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BAO CAO TOM TAT

Dé tai thye hién nghién c(u ba vén d8:

1. Cac phuong phép bi¢n ddi he tusn ty thanh hé song song.

2. Mot s6 vn dé v8 phy thudc logic trong co s& dit iéu quan hé.

3. D$ phix tap otomat doan nhan clia céc siéu ngdn ng.

Vé viin d8 tht nhét d8 1ai da xfy dyng duge phuong phap bién di tir he tuén
tyt thanh he song song, d8 bign ddi viéc xUt Iy théng tin tit don 1 tai mdi thdi didm
chuyén sang kha néng xif Ij théng tin nhiéu chiéu, da xit k) trong m&i th&i didm va
do d6 ma ting dugc 16¢ dd xit Iy thdng tin.

Vé viin dé thtr hai dé tai d& g6p phén gidi quyét cac viin dé vé viéc xay dung
quan h¢ Armstrong trong p phu thudc Boolean duong t8ng quat va xac dinh s6 bo
ctia quan hé Armstrong t6i thiéu bling cach dua ra khéng dinh d6i voi mot tp T cac
quan hé phy thuéc Boolean 18ng quét cho trudc ¢6 n tai quan hé Armstrong hay
khong, dua ra thuft toan fim quan hé thu gon clia mét quan hé¢ Armsirong frong
trudng hgp khi 18t ca cac mién t clia céc thude tinh khéng c6 phén it trung hoa,
khéng dinh vé sy t6n tai clia quan hé Armstrong trong trudng hgp khi 14t cA céc
mién trj c6 phén 1 trung hoa.

Mat khac, d8 ti cing nghién cu vé logic da tri. Dya vao logic da tri c6 thé
dua ra mét s6 khéi niém va két qua lién quan dén 16p phy thuéc Boolean da trj...

D6i vohi viin d8 thir ba, d8 fai d& x8y dyng duge cac day bidu thic chinh quy suy
rong ma siéu ngén nglr do ching xéc dinh ddi héi d¢ phik tap doén nhén cao. Cy
thé 14, d6i vi céc 6 ty nhién tuy G s, t c6 thé xay dyng due day céc bidu thic
chinh quy suy rfng C, ; , frong béng chit cai ba k§ hiéu ma:

1. Véi s6 ty nhién n tug §, bidu thie C,; , chita t dfu phén bit va ¢6 do dai
khéng vugt qua n;

2. Vdi hing s6 tuy ¢ ¢ > 2°, khi n di Ion, s6 trang thai clia otomat don dinh
t6i ‘iéu doan nhén siéu ngdn ngit do C;, , xéc dinh c6 s6 trang thai khéng it hon
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PHAN BAO CAO CHINH

. M& dau.
Pé {ai thye hién viéc nghién c(u vé ba vén dé:

Céac phuong phép bién ddi hé tuén ty thanh hé song song;
Phy thudc logic trong céc cd s& dit iéu quan hé;
Do phtx tap clia bidu thitc chinh qui suy rong.

Vén dé slt dyng may vi tinh dé xt Iy va truyén dit iéu ludn ludn 13 bai toén Ion
nhét cA v Iy thuyét va thye 16;-trong d6 vin d& tang t6c dé xit Iy va truyén tin 1
mot vin dé ludn duge quan tAm.

V& huong nay dé i da x4y dng duge phuong phép bién ddi tit he: tudn ty
thanh hé song song, d8 bign ddi viec xit Ij thong tin tif don 1 tgi mdi thoi diém
chuyén sang kha niing xir Iy théng tin nhiéu chiéu, da x{t If frong mdi thoi diém va
do d6 ma ting dugc t6c d§ xit Iy thong tin.

Viéc nghién ctu cac loai phy thudc dit iéu ¢6 vai trd quan trong dé dam bo
tinh nh&t quén cta dit iéu. Phy thudc Boole va sy md réng n6 trong mé hinh quan
hé da thye sy.duge nhiéu ngudi quan tam. Trong [1] d3 gi6i thiéu vé ho céc phy
thu6c nay vd mot s tinh chift co ban clia ching. Tiép theo [2, 3] d& phaét trién cac
két qud d6i voi cac phy thudc Boole dang t8ng quét. Trong [4] céc tac gid da chira
dinh 1§ tuong duong vé tinh dn duge trong I9p cac quan hé ¢ s6 by tuy § cling nhu
trong I9p céc quan hé chi bao gdm c6 hai by hay trong logic ménh dé d6i wii lp
phy thugc Boole duong 18ng quét vd dua ra diéu kién cAn va dti & mét quan hé la
quan hé Armstrong d6i voi I9p ndy, déng thdi xust hién hai vén d€ cén gidi quyét:

1. Trong Wp phy thuéc Boole duong t8ng quat quan heé Armstrong xay dung
nhu thé ndo ? _
2. S8 bd clia quan heé Armstrong 16i thiéu ?



Dé tai da gop phén gidi quyét hai véin d8 trén, da khéng dinh duge quan he
Armstrong ¢6 ludn ludn t8n tai hay khéng d6i voi mét tip T cac quan hé phy thuéc
Boole #8ng quat cho trxc, trinh bdy thudt todn im quan h¢ thu gon cla mét quan
hé Armstrong trong tndmg hp khi 4t ck cac mién i clia céc thue tinh khéng c6
phén tir trung hod, khing dinh vé sy t6n tai clia quan h¢ Armstrong trong g
hop khi t4t cA cac mién trj c6 phén it trung hod, trinh bay thuat toan fim quan hé
Armstrong trong fnamg hgp ndy, va chl ra réing quan hé Armstrong fim duge 1A 16i
tidu.

Mt khéc, dé tai cling nghién ctu v8 mdt kidu logic da trj, ma n6 1 symé rong
ty nhién clia khai niém logic hai frj théng thudng. Dya véo logic da fri nay c6 thé
dua ra mot s& khai niém vA két qua lién quan &&n p céc phy thude Boole da tr,
ma nhing diéu nay 13 sy m& rfng thyc sy clia mot s6 khéi niém va két qud da c6
nhu d8i voi cac bai toan thanh vién, quan hé Armstrong ...

D6 pht tap, tic 13 s6 trang théi clia mét otomat don dinh 16i tidu doan nhan
ngdn ngit clng nhy siéu ngdn ngir 1d mot viin d8 ludn duie quan tAm. Theo hudng
nay dé tai da xay dyng dugc cac tidu thc chinh quy suy rong, ma otomat doan
nhén siéu ngdn ngit do n6 xéc dinh ¢6 d§ phic fap cao.



II. Bién dbi hé tuin tw thanh hé song song.

Vén d® st dung mdy vi tinh d& xt 1y va truydn det ligu ludn 12 bai
tofn 16n ch v& 1y thuyét va thyc té, trong dd vén d& ting téc 4§ xit 1y va
truydn tin 12 mdt vén d& ludn dwoc quan tim. |

P tai d xy dyng dwoc phuong phép bién ddi te hé tulin ty thanh
hé song song, d& bién ddi vigc xit 1y thdng tin , tk don 1& tai mdi thoi
diém chuyén sang khh niing xit 1y thong tin nhidu chidu, da xi& 1y trong
mBi thoi didm. Didu nay thé hién khia canh ting téc dd dé xit 1y thong
tin va truy2n tin bing mdy tinh dién tk.

Bén canh dd , d& tai d4 bude diu xfy duyng dugc céc md hinh bidu
di%n hé théng 1a cdc h¢ ledi va cc hé ddng thdi, nh¥m dé ting téc do
xtk 1y va truyén tin clia mdy tinh dién tid.

Py la nhttng két quk €6 ¥ nghia vé miit 1y thuyét , song cting thé
hién khh ning ¥ng dyng cd hiu qua t8t trong linh vuc truy&n tin .



I11. Mot vai vin d& v& phu thudc logic trong co s& dw

liéu quan hé.

Nhu chiing ta da biét mdt co s& da liéu chinh 12 mot tap
cdc duo lidu v& cdc ddi tuong can dugc quan ly, dugc lwu tri
trén cdc thiét bi mang tin ctia mdy tinh dién td vad drgc quan 1y
theo mdt co ché th6ng nhit nh3m thuc hién cé hiéu qua cdc
chifc nﬁng nhu : Tao lip, cip nhdt va khai thdc d¢ liu ...

pé b chu‘c lru trd, quan ly va khai thdc d@ li€u ngu’0’1 ta
thu’(rng c6 thé si dung mdt s& md hinh nhe md hinh phén cip,
md hinh mang va md hinh quan hé.

Trong s& ba md hinh cho viéc té chifc va khai thdc cdc co sé
d# lidu d6 thi mdé hinh quan hé duvgc quan tim hO’n ch. S& di
md hinh quan hé dvoc quan tdm nhu vay 12 vi né dwoc xay
dung trén mdt co s& todn hoc chit che - dd la ly thuyet ve cdc
quan hé cé dp dung rong rai céc cong cu dai s6 va ldgic. Trong
CSDL quan hé cdc quan hé c6 hinh énh trouc quan kha gin gdi
véi quan niém cia ngudi sd dung vé cdc bang biéu thong
thuong.

Trong mo hmh quan hé, viéc nghién cu cdc rang budc du
lidu 12 mdt vén d& can thiét, c6 nghla va gid mot var trd
quan trong trong vidc dam bao tinh nhit qudn do liéu.

Muc dich cta viéc néu ra khdi niém phu thudc dw lieu 1a
nhim bdo dam cho da liéu trong co s& d ligu khong méu thuén,
phan dnh dling thé gidi hién thuc, trdnh duoc duv thua.

Cho dén nay da c6 nhleu loai phu thudc du li€u khdc nhau.
Pidu d6 1a hop ly bdi vi thuc t& 12 da dang va phong phu do
dé su rang budc ctia d¢ liéu phan 4nh cdc dbi tuwong thuc té
ciing rit da dang, phong phud va phic tap

Vi thé , su quan tdm & diy la tiép tuc nghién cvfu cdc rang
budc d# lidu hay con goi l1a cdc phu thudc dd li¢u trong mod
hinh quan hé.

Nhu ching ta dd biét, loai phu thudc d& liéu dau tién 12 céc
phu thuoc ham dwoc gidgi thiéu béi E.F. Codd vao ndm 1970.

Tiép theo cdc tdc gi4 J. Demetrovics, Gy. Gyepesy da dé& xuit
cdc lop phu thudc manh, 1d¢p phu thuoc manh (PTM), ldp phu
thudc yéu (PTY), 1dp phu thudc déi ngiu (PTDN), nam 1981.

Cting trong n&m 1981, nhém nghién cu Y. Sagiv, C. Delobel,
D.S. Parker, R. Fagin da gidi thiéu ho cdc phu thudc Boole.

Sau d6 J. Berman and W.J. Block da gidi thiéu mot Idp cédc
PTCB. Lop nay cling bao ham Idp cdc PTH, PTM, PTY, PTDN,
nam 1990.



Vao nim 1992, cdc tdc gid Nguyén Xuin Huy and L& Thi
Thanh d& cip dén mot I¢p phu thudc mdi, d6 1a ldp cdc phu
thuéc Boole duong téng qudt (PTBDTQ). Diéu ddng lwu y 12 16p
nay ciing bao ham l¢p cdc phu thudc cén bing.

Trén co s& d6 muc tidu clia viéc nghién ciu & day Ia ti€p
tuc m& rong va phat trién 16p cdc phu thudc Boole theo nhing
khia canh khdc nhau. :

Trong cdng trinh cha cdc tic gia Nguy&n Xuin Huy va L& Thi
Thanh da chi ra dinh 1y twong dwong v& tinh din dugc trong 1§p céc
quan hé c6 s§ bd tuy ¥ cting nhu trong l6p cdc quan hé chi bao gdm
c6 hai bd hay trong 16gic ménh d® d6i véi lop phu thudc Boolean
duong tdng quét. O d6 cic tac gia dwa ra didu kién cin va du d& mot.
quan hé 1a quan hé¢ Armtrong dbi vdi tap T va da néu ra hai vin d& :
hay xiy dung quan h&¢ Armstrong cho tip X c4c phy thudc Boolean
duong tbng quat va hay cho mot dinh gid vé s6 bd cha quan hé
Armstrong t8i thidu.

Trén tinh thin d6 , dé thuec higén d& tai trong cong trinh " Vé su
bidu didn cdc tap phu thudc Boole duong tdbng quit " cha tdc gih Vu
Ngoc Loan, Tap chi Khoa hoc N7,1994 , Dai hoc Té‘mg hop Ha
n6i nhim gép phin gihi quyét céc vin d& da néu va d@& cap dén mot
vai khia canh kh4c. Bai viét gdm 3 phin . Phin dau gidi thiéu chung.
Phin hai dua ra mdt s& dinh nghia co ban. Phin ba 12 két qua chinh
clia bai viét : kh%mg dinh quan hé Armstrong cé ludn ludn tdn tai hay
khong dbi voi mot tdp X cdc phu thudc boole tdbng quét cho trudc,
trinh bay thuét to4n tim quan hé thu gon ctia mOt quan hé Armstrong
trong treomg hop khi tAt ch cdc mién tri cha céc thudc tinh khéng c6
phin td trung hoa. Tiép theo I khing dinh v& su tdn tai cta quan hé
Armstrong trong truong hop khi t4t ch céc mién tri c6 phin t& trung
hoa. O day cling trinh bay thuit todn tim quan hé Armstrong d6 va
chéng minh ring quan hg Armstrong da tim 12 khong nit gon dugc va
¢6 kich co bling s6 phin td cua tip Ty

Ciing tiép tuc hudng nghién cud chia d& tai vé phu thudc du
liéu, trong cOng trinh " M6t vai khia canh m& rdong cho céc Idp phu
thudc Boole" clia tdc gia Vi Ngoc Loan, Tap chi Khoa hoc N4,1994,
Pai hoc Téng hop Ha noi , da tiép tuc phat trién 16p phu thudc ,Boole
biing cdc d& xut mdt 16p phu thudc mdi dua vao mot kiéu thé hién
clia logic da tri, d6 Ia 1¢p céc phu thudc 16gic duwong da tri.

Trong bai viét trinh bay v& mot kit 1dgic da tri ma né 1a su
m& rong te nhién clia khédi niém 16gic hai tri thong thudng va néu mot



vai hudng cé thé fng dung né vao vi€c nghién cfu céc rang buoc giw
lidu trong mé hinh quan hé. Dua vio ldgic da tri , ta c6 thé dwa ra
mot s6 khdi niém va két qia lién quan dén 1¢p céc phu thudc Boole
duong da tri ma nhing didu d6 1a sy mé rong thuc sy cha mot s
khia niém va két qua da c6.

Bai viét gdm 4 phin. Phin diu gidi thiéu chung. Phan hai néu
mdt s& khdi niém va trinh bay mot s6 két qhia co ban lién quan dén
16gic da tri.

D6 1a nhdng didu cin thiét cho viéc cifu mot s6 bai todn d6i vdi
1¢p phu thudéc Boole da tri. Phin ba trinh bay khdi niém 16p c4c phu
thudc Boole da tri , mdt 16p con quan trong cta né la Iop cdc phu
thudc Boole duwong da tri (PTBDPT) s¢ dugc quan tim nhidu khi
nghién cfu cdc bai todn thanh vién , quan hé Armstrong,....trong md-
hinh quan hé . Trong phan bén ,d& xuit mdt vai hudng nghién cufu
lién quan dén I6p cdc loai phu thudc Boole da tri. Trong d& xudt dé
tdc gia dic biét lru y viéc md rong mot s6 két qua da cé - d6 1a dinh
ly sw twong duwong gitta cic kidu suy dan : Suy dan theo quan hé va
suy dan 16gic

Khi kiém ta degc didu d6 12 ding din thi nhidu vin d& lién
quan den st suy din theo quan hé trong l¢p cic phu thuéc Boole da
tri c6 thé s& dwgc giai quyet kh4 thuén tién va don gian nhidu so v&i
viéc xem xét ching vdi chinh khéi niém suy din theo quan hé.

Tai liéu tham khio.
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IV. D6 phifc tap Otomat cha bidu thifc chinh quy suy r6ng

Gih sit ¢ bang chet cdi A. Day vO han cdc k¥ higu thudc A dwgc goi
12 mot sidu t trén bang chat cdi A. Thp hop tht ch cdc siéu t trén bang
cht cdi ky higu bing A”, ‘

Thp con tly ¥ cia tip A” dwoc goi 1a mdt siéu ngdn nge trén bang
cht céi A.

Tich ciia ngdn ngtt My v&i situ ngdn ngtt M, cing trén bang cho
c4i A 12 mdt siéu ngdn ngt dang o =a(l)a(2)..., sao cho cé sd tu nhién i
nao d6 , dé a(1)a(2)...a(i) thudc My ,con siéu t a(i+1)a(i+2)... thudc Mj.

Siéu lip clia ngdn ngtt M trén bhng chtt cdi A (k¥ higu bing M) 1a
siéu ngdn ng® trén bhng cht cdi A, gdm tht ch céc sidu tw’ a=a(l)a(2)...,
sa0 cho d6i vd#i dity 88 ty.nhién ting ndo d6 iy.ip,is... thda min quan hé:

a(ipaliey).--a(iy1-1) e M, t=1,2..

