.
Vi thé
|Au-Av| <K|u-v]..

Pinh 1y da dudc chiing minh. |

B&i nguyén 1y 4nh xa co, ton tai duy nhat U € J sao cho
Au=u

nghia la

+00 +00

u(x,y) =h(xy,0) - [ [ N(x,y:&m)f (&, u(,m))dédn (5.2.10)

-0 1

véimoi XeR,y>1.

bit y(x) =u,(x,1) v6iula nghi€m chinh xdc ctia (5.2.1)- (5.2.2). Tu dt
liéu do dac ¢, clia @(x) =u(x,1), ta xay dung y, xap xi y va ddnh gid sai s6

N R 3R
bang bo dé sau

v, -y

L*(R)
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Bé' dé 5.2.1
Cho ¢ € L'(R)NL*(R). Cho u la nghiém (5.2.6).
Gid sit ham fthéa diéu kién (5.1.1) va (5.1.2), véi ham p € L'(R x (1, +0)) cd

tinh chdt

400 +00

K= sup HN(xy&n)|p(&n)|dadn<1

(x,y)eRx(L+00) *

va \/j“j(x )+(1 |p(§n)|d§dn dx < +oo.

Gid sit them ¢(C)e¥ e L2(R).
Voi méi 0<e<1, goi ¢, € L*(R) la dit liéu do dac sao cho

¢, —0 <E.

L*(R)
Ta c6 thé xdy dung v, sao cho

trong dé C la hang s6 duong déc ldp vdi «.

1/2

Ve _\V“LZ(R) <Ce

Chitng minh

+00 +00

patk(x,y,u) == [ N(x,y;&mf (&, u(g m)dedn.

-0 1

T (5.2.9), (5.2.10) ta ¢6 u(x,y) =h(x,y,0)+k(x,y,u). (5.2.11)
bit (B; dudgc xac dinh nhu sau

B N (9 |c|<
9. (C) =
0 €] ZW
td

0.00=7= | e,

A<z
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Goi U, 1a nghiém cda (5.2.6) v6i ¢ thay bing (/[Z ,nghia la
u, =h(x,y,(ﬁ)+k(x,y,u8). (5.2.12)
Ta ky hieu h(x,y,@) =h(x,y), h(x,y,e,) =h.(x,y), k(x,y,u) =k(x,y) va
k(x,y,u,)=k_(X,y). (5.2.13)

bat v, (x)=h_(x,1) +k,, (x,1), ta chdng minh vy, la ham cAn tim. (5.2.14)

Ta co
n(x,y) = j N, (% Y& D@ == j O (219
Néu dit Fy)(x)— y =,y >0, tacé
%m=%f Fop (e = g .

L4y bi€n d6i Fourier theo bién x ding thic (5.2.15), ta c6

h,y) = %m(@ = p(g)e

hy(C,y) = —|¢|e(C)e ™.

Tuong tuf

. (6 y) = 9(&)e M.
Ta tim ddnh gid |h,,(.,1)-h,(.1)

PRy’

St dung bat ddng thic u* <e® Yu>1, ta cé

ng

h,,(.)-h, (.2

o] \c\z\cB«;)—c?Z

0,(C) dC+ C-
‘ >¢ |C

Kk T Il 2
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Vay

véi C, = \/1+ He‘c‘

R)

L2(R)

Ta cé

—+00 +00

22(R <e+ SHQ‘C‘ (p(Q)

2
=Cie

L*(R)

<Ce.

k() == [ NO<y:Em)f (&, u(gm))dedn

(5.2.16)

(5.2.17)

suy ra
D= [ gy oy T UG,
Tuong tu
1+oo+oo T]
oy (x,2) == j j oy G U (& m)ddn
Ta co
R
_1 +00 [ +00 +00 l_n ~ 2
n\/ j j J o sy TEnuEn) f(&,n,ug(i,n))d&dnj dx
1 +o0 | 400 +0 2
S;\/L !I(x o +(1 2|p(F, n)|lu-u, }dx
1
S;”U—USHOOL
vGi

Sl

Péng thdi, ta c6

n-1
(x=€)*+(L-m)

2 |p(é,ﬂ)|d§dn} dx <40,



Chuong 5 : Xdc dinh nhiét @6 tiw 16 khoan tham do ... 113

j N, (%,Y,6.1)| 0(&) - 0, (&) |de

lu-u,| < sup
(X,y)eRx(L 4+

N(x,y,&n)(f(&mn,u(€n))-f(&mn,u,(&mn)))dEdn

1

< sup { e LORTIC

H'—.S

(X,y)eRx(1+x)

+f f N(x,y,&n)[pEn)|[u(&n) - ug(i,n)\didn}

oy Kl -,
V(’iiK_(Xy)sgpzl N j j N(x,y,&mn)|p(&n)|dédn e (0,1). (5.2.18)
vay Ju-u,], <~ H(p—(AngLw(R). (5.2.19)
Ta co
1 —~ A
o-o,[  =suplo, =sup——| | @,(Q)e~dC~ | p(C)e™dg
=51, 0 | | w0 |
1
<——| [ |0.@-0@)|dc+ j o(©)|dg
mcj‘ ‘ iz ‘ ]
. L L
o \/j _jlcp(e;) o) de+

\/J' e2d (P(C)‘ dc. J‘ eZQdC}
s <
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1 |2 2 g 314
<_—— | 2= ey — =
- \/E|:81/4 o=l e +\/;He W) ey ®
<Ce¥* (5.2.20)
trong do
1 210 g~
C,=—— \/§+\/: el :
2 \/ﬂ{ 3H ¢(6) 2(R)
T (5.2.17)-(5.2.20), ta ¢6
L ~ LC
k., (,1)—k, (.1 < —0,| < 2__g¥t, 5.2.21
o (D =K, (D) n(l_K)H@ o), <k (5.2.21)
K&t hop (5.2.11)- (5.2.14), (5.2.16) va (5.2.21), suy ra
|\V5 _w”LZ(R) - ‘ uey("l)_uy("l) 2(R)
=‘hgy(.,1)+kgy(.,l)—hy(.,l)—ky(.,l) .
<|h,(.D-h, (1) e T K, (1) -k, (1) cw)
< LC, el +Ce¥’ < LC, +C, "%
n(1-K) n(l-K)
B6 @é da dudc chirng minh. |

5.3 XAC PINH PHAN BO NHIET TRONG R x[0,1).
Nhic lai ring y(x) =u,(x,1) vdi u la nghiém chinh xdc trong muc 5.2. Chd
y ring ta chi xem ¢ 1a dif liéu, con y 1a dit liéu thit cAp. Trong bd dé 5.2.1 ta da
tinh xap xi y, cla y.
Xem phuong trinh
Au=1(x,y,u(x,y)), xeR,ye(0,1)
v4i cdc diéu kién bién

u(x,) =op(x), xeR, (5.3.1)
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M xD)=y(x), xeR.
oy

DPE tim nghiém chinh héa cia (5.3.1), gid st thém nghiém chinh xdc u thda
o(0)e¥, w(©)e e L2(R), ta chia bai todn thanh 2 budc

Budc 1 : Xét bai toan

Av=0, xeR, ye(0,1), (5.3.2)
v(Xx,1) = p(x), X R, (5.3.3)
ov

—(x,1) =y(x), XeR. (5.3.4)
ay( ) =y(X), xe

Ta chiing minh bai todn ¢6 nghiém duy nhat v, , tim nghiém chinh héa v, .
Budc 2 : Goi u, 1a nghiém chinh xdc cia (5.3.1). Bat w, =u, -V, thi w,

l1a nghiém cua bai todan

Aw =g(x,y,w), xeR, ye(0,1) (5.3.5)
w(x,1) =0, xeR, (5.3.6)
ow

—(x,1)=0, xeR (5.3.7)
ay( ) S

trong d6 g(x,y,w) = f(x,y,w+vg) vb8i vq la nghiém chinh xdc cda bai todn

(5.3.2)-(5.3.4). Ta tim w, xap xi clia W, va ddnh gid sai s& |w, —w,|,, trong d6

,1a chuin trong L*(R x(0,1)). Pitu, = v, + w,, ta danh gid sai s6 ||uS - u0||2 .

Budc 1: Chitng minh bai toan (5.3.2)-(5.3.4) ¢6 nghiém duy nhat v, va
tim nghiém chinh héa v, cta bai toan (5.3.2)-(5.3.4)

Xét bai todn (5.3.2)-(5.3.4).
1 2 2
Pat T(x,y,&m)=—,—In[(x=&)"+(y-n)’]

va G(x,y,&m) =I'(X,y,&n)=I'(X,~y,&n).
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Véix € R, 0 <y < 1, tich phan ding thic

a%(—VGé + Gv§)+%(—VGn + Gvn) =0

trén mién (—n,n)x (0,1 \ B((X,y),€) va cho n — o, € = 0, sau khi hodn chuyén,

ta cO:

+00

v(x,y) =- [ [0(®)G, (x.Y,£) - G(x,y,E Dy (&) |de+

—00

+] G, (x.y.£.0)v(5,0)de. (5.3.8)
Cho y — 1 trong ding thifc (5.3.8), ta c6 :

17 1
= j mV(iyo)dﬁ

—0

+ [ [-0(8)6,(x L&D +G(x,.1E Dy (&) |de = o(x) (5.3.9)

nén phuong trinh nay c6 thé vié€t dudi dang sau :

Jn

Fio *Vioy () =Ky () + = 0(x) (5.3.10)
trong dé
K () =—% [[~0@®G, xY.6D+Gxy.&Dw(E) |de,

Fiyy (X) Ewyyz’ Vi, (X) = V(X,y) . (5.3.11)

Néu dit

1-y B 1+y
X2+ (y=17> x*+(y+1)?

