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MO PAU
Nam 1969, D.A Eisenman trong luan 4n Tién si caa minh [5] d3 dua ra khai
niém chuin Eisenman E* trén mot da tap phiic.

Trong truong hop k = 1 n6 chinh la binh phuong cua metric vi phén
Kobayashi [8]. Nam 1985, trong [6] I.Graham va H. Wu da chirng minh duoc
mot sé tinh chét cua EX tuong tu nhu tinh chit cua metric vi phan Royden-
Kobayashi. Muc dich cta luan van nay la tim hiéu vé chuan Eisenman va trinh
bay mot cach cé hé thong céc tinh chat cua né.

Luan van duoc chia lam ba chuong.
Chuong 1. Kién thic chuan bi

Chuong nay trinh bay céc tinh chat caa nhdm tu dang ciu cta B" va metric vi
phan Royden-Kobayashi 1am co sé dé trinh bay céac kién thic & cac chuong tiép
theo.

Chuong 2. Cac khoang cach bat bién va chuan Eisenman trén B"

Phan dau cua chuong trinh bay mot sb khoang cach bat bién trén B" va mot
s6 tinh chat cia ching. Phan tiép theo cua chuong la trinh bay vé chuan
Eisenman trén B" va cac tinh chat ciia chuan Eisenman trén B".

Chuong 3. Chuan Eisenman trén da tap phtc

Trong chuong nay ching toi da trinh bay khéi niém va mot sé tinh chit cia
chuan Eisenman trén mot da tap phirc. Ngoai ra con trinh bay mot s6 khai niém
nhu dang thé tich noi tai Eisenman, 6 do Eisenman trén da tap, hyperbolic k-
d6 do. Phan cudi chuong xét cu thé truong hop E' va ching minh cong thuc
tich ctia chuan Eisenman trén céc da tap phuec.

Luan van dugc hoan thanh tai khoa Toan Truong Pai Hoc Su Pham Thai
Nguyén dudi su huéng dan tan tinh cia PGS.TS Pham Viét Puc. Téi xin bay

t6 10ng kinh trong va biét on chan thanh dén ngudi Thay ctia minh .
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Nhan day cho phép tdi bay to long kinh trong va biét on dén cac thay, cd
trong t6 bd mon Giai tich. Tdi xin chan thanh cam on cac thay, cd phan bién da
cho toi nhirng ¥ kién quy bau dé toi hoan thanh luin vin ndy, toi xin cam on
Ban Gidm Hiéu, Khoa Toén, Khoa sau DPai hoc Truong Pai hoc Su Pham Dai
hoc Thai Nguyén va nhitng nguoi thin di tao diéu kién gitp d& toi hoan thanh
ludn van nay.

Do nhiéu nguyén nhan khac nhau nén luan vin nay khong tranh khoi thiéu
sot va han ché, toi mong nhan duoc sy gop ¥ cua cac thay cb va cac ban.

TOi xin chan thanh cam on!

Thai Nguyén, thang 10 nam 2009

Luwu Thi Nhan
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Chuong 1
KIEN THUC CHUAN BI

1.1. Nhém ty dang ciu cia B"

1.1.1. Pinh nghia

B" (r)z{z el":|z|< r} & day ||| 1a chuan Euclid.

Véi aeB"(r) ta dinh nghia ma trdn T',(a) cdp nxn nhu sau:

Fr(a):#ja)—vr(a)l,

trong d6 a 1a ma trdn cot, Vv, (a) = \/rz — HaH2 ,va |l 1a ma tran don vi.
Khi r =1 ta ki hiéu v(a)=Vv,(a).
1.1.2. Mt s6 tinh chat
Voéi aeB"(r), ta dinh nghia anhxa g’ :B" (r)— B"(r) xac dinh badi

0:@)=r.I" (a)—22— | zeB'(r)
r’-'a-z

Khir =1 takihi¢u r(a)=r(a); 9,(2)=09,(2).

1.1.2.1. Taco

Fr(a)=r.F(%).

1.1.2.2. Cho a, e B"(r), ta c6 déng thie g (2)= r-ga(%).

Chung minh.
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1.1.2.3. Nhom Aut(B"(r)) cac o dang cau cia B'(r) tdc déng bdc cdu trén
B"(r).

Chung minh.
Taco
g; € Aut(B"(r)) va g;(a)=0,
r —a
ga(o) = rg%(O) = rT =-a,
1.1.2.4. Taco

Aut(B"(r))={Ag. : AeU(n),ae B'(r)}, trong d6 U(n) 1a nhom unita.
Churng minh.

Tacd Aut(B"(r)) va AUt(Bn) 1a dang cau, hon nira
Aut(B")={A-g,: AcU(n)}.
Tir d6 ta ¢ diéu phai chimg minh.

1.1.25.Taco [y(a)a=ra voi aeB"(r).

Chutng minh.
Fr(a)a=rf[i]a=rzf(ﬂj£=r2E=m
r a r
1.1.2.6. Taco
T, (a)=T.(a),do d6 ‘a-I',(a)=r-'a
That vay,
T (@)= rf[éjzr- r[ﬂjzr F[éj—ﬂ(a)
r r r
Hon ntra,
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1.1.2.7. Taco

I, (a) =(r-v,(a))-I,(a)+r-v,(a)[=a'a+v,(a) 1.

That vay, ta co

rior-rr(8f (e

=(r-v, (@)l %)Jrrvr(a)]
=(r-vi(@)) 1 (a)*rv.(a)l,
va
. ,-(aY_ fa@a,_(ay
I'(a)=r F(Fj =r [F T+V(_r) I]
—amaray(2)
=a‘a+r V(Fj I
=a-'a+v,(a)l.
1.1.2.8. Taco
1 1 . 1 a-‘a
I (a)'= rvr(a)(Fr(a)+(vr(a)—r)[)— rvr(a)[r_vr(a)—ﬂ]
Chitng minh.

Ngoai ra ta co
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1.1.2.9. Taco
2 1
— .t + 2
I (a) =" (-a-'a+ri)
Chirng minh.
2 1 a ?
I (a) _F'F(?j
_1 1 [_a ‘EHJ
I V(aj I
r
1 _
= A4
r3vr(a)( a-'a+ril)
k-1
1.1.2.10. dewr(a)zr(-vr(a))k'lZr(—«/r2-||a||2) :
That vay,

detr”, (a)= det(ﬂ“(én
-rkdetr ( %D
:rkﬂ' 1’”% J :r(- rz—llallz)k_l

U =A-0,-A* véi AeU(n).

1.1.2.11. Taco

Chitng minh. Dé tinh g ;a, ta co
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omn Fmffonn (2
= A(rg?(%A'l(z)D= A, A (2).

Do d6 g, —A-g.S - A

(a)__ T I (a), ¢ day d(g;)ale‘l ma tran

11212, Taco d(9), = ay r-Jaf

Jacobi cua g, tai a.
Churng minh.
ga“(Z):r.ga(%j:r.gar.h(z),trong d6 h:%id(B”(r)).
Khi do
d(g;)a:rd[ga.h] :r[dgaJ -dh,,,
(2) N

TN T

1_Ha r-[aj '

=—' _TIa)

r*-[al

1.2. Metric vi phan Royden-Kobayashi trén da tap phic
1.2.1. Pinh nghia

Mot anh xa F :T (M) — 0 "goi la metric vi phan néu n6 thod mén cac diéu
Kién sau:

i)F(0,)=0 véi O, la vecto khong cia T (M ),

iVeimoi & eT(M) vaaell tace: F(ag)=|a-F(&).