Quy udc ring &° = @ va dbi v&i sibu ngdn ngt thy ¥ M dBu cd
DM=0

Bitu thifc chinh quy suy rfng (b.c.s.) trén bhng chet cdi A 1a bidu thuc
tly ¥ duqc xfy dyng t cdc biéu thifc co bhn (3, A vk a € A) nh¢ cdc
phép todn nhén (), Iip (*) vi céc phép todn thp hop: hop (L), giao (n)
va 14y phén ba (C). |

Ld¢p cdc biéu thifc chinh quy suy rong sidu ngdn ngtt (b.c.s.s.n.) trén
bang chtt cdi A dugc xdc dinh nhu sau:

1) Néu R 1a mdt bidu thec chinh quy suy rdng, xdc dinh siéu ngdn
ngtt nho dd, thi R 1a biu thifc chinh quy suy rdng siu ngdn ngtt co
bhn; ‘

2) Néu R 1a b.c.s., thi R a b.cs.sn. ;

3) Néu Ry va Ry Ia b.c.s.s.n. , thi RyURj 12 bec.s.san.

4) Néu Ry 1a b.c.s. , con Ry 1a b.e.s.sn. , thi Ry.R; 12 b.es.sn,

5) Néu R 1a b.c.s.8.n. , thi CR 12 b.c.s.s.n. ; |

6) Néu Ry, Ry lab.cssin, thi Ri~Rj 12 b.c.s.s.n.

7 Chi céc bigu thifc dinh nghia theo cdc myc 1-6 mdi 1a b.c.s.5.n.

Gih st M 1a b.c.s.s.n. trén bhng chtt cdi A . S8 cdc vi tri cla céc ky
hi¢u thudc A, chifa trong M dugc goi 1a dd dii cha biu thc M vh ky
higu biing IM | |

S§ trang théi it nhfit di d& xfy dyng 8tdmat don dinh dodn nhén siéu
ngdn ngtt dugc cho bdi biu thc M duqc goi 12 d0 phic tap dtdmat
clia bidu thic M va dugc ky higu biing G(M).



P& tai da khing dinh dugc két quh sau: Péi vdi céc s8 tr nhién tdy ¥
s, t c6 thé x8y dung dugc diy cic bifu thic chinh quy suy rdng siéu
ngdn ng® Cgyy trong bhng chtt cdi gdm 3 ky hiéu, sao cho:

1. V&i n ty ¥ bidu thifc Cgyy chifa t dfu phiin bd va cé d9 dhi khdng
vuot qué n; '

2. Vi bét k¥ hing s8 c > 28 ndo khi n di 1dn

logplogp...logy G(Cgtn) = n/ (clogon)
R

&) lin
trong dd:

(2%
4
=) @*

Két qua trén chifng td tdn tai v han céc siéu ngdn ng® cd dd phfc
tap dodn nhfn cao.




KET LUAN

Ba vin d& dregc d& thi nghién cfu gihi quyét cé tinh thdi su, cic
két qua nghién cifu chfmg nhing c6 ¥ nghia v& mit 1y thuyét , ma mot
s8 két qui con cé khi niing ¥ng dung. Céc két qui ndy dugc trén 5 bai
b4o khoa hoc d¥ng trén céc tap chi trong va ngodi nudc.

Vdi mot s8 két quh v& phin phu thudc logic trong céc co s& de
litu quan hg¢, ddng chi Va Ngoc Loin da hoan thanh phin cudi cha lugn
vin tién si chuyén nganh ctia minh.

Nhén dip ndy cdc thanh vién ciia d& tai B 93 - 05 -73 xin chén

thainh chm on céc cip quin 1y da nhiét tinh gidp d¢, tao didu kién cho
ching tdi hoan thanh d2 tai nay.

Ha n6i ngay 10 thdng 4 nim 1995.
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Abstract

In this paper, we partially solve the problem of net systems’ composition in the family of
contact - free net systems by prdposing an operation and show that the operation preserves
the consistency and semiconsistency of contact - free net systems.

1 Introduction ;

Net systems are one of sound tools for modelling the bebaviours of concurrent systems and
processes. It turns out that the modular method is a very useful way Lo design large concurrent
systems, e.g. communicating systems, production schematas, transport networks, etc. The com-
position problem in models for concurrent systers proves that idea (see [Che88, Mar&4, Tha85]).

The paper concerns the problem of net systems’ composition. Assuming that two net sys-
tems are given, we attempt to state the rules of constructing the net system composed from
them. The main requirement here is to save the dynamic structures of the input systems as far
as possible. A similar approach was investigated by V. Kotov for Place/Transition nets [Kot78].
Our attention is paid to the consistency and semiconsistency - two fundamental properties of
net systems. These properties are based on the coexistancy relation, one of the most important
notions of the Petri net theory.

The paper is organized as follows. We start with some basic notions concerning the theory
of net systems. In Section 2 we concentrate on two basic notions: the sir-relation and the
covering. The former is used for describing a number of the phenomena of concurrent systems,
such as independency, coexistancy, concurrency, conflict, etc. [Tha85, Thi90], while the latter
is interpreted as the set of all global states or the set of sequential components of those systems
(Jan84, Pro81]. Secctions 3 and 4 are devoted to net systems. We show that the set of all simple
nets is a complete lattice by introducing a partial order. Some basic properties of net systems
are formulated. '

In section 5, the problem of net systems composition is formalized and solved for the family
of all contact - free net systems by defining an operation,on it. We point out that the consistency
and semiconsistency of contact - free net systems are preserved by this operation.

Some concluding remarks are presented in the last section.



2 An algebra of sir-relations and an albegra of coverings

Let X be a set and idxy C X x X be the indentity relation on X.

DEF. 1: A relation C C X x X is called a sir-relation iff it is symmetric and irreflexive, i.e.
(Va,be€ X), (a,0) e C <> (bja)e C=>a#b.

For every sir-relation C we define two families of subsets of X : kens(C) and kens(C) in
the following way (see also [Pet77]):

kens(C) = {AC X | (Va,b€ A)(a,b)e CUidx & (Ve & A) (Fa € A)(a,c) ¢ C},

kens(C)={AC X |(Va,b€ A) (a,b)¢ C & (Ve ¢ A) (3a € A) (a,c) € C}.

Note that for every sir-relation C C X x X the relation C = X x X —idx —C'is a sir-relation
and (C)=C. '

Let cov be a covering of X.
‘The relations sir(cov) and sir(cov) C X x X, defined below, are sir-relations (called sir-felations
defined by covering): , ,
(a,b) € sir(cov) <= a#b& (VA€ cov)ag A or b ¢ A,
(a,b) € sir(cov) <= a#b& (3A€cov)a€ Aand b€ A.
Of course, sir(cov) = X x X —idx — sir(cov). |

A covering cov of a set X is called a mazimal set covering iff:
(VA€ cov, VACX), AACA = A ¢gcov.

From every covering cov, we can get a maximal set covering, denoted by mx(cov) as follows:
mx(cov) :=cov — {A’ | A’ € cov & FA € cov, A’ C A} .
Of course, sir(mx(cov)) = sir(cov) and sir(mx(cov)) = sir(cov) .

DEF. 2: A covering cov is said to be consistent iff cov = kens(sir(cov)), and it is said to
be semiconsistent iff cov C kens(sir(cov)) .

The consistency property means that the concurrency relation describes precisely the set of
sequential components of a system, while the semiconsistency property means only that every
sequential component is defined by the concurrency relation, (see [Jan84)).

For every sir-relation C, kens(C) and kens(C) are consistent coverings. (Of course, they are
maximal set coverings.) ’

In order to construct methods for composing net systems in Section 5, we define an oper-
ation of sir-relations’ composition in the way which ensures that the composed relation is an
extension of each previous one except contrary requirements given by the relations. We also
define coverings’ operation, which preserves their consistency and semiconsistency. .

Given two sir-relations Cy C Xl x X1 and Cg C X2 x X,. Their composition is defined in
[ThP85] as follows: v
DEer. 3: C1® Cy = sir(kens(Cy) U kens(Ch)) .

Clearly, C; ® C2 C (X1 U X3) x (X1 U X3) is a sir-relation.



Theorem 2.1 Let Cq, C; be sir-relations, then: Ci® C;=C,UC, .

ProoF: Here we have: \
C1 ® Cy = sir(kens(Cy) U kens(C3)) = sir(kens(Cy)) Usir(kens(C2)) =C,UC,. O

The above theorem gives another useful description of C; ® C5:
Cl ® CQ = (X1 U Xz) X (Xl U X'z) - idxlu)(2 - (?IUE)
As an immediate consequence of Theorem 2.1, we have:

Corollary 2.1 C]®C2 = C]UCQ-—-(Xl ﬂXg) X(X] nXg)UclnC'_)U(X] —-Xg) X (Xg—)(l). a

s
The fact that C; ® C, is the “extension” mentioned earlier is now obvious.

The set of all sir-relations SIRS with the operation @ becomes an algebra, called the algebra
of sir-relations. '

Let X;, X, be two finite sets and cov;, covy be their coverings respectively. We define a
composition cos from covy, cov, as follows:
DEF. 4: 1) coz = {A1 N (X1 - X2)UA; N AU AN (X2~ X)) | A € covy & A; € covr}
2) cos 1= covy W cov, = mx(cozx) .
It is obvious that cos is a proper covering of the set X; U X;.

Theorem 2.2 sir(cos) = sir(covy) ® sir(covy) .

Proor: Using Corollary 2.1 we show that:
sir(cos) = sir(covy)U'sir(covs) ~ (X1 N X2) x (X4 N X2)Usir(covy) Nsir(covy) U (X — X3) X
(X2 - X1) . ‘ _ :
a) Assume that (a,bd) € sir(cos), i.e. (3Q € cos),a # b & {a,b} C Q, where:
Q=LN(Xi-X))ULNMUMN(X;~-X1), L €covy and M € cov, .
Because of the symmetry of sir-relations, it is enough to consider the following cases:

1.a€Lﬂ(X1——X2)and \
-be Ln(X1 ~—X2)ULnM = (a,b) E’b_i?(covl)—-(thXg)x (XlﬂX'z),

-bEMﬂ(X2—~X1) ﬁ(a,b)G(Xl—Xz)X(Xg—-Xl).
2.a€ LN M and

-beLnM = (a,b) € sir(cov) N sir(covy),

-beMn (X2 —Xl) = (a,b) € E?;(covg) - (Xl ﬂXg) X (Xl ﬂXg) .
3.ae MN(Xy— Xy)and -

-beMn (Xg — Xl) = (a,b) € -ST‘F(COUQ) — (X1 ﬂXQ) X (X] ﬂXz) .

So in all the above cases, we have: (a,b) € sir(cov;) ® sir(cov;) .
b) The proof of the reverse inclusion can be proceeded similarly. O

Corollary 2.2 sir(cos) = sir(covy) U sir(covy) .

Proor: Follows from Theorem 2.1 and 2.2. O

Furthermore, the above operation preserves the conslstency and semiconsistency of coverings.

Theorem 2.3 If covy, cov, are consistent (semiconsistent) then their composition cos is con-
sistent (semiconsistent).



Proor: To prove the consistency of a covering cov we use the necessary and sufficient condition
formulated in Theorem 3.3 in [Pro81] as follows:
cov is consistent &= cov is a maximal set covering & (VPy, Pz, P3 € cov)
(BQECO'U),U,#JP,OPJQQ )
1) Assume that covy, cov, are consistent coverings. It is clear that cos is a maximal set covering.
Let Py, Pa, P3 € cos. Hence P; = L; N (X; — X)uLin MU M; N (X2 — X,), where
L; € covy, M; € covp, 1 =1,2,3.
By the consistency of covy, covy we have:
3Q; € covy, Uig; Lin L; € Q1 and 3Q2 € cova, Uiz Mi NM; CQ2.
Put: L} = L;N (X1 — X2)U LiN M; and M{ = M;n(X-X)UL;nM;, 1=1,2,3.
Weget LiNnM!=L;nM;, LinM]CLinLj and P; = Liu M! .

Hence P, P; = (L4 U M{)n (L5 U MY = (L4n LU (LN M) U (L5 0 M{) U (M0 M)
= (Iin L) u(MIn M) .

Denote L = Usz; L4 N L and M = Uiz; M{ 0 M} . We have:
, LnX{hX;:MﬂXlﬂngLﬂM.
SinceLQU;#L;ﬂLjQQI, MQU‘-#M,-nM,-c_:Qz it follows LN M CQ1NQ2 .

Let us put Q' = Qlﬂ(Xl—Xg)UQIQQQUQzﬂ(Xg—-Xl), then Q' € coz. So 3Q € cos, Q' C Q
and Uiz; KNP = LUM C Q' C Q. It asserts the consistency of cos. :

9. Now assume that cov;, covs are semiconsistent coverings, i.e.. cov; & kens(sir(covi)), 1 = 1,2.
Applying the part 1) of this theorem and Theorem 2.2, we have:
cos = covy Weovy C  kens(sir(covy)) W kens(sir(cova)) = .

= kens(sir(kens(sir(covy)) ¥ kens(sir(covs))))

= kens(sir(kens(sir(cov))) ® sir(kens(sir(covs))))

= kens(sir(covy) ® sir(covy)) '

= kens(sir(cos)) . This means cos is & semiconsistent covering. O

Note that the reciprocal of this theorem is not always true. Consider the following example.

Example 2.1 Let X; = {a,b,c}, Xi= {b,¢,d} and

covy = {{a7b}’ {a,c}, {b,C}}, Covg = {{b}1 {C}’ {d}} .
In this case, cov; € kens(sir(covy)) = {{a,b,c}}. So it is not semiconsistent.
covp = kens(sir(covz)) then it is consistent. And

coz = {{a,b},{a}, {a,d},{a,c},{b},{c}, {d}} ,

cos = {{a,b}, {a,c},{a,d}} = kens(sir(cos)), i.e. cos is consistent.

The set of all coverings COVS with the operation ¥ becomes an algebra. We call it the
algebra of coverings.
Let CCOVS denote the family of all consistent coverings while SCOVS denote the family of all
semiconsistent coverings. Theorem 2.3 points out that CCOVS, SCOVS are closed under the
operation W . So CCOVS, SCOVS are subalgebras of QpVS.

Theorem 2.4 The algebra of sir-relations SIRS and the algebra of consistent coverings CCOVS
are isomorphic. :



ProoF: Define ¢ : SIRS — CCOVS as follows:
YC € SIRS, ¢(C) = kens(C) .
It is easy to show that ¢ is an isomorphism. = O .
So every sir-relation determines uniquely a consistent covering. In other words, in many
cases the set of all global states of a system can be expressed by a sir-relation.

3 A lattice of simple nets

Simple nets repesent the static aspects of concurrent systems. So in this section we recall some
basic notions and show that the set of all simple nets is a complete lattice.

DEF. 5: A triple N = (B, E, F) is called a netiil:
1) B and E are disjoint sets,
2) F C (B x E)U(E x B) is a binary relation called the flow relation of N, such that:
domain(F) U range(F) = BU E.

The elements of B are called conditions and the elements of E are called events. The flow
relation models a fixed “neighbourhood” relation between the conditions and events of a con-
current system. In the graphic representation, the conditions will be drawn as circles, the events
as boxes and the elements of the flow relation as directed arcs.

i .
Let N = (B, E, F) be a net. Then, Xy = B U E is the set of elements of V.
For every z € Xn : ;
' -z = {y | (y,z) € F} is called the pre-set of z,
z- = {y | (z,y) € F} is called the post-set of z.
In this paper we restrict our attention to finite nets.

A pair (p,e) € B x E is called a self-loop iff (p,e) € F' A (e,p) € F.
A net N is said to be pureiff F does not contain any self-loop.

DEF. 6: A net N is called simpleiff its two elements do not have the same pre- and post-set, i.e.:
(Ve,y€ Xn) (s =y Az =y) >z =1 .

Let N be a simple net.
A relation I C E x E is called the independency relation of N iff:
(e,f) €I <> (eue)n(fuUf)=0.
The independency relation describes that in a concurrent system two actions are independent
iff they do not share any resource.
It is easy to see that [ is a sir-relation. D = E x E — I is called the dependency relation of N.

Let NETS denote the family of all finite simple nets. We shows that NETS is a complete
lattice (see [Jan84)).

Let C be the following relation on NETS:
Ny = (By, E1, i) C Ny = (By, Eg, ) &= B1 C Bs EFLCF.
Note that C is a partial order and Ny C N; = E,CE;.
Let sup{Ny, N2}, inf{Ny, N2} denote respectively the least upper and the greatest lower bound
of Ny, N, under the relation C .



Lemma 3.1 For every Ny = (By, Ey, F1), N2 = (B2, E2, F2) € NET'S :
1) sup{Nl,Ng} = (Bl UB2,E1 UEz,Fl UF2) y
2) inf{Nl,Ng} = (Bl N By, Ey N Ey, Fin Fg) .

Proor: Follows directly from the definition of the least upper and the greatest lower bound. O

Let us define the well-known lattice operations:
N1UN2=31L[){N1,N2}, NlnNgzinf{Nl,Nz},
UnepN =sup{N |N €D}, NnepN =inf{N|NeD}.

Corollary 3.1 The algebra (N ET'S,U,N) is a complete lattice. a

In a simple net N = (B, E, F), every arc (z,y) € F alongwith the condition and the event
related to it create an atom (net) in the lattice NETS. Hence, every simple net is atomic, i.e. it
is composible from its atoms. In other words, clements of the lattice NETS may be constructed
from “smaller” ones by the operation U .

Let Ny, N, be simple nets an(‘i N =N{UN;,.
.Let I, I, I denote the independency relations of N, Ny, N respectively.

Theorem 3.1 I =1, Q1.

: l _ E——
Proor: It is obvious that D = D, U¢D2 . SOI=D=D1UD2:IIU12:I1®12 . (@]

4 Net systems

Simple nets represent the static aspests of concurrent systems, while net systems represent the
dynamic aspects of those systems. We are now gding to extend the present approach to het

i

systems.