I\/I(y,l) (X) =

X2+ (y-mn)°

O<yn<l xeR
1y ) (0O<y.m eR)

va L,()=I
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thi ta c6 bi€n d6i Fourier theo bién x cta M, L, F 1a

: 1 gy - VT M.
F(y)(z;)zE jF(y)(x)e Sx = b ve
1 _ o L[l _ gl
L(w)(g)—\/ﬂm[e vl _ gy ]
\/7 -1 —(y+1
My (C) = I[ e/l g 0], (5.3.12)
Tit (5.3.11), (5.3.12), ta ¢6 :
1
K, (X) = —4—n[2(|)* My () =Ly, () ]. (5.3.13)
Tir (5.3.10), (5.3.11), ta ¢6 :
¥ Q) =% (V21K , (©) +6(2)). (5.3.14)

LAy Fourier theo bi€n x trong ding thic (5.3.8) va tir (5.3.14), ta nhan

dugc:

¥, () =¢€F, (@)(2% ©)+ %@(@j —J2rK , (©)

_ % (p(g)[ea—y)\c\ +e<y—1>\e;\] \V(C)[ S0Vl _ gy 1>\z;q _R(CY).(53.15)

2[¢]

Chiing ta nhan dugc két qud sau :

Ménh dé 5.3.1

Cho ¢ € L'(R)nL"(R).

Gid sit 0(C)e e L2(R), w(§)e" e L2(R) thi bai todn (5.3.2)-(5.3.4) ¢6 nghiém
duy nhdt v, € L?(R x(0,1)).

Gid sit ham fthéa diéu kién (5.1.1) va (5.1.2), véi ham p € L'(R x (1,4+0)) c6

tinh chdt



Chuong 5 : Xdc dinh nhiét @6 tiw 16 khoan tham do ... 118

400 +00

K= sup HN(xy&n)|p(&n)|dadn<1

(x,y)eRx(L+o0) *

va \/j“j(x % +(1 |p(g n)|d&dn | dx < +oo.

Gid sit them |C| ()" € L2(R), |¢|w(©)e” e L*(R).

Voi méi 0<e<e, goi ¢, € L*(R) la dit li¢u do dac sao cho

¢; — (p“LZ(R) <&

Khi dé ton tai nghiém chinh héa Vv, sao cho

-1
||VO — V|, < D(In Ej , trong do ||||2 la chudn trong L*(Rx(0,1)) va D
€

la hang sé duong doc lap vdi e.
Chitng minh
X _
X
NGy <eo(@)] + w0 e L (R).
Suy ra bai todn (5.3.2)-(5.3.4) c¢6 nghiém duy nhat v, € L*(Rx(0,1)).

Tur (5.3.15) st dung bat ddng thic € <eM ta c6, véimoi 0<y<1

Pit ¢, trong b3 d& 5.2.1, ta ¢6

—~ 2 —~ ~ 2 2
9. -9y = | [0©-0(0) dc+ d
|g]<e™'2 (e
~ 2
: o) &*
<g + — —dC
‘C‘>8—1IZ |C|
<&’ +¢° =g’C’
*(R)
trong do C3:\/1+‘A .
L*(R
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Suy ra (E—(p C,e.

L*(R)

bit ¢, xdc dinh nhu sau

9. \q<1m1

¢, (6) =
0 C|> —In—
1 1
g ng = .
va 4,00 == [ oQedc.
Vo
Ta c6
In
6 €
[0-50) ], =T l@-ae] et | foof e
%I : it In—
o™ ol el
(pa ¢ L2(R) (1| 1) L2(R)
6 ¢
< Cze%m%g2 — el
| (1 g
Z“In=
6 ¢
2,513 | \f;\
<G 21 a0 .
€
St dung bat ding thitc &°'° < T khi &< e, tacé
In®=
€
~ N 2 1
(6.0-0@)ef], <ci—s.
‘) In?=
&
trong d6 C, = \/CZ +36Hz;(p(z;)e‘<‘ . (5.3.16)
L*(R
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Theo b6 dé 5.2.1, tdn tai y_ € L*(R) sao cho
|\Va _\V“LZ(R) <Ce™.
Bay gid ta dat ¥, nhu sau
-~ 1.1
P \Va(C.:) |Q|<_In_
Y. (0) =
0 = —In—
1t
6 ¢ ___ ic dC
va Y (X)= —_ Y (€)e" dC.
1t
6 ¢
Tuong tu nhu cdch 1am phia trén, st dung bat ddng thic g’ 1 khi
In2
€
g<e’, taciing c6
—~ ~ 2 1
(T.0-v@)e|, <ci—.
L*(R) |n2 =
€
trong d6 C, = \/CZ . (5.3.17)
L*(R)

= _ e y)\c\ (y—l)\f;\ (1—y)\c\ (y—l)\c\
Dt N, (GY) = ¢ 0.(0)| e |- z\gf' RGIE ]
v.00y) == [ NGy,

Tir (5.3.15)_(5.3.17), ta ¢

€

, + }(\T[(C) ;ﬁ: (C)) [e(l—ym _ e(y—l)\cq

2

g% H({p@ —(I/);(C_,))[e(l_y)‘q +e(y‘1"ﬂ
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<|@©-o.ne| +[ve-w.cne|

<(C, +c5)(|n1j_l.
€

-1
, < D(Inlj .
€

Ménh d@é da dugc chitng minh. |

Suy ra ||v0 -V,

Bugc 2 : Tim w, va danh gid sai s6 HWs — WOHZ. Piatu, = v, + w., ta danh
gid saiso |u, —u,l, .
Nhic lai W, 1a nghi€m chinh xdc cia (5.3.5)-(5.3.7).
Goi Vv,el’(Rx(0,1)) 1a nghiém chinh xdc clia (5.3.2)-(5.3.4) va
v, € L*(Rx(0,1)) 1a nghi¢m chinh héa.
Ta viét
W, (X)=w(x,y) va f. . (&) =F(En,Vv,(Em)+Wy(Em)).

Véix € R,0<y< 1, vé6iG xdc dinh trong (5.3.8), tich phan ding thic

0 0
6—§(—WOG§ +Gw,, ) + %(—WOGn +Gwg, ) =Gf ., ) (6) (5.3.18)

trén mién (—n,n)x (0,2) \ B((X,y),e) (B((X,y),€) 1a qui ciu tAm (x,y) ban kinh €)

va chon — o, ¢ = 0, sau khi hoan Chuyén, ta co :

+o0 1

W, (%,Y) = [ W, (8,006, (x,Y,£,0)de ~ [ [G(X,y,E ), ., (E)dEN (5.3.19)
Gid st ring f théa man cdc diéu kién sau
f(&n,0)=0, (5.3.20)
‘f En.&)-f(En, Cz)‘ < \p(i, T])Hgl - Cz‘ (5.3.21)

v6i moi (§,m,8) e Rx[0,1)xR, trong d6 p € L*(Rx(0,1)).
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Du6i nhitng diéu kién phia trén cia f, ta khing dinh (va chitng minh) b6 dé
5.3.1, dugc st dung trong chitng minh dinh 1y 5.3.1.

Bo' dé 5.3.1

Gid si ridng f théa nhitng diéu kién (5.3.20)-(5.3.21) va mot ham s6
v, e L’(Rx(0,1)).

Goi T,,: L*(Rx(0,1)) » L*(Rx(0,1))
xdc dinh bdi

1
T, W(X,y) = e

U.—'U

1 +o0
J' J' é [ oy _e—\y—n\\éqf(w’vz)(g)e—iﬁf%eigxdgdndq (5.3.22)
0 —

trong do

frwy) E) =F(En Vv, (En) +W(EN))

va b la sé duong cd dinh sao cho

4
oa=— be?” Hsz <1.

Khi do T(V y la mot dnh xa co.
Chiing minh
bat

Qy,(©)=Q(y.) = 2 1 Ijé[ (g _ef\yanC\]f(n’lec)(&)efiacdédn’

@

£ e[-b,b],y€[0,1)

Q(y) (C) = O! C & [_b’ b]’ ye [0’1) .
St dung cdc bat ding thic

i e(n—Y)\C\ _e—‘y‘nHC‘ < 4eb VTL ye [O,]_), Q IS [—b, b]

<
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x[0,2), w e L2(Rx[0,1))

i (8) <
ta nhan dugc
Qu(©) e L(Rx(0,0) va T w (2)=Q,(4).
Piéu nay din dén
T, ,Wel?(Rx(0,1).

Hon nira

2
TaoWa =T wal, =T, O - Toow, O <

b 11+ 2 2
Sin-[)'!‘.!‘ -[O‘q [ a9l _e—\Y—"HC‘] p (a,n)dadndydC||W1_W2||z

4
< —be® o[, [w, —w, |, = ufw —wf,

Do d6 T, 1a mot dnh xa co.

B dé da dudc chitng minh. |

Dinh ly 5.3.1

Dudi nhitng gid thiét trong ménh dé 5.3.1.

Goi Vv, e L*(Rx(0,1)) la nghiém chinh xdc cia (5.3.2)-(5.3.4) va goi
v, € L*(Rx(0,1)) la nghi¢m chinh héa ciia (5.3.2)-(5.3.4) dé xdc dinh trong ménh
dé 5.3.1.

Gid sit rang f théa man cdc diéu kién (5.3.20)-(5.3.21).

Gid sit thém nghiém chinh xdc W, e L>(Rx(0,1)) ciia (5.3.5)-(5.3.7) thda
man

W, (0] € (R x(0,1)). (5.3.23)

Khi dé ton tai mdt ham W, va U_ =V, +W,_ sao cho
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36E|p
P L BPTV,

-1 2 (1A 12 -2
o.-u, <ofnd +JM+ZDZ(.H1)
& T €

E = [Wa (@€ ], (5.3.24)

va D la hing sé dwong doc ldp véi € xdc dinh trong ménh dé 5.3.1.
Chiing minh

va

trong do

Goi b 1a nghiém dudng cla phudng trinh

2 per pff = 2
—be Hsz—3- (5.3.25)

Goi T, , : L*(Rx(0,1)) > L*(Rx(0,1)) dugc xdc dinh bdi

1671 SV _ bronlg it ek
TaWiy)=- jb ! [0 E[ e ]f(mwyva)(&)e e>dednd. (5.3.26)

Tir T, , 12 4nh xa co, tdn tai duy nha't w, e L*(R x(0,1)) sao cho

(ve)

T(vs)wa =W,
va W, c6 th€ nhan dugc bdi phép xap xi.