Hon nita néu F lién tyc va F(&)#0 véimoi & €T (M) —O, thitanoi F

la metric Finsler.
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Chung ta dinh nghia metric vi phan Kobayashi:
Xac dinh anh xa F, :T(M)—0 " nhu sau:

VGi moi §XeT(|\/|)X,FM (ﬁx):inf {l:tén tai anh xa chinh hinh
r

0z

f:A(r)—>M saocho f (0)=x va f*KiM=§X},

& day ching ta chd y ring véi moi >0 ma Fy, (&, )<= thi ton tai anh xa
S

chinh hinh f : A(s) > M saocho f(0)=x va f, K%) }zﬁx.
0

Ta c0 dinh nghia tuong duong sau:

Fu (&) =inf {|a|: ton tai 4nh xa chinh hinh f :A(1) > M sao cho f (0)=x

. 0
va f{a(ajo}gx,aem }

1.2.2. Ménh dé
Anhxa F:T(M)—0" la mot metric vi phdn .
Chitng minh. Ta chimg minh F, (O,)=0.
Véi bat ky r>0 taldy f:A(r)—>M Ia anh xa hing f(z)=x, thé thi
f(0)=xva f'(0)=0,, cho r >+ taduge F, (O,)=0.
Ta chimg minh F, (a&,)=|a|-F, (&), a=0 hién nhién ding.
Véi a=0 taco:

Goi f:A(l)>M 1a anh xa chinh hinh sao cho f(0)=x va

f{c-(ij }:éx,véi cell.
0z ),
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Vi f{ac(g) }z at, nén R, (&) <|al-|c| suyra F, (a&,)<[a]-F, (&)

0z

Suy ra
1 1
()R 328 < g Fulaz)

do d6 Fu (a&)=lal- R, (&)
1.2.3. Pinh li

Cho M, N Id hai da tap phirc,f M —N la dnh xa chinh hinh thi ta
c6 f'F, <R, cd nghia

Fo(F.(5))<Fu (&)

véi moi &, €T (M) . Dic biét néu f la song chinh hinh thi "F, =F, .

Chitng minh.

Lay h:A(r)— M laanh xa chinh hinh sao cho h'(0)=¢,
suy ra foh:A(r)— N la anh xa chinh hinh sao cho (foh)(0)=f,(<&,)

suy ra

va vi h bat ky nén ta co Fo(f.(&))<Fu (&)

1.2.4. Ménh d@é
Cho My, M, la hai da tap phiec. Thé thi véi moi &, +v, eT(I\/Il)X +T(M2)y

taco

Fupar, (& vy ) = max{FMl (&).Fu. (vy)} |
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Chitng minbh.
Xét anh xa chiéu tu nhién 7; :M;xM, ->M;, j=1,2n06 la anh xa chinh
hinh, theo dinh ly trén ta cé
Fuar, (& vy )2 max{FMl(fx),FMz (vy)} (1)
Xét f, :A(rj ) — M, la anh xa chinh hinh sao cho f, (0)=¢,, f,(0)=v,.
bit r=min{r,r,} thé thi anh xa chinh hinh
fizeA(r)—>(f(z) f,(2))eM,;xM, thoaman f (0)=¢, +v,.

Do do

Co nghia
Fupa, (& TV, ) < max{FMl(fx), Fo. (vy)} )
Tur (1) va (2) ta c6 diéu phai ching minh.
1.2.5. B6 @é (Royden).

Cho M la da tap phirc va h: A(I’) —> M la anh xaq véi h'(O) # Oh(O) thi voi
moi s6 dwong S < tén tai dnh xa chinh hinh H :A(S)xA(l)m_l —>M sao
cho H la song chinh hinh trong lin cdn cua O va H (21,0,...,0) = h(Zl) VOl
moi 7, € A(S). Hon nita néu h la nhing dia phwong thi H ciing la nhing dia

phuong.
1.2.6. Pinh Iy
Cho M la da tap phiec thé thi metric vi phan Kobayashi F, :T (I\/l ) —>0" l1a

nita lién tuc trén cé nghia véi moi & €T (I\/I ) va moi &> 0 thé thi ton tai lan
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cén U ciia & trong T (M) sao cho:
Fu (V)<Fy(&)+e véimoivel.

Chung minh.
Lay &, €T(M) véi &, #0, va &>0 batky.

Suy ra ton tai r >0 va anh xa chinh hinh h:A(r)— M sao cho

h(0)=xh'(0)=¢, va

Fu(&)<=<Fy (&) +e.

1

r
£ a: 1

Codinh 0<s<rsaocho =<F, (¢ )+e.
S

Boi bb d& Royden ton tai anh xa H :A(s)xA(1)"" —M sao cho H Ia anh
xa chinh hinh trong lan can cua O, va H(z,0,..,0)=h(z) véi moi

ZeA(S).

pit D=A(s)xA(1)" ,vatacé H(0)=x va H((ED =&,

F((aizD :%<FM (&) +e

Do F, lién tuc nén ton tai 1an can V cua (ij trong T(D) sao cho
Z, Jo

F,(£)<F, ((aizno te VEEV

nén
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Vi H la song chinh hinh quanh O nén ching ta c6 thé liy V sao cho
U=H,(V) la lan can cia & trong T(M) va anh xa H,:V— Ula song
chinh hinh.

Lay veU bétki thé thi ton tai £ eV sao cho H,(&)=v. Suy ra:

Fu (v)=Fy (H.(¢)) <Ry (£)< FD[[(%DO +e<F,(&)+2¢

vivay F, lanta lién tuc tréntai & =0, .
Dé ching minh F,, nira lién tuc trén tai O, ching ta c6 dinh W 1a 1an can
compact twong doi trong M. Lay bat ky metric Hecmit trén 1an can ciua W .
bat
={& €T(M):y e Willy| =1
ViK la compact trong T(M)\O va F, lania lién tuc trén K suy ra F,, dat

cuc dai A trén K, lay L> A véi moi ¢ >0, dat:
Uz{fy eT(M): yeW;||y||<%}

thé thi U 1a 1an can cia O, trong T (M), vay véi moi &, €U \O ta co:

r6)-r e let e )

<E A<e=F,(0,)+e.

Suy ra F,, ntra lién tuc trén tai O, . Diéu phdi ching minh.
1.2.7. Ménh dé.
Cho M la da tap phirc va S la tdp con gidi tich ciia M véi codimS >2 thé thi

Fus =Fy trén M\ S,

M\S
Chirng minh.
Cho f:A(r)— M Iaanh xa chinh hinh batky véi f(0)#S.
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Ta chi viéc chi ra véi moi s6 r'e(0,r) ton tai anh xa chinh hinh
g:A(r')>M\S saocho g'(0)=f'(0) .
bat
M, :A(r)x M, S, :A(r)xS
va fizeA(r ) (z,f(z))eM, laanh xa dd thi cia f.
Theo bo dé Royden vi f, 1a mot phép nhing nén ton tai nhing chinh hinh dia

phuong g, :A(r')xA(1)" — M, sao cho g,

arpoy = fi the thi tap con giai
tich (g, ) (S*) cia A(r")xA(L)" co déi chidu > 2 va khong chiia 0.
bat
i , 1) i , m
CD:(Z,(W ))eA(r )XA(r_'Z] —)(Z,ZZW )eA(r )xA(L)".
Céc gia tri chinh quy cta @ chi la 0 va do d6
codimd)l((gl)_l(sl))z 2.
Goi  p:A(r )XA(F) _)A(F] la phép chiéu tu nhién thi
p ((gl)_l<81)) khong chira tap mé khac rong nao.
Ly w, eA(ri'zj - p‘l((gl)_l(Sl));ﬁO, q:M, > M 12 phép chiéu tu
nhién va dat
g;izeA(r')m- q(gl(z, zzwo)) eM.
Rarang g(A(r'))NS=¢va g'(0)=f'(0).
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1.2.8. Dinh nghia
Gia st X 1a mot khong gian phuc, x va y 1 hai diém tuy y caa X. Hol(D,X) Ia
tap hop tit ca céc anh xa chinh hinh tir D vao X, duoc trang bi tdpd compact
ma&. Xét ddy cac diém po= X, pr ..., px= Y cua X, diy cac diém ap, ay ..., a
cua D va day cac anh xa fo, fy ..., fx trong Hol(D,X) thoa mén
f.(0)=p. fi(a)=p, Vi=1..k.
Tap hop & ={ Py, Per 3y, -r By, Frrews, fi} thoa mén cac didu kién trén duogc

goi 1a mot day chuyén chinh hinh ndi x va y trong X.
K
Ta dinh nghia d, (X, y) =inf {ZpD (0, a, ), a e Qx,y}'
a i=1