Let N = (B,E,F)bea si'mple net. A subset ¢ C B is called a case.
Let e € B and ¢ C B. Then, e is said enabled at ¢ (c - enabled, for short)iff ,eCc& enc=0.
We denote: cle) . ‘

Let e € E, ¢ C B and e be ¢ - enabled. Then d = (c— e)Ue is called the reachable case
from the occurrence of e in the case ¢, and we write: c[e)d. If cler)eifez)er .. .calensr)d , we
shall write c[[eje2 .. .en41)d .

So we adopt the following definition of the reachability of the net N:

The reachability relation of N is the relation Ry = (rnU7rx')*, where ry C 2B x 2B is given
by: (c,d) € rn <= (e € E),cle)d .
Note that Ry is an equivalence relation.

DEF. 7: A net system we mean any quadruple: £ = (B, E, F,S), where:
i) N = (B, E, F) is a simple net, called the underlying netof ¥,
i) § C 9B is an union of some equivalence classes of Ry, such that:
(Ve€ E,3c€ S),eisc Fenabled.
S is called the state space of . An equivalence class of Ry is called an orbit. So the state
space consists of one or some orbits.



Theorem 4.1 For every net system & = (B, E, F,S):
1) The underlying net N is a pure net.
2) The state space S is a covering of B.

Proor: 1) By the definition 7 then (Ve € E,3c € §), e C ¢ & cne = B . This means
Vee E, ene =0.So N is pure.

2) We have to prove that: (Vp € B, 3c€ S),p€c ‘

Let p € B. Since domain(F) U range(F') = BUE, Je € E such that (p,e) € F or (e,p) € F. So
pE eorpeEe. By the definition 7, 3c € S, eis ¢ - enabled.
Thus,pe'egcorpEe'(_Zd::(c—'e)Ue'eS. g

DEF. 8: A net system ¥ = (B,‘E,F,S) is said to be contact - freeifl: (Ve € E, Ve € S),
(eCeenc=0&(eCe=enc=0).
Hence, in a contact - free net system the occurrence of an event in a case ensures that the

event can be enabled at the case.

From & contact - free net systemn we can get a reduced contact - free net system, which has
no “redundant” cases. To do so we introduce some following notions:

Let &y = (B, E, F,81), L2 = (B, E, F, S2) be net systems having a common underlying net
and holding the following condition: (Ver € S1,3c2 € S2),c1 Cca .
Then we shall write: £y < X7 . In this case, the contact - freeness of the “smaller” net sfstem
follows naturally from that of the “greater” one.

Theorem 4.2 If &) < Ty then: L, is contact - free = I, is contact - free. O

Note that Theorem 4.2 is not always true when the underlying net N; is a proper subnet of N3.
Given a net system I = (B,.E, F,S). I its state space contains cases, which are proper parts of
other cases then the state space can be split into two disjoint parts as follows: ‘

ST = mx(S) and SiT=s5-8".
Theorem 4.3 If & = (B, E,F,S) is a conlact - free net system then 8! and ST are closed
under the reachability relation Ry .

ProoF: It sufficies to show that ST7 is closed under Ry . Let ¢’ € ST andd CB.

Assume that (¢/,d’) € Tn, thusJee E,eCc&encd=0&d = (c—e)ue .

So d' € S. Since ¢’ € S/ then Ic€ S, ¢’ C c and eCc = eCc. ,
Applying the contact - freeness of I, we havee Nec=0 . Let us put d = (c—e)Ue . It implies
(c,d)ern,s0d €S and d’ C d. This means d’ € ST . : A
In a similar way we can prove that if (d',c') € rn then d' e SIT. O

It is obvious that ST (similar to S) is large enough such that every event of the system is
enabled, but S’/ may be not. So SIT can be ignored and we get the reduced contact - free net
system LM = (B,E, F,S") from ¥ .

From now on, unless otherwise stated, a contact - free net system means a reduced contact -
free net system. ‘

Let = = (B, E, F,S) be a net system.

The sir-relation coexs = sir(S) is called the coezistancy relation defined by states.



Since the state space of a net system is a covering of the set of conditions, so we can define.
the consistency and semiconsistency of a net system as follows: : )
DEF. 9: A net system £ = (B, E, F,S) is said to be consistentiff S = kens(coezs) and it is
said to be semiconsistent iff SC kens(coezs) . : ‘

In this case, the property of consistency means that ‘the set of all global system states and
the set of local coexistancy sets are identical. Hence, the state space can be expressed by the
coexistancy relation. The property of semiconsistancy means that the set of all global system
states is included in the set of all local coexistancy sets defined by the coexistancy relation.

5 Problem of Net Systems’ Composition

Let NSYS denote the family of all net systems. We propose the following problem:

Construct an operation ¢ on NSYS, i.e.
¢: NSYS x NSYS — NSYS
and consider fundamental properties of the operation.

Let 21 = (BI)EI’FI»Sll), 22 = (Bg,Ez,FglgS‘g) be net systems.
We are going to build now a new net system on the basic of two given above. It is clear that
such a net system should be of the form: (B U By, E1U Eq, F1U F3,S). Thus, its static structure
is exactly described. . ) :
According to the previous sections we can also find the coexistancy relation implied by the state
spaces S and Sz (or, in other words, the coexistancy relation incident to this net system), that
holds the following equality:  coezs = coers) ® coezsy .

Using the composition operation for coverings (Definition 4) we define:
DEr. 10: ¥ = (Bl U By, EyUE;, ;U F2,S), where:
S = {Clﬂ(Bl —BQ)UC1OCQUC20(D2“B1)IC1 € S1 & e 682}.

Theorem 5.1 If £, & are contact - jree net systems then the quadruple © = (ByU By, E4 U
E,, Fy U F,S) is also a contact - free net system.

ProOF: 1) We prove first that the quadruple ¥ is a net system.
It is obvious that N := NyU Na = (B U By, EyU Eq, I1 U Fy) is a simple net.

a) We have to show that S is closed under the reachability relation Ry of N.
Let c€ S and d C B.

Assume that (c,d) € ry, ie. (Je€ E),eCc&kenNc=0&d=(c—e)Ue .

Let us denote:
‘€0 =.'eﬂBlﬂB2, ‘e = ‘60(31 - B-z), ‘€ = 'Cﬂ(Bg—Bl),
eg=eNBINBy, e =eN(B~ Ba) e; = e N(By — By).

Of course, ‘e = ‘epU "e1U "eg and e = ey Uej U ey .

Because ¢ € S then there are ¢; € 81 & ¢ € S, such that:
Czcln(Bl—Bg)UC1ﬁCzUC20(B'2—-B1). -

Put ¢f = ¢; N (By — Ba)U ey Ney, ch =caN(By—By)UeciNey .

Soc=cjUchand -egU e; Ccl,i=1,2. Dueto the contact - freeness of L and X, we have:
gl e; CclCei€Si=>(epUe) N =0,i=1,2.



Hence, d; = (¢; — ("eoU “€;)) U (ep U e;) € Si, 1= 1,2, and:
dy ﬂ(Bl ——BQ) = (C1 —('60U '61))ﬂ(B1 -—Bg)U(GbUE'l)n(Bl —Bg) = (C1 ﬂ(Bl — Bz)—— 'el)Ue'l.

Analogously, we obtain: dy N (By — By) = (2N (B2 — By)— e2)Uey .
Since d,‘ n (Bl N Bg) = (C,‘ n Bl n Bg— '60) U €5 1= 1,2 s thus d] N d2 = (61 Necy— 'eo)U €g -

Applying the above equalities, we get: :

d =(c—-e)Ue =c;N(B1 - B)UecyNeaUecaN (B2 — Br) — (‘e “eoU ‘ez) U (&3 U ey Uey)
= ((Cl n (B1 - B')) - 6‘1) U 61) U ((Cl n Cz)—-'eo) U 6'0) U ((62 n (B') - Bl)—'ez) U 62)
=d;N(By — Ba)UdiNdaUdyN (B2 — By) . By the definition of S, we have d € §S.

In a similar way we can prove that if (d,c) € 7y then also d € S.

b) We still have to show that: Ye € E,3c € S such that eis ¢ - enabled.

_ Lete€c E=FE,UE;. :
Assume that e € Ey — E,, then 3¢; € Sy, cife) . Hence -e C ¢y N (B ~ By)& enc =0. For

some ¢; € Sy, put c = c; N (B — B2)UcyNeaUcaN(Bz — By) . Of course, e c&enc=0,

i.e. c[e) in X . , .

In the case when e € E3 — E;, we can proceed similarly.

Now assume that e € E; N Ey, then 3¢; € S, ¢ife) for i = 1,2. .

So ‘egU-e; C ¢t and (epUe;)Nei=0. Pute=c1N(Br1— B2)UeiNezUca N (B2 — By) .

Hence c € S and we have: ‘e ='e;U'egU'e; C ciUch=cand eNec=eN(ciUch) l= 0,i.e. cle).

So ¥ becomes a net system. .

2) Now we show that ¥ is contact - free. Let e € F and c € S such that'eCc. .

Thus, there are ¢; € Sy, ¢2 € Sz and c =¢; N (B - B)UciNeaUea N (B — By).
By the contact - freeness of £y, L2 we have: (egUe;)Nei =0, for i =1,2. o

But ¢} C ¢;, so (e Uey) Nci = @. Hence, “

eNc=en(ciUcy) = (eygUes)NciU(egNey)Necy=0.

In the case when e C ¢, we can proceed similarly. a

Note that after having composed, the state space S may contain “redundant” cases. Using
the reduction technique presented in Section 4 (Theorems 4.2 and 4.3) we can get a reduced
contact - free net system composed from two given contact - {ree ones.

So we define:

Der. 11: 21 &) 22 = (B1 U B2,El U EQ,F] U F’l,SI), where S[ = 81 L*JSQ = mx(S) .

Obviously, the family of all contact - free net systems with the operation @ becomes a
commutative monoid. It is clear that coezgr = coexsi @ coezrs,. Hence, the present method
meets the requirement proposed in the beginning of this section.

Besides, the consistency and semiconsistency of net systems are preserved by the above
operation @ . '

Theorem 5.2 If &1, X, are contact - free then: ‘
1, B are consistent (semiconsistent) => I & Ly is consistent (semiconsistent) .

"

Proor: Follows directly from Theorem 2.3. O

Thus, the subfamily of consistent contact - free net systems and that of semiconsistent ones
are submonoids of the monoid of contact - free net systems.



In the case of consistent contact - free net systems, there are two ways for constructing the state
space of the composed net system. The first one is based on the state spaces of the subsystems
(as Definition 11). The second way computes the coexistancy relation first, then determines the
state space by using kens.

Ending this section we consider the following example characterising the approach presented
above.

Example 5.1 Let Iy = (BI,EI,Fl,Sl), where Ny = (B, E1, F) is shown in Fig. 1a),
S = {{1,3},{1,4},{2,3},{2,4}} . This net system is contact - free.
The coexistancy relation coezsy is shown in Fig. 2a)/. 81 = kens(coezsy), so Ly is consistent.

Fig. 1

Let £y = (B3, Ez, F3,82), where N3 = (B2, E3, F2) is shown in Fig. 1b).
Sz = {{3,5},{3,6},{4,5},{4,6}} . It is easy to see that I is contact - free and consistent.

6

b)
Fig. 2

N = N,V Np = (B, E, F) as shown in Fig. 1c).

S = {{1,3,5}, {1,3,6}, {1,5}, {1.6}, {1,4,5}, {1.4,6}, {2,3,5}, {2,3,6}, {2,5}, {2,6}, {2,4,5},
{2,4,6}} . So . ,

ST =85,88; = mx(S) = {{1v3)5}’ {1’3a6}7 {1,4,5}, {t4,6}y {2)3a5}a {2s3s6}v.{274v5}? {2v4a6}} .
The composed net system X = (B, E, F,S!) ig contact - free.

Its coexistancy relation coezgr = coezsy ® coerzs? is shown in Fig. 2c).

Clearly, ST = kens(coezgr). Thus, I is consistent.
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6 Conclusion

In this paper we have presented the formalization of net systems’ composition problem and
‘solved it for the important family of contact -free net systems.

The results presented are a step forward in answering the question how some concurrent systems
can co-operate and what properties the composed systems have, for given subsystems. Using
the equivalent transformation presented in [Rei85] for net systems, we can extend these results
to some family of net systems, greater than that of contact - free net systems.

We feel that these investigations are a foundation to building principles for co-operation of
.concurrency systems.

+
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On behavioural synchronizations in Net systems
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Abstract

In this paper, we define an operation on Net systems, such that with respect to two dis-
tinct semantics — interleaving based on firing sequences and non-interleaving based on traces
— the operation is compositional.

Keywords: Elementary net system, Concurrent system, Synchronization, Concurrency,

Conflict

1 Introduction

Concurrent systems are as large as difficult to design and analyse, because they can exhibit
very complicated behaviours. So modular approachs have been used in investigating either the
structure of models for concurrent systems [Che88, Kot78, Tha85] or their aspects [NaV86]
especially their semantics [Maz85, SNP87].

b

To our knowledge V.E. Kotov is the first, who made the set of all Place/Transition nets
become an algebra [Kot78] by defining five operations on it. When using the decomposition
method to find the beh#vioural function of finite (0,1) - marked nets [Maz85], A. Mazurkiewicz
pointed out the behavioural synchronization in the term of traces for pairs of those nets, whose
sets of places are disjoint.

Concurrent systems considered here are Net systems [Rei85, Thi90]. Our purpose is to
construct large systems out of smaller ones. The main requirement is to determine an explicit
structure for their dynamic aspects. Based on the definition of synchronization of languages
[GKR79], we define a composition operation which makes not only the set of all net systems
a commutative monoid but also the families of firing sequence languages and trace languages
generated by net systems, closed under the respective synchronization.

Hence after having composed, the net system’s behaviours, as well as independency re-
lation, concurrency relation and conflict relation can be built up from that of its immediate
sub-components, without computing from beginning,.



Special attention is paid to the family of contact - free net systems because it is a kernel
of the family of net systems in the sense that the family of firing sequence languages and trace
languages generated by arbitrary net systems is not larger than that by contact - free net systems.

The paper is organized as follows. First, some basic notions and facts concerning net systems

are given. Section 3 presents two basic behavioural representations for net systems: firing
sequence languages and trace languages and their relationship. The former is interpreted as an
interleaving semantics and the latter as a non-interleaving one.
The main theorems of this paper are contained in Section 4. They assert the synchronization
for behaviours of contact - free net systems. Section 5 points out that these results still hold
for the family of net systems by extending the composition operation and using an equivalent
transformation in [Rei85].

Some concluding remarks are presented in the last section.

2 Net Systems

Distributed systems usually have static and dynamic aspects. Net systems are one of sound
models for representing these systems. In this section we introduce basic notions and notations
used throughout this paper and formulate some useful facts.

A triple N = (B, E, F) is called a net iff:
e B and E are disjoint sets,
e FC (B x E)U(E x B) is a binary relation called the flow relation of N, such that:
domain(F)Urange(F)=BUE .
The elements of B are called conditions and the elements of E are called events. The flow
relation models a fixed “neighbourhood” relation between the conditions and events of a system.

In the graphic representation, the conditions will be drawn as circles, the events as boxes and
the elements of the flow relation as directed arcs.

Let N = (B, E,F) be a net. Then, Xy = BU E is the set of eleménts of N.
For every z € Xp:
‘2z = {y| (y,z) € F} is called the pre-set of z,
z- = {y|(z,y) € F} is called the post-set of z.

A pair (p,e) € B x E is called a self-loop iff (p,e) € F & (e,p) € F. N is called pure iff F
does not contain any self-loop.

A net N is called simple iff its two distinct elements do not have the same pre- and post-set,
i.e. 'z =y AN = =y implies z = y , for every z,y € Xn .

Let N = (B, E, F) be a simple net. A subset ¢ C B is called a case. Let e € E and ¢ C B.
Then, e is said to be enabled at ¢ (c - enabled, for short) iff ‘e C c & e Nc = 0. We denote: cle)
Let e € E, ¢ C B and e be c - enabled. Then d = (¢c—e)U e is called the reachable case from
the occurrence of e in the case ¢, and we write: cle)d . If c[e1)ci[ea)cs .. .cnleny1)d , we shall
write c[[e1€z . . -€nt1)d . So we adopt the following definition of the reachability of N :

The reachability relation of N is the relation Ry = (R1U R171)*, where R1 C P(B) x P(B)
is called the forward reachability in one step, given by:
(c,d)€ R1 <= e € E,cle)d.

Note that Ry is an equivalence relation.



A net system we mean any quadruple: N = (B, E, F,C) , where:
(1) N = (B, E, F) is a simple net, called the underlying net of N/,
(2) C C P(B) is an union of some equivalence classes of Ry, such that:
Ve € E, 3c € C then e is ¢ - enabled.
C is called the state space of N . The state space reflects a transition system associated with
the net system. An equivalence class of Ry is called an orbit. So the state space consists of one
or some orbits. :

Lemma 2.1 For every net system N = (B, E, F,C):
1) The underlying net N is a pure net.
2) The state space C is a covering of B.

ProOF: 1) By the definition of net systems we have (Ve € E,Jc€C),eCc&kcnNe =0.
This means Ve € E, ‘eNe =% . So N is pure.

2) We have to show that: (Vp € B)(3ce€(),p€c.

Let p € B. Since domain(F)U range(F) = BU E, 3e € E such that (p,e) € F or (e,p) € F.
So p €-e or p € e . By the definition of net systems, Ic € C, e is ¢ - enabled.
Thus,p€eCcorpee Cd=(c—e)Ue €. O

Note that we admit the empty net system Ny = (0,9, 0,0).