Tir (5.3.19), ta c6

— —d
) =2 [l )<x iy
FE L (x=E)2+(y—n)°
475.[ a)Z +(y+n)2 f(n,wo,vo)(a)dadn . (5327)

Choy —> 1,taco:

1 +00 . 2 1_ 2
.[ .[ Ei _ gz i §1+ Eizf(n,wo,vo) (E)dEdn +
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' f W, (£,0)——de =0, (5.3.28)

(x—€)*+1
Nhic lai ring trong (5.3.12), ta ¢6

x> +(y—-n)°
F(y)(X)EWyyz’ L(w)(x)slnﬁ (O<yn<l xeR),

x* +(y+m)*
E - % 11 —(yn -y
F(y)(C)=%e e, Lm,y)(C):Jﬂm[e enld _ g ”ﬂ. (5.3.29)

Ta viét
Woqy) (X) =W, (X,Y).

Tir (5.3.28), (5.3.29) ta c6 thé viét thanh :
1 1
Wog) *Fay (X) + ZI L sy Ty (X)dN = 0.
0
LAy Fourier hai v€ clia ding thifc trén ta nhan dugc
—~ A 1%, -
Wo 0 (DFi () + | Ly @F i (I =0
0
va do (5.3.29) nén
- 1E 17 i _ g7
Woio (@ ==3] m[e =€ ]F ) Q). (5.3.30)
0
Tit (5.3.27), ta c6 :
V2 1 3
Wy (X) =——=Wyp *F oy (X)) +——=| Ly *Trw. v (X)dN=0. (5.3.31)
o (X) Jr oo () 2@! ) * T ()N
Bi&n d6i Fourier theo bién x clia dang thitc (5.3.31), ta c6
—~ J2 ~ - 1 L. -
WO(y) (Q) = ﬁwo (0) (C)'F(y) (C) + E_([ L(n,y) (C)-f(n,wo,vo) (C)dn (5-3-32)

Twr (5.3.29) va (5.3.30), phudng trinh (5.3.32) trG thanh :

—~ 131 B o n
W) ©) :Elm[e(n 904 —e ly nHﬂf(n’WO’VO)(C)dn (5.3.33)
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v6i moi C. Ta céd

T PR S O RO I gy
Wo(y (€)= 2@! I@ ICI[ T e gL L E)e e dEdn . (5.334)
Ta co
| J J Wo g (©) =T W m(@)\ dyde
[ [[Woun @ v
(=]
L T e e o @] ]
87-5 “ol OO|§| (m.wo,Vg) (mw,,v,)
W NG
_\z;\>b0 be #
L el L el g _ qly-mlg| _igg 2
L[] Lo = M T @] ey dye
< E" +1||W —W_ +V, -V ||2
beZb 3 0 € 0 ell2
Vi thé
36E2|p|°
v,
Vé' ”uO _us 2 —”VO
cho nén
-1 2 2 )
u, = U, < D(Inlj +\/—36E [Pl +2D2(In% :
& T e
Pinh ly da dugc chirng minh. [ |

T dinh 1y 5.3.1 ta d& dang nhan dugc hé qua sau
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H¢ qua 5.3.1
Dudi nhitng gid thiét ciia dinh Iy 5.3.1 va gid sit thém
p(&,m) =0 trong Rx(0,1).

Khi dé ton tai nghiém chinh héa u_ =V, +W, ciia (5.3.1) sao cho

U, —Up|, < D(x/§+1)(ln%j_l

trong do D la hing sé duong doc ldp véi € xdc dinh trong ménh dé 5.3.1.

Nhu vay trong trudng hgp ham p xdc dinh trén RxR™ ¢6 tinh chat
p(&,m) =0 trong R x(0,1) ta da tim dugc nghi€m chinh héa u_, con trong trudng
hdp tdng quét ta c6 két qua sau day

Pinh 1§ 5.3.2

Dudi nhitng gid thiét ciia ménh dé 5.3.1.

Goi V,eL?(Rx(0,1)) la nghi¢m chinh xdc cia (5.3.2)- (5.3.4) va goi
v, € L2 (Rx(0,1)) la nghiém chinh héa ciia (5.3.2)- (5.3.4).

Gid sit rang f théa man cdc diéu kién (5.3.20)-(5.3.21) va ton tai hdng s6'k
sao cho

P& M) <k V(&) eRx(0,).

Gid sit thém nghi¢m chinh xdc U, =V, +Ww, € L>(Rx(0,1)) ciia (5.3.1) thda

o

o Q)] € L(R*(0.D).

Khi d6 ton tai nghi¢m chinh héa W, va U =V, +W, ciia (5.3.1) sao cho

-1/2
HWS_WJL<c(mEJ

€

va
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1 -1/2
U, —Up|, < E(Ingj

trong dé Cva E la hang s6 duong déc ldp vdi «.
Chiing minh

Tu (5.3.33) , ta co

—~ 1%1 B T A
W, (C) = E.([m[e(n g _ gl ””C‘]f(n,wo,vo)(f;)dn

_ lji[e(n—y)é _e(y‘”)m]f(n,wo,vo)(C)dn'
251dl

1l a
Pit T(W(a) (x, y) J'J'%[ el —e‘y‘“"q‘]f(n,wwvg)(C)eiCXdCdn.
y a

Ta khing dinh v6i mdi a. >0, ye(0,1), m>1 va

w@ wH* e C([0,1]; L*(R)), ta cé

[T (W ) =T (W (L y))|

(5 3.35)

a\M 1- " a o
o <) E e )
trong do H||” 12 chuén sup trong C([0,1];L*(R)).

Ta chitng minh bat ddng thic (5.3.35) bing quy nap.
Khi m=1, chi y ring

Tw(Cy) = x[w]@j m[“ =g [ (o) (E)d,

ta co

[Tw () -Tw ()

L*(R)

HTw I, y)=Tw y)

L*(R)

2

(m-y)l¢| y-nlg

(f v ,) (&) = F nawt@) (C))dn

€ —€

1

% _)[X[—oc,(x] ()

L*(R)
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2

[ e ()™ dg

IA
L —
<

f v ) (€) = F (i v, (C)‘ dn

2

7
—

1
j‘ e(ﬂ—y)d
y

F o103 (©) = Fenaito o Q) ]

+o0 1 R R 2
<e-y)[ j F a0 ()~ F a0 (Q)] i

w® (X,1) - Wi (X,n)‘z dxdn

<k’e**(1-vy) _lHOO
Y S

<e®(L-y)k j |w

W () —w O ()

L? (R)

<e’*(1-y)k® H w® — ||

Gia st (5.3.35) thda v6i m = j. Ta ching minh (5.3.35) ddng khi m= j+1.

Ta co

[T (W y)) =T (W ()| -

= [F (7w Cy) - F(T (W )|

L*(R)

< KPe® (1- y)J‘HTJ W(a)( Tl)) TJ( l(a)( n))H

L2 (R)

1(a) 2

< k%2 (1- y)J‘ k2 2(1 n) Hw(a)_w

dn

2 2 it (1= y)™
(ke =l

Viay ta c6 (5.3.35), suy ra

W@ —wi@|* _

2 am 1
<(k%e™) WH

Tm (W(a) ) _Tm (Wl(cx) )
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. m 1 N . e .
Tu lim (kzeZ“) — =0, ton tai s0 nguyén duong m, sao cho
I

m-—oo m!

a\m 1
(k2e2) m—o!<1.

Vay T™ la dnh xa co ti C([O,l]; LZ(R)) vao C([O,l]; LZ(R)). Suy ra phuong
trinh T™ (W) =w® ¢6 nghiém duy nhat w e C([O,l]; LZ(R)).

Ta chitng minh T(W'®) =w® . That vay, ta c6 T(T™ (w™)) =T(w™). Do
d6 T™(T(w®)) =T(w™). Do tinh duy nhit cia di€m ba't dong ctia T™, ta c6
T(w®)=w, nghia 13, phuong trinh T(W®)=w c6 nghié¢m duy nhat
w® e C([0.4];*(R)).

Ta cé

2

(o)
4HWO(y) —-W (’y) 12(R)

2
a |l [e(nfy)\c\ _ e(yfn)\c\

A

- [ Frmo (©) = Feawer0(€) Jin
/4
LMY A y-n) ?
e —e 2
it 12 e Qi
lc|>o |y |C|
o[l N N i
<4 I Ie("‘y)m f(n,w(),vo)(?;)—f(n,w<“),vg>(C)‘dn dg
1 2
+4 j I e (1w (C)dm| dC
el |y
o |l n ~ ?
<4 [ e a0 (©) ~F iy (O] |

2

1
.[ J p(y)hyo g (o) (G)AN

l|>a |y

+4g2Y*

dc
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Pit

oo ()~ F i Q)] dngi
zdc}
<4e {je(j @, @) daJ
zdc}

<de™" {fez““Tkz Vo (&) =V, () + Wy (&) — W (&, m)| dign

" .[ ezdc\ o) J‘

&

o 1
< 4e™ J' _[ g2
-ay

1
JeO M i Qi

y

il

|c]>a

Ie\c\
y

F o Q)i

\C\ a

oo Q) dndé}

< 4e™ {Zk IeZ““

Wo(am) =W (),

L2 (R)

+ZI [ €KV, (& m) - v, (& m)] dédn

i j ezdc\ o) I

[C>or

v0>(C)rdnd€}

< 4e ™ {ZK J'eZ”“

W, () -wO ),

L2 (R)

+2k?*e** v, - VSH2

s [ et I

&>

Fomowa Q)] dndC}



Chuong 5 : Xdc dinh nhiét do tir 16 khoan thdm do ...