trong do Q. , la tap tat ca cac day chuyén chinh hinh ndix vay trong X .
Khido d, : X xY — 0 la mét gia khoang cach trén X va goi la gia khoang
cach Kobayashi trén khong gian phic X.
k
Téng Y pp (0,8,) duoc goi la tong Kobayashi cia day chuyén chinh hinh « .
i=1
Néu X khong lién théng, ta dinh nghia d, (x, y) =00 V§i X, Y thudc cac thanh
phan lién thong khac nhau.
1.2.9. Pinh nghia
Khong gian phic X goi la khéng gian hyperbolic (theo nghia Kobayashi )
néu gia khoang cach Kobayashi dy la khoang cach trén X, tirc 1a
dy(p.q)=0< p=qVp,geX.
1.2.10. Pinh ly
Gid st X la da tap phice, X,y € X . Khi dé

d, (x,y):irlf {i Fy (j/(t)jdt} ,
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trong dé infimun dwoc ldy theo tat ca cdc dwong cong tron timg khiic

y :[0,1] — X noi x véi y va 7/('[) =7, (((9/8'[)t )
Chung minh.
Dat

1
dy (x,y)=inf {IFX (7(t))dt}.
7 Lo
Trudce hét ta chimg minh tinh chat giam khoang céch qua anh xa chinh hinh
cua d,.
That vay, gia st f :X —Y la anh xa chinh hinh gitra cac da tap phac. Ta
chung minh
d;(f (x), f (y))sd;( (X, y) véimoi X,y e X (1)
Gia stt 7:[0,1] & X 1a duong cong C* timg khtic ndi x va y trong X.
Khi d6 foy:[0,1]]>Y cing dudng cong C”timg khic ndi f(x) va f(y)
trong Y. Tur @6 ta nhan duoc (1).
Mat khac, tr ~ FZ =ds® ta c6
d, =p, =4, )
Tur d6 theo dinh nghia cua d, tasuyra
dy (X, y)=d, (X,y) véimei X,y e X.
Pé chimg minh chiéu nguoc lai, ta ldy &€ >0 tuy y. Khi d6 c¢6 duong cong

C~timg khic y:[0,1] & X tirx t6i y sao cho

j;FX (j/(t)jdkd;( (x,y)+é .
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Theo tinh chat “Néu X 1a da tap phtc, thi Fx 1a ham nta lién tuc trén TX.
Néu X la khong gian phtic hyperbolic day thi Fx lién tuc” thiF, (y(t)) nira
lién tuc tai t trong d6 (t) 1a lién tuc. Tur d6 c6 ham h:[0,1] -0 * thoa man
vai phép chia

0=t, <t <..<t, =1, (3)

Taco
i) h(t) > F, (j/(t)j >0;

i) h

[t 00 ),1S j<I| 1a cac han ché cua cac ham lién tuc xac dinh trén céc
J-1%

lan can cua [tj_l,tj];
1 . 1 |
ii) [ F, (y(t)jdt<jh(t)dt<dx (x,y)+e.
0 0
1
Do tich phan Ih(t)dt |a tich phan Rieman nén ton tai & >0sao cho v&i mdi
0
phép chia 0=s,<s <..<s, =1 ma

max{sj -$;,1< ] Sk}<5.

Va véi moi p; €[0,1]; 1< j<k ma ‘pj —sj‘<5 thi ta cé
k

> h(p;)(s;=52) <dy () +5. @)

i

Lay tuy y diém pe[t;,,t; ]1< j<I. Trusc hét gia sir ring 7 (p) =0,
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Lay (U,¢,Dm) la hé toa do dia phuong chinh hinh quanh y(p) Vvéi
#(7(p))=0, trong &6 m=dimX . Khi d¢ ta dat
F=¢':D" U cX.
Tiép theo gia su ring y(p)=0,, . Khi do co &h xa chinh hinh

f :D, — Xsao cho

LAy r du nho, ta c6 anh xa chinh hinh F: D, x D™ — X la song chinh hinh
dia phuong quanh O thoa mén
1 1

;<§h(p)":(0)=7(|0)’ (5)

F.((e/az,),)+F.((0/é2,),)=7(p).

Trong bat ky truong hop nao ta ciing ¢6 lan can I, cia p va duong cong

C*timg khic «: 1, — D, x D" sao cho

a(p)=OvaFoa=y

|p'
Véi se Ip,a(s)=0(|s- p|2) hodc a(s)=(s- p,O,...,O)+O(|s- p|2).
Tir (2) ta co khoang mé |, trong | saocho pel  d daicia I, nho hon

5w, o (a(s)a(s)) < (1+2)Zfs-s]
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véi s,s'e | . Theo dinh nghia d ta c6

d =d

DD T D XD
Tir d6, theo tinh chét giam khoang cach qua anh xa chinh hinh caa d, va (5)
ta nhan duoc
dy (7(s)7(s) =dx (F(a(s)). F (a(s)))
<y o (@(8).a(87) < dg o (a(5)a(87)) 6)
<(1+¢ls)-s'|n(p)
Vi [tjfl,tj] la compact véi 1< j <1, c6 s6 duong 7 < S sao cho véi bat ky
s,s'e[tj_l,tj] mals—s|<n , tacé pe[tj_l,tj] véis,s'el,.
Thuc hién phép chia doan [0,1] nhu sau: 0=s, < S, <...<S, =1 ma lam min
cta (3) va ‘sj -sj_l‘<77 véimoi j. Lay p; €[0,1] saocho s, ,,s,; e I'pj.

Khi d6 tir (4) va (6) ta c6

IA
~~
H
+
N
N——
—
o
-
—~~
x
<
N——
+
M
~

<21+ ¢)(s,-5,.)n(p,)

J
Cho & —0, tanhan duoc d, (X,y)<d, (X Y).

Ta c6 diéu phai chang minh.
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Chuwong 2

CAC KHOANG CACH BAT BIEN VA

CHUAN EISENMAN TREN B"

2.1. Cac khoang cach bat bién trén B"
2.1.1. Pinh nghia
Cho a,beB", ta dinh nghia

b-a
p(ab)=[1(0)] = e g
_|, (W-lar)(2-1Bf) [ _[Jabf -Jaf |bff +]a-b|
\1-‘ab\ \1 tab\

Thuong boé qua chi s6 dudi ta ki hieu p= p,.
2.1.2. Ménh d@é

p la khodng cdch trén B". N6 la bt bién doi véi nhom Aut(B") va giam qua

cac anh xa chinh hinh tir B" t6i B". Tuece 1a:
i) p(a b)=p(b,a),
i) p(a b)=0 khivachikhia=Db,
i) p(a b)<p(a c)+p(c b),
iv)  p(T@),T(D) =p(a b) viéi Te Aut(B”),

V) pa(f(a),f(b)<p(ab) véi f:B"—B" lachinh hinh.

Chung minh.

i) va ii) dugc suy ra tir Pinh nghia 2.2.1.

iv) Gia st S=T, oToT.*. Khi do S(O)zTT(a) (T(a))=0.
Vi SeAut(B") nénS e Aut,(B")=U (n).

S6 héa béi Trung tam Hoc liéu — Pai hoc Thdi Nguyém() http://www.lrc-tnu.edu.vn



www.VNMATH.com

Khidotaco T, oT =SoT, va

T, (T ()= (T. ()=

T. (b))
Tir d6 kéo theo
p(T(a),T (b))=p(a,b).
Do iv), ta co thé gia thiét ¢ = 0. Vi vay dé ching minh iii) ta phai chtirng minh
[T. (0)] < ai-+[b
Truong hop 1:
Gia st [1-'ab|>1. Khi do

. _[1-'abf -(1-[af ) 1-|b[ )
[1-abf

IT.(b)

<|'ab" +2['ab|— alf[b]" +[aff +[b| (Do 2..1)
< (Jaf+ Jb]) (vi|'abl<[alf Jo])-
Truong hop 2:

Gia st [1-'ab|<1. Taco the gia thiét rang

T, (b)|>a], tr2.1.1 ta co

1-|a*)(1-[bff bl
|1-ab| |1-ab|

Khi do

. (L-1af)(2-Jof)
Ta(b)H =1- ‘1-t§b‘2

. (Lfr
<L+fa] -‘(1_%‘2)

<1+{aff -1+[b]f <(ja+Jo])"

Vay iii) dugc chirng minh.
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V) Gia str g(2)=T,, o foT*(z). Khidé g:B"—>B" va g(0)=0, do do theo

b6 dé Schwars thi

|o(T. (b)) <[T. (b)]-

V& phai chinh 12 p, (a,b). va |g(T, (b))|=[T..(f (b))|=pu(f (@), f (b)).