Example 2.1 Let N = (B, E, F) be the simple net shown in Figure 1,

Fig. 1

and C = {{1,9}, {2,9}, {3,9}, {1,8}, {2,8}, {3,8}, {4,5}, {4,7}, {5,6}, {6,7}}.
The quadruple N = (B, E, F,C) is a net system.

Let N = (B, E, F,C) be a net system.

The net system N is said to be contact - free iff for each e € E and for each c € C :
e eCc=>enNc=0 and
o eCec=>eNc=0.

Thus, in a contact - free net system the occurrence of an event in a case ensures that the
event can be enabled at the case. For example, the net system given in Example 2.1 is contact



- free.

We have pointed out in [Tha85] that the above definition is equivalent to the definition of
the safeness presented in [Jan85]. In the main part of this paper we will pay our attention to the
family of contact - free net systems. We show that from a contact - free net system we can get
a reduced net system, which has no “redundant” cases. To do so, we introduce some notions.

Let Ny = (B, E, F,Cy) and N3 = (B, E, F,C;) be net systems having a common underlying
net and holding the following condition: (Ve; € C1) (3¢2 € C3), €1 C ez -
Then we shall write: Ay < N3 . In this case the contact - freeness of the “smaller” net system
follows naturally from that of the “greater” one:

Theorem 2.1 Let N1,N; be net systems and N'y < N3 . Then :
N3 is contact - free = N is contact - free. >

Given a net system N = (B, E, F,C). If its state épace C contains cases, which are proper parts
of other cases then the state space can be divided into two disjoint parts as follows:

Cl={c|cdeC &3ceC,Cc},Cl=Cc-cl.

Theorem 2.2 If N = (B, E, F,C) is a contact - free net system then C! and C!'I are closed
under the reachability relation Ry .

Proor: It sufficies to prove that C!7 is closed under Ry . Let ¢/ € CIT and d’' C B.

Assume that (¢/,d’) € R1, thus

JecE,eCc&end=0&d =(c'—e)Ue. Sod €C. Since ¢/ € C!! then Ic € C, ¢’C c and
eCc = eCc.

Applying the contact - freeness of A/, we have e N ¢ = {.

Let us put d = (c—e)Ue. It implies (c,d) € R1,s0d € C and d' C d. This means d’' € CIT .
In a similar way we can prove that if (d’,c’) € R1 then d’ € ciI, o

Note that Theorem 2.1 is not always true when the underlying net ¥y is a proper subnet of
N;. It is obvious that C! (similar to C) is large enough such that every event of the system is
enabled, but CIT may be not. So C!/ can be ignored and we get the reduced contact - free net sys-
tem: NM = (B, E,F,CT) from N.

This fact will be used in Section 4 for composing contact - free net systems.

3 Behaviours of Net Systems

"The most primitive behavioural representation of net systems is firing sequences. But one can
show that it is a kernel for constituting other behaviours, e.g. traces or step sequences...

Let N = (B, E, F,C) be a net system. So N = (B, E, F) is its underlying net.

A relation I C F x E is said to be the independency relation of N iff:
(e,fel < (evue)N(fUf)=0.

It is easy to see that I is a symmetric and irreflexive relation (a sir-relation). The indepen-
dency relation describes that in a distributed system two actions are independent iff they do not
share any resource.

D = E x E — I is called the dependency relationof N .



Let o = eje;...ex € E*,(k > 0). ais called a firing sequence of N iff there exist ¢y, c2, vy Cey1 €C
such that ci[e;)eafez)es. .. cx[er) ey -
The language of N, denoted by F.S(N') is the set of all firing sequences of /. Note that, we

always may assume that c[e)c , where c is a case of NV, € is the empty sequence of E* .
So € € FS(N), for every N.

It is a well-known fact that the language generated by a net system is regular and closed
under the In - operation, i.e. FS(N) = In (FS(N)), where for every alphabet A, and for
every language L C A*:

In(L)={z|z€ A* & Ju,v € A*,uzv € L} .

By the definition of the language generated by a net system and the construction of the

reduced net system presented above, we have:

Corollary 3.1 For every contact - free net system N': FS(N) = FS(NM) .

So every contact - free net system can be replaced by a behavioural equivalence contact - free net
system without “redudant cases”. In the rest of this paper, unless otherw1se stated, a contact -
free net system means a reduced contact - free net system.

Let N = (B, E,F,C) be a net system. Let e),e; € E, €5 # e; and ¢ € C. We say that e;
and ey can occur concurrently at c, denoted c[{eq,e3}) iff c[e;) , c[e;) and (er,e2) € I . And
e1, €z are said to be in conflict at ¢ iff c[e;) and ce3) but (e1,e;) & I¢see [Thi90]) .

We will point out that the concurrency and the conflict of two events can be “seen” from
the language generated by a net system. Now we consider the structure of the language.

Theorem 3.1 Ifa € FS(N) and a = uefv , where u,v € E*, (e,f) € I then § = ufev €
FSWN) . .

Proor: By the definition of the language F.S(N'), there exist c;,c3,c3,¢4,¢5 € C, such that
ci1{[u)cale)es[f)ea[[v)cs . Tt is enough to show that cy[[fe)ey .

Since ca[e)cs then -e C ¢, e Nz = P and ¢3 = (c3—'€) U er. Similarly, since c3[f)cq we have
fCes frNeg=0and ¢y = (c3—f)U f. Because "f C c3 = (c;—e)Ue and (e, f) € I so we
get *f C ca . On other hand f-Ne3 =0, ie. ((c2—e)Ue)N f- =0 . This involves f Ney =0 .
Put ¢ = (ca— f) U f-, we have ¢3[f)c} .

In a similar way we can prove that c4{f)cs. That means cp[[fe)cq. O

From the proof of this theorem we can see that if @ = uefv € FS(N) and (e, f) € I
then there exists a case ¢ € C, such that c[{e, f}) . Otherwise, if c[{e, f}) then there exists at
least one firing sequence a = uefv, for some u,v € E* , such that & € FS(N). (Of course,
B = uefv € FS(N).) So two events are concurrent at a case iff there exists a firing sequence, in
which one of them “stands” immediatly behind the other and they are independent. The case,
they can occur concurrently at is just a case, at which either of them is enabled. In other words,
e and f can occur concurrently at some case in the net system N iff ef € FS(N)and (e, f) € I.

In the case when e, f are in conflict at a case ¢ then first, (e, f) ¢ I and either of them may
occur but not both. So e, f are in conflict at ¢ iff (e, f) ¢ I and there are two firing sequences
o) = ueg, ag = ufh € FS(N), where u,g,h € EU {e}, e # hand f # g . cis the reachable
case after the occurrence of u in these sequences.

So we introduce the following relations:



A relation co C E X E is called the concurrency relation of N iff:
(e,f)€co <= (IceC),cl{e,f})in N .
A relation ¢/ C E x E is called the conflict relation of NV iff:
(e, f)€cl <= (3c€(),e,f are in conflict at cin N .
Clearly, for a net system,coC I and cl C D .

Now we define the trace language of a net system.

A concurrent alphabet (A, D) consists of a finite set A of symbols and a reflexive symmetric
relation D, the dependency relation. Its complement A x A — D, denoted by I, is called the
independency relation, which is symmetric and irreflexive. Let ~pC A* x A* be the following
relation:

zt~py < (Je,f€ A)Bu,ve A*),(e,f)eT& z=uefv&y=ufev.

Define & = (~p)* , i.e. = is the symmetrical and transitive closure of ~p . Note that = is
an equivalence relation.
Let [a]p denote the equivalence class of ~ containing a . It is called Mazurkiewicz trace over
D. The quotient algebra (A*,0,[e]p)/~, where o is the concatenation, is called a trace algebra.
Denote Tp = {[e]p | ac€ A*} , Pp = P(Tp).

Let N = (B, E, F,C) be a net system. Then N = (B, E, F) is its underlying net. Let I be
its independency relation. So D = E x E — I is its dependency relation.

As presented in [Maz85], we recall the reachability relation of N in the term of traces as follows:
-~

The reachability of N is the least function Ry : P(B) x P(B) —»Pp (with respect to the
inclusion ordering of its values), such that:

(1) [elp € Rn(e,d) & c=4d;

(2) [e]lp € Rn(e,d) & cle)d ,fore € E;

(3) tioty € Ry(c,d) < 33 € P(B), t1 € Rn(c,s) &tz € Rn(s,d) , for ty,82 € Tp .

The set 7(N) = U, aec Rn(c,d) is called the trace language generated by N . By Theorem
3.1, we have:

a € FS(N) <= [a]p € T(N), for every a € E* .
Corollary 3.2 For every net system N: 7(N) = FS(N )/~ .

A trace generated by a net system is indeed a collection of a number of firing sequences generated
by the net system. So the firing sequence behaviour and the trace language behaviour of a net
system have some common properties. We will show it in the next sections.

4 A Monoid of Contact - free Net Systems

Our main aim is to construct large concurrent systems out of smaller ones (especially, of atomic
components). The construction is based on the synchronization of languages. So we recall some
necessary notions.

Let A be an alphabet and ¢ denote the empty sequence. Given two alphabets A, B such that
B CA. Let hg : A* — B* be an erasing homomorphism given by:
Va € A, hg(a) = a if a € B and ¢ otherwise;



and Vz € A*, hp(za) = hp(z)hp(a) . Instead of hp(z) we shall write z)5 (z projected on B).
Similarly, for every language L C A* and the alphabet B : Lpg={zplzelL}.

For a language L C A*, let L denote the least alphabet constituting L :
L={a€c A|Ju,ve A*,uave L} .

For two languages L1, Ly , the language Li#L; is called the synchronization of Ly with Ly,
defined as follows:

Li#1L, = {.'E I T e (I] UIQ)* & IIZI celi & xlfz € Lz} .

The synchronization ensures that the occurrence orders and the number of occurrences of
any symbol in its every sequence are the same as in the respective sequences from which this
sequence has been constituted. So the operation # will play an important role in composing
net systems.

Given two net systems Ny = (B, Eq, F1,C1) and Ny = (B, E3, F;,C2). Without loss of
generality, we can assume that the simpleness remains valid in both these net systems, i.e.:
(Vz,ye XnUXN,)y z=yAzs =y =>z=y.
Let FS(N1) and FS(N3).denote the firing sequence languages of A'y, Ay respectively , and :
FS = FS(N1)#FS(N3) - the synchronization of FS(NV;) with FS(NV5) .

It is natural to ask whether one can build up a net system N from Ny and N3 such that its
firing sequence language is FS . The answer will be in the affirmative.

A similar assertion in the term of trace languages was achieved by Mazurkiewicz in [Maz85]
for pairs of B - disjoint nets (B; N B, = @) .

In this and next section, our approach is devoted to the general case. First, we answer the
question for the family of contact - free net systems, and then for the general case by using an
equivalent transformation on net systems.

Given two contact - free net systems N; = (B;, E;, F},C;), i = 1,2 . Let us define:
N = (B, E, F,C), where:

B=BiUB;,
EF=F UE;,
F=F1UF2,

C = {Clﬂ(Bl —BQ)U01062U620(B2 —Bl)|cl €Ci & ey ECz} .
Denote: N = N1®N; . We show that A is just a net system that satisfies the above requirement.
Furthermore, the contact - freeness is preserved by this synthesis.

Theorem 4.1 If Ny and N; are contact - free net systems then N is also a contact - free net

system and FS(N) = FS(N1)#FS(N3) .

Proor: 1) First of all, we prove that the quadruple A is a net system.
It is easy to see that N := Ny U Ny = (By U By, E1 U E3, F; U F,) is a simple net.

a) We have to show that C is closed under the reachability relation Ry of N .

LetceCanddC B.
Assume that (c,d) € Rly, that means: 3e€ E,eCc& eNc=0& d = (c—e)Ue .
We introduce some following auxiliary notations. For each e € E :
‘eg ='eN By N By, ey =en (Bl - Bg), ‘ez =eN (B2 — Bl),
eg=eNByNB,, 6‘1=€'n(B1—B2), e-2=e~n(B2—B1).
Of course, ‘e = egUe1U'ez and e = epUe; Ue;, .



Since ¢ € C then there exist ¢; € C1 & ¢z € C2, such that
C=Clﬂ(B1 —Bz)Ucln(32U62n(Bg—Bl) .
Let us put: ¢f =¢;N(By — B2)UeiNezand ¢y =caN(Bz — By)UerNey .
Thus, ¢ = ¢} Uch and ‘egU¢; C ¢, i = 1,2 . (Here ‘egUe; and ep U € are just ‘e and e
respectively in the net N;, for i = 1,2 .) Due to the contact - freeness of Ay and N3, we have:
‘eoUe; CeiCei€Ci = (gpUe)Ne;=0,i=1,2.

So: d; = (ci—(eUe))U(egUe)€eCi,i=1,2.

din (Bl - B2) = ((Cl - ('60U'€1)) U (Eb U 61)) n (Bl — B2)

((e1 = (‘eoUrer)) N (By — Ba)) U ((€p U 1) N (B1 — Bz))
= (c1 N (Bl — Bz)—'el) Uej -

Analogously, we obtain:

d;N(By — By) = (c2N (B2 — By)—'e3)Uey .  Since

d; N (BN By) = ((¢; — (-eoUre;)) U (eg U e;)) N (By N By)

= (N B1NBy—eg)Uey,fori=1,2, thus

= (dlnBl nﬂz)n(danlnt)

= (Cl N Cz—'eo') U €g -

dy Nd,

Applying the above equalities, we get:

d =(c—e)Ue .
=(c1N(B1—B2)UciNcaUeaN(By — By) — (teoUre1Ures)) U (g U ey Uey)

((Cl n (B] - Bg)—'el) U 6'1) U ((C] N Cz—'eo) U eb) U ((Cg N (Bz - Bl)—-'ez) U 6’2)
= d1 n(B1 — BQ)Ud]ﬂngdzﬂ(Bz—Bl).

From the construction of C, we have d € C .

In a similar way we can prove that if (d,c¢) € R1y then d € C.
b) We still have to show that: Ve € E,3c € C such that e is ¢ - enabled.

Lete€e E=F;UFE,;. ,
Assume that e € Ey — Eg, then 3¢; € Cy, ci[e) . Hence ‘e C ey N(By — By) & eenNcy = 0. For
some ¢ € Cg, put ¢ =c¢; N(By — B2)Uci NeaUea N(By — By). Of course, e Ce& e nNe=40,
i.e. c[e) in M.
In the case when e € E5 — E;, we can proceed similarly.
Now assume that e € E; N E; , then J¢; € C;, cile) fori = 1,2.
So -egU-e; C ¢l and (epUe;)Nct=0. Putc=e;N(By — B3)UceiNeaUea N (B — By).
Hence ¢ € C and we have: ‘e =e;UegUe; CcjUcy=cand eNc=eN(cjUcy) =0, ie cle).

So the quadruple A becomes a net system.

2) Now we prove the contact - freeness of V.
Let e € F and ¢ € C such that ‘e C c.
Thus, there exist ¢; € Cy, ¢ € C2 and ¢ = ¢; N (By — Ba)Ueg Nea U ca N (By — By). By the
contact - freeness of Ny, N2 we have, for i = 1,2, (egUe;)Nc; =0 .
But ¢ Cc;,s0(egUe)Nci=0.
Hence e Nec=eN(cjUch) = (epUe;)NciU(egUey)Nech=0.
In the case when e C ¢, the proof can be proceeded similarly.

3) To finish the proof, we have to show that, for each a € E* :
a € FS(N) < o, € FS(Ny), i=1,2.

or the following equivalent proposition:



*) ¢[[a)d in N, where <  cllyg)diin N, i=1,2. (4.1)
C=Clﬂ(B1 —Bg)UClﬂCQUCQH(Bg—Bl) s
d=dyn(B; —Bg)Udlﬂd2Udgﬂ(B2—B1) s

c,d1 €C1 & ca,dy € Cq

We prove (4.1) by induction with respect to the lenght of firing sequences generated by the
composed net system N:

a) If a = ¢ then this case is trivial.

b) If & = e and e € E then:

cle}din N <= eCc&keCd&c—e=d-e.

Assume that e € Ey — E;, then ey =-e,e; =eyeo =€y =e2 =€, =0 & ‘e C ¢y, e C dy,
c1—‘e=d1—e' &62=d2 . So
(*) p—— Cl[e>d1 in Nl & Cg[é?)dg in Nz << e € FS(N]) &ee FS(Ng) .

In the case e € E; — E,, analogously we have: (*) <= ¢ € FS(V1) & e € FS(N3) .

Now let e € Ey N E,, thus, for i = 1,2 :
‘eNB; =e;Ueg, eNDB; = eyUe; and (‘e;Ueg) C ¢; & (epUe;) C di & ci—(-e;U €9) = di —(eyUe;).
Hence (*) <= cile)d; in N, i=1,2.

c) Assume that (4.1) holds for all « € FS(N) of lenght less than or equal to n. We consider
ae € E* with lenght(ae) =n+ 1. Thus,
c[lae)din N <= (s € C), 3 = 8;N(B1— B;)UsiNsaUsaN(By— By), 81 € C1, 83 € Ca, c[[a)s[e)d
nN < c,[[a|E').s, (by the inductive assumption) & s;[e|g,)d; (from the case b) in N, (i = 1,2)
<= cillaeg)di, 1 =1,2.
Thus (4.1) holds in general, that completes the proof. o

Note that after having composed, the state space C may contain “redundant” cases. Using
the reduction technique presented in Section 2 (Theorems 2.1 and 2.2) we can get a reduced net
system composed from two given contact - free net systems.