132

M, = 2k%e** |v,

j ezqqm) J‘

|g]>o

Suy ra

e2y0c

(o)
Wiy =W (, Y) 2R

1
< 2k2j‘e2na
y

St dung bat ding thitc Gronwall, ta c6

2ya

w,(,y)- WOy, <(M+M

L(R)

suy ra

[, () -w )

L*(R)
Pong thdi st dung ménh dé 5.3.1, ta c6

e—2ay Ml — 2e2(1—y

1 -2
<2D%¥ V| In= | .
€
Ngoaira, ta c6

e”M, =

—2ay J‘ e2(‘§‘+o¢)J‘

|c]>a

<o [ €

‘Z;‘>(x 0

e

|F s @) dnic

—20(y+1) e3‘§‘

<e

~ 2
f(*’leOvWO) (C.;)HL .

K&t hop (5.3.36)-( 5.3.38) va chon a. =
2(1-y)

2
<&V (M, +M,)e? ¢

Fiumos Q)] dndg

P R)dn+M1+M2-

) 2k (1-y) ,

(5.3.36)

(5.3.37)

P ()] g

(5.3.38)

In(ln Ej, ta nhan dudc
€
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2 1 5 1
‘ P ek {ZkZDZ(InEJ +He3C (InEJ }
e 2 e

L2(R)
-1
<C? (In 1) )
€

-1/2
‘ <C(Inlj .
2 €

Patw, =w® va u =v_+w,_, tacé

W, (,y) — W (,y) (o) (C)

Cho nén

(o)
W, —W

lug—u,], =|wo+vy—v, —w,|,
<HW ~WOl v, —v
- 0 2 0 ell2
-1/2 -1
1 1
<C|In= +D| In=
e e
1 -1/2
<(C+ D)(ln—j .
e

binh ly da dugc chitng minh. |
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Chuong 6
BAI TOAN NHIET NGUGC THOI GIAN PHI TUYEN TREN
MIEN BI CHAN

Chuong nay da cdong bd trong [3] (clia danh muc cong trinh cong bo clia tdc gid).
6.1 MG PAU

Nhu di bi€t, n€u cho phan bd nhiét do tai thdi diém dau trong mot vat thé
din nhiét dugc cho thi phan bd nhiét d6 tai thdi di€m sau c6 thé dudc xdc dinh
va day la bai toan chinh. Trong Pia Vit Ly, chiing ta thudng gidp phai bai todn
xdc dinh phan bd nhiét d6 trong trdi dat hoic mot phan trdi dit tai thdi di€m
t, >0 tir nhiét do do dudc tai thoi diém t, > t,. Pay la bai todn nhi€t ngugc thdi
gian. Bai todn nay l1a khong chinh theo nghia khong luén c6 nghiém hoic ngay
ca khi bai todn c¢6 nghiém thi nghi€ém ciing khong phu thudc lién tuc theo nhiét
do cudi (tai t = t,). Nhu da néi & trén, bai toan dugc phat trién trong Pia Vit Ly.
DPong thdi bai todn ciing phat trién trong cdc tinh huéng khic nhu: phun nii lta,
n6 hat nhén, ..., trong d6 nhi€t do tai thoi diém dau t, (nghia la nhi€t do tai thoi
di€m phun hoic nd) qué cao cho nén chi thuin 1gi khi do nhiét d6 tai thdi di€m
sau d6 t, >t,. Ching ta xem mdt thi du v€ bai todn nhiét ngugc thdi gian, bai
toan diéu khién nhiét do, bai todn xdc dinh nhiét do u, cia mot phong tai thdi
di€m t, >0 d€ c6 nhiét dd u, tai thai di€m t, <t,.

Trong phan ti€p theo, chiing ta xét bai todn nhiét ngugc thdi gian vi ngudn
nhiét phu thudc phi tuyén vio nhiét do. Cu thé chiing ta xét bai todn ngudc thdi
gian cho phuong trinh phi tuyé&n sau

u(X,t) — u(Xx,t) + Af(xu(x,t)) =0, O<x<1,0<t<1 (6.1.1)

vGi diéu ki€n bién
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u(0,t) =u(l,t)=0 (6.1.2)
trong d6 A € R, f € C'(RxR) véi £(0,0) = 0.
Cho
u(x,1) = g(x) (6.1.3)
ta xét bai todn tim
u(x,0) = (x). (6.1.4)
Trong (6.1.1), ham f 12 ham phi tuy&n. Trudng hgp f =0 da dudc xi Iy mot
cdch tong quét (trong [8, 58, 78]). Lattes — Lions [58] dd 4p dung phuong phip
tua kh3 nghich d€ gidi bai todn ngugc thdi gian cho phuong trinh parabolic phi
tuyé&n, nhung khong khdo st vé sai sd clia sy hoi tu, cdc phuong phdp khic da
dudc dé cap trong phan 15i n6i dau cda luan 4n. Trong chuong nay, ta s& xét bai
todn v6i A (trong (6.1.1)) ty ¥. Vi A nhd, nghiém tudng ng van giif lai nhitng
dic diém cida trudng hdp tuyén tinh, do d6 sai sd cda sy hdi tu s& dudc khio sit
trong trudng hgp nay.
Trong phan con lai, chiing tdi s& trinh bay nhu sau :
Muc 6.2 - 6.3, xit 1y tdng quit vé tinh duy nhit nghiém cla bai todn ngudc
thdi gian, sy hdi tu vé nghiém chinh x4c cta diay nghiém chinh héa.
Muc 6.4 - 6.5, cho xap xi hitu han chiéu va ddnh gid sai sd trong trudng
hgp dac biét.
6.2 TINH DUY NHAT NGHIEM
Cho E 12 mot s6 dudng c6 dinh.
Ching ta tim nghiém ctda (6.1.1)-(6.1.3) trong tap

B={ceH;0.:[4f; +lc. [} <€} (6.2.1)
trong d6 |||, 12 ky hiéu chuén trong L*(0,1). Ta c6
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Pinh 15 6.2.1

Néu f cé tinh chat % bi chéin trén [0,1]xR thi bai todn (6.1.1)-(6.1.3) c6

nhiéu nhdt mot nghiém trong B.
Chitng minh
Goi (,,C, € B 1a 2 nghiém ctia (6.1.1)-(6.1.3).
bit
w(x,t) =u(x,t;§)—u(x,t;¢C,).
Khi d6 w thda
W (X, ) =W (6,8) = <A [F 06, U (X, 66)) — F (6, U(x, 6C,))]

nén theo dinh 1y Lagrange, ta c6

w, (X, 1) —w, (X,t) = —k%(x,U(x, t))w(x,t). (6.2.2)
Lof oo A A
Vi ~ bi chin trén [0,1]x R, nén ton tai M > 0 sao cho
y
of s
‘@(X,y) <M véimoi (x,y) €[0,1]xR. (6.2.3)
vay (w,—w, )" <A’M2w?. (6.2.4)

Mit khiac w(0,t) =w(L,t) =0 va w(x,1) =0, nén theo dinh ly Lees-Protter

[62], ta cO
w(X,t)=0 véimoi X € [0,1] va te [0,1].
Suy ra
u(x,t,g,) =u(x,t,g,) véimoi x e [0,1] va te [0,1] )
Vay Cl = Cz .

Dinh ly da dugc chitng minh. [
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Luu y, ta c6 thé dung 1ap ludn nhu & trong chuong 7 d€ cé k&t qua nhu vira
chitng minh.
6.3 PHUGNG TRINH TiCH PHAN VGI DU LIEU XAP Xi

Dit liéu g tdng quét 12 k&t qua cla do thyc nghiém va vi thé thudng c6 sai
s6. V6i dit liéu do nay bai todn tuong ¥ng cé thé khong c6 nghiém va vdi sai s6
nhé theo g din tdi sai s6 16n theo nghiém. Tinh khong &n dinh dudc chi ra ngay
trong trudng hgp phuong trinh tuy€n tinh( xem [7, 38]). Vi th€ bai todn 1a khong
chinh. Pic diém ciia tinh khong chinh nay dugc xem 12 khic nghiét trong trudng
hop phi tuyén.

Pat

+00
G(x,t,&,1) = ZZe‘”Z”Z(“T) sinnmxsinnné .
n=1

Tich phan ding thic
div(uG, - Gu,,uG) = -AGf (&, u(&, 1))

trén mién (0,1)x(0,t—¢€) va cho ¢ - 0, ta ¢
u(x,t) = EG(X,t,&,O)C(é)dé—kiiG(X,t,é,r)f (& u(E,1))dede
Pit S(t): L*(0,1) - L?(0,1) 1a ho toan tif tuyén tinh phu thudc t xdc dinh bdi
S(t)a(x) = EG(X,t,i,O)C(i)di,

ta cO

S(E(X) = 25: e """ sin nnxjc_,(&)sin nrede

= ZZe’”Z”2t sinnnx < ,sinnxng >
=1

trong d6 <,> 1a tich vo huéng trong L*(0,1).
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Vay
||S(t)§||§ = %i%znzﬁ <¢,sinnmé >* < 2i< ¢,sinnmg >*
n=1 n=1
<[l
Cho nén

Istt)e], <||¢||, véi moi te[0,1] va {el?(0,1).

Vay nghiém ctia bai todn (6.1.1)-(6.1.3) 1a
u(.t) =S(O5() -~ A[S(t=1)F (, u(,v)de. (6.3.1)

Ghi chd : Chi y ring n€u ta goi S(t) 12 nda nhom sinh bdi Laplacian, xem
[7, 23, 48, 57], ta cling c6 cdng thitc (6.3.1) véi tinh chat
[sel, <[el.

Cht ¥ ring néu gid st % bi chdn trong [0,1]x R, st dung phucng phap lap

ciia phudng trinh tich phdn Volterra va dung nguyén 1y anh xa co thi phudng

trinh (6.3.1) c6 nghiém u € C([0,1]xR) véi moi { € C([0,1]xR).

Dinh Ij 6.3.1

Gid sit f c6 tinh chdt % bi chéin trong [0,1]xR.