Ménh dé duogc chirng minh hoan toan.
2.1.3. Khoang cach hyperbolic trén B"
Trudc tién ta nhic lai mot s6 khai ni¢m.

Cho (X, y) la khdng gian metric. Véi Ac X (hodac Ae X)va r>0.

bat

B, (Ar)={xeX:y(Ax)<rjva B,(Ar)=B,(Ar)
(X,7) goila ddy du khi B(a;r) la compact VaeX.
Bit dang thic tam gidc chi ra rang
B(B(Ar);r)cB(Ar+r') véir,r'>0.

y dugc goi 1a cong tinh néu dang thie xay ra véi moi A, r,r'.
2.1.3.1. Pinh nghia

Metric Bergman trén B" dugc dinh nghia béi

st § {Z-zl +(1-12 ), }dz'dza

WD

Ta cd ds? 1a metric Hermit trén B".

Véi u :ga‘ % V=J_Zn_;bj % trong TZ(B”), tich Hermit ctia u va v ung voi

ds? ki hiéu la “(u,v) ” duoc xac dinh bdi

t

(u,v), =[a.(d (TZ)Z)] [bd(T,),]
= <TZ* (U) ’TZ* (V)>o !
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trongdé a=(a',..,a")va b=(b',..,b").

1

Véi ueT,(B") vatadinhnghia |u, =((u,u),)?.
2.1.3.2. Ménh dé
i) (T(u),T(v)), =(u,v), véi ueAut(B").

i) (f*u, f*V> <(u,u), voi f:B"—B" la chinh hinh.

f(2)
Chitng minh.
i) Lay W=T(z). Khi d6 T, (T (2))=0, vivay T,-T=AT, vé6i AeU(n),

hodc T =T, %o AoT,.

Suy ra

(Tu,Tv), =(T,.(T.u),T,.(T.V))
= (AT, (u),AoT, (),
=a(d(T,),)AA(d(T,),)b
=(T.u,T,.u)=(u,v), .
i) Liy w=f(z)va g=T, of 0T, tac6g(0)=
Néu veT,(B") taco

(9.v, 9V), =9V <[V =(v,v),
Cho ueT,(B"),v=T,(u)eT,(B") thitaco
(9v,9.v), =(T...(fu) T, (fu)),
<f u, f u> <(v, >
=(T. (), T (), <

Ménh dé duoc chirng minh.
2.1.3.3.Bo dé

Cho g:B"—B" la anh xa chinh hinh, 9(0) = 0va ueT,(B"). Khi dé
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[g.uf|={ul-
Chung minh.

0

Ta c6 thé 1dy toa d6 sao cho U = 7

r>0. Khi d6 ton tai AeU (m) sao cho
0
o =Ao =S_—_— .§>
(Aecg) u=Acgu sﬁzl,s_o.

Vi [AQ.U|=]g.u]. ta co thé gia thiét g.u=5 2
Gia sa h(z)=9%(z,0...,0),|z|<1. Ta c6 h:B'—B" la chinh hinh, h(0) = 0
va do Bo dé Schwarz ta cé s=h'(0)<1.

Vi vay

HQ*(U)H= r < 07! o7

Zn:QCL(O) 0 H =rS<r =|ul. B6 d& dugc ching minh.

2.1.3.4. Ménh d@é

k . k . , 5
Chou=>a g , Vv=>D’ i, la cac véc to tiép xuc cua Bk(r) tai diém z.
= oz o 07!
Vi uveT,B¥(r) taco

(uv), :r_lz[a(dgzr)z] [tb(dg;)z}:@;u JoAY

o ddy (uU,\V) la tich Hermit ciau va v ung véi metric ds?, a=<aj>, b =<bj>
la cdc ma trdn cap 1xK, z =<Zj> la véc to cot.
Chung minh.
Taco
220+ —|zZf)8, -
(u,v), =ds*(u,v)= — a'b’
B )

1 o ~
== izigih! 2 _ |71 .tbj_
(r S [ Z'z'a +(r Iz )a

1)

i,j=1
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Mat khac,

=" _lazzb+r-|zf)a-b
i | )2

:<rz-rn2znz>2 SazzbH(r-efJab |

—_—

Tu (1) va (2) taco

_1 ‘ ‘ :
<u,v>z—F[a(dgz)z]-[ b(dgz)z}
Hon ntra,
r : inr a — r
r s ar 5 — r
Vi vay
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2.1.3.5. Ménh dé
Véi moi he Aut(B" (1)) ta co h la dang cu vmg véi metric Bergman ds?trén
B"(r).
Churng minh.

Ta chi ra rang h'ds? =ds?, tac 1a véi U,V ETZ(B”(F)), ta co

(h.(u),h, (v)>h(z) =(U,v),.
Thyc vy, gia st w=h(z). Khido g, (w)=0.
Viy gi-h=A-g, véi mdi AcU (k) (do g;-heAut(B'(r)) va 1.1.2.4).

Vi vay ta co:

2.1.3.6. Ménh dé

"D , ,
Cho U;=2a; ol la vécto tiep xiuc cua B"(r) tai diém O,
i=1
u; €T,(B"(r)), j=1...n. Khi ds
det((u,u, ), )= det( A-'A),
trong do Az(au')e Mat(k,D )
2.1.3.7. Pinh nghia
Metric ds? xac dinh mot khoang céch trén B" nhu sau.
Véi zeB", ueT, (B“) ta dinh nghia

1

A (z,u)=({u,u)z ).
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Véi a,beB" tach

A, (a,b)=4(a,b)=inf { j/lnl(§(t),§'(t))dt, trong do6 & 1a duong cong tron

0
tirng khtic ndi a va b trong B"}.

A(a,b)= 4 (a,b) dugc goi la 1a khoang cach hyperbolic giita a va b trong B
Chuy.

Véi mdi a va b trong B" ton tai duy nhat duong cong & néi a va b sao cho do
dai ctia n6 lay theo ds? xac dinh A(a,b). Puong cong nay goi 1a dudng tric dia
gitra a va b.

Duong tric dia giita 0 va b chinh 1a dudng thang o (t)=tb,0<t <1.
2.1.3.8. Ménh dé

i)A(Ta, Tb)=4(a,b), T € Aut(B").

ii)ﬂm( f(a),f (b))Sﬂh(a,b), vdi moi T:B"—B"™ chinh hinhva a,beB".

Churng minh. Pugc suy ra tur 2.1.3.2.
2.1.3.9. H¢ qui

Cho 1:B™— B", n>m, dinh nghia boi

i(zl,...,zm):(zl,...,zm,O,...,O).
Khi dé véi moi a,beB", tacod A, (ab)=4 (ia,ib).
Do dé néu dong nhdt B véi i(Bm) — B", thi 4, han ché trén B™ tring véi 4_.

Chung minh.

Dinh nghia 7:B"—B" boi 7Z(Zl,...,Z”)=(Zl,...,zm). Khido zoi=id,, va
A.(a,b)= 4, (7i(a),7i(b))

s/lj(i(a),i(b))
<2,(a,b).
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2.1.3.10. Ménh dé

trong do p(a,b) dwoc xac dinh trong 2.1.1.
Churng minh.
Giasr b=0, a=(r,0,..,0), r=0.
Khi do

A(0,a)= }/”tnl (ta,a)dt = i%dt :%Iog

0

1+r
1-r’

Nhung p(0,a)=|aj=r. Tir d6 ta cé dicu phai chung minh.