So we define:

N1® Ny =NM _ the composed net system of Ny and N .

If confusion can be excluded, we will also write A instead of N'M .

Let CFNS, CFL denote the family of all contact - free net systems and the family of all firing
sequence languages generated by contact - free net systems, respectively. As an immediate
consequence of Theorem 4.1, we have:

Corollary 4.1 (CFNS,®,MNy) is a commutative monoid and CFL is closed under the synchro-
nization operation # .

In the practical point of view, the operation @ gives an useful way for constituting large systems
from smaller ones, especially, for constituting their state spaces.

Let N := Ny U N; be the underlying net of ' = Ay ® M3 and I, D denote its independency
and dependency relations, respectively. It is clear that D = Dy U D, .
SoI =D = D1UD; = T UT, . Using the sir-relations composition operation proposed in
[Tha85] we have:
I=L®I =11U12—(E10E2)X (E]ﬂEQ)UIIr112U(E1 —Ez) X(Ez—El) .

Let co, coy, co; denote the concurrency relations, el cly, ¢l3 the conflict relations of ', N'q, NV,
respectively.



Corollary 4.2 I)co=coy®co;, 2)cl=chUcl,.

So the composition operation preserves common pairs of concurrent events and develops con-
currency. :

Now we consider the synchronization of trace languages generated by net systems.

Given two concurrent alphabets (A, D) and (B, D'), where B C A, D' C D . The projection
hg : A* — B* can be extended to a mapping h : Tp — Tps by setting: h([a]) = [hp(e)] .

Let (A1, D1) and (A2, D3) be two concurrent alphabets. We define their union as:
(A, D) = (A], Dl) U (AQ,DQ) = (Al UAdy, Dy U Dg) .
Let h; : Tp — Tp, (i = 1,2) be the corresponding projections. Given two trace languages £, £,
over D; and D, respectively. We define their synchronization Ly || L3 as a trace language. over
D by:
Lyl L2={t € Tp | hi(t) € L1 & ho(2) € L2} .

Return to contact.- free net systems and the composition problem, we have:

Theorem 4.2 If N1, N3 are contact - free net systems and N is their composition then:
T(N) = 1(M1) || T(N2) .

N

Proor: Follows from Corollary 3.2, Theorem 4.1 and the definition of the synchronization of
trace languages.

Example 4.1 Consider the following net systems:

b)

Fig. 2

Let Nl = (B],El,Fl,Cl), where N1 = (Bl,El,Fl) is shown in Fig 23,), C1 = {{1}, {2},
{3}, {4,5}, {4,7}, {5,6}, {6,7}}. This net system is contact -free. The independency relation I,
is shown in Fig. 3a).

FS(N1) = In ({ab, cdef,cedf}) . In this net system only {4,5}[{d,e}) and a, ¢ are in conflict at

{1} . So co; = {(d,e)} and ¢ly = {(a,¢)} .

10
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f f
a) Ih b) I ) I
Fig. 3

Let N3 = (B3, Eg, F3,C3), where Ny = (By, Es, F3) is given in Fig. 2b). C2 = {{8}, {9},
{4,5}, {4,7}, {5,6}, {6,7}}. This net system is also contact - free and I is shown in Fig. 3b).
FS(N3) = In ({cdefg,cedfg}*) .

Only {4,5}[{d,e}) in this net system, i.e. co, = {(d,e€)}, cla=0.

N = N; ® N3 is the same net system as given in Example 2.1. I = I; ® I as shown in Fig.
3c). FS(N) = FS(N1)#FS(N2) = In ({abg, gad, agb,cdefg,cedfg}).

co = co, ® co; = {(d,e),(a,9),(b,9)}, cl = cly Uely = {(a,c)} . So in this composed net system
we have: {4,5}[{d,e}), {1,8}{{a,9}), {2,8}{{b,9}) and a,c are in conflict at {1,9}.

Unfortunately, the operation & is not well-defined in the family of all net systems. Consider
the following example. ’

Example 4.2 Let N; = (B;, E;, F}), i = 1,2 and N = Ny U N; = (B, E, F) be the simple nets
shown in Figure 4,

I\ fY

EaClt
»N-

Fig. 4

and Cy = {{1,2}, {1,3}, {2,3}, {4}}, C2 = {{3,4}, {3,5}, {4,5}}.
The net systems N; = (B;, E;, F;,C;), i = 1,2, are not contact - free.
By the definition of the composition operation proposed above, we have here:
c = {{1,2}, {1,3}, {2,3}, {4}, {1,2,5}, {1,3,5}, {2,3,5}, {5}, {1,5}, {2,5}, {4,5}}.
C is not closed under the reachability relation Ry because {1,5} € C, ({1,5},{3})€ Rln
but

11



{3} €C. So the quadruple N = (B, E, F,C) is not a net system.
Now we attempt to choose C! = mx(C) = {{1,2,5}, {1,3,5}, {2,3,5}, {4,5}}.
In this case ({1,2,5},{2,3}) € R1n but {2,3} ¢ CT . Even (B, E, F,CT) is not a net system too.

Nevertheless, the behavioural synchronizations of net systems will be shown when using an
equivalent transformation.

5 Synchronizations of Net Systems

In order to answer the question issued in Section 4 in the general case, we will use an equivalent
transformation in [Rei85] for net systems.

Let N = (B,E,F,C)and N’ = (B, E', F',C') be net systems. A and A" are called equivalent
iff there exist two bljectlons A:E — E"and v : C — (' such that, for all cases ¢1,c; € C and
each e € E : cife)ca & v(e1)[Me))y(ca) -

Lemma 5.1 If N and N' are equivalent then FS(N') = FS(N") (upto isomorphism) .

Denote: N~ N’ iff N and N are equivalent. Note that ~ is an equivalence relation.

¢

Let N = (B, E, F,C) be a net system and let p,q € B .
i) q is called the complementof piff 'p= ¢ and p =-¢ .
ii) M is called complete iff each condition p € B has a complement ¢ € B .

Every net system can be transformed into an equivalent complete net system as follows:
Given a net system A. Let P C B be the set of those conditions which have no complement.
For each p € P, we add a new condition p, and put:

Fp={(e,p)| (p.e) € F& pe PYU{(p,e)|(e,p) € F& pe P} .

Foreachc€C,let y(c)=cU{p|pe P& pgc}.

Denote P = {p|pe P} and 7(C) = { 7(c)|ceC}.

Then the net system N = (BU P, E, FU Fp,v(C)) is the unique complementation of A/. It is
obvious that A ~ A/.

Let I and [ be the independency relations of A" and A , respectively. We have:

Theorem 5.1 ) I =1, 2)r(N)=1N).

Proof: 1) Let ~e and e~ denote the pre-set and post-set of e in A/, while e and e, as usual,
denote the pre-set and post-set of e in V. So:

“e=eU{p|pc€e &pePlande  =eU{p|pecek& pe P}.

Denote P, = {p | p€eUe & p € P}. We have:

(e, f)€I4=>(eUe)ﬂ(fo)—0<==>(eUe)ﬂ(fo)UP nPf—0

= (eUeUP)N(fUSUP) =0+ (CeUe )N(-fUf)=0 < (e, Nel.

2) Follows from Corollary 3.2, Lemma 5.1 and the part 1) of this theorem. 0

So the equivalent transformation from a net system into its complementation preserves con-
currency and conflict in these net systems.

12



Now we are able to extend the composition operation presented in Section 4 on'the whole
family of net systems.

Given two net systems N1, V. Let A; and Ny be their complementations, respectively.
Hence, N1 and A3 are contact - free (see [Rei85]). So we define:

N1 N, =N1ON;.

The family of net systems with the above operation and the indentity My becomes also a
commutative monoid. Furthurmore,
FS(N1 @Ng) = FS(N])#FS(Nz) and T(N] @Nz) = T(Nl) ” T(Ng) s

co = co; ® co, and cd=cliUcl;.

Summing up, we have:

Theorem 5.2 The family of firing sequence languages (of trace languages) generated by net
systems and that by contact - free net systems are the same and they are closed under the
respective synchronization .

.
“

Theorems 4.1, 4.2 and 5.2 give us an useful way to compute the behaviours of a composed net
system from its components’ behaviours, when they are already known (or easy to compute),
without computing from beginning.

Let V, W be two monoids and let p: V — W.
p is said to be congruent iff:

Vu,u',v,v' € V, p(u) = p(u') A p(v) = p(v') = p(uv) = p(u'v').

Corollary 5.1 FS and 7 are congruent .

6 Conclusion

We have presented a monoid of net systems, whose operation is compatible with the synchro-
nizations of two basic semantics: firing sequences and trace languages. The results are a step
towards answering the question how some concurrent systems can co-operate and what proper-
ties the composed systems have.
Though the presented approach is devoted to net systems and their two basic behaviours, it can
be applied as well to other models and other semantics.
In many cases, the co-operation requires that an execution semantics of a composed concurrent
system must be complete in the following meaning: Every execution of subsystems is taken part
to build up the execution semantics of the composed system, i.e.

Ll#L2lK = L,’ for 1 = 1,2.
It causes to introduce the notion of a complete synchronization. An investigation of this prop-
erty is under study.
Nevertheless, we believe that the behavioural synchronization will still be a basic charaterization
of the composition of many models for concurrent systems.
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1. DAT VAN DE

Trong khoAng mét thip ky qua, 1&p cdc phu thudc Boole trong md hinh quan hé da thuc s
dwoc nhidu ngwdi quan tim. Trong [7] da gidi thiu v3 ho céc phu thude nay va mét s3 tinh chit
co bAn cda ching. Tifp theo |1, 2] di phat trién cic két qui ddi véi 16p cic phu thuée Boole. Céc
tic gid di quan tim«dén mot 1&p con kha réony cua né 13 lop cdc phu thudc Boolean duong tong
quat (PTBDTQ). Ddi véi [6p nay dinh 1y twong dwong vE tinh din dwoce trong 16p cic quan hé
¢ 8 bd tiy y cling nhu trong 19p cdc quan hé chi bao gdm ¢6 hai bd hay trong logic ménh de di

. ) \ » : - A ~ [ ’ N .. <t
dwoc phdt bidu va chimg minh trong [5]. Ngoaira mot $8 vin d® nhw bai todn thanh vién, bai

’ ~ -~ - ~ - S -~ -
todn cip nhit, quan hé Armstrong,... cung da Jdroc dé cap dén.
N A L N N ] a . N P - N : e ea
Rai viét nay trinh bay v& mot kiéu légic da tri ma no 1 sy mé& rongty nhién cia khai niem

- - . .- - N . ~ ~ . . ’ A ’ \ . A s A . . \
[8githai tri thdng thudng va neu mot val hirémg ¢ thé wng dung nd vio viée nghién cun cde rang
mar 28kl

- ~ .~ - ~ - .- -~ . ~ 7 . . 1. 9
budc dir liéu trong md hinh dir Lidu quan hé. Dira vio l0gfc da tri ta ¢6 the dwra ra
- oy« s oy PR L ' Lot 1 el N ~ PR < 3a : -
nitm va ke qua lidn quan dén 1dp cdc phip thuoc by da vt monhirng didn dé 1A s e rGng

. N Ly o ia X .

thire sw cia mt =3 khidi nidm va két qna Jda CL
T - - e ) A o e o
Bai vide oo tophan, Phin ddu gidi chiea chung. Phin hai néu mot 54 khdi nidm va trinh
\ - ~ oy o }7: A - s . 3 " N -~ - ) .- 1 ~ -~
bay mat 3 k&t g oo ban lien quan dén B . DS 1 nhirng divu cdn thidt cho vide nehicn
ciru mot =3 Bat radn 13 v 1op phu thude Beole da tri. Phin ba. trinh bay khdi niém vé 1vp ¢
phu thude Boole da tri. Mét op con quan tronyg aia ndé 14 15p cde phi thude Boole dwong da 6]

. ’ -~ -~ = - .~ . ’ e . N A -
PTRDDT) s6 dwoe quan tim nhidu khi nghién cfru cde bairodn thinh vién, quan Lié Armstrong,...
2 g : 8

-~ N 1 ~ . [ A - - Nt ’ . a ’ . - - .
trong md hinh guan hé. Trong phan bdn d8 xuit mat va hudng nghién cdu khi s dung logic da

tri ciing nhir cdc loai phu thude Boole da tri.

2. MOT KIEU LOGIC DA TRI

Dinh nghia 2.1. Cho {" 1 mét tdp hiru han khic tréig gom nphin teva [7 = {4, Aa. ., A}
N . L . A .
Néi ring trén U xic dinh mde 16gic da tri néu:
r s X . N , o L. L, A . . . . ., N .
Vé&i mdi thude tinh A, € U, 1 <1 < ncé tip Bi hiru han dwge goi 1a mien ddnh gid cua bién

5gic A; thda man cdc didn sau:

1. B, 20,1
2. Nfuse B, thil-s5< B,
3.1 B,

Dit K = U B;. Mdis < K dwoc goi ld mét hing 15gic. Gid st sy, sz € A, ta xdc dinh cic
lién két 1ogic (cac phép todx) v, A, —, | trén A nhur sau:

51V so = max{s;, so}, . 8§ Asy =min{sy, s2}, s — 2= max{l—s),s2}, |8y =1-s_



Céc phép todn légic d6 twomg #ng dwoc goi la phép tuyén, hdi, phi dinh, kéo theo.

Ky hiéu B = By x B; X --x B,. Mot 4nhxaz : U — B, UB,U---UB, sao cho z{A4;) € B;,
1 <1 < n duge goi 13 mét dinh gid trén /. Néu z(Ai) = 2, vé6i 1 < 7 < n thi ky hiéu z bé&i
(z1,22,...,2,) € B. R& rang tip t4t c4 danh gid trén U 13 hiru han.

Dinh nghia 2.2. Céc phin t¢ cda U dwoc goi 13 cdc bién l6gic. Mai hing légic trong K,
mdi bién 15gic trong U dwoc goi 1a mét cong thic, '
Gid st g, h 12 cic cong thicc khi d6 ta c6 thd tao ra cdc cong thirc méi nho céc lidn két l6gic

A, V, ], —. Nhu viy ta cé (gAh), (g Vh), (g}, (9 — h) 1a cdc cong thirc méi. Goi F 13 tip t4t
cd cdc cong thirc dwoce tao bdi tip U va cic Lisn két 16gic di néu & trén. M3i f € F duwoc gol 1a
mdt phu thudc Boole da tri.

Cho f € F, z=(21,33,...,2,) € B, khi d6 ta goi f(z) I4 gid tri chin Iy cia f d&i véi ddnh
gid z va duoc xdc dinh nhr sau:

Néu f 13 mot bién A € B; thi f(z) = z;. Khi f dwoc tao bdi cac ¢ong thitc g, A nh céc lién
két A, V, |, — thi f(z) dwoc xdc dinh mét cdch truy hdi nhu sau:

- Khi f= (g A R) thi £(z) = (g A h)(z) = g(3) A h(z)

- Khi f = (gv h) thi f(z) = (g v k)(z) = g(z) v A(=)

- Khi /= (g — h) thi f(z) = (9 — A)(2) = g(z) — h(z)

- Khi f =](g) thi f(z) =](9)(z) =1(g(2))

Nhin thiy ring véi f € F, Vz € B thi f(z) € K. ¢

De cho ngdn gon, trong mét s§ phan sau thay cho (gA k), (g h) (19), (g — h) ta vidt ; Ak,
gV h, lg, g — h mét cich twong tng.

Dinh nghia 2.3. Cho T i mét tdp nao dé cic danh gid trén U va g, A 13 hai ¢dng thire trén
U. Ta néiring g va A 13 twong dwong trén T, ky hiéu la:

1~

g h

néu va chinfuz € T ¢6 g(z) = h(z). Dé thdy ring quan hé trén la quan hé twong dwong. Khi
T = B thi néi ring g twong dwong véi A va ky hiéu bdi g = A.
Gid sk g, h, k€ F, z € B, khi d6 d& dang kiém tra dwoc tinh ding d3n cdc bd d8 2.1, 2.2 sau
diy:
B& dé 2.1.
l.gAR=hAg
2. (gAR)Ak=gA(hAK)
3.gvh=hvyg
4. (gVh) V=gV (hVE)

Ba de 2.2. Véige Ftach

L 1(lg) =4

B3 A8 2.3. Véi gid thiét nhr cic bd d3 trén, nhirng khing dinh sau la ding:
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Bd dé 2.4. Véimoig, heFtach
l.gvgAanh=g
2. 9gA{gVvh)=g
3.gv(lglAh=gVvh
4. lgvgAh=lgvh
Chitng mink. Tinh chdt 1., 2. 1 15 rang. Tinh chdt 3., 4. ciing nhin dwoc do bd d& 2.3,

Dinh nghia 2.4. Mét héi so cdp 13 m§t cdng thire dwoc tao bdi cic bién so cip, cic phi
dinh cda cic bi€n so cip va lién két 16gic A.

Dinh nghia 2.5. M3t tuyén so cdp 13 mdt cong thirc durgce tao bdi cic bién so cip, cic phi
dinh cda cic bién so cdp va lién két 16gic V.

Dinh nghia 2.6. Mét céng thirc 16gic dwoc goi chuin tic tuyén néu né cé dang sau: H; v
Hyv - v H, trong d6 méi H;, 1 <1 < nla mét hdi so cap.

Dinh nghia 2.7. Mot ¢3ng thirc l6gic dwoc goi 1a chuin tic héi néu né c6 dang sau: -
TiAT2A AT, trongddmdiT, 1 <i<nli mét tuyén sor cip.