Goi g la dit liéu chinh xdc cia bai todn (6.1.1)-(6.1.3) va ¢, la dit liéu do do
dac, sao cho g, — g trong L*(0,1) khi € — 0.

Goi C,, la nghiém chinh xdc cua bai todn (6.1.1)-(6.1.3).

Khi dé ton tai nghi¢m chinh héa €, ciia (6.1.1)-(6.1.3) tuong iing vdi g, va

¢, — ¢, trong 17(0,1).



Chuong 6 : Bai todn nhiét nguoc thoi gian phi tuyén trén mién bi chdn 139

Chiing minh
Pit K 14 4nh xa tir B vao L*(0,1), xdc dinh bdi
K(©)()=u(.L50). (6.3.2)
DPé€ chitng minh dinh 1y ta chia thanh hai budc. Trong budc 1, ta chitng minh
K 12 don dnh va lién tuc tif B vao L*(0,1). Trong budc 2, ta ching minh ¢, — ¢,

trong L*(0,1).

Buéc 1: Ta chitng minh K la don dnh va lién tuc tir B vao 1°(0,1).  (6.3.3)
bat
o(t) =[u(, t5) ~u(. 55,)], (6.3.4)

thi v6i moi t €[0,1], ta c6 :

o(t) =|[S((&, ~&,)() =[St =) [F (., u( )~ F (L u(, T E ) ]de
sua;l—czuz+mJjufc,u<.,r;a;1»-f<.,u<.,r;<;2»u§dr
lof . N
s||c;1—c2||2+|%|\/j PVCLICRICICLISVEUELIY) [
<[é: =&, + MM, (0(2))" dr . (6.3.5)
Suy ra

t
(o) <2|6 =G| +2r| M? j (p(x)) dr.
0
T bat ding thitc Gronwall, suy ra
o(t) < V2G|, €™ véi moi te[0,1]. (6.3.6)

Thay t =1, ta nhan dugc

[K(G) - K&, < V2e™ g, =&, - (6.3.7)
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Vay K 12 don 4nh va lién tuc tir B vao L?(0,1).

Budc 2 : ta chitng minh ¢, — ¢, trong L*(0,1).
Goi ®1a 4nh xa ti B vao [0,+x) xdc dinh bdi

Q) =|KE-g,

g (6.3.8)

Do K lién tuc nén @ lién tuc trén B, dong thdi B compact, suy ra ton tai

€, € B sao cho

mEEnCD =d(C,). (6.3.9)
Vay

IKE, = 9., <Ko —a.], =[la - 9.],- (6.3.10)
Vi thé

IKE, K&, <K&, =g.], +lo. ~ K&, <2Jg-a.[,. (6.3.11)

Vay néu g, — g trong L*(0,1) khi € — 0, thi
K&, = KGe\- (6.3.12)
Pdng thdi K lién tuc trén K(B), ta c6
¢, > ¢, trong L*(0,1). (6.3.13)
Vay dinh ly da dugc chirng minh. [
6.4 XAP Xi HUU HAN CHIEU
Trong phin nay ching to6i tim nghiém trong tip B dinh nghia nhu trong
(6.2.1), chiing tdi xay dyng mdt ddy xAp xi hitu han chiéu hoi tu vé nghiém
chinh x4c khi g, — g. Bai todn ddnh gid toc do hdi tu dugc thdo ludn trong phan
sau.

C6 thé xem tap hgp B dinh nghia trong (6.2.1) dusi dang
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B= {Q =Y C,sin nrcx/Z(nZn2 +1)C% < ZEZ}.
n=1 n=1

Ta sé& tim nghi€ém trong B.

Dinh ly 6.4.1
Goi C,, €B la nghiém chinh xdc ciia phuong trinh K =0 ung vdi dit liéu
chinh xdc g.

Goi g, la dit liéu do do dac théa

9. —9|, <e.

Gid sit f c6 tinh chdt %(x,y) <M vdi moi (X,y) €[0,1]xR.

DPdt k =k(e) la mot sé nguyén duong sao cho
+00 l 82
z S i
n=k+1 N 2e E
Goi Fy la khong gian tuyén tinh sinh bdi

{sinnnx/n=1,...k} va B, =BNF,.

Goi €, € B, sao cho ngin||KC—ga

2 :”KCS -0,

-
Khi dé
IKE, — K&y, < 3e.
Chiing minh
Tir ¢, B, dit

Lo = .C,sinnnx.

n=1

K
Chon g, = ZCn sinnnx € B, .

n=1

Ta cé
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[ —QkHi = i C, sinnmnx 2 = icﬁjsinz(nnx)dx
et , da
o o o 2
:%écﬁ < %(é(nznz +1)c§j(§$j < Zefﬁ
Do d6 ton tai ¢, € B, sao cho
[ =6l <
Vay
[KCex K&, [, <[KECux =], +]9. —KE,|, <&+]g, —KEd],
<e+]|g, — Ko, +[|[KCex — K&, [, < 26 +|KE,, —KE, ], -
Tit (6.3.7), ta ¢6 [|KG,, — K&, |, <3e.
Pinh Iy da dugdc chitng minh. n

ViK' lién tuc trén K(B), ta c6 hé qua sau :
Hé qua 6.4.1
Vdi cdc gid thiét trong dinh Iy 6.4.1, trong dé
g, —> g trong L*(0,1) khi ¢ — 0.
Ta co
¢, —> ¢, trong 17(0,1) khi ¢ —>0.
6.5 UGC LUQGNG SAI SO
Vi di€u kién trén nghiém chinh xdc ., va [A| dd nhd, ching t6i udc lugng
sai s0 gilta nghi€ém chinh héa ¢, va nghiém chinh xdc ., dya trén sai 6 giita g,

N

va g.
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Dinh ly 6.5.1
Goi C,, la nghiém chinh xdc ciia phuong trinh KC =g dng vdi dit liéu chinh
xdc g.

Gid sit C,, e BNV trong dé V la khéng gian hitu han chiéu ciia Hy(0,1).

Dat
B=min{|S@)|,/¢ e V.|c|, =1}, hién nhien B> 0. (6.5.1)
Gid sit
%(x,y) <M vdi moi x€(0,1),yeR (6.5.2)
va V2 Me™ <. (6.5.3)

Goi 9, la dit liéu do do dac sao cho

9. -9, <e. (6.5.4)

Khi doé tén tai nghiém chinh héa €, sao cho

G, = Codl, < 26(B-V2J7 | Me™ )_1. (6.5.5)

Chiing minh

. N R
Goi C, 1a diém sao cho

min[[Kg-g, |, =[KE, -g,,- (6.5.6)
Ta c6
|KE, - K&, |, <K&, .|, +[9. -4, < 2. (6.5.7)

DPong thdi

|KE, = K&y, = IS, - S0, =M

[s@-D)[f(.u(.m6) - u(wg,))]de

2

> (S, ~ .|, — 1] \/ [[sa-o[f¢.uC.me N - ut.m z;ex))]uj dt
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2
zdr

>p

(;5 _Cex 2 _P\a‘\/j“f(-,U(.,T;CS))—f(-,U(.,’C;CeX))

>p

[

>

Tu (6.5.8) ta c6

G =G, ~[A M2

Cs _CexHZ

[KE, — K&, [, = (B— [ My2e™™)

Go = Carl-
Tir (6.5.3), (6.5.7), (6.5.9) ta c6
G, —Co, < 26(B—[2|MV26"™) 2,

Pinh ly da dugc chitng minh.

(6.5.8)

(6.5.9)
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Chuong 7
BAI TOAN NHIET NGUQC THOI GIAN
PHI TUYEN TREN MIEN KHONG BI CHAN
Chuong nay da cong bd trong [11](ctia danh muc cong trinh cong bd clia tic gid).
7.1 MG PAU
Cho T >0, ta xét bai toadn tim nhiét dd u(x,t), (x,t) € R x[0,T] sao cho

{ut —u, =f(x,t,u(x,t)), (x,t)eRx(0,T), a1

u(x,T) = ¢(x),
trong d6 o(X),f(X,t,z) cho trudc. Bai todn dugc goi l1a bai todn nhiét ngugc thoi

gian phi tuy&n. St dung bi€n d6i Fourier ta c6 thé vi€t hé trén dudi dang sau

)
u(p,t) =e™ % (p) - [e " F(p,s, u)ds (7.1.2)
t

trong d6 §(p,t) = % [ o& e ede.

Nhu di bié€t, bai todn 1a khong chinh, nghia 12 nghiém thi khong ludn ton
tai va trong trudng hop ton tai, thi nghiém khong phu thudc lién tuc theo dif liéu.
Do dé, can dua ra mot phép chinh héa. Trong bdn thip ky qua, nhiéu tdc gid
nghién cttu trudng hdp tuyén tinh clia bai todn. Lattes Lions [58], Miller [66] da
cho phuong phap chinh héa goi 1a phudng phdp twa kha nghich biing cdch nhiéu
phuong trinh chinh. Clark va Oppenheimer [24] da cho mdt phép chinh héa khac
bing cdch nhiéu gia tri cudi goi 1a phuong phédp twa bién. Ngoai ra, nhiéu bai
bdo tap trung vao su 6n dinh clia bai todn tuyén tinh [3].

Mic du cé rat nhiéu sy nghién ctfu trong trudng hdp tuyé&n tinh clia bai todn
ngudc thdi gian, nhung vé bai todn phi tuyé&n thi khong nhiéu. Mot két qua cho

sy 6n dinh d6i v6i phuong trinh Ginzburg-Landau dugc cho trong Ames [2].
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Trong chudng 6, ching t6i da khdo sdt bai todn trén mién khong gian 1a khodng
mdé (0,1).