2.1.3.11. H¢ qua

. Alab . Alab
1= lim (@ ): lim G
p(a,b)—>0p(a,b) A(ab)—0 p( ’b)
. & , . .o 2 AP | 1+r 2
Ticp theo taxét B, (a,r) voi 0<r<1. Chu y rang voi r —élogﬁ ta co

B,(a,r)=B,(ar’).
2.1.3.12. Bo dé
Cho a=(s,0,..,0)eB",0<s<1,0<r<1. Gig s 7' =X+iy',i=1..,n la

cac toa dé Oclit ciia B". Khi doé

nel wi S(l_rZ)Z 1\2 1-s% &
Bp(a,r)={zEB .{x —1_r282J +(y) +1—r232§Z <

Chung minh.

Taco p(az)<r khivachikhi [T,(z)] <r? Taxétvéi
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T.(2)= Zl_sl;—\/]Tzlzz;...;—\/]Tzlsz.
1-sz 1-sz 1-sz

Tinh toan truc tiép ta c6 diéu phai chirng minh.
2.1.3.13. H¢ qua

Cho aeB", 0<r<1. Khi dé B,(a,r) (hodc B,(a,r)) la l6i, va déi ximg
qua duong thang {ta,tell }.

Churng minh.

Néu aeB", tontai AeU(n) véi Aa=(|a],0,...,0).

Khi d6

B.(a,r)=A*(B,(a,r)).
2.1.3.14. Ménh aé
Ton tai khodng cach A trén B thod man:

1) A la twong dwong topo voi khodng cach Oclit.

i) ﬂ(f (a), f (b))si(a,b), véi T :B"— B" la dnh xa chinh hinh.

iii) B, (A;r+s)=B,(B,(Ar);s).
Khodng cach A la duy nhdt sai khdac mét hang sé nhan dwong.

Chutng minh.

Tacd A thoa min i), i) 1a hién nhién. A thoa man iii) vi no 1a khoang cach
Riemann va vi B, (A r) la compact tuong d6i néu A 1a bi chan.

Ta chirng minh tinh duy nhét .

Gia sit 7 la mot khoang cach trén B" ma thoa man i) ii) va iii). Lay
e=(10,..,0). Véi 0<r<lxacdinh h(r)=y(0,re). Do i) tasuy rah la lién
tuc. Do ii), yla hoan toan xac dinh boi h.

a) Ta chiing minh h 1a tang chat.
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Cho 0<t<1.Khid6 zr>tz la anh xa chinh hinh ttr B" t&i chinh n6. Do d6
theo ii) tacéd h(tr)<h(r).Vay h la khong giam. Néu h 1 khong tang chit thi
co r, vas voi I <r+s<lva h(r,+t)=h(r,) voi 0<t<s. Vi y la khoang
cach, r,>0 va ta c6 thé gia thiét h(r)<h(r,) véi 0<r<r,.

Vvéinel ™, lay r, <r, sao cho

h(r,)++>h(r,).

Diéu nay kéo theo B, (0;h(r,)) 1a tap con cua B, [0; h(l’n)+%j. Nhung

vi hlakhong ting nén ta cd By(By(O;h(rn));%jc By[{zEB”:||z||<r0};%J.

Véin da 16n ta co vé phai la tap con thyc su cia
{zeB":|z]<r,+s} =B, (0;h(r,+s))=B,(0;h(r,)). Do d6 v6i n du 16n ta co
By(By(O;h(rn));%] la tap con thyc su cua By(O;h(rn)—i—%j, didu ndy mau
thuan véi iii). Vay h la ting nghiém ngit.

b) V6i aeB",5>0,B (a;s) la mot elipsoid va do d6 l1a 16i d6i xtmg qua
dudng thang {ta [tell}.
Theo a) anh xa h cé anh xa nguoc g, v6i zeB" ,}/(O;Z)<S néu va chi néu
h(|z])<s, twong duong véi |z < g(2).

Véi aeB", taco

B, (a;8)=T,(B,(0;s)) (theoii))

=T.({zeB":z]<g(5)})
={zeB":|T,(2)|<g(s)}.

Do d6 b) dugc suy ra tir 2.1.3.13.
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c) Giasut r,s>0, r+s<1. Khi dé

y(0;(r+s)e)=y(0;re)+y(re;(r+s)e).
Giastt y(0;(r+s)e)=a,y(0;re)=4.
Khi d6 a> g3 va tuiii) tasuy ra B, (0;c)=B, (B, (0; 8);— B).
Vay y(0,(r+s)e)<y(0;y)+y(y;(r+s)e)<f+a-pf=a.
Taco

y(Gy)=B. r(yi(r+sje)=a—p.

Vi vay

ye B),(O;,B)m By((r+s)e a-pB)=K
Theo b) K 1a 16, d6i xtng qua dudng thang {te itel } Néu K 13 diém don
re thi n6 phai chira mot diém trong cta B, (0; p ), goilay’, do do
y(0y)<B r(yi(r+s)e)<a-p.
Tur d6 kéo theo  (0;(r+s)e)<c, dicu ndy mau thuan.
Vivay ye K={re}, hoacy =re

va y(0;(r+s)e)=y(0;re)+y(re(r+s)e).

d) h(HS):h(S)Jrh(l—rzs—rsJ'

y(re,(r+sye)= ;/(O,Tre ((r +s)e)) do ii))

Tur d6 c) kéo theo d).

e) h(r) 1a hing s6 nhan cia = Iog i—_i_ r
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Vi h 14 ting chit nén h 1a kha vi voi hau hét r. Goi ro 1a mot hang sb r nhu vay.
Khi do

S
1-r?—rs

S
h(1—r02—rosj _ h(r°+s)_h(r°)(1—r2—rs)
S 0 0 '

Vé trai c6 gi6i han, do d6 vé phai ciing c6 gidi han, tirc 1a h Kha vi tai 0.

Khi d6 véi bat ky r>0 tacé

h(r +s)—-h(r) _ h[l—ri—rzj

s s 1
1-rs—r? 1-rs—r?

va khi s—0 thi n6 dan dén ;_1_(?2)

Vay h'(r) ton tai va bang ;_]_(?2)

Khi do

vy dt
=) (0)=0)

_ _h'(0),  1+r
hoic h(r) > log -

Vi vay

h'(0 1+p(ab ,
y(a,b): ( )log 1-p((a,b)):h (O)A(a,b).

Ménh dé duge ching minh hoan toan.
2.2. Chuén Eisenman trén B"
2.2.1. Pinh nghia

Cho zeB" va V,,V,,...,V, €T,(B"). Ta dinh nghia chuan Eisenman trén B"

nhu sau:
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1

ﬂhk(Z,'vl,...,vk)=(det(Re<vi,vj>z))2.
Ta thuong viét AY(z;v;) thay cho A (z/v,....v,).
2.2.2. Ménh dé
Cho T e Aut(B"), zeB" vav,v,,..v, eTZ(B”). Khi do
(V) =4 (T, Ty).
Chitng minh. Pugc suy ra tir Ménh dé 2.1.3.2.
2.2.3. Ménh deé

Cho f:B"—>B" la dnh xa la chinh hinh, Z€B" va v,Vv,,...,V, eTZ(B”).
Khi do
2(1(@) fv)< 2 v,
Dé ching minh Ménh dé trén ta cin cac Bb dé sau:
2.2.4. Bo dé

Cho v,=3a O, j=L...k lacdc phdn i cia T,(B") va A=(aj).

Khi do
) /L'j(0;vl,...,vk)=(det(ReAtZ)];.
ii) Gid sirvéim =1,...k U, =j§lc,;vj va C=(c}) véi ¢ ell . Khi ds
7 (0:u,)=|detCl A (0:v,).

Chung minh.

(icia‘.]—.zzn;br‘n—.. bit B=(by,), B=CA. Khi d6
j=1 i
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det(Re(Btﬁ)j:det(Re(CAtﬂC)j:(detC)2 det(Re(Atﬂ)].

Do C va Re(Atﬂ) la cAc ma tran cdp k xk va Re(CAtﬂC):C(Re(AtK)tCJ.
2.2.5. B6 dé

Néu z€B" vaV,V,,...,V, €T,(B") la phu thugc tuyén tinh trén [ thi

A (zv;)=0.
Ching minb.
D0 2.2.2 ta c6 thé 1y z = 0. Gia st ilij,. =0, y'ell vagiasi 7*#0.
=

Khi do, voi 1< j<k,1<i<k ta dinh nghia c/=p' va ¢/=45'. Rd rang

C =(Cij) la ma tran kha nghich. Gia st ui=v;, 1<i<k vau, =0.