Luu y rdng modi hdi so cdp 13 mét dang chuin tic tuyén va méi tuyén so cip la mét dang
chudn tdc héi. Mét cong thire 16gic dwoc goi la ¢6 dang chudn tic hodc ngdn gon la chuzm tic néu
né la mét chuan tac héi hodc 13 mét chuin tic tuyén. DE dang thiy khang{ dinh sau I3 diing.

BG de 2.5.
a. Phi dinh mdt hdi so cdp 1a mét tuyén so cip.

b. Phu dinh mdt tuyén so cdp 1A mét héi so cip.

B3 de 2.6.

a. Tuyén cia hai cong thirc 16gic & dang chudn tic tuyen ¢6 thé bidu ditn trong mot cong
thire 16gic & dang chuin tic tuyén.

b. H3i cua hai cong thic 16gic & dang chudn tic héi ¢6 thé bidu dién trong mét céng thire
légic & dang chuin tic héi. :

c. Hoi cda hai cong thirc 16gic & dang chudn tic tuyén ¢é thé bidu didn trong mot céng thire
16gic & dang chuan tic tuyén.

d. Phu dinh mét chuin tic tuyén 13 mdt chuin tdc hdi va ngwoc lai, phi dinh mét chuin tic
héi 12 mét chuan tdc tuyén.

Chitng mainh.

a. Gid st hai cdng thirc l6gic & dang chuin tic tuyén 3 Ty, To v&i Ty = H vV Ha v - v H,.
T = K, vKyv - vK, Trongdé H, H-,....H,, Ki,K»,. .. X, 1a cic chuan tic héi. bit
T=T\vT,=(H vHyv --VH,) V(K VvKzV- -VK,) (1). Theo b d& 2.1. ta thiy ring
T=H VHyv---vVH,vK VK,Vv---V K, la mét chuin tic tuyén.

b. Cing twong tw nhu phan a.

c. Gid s¥ hai cdng thirc 16gic & dang chuan tdc tuyén W T, T, véi Ty, = H, v Hy v
VH, T, = KivK;v vK, Véze B dita = max{Hl z), Ha(z),..., H,(z)},
b = max{K, (z), K2(z)...., K,,(z)}. Gid sk a = Hz), b = Ki(z). D& T =T\, AT, =
(HyvHyv - v H)~(K v Kyv -vK)(l). TacéT(z) = min{a,b}. Dit P = H, »



K, VH NKaV---VH ANK, vH;AKlv VHAKyV---VH,AKiVH,AK;V---VH, AKp.
RS rang P 1a mét chudn tic tuyén. Ciing dé thiy P(z) < ava P(z) < b, viy P(z) < mm{a b}.

M3t khéc theo hé qui ¢6 P(z) > (H: A K;)(z) = min{a, b}. Tir d6 P(z) = min{a,b}. Viy
véimoi z € B thi T(z) = P(z). Dodé T = P, tirc 1a héi cla hai chuin tic tuyén cé thé bicu dién
& dang chuin tic tuyén.

d. GiA st T 13 chudn tic tuyén, T = H,VHy V-V Hp trong d6 H; 1 <1 < p la cic héiso
cip. DSt H=TI AT A--- AT, v&i T =]H;. Dob3d8 2.5. suyravéil<:<pthiTi Ia tuyén
so cip. VA H 13 mdt chudn héi. ,

Gih st bit ky z € B, ta dit T(z) = a. Khidé (]T)(z) =1-avavéil<i<p Hi(z) <a
va tdn tai H; sao cho H,(z) =a. Tac6é Tyj(z) =1-4a,4,1<1 < p, T;(z) < Ti(z). do d6
H(z) = Tj(z) = 1 —a. Suy ra |T = H, tirc 12 phd dinh cda mét chuin tic tuyén 13 mét chuan tic

héi. Phin con lai, twong tu.

B3 de 2.7. Cho H 13 mét chuin tic hi, khi 6 sé tdn tai mdt cong thirc logic T & dang
chuin tic tuyén sao cho H =T.

Chu'ng mink. Gid st H ia mot cong thirc 13gic & dang chuin tic héi va cé da.ng H =
Ty AT A ATy, trong 46 mdi T, 1 < i < n 12 mdt tuyén so cip. Ta sé ching minh rang ton tai
mét chuin tic tuyén T, sao cho H = T. Ching minh quy nap theo k.

Vé&i k = 1, hién nhién khing dinh 1 ddng.

GiA sit bd d¢ trén da ding cho moi k < p. " Tasé chirng minh né ding véi k = p Thit vay,
dit Hy =Ty ATa A ATi-). Theo giA thi€t quy nap ton tai mdt cong thirc 16gic S & dang chuin
tic tuyén sao cho Hl =S. Viy H = S AT, tirc 1a H 12 héi cda hai chudn tic tuyén. Theo b3 d&
2.6. suy ra c6 mét chuin tic tuyén T sao cho H = 7. D6 13 didu cin chimg minh. Tir bo d& nay

ta c¢6 ngay hé qud sau:

Hé qud 2.2. Moéi cdng thikc légic’ & dang chudn tic thiludn luén cé thé biéu dién dwec trong

dang chuin tic tuyén.

B3 dé 2.8. Gia st C,, Cs 13 hai chuin tidc khi d6 sé tdn tai cic cdng thirc M, N, P, Q cing
& dang chuin tic saocho M =C, vV Cy, N =C ACy, P =]C,, @ =C, — Ca.

Chitng manh. :'\p dung hé qui 2.2, cic bo d8 2.2, 2.5 vd 2.6. ta suy ra didu cin ching minh.

Dinh 1y 2.1. Moi cong thirc 16gic ludn ludn cé thé bidu didn dwoc trong dang chuan tic.

Chitng mink. Ta chémg minh bing quy nap theo sG cic lién két A, Vv, ], — cé mit trong
cong thic C.

Khi 56 lién két A, v, ], — trong C xudt hién khdng qui mét thi d& thiy ring khing dinh 12
diing.

GiA st ring trong moi cdng thirc C ma s8 k cdc lién két A, v, ], — xudt hién trong nd
khong qua p thi khing dinh ding. Ta sé ching minh khing dinh ding véi k = p + 1. Theo cich
xiy dung céng thirc C sé ton tai hai céng thic Cy, (2 sao cho C=C  ACy hodc C =C; vy
hodc C =]C; hodc C=C; — C2. Vi C cé p+ 1 cic lién két suy ra cic cong thirc C, va Cy déu
c6 khéng quéi p cic lién két 16gic. Theo gid thiét quy nap sé ton tai hai céng thic D,, D; trong
dang chudn tic 1 C; = Dy, Ca = D2. Theo b3 d& 2.8, suy ra ton tai cic cong thirc M, N, P,Qéd
dang chuin tic sao cho M = DA Dy, N=D, Vv D;, P =]D,, Q = D; — D3, Do C = M hoic

= N hojc C = P hoic C = @ suy ra dinh ly dwogc chimg minh.
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3. PHU THUQC BOOLE DA TR]

Gidst U = {4, A,, .. .y An} 13 t3p cdc thude tinh. Véi méiA; 1<i<ncéd moét tip d; nio
dé gém it nhit hai phin té dwoc goi I3 mién tri cda thude tinh A;. V6i A€ U, mién tri cda A

con dwoc ky higu béi dom (A4). Gid st trén U di xdc dinh mét 15gic da tri va cic mién dénh gid
cia A; dwoc ky hiéu B; thda cdc yéu ciu nhu trong dinh nghia 2.1.

Mot t3p con R cda tichdy x dy x -- - x dn dwgc goi 1A mdt quan hé trén U. M3j ¢ € R duwoc

goi ld mét bd. Quan hé B véi tip thvde tinh U dwoc ky hiéu I3 R(U).‘Gi& skte R, Ae U khi
dd ky hiéu ¢.A 1a gid tri cda ¢ d8i véi thudc tinh A. :
Dinh nghia 3.1. Véi mai tip di, 1 <t < n, ta xét 4nh xa a; : d; X d; — B; thda min cic
diéu sau:
L. (a € d;)(@i(a,a) = 1),
2. (a,b € di}(i(a,b) = a;(b,a)),
3. (s€B;,cbabe d;) (e (a, b) = s).
Vi duy 3.1. Gits¢ B; = {0, 1}, d; 12 m4t t3p ma trén d6 c6 quan hé so sinh = (bing). Khi
dé véia, b € d;, ta xdc dinh

ai(a,b) =1 néu a=}

=0 néu g #b. s

Vidu 3.2. Gidst B, = {0,1}, d; 1a t3p cdc tir trén mét bing chir khic tréng, ta dinh nghia:
a b e d,

ai{a,b) =1 néu q,b 13 haitir cé cting d6 dai

=0 nguoc lai

Vi du 3.3. Giid st B: = {0,0.25,0.75,1}, d, 1a tap cdc tir trén mot bing chir khdc tréng.
Véia,b € d; ta xic dinh: . :
ai{a,b) =1 néu a, b 13 hai tir nhr nhau.
a;(a,b) = 0,75 néu a, b khic nhau nhung cé cling
ky tw d3u tién va c6 cing d6 dai.
a,(a,b) = 0,25 néu a, b ¢6 cling ky tw diu tién nhung khic d6 dai
hodc 13 ching khdc nhau nhung ¢ cing 46 dai.
a;(a,b) =0 trong cac tredng hop khic.
Dé thdy cic a; trong ba vi du trén théa min cic yéu ciu cda dinh nghia.

Véi tap F céc cong thite trén U, ta xét cic dinh nghia sau:

Dink nghia 5.2. Xét m € (0,1, f € F, £ C F, dit I ={z € B | f(z) > m} va
Te ={z€ B|Vf€EL, f(z) >m}. Nhin thiy T =n{T/ | fez).

Dinh nghia 3.3. Gid st f vi g 13 hai cong thirc va m € [0,1]. Ta néiring g Iz m-suy din
f hay f 1a m-suy din dwoc tir g va ky hiéu 13 g/ ™ f khi va chi khi véi moi z € B thda ¢(z) > m,
ta ¢é f(z) > m. Hai céng thic f va g dwoc goi 13 m-twong dwong néu flPgvaglmf
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V&6 L C F, f € F néirdng T 1a m-suy din f hay f 1a m-suy din dwgc tir tip I, ky hiéu la
T|™fnéuVge Ltacsg|™f. Gihsk I, C F, ta néi ring I' 1a m-din dwoc tir £, ky hiéu l1a
B|™C néu S| fvéiVf el

Mgt cong thirc f € F dwoc goi 13 mét phu thudc Boole dwong da tri néu fle) =1 v&i
e = (I,1,..,1}. Ky hiéu F, 13 tip tdt cd cic cdng thirc dwong trén U. Gid st c6 R(U) va u,
v € R, khi d6 ddnh gid (a;(u.4; +v.42), ..., (an(u.44, v.4,)) dwoc ky hidu béi afu,v) va dit
Tr = {a(u,v) u,v € R}. Nhin thdy ring R(U) b e € T. :

Dinh nghia 3.4. Mdi cdng thirc trong tip F, dwoc goi 13 mét phu thudc Boole dwong da
tri dwoc viée tit 13 PTBDDT. Gid st R 1a mdt quan hé trén U va f € F,. Néirdng R m-thda
PTBDDTI, ky hiéu 13 R™(f} néu Tp C T;*. Véi £ C F,, khi d6 R dwoc goi 1 m-thda tip
PTBDDTZ, ky hiéu la R™(Z) néu v6i moi f € T c6 R™(f). Ditu d6 twong dwong véi Tp C T,

Dinh nghia 3.5. V&i ZC F, f € F, néirdng £ 1a m-suy din f theo quan hé hay f 13 m-suy '
din dwoc theo quan hé tir tip T, ky hiéu la Z|2 f néu VR(u) ma R™ (Z) thi cling c6 R™(f).

Dinh nghia 3.6, Gid st L C F,, f € F, vi R 13 mét quan hé trén U. Ky hiéu =7 1a
tip {fIE]2 7} va LD™(R) 14 tip tdt cd cic PTBDDT trén U sao cho véi moi f € LD™(R) thi
R™(f). R goila quan hé Armstrong mic m ddi v&i tip T néu LD™(R) =Z}.

4. DE XUAT

Viéc sir dung logic da tri sé gitip ta nghién cttu mét s vin d% ma né 13 sy mé& rong thuwe air
va tw nhién cda nhiu két qud di dat dwoc déi véi 16p cac phu thude Boole ma xuit phadt Jiém
cia né 13 dwa vio l6gic hai tri:

Dé 13 mét 58 diéu kién cin vi dd cho cic suy din LI f vA ]2 f. M&i quan hé cda cic suy
din d6,... Dic biét vide st dung cdc <ong thirc trong dang chuin tidc sé la cé lot khi nghién ciru
mét 58 suy din 6 dang dic biét.

Citng trong (5! cdc tdc gid dwa ra ditu kién cin va dd dé mot quan hé 1a quan hé Armstrong
ddi véi tip ¥ cdc PTBDTQ va da néu ra hai vin ds: Hiy xdy dung quan hé Armstrong cho tip
L cdc PTBDTQ va hiy cho mét dinh gid v& s8 bd cda quan hé Armstrong t3i thidu. D3i véi lop
cdc PTBDDT ta thé néi gi v& didu kién cin vi dd dé R 1 quan hén Armstrong mic m déi véi tip
L C F? V&imét tip bit ky £ C F,,, m €0, 1], liéu ¢6 thuit toin xdy dung quan hé Armstrong
mirc m cho tip ¥ hay khdng ? R5 rang dé i nhirng vin d& c6 § nghia ding duoc quan tam déi
v&icic PTBDDT. Trong khudn khd cda mét bai bio, khéng thé trinh bay chi tidt nhisu rng dung
cda 16gic da tri vio viéc nghién ciru cic loai phu thudc dir liéu. Trong bai sau chiing téi sé trinh
biy mét s6 cdc két qud lién quan dén cic vdn d& di néu. Dinh Iy sau phit biéu v& ditu kién cin
va did cho sw suy din cda mét s3 16p céc cong thire c6 dang dic biét chi xem nhw la mét trong
nhimg vi du mink hoa cho nhirng ¥ng dung ban diu cda légic da tri. Su chimg minh khéng khé

khin.

Dinh ly 4.1. Gid st £ 14 tip ndo d6 ¢6 cic PTBDDT trén U, va X,Y,Z CU. Khidé:
LEAX —AY = (Y2 TE)(((c6 A € X)(z(A) < 1-m)) v ((vB € Y)(z(B) > m))).

2EAXN — VY — (V2 e TE)(((c6 A€ X)(z(A) S 1-m))V ((cs Be Y)(z(B) > m))).
3D VX — AY — (vz e TP)(((VA € X)(z(A) < 1-m) v ((vB € Y)(z(B) > m)))
4 VX — Y s (Y e TRY(((YA € X)(2(A) < 1-m)) v((cd Be Y)(z(B) > m))).
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& diy néu X = {Au,A.’z, ...,A;’k} thi twong ¥ng ky hiéu AX = A;1 A Aig A A A, VX =
A1 VAV V Aix.

Liéu ching cdc két iudn trén vin ding khi thay ky hifu suy din [ bdi |27 RS rang disu
d6 dwgc khing dinh khi dinh ly twong dwong vé tinh din dwoc cia hai kidu suy dién trén d8i véi
16p cac PTBDDT 13 diing d4n.
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A WAY FOR EXTENDING BOOLEAN DEPENDENCIES IN
THE RELATIONAL MODEL OF DATA

Vu Ngoc Loan
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In the paper, a type of multivalued logic and some of its properties are presented. On the basic
of this logic, a class of multivalued Boolean dependencies is introduced. This is a generalization of
some kinds of dependencies such as the equational dependencies, the positive Boolean dependencies
and the classes of dependencies considered in [3]. The main purpose of the paper is to propose a
way to generalize some results which have been obtained from the positive Boolean deper.xdencies.
Some aspects of studying multivalued Boolean dependencies are also mentioned in the paper. Using
this multivalued logic, we shall consider the equivalence theorem of consequences in the world of
all relations, the world of 2-tuple relations: On the basic of this theorem we shall have good tools
to research membership probiem, Armstrong relation as well as some other problems in the class
of multivalued Boolean dependencies.
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vE SU BIEU DIEN CAC TAP
PHU THUOC BOOLE DUONG TONG QUAT

Vi Ngoc Loan
Khoa Todn, DHTH Hd Nd1

1. DAT VAN DE

Viéc nghién clru céc loai phu thudc di liéu ¢b val trd quan trong 48 dim bio tinh nhit quin
di lidu. Mt s loai phu thudc di Liéu d3 dwoc d& cap dén nhu phy thudc ham, phu thudc da tri,
phu thudc két ndi,... Cic loai phu thudc d6.d8u cé ¥ nghia thue t4 vi c6 nhidu tinh chit ding
dugec quan tam.

Trong [6] d3 gidi thidu ve ho Bdole va mét s& tinh chit co ban cda ching. Tiép theo {2, 3]
43 phét trién cac két qud v& loai phu thudc ndy. Cic tdc gid d3 quan tim d&n mét 1ép con khd
rong cda né 1a 16p phy thude Boole tdng quat. Trong (5] da chl ra dinh ly twong dwong veé tinh
din dwoc trong 16p cdc quan hé c¢6 bd tuy ¥ ciing nhu trong 16p céc quan hé chi bao gom cé hai
bd hay trong logic ménh d% d6i véi 16p phu thude Boole dwong tdng quat. Ciing trong [5] cdc téc
¢is dra ra didu kién can v dd 42 ot quan hé 13 quan hé Armstrong d8i véi tip © va da néura
hai van d%: hiy xdy dung quan hé Armstrong cho tip T céc phu thudc Boolean dwong téng quét
va hay cho d4nh gisd v8 53 bd cda quan hé Armstrong t&i thiéu.