Trong chuong nay, chiing tdi xAp xi Bai todn (7.1.2) b&i bai todn sau

—~ - T e
u®(p,t) = - — | ——f(p,s,u®)ds 7.1.3
(. =——=0(p) j o () (7.1.3)
hodc
+oo T R )
us(x,t) = J_j o(p)e™dp - J_I j o —f(p,s,u%)e™dsdp. (7.1.4)

Phan con lai cda chuong dugc chia thanh 3 muc. Trong muc 7.2, chiing tdi
trinh bay tinh chinh cda bai todn (7.1.3). Trong muc 7.3, ching t6i trinh bay su
duy nhat nghiém va chinh héa ciia bai todn (7.1.1). Trong muc 7.4, chiing t6i dua
ra mot vi du vé tinh todn so.

7.2 TINH CHINH CUA BAI TOAN (7.1.3)

Trong phin nay, ching tdi s& trinh bay su tdn tai, su duy nh4t, sy dn dinh
cua bai todn (7.1.3). Ta c6

Pinh 15 7.2.1

Cho ¢ € L*(R) va cho f e L*(Rx[0,T]xR) théa man f(x,y,0)=0 va

[F(x,y, W) —f(x,y,v)|<k|lw-v]|
voi k>0 doc lap vdi X,y,V,W.

Khi dé bai todn (7.1.3) cé nghiém duy nhdt u® e C([0,T];L*(R)). Nghiém
nay phu thuéc lién tuc theo ¢ trong C([0,T];L*(R)).

Chitng minh

Chting minh dugc chia thanh hai buéc. Trong budc 1, ta chifng minh sy tdn
tai va sy duy nhat ciia bai todn (7.1.3). Cudi cling trong budc 2, ta dua ra tinh 6n

dinh cta nghiém.
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Buéc 1. Sy ton tai va sy duy nhat nghiém cua (7.1.3)

bat
_tpz

1 1 ¢ e - -
G(w)(X,t) =—¥(x,t) - —f(p,s,w)e"™dsd
(W)0x,1) = =¥ (x) Jﬂusme—w (p.s, w)e™dsdp

+00

+00 7tp2

voiw < COTELE(R), v (X, = [ - 0(p)e™dp.

Tur diéu kién f(X,y,0) =0 va tinh Lipschit ciia f(X,y,w) tuong tng véi w,
diéu nay dan tdi G(w) e C([0,T];L*(R)) véi moi w e C([0,T];L*(R)).

Ta khing dinh, v6i moiw, Vv e C([0, T];L%(R)), m >1, ta c6

T-t)"C"
Jom .-G of <[ ¥ j 0w v e (7.2.1)
trong d6C=max{T,1}, ||.|| 1a chuin trong L*(R) va [|.||| & chuén sup trong

C([0, T, L*(R)).
Ta chiing minh bat ding thic (7.2.1) bing quy nap

Khi m=1, taco

W), 1) -G BIF =[G -G 1

_[2 2

]. s/Te (f(p S, W) — f(p S, V))dS

€

dp

ST ]{8 i stﬂf(psw) f(psv)‘ ds}
iz(T t)f [fC.swo)-Fsvio)| ds=

_ 8iz(T O[5 w(.8) ~F s, V()| ds
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12 -t)j K2 [w(.s)— V(. S)|f ds

kZ
—C—(T O lllw =V
Vi thé€ (7.2.1) thda.
Gia st (7.2.1) thda khi m = j. Ta chitng minh (7.2.1) ding khi m= j+1. Ta

co

[6# . -6 B = |B(E W B - GG W b

T 2 2

!%(f(p,s,@'(w))—f(p,s,Gj(v)))ds

~+00

]

—00

dp

+oo T

<210 [[f:5.6'w) - (p.5.6 /(v astp

-0 t

— T8, W) -5, G5 ds
< (T-0K I o' w).n-e' .o ds
%(T t)kz( ) e S)JCJ llw = V]| ds

2(j+1) j+1
S(Ej (IJ tl))ll CHllw =V I

Vi th€, bdi nguyén ly quy nap, véi moi m ta c6

m/2
1G™ (w)-G" (v)|||<[ j ! Jc_"‘mW vl

vdimoi w,veC([0,T];L*(R)).

Xét G:C([0,T];L’(R)) > C([0, T];L*(R)).
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=0, ton tai s6 nguyén duong m, sao cho G™ la d4nh

~Jmt

xa co. Suy ra phuong trinh

m—oo

m/2/ m
Tu Ilm( ) T ¢
€

G™(w)=w
c6 nghiém duy nhit u, e C([0,T];L*(R)).
Ta ching minh G(u,)=u_. That vy, ta ¢c6 G(G™(u?))=G(u*). Do d6
G™(G(u?)) =G(u®). Do tinh duy nhit cia di€ém bit dong cia G™, ta c6
G(u®)=u®, nghia 13, phuong trinh G(w)=w c¢6 nghiém duy nhat

u® e C([0,T];L*(R)) . Ta da chitng minh dugc budc 1.

Buéc 2: Nghiém ciia bai todn (7.1.4) phu thudc lién tuc theo ¢ € L*(R)
Goi u va v 12 hai nghiém ciia (7.1.4) tuong Gng cdc gid tri cudi ¢ va @.

Tu (7.1.3)-(7.1.4) ta co

02 2

Jut.H-v(. B[ <2 I (cp(p) () dp

T 2

J. SIT (f(p s,u)— f(p S, V))dS

t €

+00

+2]

—00

dp.  (7.2.2)

Tacés>tvaa>0

2

e ® e ®

o+ e*SPZ (a N e_spz )t/s (a N e_spz )l—t/s
1

2 t/s 2 \1-t/s
(oces’) +1) (oc+e‘Sp )

S at/s—l .
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Chon a=¢,5=T, ta nhan dugdc

2

e ®
<!/t (7.2.3)
_sz
e+e
bit a=¢"",tacé
g
— <t (7.2.4)
sIT —sp?
e +e

Do d6, tir (7.2.2) din dé€n

Ju(, )=V B[

+00

~  ~2 P A A 2
< 2g?tT D (p—q)H +2(T-t)e?7 j Is‘zs” f(x,s,u)—f(x,s,v)‘ ds
—oo t

.
< 26206 C/I\)HZ +2(T- t)gz”TkZJ.g_ZSIT HU(.,S) - V(.,S)H2 ds.

t

Vi thé, ta cé

.
2(UT) HU(-’ - v(., t)Hz < g2 H(P B (DHZ +2k* (T - t)J.g‘Z(s/T) Hu(,,s) - V(.,S)H2 ds.
t

St dung bat dang thitic Gronwall ta ¢6
Ju(. ) - v B V26" exp(K*T(T - 1)) o - @
Pinh 1y 7.2.1 di dudc ching minh. ]
7.3 SUDUY NHAT VA CHINH HOA CUA BAI TOAN (7.1.1)
Trong phan nay ching toi trinh bay tinh duy nhit nghiém cda bai todn
(7.1.1) (dinh 1y 7.3.1) va dua hai k€t qud chinh héa (dinh 1y 7.3.2 va 7.3.3) cho
trudng hgp dit liu chinh x4c, cudi cung 13 duwa k&t qud chinh héa (dinh 1y 7.3.4)

cho trudng hgp dit li€u nhan dugc do do dac.

Trudc tién ta c6 mot két qua vé tinh duy nhat
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Pinh 1y 7.3.1
Cho o,f nhu trong dinh Iy 7.2.1 va f(X,t,2) ¢é dao ham riéng theo bién z bi
chin trén Rx(0,T)xR thi bai todn (7.1.1) c6 nhiéu nhdt mot nghiém
ue C([0, T];H'(R)) N L*(0, T; H*(R)) N C*((0, T); H'(R)).
Chirng minh
Cht'ng minh dudc dua ra v6i k§ thuét tuong tu trong [32], trang 173-176.

Goi M >0 thoa

‘g(x,t,z) <M
0z

véimoi (X,1,2) e Rx(0,T)xR.
Goi U, va u, la hai nghiém cua bai todn (7.1.1) sao cho
u,,u, € C([0, T];H'(R)) n L*(0, T; H*(R)) n C*((0, T); H'(R)) .
bat w(x,t) =u,(X,t)—u,(X,t). Thi w thdéa phudng trinh
w, (X, t) —w,, (X, t) = (X, t,u (x,t)) = (X, t,u,(X,t)).
Vay

W, (6 =W, () = 2 (X8 UK D)W D),

v6i u(x,t) nao do.
Tu do6 suy ra
(W, —w, )" <M?w?.
Ta ky hiéu P; 1a tap tdt cd cdc ham trong
C([0, TI;H'(R)) " L*(0,T; H*(R)) n C*([0, T]; H*(R)) ,triét tiéu trén R x {t = T} ,

Rx{tzO}.
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bit AMt)=t-T-n. V6i mdi veP, va s nguyén duong m, ta dit
z=L1"v.
Néu ta ky hiéu ||, 1a chudn va (,.) 1a tich vd hudng trong

L*(1),1 =R x(0,T), ta nhian dugc

~ 2
7 Vo= v, =2

z
>-2(z +2m| z,,— |=
oz, +2m(z, 2

2ff2,z, 00 mf] ( dedt+m”k o

2
> me-m-lvHZ. (7.3.1)
T [M()| < T+m va (7.3.1), ta c6

-, v, —V,) ="V, v,) - (A", v, )
= jj 272" (v, ) dxdt += jj (A 2"v?)dxdt

+m j j (A 2™ v?)dxdt
|

e

2
TV V‘)Hz'

Vi thé

1 —m- 1 —m+
<SS v v

< %H;\‘—m (Vxx - Vt)Hz +%(T +n)2 H}\’_m (Vxx _Vt)Hz .

Do dé
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(%%(Tm)z +(T +n))H7f”‘(VXX ) =, |- (7.3.2)

K&t hop (7.3.1), (7.3.2), cho ta

(% +%(T +m)? +(T+ n))”k”‘ (V,, — Vt)”i > H?vax

"4 H}C’“’lvHZ :
2 2
Ta chon p va m, sao cho n<n, va (u+n0)2KM2£% trong doé

3 1 ’
K=—+=(n+mny)" +p+n,.
om 2(“ ny) tur+m,

Ta chia bai todn thanh hai trudng hgp.