Khid6 U =3¢V, va ap dung B dé& 2.2.4 ii) cho ta
1

i
A (0,'1/j ) = ‘detC"l A (0;uj )
Hon nita ta c6 A* (O;Uj)zo.
Do d6 A (0;v;)=0. B6 dé duoc chimg minh.
2.2.6. Bo dé

Taco A (Z;Vy oo V) S|V, o Vi, -

Chung minh.

Do 2.2.2 ta c6 thé 14y z = 0. Néu V,,V,,...,V, 13 phu thudc tuyén tinh trén [J
thi bo dé duoc suy ra tir Bo dé 2.2.5.

Gia st V,,V,,...,V, la [ - doc 1ap tuyén tinh va gia st L 1a [J - khdng gian
vecto span{V,,V,,...,V, } trong TO(B”). Xét L nhu la khong gian vecto thuc véi
tich vo hudng dinh nghia boi
(u,v)=Re(u,v),
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va cho U,,U,,...,U, 13 co sd truc chuan cua L.
Khi do

k. . . 2 k 2
vj:;cguj,cgem va v =zl(c) .

]

bit C=(c/). Khi do

o - - <

k N2
C: ,
15
Vi (clJ ,-..,C}) 1a hang thr j ctia C va vi vay
200, < v v
Chirng minh Ménh dé 2.2.3.
Do 2.2.2 ta ¢6 thé gia sit z = 0 va f(0)=0. Do 1.3.5 ta ciling c6 thé gia su
V,,V,,...,V, doc 1ap tuyén tinh trén O .

Gia str L la khéng gian tuyén tinh thyc sinh béi V,,V,,...,V,, dugc xem nhu
khong gian vecto véi tich vo huéng (u,v)=Re(u,v) . Gia sir u,U,,...,U, 1a co
s& tryc chuén cua L.

Khi do,

K . . N 9 A i
v, =jz:lc;ui , € ell va 4 (0;v;)=|detC|, & day C =(c}).
k H \ 7
Dodo f,v,=Ycj(f u) vataco
i=1

A (0;ﬁvj )2

(detCY A4(0; fu;)  (do2.2.4)

<(detCY [ fu, ..|fu (do226)
<(detC) |u,f . Ju "  (do2.133)
=(detCY (dofu;|=1)
:’1:(0""1 )2'

Dinh 1y dugc ching minh.
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Chuong 3
CHUAN EISENMAN TREN DA TAP PHUC

3.1. Cac dinh nghia
Cho M la da tap phic n chiéu, peM. Ta ki hiéu T,M la khong gian tiép xtc

chinh hinh v6i M tai p, TM = |J T,M la phan thé tiép xtc chinh hinh caa M.

peM

Goi A“TM la tich ngoai k lan cta TM .

Cac phan tir phén tich duge cia A“T,M (tuong tng A*TM ) duogc ki hiéu boi
DM (twong tmg DM ) nghia 1a cdc phan tir c6 dang V,A..AV, V6i
V,eT M,i=1...,k sao cho{V,...,v,} doc lap tuyén tinh. Khi d6 D'M Ia cac
khong gian con phirc K chiéu cua M. Néu (-} la metric Hermit trén TM, no co
thé duoc md rong thanh metric Hermit trén A“TM nhu sau:

Voi a, BeDIM, o=V, A...AV,, B=W, A..AW, thi

(o B)=det{(v,w,)} v6iij=1..k vamorong tuyén tinh t6i phan tu tuy y
cia AT M.

Ki hi¢u |of =(a,a). Néu o 6 médt hudng vudng goc vdi tat ca cac vecto
trong £ thi (&, )=0.Ta dong nhat & véispan, {V,,...,V,} va S véi
span, {W,,...,W,}.

3.1.1. Dinh nghia

Ta goi a, DM 1a truc giao ngit néu bat ky mot vecto trong o déu tryc
giao moi vécto trong f.

3.1.2. Pinh nghia
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Cho k 1a mot s6 nguyén bat ki, k = 1,...,n, va gid st ar D;M, peM. Chuan
ndi tai Eisenman cua a dugc dinh nghia béi:

E (p;a)=inf {||7/||2, y € DB, va ton tai anh xa chinh hinh f :B¥—M sao cho
f(0)=pva f,(y)=a}.
3.2. Mot sb tinh chit ciia E

3.2.1. Ménh a@é

E.(p;a)=inf{ R™: ton tai anh xa chinh hinh f:B“(R)—M thod man

X 0 0
Churng minh.
bat E!(p;a)=inf{ R™: ton tai 4nh xa chinh hinh f:B*(R)—>M thod mén

f(0)=p va f*{a%/\.../\ZQ(O)]:a 1.

k

EZ( p;(x)=inf{||y ? yeDfB* va ton tai anh xa chinh hinh f :B* —M sao cho
f(O)=pva f.(y)=a }.

Ta sé chimg minh  E/(p;a)=E}(p;c).

Trudc hét ta ching minh E'> E?,

Xét anh xa chinh hinh f :B*(R)—M thod man f(0)=p va
f*(i/\.../\ZQ(O)j:a. (1)

Xétéanhxa f:B*—>M;z> f(Rz). Tacs f(0)=f(0)=p. Hon nira,

=( 0 0 of of of Rof
f*(a—zl/\.../\z—k(O)]:8—21/\.../\Z—k(0)=(R.a—zlj/\.../\( 3 j(o)

o Of of o 0 0 _ P«
=R .a—zl/\.../\z—k(O)—R .f*(a—zl/\.../\z—k(O)j—R .
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Do do
(1 0 0 . 10 0 Ok .o
f*(ﬁa—zl/\.../\z—k(O)]—a, trong d6 R o2 A.. /\Zk (0)e D;B* va
1 0 0 1 1
_ = = —=___>F?,
‘Rk azl/\.../\Zk (O)H R = RE >E
Vay
inf { R va ton tai 4nh xa chinh hinh  f :B*—M saocho f(0)=pva

f.(y)=a}2E>=E'>2F.
Nguoc lai ta chimg minh E*<E?.

Xét 4nh xa f:B*—>M sao cho f(0)=p va f(y)=a (2) trong d6

CRK x . 0 0
y € D¥B* ¢6 dang 7—a-a—zl/\.../\z—k(0), aell.
1 1 2 2 A , ) \
bat R= \/ﬂ R =la]"=|y|". Taxay dung anh xa chinh hinh
f :B*(R)—>M véi r 1a mot can bac k cia a, |r|_%
Khi d6
0 O ) of of . of of
f*(a—zl/\.../\Z—k(O)J—a—zl/\.../\i(O)—r.é—zl/\.../\r.Z—k(O)
. Of of ~ . z(0 0
i Zn.nl (0)—af(a—z/\ A_k(O)j
=ﬁ(;/)=a
Nén El_R2k—||}/|| :>E1<|nf{||7|| thoa man (2)} = E2.

Vay E!'=E?. Ménh dé dugc ching minh.
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O trén néu ta khong yéu cau f(0)=p thi ta cin lay chuén ||’ tng véi

métric Bergman trong B" va str dung k-vecto don vi 14y theo metric Bergman

0 0
thay cho a_ZlA"'AZ_k(O)'

3.2.2. Ménh a@é
Khi M =0 thivéi VpeM; a e DM taco E, (p;a)=0.
Churng minh.
Véimoi R>0,vi M =" va aeD}1" nén a c6 dang

0 ..
a=a-—A..A—— voi aell.
0z, 0z,

Gia st r 1a mot can bac k cua a.
Xétanhxa f:B“(R)—> M
ZH>1Z+p.

RG rang f1a anh xa chinh hinh thoa man f (0)=p va

1

Cho R—oo taco E, (p;ar)=0. Diéu phai chimg minh.
3.2.3. Nhan xét

.) E1 la binh phwong metric Royden- Kobayashi (xem [8]).

.) Néu thay B* trong vé phdi dinh nghia Ex béi B' (véi | >K) thi két qua
twong tw (Xem 2.9 (ii) [5]).
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) Ham E, :Dj —[0,+00) la nira lién tuc trén.