Sw nghién oiru ndy nhim gzép phin gidl quyét cdc vin 4% da néu trong [3} vd mdt vai khia
canh khac lién juan 1&n 16p céc phu thudc Boole dwong tdng quit. Bai viét gom 3 phin. Phin
d3u giéi thidu chung. Phan hai dwra ra mdt 38 dinh nghia co ban. Phin ba 13 két qua chinh cia
bii vidt: khing dinh quan hé Armstreng eé luon judn tdn tai hay khong déi véi mot tap L céc
phu thudc Boole t8ng quat cho trwée, trink bay thuit todn tim quan hé thu gon cda mét quan hé
Armstrong trong trwdmg hop khi tét ci cic misn tri cda céc thude tinh khdng c6 phin ti trung
hoa. Tiép theo 13 khing dinh vE sy ton tal cda quan hé Armstrong trong trwdng hop khi tdt cd
cdc midn tri ¢6 phin ti trung hoa. & diy <ing trinh by thudt todn tim quan hé Armstrong dé
vi chirng minh ring quan hé Armstrong 43 tim 13 khéng rit gon dwgc va c6 kich ¢& bing s8 phin
tt cda tap Tx.

-

2. CAC DINH NGHIA CO BAN

Gid st U = {Ay, Az,.-., An} 13 tp cic thude tinh. Véi méi 4, LSe<ncd mét tip d; nao
d6 gdm {t nhit hai phin t& dwoc goi 13 mi2n tri cda thude tinh d6. Véi A € U mién tri cia A
cling duoc ky hidu la dom(4).
Dinh nghia 2.1. Vé&i cac thp di, 1 < i < nta xét cdc anh xa a; 1 dy X dy — {0,1} thda man cdc
diéu kién sau:

1. (Va e ;) (aila,a} =1)
. (Va,b € di) (@i(e,b) = (b, a})

3. (Cé a,b € ds) {aifa, ) = 0).

Mbt tip con R cda tich dy X dg X -+ x dn goi la mdt quan hé trén U. Mbi ¢t € R duge goi la
mét bd. Tap tit cd cic quan hé trén tap thudc tinh U dwgc ky hiéu 12 REL(U). Gidsikt € R,

to



A €U khi 46 ky hidu t.4 13 gia tri cda ¢ d5i v&i thudc tinh 4.

V&1 X C U khi d6 mét cong thie trén X sé dwoc tao bdi phin ti trong X, cdc lién két logic
V, Ay =, = v cdc hing logic 1 (TRUE), 0 (FALSE). Ky hiéu F 1a tdp tit cd cic cong thirc trén
U. .

v t) = g véi
P5e S nthlta ky hidu z boi (21,25, 5,) € B™. Giksk /€ F va & € 57 pot d5 f(z) k¢ higu
gid tri chdn ly cda f d6i véi danh gidz Tadit Ty = {z ¢ B"f(z) =1}. Néu T C F thi dit
Tz =n{Ty|f € T}. Nhin thdy ring z € Ty khi v chi khi (VfeX) (flz) = 1).

Mét céng thic f € F dwoc goi 13 dwong néu fle) =1véie = (L,1,...,1) € B~ Ky
hiéu F, 13 t3p t4t cd c4c cong thic dwong trén U, ME; f € F, dwoc goi 1a mdt phu thudc
Boole dwong téng quat va duwoc vidt t4t 13 PTBDTQ. Gii sd c6 R € REL(U) va u,v € R, khi
46 dénh gid (al(u.Al, v.4;), ag(u.Ag,u.Ag),...,an(u.An, v.An)) dwoc ky hidu béi a(u,v). Dit
Tr = {a(y,v)|u,v € R}.

Mdidnhxaz:U — B = {0,1} duwoc goi Ia mdt ddnh gid trén U. Néu z(A4;

Dinh nghia 2.2. Gidst R « REL(U) va f € Fp. Néirdng R théa f, ky hig¢u 13 R(f) néu
Te € Ty. V6i ZC F,, khi 46 R duoe goi I théa tip PTBDTG 5 ky higu 13 R(T) néu véi moi
fEX cd R(f). Didu dé twong dwomg véi Tr C Tx. .

3. QUAN HE ARMSTRONG

Giis¢ ZCF, RIa maét quan’hé trén U. Ky hiéu ¥ 13 tip {fI Z k& f). Goi tip 'tdt ci cdc
'TBDTQ trén U ma ching thda R 13 LD(R). ¥

Jinh nghia 8.1. Giisd R = REL(V). R duwoc goi I3 quan hé Armstrong d6i véi tip T néu
D(R) =%+, = : ‘

‘inh ly 3.1. ((5) Gid s = 12 mét tip cic PTBDTQ trén U va R 1a mét quan hé khic tréng
en U. Khi d¢, dieu kién cin va dd dé R la quan hé Armstrong d3i véi tip £ 13 Tp = Ty. .

inh 1y 3.2. Khi cic 4nh Xa 2;, 1 <2 < n did dwoc xéc dinh thi quan hé Armstrong d8i v&i tap
cac PTBDTQ cho trude khdng phdi lusn luén t5n tai.

Chéng minh-: Thic viy, ta sé chi ra mét phin thi du. Gid sw 7 I3 tip gom hai
16c tinh 4 vi B. Cic thuéc tinh niy ¢é cdc misn tri twong vmg 13 dom(A) = {31, a2, as},
m(8) = {b,, b2,83} va cdc dnh xa @i, 1 £1.< n dwoe xdc dinh nhu sau:

al(al,ag)zl, cq(al,a3)=0, al(az,:zg):O.

Ctz(bl,bg) ZO, a:(bi,b;;) =O, Q;g(bg,bg) =l

Nhin thiy ring véi cic a; d6 thi YR € REL(U) ta c¢6 thé thay moi a; bédi a, moi 53
t b2 va sau d4 bé dj nhimg bg trang nhau thi Tr khong thay ddi. Xeét quan hé P gom tit
cdc b6 c6 thé trén I”. T P ta thay moi a; béi a, moi b3 bdi b, sé nhin dwoc quan hé
= {(ahbi)r (al’ b'.?)v (03, bl,)r (‘13’ b2)} véi TQ = {(17 1): (1: 0)! (O’ 7")1 (0: 0)}

Xét & = {f} véi f = (AAB) v (AA (-B)) v ((-4) A (-B)). Nhin thiy ring Ty =
-1),{1,0),{(0,0)}. Ta s& chi ra ring VR C Q ddu c6 Tr # T (*).. That vdy, véi bat ky
:REL(U) gbm khéng qui haj b3 hodc R 14 chinh quan hé Q third rang khing dinh (*) 13 ding.
ng quan hé con cda Q gbm dting ba bé chi 1 nhirng quan hé: Ry = {(a), b,), (as, 51), (as, b2)},
= ((11, ‘171)’ (a3: bl/‘: (GJ: b?)}: Ry = {(al; bl)) (a'l: b2): (a3: b2)}x Ry = {(alx bl)’ (alr 62)1 (a3’b1)}'

Dé dang kiém tra ring véi R = R,1<i<4tm khing dinh (*) cling déng. Tir (*) va dinh
-1 chirng t8 khéng tan tai quan hé Armstrong d&i véi tap £ cic PTBDTQ di cho. Dinh Iy 43
¢ chimg minh xong. .



Ciing luwu y ring khi céc dnh xa a; thay 38 thi c6 thé tdn tai quan hé Armstrong d6i véi
tip T di cho. That viy, trong thi du trén néu a;(ag,az) = 0, az(bz, b3) =0, va vin giir nguyén
céc dinh nghia khdc cdn lai d3i véi ay, az nhw d3 néu trong chimg minh dinh ly 3.2 thi ta sé cé
Tr = Tt khi R = {(a1,b1),(a1,b2), (az,b3)}- Theo dinh ly 3.1 ta ¢6 R 13 quan hé Armstrong d6i
véi tip T
Dinh nghia 8.2. Quan hé P dwoc goi 1a thu gon cia quan hé R néu P thda cic ditu sau:

a. P 1i quan hé con cda R (tic la mdi bd trong P ciing 13 mdt bd trong R)

b. T, =Tr

Ta goi quan hé R 13 khéng thu gon duge néu khéng tn tai quan hé P li thu gon cla R va
|P| < |R|, & ddy |Q| dwgc ky hiéu 13 s8 b cla quan hé Q.

V1 quan hé Armstrong khéng phai luén luén ton tai d8i véi tip L cdc PTBDTQ, do d6 ta xét

mbt s8 trudmg hop riéng. .
Dinh nghia 3.3. NSi ring mién tri d; cta thudc tinh A; c6 phin ti trung hoa néu ton tai cdc
phin t& @, b, ¢t € d; sao cho a;(a,b) = 0; a;{a,t) = o;(b,t) = 1. Phin ti trung hoa trong mbi tip
(néu cé) néi chung 12 khong duy nhét. Céc thudc tinh trong U dwoc goi la cling dang néu mién
tri cda ching ddng thoi b cic phin'ti trung hda hay khéng.

a. Treong hop moi mién tri cia cde thuge tinh khong ¢ phin ¢ trung hoa

Hé qua 3.1. Khi moi mién tri cda cdc thue tinh khéng ¢6 phin ti trung hda thi quan hé
Armstrong d8i véi mdi tip L cic PTBDTQ khéng phdi 13 luén luén tdn tai.

Chéeng minh: Tacé phdn vidu néu trong chirng minh dinh ly 3,2 béi vi & 46, moi
mien tri d8u khéng c6 phin ti trung hoa.

Gih st ring .12 mét tip cic PTBDTQ vi R 13 mdt quan hé Armstrong d6i vé tap L. Theo
dinh ly 3.1 ta ¢6 Tp = Tc. Vin de dét ra id hiy tim quan hé thu gon cia quan hé R. Sau diy la
phuong phap dé tim quan hé thu gon dé. .

Trén mai d;, 1 < ¢ < n ta xiy dyng quan hé = nhw sau: Ya,b € d;, a = b khi va chi
khi a;(a,6) = 1. Khi dé quan hé¢ = ja twong dwong. That viy, tinh phan xa va tinh déi xtrng
1 hifn nhién. Gik s& a,b,c € &, a = b, b = ¢. Néu a va c khéng thda a = ¢, tir 46 ta c¢é
a;(a,b) = a;(b.c) =1, a;(a,¢) =0. Nhwr vy b 13 phin ti trung hoa trong d;, méu thuin. Viy =
14 quan hé twong dwong trén mdi d; véi1 <t < n.

Dinh nghia 3.4. Cho mét quan hé Re REL(U). Gia st u, v € R. Noi u twong dwong véi v, ky
hidu u ~ v néu va chinéu v.d; = v.A4; vé1 1 < 1 < n.
Ta xét vii tinh chdt cia quan hé niy théng qua hai b3 d& sau:
B3& de 8.1. Cho R € REL(U) va u,v < R. Khi dé cic ditu sau la twong dirong
auxsvu
b. a.—(u.A;,u.A;) =1 véi l S i S n
¢. VéiVp € R cb a(u,p) = a(v.p)
d. a(u,v) =e.

Chietng minh:

a = b. trwec tiép suy tir dinh nghia cda quan hé =

b=>c. Gihstu,veRvia(ud,vd)=1véil<i<n Taséchiraringvéimoipe Rcd
a(u,p) = a(v,p). Néi cich khic ta cin chimg minh o;(u.4;,p.4;) = ai(v. 4, p- A} véi1 < < n
Thit vay.

+ Khi af{u.4;,p.4) = 1 ta cb u.4; = p.A;. Vi a;(u.4;,v.4;) = lsuy ra u.4; = v. A,
do d6 v.A; = p.A;. Tir d6 ta ciing ¢6 ai(v.4i,p.4i) = L.
+ Khi a;{u.4;,p.4;) =0, va ciing ¢é a;(v.Aq, p.As) = 0. Thée vay néu o;(v.4;, p. 4i) =



1 thi cling twong tw nhwr trén ta ¢4 ai(ud;, p.4;) = 1.

¢=>d. NumoipeR tacs a(u,p) = a(v, p) khi dé d4t p = v s& thu dwoc a(u,v) =e.

d = a. Do a(u,v) = ¢ suy ra véi moi s, 1 <4< ntach a;(u.A;, v.di) = 1thc 12 u.4; = v.4;.
Digu d6 chéng td u ~ v. B8 d8 dwoc chirmg minh xong.

Bd dée 3.2. Cho R e REL(U) vA u,v,u;,v; € R. Khi dé, néu u ™ u; vi v vy thi a(u,v) =
a(uy, v1). ' '

Chiéng minh: T b8ds 3.1, cic gid thiét va tinh giao ho4n cda « ta s& nhin dwoc didu
cin chéng minh.

Hé qua 3.2. Quan hé ~ 13 quan hé twong dwong trén R.

Chéng minh: Quan hé ~ thda min tinh phan xa do b3 d% 3.1. N§ ciing théa tinh giao
hodn bdi vi « 13 giao hodn va do b8 d2 3.1. Gid st u = v, v = p khi d6 ta ¢6 u ~ p do dinh nghia
cta quan hé ~ v tinh twong dwong cda quan hé =, '

Véi méi 16p twong dwong trén quan hé R ta 18y mét bs “dai dién” v t3p céc bd d6 cho ta
mét quan hé, ky hiéu 13 P. .

Dinh 1y 3.3. Gid st U 13 t3p thuée tinh ma moi dom(4) véi A € U khéng c6 phin t¥ trung hoa.
R 1a quan hé bit ky trén U, khidé t3n tai thuit todn tim quan hé thu gon cda R.

Chiéng minh: Thit vay, tir quan hé R ta tim dwgc quan hé P theo phwong phép trén.
Ta sé chira ring P 1 quan hé thu gon ctia R. RG rang véiVu € P thiu < R, Tiép theo cin chi
ra Tp = Tg (1). Hién nhién Tp CTr (2). VéiVz € Ty 56 cé 4, v € R sao cho a(u,v) = z."Ta
cing c6 uj,v; € P sao cho u ~ uy, v~ v;. Theo bd 42 3.2ta cé a(u,v) = a(uy, v;) = z. Didu d6
cing chimng td z € T}, tirc 1a Tp C Tp (3) diing. Ti (2) va (3) tacd (1).5Vay P Ia quan hé tha
gon cia R. D6 13 di®u phdi chitng minh.

Vi du 3.1. V& U la tap cdc thude tinh va cdc 4nh xa a; dwoe xdc dinh nhue trong ching
minh dinh Iy 3.2, Gii st 5 = (AANB)VIAA(-B))va T = {9}- D& thiy ring v6i R =
({32, 00), (o0, 83), (31,601 (53,5, (a1, 2)) 843 2 €5 T = Ty = (1, 1), (10J}. St dug shaons
phdp trén ta nhin dwgc quan hd P = {(a1,81), {a1,b3)} 14 thu gon cda R do d6 P ciing 3 quan
hé Armstrong d5i véi tip T, '

b. Truwdong hop mos mién tri cda cde thuge tinh déu ¢4 phan té trung hoa

Gid sir v6i m8i A; € U, thi trong dom(A;) 8 cdc phin t¢ trung hoa, tic 1A véi 1 <i<n,
Ja,, b;,¢; £ d;, sao cho a;{ac, b;) = 0, o fay, ¢) = ai(bi, i) = 1.

Dinh Iy 8.4. Gids¢ £ C Fp. Ta cé:

a. Ton tai thudt todn tim quan hé Armstrong R déi véi tip 5.

b. R la quan h¢ khéng thu gon dwoc va [R] = [Ty,

Chitng minh: Dt Tx = {zlz e B", Yf€ X cb f(z) =1}. Tacin xiy dung mét quan
MR sao cho Tr = T%. Tinh ding din cda dinh ly khi ITe| = 113 rd rang. Ta xét trwdmg hop khi
Te] > 1 .

a. Véimdiphin tt z = (z1,22,...,2,) € Tk ta xdc dinh mét bé u, trong quan hé R nhwr sau:
Khiz =ethiu;. 4; = a;véil <1< n. Taky hiéu bd nay 13 u,. Khiz #ethiuy A; =b;néuz; =0
Va uz A; =¢; néu z; = 1. Ta sé chira véi m&i uz € R tacé a(te, uz) = z (1) va néu y,z2€ Tg va
Y,z # e thl a(uy,u;) =¢ (2). That vdy khi z; = 0 ta cé ag(uc. 4, uz A;) = ai(ai, b)) =0 = z;.
Khiz; = 1ta ¢ ai(u,. A up . 4;) = a(a;,¢;) =1 =z,. .