Truong hgp 1: T<p

Goi O<t <t,<T vad LeC*R) théa ¢(t)=0 khi 0<t<t,{(t)=1 khi
t,<t<T.

Ham v =_w thudc vao P, va vi th€, bdi (7.3.2)

ty +o0 T +o0

K j j (L™ (v, —Vv,))2dxdt + K j j (™ (w,, —w,))?dxdt

t —o t, —0

=K"=,

—-m
> Hk Vv,

2 2
+pm
2 2

T 4 T 4o

> [ [ ™ wyPdxdt+ [ [ A7 (v, ) dxdt.

t, —o0 t, —0

Ké&thgp véi (W, —w )* < M?*W?, ta c6

T +o

K j j (™ (w,, —w,))?dxdt

t, —0

T +oo

< KM? j j (A "™w)?dxdt

t, —o
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T +o
<KM? j j (t=T —n)? (2™ w)2dxdt

t, —o

T +o
<KM?(u+m)° j j ("™ w)?dxdt

t, —0

< 1ﬁo(x-m-lw)zdxolt
=il |
Ta cé
KTT(X‘"‘ (v, —v,))dxdt > %}T(x-m-lw)zdxdt .
ty —o0 ty —o

Ba't ding thic nay din dén véimdi t, <t, <T

ty +o0 T +o0
K[ [ (T+n=1,)""(v, —v,)?dxdt > %(T+n—t3)‘2m‘zj [ wdxdt.
t, —o ty —o0

-2m
Do | 117 | 0 khi m—>c0, vi th€ w=0 khi xeR,t, <t<T.
T+n-t,

Ta c6 thé chon t, nhd tiy ¥ nén w =0 trong R x[0, T].
Truong hgp 2: u<T
Ta c6 thé chitng minh w=0 trong Rx[T—-p,T], rdi ti€p tuc trong

Rx[T-2u, T—u], v.v...BPinh 1y 7.3.1 da dugc chiing minh. |

Bay gid chiing toi sékhing dinh mot vai k&t qua chinh héa dua trén cdc gid

thi€t trén nghiém chinh x4c ctia bai todn (7.1.1).

Dinh ly 7.3.2
Voi o¢,f nhu trong dinh ly 7.2.1 va ™ (Ap(p) e L*(R). Gid sit rdang bai todn

(7.1.2) co mot nghiém
ueC([0,T]; L*(R))
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théa man
f
0
Khi do

Huc,t)—ua(_,t)ugmexp(@)gw

f[3rieo)

dpdt < .
Jlat pet <o

T +o0 2
vdi moi e’ (p(p)‘ dp+3T” (es“zu(p,s)) dpds va u®
la nghiém duy nhdt ciia bai todn (7.1.4).
Chiing minh
Ta co
2 LA -~ 2
Jut. - v (0] = [ae.-u@.o| dp
+00 , e—tp2 R T ) n
:J' e’ — — (p(p)—j.e‘“‘s)p f(p,s,u)ds
bt e+e P f
2
+j T f(p s,u”)ds| dp
j‘e_Tp o+ _sz)(P(IO) IsS/T+e‘5pz (f(p,s,u )—f(p,s,u))ds
T —tp s/T R 2
_J‘ e )f(p,s,u)ds dp
tp2 R 2
<3 - d
I‘e_Tp oo °P)| &

2

dp

T

.[ s/T

00

+3.[

ds
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2

+oo| T tp s/T
+3 f ,S,u)ds| d
Uesp o ey (s dp

+00
£382t/Tj eTp

—00

+o (T Ty
3 t/T-s

+o (T
+3j£j§“

-0\t

+0
S382t/TJ‘ eTp

—00

)~ 2
o(p)| dp

2
f(p,s,us)—f(p,s,u)‘ds] dp

2
e f(p,s, u)‘ds} dp

)~ 2
o(p)| dp

+o T
+382t/T(T_t)J' J'S—ZS/T f(p,S,US)_f(p’S’U)r dep

+3e2/T(T - tﬁ 2dsdp
-0 t

(es"z G(p,s))

+0 T
<327 | esz(p(p)rdp+382t/T(T—t) [e® T (s.ur(.s)~f(su(.9) ds
—0 t
0 a )~ 2
+3¢ g(es‘) u(p,s)) dpds
+o0 )~ 2 T 2
<36%7 [[e™ (p(p)‘ dp +3Kk%e? T [ Ju*(.8) ~u(.9)[ ds
S t
0 a )~ 2
+3¢ g(es‘) u(p,s)) dpds.
Vi thé

u*(.,8)~u(.s)[ ds

e |us(.t) - u(, t)H2 <M+ 3k2T}a-ZS/T
t
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T +o0

TP (B(p)rdersTH 2dpds.
0 —©

trong d6 M :BI

(e ip.9)

S dung bat ding thitc Gronwall, ta dugc
e u(, v < Me*T,

Suy ra
JuC. 0 - v () <& IMe* TR,

Pinh ly 7.3.2 da dugc ching minh. |

Dinh ly 7.3.3
Voi o,f nhu trong dinh ly 7.2.1 va eTpZ(B(p) e L*(R). Gid sit rdng Bai todn
(7.1.2) co mot nghiém
ueC([0,T];L*(R))

théa man

+00

i

va u, € L*((0,T); L*(R)). Khi dé véi moi €€ (0,1) téntai t. >0 sao cho

2
dpdt < o

(e i)

sﬂécﬁ(ln&jj_w

Ju(.0)-u(.t,)

-
N = /j||ut(.,s)||2ds (7.3.3)
0
va

C= max{exp(skj2 ]\/BT ™ (AP(ID)‘2 dp+ 3Tﬁo
— 0 —

Chitng minh

trong do

%(e”zﬁ(p,s))

2
dpds, N} (7.3.4)
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Ta co
u(x,t) —u(x,0) =jut(x,s)ds.
o
Pidu nay din dén
JuC.0)—uC. Bl < t-:[||ut(.,s)||2 ds = N7t.

St dung dinh 1y 7.3.2 va (7.3.3)-(7.3.4), ta c6
JuC.0) =, B < JuC.0) —uC B +uC. - u(. )
<CHt+e").
Véi mdiee(0,1), ton tai duy nhit t, >0 sao cho /t, =¢“/", nghia Ia

Int, 2Ine

t T

€

_r 1 .. .
St dung bat dang thic Int > —IV(’JI moi t >0, ta nhan dudc

Ju(.0)-u(.t,)

AN
< %cﬁ(ln(—jj |
€
Pinh ly 7.3.3 da dugc ching minh. |

Trong trudng hgp dit li€u khong chinh xdc, ta c6
Dinhly 7.3.4
Voi o¢,f nhu trong dinh Iy 7.2.1 va esz(’[\)(p) e L*(R). Gid sit rdng Bai todn
(7.1.2) co mot nghiém
ueC([0,TI;L*(R))

théa man
2

dpdt <

T +o0

%(e‘pzﬁ(p,t))

0 -0
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va u, € L*((0,T);L*(R)).

Véi £e€(0,1) va ¢, € L*(R) la dit li¢u nhdn dugc do do dac sao cho

- (p|| <e.
Khi dé tir ¢, ta c6 thé xdy dung mét ham u° théa man

3k T(T t)) yr

vdimoi te(0,T) va

~1/4
<48YT [In @D (exp(k®T?) +C)

trong do C duoc dinh nghia trong (7.3.3) va (7.3.4) va

2
dpds.

M= 3T ™ (B(p)‘2 dp + STIT‘%(eSPZ ﬁ(p,s))
-0 0 -0

Chiing minh
Goi v° va W® la nghi€m clia bai todn (7.1.4) tudng &ng véi ¢ va ¢, véi @,
@, trong v€ phdi cda (7.1.4). Goi t, >0 12 nghiém duy nhit ctia phuong trinh

Ju =", (7.3.5)

St dung dinh 1y 7.3.3, ta c6

< 4f8cyT (In&D_w. (7.3.6)

Pit

{ws(,,t), 0<t<T,
(. t) = .
we(.,t,), t=0

Twr dinh 1y 7.3.2 va BuGc 2 ctia dinh 1y 7.2.1, ta dudgc
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2
< (\/E + N) exp(W)gt/T ,
véimoi te (0,T).
Tu (7.3.5)-(7.3.6) va budc 2 trong dinh 1y 7.2.1, ta c6
ug(.,O)—u(.,O)H SHWS(.,tS)—VS(.,tS) + vg(.,ts)—u(.,O)H
AN
<~J2"/T exp(k?T?) + <‘/§C<‘/?(In (—D
€
AN
<48YT [In (—D (exp(k*T?)+C)
€
trong d6 C xdc dinh trong (7.3.3)-(7.3.4).
Pinh ly 7.3.4 da dugc ching minh. |

7.4 Vi DU VE TINH TOAN SO
Xét phuong trinh

-u,, +u, =f(X,t,u(x,t))

trong do

X 2
f(x,t,u(x,1) =%u +e ¢ (1-%)

2

u(x,1) = @y (x) :ef%.

Nghiém chinh xdc ctia phudng trinh 1a

u(x,t)=te *.

99) 99 X
= e

u,(X)=ul x,— |=——e *
o(X) (100 100
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2

Véie>0, ¢, (X)=(e +1)e 4 .Tacé

+00 X2

(Pg_(PoHZZS je_7dX:8 2m .

—00

99V2 .

e” . Tu dir liéu do dac o, ta
100

Bi&n d6i Fourier clia u,(x) 1a l];(p) =

xap xi uy(p) bdi ham u_ g, (p) dugc tinh bdi cong thic sau

U,,(p) = 0, (p) = (e +Dv/2e ™,
1

a =
40000
t =1-am, m=12,..,4000
ty e—tm+lp2

ot = e ™ | ——= i (psu)ds.