Chung minh.

Vi k =n, Eisenman da chirg minh trong bd dé 2.5 [5].

Trudng hop tong quat véi k tuy y dugc suy ra tir Royden (Xem [8])
.) NOi chung Ey khong lién tuc (xem[6]).
) Véik = n, E, c¢6 thé dinh nghia nhu sau:

Cho (W,,...,w,) la toa do phic quanh pe M. Khi doé

En(p,awi/\.../\awi(p)j:inf {‘Jf (O)‘_z: tdn tai 4nh xa chinh hinh f:B"—>M

sao cho f(0)= p} & day Jf la ki hiéu cua dinh thirc Jacobi cua f.

3.3. Dang thé tich trén da tap
3.3.1. Dinh nghia

0 o, (V1) — —
7 (p)=E, [p’WA"'AW(p)][T] dw, NdW A AdWAAW,  duoe goi 1
1 n
dang thé tich noi tai trén da tap M.
3.3.2. Nhan xét

i) Dang dinh nghia sau cua 7, chi ra rang n6 doc 1ap v6i viée chon hé toa do:
i)’ — —
Gia str 6, :[—) dz, Adz, A...Adz, AdZ,. Khidd
2

7,,(P)=inf {(f*)flé’n (0): co anh xa chinh hinh f:B"—M sao cho f(0)=p
va df(0) khéng suy bién }.

i) Ta c6 thé dung dang thé tich cua metric Bergman trén B" thay cho @, trong

dinh nghia trén.
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3.3.3. Dinh nghia
Cho A 1a da tap con phirc k chiéu cua mot tip mé U — M (goi 1a da tap con

phirc dia phuong cua M) ta dinh nghia dang thé tich ndi tai 7, trén A nhu sau:

Véi peAva (W,...,w,) la toa do dia phuong quanh p sao cho %1/\.../\8\%k
1 tiép xtic voi A tai p.
Khi d6
k
.0 0 J-1 _ _
r}f(p):Ek[p,MA...AW—k(p)][TJ dw, Adw, A..Adw, AdW,

3.3.4. Nhan xét
Dbinh nghia 7} tuong duong véi
TV (p)Zinf{(f*){@k (0): c6 anh xa chinh hinh f:B*—M sao cho f(0)=p
va df(0) khong suy bién va df (TOBk)szA}.
biéu nay ching to dinh nghia 3.3.3 khong phu thudc vao viéc chon ban dd toa
d¢ dia phuong (W,,...,W,) quanh p.
Chu y rang Ey 1a nira lién tyc trén. Vi thé 7V 1a 2k-dang kha tich trén A.

3.3.5. Dinh nghia

Thé tich noi tai cua A duoc dinh nghia boi
I, (A) =[z).
A
bac biét thé tich ndi tai cua tap con mo U cua M la

|n(U):£TM-

3.4. D¢ do Eisenman trén da tap
3.4.1. Pinh nghia

Tuong tmg A—> |, A x4c dinh mot do do Borel trén mdi da tap

S6 héa béi Trung tam Hoc liéu — Pai hoc Thai Nguyénd] http://www.lrc-tnu.edu.vn



www.VNMATH.com

con phuc k chiéu ctia da tap M goi 1a 6 do Eisenman. Trong [5] Eiseman di dua
ra d6 do Borel khac trén mdi tap A nhu sau:
Cho A, 1a d6 do Borel trén B¥, xac dinh béi phép ldy tich phan ldy theo phin

tr thé tich cua metric Bergman trén B, Khi do

1 (A)=inf {zlzk (E,); véi moi E, B, va tn tai 4nh xa chinh hinh

f,:B*—>M sao cho Ac_['j1 fi(Ei)}.

Chu y rang cac d6 do 1, va | déu co tinh chat giam qua cic 4nh xa chinh
hinh. Hon nita, trén By, c6 cac hang s6 Cnisao cho  1;(A)=C, 1, (A).V6i mdi
da tap con phtic dia phuong k chiéu A cta B, (Xem [5] ménh dé 1.5 va ménh dé
2.4).

Téng quat ta co:
3.4.2. Bo dé

Trén da tap phitc n chiéu tupytacé 1;=C,,-I,.

Véin = k, B6 dé& dugc chirmg minh bdi Eisenman ([5], ménh dé 2.13). Chimg
minh tong quat dugc 1ap luan twong ty nhu ctia Eisenman va ap dung tinh ntra
lién tuc trén cua E.

3.5. Da tap hypebolic k- do do

3.5.1. Dinh nghia

Mot da tap phirc n chiéu M dugc goi la hyperbolic k-do do néu vé6i mdi da
tap con phirc dia phuong Kk chiéu Acua M, A= ¢ taco I, (A) >0

Truong hop k = n thi M duoc goi 1a hyperbolic d6 do.

Pa tap M duoc goi 1a hyperbolic k- 6 do manh néu mdi tip compact K =M

6 hang sé duong ck sao cho

E.(p.a@)>C e véimoipeK vamoi @ e DM .
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Truong hop k = n thi M dugc goi 1a hyperbolic d6 do manh.

Mot da tap phire M duogc goi 13 E, hypebolic néu E, (p,)=0 mdipeM va
mdi « € DIM.
3.5.2. Dinh nghia

DPa tap phirc M dugc goi la hau hypebolic néu ton tai da tap con thuc su
V M sao cho M 14 hypebolic tai mdi diém cia M \V, theo nghia véi mdi
tap con compact K cia M \V t6n tai mot hang s6 duong ¢, sao cho

E.(p,X)2c X[, VpeK, X eT,M.

3.6.Mdt so tinh chat
3.6.1. Pinhly

i) Cho ¢:M —N [a dnh xa chinh hinh giita cdc da tap phirc €6 S6 chiéu Ién
hon hodc bang k. Khi dé

E'(#(p);dd(a))<E(p;a) VpeM,Va e DiM.
ii) Néu M I hinh cau don vi B", n>K, thi
E* (p.a)=|af.

trong do ||o|| ki hiéu chudn métric Bergman trén B™ .

Chitng minh.

i) Liy batki peM, va a e DM .

Gia sir c6 anh xa chinh hinh f:B*—M, sao cho f(0)=p, f.(y)=a
trong do y € DYB*.

Vi ¢:M —N 1a anh xa chinh hinh gitta hai da tap phic nén ta co
¢o f :B*— N thoa min

¢o f(0)=g(p) va (got) (r)=¢.(a)=dg(a).

Do d6 khi 1ay infimum theo f ta c6
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EX (¢(p)d(p)) <EX (Pict)

if) Pugc suy ra tir dinh nghia ciia E;" (p;ar) va Ménh dé 2.3.3 (Chuong 2).
3.6.2. Bo d¢

Cho 1<k, I<nvacho a e AT M, Be AT M. ki do

e~ Bl <]l 15] -

Néu ci a,B déu |a phdn tich dwoc va K+1<n, diau “=" xdy ra khi va chi
khi « truc giao voi S.

3.6.3. Dinh Iy

Gia st 1<k<n=dimM. Néu M la hyperbolic k-46 do manh thi M I
hyperbolic (k+1)- d6 do manh.

Churng minh.

Lay &>0 batky.

Xét métric Hermit (,) trong TM rdi mé rong 1én T'M (1=2,...,n).

Liy peM,aeD'M sao cho |of=1.

Gia st ton tai 4anh xa chinh hinh f:B**—>M sao cho f(0)=p va

df (y)=a véi y€D;"B" thod man |y|=¢. Vi |y|=¢ va |df ()|=1, nén ton

tai mot vecto tiép xtc u ciia B tai 0 sao cho ||u|=1 va |df (u)] < gk;jl.
Liy y'e D{B“* sao cho né truc giao véi u. Pat y =y'AU. Ta co thé coi )’
nhu la khong gian tiép xtic cia B* tai 0. Do Bo dé 3.6.2taco |y'|=¢ va
1=|df (y)|=|df (")~ df (u)
<|df (7)]ldf (u)

-1

<||df (")) e+

= [df (y)|z &
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-1

Do do6 [y'|=¢ va |df (y')“zgklﬂ néu ta dat 7=g+1y', thi ne DB, véi

L by
In|= &% va de (77)H:1-
Néu M khong 1a hyperbolic (k+1)- 46 do chat, thi ta lay day cac sé & dan
k
t6i 0. Khi d6 ddy 7 thuoc D¥B** véi |n]|=&** va de (77)H=1 mau thudn véi M
la hyperbolic k- @6 do chat. Pinh ly dugc ching minh.
3.7. Trwong hgp k =1

3.7.1. Bo dé
Cho M la mét da tap phirc hyperbolic, peM . Khi dé ton tai mét hang s6

dwong c, sao cho
E(pia)>c, VaeTM,|a|=1.