Nhur viy ta di chi ra dwoc aftediyuz &) = 2, vé6i1 <i < n hay a(u., u;) = z véi moi
Z € Tz Diéudé cingsuyra Tg 2 Tx (3). Nhin thiy ring véi 1 < i < n thi uy.Ai, 4. A; € {b;, 2}
va Q"(a‘, h,) = a{(c,, c,») = a;(b;, C.') = a‘-(c‘-, b‘) =1, tirc la a;(uy.A,-, u:.A,) = 1. Ding thirc (2) da
dwoc ching minh va tir d¢ suy ra Tp © Tx (4). Tt (3) va (4) chémg t6 R 1a quan hé Armstrong
d3i véi tip Tx. '



b. Trwéc hét chi ra ring [R| = |Tg|. Hién nhién |R| < |Tx| (5). Véiy,z e Tp, y # 2
thi uy # u,. Thit vy néwcé y,z € Ty, y # 2 va Uy = u, (6), thi ta cé afy,, uy) =y (7),
a(ue,uz) = z (8). Tir (6), (7), (8) suy ra y = z, miu thudn véi gid thi€t cia y vd z. Didu d6
chimg t3 |R| > [Tx| (9). Tir (5) va (9) ta cé |R| = IT;;[

Gid sd rdng tdn tai mdt quan hé thu gon P cda R vi |P| < |R|. RS ring u, € P. D3 thiy
ring tdntaimdt b u € R, u & P vi u # ue. Theo cich xiy dung R suy ra cé z € Ty mi U, = u.
Gid st ¢6 uy € P va !, thda a(u,,ul) = z. Khi dé ta cé a(ue, uz) = a(u., ul) (10). Ding thire
(10) twong dwong véi o;(u..A;, Uz Ai) = oi(u.. A ul A;) (11) véi 1 < 5 < n. Nhin thiy ding
thirc (11) xdy ra khi va chi khi ur Ay = ulA; (12) véi1<¢ < n. Ti (12) suy ra u, = ul vi do
d6 u; € P, miu thudn. Viy R 1i quan hé khéng thu gon dwge. Dinh ly dwoe chimg minh xong.
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ON PRESENTING SETS OF
GENERALIZED POSITIVE BOOLEAN DEPENDENCIES

Vu Ngoc Loan

Faculty of Mathematics, Mechanics and Informatics Hanoi University

In {6] a family of Boolean dependencies and some its basic properties are introduced. In i5i
some concepts and results concerning with the class of generalized positive Boolean dependencies
are mentioned.

The purpose of the paper is to develop some results about Armstrong relations, which have
been obtained from the generalized positive Boolean dependencies. Some results about the present
of sets of generalized positive Boolean dependencies are given. The paper also shows that, in general
cases the existences of Armstrong relation for a set of generalized positive Boolean dependencies
does not hold. The assertion is the same if each domain of atributes has not medi-elements. An
algorithm for finding a reduced realion of an Armstrong relation in that case is presented. When all
domains of attributes have medi-elements, the paper shows that the esistence of Armstrong relation
for a set of generalized positive Boolean dependencies holds. Here are also given an algorithm for

finfing an Armstrong relation for a set generalized positive Boolean dependencies and some remarks

about that Armstrong relation when all domaing of attributes have medi-elements.
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DO PHUC TAP O-TO-MAT CUA CAC DAY BIEU THUC
CHINH QUY SUY RONG

Ding Huy Ruén
Khoa Toéan-Co-Tin hoc
Pai hgc Tng hop Ha N

Gid st oo bang chir cii A. Day vo han cac ky higu
thudc A dwge goi la mdt sidu tw trén bang chit céi A. Tap
hop tdt ca& cdc siéu tw trén bhng chir cdi A ky hidu b

A (/1 /).

¢

o

ang

Tdp con tuy y cha tdp A” duoc gpi la mdt siéu
ngdn ngl trén bang chir cal A.

=~ M ch cla ngdn ngl M, voi sidu ngdni ngi M, trén bang
chir cai A la mdt siéu ngdn nglr, gdm tit ca céc sidu tur
dang « = a(1)a(2)..., sao cho c6 &6 tw nhidn i nao dd,
a8 tr a(1) a(2) ...a(l) thude M., con sidu tw a(i+1)al(i+2)
... thudc M.

Siéu léb clia ngdn ngr M trén bhng chir cai A’(kfr hi éu

bing MO ) la sidu ngdn ngr trén bang chir cai A, gm tit
ca cic sidu tw « = a(1) a(2) ..., seo cho d8i voi day sb
ty nhién ting nso d6 i,, i,, 15 ... théa man quan hg

a(it) a(it+1)... a(it+1"1) é M t = 1,2-..

Qi wéc ring c]ﬁ‘”___ ¢ va d6i véi sidu ngdn ngi
thy ¥ M dqu 8 P = @ .

Bidu thic chinhquy suy réng (B.c.s.) trén bang chlr
chi A la bidu thic tuy § dwoc xAy dung tu cac biBu thidc
co ban ( ¢ , A va a & A) nho cac phep toan nhdn (.), 1fp
(x) va céhc phép toan tdp hop : Hop (U), glao (M) va liy
phan bu (G).
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Lop cac biBu thic chinh quy suy rong giéu ngdn ngu
(Bicesesen.) trén bang chir cdi 4 duge xac dinh nhu sau :

1) Néu R - B.c.8., xac dinh si&u ngdn ngw nao do,
thl R la B.c.s.s.n. co ban 4

2) Néu R-B.c.s., thd R 1a BeCoe Se 8.
3) Néu R va R2 la B.C. S. Senle, thi R U R2 la

BocoSoS. H

4) Neu R1"' BoCoSo, Con R2 - B.C.S.S.n., thl R R2
18. Bec. 8. 841, ;

5) Néu R ~ B, Ce 8¢ a1, , th; CR lz_a. B. c.s.s.n.»;

6) Néu R, R2 la B.c. Se Sen., thi R 1 R2 18 B.C. S. Se0.
7) Chl cac bi®u thic dinh nsma theo cac muc 1-6 mo:L

1& B. 8.‘. Sel]e

v

Gig su' 7% 1la B.c.s.s.n. tren bang chir ¢ai A, S
cée vi trd cla céc ky higu thudc A, chie trong P duorc
goi la db dai cha bibu thic 27 va ky hiéu b¥ng J ?7[[

) trang thai 1t nhit dh 43 X4y dung o-to-mat don

dinh doéan nhén siéu ngdn ngu duoc cho bbi bleu thiec &
duoc goi la dsd phire tap 8-t6-m&t cua bibu thic 7 va duoc

kj higu bEng G( 77 ).

Pinh 1y. D61 v&i céc s8 tw nhién tiy § s, t o5 thd
X&y dwng duoc day céc bidu thic chinh quy suy rdng siéu
ngdn ngw <63,1:,11 trong bang chr cai gBm ba ky hiéu, sao
cho R '

1) V&L n tiy § bidu thiec %, i , chita t dAu phin
. . . . N ’ LR
bu va co 49 dal khdng vuot gqia n ;

2) Voi YAt ky h¥ng s6 C > 2% npo khi n af 18m )

n
logblogb so e 10gb G’( (6S’t,n) ;, E—I—;—: (1)
O
2

trong a& :



]
b o |[ (25° .

s
(28-1)2 1

Chung minh dinb ly trén gom mot s6 vudec., Trude hét,
d01 voi 86 t tuy y Xay dung B.c.s.s.n. trong bang chlr cai
gdm t+6 ky hidu. Sau do thu h°p s§ ky higu xudng con. 3.
Cubi cung, tinh aé dai cha céc biBu thic da duoc xay dung
ve chl ra rang, vol n dh 16m 88 céac phin du che nhirng bigu
thirc nay va dd dai che ching thda man bt d&ng thite (1).

81. Xay dung biau“fnﬁa“ah{nﬁ*auy“guy“f6ng trén bhng
chit cai gdm t + &£k¥ hisu.

1, Gla st t 18 &6 tu nhién neo dgd. Ky bieu t+1 bang k
va L, {O 1,X, Po, F1,..., Pk} la bang chir cAi nao dé,

o
thude bang chr cai {0,1} . Xéc dinh cac tap tur D1, D2...

Dk bang quy nap :

Chon cac sb tu nhién my, 8 va tép tu D goxp 25, m_ tv

—

Gih sir Dy da dwoc xac dlnh va gom 28 omy phan tlre Khi
do Di +1 la tép gom tét ca cac tép con cua D , ma m3i tép
con nay ¢ chita ding m; phin tlr, Tap Dy +1 gom
mg m, -1 R
¢y =2%¢% phdn th, D;t my g = = c, .
2 omi 2 .mi"'1 ‘ 25 omi 2 .mi-

Dung 11 va hi vol chl &8 du'oa. hO?,C khong a8 ky hi éu
phin tle thuge D,

2. Xay dung céc biBu thic chinh quy suy rong trén Ly e

Trudc hét x4y dwngedc bidu thic phu

3&1;(0U111F0U F1U...Uﬁiﬁ
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%ig f?iu Fi+1u ....UPk,; (0€1g k)

LK
1

=Uu1Uxu &)¥

Cac B.c. s.dugc xay dung b‘éng quy n@p nhu sau :

_ o X o
BO_U;§OL1(“§'°1,

, = o, ﬁigi ﬁiﬁi) C0gi<m

B4
3. Chc tir dgc trwng : DL véi mdi 1* &€ D, xay dyng

cée tu 7)5_(11), A;(11) blng quy ngp theo 1 :

e Aa = Aga -0

-

- . . " -
b) Gid st 11*1 13 phdn th thy § thude D, ., va d8i
voi m3i 1t € 11+ i ot € 11 a8 xay dung dwoc tu
A iy oA (ud AL 12 s y (41
A h (A )Pi). Rbi tAt cd céc tu Pi][i(l )
(Ii(hi) P’i) theo m3t th¥ tw nao 4o (ch¥ng han, thi ty
tw didn), 1 14y tfch ghép cha tht cd cdc tir pay. Tr nhin
duoc ky oiéu bing

4. Céc tap phin dw va cac tinh chit.

pbi vii mdi phin tir 1 e D; xAy dyng tép ;Ffi(ll)
bing quy nap theo i nhu sau :

}(o(lo) = '1‘31°£ éo 1,

i 1 o
ity oo v Hyaby BsR ©gi<wm.

K
i+ .
1ie 11+
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B 45 1. D61 véL mBi t¥ X & Lf ‘va chc s8 bAt k¥
i i |
1 ) h (o-é ié k)! s (52 i)

xR A ol j iy = i i
Fsﬂi(n e dlaby = bt -t
'32. Xay dpyng bidu thre chinh quy suy rdng siéu

ngdn ngl trén bhng chu cél &m t + 6 k¥ hidu
va cac tinh chit clia ching.

~ ? ~ ’ rd —
Xay dung bang chlr céi L, =L,U {5y } » trongdd y € I,.

p6i véi mdi 1 (0 € 1 £ k) B,c.a. % va tdp phin du

(1 ) da dugc X8y dung trén bang chr cai Ly» bieu thire

m chinh quy wyWﬁ va tép phan dw 7{ (l ) trén
baﬁg chir cai L2 co dang -

(60;\1 ‘21{3’}”
Ko - Hoahg 3~

— BS d¥ 2. D6i vii mii tu XE& L”c , gidu tr tuy ¥
Y é{y}oa va cac sb bat Ky li, hi (Ocj_ k), 8 (s=>1)

" (0£ 1<k

ha

i i, = i yz i
XPsﬂ'i(h ) Y€ j?i(l ) = XPs)i(h ) € 1(1 )e
Tx cédc bd d3 1, 2 suy ra :
Hé gﬁa 1. Tdn tai Zsmk tép khac nhau dang %.(11( .

Thue h:Len phep chia bén tral cac giédu ngén nguw ?
(o < 1 < k) cho tu dfc Bidt ta co

BS d3 3. Déi viLi tu tuy ¥ Z va s§ vAt k¥ 1l(0<i < k
néu z &€ 711(11) giLT , thi

€/ - %iui).
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Do bd d& 3 suy ra : Voi sb 1k tuy ¥ thude Dk tép
ng b tdp phan du deng %k(l )e MEt khac so cac tap
siéu tu dang k(lk), theo h§ gha 1, bing 2° emy con sb
treng thai d& xAy dung 6-t6-mét dom dinh doén nhén ¥
khéng thé {t hom 8§ phln dw cha nd. Ta cd hé qae seu :

Hg gua 2 : G( é’ﬂk) = ZS.mk

83. Xay dung biBu thic chinh quy suy rdng siéu ngbn
nge trén bang chir cai gdm ba ky hiéu.

1. Xay- du'.ng b’ang chr cai Ly { 0y 1, X } va anh _
Xa (f? cha tép gom céc tu thude L2 vao tép tw trong L3 :

(P(O)
f P.i)

BS d8 BC dé 4. D6i vol cac tép tuyy WCLB va T ¢ 2
néu ’nzﬂ({’(xz - P, tl «(T) > «(%).

-e

Py =15 fx) = o3 (y) = oo s
o(li+1o( (o €1 g k). .

"

—

2. Xay dung bi®u thirc chinh quy suy rdng sidu
- ngdn ngrx.

£ rin ene ond Koo 943
Cac bieéu thuc chinh quy : 0 = U 0 o
i=0
£ \k
;fo= (0OU 1U & 0a Uéo)
— s | |
R, =0Uu10 Tato™x)* (0 <ixg k)

e
"

T=0

Cic B.Cos. VA B.@8.4.s.pduoc x4y dung bEng quy nap
nhw sau

—

z‘o =10UC %0 g ogo 1°,

—

.73'“1 = c(ﬁl_i X 0+ +3u 'Z)i K ot+3x «ﬁi) (0 < i< k)
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= o<
(@i-{o{ozo(} (0 <i<Xk)

BS a3 5 : D61 voi &8 i tuy ¥ (o< i < k)

CNYasy - P

Tx hé qhe 2 cachde4,5taco:

Hé qua 3. G (},ﬂk 2 mk.
Sau khi chon D m§t cach thich hop theo m, va tinh
’dc} dei bibu tnu' *é duoe woe luong :
<

S""‘lmo (log,m, + c(k)).

D8i véi &b tu' nhién n nao 44 da cho, ta. chon sb tu'
h:.en mo 14m nhat, ma - 4

28+ o(logomy + c(k)) < n.

¢ <

Do n tang dai lwomg m, dan to'i va han, nén g8i voi
h¥ng 88 tiy § C > 25 khi n ah 16m. ‘

Khi do

——

n

2

TAT LIEU DAN.

// }fg‘%/xzé’ge@ 8 E, -A’jé"[_j_/[,{/u C. 3, Wg#o_dl}a/f A.C.
PhHerecee 4 MLlfreibo abrecars. Moot 4//4%4 y //6



AUTOMATON COMPLEXITY OF SERIES OF
GENERALIZEE REGULAR EXPRESSIONS

The paper presents the way of bulldlng series
of gegular expres31ons.

To accept sets of infinite sequences defined
by these regular expressions. It is necessary to have
automata having larger number of stateg.



_‘PHIE‘U DANG K¥ KE T QUA NGHIEN CUUKH-CR

Tén dé tai Cac phuwng phap bién adi he tudn tu thanh he song
pong va upg ding trong ky thuat phén mim va truyen

tin bing may vi tinh. M3t vai' van 4% vé phu thude

logic trong ca'sb dir 1ieu guan he va 4§ phirc tap

Ma sé: .
- B.93-0

5-73.

btomet cla bién thite chinh quy suy rdng.

Co quan chu tri 8& 1ai -
Dia chi

Tru&ng Dai, hoc Tng hop Ha Noi. NN
90 Nguyen Tbai, Dong Da, Ha N&i. )

'S4 dién 1thoal

PUUR—.

Co quan quan ly dé 1ai

BS Gido duc va Dao tao

Dia chi 49 bail b Vigt, Ha NOi

i S6 dién thou

Tong kinb phi thyc chi 8,5 triéu » 1K) @ houc
Troog do: - 1 ngan sach nha nuoc ’ ' 3 1000 d hoae

- kiah phi cia
- vay un dung
- vOn 1 co
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. } .

Be(Tini; 8,5 trdéu »itd6dnou
i _ 1000 0 hoad
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e

|ha’ng
11993
.11995
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Ten caccdn b phéi hop nghién ciu:
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Kién nghj v& quy md vi doi wong ap dung k€t qui nghién cuy

Tém 1t két qtia ngh'enwu : Db tai thwe hién nghien cmh trén ba vin
48, D6i vi chc phwong phap bién adi hé tuln Tu' thanh h§

song song 4& tai da x8y dung dugc phuwomg phap bien dBi tr hé
tudn tw thanh hg song song, 43 bisn adi vigo :ku: 1§ théng tin
tr don 1% tal mdi thoi d1ism’ chuyen seng: khh n#ng xlt 1y théng
tin nhieu chidu’vd %4n a8 phu thuoc logic tmig co‘ so Al liéu
d® tal d& khkng dinh duge d6i vod mdt tap cac quan hg
phuc thudc Boolean tBng quéat cho trude b tn tai quan hg
Arcmstmng hey kh8ng, dwa r& thuit toém tim dang thu gon

cua quan hé Arcmstrong tmng tru'omg hop tat ca cac mien tri
cha cac thuoc t{nh khong c6 phan th tmng hoa ...

Doi VO'i céc sieu ngdén ngir de tei da xay du’ng duoc cac
day bidu thic chic cbhinh quy suy mdng, ma cac otomat dom dinh

doan nhén che siéu ngdén nglr do cac bidu thu'c nay xac dinh doi
hoi mdt s8 treng thal dh 1én.

e s

Ky tén
< .(vd dong div) /( w}(

Chitc vy Chu nhiém d& (i i Thi tryong co quan Chu tich Hoi Thi trudng co quar
' chi tri dé 1ai dong dinh gia chinh thitc |  quan lv d& i
- s . - :
[ - X 3 ~ Y
Ho vi 1én «ﬁ/éj ) }"7 ’6*,”"“- ) ?2/&/” 1k " Mo

2% |

4 j
g Elr




	Bao cao tom tat
	Muc luc
	Phan bao cao chinh
	Mo dau
	Bien doi he tuan tu thanh he song song
	Mot vai van de ve phu thuoc logic trong co so du lieu quan he
	Do phuc tap Otomat cua bieu thuc chinh quy suy rong
	Ket luan
	Tai lieu tham khao

	Phu luc: Cac bai bao duoc dang