2
— e_tm+1p o~

u

A 1/\ 2 2 1 2
f(p,s,u,,)==u m+\/§e‘p —s| —2p%e ™ 4 e j
(p €, ) 2 €, ( p \/E

Véi ¢ 1an lugt1a g, =107, ¢, =107, g, =107".

pat a, =max v, (p)~ Uy (p)
i pe 1

’ P: lllillélzlgl"'120}7 i:112137ta nhan
32 2

dugc cdc bang sau
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g =10"%
p Uy (p) v, (p) v, (P)~ Uy (P)
1
3 1.252838959 1.252838867 0.92 x1077
1
> 1.090376724 1.090376578 0.146 x10°°
1 0.5150574940 0.5150574720 2.2 x10°®
3
> 0.1475664428 0.1475664994 0.566 x10~7
2 | 0.2564320266 x10* 0.02564322404 2.138 x10°®
3 | 0.1727825404 x10° 0.0001727829157 3.753 x107Y
4 | 0.1575572826 x107° 1.575579395 x10~' 6.569 x107"®
5 | 0.1944411337 x107%° | 1.944424791 x10™ 1.3454 x107'®
6 | 0.3247497638 x10"° | 3.247532153 x107* 3.4515 x107*
7 | 0.7340414409 x10 | 7.340523377 x107% 1.08968 x107*°
8 | 0.2245449802 x107%" | -2.461971438 x10™° | 2.491646946 x107%®
9 | 0.9296022329 x107 | -2.830540629 x10™* | 9.296022612 x107
10 | 0.5208372078 x10™* | -1.325560604 x10™° | 5.208372078 x10™*
11| 0.3949279601 x107%* | -1.137270718 x10™"" | 3.949279601 x107
12 | 0.4052703190 x107% | -1.793663436 x10 | 4.052703190 x107%
13| 0.5628371441 x10™ " | -5.213859057 x10™° | 5.628371441 x10™"
14 | 0.1057868631 x107* | -2.798976259 x10*** | 1.057868631 x10°*
15| 0.2690864097 x10°% | -2.779461384 x107*" | 2.690864097 x10°%
16 | 0.9263238056 x107*** | -5.112214920 x10*** | 9.263238056 x10***
17 | 0.4315637144 x107*% | -1.743444057 x107%% | 4.315637144 x107*%*
18 | 0.2721059608 x107**° | -1.103422553 x107%°? | 2.721059608 x107**
19 | 0.2321893123 x107™° | -1.296979439 x10** | 2.321893123 x10*’
20 | 0.2681374230 x107" | 2.274940969 x10°"*" | 2.681374230 x107*"

Trong trudng hgp nay a, =0.146 x107°.
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g,=10"

Uy (p)

v, (p)

v, (p)~ Uy (p)

1.252838959

1.247249429

0.5589530 %107

1.090376724

1.084787503

0.5589221x107°

0.5150574940

0.5094786485

0.55788455x 10

0.1475664428

0.1420580040

0.55084388x107°

0.2564320266 x10°*

0.2059349933x10™"

0.504970333x10~°

0.1727825404 x10°°

-0.5548338928x10°°

0.1733373743x10°°

0.1575572826 x10°°

-0.8590309729x 10"

0.1575581416x10°°

0.1944411337 x107%°

-0.2212355644x107*°

0.1944411339x107%°

0.3247497638 x107™

-0.9862089868 x 10>

0.3247497638x107"

0.7340414409 x10™%

-0.7783816564 x10™*

0.7340414409x107%

0.2245449802 x10

-0.1103059786 x 10~

0.2245449802 x107%'

0.9296022329 x10°*

-0.2832598336 x10°*

0.9296022329x10°*

0.5208372078 x10™*®

-0.1326524239x10°%

0.5208372078x10™*

:Exooo\loxul-hwwm|w»—am|poo||—\-o

0.3949279601 x10~*

-0.1138097472x10*

0.3949279601x10>

[S—
[\S)

0.4052703190 x10°*

-0.1794967365x10**

0.4052703190x10°*

[S—
W

0.5628371441 x10™"

-0.5217649344x10**

0.5628371441x10"

[S—y
N

0.1057868631 x10™*

-0.2801011014x107*®

0.1057868631x10™

—_—
W

0.2690864097 x10~

-0.2781481952 %10

0.2690864097 x10~’

—_—
[@))

0.9263238056 x10 '

-0.5115931316x10*"*

09263238056 x10 '

—_—
~

0.4315637144 x107'*

-0.1744711478x107¢

0.4315637144x107*%

—_
o0

0.2721059608 x10**

-0.1104224701x107%"®

0.2721059608 10~

—_
\O

0.2321893123 x10*°

0.1443261738 x107°%%2

0.2321893123x10™"°

20

0.2681374230 x107*"

0.2274963720x10°°"**°

0.2681374230x107"

Trong trudng hgp nay a, = 0.5589530x107.
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,=10"

Uy (p)

v, (p)

v, (p)—U,(p)

1.252838959

1.198054717

0.54784242x10

1.090376724

1.035757392

0.54619332x10"

0.5150574940

0.4619043100

0.531531840x10™

0.1475664428

0.1008199937

0.467464491x10™

0.2564320266 x10°*

0.2685699321x10~°

0.2295750334x10™"

0.1727825404 x10°°

-0.5547666205x10°’

0.1728380171x10°°

0.1575572826 x10°°

-0.8590563491x10 "

0.1575573685x10°°

0.1944411337 x107%°

-0.2212419963x10°%°

0.1944411337x107%0

0.3247497638 x107™

-0.9862376579x10°*

0.3247497638x107"

0.7340414409 x10™%

-0.7784042855x10°*

0.7340414409x107%

0.2245449802 x10

-0.1103091854 x10°>®

0.2245449802 x107%'

0.9296022329 x10°*

-0.2832680685x 10"

0.9296022329x10°*

0.5208372078 x10™*®

-0.1326562804 x10~**

0.5208372078x10™*

:Exooo\loxul-hwwm|w»—am|poo||—\-o

0.3949279601 x10~*

-0.1138130559 x10'*

0.3949279601x10>

[S—
[\S)

0.4052703190 x10°*

-0.1795019548 x 10 **

0.4052703190x10°*

[S—
W

0.5628371441 x10™"

-0.5217801032x10**

0.5628371441x10"

[S—y
N

0.1057868631 x10™*

-0.2801092445x 10~

0.1057868631x10™

—_—
W

0.2690864097 x10~

-0.2781562816 x 10~

0.2690864097 x10~’

—_—
[@))

0.9263238056 x10 '

-0.5116080047 x10**

09263238056 x10 '

—_—
~

0.4315637144 x107'*

-0.1744762201x107%4

0.4315637144x107*%

—_
o0

0.2721059608 x10**

-0.1104256804 x107%""

0.2721059608 10~

—_
\O

0.2321893123 x10*°

0.1443391628 x107°0%2

0.2321893123x10™"°

20

0.2681374230 x107*"

0.2275168467 x 107%™

0.2681374230x107"

Trong trudng hgp nay a, =0.54784242 x107".

Ta c6 dd thi cla U, (p) va cda nhitng diém da tinh

u, (p).u,, (P).u,,(p).p P,
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vepl), epl=104-30)
v epd), ep2=10"-5)
vepd), ep3=10%-4)
ud
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KET LUAN

Trong luan 4n chiing t6i da dat dugc cdc két qua sau day:

1/ Chinh héa bai todn ngudc thdi gian (tir cdc dit li€u rdi rac) cho phuong
trinh nhiét dang tuyén tinh bing cdch dung da thic Legendre va bai todn
moment khi dit liéu do nhan dugc tai mot ddy dé€m dudc phan bd nhiét u tai thdi
di€m t = 1, sau d6 x4c dinh phAn bd nhiét u tai thdi diém t = 0.

2/ Chinh héa hé phuong trinh tich chiap xuat phdt tir phuong trinh nhiét biing
phuong phép chiit cut cdc tan s6 xAu cda tich phin trong khong gian tan s6 va tir
d6 dua ra ba 4p dung:

Thit nhat: Khio sit bai todn tich chAp mot chiéu xem nhu mot md rong két
qua ctia Baumeister [15], (chuong 10, trang 183-190) trong d6 ta thong nhAit hai

trudng hop ‘f((p)‘ >0 v6i moi p va k c6 khong di€m (tan sd ky di) vao trong mot

két qua.

Thit hai: bai todn tim thong lugng nhiét tir 16 khoan thim do, phan nay cho
mot vi du thyc t& vé trudng hop k c6 khong diém.

Thit ba: Bai todn tim nhiét dd bé mat cia mot vat thé hai 16p, phdn nay vi du
cho mdt hé phuong trinh tich chap.

3/ Chinh héa bai todn tim nhiét dd bé mit ciia mot vat thé hai 16p (mdt chiéu
khong gian) va cua mot vat thé mot 16p (hai chiéu khong gian) tir viéc do nhiét
do phia trong ctia vat thé.

4/ Chinh héa bai todn phi tuyén xdc dinh ngudn nhiét tir gid tri bién va gid tri
cda nhiét do tai cdc thdi di€fmt=0va t= 1.

5/ Ching t6i di chinh héa bai todn 16 khoan thim do phi tuyén (chuong 5).
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6/ Chinh héa bai todn nhiét ngudc thdi gian phi tuyé&n trén mién bi chin bing
cach ding ham Green, phuong phdp chit cut chudi. Nghiém x4p xi 6n dinh dudc
x4y dung trong mot sO trudng hgp dic biét.

7/ Chinh héa bai todn nhiét ngugc thdi gian phi tuyén trén mién khong bi
chin bing cdch xap xi phuong trinh ban diu biing phuong trinh c6 nghiém 6n

dinh. Nghiém xap xi 6n dinh dugc xay dung.

KIEN NGHI NHUNG NGHIEN CUU TIEP THEO
Trong thdi gian tdi chiing tdi s& gidi bai todn 16 khoan thim do (dudc trinh
bay trong chuong 3) v6i di€u kién bién hdn hgp va sé& cd ging tim nghiém chinh
héa t6t hon cho bai todn 16 khoan thim do phi tuyén (dudc trinh by trong

chuong 5). Kinh mong su gitp d& clia quy thdy co, quy dong nghiép.
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