Churng minh.
Gia sir khdng ton tai hang sb C, nhu trén thi c6 céac diém p,eM, o, eT.M
voi P, — P, o, > a sao cho
A s _ 1
|ee || =1 va El(pi,ai)<T.
Theo dinh nghia cta E (p;e) nén véi mdi i ton tai 4nh xa chinh hinh
f:B'—>M vay, eTO(Bl) sao cho
_ s 2
fi(o)_ P fi*(ai):% va ||7|||<T

Véi £>0, ton tai 6 >0 sao cho V|z|<r, Vg:B'—M la chinh hinh ta c6

dy(9(0);9(2))<d(0,z)<e.
Suy ra
f.(Br)c B(p;2¢) véii di lon,
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Theo dinh 1y Ascoli, ton tai ddy con {i,}= sao cho filg 9 ¢do
g:B"— M 1la chinh hinh.

Chung ta ¢c6 g(0) = p va do f_ chinh hinh nén f,—g, va vi
o, —>0=f (2)—0.(0)=0, nhu vady y,—0eT,M . Diéu mau thudn nay
da chang minh Bo dé.

3.7.2 Pinh ly

Cho M la da tap phitc thi M la E; — hyperbolic néu va chi néu M la
hyperbolic theo nghia Kobayashi.

Churng minh.

bat E(p;a)=E (p;a). Ta biét rang M 13 da tap hyperbolic néu va chi néu

gia khoang cach Kobayashi dy, la khoang cach, trong do

d, (X;y)=inf {LM (y)=NE(y(z),-y'(r))dt} (Xem 1.4.8)

a

Pa tap M 14 E;- hyperbolic néu va chi néu
E.(p;,a)>0, (‘v’pe M,Vae DM =T'M )
7 (t) la duong cong kha vi ting khic nbi x, y trong M.

7'(t)=y. [(%jt] 14 mot véc to tiép xuc thyc cta T,Mthi o, eT M.
y'(t)=a,+a, va chung ta dat E(y(t);7'(t))=2E(r(1);e,).
Piéu kiéen can.

Ta c6 thé coi ¥ 1a tron vi néu khong ta chia » ra cic doan nho ma timg doan

doé thi y tron tirng khuc.

Cho x=yeM, tacod
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d, (x.y)=inf {LM(y)=T\/E(y(t);y'(t))dt}.

a

Tham s6 hod y theo d6 dai cung S=s(t) thi

Do do

dy (6y)=inf {L, ()= (O ©)et]
—inf {LM(7)=I(f)JE(7(S);7'(S))dS}

Theo B6 dé 3.7.1, ton tai lan can U ctia X va hing s6 ¢ > 0 sao cho

E (q;x)>c,VgeU,aeT M, |a|=1.
Suy ra
o
d, (X;y)>[cds=c-6>0.
0
Vay M la da tap hyperbolic.
Piéu kién du.
Ta can chirng minh E( p;a) >0,VpeM,Va eTpM . Theo B6 dé 3.7.1

taco E (p; 05)—||05||E(p,|| ||]>O. Vay dinh ly duoc ching minh.

3.8. Cong thirc tich
3.8.1. Pinh li

Cho M va N la da tap phitc c6 s6 chiéu twong g la m va n. Ldy
1<k <m,1<I<n, va peM,geN. Gidsir a € D(kpf'q)M xN, a= Ay, trong

do peDiM, yeD,N thi
EXN((p.9);a)=E"(p,B)xE"(Q,7).
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Chung minh.
Pau tién ta chimg minh
EXN((p.a)ia)<E'(p.B)-E"(a,7).
Cho £>0 batki, lay f,:B*—M va f,:B'—>N 1acac anh xa chinh hinh

sao cho f,(0)=p, f,(0)=q vavsi w,eD;B*,w,eDB' taco

(W) =4, [WI<E! (p.S)+5e:

N 1
dfz (Wz):ﬁ’ ||W2||S E, (qv7)+§g'

C6 thé coi B*' = B*xB'. Khi d6 tacd w, AW, e D'B*' va

f=(f,f,):B“ >MxN

1a 4nh xa chinh hinh sao cho f (0)=(p,q),df (W, AW,)=«c.
Vi |W, AW, ||=||wW,|-[w,| nén ta co

EXM (. 0);a) S IW, AW =W w,
<E!(p.S)E (d.7)+O(e).

Trong d6O(e)—>0khi ¢ »0. Vay E"N<E"-E".
Nguoc lai, ta chirng minh

B (P B)AB" (A7) <ES" ((P.0)s ).
Giasir f:B*' —MxN laéanh xa chinh hinh sao cho f (0)=(p,q) va

we DB . Taco
df (w)=a,trongdo |w [ <EY"((p,q);a)+¢.

Vi w e DB nénw co dang

wza[iA...A g (o)]

az1 82k+|

voi aell,a=0 naodo. Taco |aj=|w |.
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Néu cin bang phép bién dbi unita trén [ “* (va trén B**Y). Ta c6 thé gia thiét

0 0 :
df [b—A..A—(0) |=p Vvéi bell,b=0.
( aZl/\ A&Zk( )] S VGibe

Vi BAy=a=df (w)

—df(bi/\.../\i(O)J/\df(b 9 pn2 (o))

aZ:I. azk azk+1 aZk+|

_ﬂ/\df(% % Anl (O)j,

82k+1 azk+|

nén ta cé

df (b aam A A%(O)}ZJ/- (*)
Gia st I:B*—>B"",i,:B"'—>B*"' la cac phép nhing cam sinh bdi phép nhiing
chinh tic [J* =0 *x{0} < *' va ' =0'x{0} <l "
Goi 7,:MxN =M, 7,:M xN — N la c4c phép chiéu chinh tic. Néu
f,=mofol va f,=m,0foi, thi f:B*—>NM, f,:B'—>N Ila cac anh xa

chinh hinh thoa mén f,(0)=p, f2(0): q va theo (*) ta cé
0 0 B
dfl[ba—zl/\.../\a—zk(())J—,B,
ao 0 B
df [b@ /\6_2,(0)]_7'

Vi vay

X (p.8)-EX (@) <bF (| =laf =lwi
<ESM((p,Q);a)+e.

Cho & —0 ta dugc diéu phai chirng minh.
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KET LUAN

Luan vin nghién ctiru vé chuan Eisenman trén da tap phtrc va da dat duoc

mot sb két qua sau:

1. Trinh bay dugc mot s6 khoang céch bt bién trong B" va mot s céc tinh chat
cua chung.

2. Trinh bay khai niém chuan Eisenman trén B" va chimg minh duoc tinh chat
giam cua chuan Eisenman qua cac anh xa chinh hinh (Ménh dé 2.2.3.).

3.Trinh bay khai niém chuan Eisenman trén da tap phirc va chirng minh dugc
mot dinh nghia twong dwong véi khéi niém nay (Ménh dé 3.2.1.). Pong thoi
chtng t6 chuan Eisenman trén /7 % luén bang 0 (Ménh dé 3.2.2.).

4. Trinh bay céc khai niém dang thé tich trén da tap, do do Eisenman trén da
tap, da tap hyperbolic k- d6 do.

5. Chtrng minh mat s6 tinh chat cua chuan Eisenman trén da tap nhu tinh chit
giam qua &nh xa chinh hinh (Pinh Ii 3.6.1.), tinh chit tich (Pinh Ii 3.8).

6. Trinh bay trong truong hop k=1 thi tich E; — hyperbolic twong duong vaéi
tinh hyperbolic theo nghia Kobayashi ciia mét da tap phtec.
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